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S O ‘Z  B O S h I

Oliy texnika o ‘quv yurtlarida ta’lim olayotgan talabalarni 
keng miqyosda bilimli bakalavr mutaxassis qilib etishtirishning 
asosiy omillaridan biri oliy matematika fanini chuqur 
O'rganishdadir. Shuning bilan bir qatorda oliy texnika 0 ‘quv 
yurtlari uchun oliy matematika fani bo 'yicha ajratilgan 
ma’ruza va amaliy darslar soati kam miqdorda bo'lganligi 
tufayli ularning chuqur bilim olishlari uchun mustaqil ish 
bajarish jarayonining ahamiyati juda xam kattadir. Oliy 
matematikadan o ‘zbek tilida oliy texnika 0 ‘quv yurtlari uchun 
talabalarning mustaqil ish bajarishlariga mO‘ljallab yozilgan 
adabiyot va o ‘quv qo'llanm alar deyarli yo‘q boiganlig i uchun, 
talabalar oliy matematikadan mustaqil ish bajarish jarayonida 
katta qiyinchiliklarga duch kelishadi. Shu boisdan mazkur 
qo'llanm a katta ahamiyat kasb etishi bilan bir qatorda, talabalar 
uchun oliy matematikani mustaqil yozma ish topshiriqlarini 
bajarib 0 ‘rganishda yaqindan yordam beradi.

M azkur qO‘llanma bakalavr muxandislar tayyorlash ta’lim 
va bilimlar sohasi yO'nalishi bo 'yicha davlat standartiga mos 
kelishi bilan bir qatorda bu qo'llanm a bakalavr mutaxassisligi 
bo 'yicha «Oliy matematika» rejasi asosida yozilgan. Bu o ‘quv 
qo'llanm ada oliy texnika o ‘quv yurtlari talabalari uchun 
qisqacha nazariy m a’lumotlar va yozma ish topshiriqlari 
keltirilgan bo 'lib , undan tashqari ko'rsatm a sifatida har bir 
yozma ishdan bittadan variantning yechimi namunasi 
ko'rsatilgan.

Holisona taqriz va yO‘l qo'yilgan kamchiliklarni 
ko'rsatganlari uchun M irza Ulug'bek nomidagi 0 ‘zbekiston 
Milliy Universiteti, mexanika-matematika fakultetining 
«Ehtimollar nazariyasi va matematik statistika» kafedrasi 
dotsenti A. Djamirzaevga, «Matematik analiz» kafed-asi 
dotsentlari B. Shoimqulovga, N. Sultonovga, «Geometriya va 
matematika tarixi» kafedrasi mudiri prof. A. Narmanovga, katta
o qituvchi F. Ibragimovga, A.R.Beruniy nomidagi Toshkent
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Davlat Texnika universiteti «Oliy matematika» kafedrasi dotsenti 
Sh.l.Tojieyvga, 0 ‘zbekiston Fanlar Akademiyasi matematika 
instituti katta ilmiy xodimi, fizika - matematika fanlari 
nomzodi O. Sh. Sharipovga mualliflar o ‘zlarining samimiy 
minnatdorchiliklarini bildiradilar.

Mazkur qoilanm a, albatta, kamchiliklai'dan xoli emas, shu 
sababdan mualliflar qO'llanmani yanada takomillashtirishga 
qaratilgan fikr-mulohazalarni minnatdorchilik bilan qabul 
qiladilar.

M ualliflar



I  B O B . N A Z A R IY  M A ’L U M O T L A R

l- § .  C h lZ IQ L I  A L G E B R A  VA A N A L IT IK  
G E O M E T R IY A

Ik k in ch i tartib li d e te rm in an tla r  va chiziqii
teng lam alar sistem asi

-  jadvalga mos ikkinchi tartibli determinant

a, bt
a^ b.

= a,b2 -  a2b,

tenglik bilan aniqlanadi. Ikki nom a'Ium li ikkita chiziqii 
tenglamalar sistem asida

\axx  + bxy  = cx 

[a2x  + b2y = c2 '

uning asosiy deterrninanti D =
a, bx

a2 b2
^  0  b o ‘Isa, u yagona

yechim ga ega b o ‘lib, yechim Kramer form ulalaridan topiladi:

= ^  = 
D

Ci bx
c2 b2

ai
a, b,

D

a\ c i 
u2 c2
ax by

a2 b2
Agar D =0 bo 'lsa , sistema yoki birgalikda emas ( D x , D y 

larning kam ida bittasi noldan farqli), yoki cheksiz k o ‘p 
yechim ga ega (Dx =  Dy -  0 ) .
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ra, 6 , c r
a2 b2 C2

C3,
determinant

a, 6 , c,

ai b2 c2 = »l

a3 bi ci

Uchinchi tartibli determinant va chiziqli 
tenglamalar sistemasi

elementlar jadvaliga mos uchinchi tartibli

^ 3 ^ 2 ^ * 1  C l \ b i C 2 C l- ,b42l'lL3

tenglik bilan aniqlanadi.
Uchinchi tartibli determinantning berilgan elementini o ‘z 

ichiga oigan y o i  va ustunni 0 ‘chirishdan hosil b o ‘lgan ikkinchi 
tartibli determinantga uchinchi tartibli determinantning berilgan 
elementining minori deb ataladi. Minorning ( - l )k ga 
ko'paytm asi berilgan elementning algebraik to idiruvchisi 
deyiladi. (k- berilgan elementni o ‘z ichiga oigan yo ‘l va ustun 
nomerlari yig'indisi). Shunday qilib, determinantning

+ -

elementiga mos minor ishorasi quyidagi 

bilan aniqlanadi.

jadval

1-T E O R E M A
Uchinchi tartibli determinant ixtiyoriy y o i (ustun) 

elementlarini o‘z algebraik toidiruvchilariga ko‘paytmalarining 
yig‘indisiga teng

Bu teorema determ inants ixtiyoriy y o i  elementlari 
bo ‘yicha yoyib, uning qiymatini hisoblashga yordam beradi.

Determinantning xossalari:
1. Agar determinantning y o ‘llarini ustunlari bilan yoki. 

ustunlarini yo ila ri bilan almashtirsak, determinantning qiymati 
0 ‘zgarmaydi.



2. D eterm inantning biror yo iid ag i yoki ustunidagi 
elementlari um um iy k o ‘paytuvchiga ega b o isa , uni 
determinantning tashqarisiga chiqarish mumkin.

3. Determ inantning biror y o ‘1 elementlari boshqa y o i  
elementlariga teng b o is a , unday determinant nolga teng.

4. Agar determ inantning ikkita y o iin in g  o'rnini 
almashtirsak, uning ishorasi teskarisiga o 'zgaradi.

5. Agar determ inantning biror y o ‘1 elem entlariga boshqa 
y o i  elem entlarini noldan farqli songa ko 'paytirib  qo'shsak, 
uning qiymati o ‘zgarm aydi.

Uch nom a’lumli uchta chiziqli tenglamalar sistemasida

alx +  bly +  clz =  dl 

ci2x + b2y +  c2z =  d2 

a3x + b3y +  c3z =  d3

uning asosiy determ inanti

D =
a i

a 2

bi

b 2

Cl

c 2 *  0  b o isa , u yagona yechimga ega

a 3 b 3 c 3

b o iib , yechim ni quyidagi Kramer formulalaridan foydalanib 
topiladi:

x=Dx/D, y=D y/D, z= D /D ,
Bu erda.

d , b, c, a l c l a, b, d,

IIX
Q

d 2 b 2 c 2

IIQ

a 2 d 2 c 2 a N II a 2 b 2 d 2

d 3 b 3 c 3 a 3 d 3 c 3 a 3 b 3 d 3

Agar D=0 b o is a , sistema yoki birgalikda ernas 
( D x,D y,D z larning kam ida bittasi noldan farqli), yoki cheksiz

k o ‘p yechim ga ega ( D x = D y =  D z = 0 ).

Agar bir jinsli sistem a

8



axx +  bty  + c,z =  0 

a2x + b2y  + c2z  =  0 

a3x +  b3y  + c}z -  0

ning determinanti noldan farqli bo isa , u yagona x=0 , y=0 , 
z=0 yechimga ega bo ‘ladi. Agar bir jinsli sistemaning 
determinanti nolga teng bo'lsa, sistema ikkita tenglamaga yoki 
bitta tenglamaga keladi. Agar sistemaning minorlaridan kamida 
biri noldan farqli bo'lsa, birinchi xol, hamma minorlar nol 
bo 'lsa, ikkinchi hoi ro 'y  beradi. Bu ikki holda ham sistema 
cheksiz ko 'p  yechimlarga ega bo iad i.

n -n c h i ta r t ib l i  d e te rm in a n t

iaiL aa "13 «MN

«21 «  

’31 “ 32

22 «23

V«4I

■*33

24

•*34

«42 «43 «44 J

eleinentlar jadvaliga mos keluvchi 4-tartibli determinant

a ll a12 a i3 a ,4
a 22 a 23 a 24 a 2! a 23 a 24

a 2l  ̂22 a 23 a 24
— an - a 32 a 33 a34 a i2 a 3. a 33 a 34

a 3. a 32 a 33 34
a 42 a 43 a44 a 41 a 43 a44

3 41 a 42 a 43 d44

a21 3 22 3 24 a 21 a 22 a23
+ a 13 ‘ a31 a 32 334 - a !4 a3. a 32 a 33

a41 342 a44 a4, a 42 a 43

+

tenglik bilan aniqlanadi. Xuddi shuning kabi, 5-tartibli va 
hokazo tartibli determinant tushunchasini kiritish mumkin.
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Ixtiyoriy tartibli determinantlar ucun, 3-tartibli 
determinantlarda kiritilgan algebraik to id iruvchilar haqidagi 
teorema va biror elementning minor hamda algebraik

toidiruvchisi ta’rifi o'zgarm asdan qoladi. Shunday qilib, d ik 

elementning minorini M jk, algebraik toidiruvchisini Ajk bilan 
belgilab,

Aik = (-1  r kMik
ga ega bcrlamiz.
D n-nchi tartibli determinant bo isin . Uni avval i-nchi 

yo in in g  elementlari bo'yicha, so'ngra k-nchi ustunning 
elementlari bo 'yicha yoyib, 1 -teoremaga asosan,

D = anAn + ai2Ai2 + ... + ainAin

D -  «1 kAk + aikAik + — + <*„kA„k

ga ega bo iam iz .
Ikkinchi va uchinchi tartibli determinantlarning xossalari 

ixtiyoriy tartibli determinantlar uchun o ‘rinlidir.

a,,X| + a 12x 2 +... + alnx „ = b, 

a2ix i + a 22x 2 + ...+  a2nx n = b 2

a nl'Xl + a n2X2 + -" +  a nnXn = b n
sistemaning determinant!

D

o.„ a..
b o isa , lining yechimlari D,

* 0

Ax, = —
D..

D ’ * D " D
formulalardan topiladi. Bu formulalarda D -  sistemaning 
determinanti, Dk, (k = 1,2,...,«) sistemaning determinantida k-
nchi tartibli ustunni (aniqlanadigan noma’lumlar oldidagi
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koeffitsientlar ustuni) ozod ustuni bilan almashtirishdan hosil 
bo igan :

a ll a,2 .•• a i,k-l b l a i,k+l a in

a 2l a22 •• 3  2,k—1 b2 a 2,k+l a 2n

a nl a n2 "  3 n,k-l b„ a n,k+l a nn

determinant. Agar D = 0 bo‘Isa, sistema yoki birgalikda
emas (D [ ,D 2,..... ,D n laming kamida bittasi noldan farqli),

yoki cheksiz ko‘p yechimga ega (D , =  D 2 = ...... = D n = 0 ) .

T o ‘g ‘r i  c h iz iq d a g i  k o o r d i n a t a l a r

x absissaga ega bo igan  OX koordinata o 'qining M nuqtasi 
M(x) bilan belgilanadi. M ,(x,) va M 2(x2) nuqtalar orasidagi
masofa d  = \x2 - x , |  formula bilan aniqlanadi.

Ixtiyoriy to ‘g ‘ri chiziqda AB (A -kesm aning boshi, B -  
oxiri) kesma berilgan bo isin : u holda bu to 'g 'ri chiziqning 
ixtiyoriy C nuqtasi AB kesmani qandaydir X nisbatda bo iad i, 
bu erda X = ± IACI : ICBI. Agar AC, CB kesmalar bir 
tomonga qarab yo'nalgan b o isa ,“ +” ishora, qarama-qarshi 
tomonga yo'nalgan b o isa  ishora olinadi. Boshqacha qilib 
aytganda, agar C nuqta A va B nuqtalar orasida yotsa, X 
musbat, tashqarida yotsa, manfiy bo iad i.

Agar A va B nuqtalar OX o ‘qida yotsa, A(x,) va B(x2) 
nuqtalarni X nisbatda bo iuvch i C(x) nuqtaning koordinatalari

_  x, +  Ax,x  = —------- -
1 + A

formula bilan aniqlanadi. Hususiy holda, agar A.= l b o isa , 
kesma o itasin ing  koordinatalari uchun

_ X, + X)
X -  ~ '-------- -

2
formula kelib chiqadi.



Agar berilgan tekislikda XOY dekart koordinatalar 
sistemasi berilgan b o isa , x, y kordinataga ega bo lgan M 
nuqtani M (x,y) bilan belgilaymiz.

M ,tX |,y |) , M 2(x2,y2) nuqtalar orasidagi masofa

d  =  y / ( x 2 -  x t ) 2 + ( y 2 -  jv, ) 2 

form ula bilan hisoblanadi. Xususiy holda koordinata 
boshidan M (x,y) nuqtagacha b o ig an  masofa

d  = y /x  2 + y  1 
formula bilan aniqlanadi.
A (x„y,) , B(x2,y2) nuqtalar orasidagi kesmani berilgan X 

nisbatda bo iu v ch i C ( x ,v )  nuqtaning koordinatalari
_ x, + Àx1 _  _  y, + Ày2
X ~ \ + A ’ y  l + A 

form ulalar bilan aniqlanadi.
Xususiy holda, X.= l bo iganda, kesma 0 ‘rtasining 

koordinatalari:
_ x, +x2 - _ y \ + y ± _
^ y  ~

2  2

Uchlarining koordinatalari A(x,,y,) , B(x2,y2) , C(x-,,y3) 
b o ig an  uchburchak yuzasi

C  =  v | x 1( y 2 - y 3) +  x 2( y , - y l ) +  x 3( y , - y 2) | -

Tekislikdagi to ‘g ‘ri burchakli koord inatalar

2

- • | ( x 2 -X ,) (y 3 - y J  + U a - ^ X y a  - y |) |  

form ula yordamida topiladi.

Uchburchak yuzasi C  = — A

form ula bilan hisoblanadi (bu erda, \  -
1 1 1

X, x2 X,

V| yi y>

)•

12



Qutb koordinatalarida M nuqtaning 0 ‘rni lining O qutbdan 
masofasi I OM I = p  { p -nuqtaning qutb radius -  vektori) va 
OM kesmaning qutb 0 ‘qi OX bilan tashkil qilgan burchagi 6 
(6  - nuqtaning qutb burchagi) bilan aniqlanadi. Qutb o ‘qidan 
soat strelkasiga qarama - qarshi olingan 9 burchak musbat 
hisoblanadi. Agar M nuqta qutb koordinatalariga ega b o isa  
( p  > 0, 0 < 9 < In'), unga cheksiz k o ‘p (/?, 9 + 2kn),
qutb koordinatlari jufti tO‘g ‘ri keladi, k e  Z .

Agar dekart koordinatalar sistemasining koordinata boshini 
qutbga q o ‘yib, OX 0 ‘qini qutb 0 ‘qi bo‘yicha yo‘naltirsak, u 
holda M nuqtaning 10 ‘g ‘ri burchakli (x,y) koordinatalari bilan 
(p,9)  qutb koordinatalari o ‘rtasida bog ian ish  quyidagi:

x^= p e oséL -y =  p s\n 9 \

P = J x 2 + y \  tgG = —

formulalar bilan aniqlanadi.

F a z o d a g i  t o ‘g ‘r i  b u r c h a k l i  k o o r d i n a t a l a r

Agar fazoda OXYZ to ‘g ‘ri burchakli dekart koordinatalar 
sistemasi berilgan bo isa , u holda koordinatalari x (absissa), y 
(ordinata) va z (aplikata) b o ig an  M nuqta M(x, y, z) bilan 
belgilanadi. A(x„ y„ z,) va B(x2, y2, z2) nuqtalar orasidagi 
raasofa

d  = J(x2- x ])2+ (y2 - y i)2 + ( z 2 - z , ) 2
formula bilan aniqlanadi.
M(x; y; z) nuqtadan koordinata boshigacha b o igan  masofa 

d  = J x 2 + y 2 + z 2
formula bilan topiladi.
Agar uchlari ,A(x,, y,, z,) va B(x2, y2, z2) b o igan  kesma 

C(x, ÿ, z) nuqta orqali A nisbatda boiingan b o isa , C 
nuqtaning koordinatalari

Q utb koordinatalari
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X, +Ах2 ' у, +  Лу2 . Zi+ ^ 2
1 +  Л ’ У 1 + Л 1 + Л

tengliklardan topiladi.
Kesma o 'rtasining koordinatalari

7 _ * l + * 2 . T T - Ä ± 2 l .  r = Z' +Z>
2 — ——-------- 2 — ^-=--------2 -

formulalar bilan topiladi.

V e k t o r l a r  v a  u l a r  u s t i d a  a m a l l a r

OXYZ koordinatlar sistemasida berilgan â  vektomi
û =  ax i +  ay • j  + az - к k o ‘rinishida tasvirlash mumkin. ä
vektorni bunday tasvirlash uni koordinata o 'qlari yoki ortlar 
bo'yicha yoyish deb ataladi. Bu erda ax, av, az lar a 
vektorning mos o ‘qlardagi proeksiyalari (a  vektorning
koordinatalari) deyiladi, i, j ,  к lar esa, o'qlarning ortlari (mos 
o'qlarning musbat yo 'nalishi bilan ustma-ust tushgan birlik 
vektorlar).

axi , a yj, a,k  lar ä  vektorning koordinat o 'qlari bo 'yicha 

tashkil etuvchilari (komponentalari) deb ataladi. a vektorning 

kattaligi lo i  bilan belgilanib, |ö| =  ^ja2K +ay + a~ formuladan 

topiladi.
ä  vektorning yo 'nalishi uning koordinata o 'q lari bilan 

tashkil qilgan a . ß , y  burchaklar orqali belgilanadi. Bu 
burchaklarning kosinuslari (vektorning yo'naltiruvchi 
kosinuslari)

LI LI Q V
cosg, = tzt= , ; co sp  = -pr —

a, o. V

И  л/а ;  + а гу + а2г ’ И  ^ a ; + a ; + a 2

а
COS у =  vzr =

И Дlax +ay + a ~z 
formulalardan aniqlanadi.
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Vektoming yo'naltiruvchi kosinuslari co s2 a  + cos2 /? +  c o s ' y  - 1

munosabat bilan bog iangan . Agar â  va b vektorlar ortlar 
bo 'y icha yoyilmasi bilan berilgan b o isa , ularning yig 'indisi va 
ayirmasi

â  + b = (ax + bx) ■ i + ( a ,  + by) ■ j  + (a. + b.) - k 
<T -  b = (a , -  b t ) • » + (a v -  b v) • j  + (a{ -  bz) ■ k 

form ulalardan aniqlanadi.
Boshlari ustma-ust tushadigan â  va b vektorlar y ig in d is i 

tomonlari â  va b b o ig a n  parallelogram  diagonali bilan
ustma-ust tushadigan vektor orqali tasvirlanadi. a -b ayirma 
shu parallelogramning ikkinchi diagonali bilan ustm a-ust 
tushib, vektorning boshi b ning oxirida, oxiri a ning oxirida

Ixtiyoriy sondagi vektorlar y ig ‘indisi k o ‘pburchaklar qoidasi 
bo 'y icha topiladi. ïï vektorni m  skalyarga ko 'paytm asi
m â  =  m a x l  +  m a y j + m - a . - k  formuladan topiladi. Agar

m> 0  b o isa , ïï  va ma  vektorlar parallel (kollineyar) va bir 
tom onga y o ‘nalgan, m < 0  b o isa , qaram a-qarshi tomonga

yo'nalgan b o iad i. Agar m = —!—- b o isa , —
I« I la l

vektor uzunligi birga teng b o iib , yo 'nalish i a ning y o ‘nalishi 
bilan ustma-ust tushadi. Bu vektor â vektorning birlik vektori 
(ort) deyilib, â 0 bilan belgilanadi. Cl vektor yo ‘nalishidagi 

birlik vektorni topish
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a vektorni normallashtirish deyiladi. Shunday qilib, a 0 = тгг,
a |

yoki ä  = |a| • a 0. Boshi A(x„ y„ z,), oxiri B(x2, y2, z^ nuqtada

yotgan A B  vektor AB = (x 2 - x 1)i +  (y 2 - y i ) j  +  (z 2 - z t )k 
ko'rinishda bo ‘ladi. Uning uzunligl A va В nuqtalar orasidagi 
masofaga teng;

AB = d = -J (x2 -  x, ) 2 + (y 2 -  y, ) 2 + ( z 2 -  z, ) 2

AB  vektorning yo'nalishi quyidagi yo'naltiruvchi 
kosinuslar bilan aniqlanadi:

Xy Xx Q У  2 У\
co sa  = —----- L; c o sß  — -■■■■; co s^  =

d  d  d

S k a l y a r  v a  v e k to r  k o ‘p a y tm a ,  a r a l a s h  k o ‘p a y tm a

a va b vektorlarning skalyar ko'paytm asi deb 

a b = lal Iblcoscp skalyar kattalikka aytamiz.

Skalyar ko'paytm aning xossalari:
1 . a - a  = |öj" yoki ä 2 = |ä |2 ;

2 . а _L6  (noldan farqli vektorlar ortogonalligi) b o isa , 

a . b — 0 va aksincha;

3 . a -b  = b -a  (o ‘rin almashtirish qonuni);

4. a(b + c) -  ab + ас (taqsimot qonuni);

5 . (majb = a(mb) = m(ab) (skalyar ko ‘paytuvchiga 
nisbatan guruhlash qonuni).

a =  axi + ayj  + aje, b = bxi + byj  + bzk lar berilgan

b o isa , ularning skalyar k o ‘paytmasi ab = axbx + a vby + azb. 
formuladan topiladi.
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a vektorning b vektorga vektor ko'paytm asi deb shunday 

с vektorga aytamizki, u quyidagi shartlarni qanoatlantirsin:

1 . с ning kattaligi a va b vektorlardan yasalgan 

parallclogram ning yuziga teng (|c | =  |a ||b |s in  Ф, cp = aAb );

2 . с vektor a va b vektorlarga perpendikulyar;

3. a,T>,c vektorlar bitta nuqtaga keltirilgandan sO'ng O'ng

sistemani tashkil etsin. ( a,b,c  vektorlar O'ng sistemani tashkil

etadi deyiladi, agar a dan b ga va с ga o ‘tish soat strelkasi 
harakatiga teskari yO'nalgan bo‘lsa).

a x b  ko 'rinishda yoziladi.

Vektor ko 'paytm aning  xossalari:

1 . b X a -  - a  X b , o ‘rin almashtirish xossasiga ega emas;

2 . agar a=  0 , yoki b=  0 , yoki a II b b o isa , a \ b =  0 

b o iad i;
3 . ( ma ) x b  = a x  (mb) = m( ax b )  (skalyar ko'paytuvchiga 

nisbatan guruhlash qonuni);
4. a x ( b  + c) = a x b  + a x c  (taqsim ot qonuni).

a = je ,/-I- y j  + z,k , b = x2i+ y 2j  + z 2k  vektorlarning
vektor ko'paytm asi

C~axb

a vektorning b vektorga vektor ko'paytm asi
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a x b  =
J

yi
y  2

formula yordamida topiladi.

Uchta a ,b ,c  vektoming aralash ko'paytmasi a x b  ni c

ga skalyar ko'paytm asiga teng, ya’ni (a x b ) - c . Aralash 
ko‘paytinaning moduli shu vektorlarga qurilgan 
parallelepipedning hajmiga teng. Aralash ko'paytmaning 
xossalari:

1. Agar:
a) ko'paytiriluvchi vektorlardan biri nolga teng;
b) ikkitasi kolleniar;
v) uchta noldan farqli vektor bitta tekislikka parallel 

(komplanar) b o isa , aralash ko‘paytma nolga teng.
2. Agar aralash ko'paytm ada vektor ko ‘paytma va skalyar 

ko‘paytmalarning 0 ‘rnini almashtirsak aralash ko‘paytma
0 ‘zgarmaydi, ya’ni (ax b) -c = a ■ (bx c ) , shuni hisobga olib,

aralash ko'paytm a abc kabi yoziladi.
3. Agar ko'paytiriladigan vektorlar 0 ‘rnini doiraviy shaklda

almashtirsak, ko'paytm a o ‘zgarmaydi: abc =  bca = cab.
4. Ixtiyoriy ikkita vektor 0 ‘rnini almashtirsak, aralash 

k o ‘paytm aning ishorasi o 'zgarad i.

bac = -abc  ; cba = -a b c ; acb = -a b c .

a - x,/ + y j  + z fk\  b = x1i + v 1j  + z2k ; c = x,;' + v3y +  z ,k  
vektorlarning aralash ko ‘paytmasi

abc =
y  I z i

x, y2 z2

y 3 Z3

dan topiladi.

Aralash ko ‘paytmaning xossalai'idan quyidagilar kelib 
chiqadi: uch vektor komplanarligining zarur va yetarli sharti^

abc = 0  dir. a,b ,c  lardan qurilgan parallelepiped najmi
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V¡ =| abc I, uchburchakli piramidaning hajmi

V2 = -V , = ^ \ a b c \  ga teng.
6  6

M a t r i t s a l a r  v a  u la r  u s t i d a  a m a l l a r

(a„ a„ 0,2 a„a,2
{a:i a>iJ > <3;, an a^

0 u.
lar mos ravishda 2 va 3- tartibli kvadrat matritsa deyiladi. 

K o'p ta ’riflarni unuimlashtirish uchun ularni 3 tartibli matritsa 
uchun beriladi. Ularni 2- tartibli matritsa uchun q o ilash  
qiyinchilik tug‘dirmaydi. Agar kvadrat matritsaning

elementlari amn =  anm shartni qanoatlantirsa, matritsa 
simmetrik. deyilad i ._____________________ . . . ____________

a ,, a,2 a l3 Clu Ü l 2 Ch3

A = Oil ü 22 Ü 2> , B = Ö 2 I CI22 CI21

Q)l <3зз, K Ü m ün a»y
matritsalar teng bo iish i uchun ixtiyoriy m  va n larda 

anm =  bmn shartning bajarilishi zarur va yetarlidir.

Har qanday
/ûn

Ü 2I

al2
Ü22

N,

Cl 13
an

matritsaga D* =
a h ün

Ü 22

Cli3
Cl 2 3

a,2 a-»j Cl}\ 0 ) 2 an
determinantni mos qo‘yamiz. Agar DA *  0 bo'lsa, u holda, 
A matritsani xos emas matrisa deb ataymiz.

A, В matritsalar yig'indisi quyidagicha aniqlanadi:
'au a,2 a „ [bu bn bu

/
a u+ bu a,2+bn ßr., + 6 ,,

a,, Ü22 a 2, + b2, b22 b23 = a :,+b2l a 2 2 + b22 a 23 + ¿>23
â л a , 2 an, A , bn bnj 4Ö31 +bit a,2+ bn Язз+бзз,

A  matritsani m soniga ko'paytirish uchun uning har bir 
elementini m ga ko ‘paytiramiz.'
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ra,, 3|2 a t3 m an m a i2 m an
m Ü21 & 2 2 агз = m a 2i m a 22 ma¿3

,Эз| 332 a 33, maj/ m a 3 2 тазз,

А, В matritsalar ko'paytm asi quyidagicha aniqlanadi:
f 3 3 3YjCitjbji НамЬп ИйиЬи)l~p\ 7 5 ум

3 3 3

^hch/bii Tanbn "Laub»
h  i j*  I j "  I

1 3 3

^ C l i j b j i  b :  ^ j C t i j b j  3

( du a'&. ÖI3 (bu ж Ъ» 1
АВ = a  2, ûn «23 * b . bn ¿23

,031 a, 2 Cl») Jh: b»
U-i

Ko'paytma matritsaning i-nchi y o i  va k-nchi ustunda 
turuvchi elementi, A matritsa i-nchi yo'lidagi elementlarini В 
matritsa k-nchi ustunining mos elementlariga ko'paytm alari 
yig 'indisiga teng.

Ikki matritsaning ko'paytmasi umuman 0 ‘rin almashtirish 
xossasiga bo ‘ysunmaydi. Ikki matritsa ko'paytmasiining 
determinant! bu matritsalar determinantlari ko'paytm alariga 
teng. Hamma elementlari nollardan iborat bo igan  matritsa nol 
matritsa deyiladi.

'o  o o4

0 0 0 

^0 0 0) 
Bu matritsa uchun: A+0=A.

= 0

( 1 n n\

E= 0

Vo

1 0 

0  L

ni birlik matritsa deyiladi.

Bu matritsani A ga chapdan va o ‘ngdan ko'paytm asi A ga 
teng: EA=AE=A. Agar AB=BA=E ga teng b o isa , В matritsa
A-ga teskari matritsa deyiladi. A ga teskari matrit&ani A '
bilan belgilanadi: В = Л _ |. Har qanday xos emas matritsa 
teskari matritsaga ega. Teskari matritsa quyidagicha topiladi:
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A -

A , ¿21 A n

*>a d a

A l ¿22 A a

d a d a

A 3 A2.3 ¿33

<d a d a °A J
Bu erda A„ A matritsa determinantidagi a inn

elementning algebraik to'ldiruvchisidir, ya’ni Amn - A matritsa
determinantidagi m -nch i yo‘l va n-nchi ustunini o ‘chirishdan 
hosi! bo ‘lgan ikkinchi tartibli determinant (minor) bilan (-!)ro+n 
ifoda ko'paytmasidir.

r \
X,

X= - ni ustun matritsa deyiladi.

\X y
AX ko'paytm a quyidagicha aniqlanadi:

A X -

r V  > /

Ch\ CXn Cl 13 X,
— £?2I Cl 21 Cl 23 * 2

sr

s.Cly 1 Cl 12 Cli 3> V

auXi + a u X S a u X i  
auXt  + anXi  + ciiiX,
a„x, + aKx2 + anX^

auXt + c inX S  a>yXy=b,
a2lx, + ciuX2 + a2iXi=b2 

a3lx>+a32X2 +anX3=b)
sistemani AX=B ko ‘rinishda yozish mumkin, bu erda,

A=
¿in an (2i3

, x=
/ S
X, B=wda a 12 023 X2

Qm Cly 2 &yy jc -J V&J

Bu sistemaning yechimi X  -  A~x ■ B (DA *  0) bo iad i.

chi CI12 a n
Cli | &22 W23

V«3I

matritsaning xarakteristik tenglamasi

21

j



a n-A Cl\i a
a 2 1

a 22- A a
Cl Qn

= 0 .

Bu tenglamaning ildizlari /lj, À , lar m atritsaning xos

sonlari deyiladi. Bu xos sonlarga mos keluvchi xos 
vektorlarning koordinatalari quyidagi:

+ £Z,2^2 + fli3^3 = 0

' cli£\ + {a 22= À)^2 "  0
.<23. +  a* + Q ïj  3 -  # 3  =  0

tenglam alar sistemasi yechim laridan iborat b o iad i. 

M atritsaning rangi. Ekvivalent matritsalar

T o ‘g ‘ri burchakli m atritsa berilgan bo isin .

/  - _ A

A =
a  n

«21

Cl\2-

Ü22-
ûln
Cl2n

dmnj\Clml Clin2'
Bu matritsadan ixtiyoriy k-ta yo 'l, k-ta ustun ajratamiz 

(k < m, k  < ri). A m atritsaning ajratilgan y o ‘l va ustunlarining 
kesichgan joyida rai&au eiem entlandan tuzilgan k-nchi tartibli 
determ inant A m atritsaning k-nchi tartibli minori deyiladi. A
m atritsa C^n ■ C * ta k-nchi tartibli m inorlarga ega. A
m atritsaning noldan farqli ham m a minorlarini qaraymiz. A 
m atritsaning rangi deb uning noldan farqli m inorlarining eng 
yuqori tartibiga aytamiz. Agar matritsaning hamma elementlari 
nollardan iborat b o isa , uning rangi nolga teng. Tartibi 
m atritsaning rangiga teng b o ig a n  noldan farqli har qanday 
m inor m atritsaning bazis minori deyiladi. M atritsaning rangini 
r(A) bilan belgilaymiz. Agar r(A)=r(B) ga teng b o isa , A va B 
lar ekvivalent m atritsalar deyiladi va A~B kabi yoziladi. 
E lem entar alm ashtirishlardan matritsaning rangi o ‘zgarm aydi.
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Elementar almashtirishlarga quyidagilar kiradi:
1. M atritsaning yo'llarini ustunlar bilan almashtirish.
2. M atritsaning yo ilarin i o 'zaro almashtirish.
3. Hamma elementlari nollardan iborat yo ila rn i o ‘chirish.
4. Birorta yo 'lini noldan farqli songa ko'paytirish.
5. Biror yo ‘l elementlariga boshqa yo in ing  mos 

elementlarini q o ‘shish.

C hiziqli almashtirish

x= a I(x +any
y  = a2lx'+a22y'

tenglik orqali x, y o ‘zgaruvchilarni x \ y  orqali ifodalash

mumkin. Bu tenglikni X , y  0 ‘zgaruvchilarni chiziqli 
almashtirish deyiladi. ---------------------------- —

A = Clw Cl i
KÜ2I 022/

jadval qaralayotgan chiziqli almashtirish matritsasi deyiladi.

° 4  =
a i l  a ¡2

22
chiziqli almashtirishlarning determinanti deyiladi. Bundan 

so ‘ng & 0  deb qaraladi.

Chiziqli almashtirishni uch o'zgaruvchili deb qarash 
mumkin:

x=anx'+a,7y +a liZ

bu erda,

A  =

y ~ a  2,x + a a y +a2yZ
1

z- :+Ch:y+a»z
f >

Cln Cll2 Cln a„ Cl\2 Cln
Ü2i (2 22 Cln ■ - a 2\ a 22 a23

y&M Cll 2 Ch}y di\ Cl\2 Cln
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lar bu chiziqli almashtirishning mos ravishda matritsa 1 ja 
determinant! deyiladi.

Gauss usuli bilan chiziq li tenglamalar sistemasini 
echish

Chiziqli algebraik tenglamalarni determinant yordamida 
echish ikki va uch nom a’lumli tenglamalar sistemasi uchun 
qulay. Tenglam alar soni sistemada ko‘p bo'lganda Gauss usuli 
qulay. Bu usulni 4 nom a’lumli 4 ta tenglamalar sistemasida 
tahlil qilamiz:

flnX+<Zi2y + a i 3Z+<2 ,4U = a i5 (a) 

ai\K+Clny  +¿22jZ + ú!24U = <3is (b)

£Z3iX +Clny +¿Z3?z + í3j4U = ¿2j5 (c)

£Z4iX+fi!42y +£Z43z + 044U=6¡45 (d)

a n ^ O  deb faraz qilamiz, (agar a n = 0  bo'lsa, 
tenglamalarning o 'rnini almashtiramiz).

1-qadam. (a) tenglamani a n  ga b o iib , hosil b o igan

tenglamani a 2¡ ga ko ‘paytirib (b) dan ayiramiz, so 'ngra a 3|

ga ko'paytirib  (c) dan ayiramiz, a 41 ga ko ‘paytirib (d) dan 
ayiramiz. Birinchi qadamdan so ‘ng quyidagi sistemaga kelamiz:

' x  +  b 12y +  b 13z + b 14u = b 15 (e) 

b 22y +  b 23z +  b 24u =  b 25 ( / )  

b32y +  b 33z  +  b 34u =  b 35 (5 )  

b 42 y  +  b 43z  +  b 44U =  b 45 W  

bij ni a¡j lardan quyidagi formulalar bo ‘yicha topiladi:

b}j= ^ -  (j = 2,3,4,5)
«n

b¡j = a¡j - a ¡{ ■ b¡j (i=2,3,4; j=2,3,4,5).
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2- qadam. (a), (b), (c), (d) tenglam alarda nima qilgan 
b o isa k , (f), (g), (h) larda ham shularni qaytaramiz va hokazo. 
Natijada berilgan tenglama quyidagi ko 'rinishga keladi:

x +  Ь|гУ + bi3Z+ b u u = b is
y + С 23 z+ C24U = C25

Z+d34U = d 35
u = e 45

Hosil bo 'lgan  sistemadan barcha nom a’lumlar ketma-ket 
topiladi.

Chiziq tenglamasi

XOY tekisligida biror chiziqni nuqtalar to 'plam i deb 
qarasak, unga bu chiziqda yotgan ixtiyoriy M( x , y )  nuqta 
koordinatalarini bog iovch i tenglam a to 'g 'r i  keladi. Bunday 
tenglam a berilgan chiziqning tenglam asi deb ataladi. Agar 
berilgan chiziqning tenglamasiga bu chiziqda yotgan ixtiyoriy 
nuqtaning koordinatalarini q o ‘ysak, uni ayniyatga aylantiradi. 
Chiziqdan tashqaridagi nuqtaning koordinatalari bu chiziq 
tenglamasini qanoatlantirm aydi.

Chiziqning parametrik tenglamasi

B a’zida nuqtalar to 'plam ining tenglamasini tuzishda x, y 
koordinatalarni qandaydir yordam chi param etr t orqali ifodalash 
qulay keladi (uni param etr deb ataladi), ya’ni
x = <p(t), y  =  y/{t) tenglamalar sistemasi qaraladi. Izlangan 

• chiziqni bunday tasvirlash param etrik k o ‘rinish deyilib, 
tenglam alar sistemasi berilgan chiziqning param etrik 
tenglam alari deyiladi. Tenglam alar sistemasidan param etr t ni 
yuqotib, x, y ni bog 'lovchi, ya’ni oddiy f(x, y) = 0  ko 'rinishdagi 
tenglam aga keltiriladi.
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To‘g‘ri chiziqning umumiy tengiamasi

x, y larga nisbatan har qanday birinchi darajali tenglama, 
ya’ni

Ax+By+C=0

A, B, C -  lar o ‘zgarmas koeffitsientlar) tenglama tekislikda 
qandaydir to 'g 'ri chiziqni aniqlaydi va tekislikdagi har qanday 
to 'g 'ri chiziqning tenglamasini 1-darajali Ax+By+C=0 tenglama 
ko'rinishida yozish mumkin. Bu tenglama to ‘g ‘ri chiziqning 
umumiy tengiamasi deb ataladi.

Xususiy hollar:
1. C=0; A*0; B*0. Ax+By=0 tenglama bilan 

aniqlanadigan to 'g 'r i  chiziq koordinatalar boshidan o 'tadi.
2. A=0; B*0; C^O. By+C=0 tenglama bilan aniqlanadigan
(y=-C/B) to ‘g ‘ri chiziq OX o 'q iga parallel.

3- B=0; A^O; C;¿0. Ax+C=0 tenglama bilan aniqlanadigan 
(x=-C/A) to ‘g ‘ri chiziq OY o 'q iga parallel.

4. B=C=0; A^O; Ax=0 yoki x=0 tenglama bilan 
aniqlanadigan to 'g 'r i  chiziq OY o ‘qi bilan ustma-ust tushadi.

5. A=C=0; BíO , By=0 yoki y=0 tenglama bilan 
aniqlanadigan to 'g 'r i  chiziq OX o ‘qi bilan ustm a-ust tushadi.

To‘g‘r i chiziqning burchak koeffitsientli tengiamasi

Agar umumiy tenglamada Bí¿0 b o isa , uni y-ka nisbatan 
echib y=kx+b tenglamani hosil qilamiz (bu erda k=-A/B, b=- 
C/B). Uni to 'g 'r i  chiziqning burchak koeffitsientli tengiamasi 
deb atashadi, bu erda, k =t ga,  a - t o 'g ' r i  chiziq bilan OX 
o'q ining musbat yo 'nalishi orasidagi burchak. Tenglamaning 
ozod hadi b to 'g 'r i  chiziqning OY o 'q i bilan kesishgan nuqtasi.

To‘g‘ri chiziqning kesmalarga nisbatan tengiamasi

Agar to 'g 'r i  chiziqning umumiy tenglamasida 0 0  bo'lsa, 
tenglamani -  C ga bo 'lib ,
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± + 1 = 1  
a b

tenglikga ega bo iam iz  (bu erda, a=-C/A, b=-C/B). Uni 
to ‘g ‘ri chiziqning kesmalarga nisbatan tenglamasi deb atashadi; 
bunda, a -  to 'g 'ri chiziqning OX o ‘qi, b -  esa OY o ‘qi bilan 
kesishish nuqtasi. Shuning uchun, a, b larga to ‘g ‘ri chiziqning 
o'qlardagi kesmalari deyiladi.

To‘g‘ri chiziqning normal tenglamasi

Agar to ‘g ‘ri chiziqning umumiy tenglamasining ikki

tomonini ¡l -  \ l ± 4 A2 + B 2 ga ko'paytirsak (p.- 
normallashtiruvchi ko'paytuvchi, ildiz oldidagi ishorani 
shunday tanlaymizki, / / C < 0 b o is in )

jccos0>+ y sin (p— P =  ü
ga ega bo iam iz . Bu tenglikka to ‘g ‘ri chiziqning normal 

tenglamasi deyiladi. Bu erda P koordinatalar boshidan to ‘g ‘ri 
chiziqqa tushirilgan perpendikulyarning uzunligi, (p- 
perpendikulyar bilan OX o 'qining musbat yunalishi orasidagi 
burchak.

To‘g‘ri chiziqlar orasidagi burchak. Ikki nuqtadan 
o‘tuvchi to ‘g‘ri chiziq tenglamasi

y=k,x+b, , y=k2x+b2 to 'g 'ri chiziqlar orasidagi burchak

k ,  - k ,
t ga  =

1 +  k , k 2

formula bilan aniqlanadi. k ,= k 2 ikki chiziqning paralellik 
sharti. k j= -1 /  k 2 ikki to ‘g ‘ri chiziqning perpendikulyarlik 
sharti. k burchak koeffitsientli va M (x1? y,) nuqtadan o ‘tuvchi 
to 'g ‘ri chiziq tenglamasi quyidagi:

y-y,= k (x-x,)
ko'rinishda yoziladi. M ,(x„ y,) va M2(x2, y2) nuqtalardan 

0 ‘tuvchi to ‘g ‘ri chiziq tenglamasi
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У -У | =  x - x ¡
У 2 -Ух Х2~ Х1 

b o iib , bu to 'g 'r i  chiziqning burchak koeffitsienti

X2 ~ Xl
formuladan topiladi. Agar x,=x2 b o isa , M ,, M 2 nuqtalardan 

o'tuvchi to ‘g ‘ri chiziq tenglamasi x=x,, y,=y2 b o isa  y=y, 
bo iad i.

To‘g‘r i chiziqlam ing kesishuvi. Nuqtadan to ‘g‘ri 
chiziqqacha masofa

Agar A |/A 2̂ B,/B-, b o isa , A |X+B,y+C,=0 va A2x+B2y+C2=0 
to ‘g ‘ri chiziqlaming- kesishgan nuqtasini ularning tenglanialari 
birga echib topiladi.

M(x0, y0) nuqtadan Ax+Bx+C=0 to ‘g ‘ri chiziqqacha masofa

^ _  |Ллс0 +  By0 + C[ 

у1а 2 + В 2
formuíadan topiíadi.
А ,х+В |у+С,=0 va A2x+B2y+C2=0 to ‘g ‘ri chiziqlar orasidagi 

burchak bissektrisasining tenglamasi

Д д г + ^ у  +  С, +  A2x + B?y + C 2 

л/A2 + 5 ,2 \ ] a ; + b ;
bo iad i.

Ikkinchi ta rtib li egri chiziqlar. Aylana

Aylana deb, tekislikdagi shunday nuqtalarning to ‘plamiga 
aytiladiki, bu nuqtalarning har biridan shu tekislikdagi markaz 
deb ataluvchi nuqtagacha b o igan  masofa o 'zgarm as miqdordir.

Bu o ‘zgarmas miqdor r-n i aylananing radiusi , C(a; b )-  
nuqtani uning markazi desak, aylananing tenglamasi

(x-a)2+(y-b)2=r2
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ko 'rinishda bo iad i. Aylana markazi koordinata boshi bilan 
ustm a-ust tushsa, aylana tenglamasi x2+y2=r2 bo 'ladi. Agar 
x f + y f = r 2 bo'lsa, M (x,; y,) nuqta aylanada yotadi,

xi + y\ > r ~ bo'lsa, M nuqta aylanadan tashqarida 

x \ + > ’|2 < r bo'lsa, nuqta aylana ichida yotadi.

Ellips

Ellips deb, tekislikdagi shunday nuqtalarning to 'plam iga 
aytiladiki, bu nuqtalarning har biridan fokuslar deb ataluvchi 
ikki nuqtagacha b o ig an  masofalar yig'indisi o 'zgarm as 
miqdordir, u 2 a bilan belgilanadi, bu o ‘zgarmas miqdor 
fokuslar orasidagi masofadan katta bo'ladi.

Agar koordinata 0 ‘qlari ellipsga nisbatan simmetrik 
joylashib, ellipsning fokuslari esa OX 0 ‘qida koordinata 
boshidan bir xil masofada ( F ^ O ) ,  F,(-s,0)) yotsa, ellipsning

x 2 v2
oddiy (kanonik) tenglamasi —yH— y — \ ko 'rinishda bo 'ladi.

a b
a- ellipsning katta, b -  kichik yarim O'qi, a, b, c (c -  fokuslar
orasidagi masofaning yarmi) lar orasida a2=b2+c2 m unosabat
bor. Ellipsning shakli (siqilish O'lchovi) uning ekssentrisiteti 
e=c/a (c<a bo'lgani uchun e < l)  bilan xarakterlanadi.

Ellipsning biror M nuqtasidan fokuslargacha bo'lgan 
m asofalarni nuqtaning fokal radius-vektorlari deb ataladi. Ulai‘ 
r , , r2 bilan belgilanadi (ellipsning ta’rifiga ko 'ra uning ixtiyoriy 
nuqtasi uchun r,+ r2=2a bo'ladi). Xususiy holda, a=b (c=0, e=(V 
fokuslar markaz bilan ustm a-ust tushsa) bo'lsa, ellips aylanaga 
aylanib qoladi: x2+y2=a2. M (x,; y,) nuqta va x2/a2+yVb2=l 
ellipsning O'zaro joylanishi quyidagi shartlar bilan aniqlanadi:
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agar x 2 / a" + y f  /  b 1 = \ b o is a ,  M nuqta e llipsda yotadi;

agar x? / a 2 +  y 2 / b" < 1 b o isa , M nuqta ellipsdan tashqarida;

agar x 2/a-  + y f / b 2 < 1 b o isa , M nuqta ellips ichida yotadi. 
Fokal radius-vektorlar ellips nuqtalarining absissasi orqali r,=a- 
ex (o ‘ng fokal radius-vektor), r^ a + e x  (ehap fokal radius 
vektor) bilan ifodalanadi.

Giperbola

Giperbola deb, tekislikdagi shunday nuqtalarning to 'p lam iga 
aytiladiki, bu nuqtalarning har biridan fokuslar deb ataluvchi 
ikki nuqtasigacha b o ig an  m asofalar ayirm alarining absolyut 
qiymatlari o 'zgarm as m iqdordir. Bu o'zgarm as m iqdor 2a bilan 
belgilanadi, u fokuslar orasidagi masofadan kichik. Agar 
giperbolaning fokuslarini F ,(s,0), F2(-s,0) nuqtalarga 
joylashtirsak, u holda giperbolaning

x-/a2-y2/b2= l
kanonik tenglamasiga ega b o iam iz , bu erda, b 2=c2-a2. 

Giperbola ikki tarm oqdan iborat va koordinata o 'q lariga 
nisbatan sim m etrik joylashgan. A, (a; 0), A 2(-a, 0) lar 
giperbolaning uchlari deb ataladi, IA,A2l=a giperbolaning 
haqiqiy, IB,B2l=b m avhum  o ‘qi deyiladi.

y

8?______

... X

1 t /

Agar giperbolaning M (x, y) nuqtasidan biror to ‘g ‘ri 
chiziqqacha b o ig an  masofasi nolga intilsa (x->+°° yoki x->-°° 
da), u to ‘g ‘ri chiziq giperbolaning asimptotasi deyiladi. Giperbola 
ikkita asimptotaga ega, ular y = ±(b/a)  x.  Giperbolaning 
asim ptotalarini yasash uchun tomonlari x=a, x=-a, y=b, y=-b 
b o ig a n  to ‘g ‘ri to ‘rtburchak chizamiz. Bu to ‘g ‘ri 
to 'rtburchakning qaram a-qarshi uchlaridan o 'tkazilgan to 'g 'r i  
chiziq giperbolaning asim ptotalari b o iad i.
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e=c/a>l nisbat giperbolaning ekssentrisiteti deyiladi. r,=ex-a 
(o"ng fokal radius-vektor) r^ e x + a  (chap fokal radius-vektori) 
giperbola O'ng tarm og'ining fokal radius-vektoriari deyiladi. 
Xuddi shunday chap tarm og'ining fokal radius-vektorlari r,=- 
ex+a, ' r,(-ex-a) b o iad i. Agar a=b b o isa , giperbolaning 
tenglamasi x2-y2=a2 bo iad i. Bunday giperbola teng tomonli deb 
ataladi. Lining asimptotalari to 'g i i  burchak hosil qiladi. Agar 
koordinata 0 ‘qlarini asimptotalar deb qarasak (teng tomonli 
giperbolada). uning tenglamasi xy=m (m=±a2/ 2 ; m> 0  bo'lsa. 
giperbola 1 va III chorakda, m<0 b o isa , II va IV chorakda 
yotadi. xy=m tenglamani y=m/x ko’rinishda yozish mumkin 
b o ig an i uchun, teng tomonli giperbola x,y m iqdorlar orasidagi 
teskari proporsional bogianishni ifodalaydi.

x2/a -y 2/b2= l va x2/a2-y2/b2= -l giperbolalar bir xil yarim 
0 ‘qqa va bir xil asimptotaga ega, lekin haqiqiy va rnavhum 
O'qlari almashinib keladi. Bunday giperbolalar qO'shma deb
■AtA\n(\j_______ _____________________

P a r a b o la

Berilgan nuqta va berilgan tO‘gi"i chiziqdan barobar 
uzoqlikda turgan iiuqtalarning to'plami parabola deb ataladi. 
Nuqta fokus, tO‘g ‘ri chiziq direktrisa deb ataladi. Agar 
parabolaning direktrisasi x=-r/2, fokusi F(r/2;0) nuqta b o isa , 
uning tenglamasi y 2=2 px bo iad i.

Bu parabola abssissa 0 ‘qiga nisbatan sim m etrik joylashgan 
(p>0 ). x2= 2 py tenglama ordinata O'qiga nisbatan simmetrik 
b o ig an  parabola bo iad i. p> 0  da parabola mos o qlarining 
m usbat tomoniga, p< 0  b o isa , manfiy tom oniga qaragan
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b o iad i. y2=2 px parabolaning fokal radius -  vektorining 
uzunligi r=x+p/2 (p>0 ) formula bilan aniqlanadi.

F a z o d a g i  a n a l i t i k  g e o m e t r iy a .  T e k is l ik  v a  t o ‘g ‘r i  
c h iz iq .  T e k is l ik

Agar A2 + B 2 +C2 * 0  b o isa , har qanday 1-darajali 
Ax+By+Cz+D=0 k o ‘rinishdagi tenglama tekislikni aniqlaydi va 
ixtiyoriy tekislik tenglamasini

Ax+By+Cz+D=0
ko‘rinishda yozish mumkin. A, B, C lar tekislikka

perpendikulyar N(A,B,C)  vektorning koordinatalari. Umumiy 
tenglamani normal holga keltirish uchun uni normallashtiruvchi 
ko'paytuvchi

... - 1 - x , 1

H  -Ja 2 + b 2 +c 2
ga ko'paytirish kerak, bu erdagi ishora D ning ishorasiga 

teskari b o iad i.
Ax+By+Cz+D=0 umumiy tenglamaning xususiy xollari:
A=0; bu holda, tekislik OX 0 ‘qiga parallel;
B=0; bu holda, tekislik OY 0 ‘qiga parallel;
C=0; bu holda, tekislik OZ 0 ‘qiga parallel;
D=0; bu holda, tekislik koordinat boshidan 0 ‘tadi;
A=B=0; bu holda, tekislik OZ o'qiga perpendikulyar (XOY 

tekisligiga parallel);
A=C=0; bu holda, tekislik OY o ‘qiga perpendikulyar (XOZ 

tekisligiga parallel);
B=C=0; bu holda, tekislik OX 0 ‘qiga perpendikulyar (YOZ 

tekisligiga parallel);
A=D=0; bu holda, tekislik OX 0 ‘qidan o ‘tadi;
B=D=0; bu holda, tekislik OY o ‘qidan 0 ‘tadi;
C--D=0; bu holda, tekislik OZ 0 ‘qidan 0 ‘tadi;
A=B=D=0; bu holda, tekislik XOY (Z=0) tekisligi bilan 

ustm a-ust tushadi;
A=C=D=0; bu holda, tekislik XOZ (Y=0) tekisligi bilan 

ustma-ust tushadi;
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B=C=D -0; bu holda, tekislik YOZ (X=0) tekisligi bilan 
ustma-ust tushadi.

Agar umumiy tenglamada D^O boMsa, tenglamani -D  ga 
bo'lib.

a b c
ga ega boiam iz.
(bu erda, a=-D/A, b=-D/B, C=-D/C.) Bu tekislikning 

kesmalarga nisbatan tenglamasi deyiladi; a, b, c lar tekislikning 
OX, OY, OZ o 'q lar bilan kesishgan nuqtalari.

A.,x+B,y+C,z+D|=0 va A2x+B 3y+C2z+D2 tekisliklar 
orasidagi burchak

A, A-, + B.B-, + C.C-, 
c o s (p -  . . . k ■ - =■ - —

J  A; + B; + C{ -V A l +  B \ + C ;
—formula bHan a n i q l a m i d U ______

Ikki tekislikning parallellik sharti
A,/A2=B,/B2=C ,/C2.

Perpendikulyarlik sharti
A .A ï+ B ^ + C .C p O ,

M 0(x0, y„, z0) nuqtadan Ax+By+Cz+D=0 tekislikkacha 
masofa

i + By^ + Cz „ + D\

Ja2 + b2 + c2
formula bilan aniqlanadi.
Bunda tekislikning normal tenglamasiga M„(x0, y0, z„) 

nuqtaning koordinatalarini qo'yib, natijaning absolyut qiymati 
olingan.

y„, zn) nuqtadan o ‘tib, N = Ai + B j + Ck vektorga 
perpendikulyar tekislik tenglamasi

A(x-x0)+B(y-y„)+C(z-z0)=0
ko'rinishda bo'ladi.
Berilgan M l(xl,y „ z i),M 2(x2,y 2,z 2), M 3(x3, ^ 3,z 3) uch 

nuqtadan 0 ‘tuvchi tekislik tenglamasi
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x - x . y - y , Z- z ,
X, Z2 Z\

*3 ~ * i y3 — 3̂1 Z3 “ Z|

= 0

To‘g‘r i chiziq

T o ‘g ‘ri chiziqni ikki tekislikning kesishgan chizig 'i deb 
qarash mumkin:

j  A|X +  B ; y +  C]Z + D | = 0  

^A2x + B 2 y - r C 2z +  D 2 = 0

Ikki M ,(x„  y,, Z|), M 2(x2, y2, z,) nuqtadan o'tuvchi to ‘g ‘ri 
chiziq tenglamasi:

X - X | = y - y t _  z - z ,

X2 ~ x l Y 2 ~ y i  z 2 ~ z l

M ,(x,, y „  z,) nuqtadan o ‘tib, S = li + m j + nk vektorga 
parallel to ‘g ‘ri chiziqning kanonik tenglamasi: 

x - x ,  _  y - y !  _  z - z ,

1 m  n
Xususiy holda, uni quyidagicha:

x - x ,  =  y - y ,  _  z - z ,  

c o s a  co sp  cosy

yozish m um kin, bu erda, a,  P, 7  to ‘g ‘ri chiziqning o ‘qlar 
bilan tashkil qilgan burchaklari. T o ‘g ‘ri chiziqning 
yo.'naltiruvchi kosinuslari

I „ rn n
cosoc =

i i 9 7 2 “ + IT f+ n
, cosP = Jï , cosy =

+ m~ + n ‘

form ulalar bilan aniqlanadi.
Kanonik tenglamalarga t parametr kiritib, parametrik 

tenglamalarga kelish mumkin:

jO ’QuV ZALlj
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гX = It+ х.

у - m t  + у , 

z =  nt +1 ,
Kanonik tenglam alar bilan berilgan ikki to 'g 'r i  chiziq 

orasidagi burchak

Ikki to 'g 'r i  chiziqning perpendikulyarlik sharti:
-----------------  V ? +  ГГИПЪ +  11^2 = 0 - ___________________

(x-x,)/l= (y-yi)/m =(z-zl)/n to 'g 'r i  chiziq va Ax+By+Cz+D=(J 
tekislik orasidagi burchak formulasi

A l + Bm + Cn

tenglikdan topiladi.
T o 'g 'ri chiziq va tekislikning perpendikulyarlik sharti: 

Al+Bm +Cn=0.
T o 'g 'r i chiziq va tekislikning parallellik sharti: 

A/l=B/m=C/n.

—— —  = —— —  =  —— —  to 'g 'r i  chiziqning Ax+By+Cz+D=0 
1 m n

tekislik bilan kesishish nuqtasini topish uchun ularning 
tenglamasi birga echiladi, bunda to 'g 'r i  chiziqning

' У =  mt +  уо 

z =  nt + z0
ko'rinishdagi param etrik tenglamasidan foydalaninsh kerak.
a) Agar A l+Bm +Cn^0 bo 'lsa, to 'g 'r i  chiziq tekislikni 

kesadi.

1^ 2  +  m ,m 2 +  n ,n 2

Ikki to 'g 'r i  chiziqning parallellik sharti:
1| /12 =  Ш| /m 2 =  n¡ / n 2 .

X =  It + x 0
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b) Agar Al+Bin+Cn-O, A x0 + By0 + C z 0 + D * 0 b o isa . 
to 'g 'ri chiziq tekislikka parallel.

v) Agar Al+Bm+Cn=0, A x0 + By0 + C z0 + D = 0 b o isa , 
to ‘g ‘ri chiziq tekislikda yotadi.

________________ ik k in c h i  t a r t i b l i  s i r t l a r .  S f e r a --------------------------

Dekart koordinata sistemasida markazi C(a,b,c) va radiusi r 
bo’lgan sfera

(x-a)2+(y-b)2+(z-c )2=r2

tenglama bilan aniqlanadi.
Argar markaz koordinata boshida yotsa, tenglama

. P "___  ____________p-------- 2 ~ r — 2 -------5-----x~+y +z~=r
ko'rinishida bo iad i.

S i i in d r ik  s i r t l a r  v a  ik k in c h i  t a r t i b l i  k o n u s

F(x,y)=0 tenglama fazoda yasovchisi OZ o’qiga parallel 
oo’lgan siiindrik sirtni ifodalaydi. Shunga o’xshash F(x,z)=0 
yasovchisi OY o ’qiga, F(y,z)=0 OX o ’qiga parallel bo’lgan 
siiindrik sirtni ifodalaydi.

Ikkinchi tartibli siiindrik sirtlarning kanonik tenglamalari:
1 2 

X ~  y
— +  — = 1  —elliptik silindr; 
cf b~

y2=2 px -parabolik  silindr.
Uchala silindrning yasovchilari OZ o ’qiga parallel, 

yo’naltiruvchisi esa, XOY tekisligida yotuvchi ikkinchi tartibli 
egri chiziq (ellips, giperbola, parabola). Fazoda egri chiziqni 
ikki sirtning kesishgan ch iz ig i deb qarash mumkin.

M asalan, elliptik silindrning yo’naltiruvchisi, ya’ni XOY 
tekisligidagi ellips tenglamasi
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x 2 y 2
- T  + T T =  ' a b

O ’qi OZ, uchi koordinata boshida bo’lgan ikkinchi tartibli 
konus tenglamasi ushbu

2 2 2 

W t - »cr b c 
ko’rinishda bo’Iadi, xuddi shunga o ’xshash,

■) 7 2 2 2 2x ~ y~ Z A x y z
—5------- — 7  — ------ T J<r~rrJr~7 '= 0a b~ c a b c
larning o ’qlari mos ravishda OY, OX Iar hisoblanadi. 

A y la n m a  s i r t .  I k k in c h i  t a r t i b l i  s i r t

Ellips, giperbola, parabolaning o’z simmetriya o’qi atrofida 
aylanishidan hosil bo’lgan ikkinchi tartibli aylanma sirt 
tenglamalarini keltiramiz:

x 2 + y 2 z 2
------2—  + —  =  1 -aylanm a ellipsoid, bu erda, aylanish

a~ c
o ’qi OZ.

x 2 + y 2 z 2
------1—  -  —  =  1 - aylanma bir pallali giperboloid,

a'  c
aylanish o ’qi OZ (OZ giperbolaning mavhum o’qi).

x 2 + y 2 z 2
------2— - ~ T  — - 1  - aylanma ikki pallali giperboloid,

a~ c
aylanish o ’qi OZ (giperbolaning haqiqiy o ’qi). 

x2+y2=2 pz -  aylanma paraboloid.
Ikkinchi tartibli aylanma sirtlar umumiy kO‘rinishdagi 

ikkinchi tartibli sirtlarning hususiy holidir:
2 2 2 x y z

—r  + —r  + —7 = 1  -ellipso id ;
a b c

x 2 y 2 z 2
—  + ~ y  — —j- =  1 - bir pallali giperboloid;
a b c

z = 0 .
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= - 1  - ikki pallali giperboloid;

—  + —  = 2 z (p > 0 , q > 0 ) 
P q

- elliptik paraboloid.

Bu to 'rtta  ikkinchi tartibli sirtlardan, ikkinchi tartibli uchta 
silindr (elliptik, giperbolik, parabolik) ikkinchi tartibli konusdan 
tashqari yana bitta ikkinchi tartibli sirt -  giperbolik paraboloid 
mavjud:

Shunday qilib, 9 ta ikkinchi tartibli sirt mavjud.

2 - § .  M  A T E M  A T I  K A N A L IZ G A  K I R I S h  

F u n k s iy a .  A s o s iy  e le m e n ta r  f i in k s iy a la r  v a  u la rn in g  
x o s s a la r i

Ratsional va irratsional sonlar haqiqiy sonlar deyiladi. 
Barcha haqiqiy sonlar to'plam i R bilan belgilanadi. Har bir 
haqiqiy sonni sonlar o ’qidagi nuqtada tasvirlash mumkin.

X va Y ikkita bo’sh boTmagan to 'plam lar bo’lsin. Agar X 
to ’plamning har bir x elementiga biror aniq qoidaga asosan Y 
ning yagona elementi y mos kelsa, u holda, X to’plamda 
qiymatlar to’plami Y bo’lgan funksiya yoki akslantirish 
berilgan deyiladi. Buni shunday yozish mumkin:

x e X , X — — »Y yoki f  :X —» Y , bunda X funksiyaning 
aniqlanish sohasi, Y to’plam esa - funksiyaning qiymatlar 
to ’plami deyiladi. Agar y x-ning funksiyasi bo’lsa, u holda 
y=f(x) ko'rinishda ham yoziladi. f funksiyaning aniqlanish 
sohasi D(f) bilan, qiymatlar to’plami esa, E(f) bilan 
belgilanadi. Oddiy xollarda funksiyaning aniqlanish sohasi:
]a ,b[ interval (ochiq oraliq), ya’ni a<x<b shartini

qanoatlantiruvchi x-ning qiymatlar to’plami; [a,b] segment 
(kesma yoki yopiq oraliq) ya’ni a < x < b  shartni

X V
—  -  —  = 2 z  (p > 0 , q > 0 )P q
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qanoatlantiruvchi x ning qiymatlar to ’plami; ]a,b\ (ya’ni 

a < x < b ) ,  yoki [a,b[ (ya’ni a < x < b )  yarim interval, cheksiz 

interval [a,+°°[ (ya'ni a < x < °° )  yoki ]-°°,¿>[ (ya’ni -

° ° < x < b )  yoki ]-eo,+°o[ (ya’ni - ° ° < x < °°), bir necha
intervallar va segmentlar to ’plami va x.k.

Quyidagi funksiyalar asosiy elem entar funksiyalar deyiladi:
1. u= xö  darajali funksiya, bunda a e R
2 . u=ax ko ’rsatkichli funksiya, bunda a - birdan farqli 

ixtiyoriy musbat son: a>0 , a =£ 1

3 . y=logax logarifmik funksiya, bunda a - birdan farqli xar 
qanday musbat son: a > 0 , a *  1 .

4 . y=sinx, y=cosx, y=tgx, y=ctgx, trigonometrik

5 . y=arcsinx, y=arccosx, y=arctgx, y=arcctgx teskari 
trigonometrik funksiyalar.

Elementar funksiyalar deb asosiy elementar funksiyalardan 
to 'r t  arifmetik amal va superpozitsiyalash (ya’ni murakkab 
funksiyalarni hosil qilish) amalini chekli son marta qo ‘llash 
yordam ida hosil bo’ladigan funksiyalarga aytiladi.

Haqiqiy son x ning absolyut qiymati (moduli) elementar 
bo ’lmagan funksiyaga misol bo ’lib xizmat qiladi:

x , x>  0  da
y  =1 x  1=

— x,x <  0  da

Ixl - geometrik nuqtai nazardan sonlar o 'qida koordinatasi x 
bo’lgan nuqtadan koordinata boshigacha bo’lgan masofaga 
teng. Koordinatalari (x,f(x)) bo ’lgan XOY tekislikdagi nuqtalar 
to’plami y=f(x) funksiyaning grafigi deyiladi, bunda x e D (f) .

Agar xar qanday x e D (f)  uchun f(-x)=f(x) [mos ravishda f(- 
x)=-f(x)] bo’Isa, aniqlanish sohasi nolga nisbatan simmetrik 
bo’lgan f(x) funksiya, ju ft (toq) funksiya deyiladi.

Juft funksiyaning grafigi ordinata o ’qiga nisbatan, toq 
funksiyaning grafigi - koordinata boshiga nisbatan simmetrik 
bo'ladi. Agar shunday musbat T  son mavjud bo’lsaki, x e D (f)  
va (x+T) eD (f) da f(x+T)=f(x) tenglik bajarilsa, f(x) funksiya
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davriy funksiya deyiladi. K o‘rsatilgan xossaga ega b o ig an  eii& 
kichik m usbat T soniga funksiyaning asosiy davri deyiladi.

Sonli ketm a-ketlik lar, u larning lim iti

Funksiyaning nuqtadagi chekli limitining ta ’rifi:

Agar ixtiyoriy kichik e > 0 uchun shunday 5(e)>0 son 
topilsaki, ! x-a I <5 b o ig an d a , I f(x)-A I <£ tengsizlik kelib 
chiqsa, x —> a da A soni f(x) funksiyaning limiti deyiladi va 
quyidagicha yoziladi: l im / ( ; t )  =  A . Agar |x  I > N

A'—»fl

bo ig an d a  I f(x)-A I <e b o is a  l im / ( ; t )  =  A deb yoziladi.
A—»00

Agar l im /(X )  =  0 (yoki lim .F(.x) =  °°) b o isa , f(x)
x —>a x —>a

funksiya ( yoki F(x) ) cheksiz kichik (cheksiz katta) deyiladi. 
x—> a b o ig an d a , bir vaqtda 0 yoki °o gá intiluvchi 2  ta f(x)

f  (x)
va cp(x) funksiyalar uchun lim — -— =  1 b o isa , bu funksiyalar

<p(x)
ekvivalent deyiladi va f(x)~cp(x) ko 'rin ishda yoziladi.

Elem entar funksiyaning biror nuqtadagi limiti funksiyaning 
shu nuqtadagi qiymatiga teng: l im / ( x )  = f ( a ) . x—» a (a= 0

x —>a

yoki a=°°) b o ig an d a  funksiyaning limitini hisoblashda quyidagi 
aniqm asliklarga kelish mumkin:

oo — oo, oo-O, —, 1” , 0°, °°0.
0

Bu aniqm asliklarni ochishning oddiy usullari:
1) Aniqmaslikka olib keladigan ko'paytuvchiga qisqartirish.
2 ) (x—> »o da k o ‘phadlarning nisbati berilsa) surat va 

mahrajni argum entning eng yuqori darajasiga b o iish .
3) Cheksiz kichik va cheksiz katta ekvivalentlarni q o ila sh .
4) Ikkita ajoyib lim itlardan foydalanish
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lim s' nfc^ -^  =  i va iim (i + or(^))a(A) = e .
a ( x ) - > 0  ( x ( x ' )  a(x)-»0

F u n k s iy a n in g  u / lu k s iz l ig i

Agar
1 . f(x) funksiya ¿7 nuqtada aniqlangan;
2. l im / ( x )  = / ( a )x—>a
b o isa , u holda, f(x) funksiya a  nuqtada uzluksiz deyiladi. 
Agar lim f ( x )  = f ( a  -  0) ( iim f { x )  = f ( a  + 0 )) boisa, u

V-+O-0 X->O + 0
holda, f(x) funksiya a nuqtada chapdan (o‘ngdan) uzluksiz deyiladi.

Agarda funksiyaning aniqlanish sohasidagi a  nuqtada 
u/iuksizlik sharti buzilsa, bu nuqta funksiyaning uzulish 
nuqtasi deyiladi.

Agarda lim f ( x )  = f { a ~  0) va lim f ( x )  = f ( a  + 0)
x->a-0 x-»o+0

limitlar mavjud boiib, lekin f(a), f(a-0), f(a+0 ) sonlar o ‘zaro teng 
bO‘lmasalar bu holda a  nuqta 1 -tur uzulish nuqtasi deyiladi.

1-tur uzulish nuqtasi tuzatish mumkin boigan uzulish nuqtasi 
deyiladi, agarda f(a-0 )=f(a+0 )*f(a) boisa, 1 -tur uzulish nuqtasi sakrash 
nuqtasi deyiladi agarda f(a-0)rf(a+0) boisa f(a-0 )-f(a+0) ayinnaga 
funksiyaning a  nuqtadagi sakrash qiymati deyiladi.

1-tur uzulish nuqtasi boim agan boshqa uzulish nuqtalari 2 - 
tur uzulish nuqtalari deyiladi.

B i r  o ‘z g a n iv c h i l i  f u n k s iy a n in g  d i f f e r e n s ia l  h is o b i

y=f(x) funksiyaning X  bo'yicha hosilasi deb, funksiya orttirmasi 
Au ning argument orttirmasi Ax ga nisbatining argument orttirmasi 
Ax->0 dagi limitiga aytiladi va ta’rifga asosan quyidagicha yoziladi:

(\x
Hosilaning geometrik ma’nosi: y=f(x) funksiya grafigiga x 

nuqtada 0 ‘rkazilgan urunmaning burchak koeffitsientiga teng, 
ya’ni y' = tg a .  Hosila y=f(x) funksiyaning x nuqtadagi
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o ‘zgarish tezligidir. Hosilani topish amali funksiyani 
differensiallash deyiladi.

Hosilaning asosiy qoidalari:

1). (u ±  v ) ' = u' ± v'. 2). (Cu)' = C u 3). (uv )' = u'v  + uv'.
V 7,7,

4).
\ v .

u v  - u v . 5). / ; [ u (x ) ] = / j[ u ( x ) ] -u ; ( x )

Hosilalar jadvali:

1). C' = 0; 2 ). x ' = l;

2. ( xmy = m ■ x m

3. (V 7)' = - U .
2-Jx

4.
1

5. (ex)' = ex.

6. (a*)' = a* Ina.

7. (lnx)' = —.
X

8. (log0 x)' = -
I

xlna

9. (sinx)' = cosx.

1 0 . (cosx)' = -s in x .

1 1 . (tgx)' = — l-r ~.
COS X

1 2 . (ctgx)' = •
sm ;

13. (arcsin x ) '=

14. (arccosx)' = -

VT^x7  

1

V l - x 2

15. (arctgx)' = ------ - .
1 + x

16. (arcctgx)' = -

17. (shx)'=

18. (chx)'

= сЛх.

= shx.

19. (thx) 4 _ .
chx J ch x

20. (ctftx)' = | —, shx sh2x
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O s h k o r m a s  f u o k s iy a n in g  h o s i l a s i

P(x,y) = 0  oshkormas funksiyaning hosilasini topish uchun 
tenglikning ikki tomonidan y-ni x-ning funksiyasi ekanligini 
ko 'zda tutgan holda x bo'yicha hosila olinadi va hosil b o ‘lgan 
tenglikdan y 'topiladi.

P a r a m e t r ik  k o Y in is h d a  b e r i lg a n  fu n k s iy a la rn in g  
h o s i la s i

Agar funksiya quyidagi parametrik ko'rinishda berilgan 
bo isa :

/ y/x=cp(t), y=v|/(t); u holda y x = .
x,

U r u n m a  t e n g la m a s i

Agar egri chiziq y=f(x) tenglama orqali berilgan b o isa , u 
holda, fX^o) =  t g a , bu erda a  OX 0 ‘qining musbat

yo ‘nalishi bilan x 0 nuqtada egri chiziqqa 0 ‘tkazilgan urunma 
orasidagi burchak.

y=f(x) egri chiziqqa M 0(x 0,y 0) nuqtada 0 ‘tkazilgan 

urunma tenglamasi: y -  y0 = f ' ( x0)(x -  x0) .

Y u q o r i  t a r t i b l i  h o s i l a l a r

y=f(x) funksiyaning ikkinchi tartibli hosilasi deb uning 
birinchi tartibli hosilasidan olingan hosilasiga aytiladi va y" 
bilan belgilanadi. y=f(x) funksiyaning uchinchi tartibli hosilasi 
deb uning ikkinchi tartibli hosilasidan olingan hosilasiga 
aytiladi hamda y" bilan belgilanadi va hokazo.

Agar funksiya quyidagi parametrik ko'rinishda berilgan
boisa:
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x=cp(t), y=vj/(t); u holda, y"xx = , y* x = i i a L  va
x, x,

hokazo.

L o p i t a l  q o id a s i

0 oo
(— yoki — ko ‘rinishdagi aniqmasliklarni ochish).

0 oo
2 -ta cheksiz kichik miqdor yoki cheksiz katta miqdor 

nisbatining limiti ularning hosilalari nisbatlarining limitiga teng, 
ya’ni

iim M = iim i M = A .
*->a (p(x) x->a (p'(x )

F u n k s iy a n i  t e k s h i r i s h

Agar x 0 nuqtaning etarli kichik atrofida f (x )  < f ( x 0) yoki 

f ( x ) > f ( x 0) tengsizliklar bajarilsa, f(x) funksiya x0 nuqtada
maksimum yoki minimumga ega bo ‘ladi (max. yoki min.).

Funksiyaning maksimum va minimumlari funksiyaning 
ekstremumlari deyiladi. Ekstremumning zaruriy sharti: agar x 0 

f(x) funksiyaning ekstremum nuqtasi bo ‘lsa, u holda, 
f '( x 0) = 0 , yoki bu nuqtada hosila mavjud b o ‘lmaydi. 

Ekstremumning etarli sharti: agar f '(x )  x0 nuqtaning chap 
tomonidan o ‘ng tomoniga o ‘tishda 0 ‘z ishorasini musbatdan 
manfiyga o 'zgartirsa, shu nuqtada funksiya maksimumga ega 
bo ‘ladi, agar chapdan 0 ‘ngga o ‘tishda f '(x )  ning ishorasi 
manfiydan musbatga o ‘zgarsa, funksiya shu nuqtada 
minimumga ega bo'ladi.

Agar (a,b) ning hamma nuqtalarida f"(x ) < 0 b o ‘lsa, shu 
intervalda y = f(x) funksiyaning grafigi qavariq bo iad i, agar 
(a,b) ning hamma nuqtalarida f*(x) > 0 b o ‘lsa, shu intervalda 
y = f(x) funksiyaning grafigi botiq bo‘ladi. Uzluksiz funksiya
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grafigitling qavariq qismini botiq qismidan ajratgan nuqta 
binilish nuqtasi bo'ladi. bu nuqtada f"(x ) = 0 bo'ladi.

y=kx+b to 'g 'ri chiziq y=f(x) funksiya grafigining og‘ma 
asimptotasi deyiladi. Bu erda,

k = lim , b = l im ( f ( x ) - k x ) .
X _ > » 5  X - » «

k= 0  bo'lganda y=b bo'ladi, bu gorizontal asimptota

lO 'g'ri chiziq vertikal asimptota deyiladi.

3-§. BIR O’ZGARUVChlLI FUNKSIYANING INTEGRALI 

Aniqmas integral

Agar F '(x) = f (x )  bo'lsa, F(x) funksiya f (x )  funksiyaning 
boshlang'ich ftmksiyasf deyiladi. -ttmksiya 1 (x)
funksiyaning boshlang'ich tunksiyasi bo'lsa , u lioltla, F(x) + C 
ham boshlang'ich funksiyasidir. f (x )  funksiyaning aniqmas 
integrali deb uning barcha boshlang‘ichlari to'plamiga aytiladi va 

quyidagicha belgilanadi: |f (x ) d x  = F(x) + C .

Integrallash qoidalari:

1 . ( J/(x )dx)' = /(x ).

2 . d(j7(x)dx) = /(x)dx.

3. J dF(x) = F{x) + C.

4. Ja/(x)dx  = a j7(x)dx.

5. j[/,(x )± A (x )]dx=  j7,(x)dx± |/ ,(x )d x

6 . Agar J r(x )d x  = F(x) + C va u = cp(x) bo'lsa, 

u holda, j t (u )du  = F(u) + C .
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Aniqmas integrallar jadvali

I. Jdx = x + C. VIII. jsinxdx = - c o s x +  C.

m+l
II. fxmdx = -------+ C m ^ - l .  IX. fcosxdx =  sin x + C .

J m + l J

III J—  = ln|x| + C. X. j — ^ - d x  = tgx + C.
Sin X

IV. f - =  arctgx+C . X I  (— \r— dx = -c tg x  + C. 
J l + x _________ cos x

V. f t=^X =  = arcsinx + C. XIL íshxdx = chx +  C.
J

VI. je xdx = ex + C. XIII jchdx = shx + С

VII faxdx =  —— l-C.
J 1пяIna

Ixtiyoriy funksiyalarni integrallashda quyidagi usullardan 
foydalaniladi:

1. Agar j f (x )d x  =  F (x) +  C bo‘lsa, u holda,

J f  (ax +  b)dx =  — F(ax + b) + С bo'ladi, bu erda, a va b lar

ixtiyoriy o ‘zgarmaslar.
2. Differensial ostiga kiritish:
Jf  [ф(х)] • <p'(x)dx =  jY[(p(x)]-d[cp(x)] = |f (u ) d u  chunki 

cp'(x)dx = d(p(x), [u =  cp(x)].

3. Bo'laklab integrallash formulasi: Judv =  u v -  J"vdu .

Odatda, dv ifoda integrallashda qiyinchilik tug‘dirmaydigan qilib 
tanlab olinadi. Bolaklab integrallanadigan funksiyalar sinfiga, xususan:

P ( x ) - e “\  P (x)-sinocx , P (x )-c o s a x , P (x )- ln x ,
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Р{х)  ■ a rc s in X, Р{х)-  arctgx lar kiradi, bu erda, P(x) -  
ko'phad.

4. Ratsional kasrlarni integrallash:
P(x)

R(x) =
Q(x)

elem entar kasrlarga ajratiladi:
A M x + N

ko‘phadlar nisbati berilgan bo 'lsa, R(x)

ular
( x - a ) m (x 2 +  px + q) 

m butun m usbat son.

f -  dx =  A lnlx -  al +  C; 
J x - a  1 1

Adx A 1

k o ‘rinishda bo 'lib , bu erda

( x - a  )" 

dx

m - l  ( x - a )

-------- 1 ----------
arctg

— +  C; m * l. 

2 x + p

x 2 +  p x + q  7 4q -  P2 V 4 q -  p 2

+ C.

5. O ’zgaruvchilarni almashtirish usuli:
Bu usulning m a’nosi x o ‘zgaruvchidan t o'zgaruvchiga o'tish: 
x=f(t). K o‘p uchraydigan funksiyalarga standart 

alm ashtirishlar k o ‘rsatish mumkin.

ÍRx,î
ax + b 
ex + d

dx,

|R (x ,-\/a 2 -  x 2 )dx, 

fR (x ,V a: + x 2 )dx, 

| r ( x , V x 2 - a 2 )dx,

j*R(sinx,cosx)dx,

ax + b
------- 7 = t ;ex + d

x = a • sin t;

x = a • tgt; 

a
x =

sin t

tg = t;

bu erda, R -  ratsional funksiyaning simvoli.
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A n iq  in te g r a l
Agar F /(x ) =  f (x )  va F(x) boshlang'ich [a,b] kesmada 

uzluksiz boMsa, aniq integralni hisoblashda Nyuton-Leybnis 
formulasi 

b

____ J t(x )d x  =  F (b ) - F ( a ) _____________________________________

ko 'rin ishda bo'ladi. Aniq integral x=a, x=b, y=0 to ‘g ‘ri 
chiziqlar va y=f(x) funksiya grafigi bilan chegaralangan 
trapetsiyaning yuziga teng, agar f(x) > 0  bo‘lsa, «+» ishora 
bilan, f(x) <  0  bo 'lsa, ishora bilan olinadi.

Xosmas integrallar. 
Chegarasi cheksiz xosmas integrallar

b
Agar lim  jf (x )d x  limit mavjud bo ‘lsa, bu limit f (x )

a

funksiyaning [a,+°°) dagi xosmas integrali deyiladi va

+00 b

| f ( x ) d x =  lim J f(x )d x  k o ‘rinishda yoziladi.
a  a

b

Xuddi shuningdek, agar lim ff(x )dx  limit mavjud bo'lsa,
a

bu limit f(x) funksiyaning (-°°,b] dagi xosmas integrali 
b b 

deyiladi va J f(x )d x  = lim j f (x )d x  ko‘rinishda yoziladi. Agar
— 00 a

o ‘ng tomonda turgan limit chekli bo‘lsa, u holda integral 
yaqinlashuvchi xosmas integral deyiladi. aks holda, integral 
uzoqlashuvchi deyiladi.

Cheksiz funksiyalaming xosmas integrallari

f(x) funksiya a < x < c oraliqda aniqlangan va uzluksiz 
bo lsin, x=c bo ‘lganda esa yoki aniqlanmagan, yoki uzilishga
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ega b o is in . Bunday holda, f(x) funksiyaning a < x < c
c c~e

oraliqdagi integrali J f (x )d x  = lim  J f(x )d x  ko 'rinishda
a  a

yoziladi.
Agar f(x) funksiya (a,c) ning chap uchida uzlukli b o isa ,

C C

u holda J f(x )d x  =  lim  jf (x )d x  .
a a+e

A gar o ‘ng tom onda turgan lim it chekli b o ‘lsa, u holda, 
integral yaqin lashuvchi xosm as integral deyiladi, aks holda 
in tegral uzoqlashuvchi deyilad i. A gar f(x) funksiya [a,c] 
kesm a ichidagi biror x 0 nuqtada uzlukli b o is a ,  u holda, 
in tegral ikki integral y ig ‘indisi ko 'rinishda yoziladi:

C A 0

J f(x )d x  = J f(x )d x  + |f (x ) d x

4 -§ . K O ’P  O ’Z G A R U V C h lL I  F U N K S IY A L A R

1. Agar biror D to'plamning har bir (x,,x2). . . x„) elementiga 
biror qoida bilan E to'plamdagi yagona u haqiqiy son mos qo'yilgan 
bo'lsa, u holda, D to'plamda n o'zgaruvchining funksiyasi 
aniqlangan deyiladi va quyidagicha yoziladi: u= u(x[,x2,. . . xn).

2. M (x,,x2,. . . xn) nuqta funksiyaning aniqlanish sohasida 
M 0(x0,x0,. . . x0) nuqtaga ixtiyoriy usulda intilganda

lim u (M ) =  u (M 0)
M-»M0
tenglik o ‘rinli b o ‘lsa, u= u(x,,x2,. . . xn) funksiya
M 0(x0,x0,. . . x0) nuqtada uzluksiz deyiladi.
3 . u= u(x |,x2>. . . xn) funksiyaning x, o 'zgaruvchi bo 'y icha 

xususiy hosilasi
du =  Hm = lim  u (x , +  A x „ x 2, ...,x n)

0x, ^ i -^0 Ax, ^ i -»0 Ax,
tenglik bilan aniqlanadi.
Xuddi shuningdek, qolgan argumentlar bo 'y icha ham 

xususiy hosilalar topiladi.
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cbck,d x k2...3xk,n■t '2 *m
ifoda n -  tartibli xususiy hosilaning umumiy formulasi, bu 

erda k,+k2+. . . +km=n va 1 < ij < n, 1 < j < m.

5 - § .  O D D IY  D I F F E R E N S IA L  T E N G L A M A L A R

1. Erkli o ‘zgaruvchi x, nom aium  funksiya y va uning 
hosilalari y', y", ..., y("] lar orasidagi bog‘lanishga 
differensial tenglama deyiladi va quyidagi ko iin ishda  yoziladi:

F(X,У,У,,У'',...,У(П,) = 0 .
Birinchi tartibli differensial tenglama F (x ,y , y') = 0 

ko‘rinishda yoziladi. Bu tenglamaning x=x0 dagi y=y0 

boshlang'ich shartni qanoatlantiruvchi xususiy yechimini topish 
masalasi Koshi masalasi deyiladi.

Berilgan differensial tenglama y=cp(x) yechimimng XOY 
tekislikda chizilgan grafigi bu tenglamaning integral egri 
chizig‘i deyiladi.

2. y' + P (x )y  = Q (x) ko ‘rinishdagi tenglama birinchi tartibli 
chiziqli differensial tenglama deyiladi. Agar Q (x) =  0 bo'lsa, 
bir jinsli, agar Q (x) *  0 bo'lsa, bir jinsli bo'lmagan 
differensial tenglama deyiladi. Bir jinsli tenglamaning umumiy 
yechimi 0 ‘zgaruvchilarni ajratish y o i i  bilan topiladi. Bir jinsli 
bo im agan  tenglamaning umumiy yechimi esa bir jinsli 
tenglamaning umumiy yechimidan ixtiyoriy o ‘zgarmas C ni 
variatsiyalash yordamida topiladi yoki y = u • v ko ‘rinishda 
almashtirish yordamida topiladi.

3. y (n) =  f (x ,y ', . . . ,y (n” ' )) tenglama n-taitibli differensial

tenglama bo‘lib, uning X-*o) =№¿(-*0) = A l .......

boshlang'ich shartlarni qanoatlantiruvchi y=cp(x) yechimini 
topish masalasi Koshi masalasi deyiladi. n-tartibli differensial 
tenglamaning umumiy yechimi y  = <p(x, C„) k o ‘rmishda
b o ‘ladi.
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4 ) O ’zgarm as koeffitsientli, n-tartibli, chiziqli, bir jinsli 
differensial tenglam a berilgan bo ‘lsin:

y<n)+aiy<n‘,)+ . . . +any=0 ,
bu erda, a,, a2, . . . ,a„ - la r  o 'zgarm as sonlar.
Bu tenglam aning um um iy yechimini topish uchun uning 

fundamental yechim lar sistemasinin topish etarlidir. n -  tartibli 
differensial tenglam a b o ‘lgan holda fundam ental sistema 11 ta 
chiziqli erkli xususiy yechimlardan iborat b o ‘ladi. Umumiy 
yechim y,, y2, . . . ,y„ chiziqli erkli xususiy yechimlarning 
chiziqli kom binasiyasi sifatida yoziladi: y= c ly,+c2y2,+. . . +cnyn.

5 ) +  alyln~l) + a2y in~7) + .■■ + апу=  /(л-) n-tartibli, o'zgarmas
koeffitsienili, bir jinsli bo'lmagan chiziqli tenglama berilgan bo'lsin. 
Bu tenglamaga mos bir jinsli 0 ‘zgarmas koeffisientli
y (n)+  a ,y (n_1)+ a 2y (n~2)+ .. .  +  a ny = 0 tenglamaning umumiy
yechimi y bo'lsin. U holda o'zgarmas koeffisientli, bir jinsli

bo'Imagan tenglamaning umumiy yechimi y= y~+ y°  ko'rinishda 
izlanadi, bu erda, y° -  bir jinsli boim agan tenglamaning xususiy 
yechimi. O’zgarmas koeffitsientli, bir jinsli bo'lmagan 
tenglamaning xususiy yechimini topish uchun, noaniq koeffitsientlar 
usulini qo‘llaymiz. Bu usul o ‘ng tomoni maxsus ko'rinishda 
bo'lgan tenglamalar uchun tatbiq qilinadi. Bunda xususiy yecbimni 
o 'ng tomonning shakliga 0 ‘xshash shaklda izlash kerak.

6 )

dx - , 
—  = f ( t ,x ,y )  
dt 
dy 
—  =  q )(t,x ,y ) 

L dt
ko'rinishdagi sistem aga -differensial tenglam alam ing normal 
sistemasi deyiladi, bu erda, jc va y lar nom ä’lum funksiyalar.

O ’zgarmas koeffitsientli 2-ta chiziqli diffyerensial 
tenglamalar sistemasi quyidagi ko 'rinishga ega:
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bu erda, a y -  lar o 'zgarm as sonlar.
Bu sistemani matrisa ko‘rinishda quyidagicha:

dX

dt
yozish mumkin, bu yerda,

= A X

f d x )
a il a i2 , X  = Í X^

dX _ dt
^a21 a 22> l y j dt dy

vdt>

A =

Sistemaning yechimini x =  p ,eXl; y =  p2eA' k o iin ish d a  
qidiramiz. x va y qiymatlarni tenglamalar sistemasiga qo 'yib, 
p, , p2 larga nisbatan chiziqli algebraik tenglamalar sistemasini 
hosil qilamiz:

f (a,, — X,)p, + a,2p2 = 0

ta 2|P| +  ( a 22 — ^ )P 2 ~  ^
Bu sistema noldan farqli yechimlarga ega b o iish i uchun 

uning determinanti nolga teng b o iish i kerak:
aa,, X

*21

*12 

a n  X
= 0

Bu esa X ga nisbatan 2-tartibli algebraik tenglama. Uning 
ildizhjri haqiqiy, har xil. kompleks, karrali bo iish i mumkin.

U larning qiymatlariga qarab A matritsaning xos vektorlari 
topiladi va ular orqali berilgan sistemaning umumiy yechimlari 
yoziladi.

6 -§. S O N L I VA F U N K S IO N A L  Q A TO R LA R

1. u , + u , + . . .  +  u n +. . .  =  ¿ u n sonli qator deyiladi.
n=1

n

Agar Sn = ^ u k qismiy y ig indin ing  limiti S =  lim  S n
k=l

m avjud b o isa , sonli qator yaqinlashuvchi deyiladi va S-soni 
qatorning y ig ind is i deyiladi. Agar limit mavjud bo im asa ,
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berilgan sonli qator uzoqlashuvchi deyiladi. l im u n = 0  sonlin—>°°
qator yaqinlashuvchi bo iish in ing  zaruriy shartidir.

Musbat hadli sonli qatorlar yaqinlashishining etarli shartlari
(u > 0 ):

a) A car l im —  = k, ( k ^ 0 , ° ° )  bo 'lsa , u holda, ^ u n
v n „=1

oo

va ] T v n qatorlar bir vaqtda yaqinlashuvchi va uzoqlashuvchi
n=l

b o iad i. M usbat hadli sonli qatorlar odatda, quyidagi qator
oo J

tlan taqqoslanadi: V  —  - a  > 1 bo 'lganda yaqinlashuvchi
n = l  ^

va a  < 1 bo 'lganda uzoqlashuvchi qator b o ‘ladi.

b) Dalam ber alomati:

l i m - ^ ^ ^ q  bo'lsa, X un qator q < 1 bo 'lganda 
u n n=1

yaqinlashuvchi, q > 1 bo 'lganda uzoqlashuvchi b o iad i. Agar
q = 1 bo 'lsa , qatorning yaqinlashishini bu alomat bilan aniqlab
bo'lm aydi.

Xuddi shunga o'xshash, Koshi alomati mavjud. Bundan 
tashqari integral alomati bilan ham qatorning yaqinlashuvchiligi 
tekshiriladi.

2 . u 1(x ) +  u 2 (x ) +  ... +  u n(x ) +  ... ko'rinishdagi qatorga 

funksional qator deyiladi, a 0 +  a ,x  + a 2x 2 + ... + a nx” + ... qator
darajali qator deyiladi. a„-lar qatorning koeffitsientlari. Darajali 
qatorning yaqinlashish sohasi m arkazi koordinatalar boshida 
bo 'lgan intervaldan iborat. -R  dan +R gacha bo 'lgan intervalga 
darajali qatorning yaqinlashish intervali deyiladi, bu interval 
ichida yotgan har qanday x nuqtada qator yaqinlashadi, shu 
bilan birga absolyut yaqinlashadi, uning tashqarisidagi jc 
nuqtalarda qator uzoqlashadi, R -  darajali qatorning 
yaqinlashish radiusi deyiladi va
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R = lim
n —1

form ula bilan hisoblanadi. Darajali qatorlarni yaqinlashish 
intervali ichida hadlab differensiallash va integrallash mumkin.

3. 7.Í davrli f(x) funksiya uchun Fure qatori:
TT ч П71Х ~ 1 П7ГХ
f (x )  =  —  + > a co s------- f-b s in ------,

2  à  e i
bu erda,

a . = 7 J f W
u

i V

nTCX Jc o s ------dx, n= l,2 ,3 ,...£

П71Х, I f , . . .  П71Х
bn = — f ( x ) s in ——, n=l,2,3,... •

I i

cr \ ^0 V'' П7СХ Z  Г П71Х
f (x) = f +  Z a nc ° s - — ; b„=0 , a n =  — Jf(x )c o $ ——dx,

Juft funksiya uchun Furye qatori: 

a n ^  плх

t
Toq funksiyalar uchun Fure qatori: 

П Я Х

7

n / n V 1. • пях 2 V пях
f (x ) -  2 ^ Ь п 8Ш — an=0 , b n = -  J f ( x ) s in — - d x , .

n=l  ̂ n

7-§. K A R R A L I, E G R I C h lZ IQ L I IN T E G R A L L A R

1 . j j f (x ,y )d x d y  ifodaga ikki o ichov li integral deyiladi.
D

Agar D soha a < x < b, f2(x) < у < f,(x) da o‘zgarsa, ikki
b / 2(.v)

o‘lchovli integralni hisoblash y)dxdy =  J¿x  J / '( x ,  y)dy
D a ft (x)

ko ‘rinishdagi ikki karrali integralni hisoblashga olib kelinadi.
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Agar D soha c < y < d, <p2(y) < x < cp,(y) da o'zgarsa, ikki
d ip,(.v)

o'lchovli integralni hisoblash j j f(x ,y )d x d y  = j¿/v j / ( x , v )dx
D  <• <p, ( v )

ko'rinishdagi ikki karrali integralni hisobiashga olib kelinadi.
(I f> ;(  V) ¡i

jc/y j  / (x, y)dx =  Jdx \ f  (x, y ) dy . Bu eida y =  (p ^ U )
C <l>\ <y )  a

funksiya x = (p, 2(y) funksiyaga teskari funksiyadir.
Bu tenglik bilan integrallash tartibini o ‘zgartirish mumkin.
2 . Q  sohada an iq langan  f(x ,y ,z) funksiyadan 

o lingan  uch o ich o v li integralni hisoblash

J jj/ (X, y, z)dxdydz = \\d x d y  j f ( x , y , z ) d z  ko‘rinishdagi
a  o_ v\(x,y)

integralni hisobiashga keltiriladi, bu erda, Q  xy £2 -  sohaning

XOY-tekislikdagi proeksiyasi, z=V|/,(x,y) va z=i|/,(x,y) lar Q 
soxani yuqoridan va pastdan chegaralagan sirtlar tenglamalari. 
Ikki o ichov li integralga 0 ‘xshash uch o ichov li integralda 
ham integrallash tartibini o ‘zgartirish mumkin.

3. Birinchi tur egri chiziqli integral f i(x ,y ,z )d s  berilgan

W
b o iib , agar t  egri chiziq x=x(t), y=y(t), z=z(t) ( a  < t < (3 ) 
parametrik holda berilgan bo isa , unda,

P ‘  ______________________
j  f (x ,y )d s  = J f ( x ( t) ,y ( t ) ,z ( t ) ) -V x '2 (t) +  y '2 (t) + z,2 (t)dt 

(O a
bo iad i.

Ikkinchi tur egri chiziqli integral

J p (x ,y ,z )d x +  Q (x ,y ,z )d y  + R (x ,y ,z )d z  berilgan b o iib , agar 
(L)
L-egri chiziq x=x(t), y=y(t), z=z(t) ( a  < t < p ) parametrik 
holda berilgan bo isa , u holda
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Jp (x ,y ,z )d x  + Q (x ,y ,z )d y  + R (x ,y ,z )d z  =
(L)

ß
= j> (x ( t) ,y ( t) ,z ( t) )x '( t)d t  + Q (x (t) ,y (t) ,z ( t))y '( t)d t + 

a
+ K (x ( t) ,y ( t) ,z ( t) )z ’(t)d t
bo'ladi.
4. Uch o ichov li integrallar yordamida:
a) jism ning V hajmi va uning M massasi quyidagi 

formula yordamida hisoblanadi:
M = JJJ |i(x ,y ,z)dxdydz , V = JJjdxdydz , bu erda, p

n n
jism  massasining zichligi;

b) bir jinsli jism  inersiya momenti (masalan, OZ o ‘qi 
b o ‘yicha) quyidagi formula yordamida hisoblanadi:

J7 = JJJ(x 2 + y ; )dxdydz.
Q

8 - § .  K O M P L E K S  O ’Z G A R U Y C h lL I  F U N K S I Y A L \R  
N A Z A R IY A S I

Agar xar bir z=x+iy kompleks songa biror qonun 
yordamida bir yoki bir necha kompleks son w=u+iv mos 
qo'yilgan b o lsa ,

w = f(z) = u+iv = u(x,y) + iv (x j)  
kompleks o ‘zgaruvchili funksiya bcrilgan dcyiladi.

Agar w = f(z) funksiya uzluksiz hosilaga ega bo'lsa, bu 
funksiyani analitik deyishadi. Analitiklikni tekshirish uchun 
quyidagi etarli va zaruriy shart mavjud:

a u (x ,y )  = dv(x, y)  du(x, y)  = d v (x ,y )

dx dy dy dx
Bu shartlar bajarilganda hosila quyidagi formula yordamida 

topiladi:
, au + . d v _ ö v  , ö u _ 5 u  . ö u _ i ? v  + . 0v 

d x d x d y d y d x d y d y d x

56



9-§. E H T IM O L L A R  N A ZA R IYA SI

Ehtim ollar nazariyasining asosiy tushunchalaridan biri 
b o im ish  hodisa deb sinov (tajriba) o 'tkazish natijasida, ya 'n i 
malum shartlar majmui amalga oshishi natijasida ro ‘y berishi 
nuimkin b o ig a n  har qanday faktga aytiladi. Täjribaning natijasi 
bir qiymatli aniqlanmagan hollarda hodisa -  tasodifiy hodisa 
deb ataladi, tajriba esa tasodifiy tajriba deb ataladi. Tasodifiy 
tajribalar haqida so ‘z yuritganim izda biz faqat etarlicha ko 'p  
marta takrorlash mumkin b o ig an  (hech bo 'lm aganda nazari 
jihatdan) tajribalarni ko 'zda tutamiz. Tasodifiy tajribaning 
m atem atik modelini qurish quyidagi etaplarni o ‘z ichiga oladi:

a) elem entar hodisalar to 'plam i Q - ni tuzish;
b) berilgan tajriba uchun etarli b o ig a n  hodisalar sinfi 9t ni 

ajratish;
—v) shu hodisalar sinfi ustida m aium  shartlarni qanoatlantiruvchi 

sonli funksiya P -  hodisaning ehtimolini berish.
Hosil bo 'lgan (i2 ,9 t,P ) - uchlikni ehtimollar fazosi deb

ataymiz. Q  - elem entar hodisalar to 'plam i deb berilgan 
tasodifiy tajribada ro ‘y berishi m um kin bo 'lgan barcha bir- 
birini rad etuvchi hodisalar to ’plam iga aytiladi. Q. - ning
elem entlari to¡, i= l , 2 .......... n bilan belgilanadi. n -  esa Q  -
to 'p lam  elem entlarining soni.

Ehtim ollik hodisadan olingan sonli funksiya. Haqiqiy 
o 'zgaruvchili funksiyalar argum entining barcha qiym atlarida 
aniqlangan b o iish i shart bo im agan lig i kabi, Í 2 to ‘plam ning 
ixtiyoriy to 'plam  ostlari uchun ehtimolni aniqlash har doim 
xam m umkin b o im ayd i. T o 'p lam  ostlari sinflarini cheklashga 
to ‘g ‘ri kelgan hollarda, biz bu sinflardan hodisalar ustidagi 
am allarga nisbatan yopiqligini talab etamiz.

9Í hodisalar sinfini shu shartlarni nazarda tutgan holda, Q  
to 'p lam ning to 'p lam  ostlaridan tuzamiz.

P ehtim ollik tasodifiy hodisadan olingan sonli funksiya 
b o iib , u hodisaning ro ‘y berish imkonining obektiv 
darajasining sonli xarakteristikasidir.

M urakkab hodisa yoki oddiygina hodisa deb Q  - elem entar 
hodisalar to 'plam ining ixtiyoriy to 'p lam  ostiga aytiladi.

57



Hodisalar uch turga ajratiladi: muqarrar, ro ‘y bermaydigan va 
tasodifíy hodisalar.

2. Ehtim olning klassik ta'rifi: A hodisaning ehtimoli deb, 
tajribaning bu hodisani ro ‘y berishiga qulaylik tug'diruvchi 
elementar hodisalari soni m ning, tajribaning barcha mumkin 
bo'lgan teng imkoniyatli elementar hodisalari soni 11 ga 
nishatiga aytamiz:---------- ------------------------------

p (a ) = — •
n

8 . Hodisaning nisbiy chastotasi:
Hodisa ro ‘y bergan natijalar sonining aslida o'tkazilgan 

jami tajribalar soniga nisbatiga hodisaning nisbiy chastotasi 
deyiladi:

W (A) = —
N

bu erda, M -  hodisalarning ro ‘y berish soni;
N -  tajribalarning jam i soni.

8 . Ehtimolning geometrik ta’rifi:
H  - n o ichov li Evklid fazosining cheklangan to ‘pIami 

oo isin . Hodisa deb £2 ning o'lchovini aniqlab bo iad igan  
to ‘plam ostini qaraymiz. 9 Ídeb £2 ning barcha o ichovga ega 
b o igan  to ‘plam ostlari sinfini belgilaymiz. U holda A 
hodisaning ehtimoli deb quyidagiga aytamiz:

|i(A )
P(A) = u«i)

bu erda, }i(A) -  A to‘plamning o icham i. (n=I bo'lganda 
uzunlik, n=2 bo iganda  yuza, n=3 bo iganda hajm).

8 . Shartli ehtimollik:
A hodisaning B hodisa ro ‘y berdi degan shart ostida 

hisoblangan ehtimolligi A hodisaning P(B) > 0 dagi shartli 
ehtimolligi deb ataladi va P(A/B) bilan belgilanadi:

P (A /B ) = - ^ ^ .
P(B)

Bundan esa ehtimolliklarni ko'paytirish formulasi kelib 
chiqadi:
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P(A B ) =  P (B )P (A /B ) .
8 . T o 'Ia  ehtim ollik formulasi.
A ,, A2, A„ lar birgalikda bo im agan  hodisalarning to ‘la 

guiiihini tashkil etsin va barcha k-lar uchun R(Ak) > 0 bo 'lsin .
U holda,

P(B) =  ¿ P ( A K) - P ( B / A K).
K =  l

8 . Hodisalarning bog'liqsizligi:
Agar P(B) > 0 va P(A/B) = P(A) b o ‘lsa A hodisa D 

hodisaga b o g iiq  emas deyiladi. Bundan esa, o 'zaro  b o g iiq  
b o im ag an  A va B hodisalar uchun P(AB)=P(A)P(B) tenglik 
kelib chiqadi.

n !
8 . P (k) = --------:----- p kq"~k Bem ulli formulasi. Bu erda

n k!(n — k ) !
P„(k) -  A hodisaning n-ta tajribada k- marta ro ‘y berish 
ehtim oli, p-esa A hodisaning bitta tajribada ro 'y  berish 
ehtimoli: q= l-p .

9. Diskret tasodifiy m iqdor deb, ko 'p i bilan sanoqli sondagi 
qiymatlarni m a iu m  ehtimollik bilan qobul qiladigan m iqdorga 
aytiladi. Uzluksiz tasodifiy miqdor deb, chekli yoki cheksiz 
oraliqdagi barcha qiym atlarni qobul qilishi m um kin b o ig a n  
m iqdorga aytiladi. Tasodifiy m iqdorning qobul qiladigan 
qiymatlari bilan ularning ehtimollari orasidagi m unosabatga 
tasodifiy miqdorning taqsim ot qonuni deyiladi.

6 . Diskret tasodifiy miqdorning matematik kutilmasi deb 
quyidagi tenglik bilan aniqlanadigan skalyar kattalikka aytiladi:

M (X )=x,p,+  x2p2+...+ xnpn
bu erda x,, x2,...,xn -  tasodifiy miqdorning m um kin b o ig an  

qiymatlari, p,, p2, . . . pn -  mos ehtimolliklar.

D(X)=M (x2)-[M (x ) ] 2

ifodaga dispersiya deyiladi.

G (X) = V W )

ifodaga o ’rta kvadratik chetlashish deyiladi.
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10. X tasodifiy miqdorning 0 ‘z matematik kutilmasidan 
chetlanishi absolyut qiymat b o ‘yicha 6 musbat sondan kichik

b o iish  ehtimoli 1 -  — ^  dan kichik emas, ya’ni 
s '

P ( | X - M ( X ) | < s ) > l - - ~
----—---- — ---------------------------— P.___________________

Bu Chebishev tengsizligi deyiJadi.

1 0 -§ . M A T E M A T IK  S T A T IS T IK A  E L E M E N T L A R I

Slatistika tabiatda va jamiyatda bo iad igan  ommaviy 
hodisalarni 0 ‘rganadi. Matematik statistikaning vazifasi statistik 
ma’lumotlarni to 'plash, ularni tahlil qilish va shu asosda 
xulosalar chiqarishdan iborat.

Biror bir to ‘plamdan tasodifiy ravishda tanlab oiingan 
ob’ektlar to'plam iga tanlanma deyiladi.

Tanlanma ajratiladigan ob’ektlar to'plam i bosh to 'plam  
deyiladi. Tanlanmaning hajmi deb, shu tanlanmadagi ob’ektlar 
soniga aytiladi.

Oiingan ob’ekt kuzatish o'tkazilgandan keyin bosh 
to ‘plamga qaytarilsa takror tanlanma, qaytarilmasa notakror 
tanlanma deyiladi.

Biror X  bosh to ‘plamdan x, , x2 , . . . , xn -  tanlanma
oiingan bo isin . Agar x, , x2 , . . . , xn larni x, < x 2 < . . . <  x n

kabi o ‘sish tartibida joylashtirsak, x*, x^, ..., x* variatsion 
qator hosil bo iudi. Tanlanmaning elementlari v an an talar 
deyiladi. Variantalarnfng har biri btr necha bor takrorlanishi 
mumkin:

x, varianta n, marta, x^ varianta n2 marta, ... , x k 
varianta nk marta takrorlansin va n=n,+n2+...+nk b o isin , n, , 
n2 , . . . , nk sonlar chastotalar deyiladi.

Har bir chastotaning tanh uma hajmi n ga nisbati shu 
variantaning nisbiy chastotasi deyiladi:

W j = ^ - .  i = u T :
n

r ,o



W : w ,, w 2> w k ; 
jadval X tasodifiy miqdorning statistik yoki empirik taqsimoti 
deyiladi.

Variantalarning .t sonidan kichik bo 'lgan qiym atlarining 
nisbiy chastotasi

c  , s m (x)
F„(x) = --------n

empirik taqsimot funksiya deyiladi. Chastotalar poligoni deb, 
(x, , n,) ; (x2 , n2) ; . . . ; (xk , nk) nuqtalarni tutashtiruvchi 
siniq chiziqqa aytiladi. Nisbiy chastotalar poligoni deb esa, (x, 
, w,) ; (x2 , w2) ; . . . ; (xk , wk) nuqtalarni tutashtiruvchi siniq 
chiziqqa aytiladi. Chastotalar gistogrammasi deb, asoslari h- 
uzunlikdagi intervallar, balandliklari esa, n, -dan iborat b o ig an  
to 'g i i  to ‘rtburchaklardan iborat pog'onasim on shaklga aytiladi, 
bu erda h-bosh to ‘plam ning kuzatiladigan qiymatlarini o ‘z 
ichiga olgan interval uzunligi, ^  - intervalga tushgan 
variantalar soni.M atem atik statistika o ‘rganadigan m asalalardan 
biri -  taqsim otning turli sonli xarakteristikalarini nuqtaviy 
baholashdan iborat. Nuqtaviy baho deb, bitta son bilan 
aniqlanadigan statistik bahoga aytiladi.

Tanlanm aning o 'rta  arifmetik qiymati:
(1

_  I * .
X = ^ —  

n
b o iad i, tanlanma dispersiyasi deb,

¿ n - . O t i - x ) 2

X :  X j , x 2, x k ;

o 2 = — u

I » .i = l
ifodaga aytiladi. Bundan tashqari intervalli baholar ham 
qaraladi. Intervalli baho deb baholanayotgan parametrni 
qoplaydigan intervalning uchlari b o ig a n  ikki son bilan 
aniqlanadigan bahoga aytiladi.
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Statistik gipoteza deb, nom aium  taqsimotning k o iin ish i 
yoki m a’Ium taqsimotlarning paramelrlari haqidagi gipotezaga 
aytiladi. Gipotezalarni tekshirishda birinchi tur xatolik shundan 
iboratki, bunda, to ‘g ‘ri gipoteza rad qilinadi. Ikkinchi tur 
xatolik shundan iboratki, bunda, no to 'g 'ri gipoteza qabul 
qilinadi.

Statistik kriteriy (yoki oddiygina kriteriy) deb, nolinchi 
gipotezani tekshirish uchun xizmat qiladigan tasodifiy m iqdorga 
aytiladi. Bosh to ‘plamning normal taqsimlanganligi haqidagi 
gipotezani tekshirishda quyidagi Pirson kriteriyasi ishlatiladi:

Pirson kriteriyasi yordamida empirik chastotalar n, va 
nazariy chastotalar n / - lar taqqoslanadifar.

Agar X tasodifiy miqdorning har bir qiymatiga biror qonun 
asosida Y tasodifiy miqdorning taqsimoti yoki sonli 
xarakteristikasi mos kelsa, u holda X  va Y orasidagi 
munosabat statistik yoki korrelyatsion munosabat deyiladi. Bu 
munosabatni jadval ko‘rinishda ifodalash mumkin.

Bog‘liqlik miqdori bo igan  korrelyatsion koeffitsientini

= Z v y j - J V x - y
rxy n - O xGy

formula yordamida topish mumkin.
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I I  B O B . Y O Z M A  IS h  V A R I A N T L A R I N I N G  
N A M U N A V I Y  Y E C h lM L A R I

l - § .  B I R I N C h i  Y O Z M A  IS h

1. B ir o r  bazisda a ( a , ,a 2 , a , ) ,  b ( b , , b 2 , b 3) ,  c ( c , ,c 2 ,c 3)  va

d ( d , , d 2 , d 3) v e k to r la r  b e rilg a n . a , b , с v e k to r la r  baz is  ta s h k il

e t is h in i k o 'rs a t in g  va  bu  baz isda  d  v e k to rn in g  k o o rd in a ta la r in i 
to p in g .

Berilishi:
a ( l ; - 2 ; 3 ) , b (4 ;7 ;2 ), c (6 ;4 ;2 ) ,  d (1 4 ;1 8 ;6 ).

a,  b va  с -  la r  baz is  ta s h k il e tish i uch u n  u la r 
n o k o m p la n a r  b o i is h la r i  ke ra k .

A g a rd a  ci b - c ï  0  b o 'ls a , a,  b,  с v e k to r la r  
n o k o m p la n a r b o ia d i la r .  S h u n i te k s h ira m iz :

=  14 _  24 +  48  - 1 2 6  + 1 6  -  8  =  - 8 0  Ф 0

1 - 2  3 

ä b  c = 4 7 2

6  4 2

D e m a k , a,  b ,  с - v e k to r la r  baz is  ta s h k il e tad i. d 

v e k to rn in g  a,  b , с baz isdag i y o y ilm a s i 

d = Л,а +  À2b + ÄjC k o ‘ r in is h d a  b o ia d i .  B unga  a,  b ,  с va

d  v e k to r la rn in g  k o o rd in a ta la r in in g  q iy m a tla r in i q o ‘ y ib  
q u y id a g in i to p a m iz :

(1 4 ;1 8 ;6 ) =  Л, ( l ; - 2 ; 3 )  +  Л2 ( 4 ;7 ;2 )  +  Л3 (6 ;4 ;2 ) ;

(1 4 ;1 8 ;6 ) ~ ( Л , +  4 Л, +  6Л,;-2Л, +7Л2 + 4Л} ;3A, + 2A, + 2A
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А, +  4/?2 +  6Áj  =  14  +  4 ^  +  6 А ,  -  14

- 2 / 1 ,  + 7 Л ,  + 4 Л3 =  18  = >  < 1 5 Л-, +  I 6 / Î3 =  4 6  = >

ЗЛ, +  2 Д 2 +  2 Л , =  6  [  1 0 ^ + 1 6 > í , = 3 6

+  4  A , +  6 / t j  — 14 Ц  = 0

=> • 1 5 Л2  +  16 Л 3 = 4 6  => • ^ 2  =  2 ;

5 Л , =  10 A  =  1

Javob: d  =  2 b + c ;

2 . А ,А 2 А 3 А 4 p ira m id a  u c h la r in in g  k o o rd in a ta la r i b e r ilg a n .

T o p in g :

1) A ,A 2 q ir ra s in in g  u z u n l ig in i.

2 ) A , A ,  v a  A ,A 4 q ir ra la r i  o ra s id a g i b u rc h a g in i.

3 ) A , A 4 q ir ra s i b i la n  A ,A 2 A 3 y o q la r  o ra s id a g i b u rc h a g in i.

4 )  A , A 2 A 3 y o q la r  y u z a s in i.

5 ) P ira m id a  h a jm in i.

6 ) A , A 2 q ir ra s i y o tg a n  t o ‘ g ‘ r i  c h iz iq  te n g la m a s in i.

7 ) A , A ,  A 3 te k is l ig in in g  te n g la m a s in i.

8 ) A 4 u c h id a n  A ,A 2 A 3 y o q q a  tu s h ir i lg a n  b a la n d lik  

te n g a m a s in i.

B e r i lg a n :  A, (6 ,6 ,5 ), A2 (4 ,9 ,5 )A 3 (4 ,6 ,1 1)A 4 (6,9,3)

J X  = { 4~ 6  9 - 6  5 - 5 } = { - 2 ; 3 ; 0 } ;
1 ) _ _  ,------------------------------------- r -

=  ^ /(—2 ) 2 + 3 2 + 0 2 =  л/ГЗ;a , a 2

2)
A, A ,  =  { -  2 ;3 ;0 },

д А ^ = { 6 - 6  9 - 6  3 - 5 } = { 0 ; 3 ; - 2 } ,
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, -------- ------- \  л,A, A.A.
cos (Л, л 2 ; Л, Д , ) =  -----—  -

О • (—2 ) +  3 • 3 +  ( - 2 )  • О

л , л 2

А , А 2 ; А , А 4 =  a rcco s  —  =  4 6 °  2 ';

• |Л А , |  д/ (—2) 2 + 3 2 + 0 2 л/0г + 3 2 + ( - 2 ) 2 13

9

3 ) A , va A 4 n u q ta la rd a n  o ‘ tu v c h i t o ‘g ‘ r i  c h iz iq  
te n g la m a s i:

x - x x _  y - y ,  _  z - z¡

B u n d a n

* 4  - x x y 4 -  7 , z 4 -  z, 

x - 6  _ y - 6  _ z - 5  x - 6 _ y - 6  z - 5
6 - 6  9 - 6  3 - 5 0 - 2

k e lib  c h iq a d i.

B u  to ‘g ‘ r i  c h iz iq n in g  y o ‘ n a lt iru v c h i v e k to r i S = { 0 ; 3 ; - 2 } .

A | , A 2 , A 3 n u q ta la rd a n  o ‘ tu v c h i te k is l ik  te n g la m a s i: 

x - * \  У~Ух  г - г ,

B u n d a n ,

I X l У 2 У| ¿2 Z\ 

x3 -  *1  Уз “  У1 z3-  z,

=  0

x - 6  y - 6  z - 5 x - 6  y - 6  z - 5

4 - 6  9 - 6  5 - 5 = - 2  3 0

4 - 6  6 - 6  1 1 - 5 - 2  0  6

=  18(jc - 6 ) +  6 (z  — 5) + I2(y  - 6 ) =

— l&x + I2y + 6z— 210 = 0. y o k i

6x  +  4  у  +  2z — 7 0  =  0  k e lib  c h iq a d i.

L: u te k is i ik n in g  n o rm a li:  Я =  {б ;4 ;2 } .
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1 -c h iz m a

Я va  S o ra s id a g i b u rc h a k  <p q u y id a g ic h a  to p i la d i:

Я • 5
_

И - 5
c o s  cp =

A ,A 4 va  A , A 2 A 3 lai- o ra s id a g i b u rc h a k  в  q u y id a g ic h a  

to p i la d i:

0  =  9 0 °  -<p^><p =  9 0 °  -< 9 ; 

co s  (p =  c o s (9 0 °  —в) =  s in  в\ 

n-S
Demak, s in # —

s in  9  =
0  • 6  +  3 • 4  +  ( - 2 )  ■ 2

д /0 2 +  3 2 + ( - 2 ) 2  - л /б 2 + 4 2 +  2 2 л /5 6 1 3  л /5 7 8

8
0  =  a rc s in -  ,------ ,

л /5 7 8

4 )  A , A ,  A ,  n in g  y u z in i q u y id a g i fo rm u la d a n  t.opam iz :
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1
Д Л 2 х Л , Л з А Д  =  { -  2;3;0},А̂А2А3 2

=  {4  -  6  6 - 6  11 — 5 } =  { -  2 ;0 ;б },

Л , А 2 х А , А 3 =

=  1 8 / + 1 2  j  +  6 к  ; 

1

i  j Л
_ 3 0 - 2 и _ - 2 3

- 2  3 0 =  / • - у  ■ 4* к •
00 6 - 2 6 - 2

- 2  0 6

18/ +  1 2 у +  6  к =  — л/ l  8 2 + 1 2 2 +  6 2 =  1 1 ,2 2 .
2А,Л 2̂ 3 2

5 ) P ira m id a n in g  h a jm in i q u y id a g i fo rm u la d a n  to p a m iz .

- 2  3 0

v . I6
Д,Л2 • А ,А 3 • А ,А 4

_  1 
“ б

-2  0 6
0 3 - 2

6) A , ,  A 2 n u q ta la rd a n  0 ‘ tu v c h i t o ‘ g ‘ r i  c h iz iq  te n g la m a s i:

X - X j  _  У - У }  _  Z - Z ,  

x 2 ~x ,  у 2 -  у, z2 - z ,

y o k i

x - 6  _  у  -  6  _  z -  5 ^  x - 6  _  у  -  6  _  z - 5  '

4 ^ * 6  “ 9 ^ 6  _  5 ^ 5  ^  - 2  3 _  0

7 ) A ,A 2 A , - te k is l ik  te n g la m a s i 3 -b o ‘ l im d a  to p i ld i:

6 x  + 4  у  +  2z -  7 0  =  0.

3 ) A 4 u ch id a n  A ,A 2 A 3 yo q q a  tu sh u r ilg a n  b a la n d lik  

•„engl amas in i
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m f ln g .  a 4 (6 ,9 ,3 )

A¡A2A3 - n in g  te n g la m a s i: 6x + 4y  +  2z — 7 0  =  0.

«  =  {6 ,4 ,2 }  - te k is l ik n in g  n o rm a li.

A a - n u q ta d a n  o ' t ib  y o 'n a lt ir u v c h is i  S  =  { m ; n \ / }  -  b o ig a n  

t o ‘ g ‘ r i  c h iz iq n in g  te n g la m a s i.

x - 6  _ y -  9 _  z -  3

m n l  
T o ‘g ‘r i  c h iz iq  b ila n  te k is l ik n in g  p e rp e n d ik u ly a r lig id a n

« IIS  l ig i  k e l ib  c h iq a d i va  ni,n va  /  la r  6 ,4 ,2  la rg a  

p ro p o rs io n a l b o ia d i .  S h u n in g  uch u n  iz la n g a n  b a la n d lik  
te n g la m a s i:

x - 6  y - 9  z -  3
b o ia d i .

s is te m a sm m g3. B e r i lg a n  c h iz iq l i  te n g la m a la r
b ir g a l ik d a l ig in i  k o 'r s a t in g  va  u n i e ch in g . 

Berilishi:
+  x 2 -  x 3 =  1 

8;c, + 3x2 -  6 .Í3 = 2 
4jc, + a:2 -  3^3 = 3

S is te m a  b irg a lik d a  b o i is h i  u ch u n  a so s iy  d e te rm in a n t 
A  ^  0 b o i is h i  k e ra k .

=  - 9  -  2 4  -  8 + 1 2  +  24 +  6 =  1 *  0.

I 1 - 1

A  =  8 3 - 6  

4  1 - 3

D e m a k , s is te m a  b irg a lik d a  va  ya gona  y e c h im g a  ega. 

K r a m e r  u s u l i :

Y e c h im la r  q u y id a g i fo rm u la la r  o rq a li to p ila d i:
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А х, Ах, А х ,
* i  = ----1 X  -  X  — •, Л 2 , Л 3 ,

д  д  д

1 1 - 1

Д х , = 2 3 - 6 =  - 9 - 1 8 - 2  +  9 +  6  +  6  = - 8 ;

3 1 - 3

1- 1 - 1

Д х 2 = 8 2 - 6 =  - 6  -  2 4  -  2 4  +  8 +  18 +  2 4  =  - 4 ;

4 3 - 3

А х 3 =

1 1 1

8 3  2 

4  Î  3

=  9  +  8 +  8 - 1 2 - 2  — 2 4  =  2 5 - 3 8  =  - 1 3 ;

Дх,

A l  A

Javob; х , =  - 8 , х 2 =  -4 , х 3 

Gauss usuîi/

• Т - +

= -1 3 .

, з = ^  =  ^  =  _ 1 3  
3 А 1

X, +  х 2 -  х 3 = 1

< 8 х , +  З х ; -  6 х 3 =  2 

4 х , +  х2 -  З х 3 =  3

(О
X,  +  х ,  — X , =  1

J (2)
5 х 2 -  2 х 3 =  6 =>

З х , ■х3 = 1

ХI +  Х2 ~ Х3 =  ' (3)
5 х 2 -  2 х 3 =  6  =>

х 2 =  - 4

X,  +  X,  -  X,  =  1 Г X, =  — 8
( 4 )

5 . ( _ 4 ) — 2 • х 3 =  6 = >

х 2 =  - 4

х 3 =  - 1 3  

х 2 =  - 4

(1 ) : Ik k in c h i q a to r o in ig a ,  shu q a to rd a n , b ir in c h i q a to rn i 8

ga k o 'p a y t i r ib  a y ir i lg a n  n a t i ja n i y o z a m iz .
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(2 ) : U c h in c h i q a to r  o 'rn ig a ,  shu q a to rn i 3 ga k o 'p a y t i r ib  

ik k in c h i q a to rn i a y ir i lg a n in i  y o z a m iz . N a tija d a  x 2 =  - 4  

q iy m a t h o s il b o 'la d i.

(3 ) : T o p ilg a n  x 2 = - 4  q iy m a tn i ik k in c h i  q a to rg a  q o 'y ib

л'з = - 1 3  q iy m a tn i to p a m iz .

(4 j :  T o p ilg a n  x 2 = - 4  va  x 3 = - 1 3  q iy m a tla rn i b ir in c h i 

qa to rg a  q o ‘y ib  x , = - 8  q iy m a tn i to p a m iz .

Javob: x , = - 8 , x ,  = -4 , x 3 = -1 3 .

4. B e r ilg a n  m a tr its a n in g  xos  son va  xo s  v e k to r la r in i  to p in g :

f \  1 З л 

I 5 1 

3  1 1 ,

X a ra k te r is t ik  te n g la m a s in i tu z a m iz :

=  0  y o k i  (X  +  2 ) - ( - X " + 9 7 1 - 1 8 )  =  0 .

\ - X  1 3

1 5 - X  1 

3 1 1 - X

B u n d a n  A.j =  —2 , A,2  =  3, A, 3  =  6  xos  s o n la rn i 

h o s il q i la m iz .

E n d i, À | =  - 2  xo s  songa  m os k e lu v c h i xos v e k to rn i 

to p a m iz :
B u n in g  u c h u n  q u y id a g i tn g la m a la r  s is te m a s in i tu z a m iz  va

e ch a m iz :

[l — (—2 )] • X! +  x 2 +  3 x 3 =  0 

x , +  [5 -  ( - 2 ) ] -  x 2 +  x 3 =  0 

3 x [ +  x 2 +  [ l - ( - 2 ) ] - x 3 =  0

y o k i
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x ,  +  x 3 =  —

3X| +  x 2 +  3 x 3 =  O

< x , + 7 x 2 +  x 3 =  O 

3 x , +  x 2 +  3 x 3 =  O

B u  s is tem ada  b ir in c h i va  u c h in c h i te n g la m a la r b i r  x i l  
b o 'lg a n i u chun , b it ta s in i tash lab  y o z a m iz :

j  3 x j  + x 2 +  3 x 3 =  0 

[  X | + 7 x 2 +  x 3 =  0

B u n d a n  b iz  q u y id a g in i h o s il q ila m iz :

^ 2  

3 •
x ,  + x 3  =  - 7 x 2

C hap  to m o n la r  te n g lig id a n , o ‘ ng  to m o n la r  ham  teng b o i is h i  

k e ra k , B u  esa, fa q a t x 2  = 0  b o ig a n d a  t o ‘ g ‘ r i  b o 'la d i.  B u n d a n  

esa X j =  —x 3  e k a n lig i k e lib  c h iq a d i. B u  erda, x 3  n i e rk l i  

o 'z g a ru v c h i deb o la m iz . x 3 =  1 desak X j =  — 1, x 2  =  0 .  

y a ’ n i V ] ( - 1 ;0 ;1) xos v e k to rn i o la m iz . X2 ~  3 va  ^ 3  =  6  

xos  s o n la r u ch u n  ham  shu usu lda  xos  v e k to r la m i to p a m iz : 

v 2 ( l ; - l ; l ) ,  v 3 ( l ; 2 ; l ) .

5. Q u y id a g i te n g la m a  qanday  s ir tn i ifo d a la y d i? :
2 2 2 

X +  y  =  r  .

B e rilg a n  te n g la m a  fa q a t x  va y o ‘ z g a ru v c h ila rn i o ‘ z ic h ig a  
o ig a n  va  s h u n in g  u ch u n  bu ten g la m a  fa zo d a  y a s o v c h is i O Z  
o ’q ig a  p a ra lle l b o ‘ lg a n , y o ‘ n a lt iru v c h is i OXY te k is l ig id a g i

x  +  y "  =  r  a y la n a  b o 'lg a n  s i l in d r ik  s ir tn i i fo d a la y d i.  B u

x u lo s a n i a so s la ym iz :
OXY te k is l ig id a  b e r ilg a n  te n g la m a  m a rk a z i k o o rd in a ta  

b o sh ida  b o ‘ lgan  va  ra d iu s i r ga teng  a y la n a n i a n iq la y d i.B u  
a y la n a  s i l in d r ik  s ir tn in g  y o 'n a lt iru v c h is i b o ‘ ls in , y a s o v c h is i esa 
O Z  o 'q ig a  p a ra lle l. S il in d rd a  ix t iy o r iy  A (x ,y ,z )  n u q ta n i o la m iz  
va  u n í O X Y  te k is l ig ig a  p ro e k s iy a la y m iz . K o o rd in a ta la r i x ,y ,0  
b o 'lg a n  B  p ro e k s iy a  n u q ta  y o ‘n a lt iru v c h i v a z ifa s in i b a ja ru v c h i 
a y la n a  u s tig a  tu sh a d i va  sh u n ing  uch u n  ham  u n in g
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2  9  9
k o o rd in a ta la r i x , u la r  ay lana  teng lam as i x  +  y  =  r  n i 

q a n o a tla n tira d ila r . L e k in  s i l in d r ik  s ir td a g i A (x ,y ,z )  n u q ta n in g  
absissasi ham , o rd in a ta s i ham  ay lanadag i B (x ,y ,0 )  n u q ta n in g  
absissasi va  o rd in a ta s i b ila n  aynan b ir  x i l  b o ‘ lg a n la r i u ch u n ,

2 2 2x  +  y “  =  r "  te n g la m a  OZ o ‘ z g a ru v c h in i o ‘ z ic h ig a  o lm a g a n in i 

x is o b g a  o ig a n  ho lda , sh u n i a y tish  m u m k in k i,  bu te n g la m a n i 
s i l in d r ik  s ir td a  y o tu v c h i ix t iy o r iy  A (x ,y ,z )  nuq ta  k o o rd in a ta la r i

2 2 2
h a m  q a n o a tla n tira d i. S hunday  q i l ib ,  b e rilg a n  x  +  y  =  r  

te n g la m a  fazoda  to ‘ g ‘ r i  a y la n m a  s il in d rn i a n iq la y d i. B u  s i l in d r  
y a s o v c h is i OZ  o ‘q ig a  p a ra lle l y o 'n a lt iru v c h is i esa OXY

2 2 2te k is l ig id a  y o tu v c h i x  +  y  =  r  a y la n a d ir (2 -c h iz m a ).

T > \  A(x,y,z)

2 -c h iz m a

6 . L o p ita l q o id a s id a n  fo y d a la n m a y  q u y id a g i
fu n k s iy a la rn in g  l im i t in i  h is o b la n g :
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-г->~ 2 + Зх2 + X 
va  in a h ra jin i x 4-ga  b o ' l ib  l im itg a  o ‘ ta rn iz :

х ~ 2 х 2 + 5 х 4 <*>Л  f  - A I J  Д  w
a) l im  — — ^-------— =  —  k o 'r in is h d a g i a n iq m a s lik . S u ra t

x  _  2 х г 5jc4 1 _  2
V — 2  J" ~ 4 - S  V ̂  4 4 4 3 2

l i m : ----------- --------— =  l im  —--------— — ~ ~  =  l im - ^ r — ^ -------
2 +  2 x ~  +  X 2  З х ~ X  •«-»“ 2  3

H------------1" +  T +  J4 4 4 v 4 2

l im  ~  -  l im  ^  +  l im  5
X — >°° Д- ■ ДГ—>00 д . -  X-^oo (J — (J ~j~ J  ^

l im  24 +  l im  37 + l i m l  0  +  0 + 1
X — >°° j ç .V— >°o д- “ X — >°o

b ) l i m— . =  — k o ‘ r in is h d a g i a n iq m a s lik . S u ra t va
'-*«  x 2 +  x 3 0

m a h ra jin i q o ‘ sh m a  ifo d a  Vl + Ъ х г +  1) ga k o ‘p a y t ira m iz :

л /l  +  3 x 2 - 1  ( V l  +  3 x 2 - l ) ( V l  +  3 x 2 + 1 )  
l i m --------г— г-—  =  h m ----------------------- — — ---------------- =
л^О *  +  X д->0 ( х 2 +  х З)(л/ 1 +  З х 2 +  ^

1 +  З х 2 - 1  3 3
l i m -------------------- ^  --------------- =  h m ---------------- , -------- =------- =  — =  1,5.

'~ * ° x 2( l  +  x ) ( V l  +  3 x 2 + 1)  j r~ >0 (1 + х ) (л /1  +  3 х 2 + 1 )  2

.. l - c o s ó x  2 s in 2 З х  s in 2 3 x  х 2
h m ------------------=  l i m ----------- -—  =  h m -----------------------—  9  =
* - » ° l - c o s 2 x  jt-*o 2 s in  X  *~ *°  3 x "  s in  x

V)

=  9 , i m f £ l î î _ 5 iV  . í — L - V  = 9 .
.r-iO1V 3 x s in  X /
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„  s in fc x  kx u
B u  e rda  b iz  l im  — ;—  =  l im  —— —  =  1 b in n c h i a jo y ib

**->o kx *-*° s in  kx 
l im itd a n  fo y d a la n d ik .

l im  ( x  -  5 ) [ ln ( x  -  3 ) -  In  x  ]  =  l im ( x  - 5 )
X-»oo X  * 00

— g)—

In
(x  -  3 )

l im  In
/ 1 _ 3 ) x i ' 5 

v *

= In

=  In lim

.. 3( jr —5) 
lim -

X

l im l 1 +  - ^

B u  e rd a  b iz  l im  1 +

ln e - 3  =  -3 1 n e  =  - 3

e ik k in c h i a jo y ib  l im itd a n

fo y d a la n d ik . B u n d a n  tashqa ri la g o r ifm  va  k o ‘ rs a tk ic h li  
fu n k s iy a la m in g  u z lu k s iz l ig id a n  l im i tn i  o ld in  la g o r ifm  ic h ig a  
o lib  k i r i l d i ,  s o 'n g ra  d a ra ja  k o 'rs a tk ic h ig a  o l ib  c h iq itd i.

7 . y =  f ( x ) fu n k s iy a  b e rilg a n . B u  fu n k s iy a n in g  u z u lis h  

n u q ta la r in i to p in g  (a g a r m a v ju d  b o ‘ Isa) va  tu r in i a n iq la n g . 
C h iz m a s in i c h iz in g .

- ( x - f - 1 )  x  <  — 1

B e r i l i s h i :  f { x )  = ( x  +  2 ) 2 - l < x < '

x x <  0

y  =  —( x  +  1), y  =  ( x  +  2 ) 2 va  y = x  fu n k s iy a la r  R  -  

:o‘ p la m d a  u z lu k s iz  b o ig a n i  uchun  y  =  / ( x )  fu n k s iy a n i 

x , = — 1 v a  x 2 = 0  n u q ta la rd a  u z lu k s iz l ik  sh a rtig a  te k s h ira m iz . 

U z lu k s iz l i k  s h a r t i :  

l i m  f ( x )  =  l i m  f ( x )  =  f ( x 0).
X-»JT0 - 0  x —>-Yo +0

1 ) x = - l  da
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l im  . - ( x  +  1)  =  - ( - 1 - 0  +  1) =  0 .
x - > - l - 0

l im  ( x  +  2 ) 2  =  ( - 1  +  0  +  2 ) 2  = ( l  +  0 ) 2  =  1 .
x —>—1+0

f  ( —i ) =  - ( - i + i )  -  o.
B u  erda,

l im  f ( x ) *  l im  f ( x ) . v a  l im  f(x)*<x>
x —>-1 - 0  x - » - l + 0  JT-+-1-0

l im  f ( x ) .  ^ c o ,  со b o 'lg a n i uchun  x
A'—>-1+0

tu r  u z u lis h  n u q ta s id ir . F u n k s iy a n in g  sakrash i 

b o ‘ la d i.

1 ) x = 0  da l im  ( x  +  2 ) 2  = ( 0 - 0  +  2 ) 2  = ( :
x->-0

l im  x  =  0 .

f  ( 0 )  =  (0  +  2 )  =  4  

B u  e rda  l im  f ( x )  *  H m  f ( x )  va
x —>—0 x ->+0 >

l im  f ( x ) ^ o o ,  / ( 0 ) ^ o o  b o ‘ lg a n i uchun  x -
x->+0

1 - tu r  u z u lis h  n u q ta s id ir . F u n k s iy a n in g  sakrash i 

b o ‘ la d i.

ч  À

_ \ Г

=  — 1 n u q ta  1 -

д  =  |o - 1| =  1

»- О ) 2  =  4.

l im  f ( x )  Ф oo , 
>-0

: 0  n u q ta  ham  

д  =  | 0 - 4 |  =  4

3 -c h iz m a

8 . B e r ilg a n  fu n k s iy a la rn in g  x o s ila s in i tap ing .
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1

- 3 l |

' ■ - X aY  2 х - ( 1 ~ х 2) +  2 х ( 1  + х 2) l Q - x 2 ) 3 4 х  _ 

( 1 - х 2) 2 °  2 "  ” 2' 2v l  + x  j 3 ,  ± ( 1 - х  ) 
(1 + х 2У

(1 +  х 2) 3( 1 - х 2)~ 3 3 (1 + х 2) 3( 1 - х 2) 3 

4 х

3̂ /(1 +  x 2) 2 (1 -  x 2) л / 1 - х 2 ’

Ь ) у  =  - ^ f g 2x  +  ln c o s x ;

y '= —2tqx — V “  + — —  ( -  sin x )  =  íg x  
2 cos ' x  co sx

=  í g x - - ^  =  íg rx - íg 2x  =  í g 3x .
COS" X

cos2 x
- 1

1 -c o s  X 
=  i g x --------- ;-----

COS X

v) у  =  arc/g
l  +  V i - J C 2” ’

2x

У

1 +

x ‘-( i + V i  -  x J ) + x ¿
__  2 л/ 1 _

(1 + V l - x 2 ) 2

X2 +  Л'2

( 1 +  V i  -  X
I

(l +  V i  -  X 7 _______ V l - X '  + 1 -

I + 2 V 1 - X 2 +  l - x 2 + x 2 V l - x 2" ( l  + V l - x 2)

l +  V l - x 2 1_.

2 (l +  л/ l  -  x 2) 2 ’



q) y  = (x  + x 2)x ; ( u v ) '= v u v_lu 4 - u V l n u ;  

у ' — ((x  + x 2) x ) '=  x (x  +  X 2 ) x _ 1  ( 1  +  2 x )  +  ( x  +  x 2)x  ln ( x  +  X 2)  =  

= (x  + 2 x 2 ) ( x  +  x 2 ) * - 1  +  ( x  +  x 2) x  ln ( x  +  x 2).

dy (j- у
9. B e r ilg a n  fu n k s iy a la r  uchun  —  va  — Ç  la r  to p ils in :

dx dx~
a)

y  =  ex cos X]

dy г x x r—  = (e cosx)'=e  cosx-e sinj: =  e (cosx-sinx).
dx

= e (cosx-sinx) + ex (-s in jr-cosx) =  

= <?A[cosx-s in .r-s inx-cos jc ] = -2ex sinx.

b)

j x  = 3 t  — t 3

1 У =  3 t 2

x 't = 3 - 3 t  
=> 1

y 't =  6 t

( d y '
1

t
(  2t )

d 2 y I  d x  J 1 t 2V 1 — t у

d x 2 x 't 3 - 3 t 2

d x  x 't 3 - 3 t 2  1 - t

_ 2 ( 1  — t 2 ) — 2 t ( —2 t)

2 '

2 -  2 t 2  +  4 t 2  2 1 +  t 2

2 43 ’( l - t 2 )33 3 d - t 2 )

10. L o p ita l q o id as id a n  fo y d a la n ib  q u y id a g i l im it la rn i
h iso b la n g :
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а)

ea - x _ s ß x  0  ( '
U m  -------------------------- -— -  =  - =  l i m

. a x  ß x

Lim --------------------- ;— ------im i J
X —> 0  s in ( a  ■ x )  -  s in (p  • x )  О X —> 0 (s in (a  • x )  -  s in (ß  • x )J

a e a x - ß e P ' x  a e ° - ß - e ° _ 1
=  l im  ----------------------- —------ —— -  r: n « ~  *•__________

x  o a c o s ( a  x ) - ß c o s ( ß - x )  ec - T -  p  - 1 

b )

12x - l )  l x! 1 J S ___

l i mf— =r* = l im e ^ * -1 x  ̂= lim e  =
X —»IV x ) * —*# --- *  -»•

X Tx - l x + l
Í2xj-1)

Xlim
l i m— — 2
x - » l  _ f  , 3

*-*1 fy- ,1 ‘ 3 зНш
Л - е l  ) =e 3X = e * - i

0

x —»l(2* l)*  _g3.

11. B e r i lg a n  fu n k s iy a n i x  =  Jt0  n u q ta  a tro f id a  L a g ra n j 

k o ‘ r in is h l i  q o ld iq  h a d li T e y lo r  fo rm u ia s i b o ‘ y ic h a  4 -d a ra ja li 

ha d g a ch a  y o y in g .

f ( x )  =  x 4 - x  + i, x0 = - 2 .

/ ( * )  =  / ( * 0) + ^ p ( * - * o > + Ц ^ ( * - * о ) 2 +

/ ( - 2 )  =  15;

/ • ( j c )  =  4 x 3 - 1 ;  / ' ( - 2 )  = - 3 3 ;  

f " ( x )  =  I2 x 2', / " ( - 2 )  =  4 8 ; 

/ • " ( * )  =  2 4 * ;  / " ' ( - 2 )  =  - 4 8 ;  

/ (4 > (x )  =  2 4 ; / w ( - 2 )  =  2 4 ;

/ (« U )  =  0 ;  / (5>( - 2 )  =  0;
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D e m a k ,

48 24.
X -Л -+ 1  = 1 5 - 3 3 ( j r + 2 ) + 2 4 ( ; r + 2 )  — - (x+ 2y  + — (x+2y =

6  4 !

= 15- ЗХх + 2) + 24(х+2)7 -  8(лг+2)3 +(л + 2)4;

12. B e r ilg a n  fu n k s iy a n i xo s ila  y o rd a rn id a  te k s h ir in g  va  

te k s h ir is h  n a tija la r ig a  k o 'ra  fu n k s iy a n in g  g ra f ig in i c h iz in g :

V 3

f ( x )  =
x 2 - l

B u  fu n k s iy a  x = ± l  n u q ta la rdan  tashqa ri ba rcha  x  n in g

3

=  - f ( x )  b o 'lg a n i

q iy m a tla r id a  a n iq la n g a n . 

f  ( - X )  =  ( - x )
x '  1 . 1

u ch u n  bu fu n k s iy a  to q d ir .T o q l ig i uch u n  b u ^ fu ï ïk s îy a n i x > 0  

q iy m a tla rd a  te k s h ir is h  e ta r lid ir .  x = 0  da f ( 0 )= 0 ; x = l  da m a v ju d  

em as va  q o lg a n  n u q ta la rd a  u z lu k s iz , sh u n in g  u ch u n  f ( x )  n in g  

ish o ra s i q u y id a g ic h a  a n iq la n a d i:

x 0  <  x  <  1 1 <  X <  oo

f ( x ) - +

D e m a k , (0 ,1 )  o ra liq d a  f(x)  fu n k s iy a n in g  g ra f lg i  OX o ‘ q id a n  

pastda, (1 ,+ ° ° )  o ra liq d a  esa OX o 'q id a n  y u q o r id a  jo y la s h g a n  

F u n k s iy a  g ra f lg i  x = l  v e r t ik a l as im p to taga  ega. O g 'm a

a s im p to ta la r in i y = k x + b  k o 'r in is h d a  iz la y m iz :
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к  =  l im  -  =  lim  — - =  l im  ~ —  =  1

Х -Ю о X  Х -»оо X  X—><Ю X  — 1

X3 X
b =  l im  [ f ( x ) - k x ]  =  l im  ( — --------- х ) =  l im  —^ —  =  0

х->оо х-*°о X — I х —»оо X — 1
у = х  o g 'rn a  a s im p to tas i.
E k s tre m u m la r in i to p a m iz :

г  ( X ) = h iV r  о  - 22.*  • * 3 a  = о ,
( x 2 - l ) 2  ( x  — 1)

B u  te n g la m a n in g  m usba t y e c h im la r i X j =  0, x ?  =  л /з  .

f ' ( x )  >  0 te n g s iz lik d a n  x 2 - 3 > 0  te n g s iz lik n i o la m iz  va  

u n in g  m usba t y e c h im la r i x >  л /з  n¡ h o s il q ila m iz . B u  o ra liq d a  

f ' ( x )  >  0  b o ‘ lg a n i uchun  fu n k s iy a  0 ‘ suvch i. 0  <  x  <  л/з 

o ra liq d a  f ' ( x )  <  0  bO ‘ lg a n i u ch u n  fu n k s iy a  bu oraliqda 

k a m a y u v c h id ir .
3 ^ 3

x  =  -v/3 da fu n k s iy a  f ( V 3 )  =  ~  — m in im u m g a  ega.

x = 0  n u q ta , fu n k s iy a  g ra f ig i k o o rd in a ta  bosh iga  n isba tan  

s im m e tr ik  b o ‘ lgan.i uchun , b u r ilis h  n u q ta s i b o la d i .

B o t iq l ik  va  q a b a r iq lik n i te ksh irfsL  uchun  iktinchi hosüani 

topamiz:

X3

f ' ( x )  =

oraliqda

x \ x 2 - 3) 

(.х г - 1 ) У
2

2 x ( x 2 + 3 )  
  ' Bundar». ( l,+ o o )
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f ' ( x ) > 0  b o 'lg a n i  u ch u n  bu  o ra liq d a  fu n k s iy a  g ra f ig i 

b o t iq  b o 'la d i .  ( 0 , 1 )  o ra liq d a  f ' ( x )  <  0  b o ‘ lg a n i u ch u n  bu 

o ra liq d a  fu n k s iy a  g r a f ig i  q a b a r iq  b o 'la d i .
B u  m a ’ lu m o tla rg a  asosan b iz  x > 0  da fu n k s iy a  g ra fig in i yasay 

o lam iz . x < 0  la rda esa fu n ks iya  g ra fig i ko o rd in a ta  boshiga nisbatan 
s im m e tr ik lig in i nazarda tu tib  ch iza m iz  (4 -ch izm a).

2 - § .  I K K I N C h I  Y O Z M A  IS h

I .Q u y id a g i a n iq m a s  in te g ra lla rn i h is o b la n g :

a)

[ ™nxdx = r dcosx- =  _  f(cos X p d  cos X =
 ̂V  cos2 X V  COS2 X

Л '  z \
=1 c o s *  =  z 1= -  \z i dz = ------ ~—  + C --------— +  C  -

-  + 1  i
3 3

=  - 3  V F  +  С = - 3  Veos X +  С ;
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b)

« i -  a rc s in 1 d u -

1

v 2

fx -  arcsin -i-dx  =
*  / =

x 2 . 1 f

¥

d v  = x d x  v  

x 2

A

_ x l

2

___ .___ 1 r x d x

x
~2

. 1 1 1  rd(x2- \ )
—  arcsin— + — —  r /(,'r = —  arcsin— + — ■ [ ( j T - I )  2d ( x 2 - 1) =  

x 2 2 J 2 x 4
i M

x 2 . 1 1 ( * 2 - l )  2 ^  X 2 . 1 1  l~2 7 „  
= ------arcsin— +  — • -- ------ -----------+  C  = -------arcsin— H-------V x  - 1  +  C

2 *  4  - l + i 2 x 2

v )

f - j l l - d x  -  f  f  +  J-  dx =  r  
x + x “ — 2x x-fx + x -  21 •"

x  +  3 x  +  3

x ( x 2 + x - 2 ) J x ( x - l ) ( x  +  2 )
-dx = I

x + 3 _ A  ̂ B + C A x 2 + Ax -  2A  + Bx2 + 2Bx + C x2 -  Cx

x ( x - l ) ( x  +  2) x x — 1 x + 2 

A  + B +  C  =  0
2

A  +  2 B - C  =  b  A  =  - — >
3

- 2 A  = 3

x(x -  l)(x +  2)

B + C = -
) + = >  3 ß = — => f i  = — ;

2 B -  C = — 
2

C
3_
2 6
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х  +  3 _3_ 8 1

М

х ( х - 1) ( х  +  2 ) 2 х  6 ( х  — 1) 6 ( х  +  2 ) 

х  + 3  ^  2  r d x  | 8  r d ( x - l )  | 1 r d ( x  + 2 )

! í  J V  У - l  f t - *x ( x - l ) ( x  +  2 )

, A ta x + Í  ln(x - ,)  +1 X + 2) +  С = +  с.
2 3 6  хл/х

g)

г (Vx + l)d x x  =  t 4 t =  i fx r ( t  +  l ) - 4 t 3dt

J ( Æ  + 4 ) . ÿ 7 dx = 4 t3d t t 2 =  л/х ~  J ( t 2 + 4 ) t 3

1 r d ( t + 4 ). (• t  + 1  , .Г r t f  d t 1 rd (i
= 4 - |—----- d t - 4  —------d t + —------  = 4 ' - ’ |—

* 4 + 4  J t + 4  J t ' + 4 .  2 t +  4

t 1 t  I /— | 2
+ 4 ■ arctg— + С = 21n t +  4  + 4arctg— + С =  InjV x +  4| +

+ 4 a r c t g ~ -  + C.

2. Quyidagi xosmas integralni hisoblang yoki 
uzoqlashuvchifigini ko'rsating:

I = [———7 = lim f
M x  + 3)~

(x + 3)~

dx

(x + 3 ) 1
l i m  f(x + 3) 2d(x + 3) =
e-*0  «J

-3+£

2
=  l i m

1 2
=  - l im

' 1  Г

- 3  + £ £•—>0 x + 3 — 3 + £■ £->0 5 £  _
=  lim

c-*0  - 2 + 1

г  1 1 =  l im ---------=  oo
s  5

D e m a k , b e rilg a n  in te g ra l u z o q la s h u v c h i.
3. Q u y id a g i e g ri c h iz iq la r  b ila n  chegara langan  te k is  

s h a k ln in g  y u z in i h iso b la n g :

y  =  4 - x 2 va y  =  x 2 - 2 x ;  S =  S1 + S 2 + S 3;
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°r 1 0
S, =  J | ( 4 - x 2 ) - ( x 2 - 2 x ) j ix  =  | ( 4  -  2 x 2 +  2 x )d x  =

- l

, a 2 x  2 4
=  ( 4 x --------- +  x  )

3

- I

0 ,  . 2 14 1 2 - 2 - 3  7 . 1
=  - ( - 4  +  — +1) = ---------------=  — = 2 -

- 1 3  3 3 3

S 2 =  J ( 4 - x 2) d x  =  J 4 d x -  J x 2d x  = 4 x
0 0 0

\  Г X 3 4
S 3 =  -  j ( x 2 -  2 x ) d x  =  - I --------X 2

2 _ £ l
0 3

— -  4
чЗ у

S =  S. + S ,  +  S, =  2 -  +  5 - + 1 -  =  9;

/ о
“  3 ”  3 ’

3 3

4 .  z  = f ( x , y ) -  ik k i  0 ‘ z g a ru v c h ili fu n k s iy a  b e rilg a n . 

Q u y id a g i a y n iy a tn i isb o tla n g :

•  % Ñ - ) = o .
d z  d z  d 2 z

П х , у ,
’  d x ’  d y ’  d x 2

X
F ~ x d l zz  — ; 

У
Г  — X

d x d y

d z  1 d z  X

d x  у  ’
2 '

oy  у

d z 1

дхду у 2 ’
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5. B e r ilg a n : z -  arctg(x, у 2 ), A (2 ;3 ) , a ( 4 ; - 3 )  

a) z fu n k s iy a n in g  A  nuq tada  g ra d ie n t] to p ils in :

grad(z)
_ dz Г dz j *

A (2 ;3 )  dx A (2 ;3 )  dy A (2 ; З Г ’

dz 3 2 9

dx A (2 ;3 ) 1 +  * 2 у 4 I  +  2 2 • 3 4 3 2 5 ’

dz 2xy 2 2 - 3 1 2

dy A (2 ;3 )
1 0 4
l  +  д г у l  +  2 2 - 3 4 3 2 5 ’

g ra d (z )
9  r  12 -

i +  — j ;
A (2 ;3 )  325  3 2 5

b ) z- fu n k s iy a n in g  A  nuq tada , 5  y o 'n a lis h  b o 'y la b  

h o s ila s in i q u y id a g i fo rm u la d a n  to p a m iz :

d z

da

dz d z
c o s a  + —

A  d x А d y A

3. 4
c o s ß  bu e rda  c o s a  =  -p^- =  — ;

а 3 dz  
c o s ß  =  T T  =  - - ,  —

а 5 da

=  J L . 4 + Ü . ( _ 2 ) =  о
А  3 2 5  5 3 2 5  5

6 . B e r ilg a n  d if fe re n s ia l te n g la m a la rn in g  u m u rn iy  y e c h im in i 

to p in g :
a)



dy s in  X j  f  dy
d с => J — ——  = J tgx dx ; =>

у  +  1 co s  x J у +  1

= > l n ( y + l )  = --------- l—  + \nC ; = >  y  +  l  =  e c0 -, 2 j r + C = >
c o s "  x

->  y  =  e  ™s2 x + C ) .

b )

( l  +  y ) y " - 5 ( y ' ) 2 = 0 ,

B e lg i la s h  k i r i t a m iz :  / =  p ( y ) \= >  y " = p ' y ' = p ' p  
T e n g la m a g a  q o ‘ y a m iz :

( \+  y ) p ' - p - 5 p 2 = 0 ; = >  ^ - - ( l + y ) -  p  =  5 p 2\ = > ^ ^ -  =
dy 5p

=  - ^ - ; = >  f - ^ - =  J — ; =>  -^ In  /? =  In  С, (.у + 1 ) ;  => 
y + 1 J 5 p  J y + 1  5

=>  =  C , ( y  +  1); =>  p =  C , ( y  +  1)5;= >  y '=  C ,( ;y  +  1)5;= >

=> dy =  C¡dx\=> (;y +  1) =  C{x  +  C , ; = > — ^ - 7  =  
f v  +  n 3 * —  - 4  * ( y  +  1) 4

=  С ,л  +  C 2;==> ( y  +  l ) 4 =
C ,x  +  C 2

7. B e r i lg a n  te n g la m a n in g  t o ‘ la  d i f fe r e n s ia l l i  e k a n lig in i 
k o ‘ rs a t in g  v a  u n in g  u m u m iy  y e c h im in i to p in g .

( 3  x 2 y  +  2  y  +  3  )dx  +  (а : 3 +  2 x  +  3  у 2 )dy  =  Г ;
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B e r ilg a n  te n g la m a n in g  chap to m o n i du = —  dx + —  d y
dx dy

k o 'r in is h g a  ega b o 'Ig a n i u ch u n , agar b iz

d(3x2y  +  2y +  3 ) _ d ( x i + 2x + 3y2) 

dy d x

e k a n lig in i k o ‘ rsatsak b e rilg a n  te n g la m a n in g  to ' la  
d if fe re n s ia l l ig in i k o ‘rsa tgan b o ia m iz .

d(3x2y  + 2y  +  3 ) _  d(3x2y)  | ^d y  | d3 _ ^ 2 + ^  

dy dy d y d y

a ( x 1 + 2 x + 3 / ) =  8 ( ^ )  +  2 & + 3 ^ l = 3 ; c , + 2 ,

dx dx dx dx
D e m a k , teng lam a  to ' la  d if fe re n s ia l l i  v a  b iz  u n in g  y e c h im in i 

u ( x , y ) ~ C  k o ‘ r in is h d a  iz la y m iz :

| i  =  3 x ! y  +  2 y  +  3 ;
dx

u (x ,y )  =  J (3 x 2_y + 2 y  + 3)dx +  (p(y) =  x 3y  + 2 xy + 3x +  cp(y)\

A*
—  =  x3 + 2 x  + (p'(y) =  jc3 + 2 x  + 3y2; 
dy

B u n d a n ,

(P (y )= 3 y 2;= >  ■ ^ = 3 y 2 = > d p = 3 y 2d ^  q * y ) = y V
dy

=> u(x,y) = x3y  + 2xy + 3x + y 3 = C.
8 . B e r ilg a n  d if fe re n s ia l te n g la m a n in g  u m u m iy  y e c h im in i 

to p in g :

x 2y"+xy'= 1;
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Q u y id a g i a lm a s h tir is h n i b a ja ra m iz :

ÿ=p(x) ,=> y"= p'(x) =>

X2p \ x )  +  x p ( x )  = !;=> p' (x )  = -  -  p(x)  +  -  ;
X X

B u  c h iz iq l i  te n g la m a d ir. p  = u(x) • v(x) a lm a s h tir is h n i 
b a ja ra m iz .

U  h o ld a , p'(x) = u'v +  uv' va  b u la rn i c h iz iq l i  te n g lam aga  

q o 'y ib  q u y id a g in i h o s il q ila m iz :

, 1 1и V + u v = — uv +  — ; = >
X X

v -(u'+ — u) =  0
X

u-v ' —  =  0

X

. 1  л du 1 du dx
и + —u =  0 ;=í> —  =  — и =>  —  = ------- ;= >  l n и =  - l n x  =>

X dx X и X

=> и =  — ;= >  — v ' - — =  0 ;^ >  v '=  1 => V =  x  +  C ,;= >  
X X X

=> p  =  w - v  =  — ( x  +  C ,)  =  l +  — ; = > y =  p(x)  =  1 +  —  =>
X X  X

С
=> dy =  (1 +  —̂ )dx => y  =  X +  C, l n X +  C2.

X

9. B e rilg a n  ÿ '-5 y '+ 6 y  =  (1 2 x  -  7)e~x te n g la m a n in g  

У (0 )  =  0 , y ' ( 0 )  =  0 b o s h la n g ‘ ic h  s h a rtla rn i q a n o a tla n tiru v c h i 

h u su s iy  y e c h im in i to p in g .

ÿ ' - 5 ÿ + 6 y  =  0  m os k e lu v c h i b ir  j in s l i  teng lam a . B e rilg a n  

b ir  j in s l i  b o ‘ lm agan  te n g la m a n in g  u m u m iy  y e c h im in i

У = У о + У  k o ‘ r in is h d a  iz la y m iz . B u  erda y 0 -m o s  b ir  j in s l i  

te n g la m a n in g  u m u m iy  y e c h im i. y  esa b e r ilg a n  b i r  j in s l i  

b o ‘ lm agan  te n g la m a n in g  b iro r  xu s u s iy  y e c h im i. B ir  j in s l i



te n g la m a n in g  x a ra k te r is t ik  teng lam as i Л2 -  5Л  +  6  =  0 ; I ld iz la r i  

Л, =2,  Л2 = 3 ;  D em ak, y, = e 2x, y 2 = e 3x; B u n d a n  b ir  

j in s l i  te n g la m a n in g  u m u m iy  y e c h im i y 0(x) = C,e2x +  C2e3x n i 

x o s il q ila m iz . X u s u s iy  ye ch im  y  n i q u y id a g i k o 'r in is h d a  

iz la y m iz : y  = (Ax  +  B)e~x ,

y'= Ae~ x + ( A x  + B)(-e~ x ) = Ae~ x -  (Ax  +  B)e~ x ;

y"= -A e ~  x  -  Ae~ x  +  (Ax +  B)e~ x \
B e rilg a n  teng lam aga  q O 'ya m iz :

-  2 A e x +  (Ax  +  B ) e x -  5 A e x +  5 (Ax  +  B)e~x +  (Ax  +  B)e~x = 

= ( l2 x -7 )e ~ x;

B u ndan  q u y id a g ila r  h o s il b o 'la d i:

\ - l  A + 1В = - 1 - 7 —  +  7 5  =  - 7
7 II 1

 N
J

i => ■ 
1 7 A =  12

7

7 =>  
7В =  - 7  + 1 2

A- —
7  -  ,1 2  5 .

=> 5  ;= >  У  =  (—  x + - ) - e  
B = ~  7 7 

7 

У = У0 + У  = C{e2x +  C2e3x +  ( y  x  +  ^ )e ~  x ; ( 1 ) 

y ' = 2 c / x  +ЪС2еЪх + ̂ e ~ x - Ц х Л ) е ~ х - ( 2 )

( 1 ) = > 0  =  C 1- +  C 2 + | = > C 1 + C 2 = - | ;

( 2 )  => 0 =  2 C , + 3 C 2 + y - | = i > 2  C , + 3 C 2 = - 1 ;
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C. + C, — — X 2
i 7 => <
2C, + 3 C 2 = -1

2С , +  2С г -  7  _ > С2 =  _ 1 + 10 = 1  

2 С , + З С 2 = - 1  " 7 7

_  3 5 3 5 8
С, +  — =  —  =>  С , --------------=  — ;= >

1 7  7  1 7 7  7

8 2 jc 3 з *  . 12 5
= >  у = ------- < Г Х +  - •  eÙX +  ( — х  +  —) - е  х ]

7  7  7  7

lO .O ’ zga rm as k o e f f its ie n t li  c h iz iq l i  te n g la m a la r s is tem as i 
b e r ilg a n . X a ra k te r is t ik  te n g la m a la r u su lid a  s is tem an ing  u m u m iy  
y e c h im in i to p in g .

d x
—  =  3 x - 2 y  
d i  .

—  = 2 x + S y  
dt

3 - X  - 2  

2  8 -AJ
=  0 ; = > ( 3 - X ) ( 8 - X )  +  4  =  0 .:

>A.z - l R + 2 8  =  0.

l l ± 7 i 2 i ^ 2 8  = U ± 3 X. = — + — =7,  X , = l i _ 2  = 4;
2 2 2 1 2 2 2 2 2

( 3 - X ) z ^  - 2 z ^  = 0  

2 z ^ + ( 8 - A . ) 2 z ^  =  o ’

X  =  X 1 = 7 .

X .  À.  
- 4 X Z j  1 -  2 z 2 1 = 0

À . X ,
2 Z j  1 +  z ^  = 0

= >  z ,  1 =  1 = >  z ,  2
Y

=  - 2 .
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J \

X o s  v e k to r i:  =
4

Л
Л

z ?\  ¿  J

^+1Л
4 - 2 ;

À  =  À 2 =  4

А -n Л -  
- A z j  - 2 ^ 2  = 0  A

Л ,  я 9  

2 z j  2  + ^ 2  = 0

z 2  = 1 ^ z l  =
- 2 .

j :
X o s  v e k to r i:  z -

I  2
v - 2 y

i * ( 0 N 1 _ ' l N
e 7 t ■

' x ( f Ÿ 2  . " 21
U o J 2,

z  >
,  1 ,

e 4 ' ;

' x ( t ) '

и
_

п

'  1 >
e 7 t  +  Cr.

' - 2 s

к У ( ' 1 - 2, 2 < 1 ,
Л

3 -§ .  U C h I N C h I  Y O Z M A  IS h

1 . £  ( /  s o n li q a to rn i y a q in la s h is h g a  te k s h ir in g . 

«  =  1 n
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B e r ilg a n : 

и  = 2пи  n
п 2 +  1

D a la m b e r u s u l in i q o i la y m iz :

2  (/z +  1 ) 2  n +  2
U

n+]  (n  +  l ) 2 + l  n 2 + 2 / 7  +  2 ’

2n +  2
J ..  M„+, r  n1 +2/1 +  2 (2/2 +  2 ) (n 2 +1) _
'  = i ™  T  -  ' S ?  2ni.il1 + 2 n  + 2 ) ~

n2 + 1

2  2  2 
2 +  r +  —  +

(2/J3 + 2 / i  +  2 / i2 + 2 ) : / ! 1 n 2 n n 3 _  2 _  ^

(2 n 3 + 4 / T + 4 n ) : n 3 ™  2 + 4 +  *  ?
n n 2

/  = 1 b o ‘ lg a n  h o ld a  D a la m b e r u s u li ja v o b  b e rm a y d i. 
In te g ra l u s u l in i q o ‘ l la y m iz :

f - r r r * = lim  fê jT T 1 -  + <  =I .X I I Д —>oo J A l l  Л—»oo

*

= l im J ln C A 2 + 1) — ln  2] = ln ( o o ) - ln 2  = 00
Д—>00

D e m a k , b e r ilg a n  q a to r  u z o q la s h u v c h i.

2. B e r i lg a n  is h o ra la r i a lm a s h in u v c h i s o n li q a to rn i 
y a q in la s h is h g a  te k s h ir in g :

00

B e rilg a n , Т Г Т  4 Г Т
n=i M n  +  V n
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B u n d a  L e y b n is  b e lg is in i q o 'l la y m iz :

1 1

1 +  1 2

1------------------------------1 1 1 ^ r r  tj — -------------------- —  -- <  — — -------■==- — < u , ;

2 + * J ¥  2 V 2 + V ?  2 V F + V F  3

u , “ w ^ w  "  W ^ W ‘ U '-

1 1
i / „  = ----- = ------- 7=  < ----------------7 = ------- 1 "  =  ^ » - 1

~ n \ f n  +  (w  -  l ) V n  -  1 +  _  l >

D e m a k ,

(7, >  t / ,  >  £ / ,  >  t / 4 >  .......  >  £/„ >•

va  l i m t / » - l i m  3 /— 4 /—5“  _ 0 '
/7 —> x /1 -» « /7 -v/ /7 4* V  H

D e m a k, b e rilg a n  q a to r y a q in la s h u v c h i.
00

3 . ] T a n x n d a ra ja li q a to rn in g  y a q in la s h is h  sohas in i

to p in g :
Berilgan:

(n!)2.
a n _ ---------

(2 n)!

D a la m b e r b e lg is in i q o 'l la y m iz :
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l i m

( («  + 1 ) ! )2jc"+1 

(2и +  2)!

Q l ! ) * "

(2«)!

= l i m
( ( п + 1 ) ! )2х "+|(2«)!

(2и +2) ! (н ! ) ' д"

( / i + l ) 1 * . .  — ( и  + 1 ) 2----------1 -(■ ■
= l i m

я —»*» ( 2 n  + l ) ( 2 n  +  2 )
=  ]  1 r n ---------------------------------- p t |  =

- H l ) ( 2 n  +  2 ) 1 1

= М  l i m
п + 2п +1  1

4п2 +6п + 2 4
=  ~ Ы  < 1

B u  erdan  |х) <  4 y a ’ n i - 4  <  х <  4  k e l ib  c h iq a d i.

Y a q in la s h is h  sohas i: — 4  <  x  <  4 .

4. D if fe re n s ia l te n g la m a n in g  b e rilg a n  b o s h la n g 'ic h  
s h a rt la m i q a n o a tla n tiru v c h i y e c h im in in g  T e y lo r  q a to r ig a  
y o y ilm a s id a g i d a s tla b k i n o ld a n  fa rq li  4  h a d in i to p in g .

B e r i lg a n :  y '=  s in  2 x  +  c o s  y .  у
n
—  =  я

И ?
к

=  s i n 2 — h c o s  л - — 0  — 1 =  - l  
2

y " =  2 c o s  2 x -  y 's in  y\

К
=  2 c o s 2 - — +  l s i n 7r  =  - 2 ;

2

, , iii_ /I „■ о  „  ..и  ___  /  _.i\ 2
_/ —  т о т  ¿ a  ^  ) • U U S  _ y ,

f i t )  . . _ Л , / т с Л
-  = - 4 s in 2 ------- y "  -

Л )  2 7  U
s i n n -Mfcos Tt =  2 - 0 + l  =  l;
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f ( x )  =  e x = ~ -  +  ^ Г ( а п c o s nx + b n s innx)  =
(1=1

V *  J
+ 1

W=l

( - I ) ' ;  

( л 2 + \ ) к

Ге 2к- 1 Л
cos  nx +

f e 2* - 0

(л  : +  1 )rt
s in  nx

f e 2* - 1 Л
+

71 z
<1=1

( - 1 ) "  ft  ■ ( — 1 )"  . 
- Ц г ^ — ■ c o s  nx + ------ -— —  • s in  nx
n 2 +  1 n 2 +  1

6 . B e r ilg a n  ik k i  k a r ra li in te g ra ld a  in te g ra lla s h  ta r t ib in i 
o ‘ z g a r t ir in g : .

B e r i l is h i :
-----------j— — .---------- ----------, — ------------------------------------------------------------------

J tlx  j  f ( x , y ) d y + J d x  J f ( x , y ) d y  =  I

0 1-x2 1 lnx

х  =  0 , е ;  у  =  1 ; у = \ - х г \ у  =  ln

i

i

-1/  0
Y ' i i

I A

15 -c h iz m a

X 2 => X 2 =  1 - V =>

у =  I n x => x - e y
1 ey

I  =  J c ty  J  f  (A-, y )d x
0
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7. B e r ilg a n  ik k i  o ‘ lc h a m li in te g ra ln i h iso b lá n g : 
Berilishi:

J J ( 8 x y  +  9 x 2 y 2  ) d x d y  ;

(D )

(D ) : X = 1, y = Vx", у = - X 3 ;

7 -c h iz m a  

J  j ( 8 x y +  9 x 2 y 2) d x d y  =

( D )

i VI
=  J d x  J ( 8 x y  +  9 x 2 y 2) d y  =  J

0 —X

4 x y 2 |^ * 1 + 3 x 2y 3
IK
- X 5

d x  =

=  j [4 X ^ - 4 x x  +  3 x ~ x  +  З х  X } lx  =

■

- f

+  3-

i + -
4 x  3 -  4 x 7 +  3 x 3 +  3 x " d x  =

i + .
4 x 3

i + i
3

- 4 - +

+  3
X

12

3 1 3  1 .
= ------------+  —  +  —  =  2

2 2 4  4

8 . T e n g la m a s i D e k a rt k o o rd in a ta la r id a  b e rilg a n  e g ri ' jh iz iq  
b ila n  chegara langan  yassi f ig u ra n in g  y u z in i ik k i  o ic h a m l i
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in te g ra l y o rd a m id a  q u tb  k o o rd in a ta la r  s is tem as iga  o ‘ t ib  
h is o b la n g  (a > 0 ).

B e r i l is h i:  (jc 2 + у 2У = a 2 (2 x 2 + 3 y 2)
B u  te n g la m a  -  le m n iska ta  deb  a ta lu v c h i e g ri c h iz iq  

te n g la m a s id ir . Q u tb  k o rd in a ta la r ig a  0 ‘ ta m iz : 
x = p e o s9 ,y  = p s in  9.

( p 2 e o s 2 9  +  p 2 s in 2 в)~ = a 2[ l p 2 e o s 2 9 + Ър2 sin2 в)

p '4 =  ö 2 p 2 (2 e o s 2 9 +  3 s in 2 в )

p 1 =  a 2(2 +  s in 2 9 )

p  =  a - V 2  +  s in 2 9.
D e m a k , q u tb  k o o rd in a ta la r s is tem as ida  f ig u ra n in g  

c h e g a ra la ri q u y id a g i te n g la m a la r b ila n  a n iq la n a d i:

p  =  Ф , (0]~= 0, p  =  Ф 2 (б>) =  a 4 l  + s'm2@]

В  b u re h a kn in g  0  dan —  gacha 0 ‘ z g a r is h i yass i f ig u ra n in g

1
— yu za s ig a  m os k e la d i.

aJT-
■ 5 = J d G | p d p  =  J d  0  j  p  d  p  =

Í i
crj 2+siirO

Я г
&

d Q = ¡ ^ a 2{2+ sm2e ) d Q = ^ Q \ ^ a 2J - COs2QdO

К Л

1 2
+  —  a l o 2 1 • i o—  sin 29

2 na2 
= -------+

2 2 » 4 0 4

3 na2

2
B u ndan  esa, S  =  1------------  e k a n lig i k e lib  c h iq a d i.
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i .  B e r i lg a n  s ir t la r  b ila n  ch e g a ra la n g a n  j is m n in g  h a jm im  
uch o ‘ lc h a m li  in te g ra l y o rd a m id a  h is o b la n g .

Berilishi:
z =  0 , z =  4 - x - y ,  x  =  2, y  =  3,

x =  0, y  =  0 ;

J is m n in g  h a im i q u y id a g i fo rm u la  y o rd a m id a  to p i la d i:

y2(x) fi(x<y)

V  =  \d x  Jd y  I dz

а Л  (■*) f \ (*>У)
B e r i lg a n  s ir t la r  b ila n  c h e g ra la n g a n  j is m n in g  k o 'r in is h i  

q u y id a g ic h a d ir :

8 -c h iz m a

f \ (x ,y )  =  0 , f 2(x,y) = 4 - x - y ;  

yx(x) =  3 x = 0  dan\ X =  1 gacha 
Vj (x) = 4 - x  x = ] dan; x = 2 gacha 

¿7 =  0; b = 2;

D e m a k ,
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. I .1 4-л—jr 2 4-.í 4-x-y 1 3
V = jdx jdy  \dz + \dx jdy f a  = \dx § 4 -x - y )+ d y

0 0

2 4-л-

0 » 0
3 . 14-x

j dx j[4 -x  - y  ]rfy = I  4y - x y  - ^  I ¿X + J 4}>-xy  -  у  I dx =
I 0

I
1 2 - Зд- - -  \ix +  I I 16—4 jc - 4 x + л "

2

ix  =

1 2 y 2 ,  I
= j(7 ,5 -3 x  )dx + J(8-4jc + —  )dx =(7,5x -1,5л ')| +

0 1 4(8x ~ 2 x  +  — X ) =  9

2. L \ 2 x + y  = 2 t o ‘ g ‘ i i  c h iz iq n in g  A (T ;O J n i 

B (0 ,2 )  n u q ta s ig a ch a  b o 'lg a n  ke sm a  b o ‘ y la b  b e r ilg a n  

J ( jr y  — l) í¿ x  4 - x 2ydy  e g r i c h iz iq l i  in te g ra ln i h iso b la n g .

L
2 x + y = 2 = > y = 2 - 2 x  

я °. ,
f(xy -I>¿c + x 2y iiy  =  f(jc(2 - 2 v )- l) í¿ r+ J j: '( 2 - 2 c)c/(2 - 2 * )  -  

i  i 1

=°|(2jc - I x1 -lyix +W  -2c')(-2)dx = ][2x-2x2 -1+(2*2 -2х3)(-2)Ух = 
i i 1

=  |(2v  — 2jc2 — 1—4jc2 +Axs)dx = j(4 v 3 - 6 r  +2x -V)dx = ( /  - 2 ï 3 +.v2 -jc)|®= 

i 1 

- 1+ 2 - 1+ ! = !
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4-§. TO ’RTINChI YOZMA ISh

1 . K o m p le k s  ifo d a n in g  q iy m a tin i h iso b la n g : 

W  =  ( - l - / ) 1 +  /

= e(\ + i ) L n ( - \ - i )  = e
( 1 + 0 In -v/2 + / ■ | -  - y  +  2nk

J _

( 1 + 0

=  e

= e

= e

— In 2  +  /  •
2

3n o ,------ + 2 n k
4

/  3 k  „  ,
+  — l n 2  +  / 2

3 ;r
< -------- +  2nk -------- +  2  7 l k

I  4  J 2 4

— I n 2  -
2>TC '

-------- +  2  7tk +  / •
2 4

-  — +  In k  +  — In  2  

4  2 j

=  # 2
— I n 2 — n -2 jd c  

4
/ r In 2 3 7r)

CNC, 3 ; r '
\

cos ------- +  / s in
V I  2 4  J I  2 ’ 4  >/

2. B e r ijg a n  k o m p leks o 'z g a ru v c h il i  W  =  f ( z ) , z  =  x + i y  

lu n k s iy a n i W -  i 7 ( x , ^ )  +  /F ( x , > ,) k O ‘ n n ish d a  y o z in g  va lin in g  

a n a l it ik l ig in i  te k s h ir in g . A g a r W =  / ( 2 ) fu n k s iy a  a n a lit ik  

b o 'ls a  u n in g  b e rilg a n  z0 nuq tada  h o s ila s in i to p in g :

w  / z  ^  .W = e
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W = е' (х + ‘У)2 = e ‘ '^x2 +2ixy - У2 ) = е~ 2 х у + ( х2 - y 2 ) - i  _ 

е 2хуе(х У  ̂ 1 =е  2 ^ c o s ( x 2 -> > 2 ) +  /s in ( j t 2  - у 2 )^.

K o s h i-R im a n  s h a rt in i te k s h ira m iz :

d U  _  dV  QU _  dV 

dx dy dy dx ’

~y2) +

+e ^ ( -  s i n (r2  -  j / 2  )2 r) =  -2e '^ y c o s f c 2  -  y2~)+ jcs in fr2 -  u2 ) j-

%  = f  i e~ 1Xysin^  ~y2)) = ~ ^ 1Xys ^ 2 - y 2) +

+e ■ c o s ^ 2 - ^  )(-2y)=—2e ^ ^ x s in fy 2 - y 2)+ycosfy2 - y 2)J,

d U  ÔV
D e m a k , — —  = -------;

dx dy

^ = | ( e‘ 2X>' co^ 2 - > ’2 ) ) = - ^ " 2x:Vcos^ 2 - / ) +

+<? ^ ( - s in (к2 - y 2)(-2y))-2e 2 r^ s i n ( c 2 - ^ 2 )+ x c o s ( t2 - j 2 ) j;

%  " ¿ ( e_2x7sin(c2-У 2'>)=~2Уе~ 2ху sin ( * 2 - y 2)+

+e (xcosfc - y  )(2x))=2e ^ ^ j r c o s f r 2  - y 2)-ysin(>c2 —>’2 ) '\



D e m a k ,

ÔU  _ ÔV

ôy дх

B lin d a n  k e lib  c h iq a d ik i b e r ilg a n  fu n k s iy a  a n a lit ik d ir .

d]^_ = —  + i —  = -2e~'2xy(ycos(x2 - y 2 ) +  x s in ( x 2  - y 2 ) l  + 
dz дх дх V

¡ ( 2 e _ 2 x y íc o s ( x 2  - y 2 ) - y s i n ( x 2  - y 2 )Vl =+ i

-  2  ye -  2  xy

+ 2xe - 2 x y

c o s j V  -  y 2  )  +  ¡'s in(^x2  - у 2 

z c o s (x 2  - y 2 ) - s i n ( x 2  - у 2)

-  . - 2  xy 
=  2х /е cos( x 2  -  у  2  ) +  i s in( - y A)

9 2 2 2co s (x  - y  ) + /s in ( x  - y  )

.2  „ 2 ,

2 ye -  2 xy
:_2

= 2xielz -  2 ye fe2

= 2 ег^ 2  (х / -  у )  = 2 /<?,z (x  + iy) =  2 /z<?iZ .

II 
!

K>  ̂
- Æ . /

Z
. Я

d W

d Z z

4= - л е  -

=  —7Г

/ n ' к í  V 2
^ ■ 1co s— -  i  s in =  -Л" ----------------1

1 4 Я b 1 2 2 J

42 42
-------- Л- + --------7 1 -1

2 2

3. B e r ilg a n  f(z )  fu n k s iy a n i z0 nuq ta  a tro fid a  L o ra n  q a to r ig a  
y o y in g  v a  u n in g  y a q in la s h is h  sohas in i to p in g :
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7 z - 1 9  _  7 2 - 1 9 ___. A i В

■/ ( Г ) _  z 2 - 6 z  +  5 ~ ( z - 5 ) ( z - l ) ' z - 5  z - 1

=  ~  Ц  +  ß ( z Z - 5l  ; = »  A(z  - 1 )  +  B ( z  -  5 )  =  7 z  - 1 9  
( z - l ) ( z - 5 )

z =  l - = >  - 4 5  =  - 1 2  = >  5  =  3 

z = 5 ■=> 4 A  = 16 => A =  4 

4  3
D e m a k , / ( z )  = --------  + ------ - ,

z - 5  z - 1

M a ’ l u r n k i , _____ ____________

B u ndan
4  4  4 ______- 4- 4

z - 5  - 4  + ( z - 1 )  4 — (z  — 1)

■l M "  - t ¥ r =
4

D e m a k,

d o ira d a  y a q in la s h u v c h id ir .
4 . B e r ilg a n  in te g ra în i h iso b la n g :

In te g ra l lash so h a s in in g  g ra f ig in i tu z a m iz :
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r e  . r
D e m a k, J ^  _ 5 z 2dZ ~  J '

9 -ch iz ra a

e z

U =7

-dz  +
• U 3 - 5 z ‘

- d z  =

f z - ^ d z +  f - —  dz = — -  
J * 2 J z - 5  H

271/

z  -  5
+  2ni

2=0 V Z y z=5

=  2711

=  271 i

ez( z - 5 ) - e z 

" - 5 |2

+  2711
25

/
=  271/

25
+  2ni ' e 5'

z=0
v 2 5 y

^ e 5 - 6 )  2ni
25

5. A g a r  A  h o d isa n in g  har b i r  s in o vd a  r o ‘ y  be rish  e h t im o li  
0 ,25  ga teng  b o 'ls a  , bu h o d isa n in g  243 ta s in o vd a  rosa  70 
m arta  r o ‘ y  b e rish  e h t im o lin i to p in g .

M a sa la  sh a rtig a  k o ‘ ra  n = 2 4 3 , k = 7 0 , p = 0 ,2 5 , q = 0 ,7 5 ; 
n = 243  e ta r lic h a  ka tta  son b o ig a n i  uchun  L a p la sn in g  ushbu  
lo k a l te o re m a s ida n  fo y d a la n a m iz :

W )  =
f i p q
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x n in g  q iy m a tin i to p a m iz :

k - n p  7 0 - 2 4 3 - 0 , 2 5  9 ,25X — — _ — 7 _  1

yf ipq  7 2 4 3 - 0 ,2 5 - 0 ,7 5  6 ,7 5  ’

Ja d va lda n  (G m u rm a n ,l- i lo v a )  
q)( 1,3 7 )= 0 ,1561 n i to p a m iz .
Iz la n a yo tg a n  e h tim o l

^>43 (7 0 )  =  7 ^ 7 - 0 , 1 5 6 1  =  0 ,0 2 3 1  
6 ,7 5

6 . X  d is k re t ta s o d if iy  m iq d o r  faqa t ik k ita  x, va x 2 

q iy m a tg a  ega b o 'l ib  x ,> x 2. X -n in g  x t q iy m a tn i q a b u l qiTish 
e h t im o li 0 ,6  ga tcng . M a te m a tik  k u t i l is h  va d isp e rs iya  m a ’ lu m f  
M ( x ) = l ,4 .  D (x )= 0 ,2 4 . X  n in g  ta q s im o t q o n u n in i to p in g .

D is k re t ta s o d if iy  m iq d o rn in g  barcha  m u m k in  b o ‘ lgan  
q iy m a tla rn in g  e h lim o lla r i y ig 'in d is i  b irg a  teng, S h u n in g  uchun  
X  n in g  x 2 q iy m a tn i qabu l q i lis h  e h t im o li 1 -0 ,6 = 0 ,4
ga teng.

D e m a k ,
X : x , x 2

( 1)
P: 0 ,6  0 ,4  

X, va x 2 la rn i to p ish  uchun  bu s o n la rn i O ‘ zaro b o g 'la y d ig a n  
ik k ita  te n g la m a n i tuz ish  lo z im . S hu m aqsada b iz  m a ’ lu m  
m a te m a tik  k u t i l is h  va d is p e rs iy a n i x , va x 2 o rq a li i fo d a la y m iz .

M ( X )  n i to p a m iz .
M (X )= 0 ,6  x , +  0 ,4  Xt 

S ha rtga  k o 'ra  M ( X ) = I , 4  dem ak, 0 ,6  x, +  0 ,4  x , = l , 4 .  
Ik k in c h i  te n g la m a n i h o s il q i l is h  uch u n  b iz g a  m a ’ lu m  

d is p e rs iy a n i x, va x 2 o rq a li ifo d a la y m iz . B u n in g  u ch u n  X 2 

n in g  ta q s im a t q o n u n in i y o z a m iz :
X 2: x , 2 x , 2

P: 0 ,6  0 ,4



Dx  =  М  ( * 2 ) - ( М  ( * ) ) 2 =  0 , 6 л ,2 + 0 ,4 * 2  - ( 1 , 4 ) 2 ; 

D( x )  =  0 ,2 4  b o ‘ lg a n i u c h u n : 0 ,6л ,2 + 0 ,4 * 2  =  2 ,2 ;

- Í  0 ,6л; 2 +  0 , 4 *  \  =  1 Д ;____ I * ,  = 1  ( * r  =  1,8-

(0 ,6 * 2 +  0 ,4 * 2 =  2 ,2 ; ^  { *  3 =  2  [ *  2  =  0 ,8  

S h a rtga  k o ‘ ra  x , >  x 2, s h u n in g  u c h u n  m a sa la n i fa q a t 
b ir in c h i  y e c h im

x , = l ,
( 2)

. . x 2= 2

q a n o a tla n tira d i.  ( 2 ) n i ( 1 ) ga  q o 'y ib ,  iz la n a y c tg a n  ta q s im o t 
q o n u n in i h o s il q i la m iz :

M  ( x 2) =  0 ,6 * ,2 + 0,4л:\;

X 1 2

p 0 , 6 0 ,4

7 . £  - ta s o d if iy  m iq d o m in g  z ic h l ik  fu n k s iy a s i b e rü g a n .

P A x )  =
0  , x < — 2 ,  x  >  3 da 

h, MÇ, DÇ, P(\ <  £  <  5 )  во Fç(x) la rn i to p in g :
■*

-2  3 ~

1) ^Pf(x)dx — JP^ ( * > / * +  j / £ ( * ) d * +  \Pç(x)dx = 5h = \= > h  =  0 ,2.
—OO —©O —2

OO J _

2 ) Л / г  -  \xP'(x)dx  =  j * P E( * ) d *  =  0 ,2  jxdx  =  0 , 1 * ' j_ =  0,5
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3 ) D .  =  j ( * - 0 , 5 ) 2 • P '(x )d x =  j u - 0 , 5 ) 2 0 ,2 d x  «  2,1

—oo —
5 3 5 3

4 ) P ( l < £ < 5 )  =  [ P{ (x)dx = (x)dx+ j  Pf {xylx = \0,7dx =  0,4.
1 1 3  1

5 ) A g a r x < -2  b o 'ls a ,
X

F{ ( x ) =  \ p 4 (x)dx = 0
— oo

A g a r x > 3  b o ‘ lsa,
.x - 2  3 x  3

F ( x ) =  \p4(x)dx= \p ^ x )d x +  \P f(x )dx+  \p4(x )d x= \0 ,2 d x= \
i  ' - 2 3 -2

c h u n k i x < - 2  da va  x > 3  da P^(x) =  0 .

A g a r  - 2 .  < x < 3  b o 'ls a ,

—2 .t 

F r  (  jc) =  j / 5i ( jc )d ;c =  J p , ( x ) i i x +  | f j ( x ) d x =  j b , 2 d x = 0 ,2 - O + 2 )

- 2 - 2

S hunday q i l ib ,

F A x )  =

0,  x < 2

0,2(x +  2) - 2 < x < 3  

1 x >  3
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J k y

0, 2

-2 3 x

i ky

. 1

- 2 — 3 x, a __ w

1 0 -c h iz m a

8 . N o rm a l ta q s im la n g a n  X -  ta s o d if iy  m iq d o rn in g  m a te m a tik  
k u t i l is h i  va  d isp e rs iya s i m os ra v ish d a  1 0  va 2  ga teng.
T a jr ib a  n a tija s id a  X -  n in g  (1 2 :1 4 ) in te rv a ld a  yo ta d ig a n  q iy m a t 
q a b u l q i l is h  e h t im o lin i to p in g .

X -n in g  ( a , / 3 )  in te rv a lg a  te g is h li q iy m a t q a b u l q i lis h  

e h t im o li

P(a < x < P)  =
P - a

- O bu erda.
V t J

c1d(x) =  — fe? ' 2dx - L a p las  fu n k s iy a s id ir .
V 2 n  o

B u n g a  a  =  1 2 ;/?  =  14; a  =  1 0 ; r  =  2  - la rn i q o ‘y ib  

P - a  1 4 - 1 0  ^ a - a  12 — 10 
Z., 1 

r  2  r  2

va P(a < x < P)  =  0 ( 2 )  — O ( l) ;  - la rn i h o s il q ila m iz .

10



Jadvaldan foydalanib:
0 ( 2 )  =  0 ,4 7 7 2 ,0 ( l )  =  0 ,3 4 1 3  n i to p a m iz .

Iz la n a y o tg a n  e h tim o l:

P( a  < x  < J3) =  0 ,1 3 5 9  ga teng.

9. B osh  1 0 ‘p la m n in g  n o rm a l ta q s im la n g a n  X-  b e lg is in in g  
n o m a ’ lu m  a- m a te m a tik  k u t i l is h in i 0 ,95  is h o n c h lik  b ila n  
baho lash  uchun  is h o n c h lik  in te rv a lin i to p in g . B osh  0 ‘ r tacha

k v a d ra t ik  c h e tla n ish  <7 =  5 ,  ta n la n m a  o 'r ta c h a  q iy m a t x  =  \ 4  
va ta n la n m a  h a jm i n =  25 b e rilg a n .

U sh b u  is h o n c h lik  in te rv a lin i to p ish  ta lab  e tilm o q d a :

B u  erda, t-d a n  boshqa ba rcha  k a tta lik la r  m a ’ lu m , t  n i 
to la m iz :

2 0 ( / ) — 0 , 9 5  m unosabatdan 0 ( / ) =  0 ,4 7 5  n i h o s il

q i la m iz , Jadva ldan  t= l ,9 6  n i to p a m iz , t = l  ,96, T =  5 ,

X  =  1 4 , Yl — 2 5  - la rn i (1 ) ga qO‘ y ib  u z il-k e s il ushbu  
iz la n a y o tg a n  is h o n c h lik  in te rv a lin i h o s il q ila m iz : 
12,04 < ¿ / < 1 5 , 9 6 .

-  x x 
< a < x  + t - f =

v  n
( 1)



I I I  B O B .  Y O Z M A  I S h  T O P S h l R I Q L A R I

l - § .  B I R I N C h I  Y O Z M A  I S h  T O P S h l R I Q L A R I

V e k t o r l a r  a lg e b ra s i  v a  a n a l i t ik  g e o m e tr iy a

1 . (1 -20) Biror bazisda a ( a | , a 2 , a 3 ) ,  b (b),b2 ,b3) ,  5 ( с 15С 2 ,С з )

va d(d, , d2 ) vektorlar berilgan. â.b.c vektorlar bazis tashkil

etishini ko'rsating va bu bazisda d  vektoming koordinatalarini toping: *

1. ¿ ( l , 2 ,3 ) ,  b ( - 1 ,3 ,2 ) ,  ¿ (7 -  3 ,5 ) , ¿ (6 ,1 0 ,1 7 )

2. 5 ( 4 , 2 , 5 ) ,  b ( 0 ,7 ,2 ) ,  c (0 ,2 ,7 ) , ¿ (1 ,5 ,1 )

3. a ( 4 ,7 ,8 ) ,  b ( 9 , l , 3 ) ,  5 ( 2 , - 4 , 1 ) , d ( l , - 1 3 , - 1 3 )

4. 5 ( 2 ,2 ,3 ) ,  b (4 ,6 ,1 0 ) ,  d ( 7 , 4 , l l ) , ¿ ( 3 - 2 , 1 )

5. a ( l0 , 3 , l ) ,  b ( l , 4 , 2 ) ,  c (3 ,9 ,2 ) , d ( l9 ,3 0 , 7 )

6. 5 (2 ,4 , l ) ,  b ( l , 3 ,6 ) ,  c ( 5 ,3 , l ) , ¿ ( 2 4 ,2 0 ,6 )

7. a ( l , - 2 ,3 ) ,  b ( 4 , 7 , 2 ) ,  c ( 6 , 4 , 2 ) , ¿ (1 4 ,1 8 ,6 )

8. 5 ( l , 4 , 3 ) , b (6 ,8 ,5 ) ,  c ( 3 , l , 4 ) , d ( 2 1 ,1 8 ,2 3 )

9. 2 (2 ,7 3 ), b ( 3 , l , 8 ) ,  c ( 2 , - 7 ,4 ) , ¿ (1 6 ,1 4 ,2 7 )

10. 5 ( 7 ,2 , l ) ,  b (4 ,3 ,5 ) ,  c ( 3 , 4 , -  2 ) , d ( 2 - 5 , - 1 3 )

11. a ( l ,7 ,3 ) ,  b ( 3 ,4 ,2 ) ,  c ( 4 ,8 ,5 ) , ¿ (7 ,3 2 ,1 4 )

12. a ( - 1 ,0 ,2 ) , b ( l , l , l ) ,  5 ( 4 , 3 , - 1 ), ¿ 0 ,3 ,3 )

1 3 . 5 ( 1 , 3 , 2 ) ,  b ( - 1,0,1), c ( 2 , -  l , l ) , 5 ( 2 ,1 , -  2>

1 4 .5 ( 9 ,1 ,3 ) ,  b ( 2 , - 4 , l ) ,  5 (4 ,7 ,8 ) , ¿ ( 1 - 3 - 3 )

15. 5 (2 ,4 ,1 ) ,  b ( 5 ,3 , l ) ,  5 0 ,3 ,6 ) , ¿ (4 ,1 0 ,6 )

16. a ( 6 , 8 , 5 ) ,  b ( l , 4 , 3 ) ,  5 (3 ,1 ,4 ) , ¿ (1 ,1 ,2 )

17. 5 ( 2 ,3 ,2 ) ,  b ( 7 , l , - 7 ) ,  5 (3 ,8 ,4 ) , ¿ (8 ,7 ,9 )

L______

1 1 2



18. ä ( - l , l , 2 ) ,  b ( 0 , l , 3 ) ,  с ( 2 , 1 , - 1 ), ¿ (3 ,3 ,1 )

19. 5 ( 1 , - 1 ,2 ) ,  b ( 3 , 0 , - l ) ,  c ( 2 ,  l , l ) ,  ¿ ( - 2 , 1 , 2 )

2 0 . 5 ( 2 , 5 , 1 ) ,  b (4 ,3 ,3 ) ,  c ( l , l , 6 ) ,  ¿ ( 2 ,5 ,3 ) .

2. (2 1 -4 0 ) A , ,  A 2, A 3, A 4 p ira m id a  u c h la r in in g  
k o o rd in a ta la r i b e rilg a n . T o p in g :

A , A 2 q ir ra s in in g  u z u n lig in i,
A |A 2 va  A ,A 4 q ir ra la r i o ra s id a g i b u rc h a k n i,
A , A 4 q ir ra s i b ila n  A , ,  A 2, A 3 y o q  o ra s id a g i b u rc h a k n i,
A , ,  A 2, A 3 yo q  yu za s in i, p ira m id a  h a jm in i,
A , A 2 q ir ra s i yo tg a n  to ‘ g ‘ r i  c h iz iq  te n g la m a s in i,
A , A 2A 3 te k is l ig in in g  te n g la m a s in i,
A 4 uchidan A ,A 2A 3 yoqqa tush irilgan ba land lik  tenglam asini.

21. A , ( 4 ; 2 ; 5 ) ,  A 2 ( 0 ;7 ;2 ) ,  A 3 ( 0 ;2 1 ;7 ) ,  A 4 ( l ;5 ;0 )

"22. A 1 (4 ;4 ;1 0 ) ,  A 2 ( 4 ;1 0 ;2 ) ,  A 3 (2 ;8 ;4 ) ,  A 4 (9 ;6 ;4 )  

23.  A , ( 4 ; 6 ; 5 ) ,  А 2 (б ;9 ;4 ) ,  A 3 (2 ;1 0 ;1 0 ) ,  A 4 (7 ;5 ;9 )

24.  A , ( 3 ; 5 ; 4 ) ,  A 2 ( 8 ;7 ;4 ) ,  A 3 (5 ;1 0 ;4 ) ,  A 4 (4 ;7 ;8 )

25.  A , ( 1 0 ; 6 ;6 ) ,  A 2 ( - 2 ; 8 ; 2 ) ,  А 3 (б ;8 ;9 ) ,  A 4 (7 ;1 0 ;3 )

26. A , ( l ; 8 ; 2 ) ,  А 2 (5 ;2 ;б ) ,  A 3 ( 5 ;7 ;4 ) ,  A 4 (4 ;1 0 ;9 )

27. A , ( 6 ; 6 ; 5 ) ,  A 2 (4 ;9 ;5 ) ,  A 3 ( 4 ; 6 ; l l ) ,  А 4 (б ;9 ;3 )

28.  A , ( 7 ; 2 ; 2 ) ,  A 2 (5 ;7 ;7 ) ,  A 3 ( 5 ; 3 ; l ) ,  A 4 (2 ;3 ;7 )

29.  A , ( 8 ; 6 ; 4 ) ,  A 2 ( l0 ;5 ; 5 ) ,  A 3 (5 ;6 ;8 ) ,  A 4 (8 ;1 0 ;7 )

30.  A , ( 7 ; 7 ; 3 ) ,  А 2 (б ;5 ;8 ) ,  A 3 (3 ;5 ;8 ) ,  A 4 (8 ;4 ; l )

31. A , ( 2 ; 3 ; 0 ) ,  A 2 ( 2 ; 0 ; - 5 ) ,  A 3 ( 0 ; 3 ; - 5 ) ,  A 4 ( 2 ; 3 ; - 5 )

32. A , ( 3 ; 3 ; l ) ,  A 2 ( 7 ;2 ;7 ) ,  A 3 ( 5 ; 3 ; l ) ,  A 4 ( l ; l ; 8 )

3 3 . A , ( 4 ; 9 ; 5 ) ,  A 2 ( 4 ; 6 ; l l ) ,  A 3 (6 ;6 ;5 ) ,  А 4 (б ;9 ;3 )

3 4 . A j ( 2 ; 2 ; 7 ) t A 2 (7 ;7 ;5 ) ,  A 3 ( 3 ; l ; 5 ) ,  A 4 (3 ;7 ;2 )

3 5 . A , ( 4 ; 6 ; 8 ) ,  A 2 (5 ;5 ;1 0 ) , A 3 (8 ;6 ;5 ) ,  A 4 (7 ;1 0 ;8 )

36.  A , ( 2 ; - 3 ; 2 ) ,  A 2 ( 7 ; l ; 0 ) ,  A 3 ( l ;2 ;3 ) ,  A 4 (3 ;2 ;7 )
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37. A ,  ( l ; 2 ; 3 ) ,  А 2 ( 4 ; 2 ; 5 ) , А 3 ( 4 ;7 ;8 ) ,  А 4 (2 ;2 ;3 )

38. А , ( - 1 ; 3 ; 2 ) ,  А 2 ( 0 ;7 ;2 ) ,  А 3 (9 ;1 ;3 ) , А 4 (4 ;6 ;1 0 )

39. A , ( l ; - 2 ; 3 ) ,  A 2 ( l ; 4 ; 3 ) ,  А 3 (2 ;7 ;3 ) ,  A 4 ( 7 ; 2 ; l )

40. А ,  (1 ;3 ;2 ), А 2 (9 ;1 ;3 ) , A 3 ( 2 ; 4 ; l ) , А 4 (б ;8 ;5 )

3. (41 -60 ) U ch  nom a’ lu m li uchta ch iz iq li teng lam alar sistemas! 
berilgan. B u  teng lam alar sistem asin ing b irg a lik d a lig in i teksh iring  va 
un i quy idag i usu lla r b ilan  yech ing:

1) K ra m e r u s u li 2 ) G auss u su li

3 x  j +  2 x 2  +  x 3  = 5

41 .

42 .

43 .

44 .

45 .

46. <

2 x ,  +  3 x 2 +  x 3 = 1  

2 x ]  +  x 2 +  3 x 3 =  11

X j - 2 x 2 +  3 x 3 = 6  

2 X ] - 3 x 2 - 4 x 3 =  20  

3X | - 2 x 2 - 5 x 3 =  6 

4 x |  - 3 x 2 + 2 x 3 =  9 

2 x |  + 5 x 2 - 3 x 3 =  4 

5 x j  +  6 x  2 — 2 x  3 = 1 8  

X | + x 2 + 2 x 3 = - 1  

2 Х | — X 2 +  2 x  3 =  - 4  

4 x j  +  X 2 + 4 x 3 = - 2  

2 x ,  - x 2 - x 3 =  4 

3X | + 4 x 2 - 2 x 3 =  1 1 

3 x ,  - 2 x 2 + 4 x 3 = 1 1  

3 x ,  + 4 x 2 + 2 x 3 =  8 

2 X | - x 2 - 3 x 3 =  - 4  

X | +  5 x  9 +  x  3 =  0

X 1 + x 2 +  x 3 = 1
47. • 8 X | + 3 x 2  - 6 x 3 =  2

4 x ,  +  X 2  - 3 x 3  =  3

x i ~ 4 x 2  ~ 2 x 3 =  - 3

48. - 3 x i + x 2 + x 3 = 5

Эх,  - 5 x 2  - 6 x 3 = - 9

7x  1 - 5 x 2 = 3 1

49. . 4X|  +1 Ix-, = - 4 3

2 x ,  + 3 x 2 + 4 x 3 =  - 2 0

X 1 - ( - 2  X 0 + 4 x 3 = 3 1

50. . 5X[  +  X 2 + 2 x 3 =  2 0

Зх ,  - x 2  + X 3  = 9

X 1 ~ x 2 + x 3 = 6

51. 2 x i + x 2 + x 3 = 3

X 1 +  x  2  + x  3  =  5

x, + x 2 —X3 =2
52. - 2 x [  + x 2  + x 3 = 3

X ( + X 2 + X 3  = 6
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3 X |  — x  2  = 5 2 X( + 3 x 2  + 5 x 3 = 1 0

53. • — 2 x  ! +  x 2  + x 3  = 0  57.< 3X|  + 7 x 2  + 4 x 3 =  3

2 x ,  — x  2  + 4 x 3  = 1 5 X!  + 2 x 2  + 2 x 3  = 3

5 x  ] +  4 x 3  = 1 5 X |  — 6 x  2  + 4 x 3  =  3

54. x  i — x  2  +  2 x 3  = 0  58. 3 X |  - 3 x 2  + 2 x 3  =  2

4 x  i +  x  2  + 2 x 3  =  1 4 x ,  - 5 x 2  + 2 x 3 =  1

2 x ] + 2 x 2 - x 3 = 4 4 x  1 - 3 x 2  + 2 x 3  =  - 4

55.  • 3 X [  + x 2  -  3 x 3  =  7 59 -' 6 X] - 2 x 2 + 3 x 3  =  - 1

x  i +  x 2  2 x  3 = 3 5X|  - 3 x 2 + 2 x 3  =  - 3

5x i  + 2 x 7  +  3x-. = - 2
X 1 +  X 9 +  X-! = 1 1 L 3

______________________________ 6 0 ^ 9 Y . — 9 Y .  4- 4 v - — 0
5 6 .“ x .  + 2 x t  + 2 x t  =  2

£>A I Л. 1 J /V T — V/

3x.i + 4 x 2 +  2x-> =  -1 0
2 x |  + 3 x 2  + 3 x 3  = 3

I ¿ J

4. (61 -80 ) Q u y id a g i teng lam alar qanday s ir tn i ifo d a layd i?

61. X2 + y 2 = 1 6

X 2 z 2
6 2  .  1------ — 1

6  4

63. X =  2 • z

64.
2 2 

^ - - 2 L  =  i
5 7

65. X 2  f  у 2 - z 2  = 0

6 6 . z  =  x~ +  y ‘

67. V + 7 ------
4

2 2 2 
68. x  . _ У _  =  _1

6  15

69.
2 2 2 

2 L _ I _ + i _ _ , = o
6  5 1

2 2 
y  z

70. — x 2 +  —— i- —— =  0
5 7

71. z  =  - ( x 2 +  y 2)

72. z  =  l - x 2 - y 2

73. 2 x 2 -  5 y 2 - 8  =  0

74. 4 x 2 -  8 y 2 +  1 6 z 2 =  0

75. y 2  =  6 x  - 4
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76. З х 2 +  5 y 2 = 1 2 z  79.  4 х 2 - 1 2 у 2 - 6 z 212

77. X 2 + 4 у 2 - 8  =  0 80. z 2 - 4 x  =  0

78. 2 x 2 - 3 z 2 =  —12 у

5 .(8 1 -1 0 0 ) B e rilgan  m a tritsa la rn ing  xos son va xos v e k to r la r in i 
top ing :

( 2 19 3 0  N r2 19 3 0  '

81. , 0 - 5 - 1 2 87. 0 - 5 - 1 2

5 , 2 5 ,2

r 2 19 3 0  > ( 2 19 30  '

82. 0 - 5 - 1 2 8 8 . 0 - 5 - 1 2

(2

2

19

5 >

3 0  N
•

1 °

'2

2

19

5 ,

30  >

83. 0 - 5 - 1 2 89. 0 - 5 - 1 2

'2

2

19

5 ,

3 0  ^ '2

2

19 30 N

84. 0 - 5 - 1 2 90. 0 - 5 - 1 2

/  _
2 5 y 

3 0  N

2

19

5 ,

30  "I 2 19 I 2

85. 0 - 5 - 1 2 91. 0 - 5 - 1 2

" 2

2

19

5 ,

3 0  >

, 0

'2

2

19

5 ,

30  '

8 6 . 0 - 5 - 1 2 92. 0 - 5 - 1 2

2 5 , , 0
2 5 >

116



93.

94.

95.

'2  19 30 N

0 - 5  - 1 2

0

('У
\ 2  5 ,

19 3 0  л

0  - 5  - 1 2

0 2  5

2  19 3 0

0  - 5  - 1 2

97.

98.

99.

'2  19 30 4

0 - 5  - 1 2

2  

19 

- 5  

2  

19

0  - 5  - 1 2  

0  2 5

V

' 2

/

3 0  л 

- 1 2  

5 /
3 0  ï

" 2  19 3 0  N
1 0 0 .

' 2  19 3 0  N 

0 - 5  - 1 2
96. 0  -  5 - 1 2  

. 0  2 5 ,
[ o  2 5 J

M a t e m a t i k  a n a l i z g a  k i r í s h

6 .(101 -120 ) L o p ita l qo idasidan foyda lanm ay q u y id a g i 
fu n ks iya la rn in g  l im it in i  h isoblang:

101. a ) H m
1 - 2 x

я-*« 3 x  2 

1 - c o s x

4 i m
л/ l  +  x  - y j \ - x

X - + 0

x->0 5 x 2

102. ö r ) l i m
2 х 3 +  ГX — >CO I 1

1 - c o s x

¿)lim
X—>co

6) lim

3 x

^  +  3 V

x - 2 , 

y¡2 + x - Z

O lirrr

д- >7 X 7 

^ 2 x - l v

дг->0

103. a ) l i m

5 x  

2 x 3 +  X '

гЯ \ т
J - Х И  V

X—>co X +  X -  2

2x + l

6 ) l i m ^
х->1 x  - X

y

117



. V i -  cos  2х
ß)lim -

.t->0 \X

3x4 + x 2 - 6
IO4 . a ) J i m

X—>00 лг -ь 2

5 * —
e) lim

r—>0 arctgx  

. . .  2 x 2 + 6 x - 5

l0 5 ' a ) l i m i 7 T 7 r r :.V—>CO Л 1

cos x - c o s ' x
e)lim------ 2----- ;

X — >0 X

3 — X •+■
106- « H i m A -

дг - 1 2 x  +  l

41. x 2ctg2x  
e ) 1 ™ — I T ;

l0 7 -
2 +  3 x  +  x  

41. l - c o s 6 x

5x2 - 3 x  + 1

l 0 8 ' v Æ ?

л—>0 X
7  y 4 -  2  r 3 +  2

109- «Hi m— ;
V—>CO X  I J

1 -  c o s  4x
e) l im  - , 0

jr—>0 2xtg2x

. r  f 4 x  +  l V '  2)hml — , •
jr->3c \ у

*) lim
лг-*0 V l  +  З д г - Г

г ) 1 ш ( 1  +  2 х ) ' .
дг-»0

1 — ч/ l  — X 2
5) lim  2— ’

.r->0 ^

- N1. л /1 + 3 x  - л / l  - 2 x

.T—>0 X  “Ь X

x  +  l ) [ ln ( x  +  3 ) - l n j t ]

д ч 1 . V l  +  Зл: 2 - 1  
6 ) l im — t — 3—;

.r—>0 % ~Ъ~ X

г ) Н т ( *  _  5 ) M *  -  З ) -  in  x]

й 1 . л / 2 х - 1  - V 5
6) lim — — ;— ;

-r—>3 • л — J

г ) Н т ( 7 _ 6 -х ) Т Й - 
♦i

л/1 +  З х  — \/2 jc  +  6

л->1

б Ж т  ;  ,
х->5 X  Э Х

г ) Н т ( 3 * - 5 ) * -
х->2
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8x 5 - 3 x 2 +9
..2 , c ’

x  — 2

x->m I x  +  2x~ +  5

e ) l i m 5 x c ^ 3 x ’

6 ) l i m  r r -  2 »,v->2 V ¿ X  ~  /

x->() X - + 3

111. a )lim
x '  +  x  +  1

( x - l )
,2 ’

V l  +  X - 1
6) l im — -— >

ß) l im
COS y — sin -j

* cosx
x  —►—

2

x->0

^ l i m
x—>00

112. a )lim
1 -  x  -  X 2

x 3 + 3  ’

v x +  2 y 

6 ) l i m (x  -  -v /x 2 + 5 x  )

f  2x —Sv  '
e)lim(2cosec2x- ĉ 4  ¿)lim

jr—>0 X->00 v

, i ,  r , .  x 3 + 4 x 2 + 4 x
113- a ) h m -----------------------

2 x  + 1 ,

6 ) l i j l l ( \ / x 2 +  2 x  - 4 x 2 +  x )
.t—>00x_^:2 x - x - 6

e) lim (sin ?>xctg5x \  ^ ) lim ( i+3tsxT gx-
x->0

, , .  ( 2 x  +  3 ) 3 ( 3 x - 2 ) 2 , .  3 - V 5  +  X
' 14. a )h m '— 7 7 7 — 6)l im - — s = ;

X + 5  x _>4 1 - V 5 - X

/g x -s in x
e ) l i m — 3 — ;

x—>0 %

x2 ~ 1

O lim
u 2x-*x  V /

,_>_i x +  3x +  2
6 ) l i m

x->0

Vi +  X +  X 2 - 1

C O S f
e) lim -— t=’

j->i 1 — v  x
^ l i m

x->i

x  — 1
\ l + l

v *  - l y
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i i 6 . a ) l i m
X — >00

e) lim

2 x  - 3 x  — 4

~ 7 7 7 T ;

s i n  x -  s i n  a

x - a

e ) l i m ^
.x-»8 "v X — 2.

. V x 2 + 1 +  V *  
1 1 7 . g ) h m ~ 7  "3 , — ’

AT->00 y ]  X  +  1 — X

x 2 — 4

1 I S -
V X  + 1

s i n ( x  +  l )
g ) l i m  , i v 2 .

x—>-1 A X

^ l i m
X->oo

* ) l im

/ x - l ^ +2

* -» o o  \  X ~h 3  y

2 - V x

AT—»4 3  — a/  2 x  + 1

■X—3

« H i m

+  COS x ) w’sx

3

1 - x  1 - x 3

f  2 V  
. H-----

119. a ) l i m
r->2

3x2 +  x  2

(x  -  2 )(x2 + x + 1) x - 2

^ l i m
X—>oo V /

¿r\i • V i  ■+■ 2 .x + 1

« ) l i m - 7 ^ — — ;V 2  +  X +  X

. . .  arcte(x  + 2 )
«Ohm.....- A ’ ■

x -> -2  X" -  4  

120. a ) ) i m

¿ H i m
a—>2

x 3 - 6 x 2 +  1 l x  — 6

,_»! x 2 -  3 x  +  2  

. s i n 2 x

«Him
x

A->0 V l  +  X  — 1

a x  +  8 Y  

J
¿)lim

\ x -  2 .

7. (1 2 1 -1 4 0 ) y = f ( x )  fu n k s iy a  b e rilg a n . B u  fu n k s iy a n in g  
u z il is h  n u q ta la r in i to p in g  (aga r m a v ju d  b o ‘ Isa) va tu r in i 
a n iq la n g . C h iz m a s in i yasang:
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121.

122.

123.

f ( x )  =

f ( x )  =

f ( x )  =

124. f ( x )  =

X + 4 , x  < - 1  

x 2 + 2 , — 1 < x  < 1 

2x , x >1

x +  2, x <  - 1  

x 2 +1, - 1  < x < 1

-  x + 3, x >  1

-  x, x < 0

- ( x  - 1)2, 0  < x < 2  

x -  3, x > 2

cos x ,  x  <  0

x  2 + 1 , 0 < x < l

X,  X > 1

125. f ( x )  =

126.

127.

f ( x )  =

f( x )  =

128.
f(x) =

- x ,  x <  0 

x 2, 0 <  x  <  2 

x  + 1 , x  >  2

- x ,  x  <  0 

sin x , 0 <  x <  n

x - 2 ,  X >7t  

- ( x  + l), X < - 1  

(x + 2)2, -  1 < x < 0 

x, x > 0

-  x 2 , x < 0

tgx , 0 < x < —  
Б 4

я2,  x > —
4

-  2 x,  x < 0

129. f ( x ) =< x 2 + 1, 0  <  x S 1

2 , x > 1

- 2 x,  x  < 0

130. f ( x ) = . V x , 0  < x  < 4

1, x > 4

131. f ( x )  =
- - x 2 , x  <  2  

2

x ,  x >  2

2  V x , 0  < x  < 1

132. f ( x ) = . 4 - 2 x ,  1 < x < 2,5

2x - 7  2 5 ^ x < o o

2x +5,  -да < x <  -1
133- f ( x ) = . 1

—, -1  <  X < 00 
X

134. f ( x )  =

-  X, x  <  -1  

2
-, x  >  - 1

135. f (x) =

X — 1

1 — x 2 , x  < 0

( x - l ) 2 , 0 < x  < 2  

4 - x ,  x > 2

[ x 2 , x  <  3 

[2 x  +  1, x  > 3

x 2, x < 0  

137. f (x )  =  j s i n x ,  0 <  x <  л 

x - l ,  x > n

136. f ( x )  =

121



x 2 , x < 0 - x 2 , x  < 0

138. f ( x )  =  - l - x ,  0 < x < 4  140. f ( x )  =  • x  +  1, 0 < x < 2

V x ,  x > 4 3, x  >  2

2 V x , 0  <  x  < 4

139. f ( x )  =  • x  + 1 , 4 < x < 5

6, x  >  5

B i r  o ‘ z g a r u v c h i l i  f u n k s i y a n i n g  d i f f e r e n s i a l  h is o b i

8 .(1 4 1 -1 6 0 ) B e rilg a n  fu n k s iy a la m in g  h o s ila s in i to p in g :

141. a ) y  =  ( l  +  V x ) 3 ; 

в ) у  =  ( l n s in ( 2 x  +  5 ) ) ;

142. a ) y  =  X 2 V 1 - X 2 ;

B ) y  =  a r c t g ( e 2 x )  ; 

(1 + * 2 ) 

( l - x )  •

в ) у  =  a rc s in  V l - 3 x  ; 

3 +  6 x

143

144. a ) y  =

3 . a ) y  =  x

4 x  +  5 x '

в ) у  =  X • ln  X ;

X
145. a ) y  =  

в ) У  =

[~2 2 ' V а - л

X • In X

X — 1 ’

6 ) y  =  (e cos!t + з ) 2

r ) y  =  x x " .

4 ( s in  x )
6) y = -------

COS2 X

r )y  = X х .

6 ) y  =
1

t g 2 2 x

r ) y  =  x

6)y  =  s in  x  -  x  • cos x  ;

r )y  = x_  Y -tg x

6)y =
-  (sin2 x)

(2 + 3 COS x)

r ) y  =  ( a r c t g x ) n x .
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146. a ) y  =  - r — -------+ 5 - л / х 3 +1 ; б )у  =  2 - t g 3( x2 + l ) ;  

л /х 2 +1

в ) у  =  3 a r c t g x 3  ; г ) у  =  ( a r c tg x ) x .

147. а)у -?  ~— ; б )у  = — tg2x + lncosx
V l - x  2

в) у  =  a rc tg ------- Д = = ;  г ) у  =  (х  +  х 2 ) \
1 +  V 1 — x

148. а )у  =  3 - з / х 5 + 5 х 4 - — ; б )у  =  1п ^  S' nX

x 2

-  X

1 +  sin X

в ) у  =  a rc tg ( tg 2 x ) ;  г ) у  =  (s in  х ) 1п х .

149. а )у  = 5 - ф 5 + Х + - ;  б ) у  =  2 х • е_х ;

. (a r c s in  х )  /
ß ) y  =  - Х — ^  r ) y  =  ( c o s x )

150. а )у  =  л/х2 + 1  +  л/х3 +1 ; б )у  = tg3x  -  tgx +  х

I ̂ 2
в ) у  =  a rc tg  ------- -- ; г ) у  =  (c o s  х ) х .

V x  -  2

151. а ) у  =  — •$/ —— б ) у  =  a r c s in ( ln x ) ;
3 V x  +  2

в ) у  =  s in 2  ( х 3 ) ;  r ) y  =  ( s i n x ) X .

sin2 X

X - S i n a  . ех
в ) у  =  a r c t g - -------------------- ; г ) у  =  X .

1 -  x  • co s  а
Х 3 ____

153. а ) у  = -------  ; б )у  =  л/cos x  ■al/cosx

3 - v ( i  +  x 2 )3
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ß ) y  =  l n ( a r c s in 5 x ) ;  

154. a ) y  =  (a  +  x ) V a - x  ;

ß ) y  =  a rc c o s  V x ;  

| x ( x - 1 )

l 5 5 - a ) y = V T r r ;

ß ) y  =  a rc s in  V s in  x  ;

156. a ) y  =  ^ 2  +  x 4  ;

ß ) y  =  a rc s in  V x  ;

2 x
157. a )y  =

V l - x :

ß ) y  =  -\/ l + a rc s in  x  ;

158. a )y  =  x 2  - V x 2" ;

1
ß ) y  =

a rc tg x

159. a )y  =
(x  -  [ f j x  +1

x - 2  

(l +  x 2  n r c tg x
B)y = ------- f - -------

160. a ) y  =
V 2 x  - 2 x  +  l

r ) y  =  V x  .

1 +  c o s  2 x
6) y =

1 -  c o s  2 x  ’

r ) y  =  x x .

6 ) y  =  V c o s 4 x  ;

r ) y  =

6 ) y  =  s in (a x ) -c o s  — , 
a

r ) y  — 

6 )y  =

/  J \ x 

+  —
V X;

1

ß )y  =  — (a rc s in  x ) 2  a rccos  x  ;

3 cos2 x cos x 

r ) y  =  ( c o s X y i n 2 x .

6 ) y  =  s in (x  - cos x ) ;

r ) y  =  ( s in  x ) c o s x .

6 ) y  =  s i n 2 ( x 2 - 5 x  + 1) ;  

r ) y  =  .

6 ) y  =  t g 2 5 x ;  

r ) y  =  x l n 3 x .
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d y  d 2y  i
9 . ( 1 6 1 -1 8 0 )  Berilgan funksiyalar uchun —  va —  lar

topilsin:

161. a)y =
x 2 - l

162. a ) y  =  In  c t g 2 x  ;

163. a ) y  =  X 3  ln  X ;

164. a ) y  — X • a r c tg x  ;

165. a ) y  =  a r c t g x ;

166. a ) y  =  e ctg3x ;

167. a ) y  =  e x ■ c o s x  ;

168. a ) y  =  e ~ x - s i n x ;

6 )

169 . a ) y  =  x - \ l  +  x 2  ;

6 )

6 )

6 )

6 )

6 )

6 >

6 ) .

6 )

t
X =  c o s  —

2  .

y  =  t - s i n  t  

x  =  t 3  + 8 t  

y  =  t 5  +  2 t  

X =  t  -  s i n  t  

y  =  1 - C O S t  

2t
x  =  e 

y  =  COS t

x  =  3 c o s 2  t

3 .
y  =  2 s in  t  

x  =  3 c o s t  

y  =  4 s in 2 1 

x  =  3 t  — t 3 

y  =  3 t 2  

x  =  2 t  — t 3 

y  =  2 t 2  

X =  t  + I n  c o s t  

y  =  t - l n s i n t
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171. a ) y  =  x 2  +  s in  S x  ;
X =  cos  t  + 1 s in  t

172. a ) y  =  x 5 - l n x ;  6 )<

y  =  s i n t - t c o s t  

X =  a ■ c o s 3 1 

y  =  a - s i n 3 1 

3at

173. a ) y  =  X - s in  X ; 6 )-
1 +  t 3 

3 a t

У ~  1 +  t 3

174. а ) у  =  X 2  - е 3 х ;

175. а ) у  =  s i n X - c o s 2  X ;

176. а ) у  =  s in  З х  s i n 2  х  ;

177. а ) у  =  lo g ( x 2 - З х  +  2 ) ;

178. а ) у  =  X 3 - l g x  ;

179. а ) у  =  s i n 4  X +  c o s 4  х  ;

б )

б )

6)J

б)<

б )

б )

X

У

Г*

X =

У =
X -

=  t  +  2 t  

=  l n ( t  +  i)

=  a ( t - s i n t )  

=  a ( l  -  c o s t )  

2s in t  +  s in 2 t

2 cos t + cos2 t

a rcs in  VF

arcs in  V i - 1 2 

=  a c o s t  

=  b s i n t  ’

— I n t

3 •

У =
X

X =

y = t



180. а)у = InVl + x2
X =  a r c s in  t

б )  л ----- 2y  =  V l - t 2

10. (1 8 1 -2 0 0 ) Lopital qoidasidan foydalanib  quyidagi 
limitlarni hisoblang:

181. a)lim

B)lim
X—>1

2<:os2 X - 1  .
lnsin X

6) l im
e x + e~ x -  2

x->o sin X

3x - 1

,82- a)lim -s

I  x +  1 J

(2 X -1 )2
— „s in  7tx -s in 3 jix

x - 4 e ~ e 2

6)lim
x -» 0

1 + x s in  X  - c o s 2 x

s in 2 X

B )lim
s in x

sin a

ln(x -> /2 х  -з)
183- a) l im — лх .г/ wr

x _>2 S i n  -  S l l l [ ( x  -  1 J K \

B)lim
x - >1

184- a) l im
x —>2

2x  -  1 ЙГ-1

x —>1 V X у

t g x - t g 2  .

S ill l n ( x - l ) ’ 6) l i m
t g x - t g a  . 

In x -  In a

185.

B) l i m
x -> 2

a>lilTT

c o s x  V -2

c o s a  J
lg2x  _ ^ - s in 2 x  

sin  x - 1 6)lim
x-> 0

^¡\ + I g X  -  л / 1 +  S in  X  .



1ÖA m - ln Sin 3X
186- aH i m - ----- TT

x_>i (6x  — 7tj
5) l im

;(e* - e ~ x ) .

x-»o e x 1 -  e

187.

- * = 4 ------------------------------

sinfV2x2 - 3 x  -  5 -  Vl + x 

d) ̂  ln(x -  l)- ln (x  + 1)+ ln2

s)lim
co sx

188- a)lim

x—>2 \cosaJ 

\ - 2 n  

x ^ x t g i 008* - 1) ’

189. a ) 1 j m
l n ( 4 x - l )

x->, i  V I  -  COS 7CX - 1

x-»2ti

'Cig2>
COSX )sin3x

l90- a) lim
arcsin x+2

x->-2 -iV2^ "V Z+X+A _ Q

B) l i m ( c o s x X'"2 2»-
x-»27t

ŝinTCX _ |
19L a) l im  { — r j ;

x-»3 InyX - 6 x - 8 )

192.

ß)lim
x-»3

a)]im

•St -6 -  x \

1 “ .J

ln cos 2x .

T W '

6H im -
aax ßx

0 s in a x  - s in ß x

V l  +  x - s i n x  - 1
5 ) l i m  -s-------------

x->o e  - 1

6) lim
l - 2 c o s x  .

sin1( n - 3x )

6) lim
X—>1

1 — X 

sin 7 IX

ö)lim
sin x -  COS X

X_>T4

6)lim
x -» b

ln tgx

x ba -  a

x -  b
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/ vIlEL 
в) JlJYJ (cos x)s¡n4x

х->4я

193- a) l im
t g ln ( 3 x - 5 )  .

j ’ x+3 X +1

t g f

194.

x-> 2  e J - e

B) l i m ( 3 - 2 x )
X—>1 

s . In COS X .
a) l i m — i— ’

X—>2л 3 Sm X - 1

в) 122П (COS x)lg5x s¡n 2x 

x —>471

_41. l - c o s 2 x  + tg2x  .
6) l im -------- " i  ■ ’x_»o x - s in 3 x

6) l i m
s i n 2 x - 2 s i n x

х->0 x - ln c o s 5 x

195. a) l im
Vi + ln2 x - 1 . _ . r  ln(x + h ) + l n ( x - h ) - 2 l n x

x->l l + c o s r a

/

B)lim
x->3

9 - 2 x

\

'g v

in c  c o s o
196- a) l im -------- 1.s in x  _sin4x x—>7i c - e

■ H i r n k m * ) 6 ' « 1" -

6>lim
h->0

x -И  !o g 2 X

197. а )И  M 2 ^ 5 ) ;
U l l i  „sm5x i 
x->3 e - 1

в) Н т ( 2е’'“| - |Р -
x —>1

198- a) l im
sin2 6x _  sin2 3x с с

к lo g 3 c o s 6 x

6)lim
sin 2x _  sin x

С V/

x->0  18 х

6)lim
Х-И

2 * - 2  

ln X

B)lim| ‘g -
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sin2x tg2x SÍn(x +  h ) - S Í n ( x - h )  .

» l i m — ZT,— ; 6) i m ----------- г  ’
X .Я l n 4 r  h -> 0

T
¿x-l

в) Н т ( 2 е * '
x->l

___3-

tgl ex+2 -e j  4 ^ 7 1 - 4 2 .

m  a ) l i m — --------------r — '■ 6 ) l i m
x ^ - 2  t g x  +  t g 2  x _>0 s i n 3 x

B)lim (1 + C0s3x)secx'
x-»4

11. (2 0 1 -2 2 0 )  B erilgan  fu n k siyan i x = x 0 nuqta atrofida  
Lagranj sh ak lid ag i q o ld iq  hadli T ey lo r  form u lasi b o ’y ich a  4 -  
darajali h ad gach a  y o y in g .

2 0 1 . f ( x )  =  л /х ;  x 0 = 1

2 0 2 . f ( x )  =  л/ l  X ; x 0 = 0

203 . f ( x )  =  I n x ;  x 0 =  2

204 . f ( x )  =  s i n 2 x ; x 0 =  0

205. f ( x )  =  c o s 2 x ; x 0 = 0  

205 . f ( x ) = x 2 ■ l n x ;  x 0 = 1

~ Ш .  f ( x ) =  x 4 -  x  -t- = —£  ~

208 . f ( x )  =  — ; x 0 = 2
X

2 0 9 . f ( x )  =  s h x ;  x 0 = 0

2 1 0 . f ( x )  =  c h x ;  x 0 =  0

2 1 1 . f ( x )  =  V l  +  x ;  x 0 = 3

212 . f ( x )  =  V x ;  X 0 =  8
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213 . f ( x ) =  2 х ; x 0 =  О

214. f ( x )  =  —— ; x 0 =  2
X  - 1

215 . f ( x ) =  V x ;  x 0 =  4

216. f ( x )  =  V x  +  1; x 0 = 0

217. f ( x ) = x l n x ;  x 0 = 1

218. f ( x ) =  s i n 2 x; x 0 — 0

219. f ( x )  =  c o s 2 x ; x 0 =  0

2 2 0 . f ( x )  =  л/1 +  x ;  x 0 =  0

12. (2 2 1 -2 4 0 )  B erilgan  fu n k siyan i h o s ila  yord am ida  
tek sh irin g  v r te k s h ir is h  natijalariga k o ’ra fu n k siy a n in g  graflg in i 
ch iz in g .

221. l)y = ; 2)y = (2x + 3)-e-2(x+l);
X 2

3 ) y  =  2 - x ) ( x 2 - 4 x  +  l ) .

2- ( x + l )
X 2 - X  +  l ___ e  '

2 2 2 Л ) у = _ _ _ ; 2>y ~ u ^ Y Ÿ

3)у = a/(x +  3 ) [ х 2 +  6 x  +  ó).

223. l)y = —т—----; 2)у = 3 ■ ln — -1  ;
x  +  2 х  x - 3

3 )у  =  д /(х  +  2 ) ( х 2 +  4 х  +  Т ) .

224. l)y = ~ ~ т  ' 2)у = (З -х) е
3 + x

3 )у  =  д /(х  +  l ) ( x 2 -f- 2 х  — 2 ) .

х-2
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12 е 2~х
22 5 . l ) y  =  2 )у  =

9 +  х 2 2 - х

3 )у  =  д /(х  — l ) ( x 2 - 2 х - 2 ) .
2

X - З х  +  З ч , X
2 2 6 . 1) у  = —-------- —;— 2 ) у  = In-+ 1

X — 1 х  +  2

3 )у  =  ^ / ( х - 3 ) ( х 2 - б х  +  б ) .

2 2 7 . 1 )у  =  1 ^ - ; 2 )у  =  (х  - 2 )  е 3_х ;
x J

3 )У - Щ * 2 - 4 x 4 - з )2 .

2 2 8 . 1 ) у =  — - 4 * + i ; 2 )у  =  - ^ Ц ^ ;
X - 4  2 ( х - 1 )

3 ) у  =  ^ / х 2 ( х  +  2 ) 2 .

2 29 . l ) y  =  - -X-  +  1 ; 2 ) у  =  3 - 3 1 п
X 2

X 2

X

X  +  4  ’

3 ) у  =  ^ х 2 ( х - 2 ) 2 .

230 . l ) y  =  í l d L ;  2 ) у  =  - ( 2 х  I IX '21* ’ ' 1:

3)у =  л/(х2 - 2 x - l ) 2 .

231  l ) y  =  - i — • 2 W ^ . + .2 ) .
,У  ( х - 1)2 • *  2 ( х  +  2 )

3 ) у  =  т / х 2 ( х  +  4 ) 2 .

132



—

232. l)y = i+I
X  ;

233 . l)y  =

3 ) y  =  ^ x 2 ( x - 4  Y  

1 2 - 3 x 2

X + 1 2 _ _

3 ) y  =  ^ /(x  +  3 ) x 2 .

23 4 . l ) y  =
9  +  6 x - 3 x ‘

235. l)y  =

X - 2 x  +  13  

3 ) у  =  д / ( х - 1 Х х  +  2 ) 2

8 x

X2 + 4

236. l)y =

3 ) y  =  l / ( x - l ) 2 - V ?

^ x - l ' 2 

X  +  1 ^

3 ) y  =  V ( x  +  6 )-

2 37 . l ) y  =
9 x 4 + 1

3 ) y = V ( x - 4 X x  +  2 ) J

238 . l ) y  =
4 x

2 ) y  =  In — -  2
x - 2

2 ) y  =  (2 x  +  5 ) -e  2(x+2);

2 ) y  =

3 - x

3 - x

2 ) y  =  2 1 n  — ------1;
X  +  1

2 )y = (4-x)e x - 2

2 ) y  =
e -2(x+2) 

2 ( x  +  2 ) ;

( x  +  1) 2 

3 ) y  =

2 ) y  =  2 l n - ^ - 3
x
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239. l ) y  =  5 ~ - A ~ 2 ) y  =  ( 2 x - l ) e 2^ ~ x^
(x +  1)

3 ) y  =  ^ /(x  +  l X x - 2 ) 2

1 - 2 x 3 p _ (x + 2 ) i-------------------
24«. 1 )У = - Ц ^  2 ) y -  e  

 ̂ x  +  zX

2 - § .  IK K IN C h I  Y O Z M A  I S h  T O P S h lR I Q L A R I  

B ir  o ‘zg a r u v c h ili fu n k siy a n in g  in te g r a l h iso b i

1. (2 4 1 -2 6 0 )  Q uyidagi aniqm as integrallarni h isoblang. 
M isollarning a) va b) bo'lim larida integrallash natijasini 
d ifferen sia llash  orqali tekshiring.

241 . a ) | e s,n x s in 2 x d x ;  6 ) j a r c t g V x d x ;  

r ) J e x ln (l +  3 e x ) d x .

242 . a )  [ e sin2x ■ s in  2 x d x ;  6 )  [— 77= = ;
J 1 +  -V X  +  1

• 2 x 2 - 3 x  + 1  N г d xв ) | £ ^ £ ^ ; r ) | _  
J Y * 4- I J 511

243

X + 1  J s in  X +  t g x  

x 4d x

1 V 1 -  X 2
3 . a ) J — ; 6 ) j x - 3 xd x;

( 3 x - 7 ) d x  f dx
в )  f - ; -------- ; r ) [ -

j V3 4 - l ï 2 4-1ЛX 3 +  4 x 2 +  4 x  +  16 ’ J 7 7 7 ^  +  V ( x + 3 )2 ' 

d x  г x  ■ a r c s in  x  

c o s 2 x ( 3 t g x  +  l )  ’ •* л / 1 - x 2
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d x

в ) í"

Г '245. а) - 
J i

+  5 x 2 +  8 x  +  4  

s in  x d x

X 3 +  X 2 + 2 x  +  2 

c o s 3 x d x  

4  +  s in  3 x  ’ 

x 2d x

• 4

B ) f

V e o s 2 X

( x  +  3 ) d x

x J +  X 2 -  2 x

B)j

2 4 8 . a ) J

B){- 

• a ) Í7

1 +  x  

( x 2 - 3 ) d x  

x 4 +  5 x 2 +  6

a r c t g v x d x  .
— r=7-------T d x ’

V x ( l  +  x )

x 2d x

x  - 8 1  

3 s i n  x d x

V 3  +  2 eos  x

250 • * > 1

( x 2 -  x +  l)dx  

x 4 +  2 x 2 -

V 4  +  ln  x

B )-f x 4 +  2 x 2 - 3

. f X 2 + V l  +  x

r)j VTT7
6 )  J x V ' d x  ; 

eos  x d x

d x .

r ) \
1 +  eos  x

6 )  [ x  a r c s i n — d x  ; 
J x

4 f  ( V x  + l ) d x

2 47 . a )  J ^X +  a r c tb x ^ , ■ 6 )  J x l n ( x 2 +  l ) d x  ;

dx;

r )  p p k k  

■* V x  +  5 + 1

6 )  J x  s in  X e o s  x d x  ;

r)J-----------
J 3 e o s  x  +  4  s in  x  

6 )  J x 2 s in  4 x d x  ;

r ) f ( ^ - ' M + 1 )d x  

6 )  J x l n : x d x ;
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251.

252.

253 .

254.

255 .

256.

»)f
(x3 -  ó)dx

X4 + 6 x 2 + 8

O f - Ä h ;

' ^ ( x  +  l j y + l ) '  

d x

•>iл/х+Т + 1 ’
. f X  + x  + 2 ,

в ) J — 7----------^r-dx :

oj

X ^ - l f

e x d x

e 2x + 4

r x  +  V x 2 + v x

B)J " x O ^ r

a ) J ( 2 X -- 3- ^ x ;  

( 2 x  -  3 ) з  

. p d x

B) J - r T — =  ;
л / х  - 4 x  +  6

a )  J ( 3 x  +  4 ) e 3xd x  ;

2 2 - x
d X ;

^ ( 2 - x ) " \ [  2  +  x

a )  J ( 4 x  - 2 ) c o s 2 x d x ;

r>J
dx

2  sin  x  -I- co s x  +  2

6 )  J e 2xx 3d x  ;

rWBdx-
6 ) J x 2 c o s  x d x ;

N f  dX

r ) J ( x - l ) ^ -

6 ) { ^ d X ;
J S in  X

r ) | s i n  2 x  c o s  x d x

6 )  J s i n 5 x  - c o s 7 x d x  ; 

r )  [ a r c tg ( V 4 x  - l ) d x .

d x
J x ‘  - 4 x  +  3  

r )  J s in  x  • c o s 3 x d x  

г 2 x 3 +  5
6) J - --------- r dx;

x  — x  — 2
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B ) f
d x

257. a )  J ( 4 - 1 6 x ) s i n  4 x d x ;

r )  J s in  2 x  c o s 4 x d x .

6 ) J -
2 x 3 - 1

-dx;

b) Í<
л/ X + 1  +  2

( x  + l ) 2 -  V x  +  1 

258. a )  J l n ( x 2 +  l ) ;

d x ;

x" +  x  -  6  

r )  J s in  2 x - c o s 3 x d x .

3 x 3 +  2 5

B )f
d x

’ V x  +  \ [ x  ’

259. a ) J ( 5 x  - 2 ) e 3xd x ;

6)J

r)J

-d x ;

6 ) J :

x 2 + 3 x  +  2  

d x

5 +  4  s in  x

( х 3 + 2 х 2 + з )
-d x

(x  -  lX x  -  2 % x - 3 )  

в ) |V ( x  -  i X x - 2 ) d x ;  r )  J s i n 3x - c o s 2 x d x .

260 . a )  J ( l - 6 x ) e 2xd x ;

d x

6)J
3 x 3 +  2 x 2 +  1 

(x2- 4 \ x  + \)
d x ;

b ) J
\ l ( x -  lX x  +  l ) 2

r )  J s in  4 x - c o s  5 x d x .

2 . (2 6 1 -2 8 0 )  X o sm a s  integralni h iso b la n g  y o k i u n in g  
u zo q la sh u v ch ilig in i k o ‘rsating:

261 . J x e -X d x 264 ■ Í
x 2d x

262

263.
CO

Í
- I

x d x  

d x

L

265. f
d x

x

r ( x - l ) 3

x 2 +  X + 1
266

L

J
d x
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r dx V dx
267 . — ------ ---------------------------------- 274. \ - ------------

[  x ln X l  (x -  1)"

268. 275. Jlnxdx
0 ( x - 2 ) 2 0
4 J ..  6d x  r d x

2 6 9 . , - — =  276.

270
r d x  °P

. — — --------- 277. x e Nd x
J x ~ + 4 x  +  5 •> 

d x

-00
00

271 . f — 278. Je Xd x  
J x 2 + 1  0—00
I

r d x  f  d x
272. —  279 . I -

J v  JA -00 '

273

0 x

2 d x

x 2 +  2 x  +  2

3 .(2 8 1 -3 0 0 )  A niq integral tatbig'iga oid masalalarni yeching:

281 . y = 3 x 2+ l parabola va y= 3x+ 7  to ‘g ‘ri ch iziq  bilan  
chegaralangan yassi figura yuzini hisoblang.

282 . x=a(t-sint); y = a (l-c o s t)  (0 < t <2n) sik loidaning bir arkasi 
va Ox  koordinata o ’qi bilan chegaralangan yassi figura yuzini 
hisoblang.

283 . r=3(l+cosq>) kardioida bilan chegaralangan yassi figura  
yu zin i h isoblang.

28 4 . r=sin2cp to ‘rt yaproqli atirgul bilan chegaralangan yassi 
figura yu zin i hisoblang.
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285 . y = 4 -x 2 va y = x 2-2x parabolalar bilan chegaralangan yassi 
figura yu zin i h isoblang.

286 . 6 x = y 1-1 6 y  va 2 4 x= y3-16y  kubik parabolalar bilan  
chegaralangan yassi figura yuzini h isoblang.

/
287 . x=a-cost, y=a-sint ellips bilan chegaralangan yassi figura  

yuzini h isoblang.

288 . r=acos3(p uch yaproqli atirgul bilan chegaralangan yassi 
figura yuzin i h isoblang.

289 . y2= 2p x  va x=a chiziqlar bilan chegaralangan figurani Ox 
o ‘qi atrofida aylantirishdan hosil b o ‘lgan jism ning hajmini 
hisoblang.

290 . 2 y = x 2 va 2x+ 2y-3= 0  ch iziq lar bilan chegaralangan  
figuraniag Ox o 'q i atrofióla ay lantirishdan hosil bo'lgan  jÍMiniiiig
hajm ini h isoblang.

291. y = 4 -x 2 va y= 0  chiziqlar bilan chegaralangan figurani x=3  
to ‘g ‘ri ch iz iq  atrofida aylantirishdan hosil bo'lgan jism n in g  
hajm ini h isoblang.

292 . y = x 2 va y  =  -v/x chiziqlar bilan chegaralangan figurani 

Ox o 'q i atrofida aylantirishdan hosil b o 'lgan  jism ning hajm ini 
hisoblang.

293 . y  =  3 V l  — X ‘ , X = -J\ -  y  ch iziqlar va Oy o 'q i bilan

chegaralangan figurani Ox o 'q i atrofida aylantirishdan hosil 
bo'lgan  jism n in g hajm ini hisoblang.

294 . y  =  — - —  va y=x chiziqlar bilan chegaralangan figurani
1 + x 2

Oy o 'q i atrofida aylantirishdan hosil b o 'lgan  jism ning hajm ini
hisoblang.
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295 . x = a co s3t, y=asin3t astroida bilan chegaralangan figurani 
Ox o ‘qi atrofida aylantirishdan hosil b o ig a n  jism n in g  hajm ini 
hisoblang.

29 6 . y  =  -  2 ) 3 yarim  kubik parabolaning A (2 ; - l)  va

B (5;-8) nuqtalar bilan chegaralangan yoyin in g  uzunligini 
hisoblang.

297 . i -3 ( l -c o s tp )  kardioidaning uzunligini hisoblang.

29 8 . x=3(t-sin t), y = 3 (l-c o s t )  sik loidaning bir arkasining  
uzunlig in i h isoblang (0<t<27i).

299 . x= a co s3t, e= asin 3t astroidaning uzunligini h isoblang.

300 . K esish ish  nuqtalari A ( 1 ; 1 ) va B ( - l ; l )  nuqtalarda bo'lgan

y 3= x 2 va y  =  a/2 - x 2 egri ch iziqlar bilan chegaralangan  
figuraning perim etrini hisoblang.

K o‘p o ‘zg a ru v ch ili fu n k siy a la r

4. (3 0 1 -3 2 0 ) z= f(x ;y ) funksiya berilgan.

5 z  dz d 2z d 2z d 2z '  

d x ’d y  ’ dxdy  ’d x 2 'd y 2
=  0  ayniyatni isbotlang.

/

y  „  1 d z  1 d z  z  
301. z = ,  3 y F = - —  + -  —   

(x — y j X dx y d y  y 2 

y . / x „  d z  d z  2 302. z  = —— +  arcsin(xy/, F = x  xy— + y ;
3 x  d x  d y

d 2z d 2z
30 3 . z  =  l n lx ‘ + y "  + 2 x  +  U  F =  — — + — — ;

d x 2 d y 2
i .  z = ln(x2 + y2 +  2 x  +  l)  F =
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304. z

305. z

306. z

307. z

308. z

309. z

310. z

311. z

312. z

313. z

314. z

315. z

316. Z

У p_ 1 ôx + 1 ôx z 
(x2 -  y2)’ x dx + y dy y 2 ’

ôz 52z ôz ô 2 z= ln(x + e 'y) F = —  ■
Sx S x d y  ô y  5 x 2 ’

= F = X ^ A
y  ôxôy d y

=  x y ; F  =  ^ - - ( l  +  y l n x ) ^ ;
ôxôy dx

-  2 3 2Z d 2Z 2 5 2Z
= x ex ; F = x  —y  +  2 x y - ^ -  + y

ÖX“ 5x5y ôy
. / y ‘ ô2z 2 d 2z = sm(x + ay/, F = — - - a  —

ôy dx~

=  c o s y  +  ( y - x ) s i n y ;  F  =  ( ^ - y ) ^ ¿ —
oxoy dy

fy^j dz dz

= x ' 4 x )  F = x & +y^ T z

= 4у(*г - у г) f  = 1 ^  + 1 3 £ - 4  
n  У * х д х  у д у  y 2

2f  x ]  с  0 d 2z d 2z  = 2cos y—  ; F = 2—-  + -
д х ~  dxdy

dz dz
=  xy  +  3y; F = x —  + y ------- x y - z

dx dy

2 2 r  ^Z dz  2 2  
=  8 y - x " - y  ; F  =  x —  +  y ------- z  +  x  + y

dx dy

=  3 x (x  +  y ) + 4 y ( x  +  y )  F  =  - ^ -  +  - ^ 4
V j v  dx dxdy dy
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3 1 7 . z  =  x y +  7 y ;  F  =  x —— +  y - —  x y - z

5 .(3 2 1 -3 4 0 )  z = f (x ;y )  fu n k siy a , A (x 0,y 0) nuqta va a vek torlar  
b erilgan .

Toping:
a) z = f (x ;y )  fu n k siy a n in g  A  n uq tad agi grad ien tin i.

b) a  v ek to r  y o 'n a lish i b o 'y ic h a  z = f (x ;y )  fu n k s iy a n in g  A  
n uq tad agi x o s ila s in i.

321. z  =  x 2 +  x y  +  y 2 ; A ( -  1 Ц ) ,а ( 2 ; - 1 )

322. z =  2 x 2 + 3 x y +  y 2 ; A ( 2 ; l ) , a ( 3 ; - 4 )

323. z = l n ( 5 x 2 + 3 y 2 ) ; A ( l ; l ) ,a ( 3 ; 2 )

324. z = l n ( 5 x 2 + 4 y 2 } , A ( l ; l ) , a ( 2 ; - l )

325. z  =  3 x 2 + 6 x y ; A ( 2 ; l ) , a ( l ; 2 )

326. z = a r c t g ( x y 2 );A ( 2 ; 3 ) , a ( 4 ; -  3 )

329. z  =  3 x 4 +  2 x 2 y 3 ; A ( - l ; 2 ) , a ( 4 ; - 3 )

330. z  =  3 x 2 y 2 + 5 x y 2 ; A ( l ; l ) , a ( 2 ; l )

32 8 . z  =  l n ( 3 x 2 + 4 y 2 } A ( l ; 3 ) , a ( 2 ; - l )
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331. z =  x y  +  2 y 2 - 2 x ; A ( l ; 2 ) , a ( — 2 ; l )

332. z =  2 x y  +  3 y 2 -  5 x ; A ( l ; l ) , a ( 3 ; -  2 )

333. z =  x 2 -  y 2 +  5 x  +  4 y ; A ( 3 ; 2 ) , a ( l ; l )

334. z =  3 x 2 +  2 y 2 — x y ; A ( -  l ; 3 ) ,a ( l ; 2 )

335 . z =  a r c s i n ^ ;А (3 ;2 )Д ( -3 ;4 )

336. z  =  X2 +  у 2 +  2 x  +  у  -  l ; A (2 ; 4 ) ,a ( 3 ; — 4 )

337 . z  =  x 2 -  у 2 +  6 x  +  3 y ; A ( 2 ; 3 ) ,ä ( 4 ; -  3 )

338 . Z =  a r c t g ( x 2 у  }  А ( 3 ; 2 ) , а ( -  3 ; 4 )

339 . z =  x 2 + 3 x y - 6 y ; A ( 4 ; l ) , ä ( 2 ; - l )

340. z =  З х 2 =  x y  T X T  y ; A ( l ; 3 ) , a ( 2 p  l )

O d d iy  d iffer en sia l ten g la m a la r

6 .(3 4 1 -3 6 0 ) Berilgan d ifferensial tenglam alarning um um iy  
yech im in i toping.

341 . a) ( х 2 - у 2 У  =  2 х у ;  b) ( l - x 2 ) y " = x y '

342 . a) (l +  X2 У ' -  2 х У =  (] +  У  » b> 2УУ"+(У' )2 +  (у'У  =  0

343. a) x y ' =  y ln

344. a) x y '  +  y  =  3;

3 4 5 . a) x y ' + x e ^  =  y ;

346 . a) y 'c o sx  = (y + l)sin x ;

347. a) x y ' - y  =  7 x 2 + У 2

348. a) x 2y ' - 2 x y  =  3;

b) y " + y 't g x  =  s i n 2 x

b) y " + — =  x 2 
X

b) i +  (y ')2 +  y y " = o

b) (l +  y)y"-5(y')2 - 0

b) x y " + 2 y '  =  x 3

b) y " t g y  =  2 ( y ' ) 2
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3 4 9 . a) x V  +  У 2 -  2 х у  =  0 ;  b) З у у " + ( у ' ) 2 =  0

35 0 . а) х у ' + у  =  X + 1 ;  Ь) у " - 2 у ^ х  =  s in  X

3 5 1 . а) (1 +  е х У  =  у е х ; Ь ) у " = 1 2 8 у 3

3 5 2 . a) y ^  +  l n y j + x y ^ O ;  b) y " + 2 s i n  y c o s 2 у  =  О

3 5 3 . a) ( l  +  e * ) y y '  =  e x ; b) у " у 3 + 4 9  =  0

35 4 . a) y l n y  +  x y '  =  0 ; ь ) у " = 2 у 3

3 5 5 . a) V l - x 2 y ' + x y 2 + х  =  0 ;  Ь) у " у 3 + 4  =  0

35 6 . а) ( 3  +  е х ) у у '  =  е х ; Ь) у У = 4 С у ' - 1 )

3 5 7 . а) х - у у '  =  у х 2у ' - х у 2 ; Ь) 4 у 3 у '  =  у ' - 1 6

3 5 8 . а ) 4 х - 3 у у '  =  З х 2у у ' - 2 х у 2 ; Ь )Х 2у * - 2 х у ' + 2 у  =  О

3 5 9 . а ) л / 4 - х 2 у '  +  х у 2 + х  =  0; Ь ) у у ^  — ( у ' ) 2 +  ( у ' ) 3 = 0

3 6 0 . а) (ех + 8 ) у ' - у е х = 0 ; ь) у"  +  tg x y ' = sin 2х

7 .(3 6 1 - 3 8 0 )  B erilgan  ten g la m a n in g  t o ‘la d ifferen sia l ten g lam a  
ek a n lig in i an iq lab , uning u m u m iy  y e c h im in i toping:

3 6 1 . 3 x 2 e y d x  +  ( x 3 e y - l j ü y  =  0 .

Г 2 . 2  2 x  V  2 x  2 x
3 6 2 . 3 x  + — c o s —  d x  =  — - c o s — d y .

V у у ;  y ‘ у
3 6 3 . (зх2 + 4 y 2 )d x  +  (8 x y + e y )d y  =  0 .

3 6 4 . j^ 2x  - 1  -  - y j d x  -  |^ 2 y  -  - j d y .

3 6 5 . (y  2 +  y  • s e c 2 x ) d x  +  ( 2 x y  +  t g x ) d y  =  0 .

3 6 6 . ( з х 2 у  +  2 y  +  3 )d x  +  ( x 3 +  2 x  +  3 y 2 jd y  =  0 .
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367.

368.

369.

370.

371.

372.

373.

374.

375.

376.

377.

378.

379.

380.

1 1 
+  — +  —

Vx2 + у2 x У

\

d x  +

(
У

/ 2 2
№  + У

1 x
+ --------- =■ dy =  0.

[ s in  2 x  -  2  c o s ( x  +  y ) ]d x  -  2  c o s ( x  +  y ) d y  =  0 .  

(x2 + y 2 + 2 x ) d x  + 2 x y d y  =  0 .

( x  +  y ) d x  +  (ey +  x +  2 y]dy =  0 . 

xy2dx + y(x2 + y 2 )tiy = 0 .

2 2 +  y
+  y d x  + x  + d y  =  0 .

1 + xy -----1 -  xy■dx + -----r^-dy = 0 .
x 2 y  

d x  x  +  y ‘

x y

- d y  =  0 .

i d x _ ^ n i dy =  o .
X X

x e x + 4  
x  j

lO xy  - -
1 \

sin  y
d x  +

,  2 XCOSy 2 . 3
5x~ + ------ -  y  s in  y

V sin  y
d y  =  0.

X + y á 

eydx +  (c

■ + e x d x -
x

2 2 
X +  y

d y  =  0 .

> У  = 0 .Icos y + xe- 

(y3 + eos x)dx + (3xy2 +ey jdy = 0.
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8 . (3 8 1 -4 0 0 ) M asalaning shartiga qarab d ifferensial 
tenglam aning xususiy  yoki um um iy yechim ini toping:

38 1 . 4 y У  =  у 14 -  16 , y ( 0 )  =  2 4 l  ; y ' ( 0 )  =  ~

382 . y"= 128y;y(o)= l;y'(o) = 8.
38 3 . y " y 3 + 6 4  =  0 ; y ( 0 ) =  4 ; y ' ( o ) =  2.

384 . y " =  3 2 s i n 3 у c o s y ; y ( l ) =  ^ -;y '( l)  =  4.

38 5 . y *=  2 y 3; y ( - 1 ) = l; y ' ( l )  =  L

386 . x 2 y " + x y '  =  l .

387 . t g x  • y *  =  2 y " .

388 . (l +  x 2 )y " + 2 x y '  =  X 3 .

389 . y " + - ^ y y '  =  2 x .
1 +  x

390. x 4 y " + x 3 y '  =  4 .

391 . y ' " - 3 6 y '  =  2 9 9 ( c o s 7 x  +  s in 7 x ) .

392 . 2 x y " '  =  y".

393 . x y " ' +  y " = l .

394 . x y "  +  2 y " = 0 .

395 . y " = 3 2 y 3; y ( 4 ) - l ; y ' ( 4 ) = 4 .

396 . y " y 3 + 1 6  =  0 ; y ( l ) = 2 ; y ' ( l )  =  2 .

397 . y"  =  2 y 3 , y ( - 1 )  =  1, y ' ( - 1 )  =  1.

398 . y " y 3 + y  =  0 ; y ( 0 ) = - l ; y ' ( 0 ) = - 2 .

399 . y 3y " = 4 ( y 4 - l } y ( 0 )  =  V 2 ; y ( 0 )  =  V 2 .

400 . xy'" = 2.
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9 .(4 0 1 - 4 2 0 )  y " + p y '+ q y = f(x )  k o 'r in ish d a g i ten g la m a n in g  

y 0= y ( xo), Ус/= У '(хо) b o sh la n g ‘ich  shartlarni q an oatlan tiru vch i 
x u su s iy  y e c h im in i top in g:

4 0 1 . y " + 4 y  - 1 2 y  =  8 s in  2 x ; y ( 0 )  =  0 ; y ' ( 0 )  =  0 .

402. y"-6y'+ 9y = xJ -  x + 3;y(0) = |  ;y'(0) = i .

403. y"+4y = e~2,;y(0)=0;y'(0) = 0.
4 0 4 . y " - 2 y '  +  5 y  =  x e 2x; y ( 0 )  =  l ; y ' ( 0 )  =  0.
4 0 5 . y " + 5 y '  +  6 y  =  12 c o s 2 x ; y ( o )  =  l ; y ' ( o )  =  3 .

4 0 6 . y " - 5 y '  +  6 y  =  ( l  2 x  -  7 )  • e _x ;y  ( o )  =  0 ; y ' ( 0 )  =  0 .

4 0 7 . y " - 4 y '  +  1 3 y  =  2 6 x  +  5 ; y ( o )  =  l ; y ' ( 0 )  =  0.
4 0 8 . y " - 4 y '  =  6 x 2 +  l ; y ( 0 )  =  2 ; y ' ( 0 )  =  3 .

4 0 9 . y " - 2 y ' +  у =  1 6 e x ; y ( o )  =  l ; y ' ( o )  =  2 .

4 1 0 . y " + 6 y '  +  9 y  =  1 0 e ~ 3x; y ( 0 ) =  3 ; y ' ( 0 )  =  2 .

4 1 1 . y"+6y' +  5y =  25x2 -2;y(o) =  l;y'(o) =  0.
4 1 2 . y " - 6 y ' - 9 y  =  3 x - 8 e 4 ; y ( o )  =  0 ; y ' ( 0 )  =  0.
4 1 3 . y " - 2 y '  +  1 0 y  =  3 7 c o s 3 x ; y ( 0 ) =  0 ; y ' ( 0 )  =  0 .

4 1 4 . y " - 4 y '  +  4 y  =  e 2x s i n 5 x ; y ( 0 ) =  l ; y ' ( 0 )  =  0.
4 1 5 . y" —4 y ' + 8 y  =  e x ( 2 c o s x - s i n x ) ; y ( o )  =  l ; y ' ( o )  =  2 .

4 1 6 . y " + 2 y '  +  y  =  e x - c o s 2 x ; y ( 0 )  =  l ; y ' ( 0 )  =  0.
4 1 7 . y " + 2 y '  =  4 e x ( s i n x  +  c o s x ) ; y ( 0 )  =  0 ; y ' ( 0 )  =  0 .

4 1 8 . y " + 2 y ' +  5 y  =  - s i n  2 x ; y ( o )  =  l ; y ' ( o )  =  0 .

4 1 9 . y " + y  =  2 c o s 5 x  +  3 s i n 5 x ; y ( 0 ) =  2 ; y ' ( 0 )  =  1.

4 2 0 . y " + 2 y '  +  5 y  =  - c o s x ; y ( 0 )  =  l ; y ' ( o )  =  0 .

1 0 .(4 2 1 -4 4 0 )  O 'z g a r m a s  k o e ff its ie n t li c h iz iq li d ifferen sia l
| t c ig la m a la r  s is te m a s i b erilgan .
I
i
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T o p ils in :
a) xarakteristik tenglama yordamida sistemaning umumiy yechimini;
b) berilgan sistemani matritsa usulida yechimini.

d x

~dt

d y

d t

d x

d t

=  4 x  +  6 y  

=  4 x  +  2 y  

=  - 5 x  -  4 y

—  =  - 2 x  -  3 y
I d t

d x
—  =  З х  +  у  
d t

d y
—  =  8 x  +  у  
d t

d x
—  =  - 4 x  -  6 y  
d t

d y  

I d t  

d x  

d t  

d y  

d t

=  - 4 x  -  2 y  

=  - 5 x  -  8 y  

=  - 3 x  -  3 y

d x

d T  =

—  =  - 7 x - 3 y  
d t

424.

d x
—  =  6 x  +  3 y  
d t

d y
—  =  - 8 x  - 5 y  

1 d t

430. '

d x
—  =  - 7 x  +  5 y  
d t

d y
—  =  4 x  - 8 y  

. d t

425. '

d x
—  =  - x  +  5 y  
d t

d y
—  =  x  +  3 y  

, d t

Vm

d x
—  =  5 x  -  у  
d t

d y
—  =  x  +  3 y  
d t

426. <

" d x _
— - =  3x -  2 y  
dt
dv
—  =  2 x  +  8 y  

- d i

432.
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dx
—  =  8x -  у 
d t

dy
—  = x +  у

V d t



d x
—  =  X -  4 y  
d t

d y

dt
=  X +  у

434. i

435 . I

436.

dx
—  =  3 x  +  y  
dt
d y
—  =  - 4 x  -  y  

I dt

—  =  x - 2 v  
dt
dy

—  =  1 2 x - 5 y  
dt
d y

d t
=  5 x  +  I 2 y

437.

d x
—  =  - 7 x  +  y  
d t

d y
—  =  - 2 x  -  5 y  
d t Г

4 38 . i

d x

dt
=  x  +  y

439 . I

—  =  - 2 x  +  3 y  
d t

f d x
—  =  2 x -  y  
d t

d y

d t
=  4 x  +  6 y

44 0 . i

dx
—  =  x  +  3 y  
dt
dy .
—  =  - x  +  5 y  
dt

3 - § .  U C h I N C h I  Y O Z M A  I S h  T O P S h I R I Q L A R I  

S o n li va  fu n k sio n a l q a to r la r
oo

1.(441-460) Berilgan £ Un sonli qatomi yaqinlashishga tekshiring: 
n=l

44 1 . u n =  3
n + 3

4 42 . u n =  „n 2

n J - 2  
2 n

4 4 3 . u  n =

n ¿ +  \

П ^  
2 n

444. un = 4
n4 -9
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4 4 5 - и п = т :— 1̂ г т  2 п - з
( 2 п  +  1 ) 2 - 1  4 5 4 .  un =•

3 2п+1

452. un =
'-j Зп

453. un =

n ( 2 n - 5 )  

2 n  +  l

" 5446. un = —  n
n (n  +  1 j

3 n ( З п )  

-44Tr Un = 7—V -----------Т Г Т Т
( 2 п )  456. u n =

n 3 - 2

448 . u n =  — -— -  7 1

2 457 " _ (n + l)ln(n + l)
n 3 2 n - l

4 4 9 ' U n 4 5 8 ‘ U n =
e  2 n 
n! n n+i

450- Un .n 459. un =
5"   ̂ n _ (n +  l )

( n  +  l X l n i n  +  l ) ] 2 4 6 0 . U n

2 . (4 6 1 -4 8 0 )  Berilgan ishoralari alm ashinuvchi son li qatorni 
yaq in lash ishga  tekshiring:

V V  Л п In n  ^  ( - 1 ) "
461. 2 > u  J T 7  463- S nr r r -

n=2 л / п 7 П=2л/  П +  1ПП
462.

V  ( ~ 3)п 1 464. 2 .
^  ^  з Г Т  4 Г з  n = i ( 2 n  +  l ) n
п=1 л/п  +Л /П
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V f  i ï n ^  +  2  
4 6 5 . Z ( - l )  4 / -  - j=

n = l v n + V n

4 6 6 . £
И ) "

n=1 n ^ /l +  ln n

n 3 n  +  2  

2 n  +  3
4 6 7 . I ( - l ) " l n

n=l

V  И "
4 6 8 . 2 . " T 7 -------Л

¿ Í  n l n ( n  +  l )

4 6 9 .
00 4 - 4 ) 1

+  e
-лАТ

n

473.

474 . ¿ ( - l ) n s i n —
n=i 2 л /п

0° 1

4 7 5 . K - i r ^ V
n=2 пл/ ln  n

( -1 )"

n=2 n V Ï ПП

n=2 « V i

47 8 . Ÿ j

n n

( -1 )"
„=1 5Æ + l n n  

( - 1 ) "

4 7 0 . î ( - l ) " t g -  
1 nn=l

00 -5 n

• " ' S l- , r ( 5 b î
0° 1

4 7 2  ( - 1 )” -------------
'  11 ln 2n

n = l
00

3 .(4 8 1 -5 0 0 ) Berilgan ^ a nx n darajali qatorning yaqinlashish
n=l

sohasin i toping:

V(n + I)" . . .  .  _ H J

479- S  4/1------
n=2 Пл/ l n  П

^  ( -  l ) n - n
4 8 0 . X  4  , 

n=1 n  +  ln  n

481. an =■
n!

4 8 2 . a n
( 2 n )
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483. an =■ 2n
n ( n  + 1)

484. an =n!

485. an

486. an =

487. an =

488. an =

489. an =

(2n)
n 1

1

3 n -n !  

(n  +  1)" 

1

n 2 n

490. an =

491. an

3 n (n  + 1) 

n

2 n (n  + 1) 

5 n

n!
4 9 2 - a n

n n

493. a n =  ( l  +  — 
V n

494. an =

495. an =

ft

n  +  1

496. an =

3 n (n  +  2 )  

f  n  ^ 2nЧ

497. an =

498. an =

\  2 n  + 1  у  

3 n  

/ 2 " ( 3 n - l )

1

499. an =

П n (n  + 1) 

n +  2

500. an =

11 n ( n  +  l )  

1

n  • 10 n - l

4. (501-520) Differensial tenglamaning berilgan boshlang‘ich

dastlabki to ‘rtta hadini toping:

501. y '  =  2 x  -  ln у  +  3 , у ( з )  =  1.

f  Л  A
502 . y '  — s in  2 x  +  c o s  у ,  у

503 . у '  =  2 1 n y  — x y , y ( 2 ) = l .  
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504 . y ' = x 2 + 2  In y ,  y ( — 2 )  = 1.

5 0 5 . y '  =  x - y  +  3 e y , y ( - 5 )  =  0 .

506 . y '  =  e y +  x y ,  y ( 3 )  =  0.

507 . y -  =  x  -  y  +  c o s  2 y ,  y ( — 4 )  =  0 .

5 08 . y '  =  2 x  -  c o s  y ,  y ( l )  =  \

509. y '  =  e 2y +  4 x ,  y ( — l )  =  0 .

510 . y '  =  x 2 + y 3 , y ( l ) = l .

511 . y '  =  x 3 - e _ y , y ( 2 ) = 0 .

5X1. V  =  2 x 2 +  y 3 -  5 , y ( 2 )  =  h

513 . y ' =  x 2 + - - 5 , y ( 3 ) = l .
y

514 . y '  =  X 4 -  y 4 +  2 ,  y ( - 1 )  =  1.

J_ 

x
515. /  = Xy----+ X ,y(-l)=  1.

516. y ' = X 3 + s i n y , y ( l )  =  -j.

517. y' = X  -  y + —, y(2) = 1.
y

518. y' = V? ~ x’ y(0 = 4-

519. y' = sin X  -f cos y, y
n

~2

520. y ' =  ( 2 x - y ) 3 , y ( 2 ) = 3 .

5 .(5 2 1 -5 4 0 ) Berilgan f(x ) funksiyani (a;b) intervalda Fure 
qatoriga yoyilm asin i toping:
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521 . f ( x ) =  X + 1; ( — 7t; 7t)

522 . f ( x ) = e x; ( - л ; л )

523 . f ( x ) =  X 2 + 1 ; ( - 2 ; 2 )

524 . Ф М 4 - “ H * 2 ) -------------------

525 . t í  \  я _ х  
( ) = 2 ;

( - 7 t ; 7 i )

526 . f ( x )  =  e x + 4 ; ( - 2 ; 2 )

f ( x )  =  l  +  |x|; Z' i . i \527 . I -  U )

528.
^   ̂ Í0  - 7 t  <  x  <  0

[ x  0  <  x  <  тс; (— 7i; к

529. II Я 1 X (0 ;2 tt)

530. f ( x )  =  | l - x | ; ( -  2;2)

531 . f ( x ) = e ‘ - l ; (0;2ti)
532. f  ( x )  =  |x|; (-я ; я)

533. f ( x ) = x 3; ( -  л;л)
534. f  ( x )  =  x  — 1; ( - У )

535. f ( x ) = x 2; ( - т к я )

536. f ( x ) = x 2 , (0 ;2л)

537.
/ ч f 6 ,0  <  x  <  2

=  |3 х , 2  <  x  <  4; ( -  l; l)

538 . -+
i

'x
'' и

to
j.x (0;2я)

539. f ( x )  =  x 2; ( - У )

540. f ( x )  =  |x | +  2; ( -  У )
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K arrali v a  eg r i ch iz iq li in te g ra lla r

6 . (5 4 1 -5 6 0 ) Berilgan ikki karrati integralda integrallash  
tai tibini o'zgartiring:

- 1 0  0 0

541 . J d y  J f ( x , y ) d x  +  J d y  J f ( x , y ) d x

- 2  -J î+ ÿ  -1

1 0  л/у 0

542 . J d y  J f ( x , y ) d x +  J d y  J f ( x , y ) d y

0 -V 7  i

1 у -J2 л/2_У2
543 . J d y J  f ( x , y ) d x +  J d y  J f ( x , y ) d x  

0 0 1 0

--------------J---- -4»-------- ---------- 2---- -fié*-----------------------------------
544 . J d y  J  f ( x ,  y ) d x  +  J d y  J  f ( x , y ) d x

0 0 1 0  
- 1 0  o o

545. J d x  J f ( x  , y ) d y +  J d x  J f ( x , y ) d y

-42  - 4 i ^  - 1 x
/  arcsin y 1 arccos y

546 . J d y  J f ( x , y ) d x +  J d y  J f ( x , y ) d x

0 0 / я  °

-î 4î+ÿ о 4~ÿ
547 . J d y  J  f ( x , y ) d x  +  J d y  J f ( x , y ) d y  

-2  0 - 1 0
1 0 0 - ln y

548. J d y  J  f ( x ,  y ) d x  +  J d y  J  f ( x , y ) d x

о -4у 1
-1 л/2- x 2 0 x2

549. J d x  J f ( x , y ) d y +  J d x  J  f ( x , y ) d y

-4 ï  о - î o
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5 5 0 .

5 5 1 .

55 2 .

553 .

55 4 .

555 .

556 .

557 .

558 .

559 .

—Уз о о о
í dx J f ( x » y ) d y +  jdx J f ( x , y ) d y

- 2  -4 л ~ \2 —Уз л/4- x 2 -2

1 0  e l

J d x  J  f ( x , y ) d y  +  J d x  J  f ( x ,  y ) d y

0 1 -x 2 1 lnx

1 yfÿ 2 2—y

J d y  J  f ( x , y ) d  x  +  J d y  J  f  ( x ,  y ) d x  

0 0 1 0  
y.í sin y cosy

J d y  J  f ( x , y ) d  X +  j d y  J  f ( x ,  y ) d x

0 0  o 
- 1 0  0 0

J d x  J  f ( x , y ) d y +  J d x  J  f ( x ,  y ) d y

- 2  - (2 + x )  -1

1 л/ у e l

J d y  J  f ( x , y ) d x +  J d y  J  f ( x , y ) d x

0 0 1 ln y

1 0  2 0 

J d y  J  f ( x , y ) d  x  +  J d y  J  f ( x , y ) d x

0 -7 7  i
1  o T í  o "

J d y  J  f ( x , y ) d  x  +  J d y  J  f ( x , y ) d x

0 -y i - 7 ^ 7
1 y2 2 2 -y

J d y  J  f ( x ,  y )d x  +  J d y  J  f ( x ,  y )d x  

0 0 1 0  
л/з o 2 0

J d x  J  f ( x ,  y )d y  +  J d x  J  f ( x , y ) d y

o V 4 -x 2-2  S  -V 4 -X 2
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-1 о 

5 6 0  íd y  I f ( x ,y ) d j

- 2  -(2+ y)

lx +

о о

J d y  j  f ( x , y ) d x

-L  -v¿+yj - I  -Jÿ

(5 6 1 -5 8 0 ) Berilgan ikki o 'lcham li integralni xisoblang:

jj(l 2x  2 y 2 + 1 6 x 3y 3 )dxdy,(D )x = 1, у = -л /х , у = x 2 
(D)

j j (9 x 2 y 2 + 4 8 x 3 + y 3)dxdy,(D )x = l ,y  = - х 2 ,у  = л/х 

(D)

rrL '  7 7 -  3 3 )jx d y ,(D )x  =  1,

561

(D)

562 . j j ( 9 x 2 v 2 

(d)

563 . | | ( з б х 2 у 2 - 9 6 x 3y 3 

(D)

5 6 4 ‘ i j ( läL&x2yL2•) •/ - 
(D)

565 . j j ( 2 7 x 2 y 2 + 4 8 x 3y 3 

(D)

5 66 . j j ( l8 6 x

! у  3 )dxd y , ( d ) x =  1, у  =  x 2 ,y  =  -  V x

(D)

j j ( l  8 6 x 2 у  2 + 3 2 x 3 y 3 )d x d y ,(D )x  =  l , y  =  V x ,y  

(D)

567 . j j ( l 8 x 2 у 2 + 3 2 x 3y 3 ]d x d y ,( D )x  =  l , v  =  x 3 , y : 

(D)

j j ( 2 7 x 2 y 2 + 4 8 x 3 y 3 ) d x d y ,(D )x  = 1 ,568,

(D)

569. jj(27x2y2 + 4 8 x 3y 3 ) d x d y ,(D )x  =  l , y  =  Vx,y =  - x 3 

(D)

| | ( l 2 x y  +  9 x 2 y 2 )d x d y ,(D )x  =  l , y  =  л /х ,у  =  ■

(D)
f i l o ........  n . , 2 . , 2  i ( r \ \ „  _  i —

,y  =  - V x  

у  =  л /х ,у  = - x 3

570.

571 / ? ) d x d y ,( D ) x  =  1, y  =  V x , y  =  - x 3
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572. jj(24xy + 18x 2 y 2 )dxdy,(D)x = 1, y = x 3 ,y = - x 3 
(D)

573. jj(l2xy + 27x2y2 )dxdy,(D)x = 1, y = - x 2 ,y = -Ifx
(d )

574. j j ( 8 x 2 y 2 + 1 8 x  2 y 2 )d x d y ,(D )x  =  1, y  =  V x  ,y  =  - x 2

(d )

JJ
(D)

J f
(D)

575 • Jii 7 xy + x 2 y 2 )dxdy>(D)x = I  y = x 3 .y = - Vx
(d )  5  11 '  

5 7 6 ‘ IJl 7 x y  +  9 x 2 y 2 |d x d y>(D ) x  =  1, y  =  V x  ,y  =  - x 3 
(d ) J 

577. | | ( 2 4 x y  -  4 8 x 3y 3 ) d x d y ,( D ) x  =  1, y  =  x  2 , y  =  - V x  

(d )

578 . j j ( 6 x y  +  2 4 x 3 y ) d x d y , ( D ) x  =  1, y  =  V x  , y  =  - x  2

( d )

579. j j ( 4 x y  +  1 6 x 3 y 3 ) d x d y , ( D } x  =  l , y  =  V x , y  =  - x 3 

(D)

580. jj(4xy +  16 x 3 y 3 ) d x d y , ( D ) x  =  1 ,y  =  - V x , y  =  x 3 

(D)

8 . (5 8 1 -6 0 0 ) Tenglam asi dekart koordinatalarida berilgan egri 
ch iziq  bilan chegaralangan yassi figuraning yuzini ikki o 'lch am li 
integral yordam ida qutb koordinatalar sistem asiga o ‘tib hisoblang:

581. ( \ 2 + y 2J  =  a2x 2y2 5 8 6 .x 6 = a 2 (x4 - y 4 )

582. |x 2 + y2)P = a2(4x2 + y2) 5 8 7 .x 4 = a 2(x2 - 3 y 2^

583. |x2 + y 2J  = a2x2(4x2 + 3y2) 588. y 6 = a 2 (y4 - x '

584. (x2 + y2J  = a 2(3x2 + 2y2) 589. (x2 + y 2 J  =  a2(2x2 + 3y2)
585. x 4 = a2(3x2 -  y2) 590. y* = a 2 ( x 2 + y2j3y2 _ x2)

158



591. I x 2 +  у 2

х 2 н у 2

)2 =2У
f - 4 х Ч у * )

597. xJ + у 3 = 16ху

598. у = 2 — х,у2 = 4х + 4
599. у + х = 0 ,х  = у 2 - 2 у  = О

. ( х 2 + у 2 )" = 2 а 2 ху

592. (;

593 . (х2 + у2)Р = а2(х2 _ у2) (х > 0)

594 . ( у - х ) 2 =  1 -  X2 600

595. (зх  2 + у 2 )2 =  З х 2 у

596. (х 2 + у 2 ) = 64ху
9. (6 0 1 -6 2 0 ) Berilgan sirtlar bilan chegaralangan jism n in g  

hajm ini, uch o 'lcham li integral yordam ida hisoblang. Jism ning  
shaklini va uning XO Y  tek islig iga proeksiyasini chizing:

601.z = 0,z = x,y = 0,y = 4,x = д/2 5 - y 2 

. 2 2  , „ 2 = 9

• 603. z  =  0 , z  =  4  -  X -  y , x 2 + y 2 =  4  

604. z  =  0 , z  =  y 2 , x 2 + y 2 =9 

. 605. z  =  0 , z  +  y  =  2 , x 2 + y 2 = 4

606. z  =  0 , 4 z  =  y 2 ; 2 x  - y  =  0 , x  +  y  =  9

607. z  =  0 , x 2 +  y 2 = z , x 2 + y 2 = 4

608. z  =  0 , z  =  l - y 2 , x = y 2 ; x  =  2 y 2 +1

609. z  =  0 , z  =  l - x 2 , y  =  0 , y  =  3 - x

610. z  =  0 , z  =  4 • y [ÿ ,x  =  0,x +  y  =  4

611. z = 0,z = 4 - X -y ,x  = 3,y = 2,x = 0,y = 0
612 . z  =  0 , x  +  y  +  z  =  1, x  =  0 , y  =  0

613 . z  =  0 , z  +  x  =  3 , y  =  2 , x  =  0 , y  =  0

614 . z  =  0 , z  =  3 , y  =  0 , x  -i-y =  2 , x  =  0

615.  z  =  0 , z  =  l , 4 z z =  X 2 +  y 2 , y  =  0 , x  =  0
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616. z  =  0 , z  =  3 , у  =  О, у  =  1 ,х  +  у  =  1 ,х  +  у  =  2

617. z  =  0 , х  +  2 z  =  3 , у  =  1, у  =  3 , х  =  О

618. z  =  0 , х 2 +  у 2 +  z 2 = 4 , х  = ^ ( х 2 +  у 2 )

619. z = 0,z = x 2 + у2,х +у = 1,у = 0,х = О
*х

620. z  -  0 , z 2 =  х у , у  =  5, у  =  5 , х  =  5

10. (6 2 1 -6 4 0 )  Egri ch iziq li integrallam i hisoblang:

621. L  : x=5cost, y=5sint, aylana bo'ylab A (5;0) nuqtadan 
B(0;5) nuqtagacha soat strelkasiga teskari y o ‘nalishda berilgan  

j (x 2 - y ) d x  - ( x - y 2 )dy egri ch iz iq li integralni h isoblang.
L

622 . L =O A B  siniq ch iziq  b o ‘ylab berilgan  

J(x + y ) d x - ( x - y ) d y  egri ch iziqli integralni h isoblang. Blinda,

L
0 (0 ;0 ) ,  A (2;0), B (4;5). C hizm asini chizing.

623 . L =  A B C  uchburchak tom onlari bo'ylab  soat strelkasiga

teskari y o ‘nalishda berilgan <f ~ x<̂ y egri ch iz iq li integralni
x 2 + y 2

hisoblang. Bunda, A (1;0 ), B( l ; 1 ), C (0;1). Chizm asini ch iz ing .

624 . L : y = x : parabolaning A ( - 1 ; 1 ) nuqtadan B ( I ; 1 ) 
nuqtagacha bo'lgan  y o y i bo'ylab berilgan

j ( x 2 - 2 xy)d  x  +  (y2 -  2 xy)dy egri ch iziqli integralni h isoblang. 

L
C hizm asin i ch izing.

625 . L  : x= 3cost, y= 2sin t ellipsn ing OX  o'qidan yuqori q ism i 
b o'y lab , t-parametr o 's ish i yo'nalish ida berilgan

[ ( x 2 y - 3 x ) d x  +  ( y 2 x + 2 y]d y  egri ch iziqli integralni h isoblang. 

L
C hizm asin i ch izing.
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626 . L = A B C  -s in iq  ch iziq  b o'y lab  ko'rsatilgan yo'n alish da  
berilgan j (x 2 + y ) ü x - ( y 2 +  x)dy eg ri ch iz iq li integralni h isoblang.

ABC
Bunda, A ( l ;2 ) ,  B ( l;5 ) ,  C (3;5). C hizm asin i chizing.

627 . L: y = e'x egri ch iziqn ing A (0 ,1 ) nuqtasidan B( - l ;  e) 
nuqtasigacha b o'lgan  yoy i b o 'y lab  ko'rsatilgan y o ‘nalishda

berilgan fydxH — d y egri ch iz iq li integralni h isoblang.

L y
C hizm asin i ch izing.

2
628. L =A B  kesm a bo'ylab  berilgan f y  + * dx -  —  d y egri

AB y  y '
ch iziq li integralni h isoblang. Bunda, A ( l;2 ) ,  V (2;4 ). C hizm asin i 
ch izing .

629 . L: y = 2 x 2 parabolaning 0 ( 0  ;0) nuqtadan A ( l ;2 )  

nuqtagacha b o ’lgan yoy i bo 'y lab  berilgan j(x y  -  x 2 )dx +  xdy

AB
egri ch iz iq li integralni h isoblang. C hizm asin i ch izing.

630. L: y=lnx egri chiziqning A(1;0) nuqtadan B (e;l) nuqtagacha 

b o'lgan  yoy i b o 'y lab  berilgan f —d x + x d y  egri ch iz iq li
 ̂ X

AB
integralni h isoblang. C hizm asini ch izing.

631 . L: 2 x + y = 2  to 'g 'r i ch iziqn ing A (1;0 ) nuqtasidan B (0 ;2 )  
nuqtasigacha bo'lgan  k esm asi bo'ylab  berilgan

J ( x y - l ) d x  +  x 2y d y  egri ch iz iq li integralni h isoblang. 

L
C hizm asin i ch izing.

632 . 4 x + y 2=4 parabolaning A (1;0 ) nuqtasidan B (0 ;2 )

nuqtasigacha b o'lgan  yoy i b o 'y lab  berilgan j"(xy -  l)d x  + x 2 y d y

L
egri ch iz iq li integralni h isoblang. C hizm asin i ch izing.

633 . L: x=cost, y= 2sin t ellip sn in g  A (1;0) nuqtasidan B (0;2 )  
nuqtasigacha bo'lgan  yoy i b o 'y lab , ko'rsatilgan yo'n a lish d a
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berilgan J"(xy — l)d x  + x 2 y d y  egri ch iziq li integralni hisoblang. 

L
C hizm asin i ch izing.

634 . L: y= 2x  to ‘g ‘ri ch iziqn ing 0 (0 ;0 )  nuqtasidan A (l;2 )  
nuqtasigacha b o'lgan  kesm asi bo ‘ у lab berilgan

J y (x  -  y )d x  +  x d y  egri ch iz iq li integralni h isoblang. C hizm asini

L
ch izing.

635 . L: y = 2 x 2 parabolaning 0 (0 ;0 )  nuqtasidan A (l;2 )  

nuqtasigacha bo'lgan  yoy i b o 'y lab  berilgan j y ( x  -  y)dx + xdy

L
egri ch iz iq li integralni h isoblang. C hizm asini ch izing.

636 . L: y 2=4x parabolaning 0 (0 ;0 )  nuqtadan A (l;2 )  
nuqtasigacha

b o'lgan  yoy i b o 'у lab berilgan | y ( x  у )^ Х  +  x d y  egri ch iziq li

L
integralni h isoblang. C hizm asin i ch izing.

637 . L : y -2 x = 2  to 'g 'r i ch iziqn ing A (-1;0) nuqtasidan B (0;2) 
nuqtasigacha bo'lgan  kesm asi b o'y lab  berilgan

J2 x d x  -  (x  +  2 y )d y  egri ch iziq li integralni h isoblang.
L

C hizm asin i ch izing.

638 . L : x = 2 -y  to 'g 'r i ch iziqn ing B (0;2) nuqtasidan S(2;0) 
nuqtasigacha bo'lgan  kesm asi bo'ylab  berilgan

J l x d x  - ( x  +  2 y )d y  egri ch iz iq li integralni h isoblang. C hizm asini

L
ch izing.

639 . L : u=0 to 'g 'r i ch iz iqn in g  C (2;0) nuqtasidan A (-1;0) 
nuqtasigacha bo'lgan  kesm asi bo'y lab  berilgan  

|2 x d x  -  (x + 2 y )d y  egri ch iz iq li integralni h isoblang. C hizm asini

L
ch izing.



640. L : y = x : parabolaning A (-3 ;9 ) nuqtasidan 0 (0 ;0 )

nuqtasigacha b o ‘lgan yoyi bo'ylab berilgan | 2 x ( y  -  l)d x  +  x  ~ d y

L
egri ch iz iq li integralni hisoblang. C hizm asin i ch izing.

4 - § .  T O ‘R T I N C h I  Y O Z M A  I S h  T O P S h lR I Q L A R I  

K o m p lek s  o ‘zg a ru v ch ili fu n k siy a la r

(6 4 1 -6 6 0 ) K om pleks ifodaning q iym atini h isob lang.

651. ( -1 + i- 1 + i
641 . ( 1 - i )  . -

1 _  /  i+ 1  y j~  4 +  3l
642 . ( - = )  ^  W

v /  653 . ( _  i)
------------------------- f — ------------------------------------ ----------  I + ,

6 4 3 . ( 3 + 4 0  654 . ( 7 " )
1 +  /

644 . (3 —4i) ^

/+1  655 . (3+  3 i)
645 . (2+ 2 i) 1 + '

646 . ( 1 + c o s ^ + i  sin

647 . ( 1 - V 3 i )  ’ 1+l

648 . ( 1 + c o s ^ + i  sin y ^ )

656.

657 . (5 + 4 i)
6 V  1 + 1

658. (_  + i )

i
649 . ( - 1 - i )

1 +  i  659 . (_  +3i)
650 . ( -3 + 4 i)

660 . ( 1+ i) ( 1-  i )

2. (6 6 1 -6 8 0 ) Berilgan kom pleks o 'zgaru vch ili W = f(Z ), 
(Z = X + Y i) funksiyani W = U (X ,Y )+ iV (X ,Y ) ko'rin ishda yozin g  va  
uning analitikligini tekshiring. A gar W = f(Z ) funksiya analitik  

b o'lsa , uning berilgan Z  nuqtada h osilasin i toping.
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3
661 . W = (iZ ) ;

2
662. W = i( l - Z  )-2 Z ;

,  2 — z

Z 0— 1+i. 

Z 0 = i-

663 . W =e ; z 0 =i.

- l - 2 z * ЯГ-/
664 . W = e ; Z „ =

0 3

3
böb. W =Z + 3 Z -I; N о II 1

1 - 2  z i К
6 6 6 . W  =  e ;

Z > - T -

2
667 . W =  2Z - iZ ; Z 0 —1 i.

/ • z 2 \ 7 l  • i
6 6 8 . W = e ; 7 -  

0 2

3  2 2  i
669. W = Z +  Z +i; z ° =  3 •

Z
670 . W -Z -e  ; Z 0 = —1 4-Í7T.

1
671 . W = — ; N II +

z
672 . W = Z-V Z—I; oN +

6 73 . W =  Z2-  Z; Zo — 1 - i.
674 . W = Z3; Zq = l+ 2 i.

675 . W = ez;

676 . W = — ;

и

M 
?

Z0 = 3 -2 i .
z



677. W = Z 3; Z0 = l - i .
678 . W = Z 2+ Z -1 ;  Zo = 1 .
679 . W = Z 2+1; Zq = 2 - i .
680. W = Z 2+I; Zo =i.

3. (6 8 1 -7 0 0 ) Berilgan f(z) funksiyani Z0 nuqta atrofida  
Loran qatoriga yoy in g  va uning yaqinlashish  sohasin i toping:

1 5 —68 1 . f (z )-------- ; Z q -  . 3
3 z - 5  3 691 . f(z )= e  ; Z 0 =3.

6 8 2 . f ( z ) = S in _ £ _ ;  Z 0 = l .  1
1 -  z 6 92 . f (z )= ----------------- ; Z 0 = l .

j (z -  l)(z + 2)

. z  7  n 693 . f(z )=  ——î—— ; Z 0 = l .
6 8 3 . f(z )= e  ; Z Q=0. 2 z +  3

i 1
694 . f(z )=  C o s — ; ; Z 0 =i.

684 . f(z )= e  1 - 2  ; Z 0 = l .  z 1

1 6 9 5 . f ( z )= —=------- ; Z 0=°o.
68 5 . f (z )= — 5— -j", Z 0 =i. z  +1

+1)

687 . f (z )= C o s -------- ; Z 0 =1. 2 +  1
z - 1  z

1 „  л 698 . f (z )= L n  Z 0=O.
6 8 8 . f(z )=  , - , Z 0= 0 . z - 1  0

z ( z - l )

z

z
z  - 1  6 9 6 - f(z )= ---------Г Z 0 =21-

6 8 6 . f (z )= L n ---------; Z 0 = l .  4  +  z
z - 2  2

6 97 . f (z )= --------; Z 0= - l .

z +1

689 . f(z )=  ---------- 7 , Z 0 =i. z
1 +  z  699 . f (z )= e  ; Z 0 =0.

690 . f ( z ) = ___ !----- , Z 0=3. 1
( z - 3 ) 2 700 . f ( z )= S in —  ; Z 0 =0.

z

4. (7 0 1 -7 2 0 ) Berilgan integralni h isoblang.
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7 0 1 . 1= J ( - * 2 + l  ' y 2)d z ,  bu erda  G: Z
r

Z ,= 2 + 3 i  n uq tan i tu tash tiru vch i tu g ’ri ch iz iq .

с

1 .1= 1 ^ .  
z  1

7 0 2 .

- w ^

7 0 3 . 1= J ( l +  i - z z ) d z ,  bu erda Г :  у =  л

Z0 =  0  va  z¡ = 1  +  1 nuqtalar o r a l ig ‘id a g i y o y i.

z d z

i

705. 1= cf
lz|=3

|z-3|=6 ( z  — 2 )  <z  +  1>

e z c o s z d z

z  + 2 z

7 0 6 . 1 =  J ( z z - z 2)d z , bu erda Г :  |z| =  1, (
Г

7 0 7 .  1 =  J e z Im  zd z, bu erda F :  z0 =
г

nuqtalarni tu tash tiru vch i t o ‘g ‘ri ch iz iq .

7 0 8 . Ы  I  s in ( ,I z )d z
м и

s in  z  • s f t l (z  -  l ) d z
7 0 9

z|=2 Z 2 + Z

710■ - Í 7 T
z 2 d z

U N S 2 “ 2 2  

r e z
7 1 1 .  *1= J --------------------- —  d z , bu yerd a  Г  : x

r (z 2+ 9 ) (z -2)

166

=  l+ i  nuqta b ilan

2 p arab olan in g

- 7 C < a r g z < 0 ) .

0  v a  z, = 1  +  I

+  y 2 =2Lt +  2 y + 4 .



712
f  C (

. 1= d -------
J (7 —

z- i h  
21

cos 2zdz 
(z — l)(z2 —1)

e2'
713- ■= Í ̂ T ^ dz

H - 1  + 9
gZ2+5z+6

714. 1= Í — 5----------------dz.
|z+5il=2 ( Z - + 1 6 ) ( Z  +  4 l )

f cosz715. 1= ----------5-----dz.
|z_J=2( z - 3 ) ( z 2- 9 )

sin(2z2+5)

Г — dZ:
J (7 -I- £ \(7 —  9 i  ^

716. 1= . , ..
J =2(z + 4)(z —2i)

f s in (e ^ ) л
717. 1= --------------dz.

J =2 (z2 -4 )(z -2 )]Z- _

718.  1= f  — 5----------------------dz.J Í72 -AQV-7

r  3z2-4 z  + 3 ,
719. 1= —1--------------dz.

J (z2 -9)(z + 3)

Г sin(iz) j
720. 1= — 7--- ;---- -dz.

J z -4 z  + 3jz|=4

E h tim o lla r  nazariyasi va m a tem a tik  statistika

5 .(7 2 1 -7 4 0 )  B er ilg a n  h od isa larn in g  eh tim o lin i top ing:

721. Talaba dasturdagi 6 0  savoldan 4 5  tasini biladi. Har bir imtihor 
bileti uchta savoidan tashkil topgan. Quyidagi hcxiisalaming ehtim olin
toping:
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Talaba tushgan biletning:
a) barcha uchta savolin i biladi;
b) faqat ikkita savolin i biladi;
v) faqat bitta savolin i b iladi.

722 . Ikkita yash ikn ing birida 5ta oq va ikkinchisida 10 ta qora 
shar bor. B irinchi yashikdan ikkinchisiga tavakkaliga bir shar 
olindi, so 'n gra  ikkinchi yashikdan tavakkaliga bir shar olindi. 
O lingan shar qora b o 'lish lig i eh tim olin i toping.

723 . U chta m ergan bir hil va b o g 'liq siz  sharoitda bitta 
m o'lja lga  qarab bir martadan o ‘q uzishdi. B irinchi m erganning  
m o ‘ljalga o ‘q tekkizish  ehttim oli 0 ,9  ga, ikkinchisiniki 0 ,8  ga, 
u chinchisin ik i esa , 0 ,7  ga  teng. Q uyidagi xod isa lam in g ehtim olini 
toping:

a) faqat bir m ergan m o'lja lga  o ‘q tekkizdi;
b) faqat ikkita mergan m o ija lg a  o ‘q tekkizdi;
v) uchta m ergan ham  m o'lja lga  o ‘q tekkizdi.

724 . Bir hil va b o g 'liq s iz  tajribalarning har birida hodisaning  
ro ‘y  berish ehtim oli 0 ,8  ga teng. 1600 tajribada hodisa 1200  
marta r o ‘y berish  ehtim olin i toping.

725. A variya ro ‘y  berishini b ildirish uchun bir-biridan b o g ‘liq 
b o'lm agan  holda ish lovch i uchta qurilm a o ‘rnatilgan. A variya  
vaqtida birinchi qurilm a ishga tushishining ehtim oli 0 ,9  ga, 
ikkinchi qurilm a ishga tushish in ing ehtim oli 0 ,9 5 g a  va 
uch inch isin ing  ehtim oli 0 ,85  ga teng. Q uyidagi hodisalarning  
ehtim oli topilsin: - avariya vaqtida:

a) faqat bitta qurilm a ishga tushishi.
b) faqat ikkita qurilm a ishga tushishi.
v) barcha qurilmalar ishga tushishi.

726. Bir xil va b o g ‘liq siz  tajribalarning har birida hodisaning  
ro‘y  berish eh tim oli 0 ,0 2  ga teng. 150 ta tajriba o ‘tkazilganda  
hodisa 5 marta r o ‘y berish ehtim olini toping.

727 . 1000 dona tovarda 10 ta yaroqsiz tovar uchraydi. Shu  
1000 dona tovardan tavakkaliga 50  dona olinganda ularning rosa
3 donasi yaroqsiz b o 'lish lig i eh tim olini toping.

728 . Bir xil va b o g iiq s iz  tajribalarning xar birida hodisaning  
ro ‘y berish ehtim oli 0 ,8  ga teng. 125 ta tajriba o ‘tkazilganda
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h od isa  75 dan kam bo'lm agan va 9 0  dan k o ‘p b o im a g a n  marta 
ro ‘y berish ehtim olin i toping.

729 . U chta dastgohda bir x il va b o g 'liq s iz  sharoitda bir turli 
detai tayyorlanadi. Birinchi dastgohda 10%. ikkinchisida 30%  va 
uchinchisida 60%  detai tayyorlanadi. Har bir detaining yaroqli 
b o 'lib  tayyorlanish ehtim oli: birinchi dastgohda 0 ,7  ga, 
ikkinchisida 0 ,8  ga va uchinchisida 0 ,9  ga teng. Barcha  
tayyorlangan detallardan tavakkaliga olingan detaining yaroqli 
b o ‘lish i eh tim olini toping.

730 . A ka-uka har biri 12 kishidan iborat ikkita sport 
kom andasiga qatnashadilar. Ikki yashikda 1 dan 12 gacha  
nom erlangan 12 ta b ilet bor. Har bir kom anda a ’zolari tavakkaliga  
bittadan b iletni aniq bir yashikdan olishad i. O lingan b ilet yashik  
qaytarilm aydi. Ikkala aica-ukaning 6 - nom erli bilet o lish lig i 
eh tim oli topilsin .

731.  U chta quroldan bir vaqtda m o'lja lga  qarab o ‘q u zish d i. 
Bir otishda m o'lja lga  tekkizish ehtim oli birinchi qurol uchun 0 ,8  
ga, ikkinchisiga 0 ,7  ga va uch inchisiga esa , 0 ,9  ga teng. Q u yid agi 
hodisalarning ehtim olini toping:

a) faqat bir o ‘qning m o'lja lga tegish i;
b) faqat ikkita o 'q n ing  m o ‘ljalga tegishi;
v) barcha uchta o ‘qning m o'lja lga tegish i;
g) h ech  bo'lm aganda bir o 'q n ing  m o ‘ljalga tegishi.

732. U ch m ergan bir vaqtda m o'lja lga  o ‘q uzishdi. M o'lja lga  
o ‘q tekkizish  ehtim oli birinchi m ergan uchun 0 ,7  ga, ik k inch isiga
0 ,8  ga, uch inchisiga esa 0 ,9  ga teng. Q uyidagi hodisalarning  
ehtim olini toping:

a) faqat bir m ergan m o'lja lga o 'q  tekkizishi;
b) faqat ikki mergan m o'lja lga o 'q  tekkizishi;
v) barcha uchta mergan m o'lja lga o 'q  tekkizishi;
g) hech bo'lm aganda bitta mergan m o'lja lga  o 'q  tekkizishi.

733 . Talaba dasturning 60 ta savolidan  50  tasini biladi. 
Im tihon bileti 3 ta savoldan iborat. Q uyidagi hodisalarning  
ehtim olin i toping: Talaba:

a) faqat ikkita savoln i biladi;
b) uchta savoln i biladi;
v) hech bo'lm aganda bitta savoln i biladi.
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734 . Har biri 10 sportchidan iborat ikki kom anda m usobaqa  
qatnashchilariga nom er berish uchun qurra tashlashm oqda. Ikki 
aka-uka turli kom andalam ing a ’zosidirlar. A ka-ukaning ikkalasi 
ham m usobaqada 5- nom er bilan qatnashish ehtim olini toping.

735 . Ikki m ergan m o ‘ljalga bittadan o ‘q uzishdi. Har bir 
m erganning m o'lja iga  o ‘q tek k iz istr  eh tim oli 0 ,8  ga teng. 
Q uyidagi hodisalarning ehtim olini toping:

a) ikkala m ergan m o'lja lga  o ‘q tekkizishdi;
b) ikkala mergan m o ‘ljaiga o ‘q tekkizishm adi;
v) hech  b o ‘lm aganda bir mergan m o ija lg a  o ‘q tekkizdi.

736 . Ikki o ‘q otishda hech bo'lm aganda bir marta m o'lja lga  
o 'q  tekkizish  ehtim oli 0 ,9 6  ga teng. To'rt marta o ‘q otishda uch 
marta m o ‘ljalga o ‘q tekkizish  ehtim olini toping.

737 . N ashriyot ikkita aloqa b o ’lim iga gazetalar yuboradi. 0 ‘z 
vaqtida gazeta etib borishi eh tim oli har bir aloqa b o ‘lim i uchun
0 ,9  ga teng. Q uyidagi hodisalarning ehtim olini toping:

a) ikkala aloqa b o iim ig a  o ‘z vaqtida gazeta etib borishi;
b) faqat bir aloqa b o ‘lim iga o ‘z vaqtida gazeta etib borishi;
v) hech  b o'lm aganda bitta aloqa b o'lim iga  o ‘z vaqtida gazeta  

etib  borishi.

738. Ikkita yashikning har birida 2 ta qora va 8 ta oq shar 
bor. B irinchi yashikdan tavakkaliga bir shar olin ib , ikkinchi 
yashikka so lind i. So'ngra ikkinchi yashikdan bir shar olindi. 
Ikkinchi yashikdan olingan shar oq b o 'lish lig in in g  ehtim olini 
toping.

739 . Ikkita harf teruvchilar bir xil hajmda harf terdilar. 
Birinchi harf teruvchi xatoga y o ‘l q o ‘yish in ing ehtim oli 0 ,051  ga  
teng, ik k inch isi xatoga y o ‘l q o ‘y ish in ing ehtim oli 0,1 ga teng. 
Terilgan harflar tekshirilganda xato topishdi. Bu xatoga birinchi 
harf teruvchi y o ‘l q o 'ygan lig in in g  ehtim olini toping.

740 . B o g 'liq s iz  tajribalarning har birida hodisan ing ro ‘y 
berishi eh tim oli 0 ,8  ga teng. 100  ta tajriba o ‘tkazilganda  
h odisan ing 70  dan kam  bo'lm agan va 80  dan ortiq bo'lm agan  
marta r o ‘y berish lig in ing ehtim olini toping.

6 . (7 4 1 -7 6 0 )  D iskret tasodifiy  m iqdor X  faqat ikkita x , ' a x : 
qiym at qabul qiladi va X ] < X 2 . X ning X , qiym atini qabul q ilish
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ehtim oli p ( m a’lum, m atem atik kutilm asi M (X ) va  d isp ersiyasi D (X )  

m a’lum . B u tasodifiy  m iqdorning taqsim ot qonum ni top in g . _______

N" P, M(X) D(X) № P. _ M(X) D(X)

741 0,1 1,9 0,09 751 0,2 5,8 0,16

742 0.2 2,8 0,16 752 0,3 . ' 6,7 0,21

743 0,3 3,7 0,21 753 0,4 1.6 0,24

744 0,4 4,6 0,24 754 0,5 2,5 0,25

745 0,5 5,5 0,25 755 0,6 3,4 0,24

746 0,6 6,4 0,24 756 0,7 4,3 0,21

747 0,7 1,3 0,21 757 0,8 5,2 0,16

748 0,8 2,2 0,16 758 0.9 6,1 0,09

749 0.9 3.1 0,09 759 0.1 1,2 0,36

750 0,1 4.9 0,09 760 0,2 3,8 0,16

7. (7 61 -780) X  -  tasodifiy  m iqdor o ‘zining taqsim ot lu nksiyasi 
F(x) bilan berilgan. U ning zich lik  funksiyasi, matematik kutilm asi va 
dispersiyasi topilsin. T aqsim or va zichlik funksiyalarim ng graftg. 

chizilsin .

7 6 1 . F (x )=

762 . F (x)= -

0  agar x <  0  

x 2 agar 0 < x < l

1 agar x >  1 

0  agar x  < 1

—  (3x2+x-4) agar l < x < 2  
10
 ̂ 1 agar x > 2

0  agar x <  - 0 , 2  

763. F (x)=  <j5 x  +1 agar - 0 , 2 < x < 0  

1 agar x > 0

764. F(x)=J
0  agar x < - n

I— X s' ^V2 c o s -  agar - 7r < x s  —
2 2 

n
1 agar x >  —
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765. F(x>

76 6 . F(x):

7 67 . F (x )=

768. F (x )=

769 . F (x )=

7 7 0 . F (x )=

771. F(x)=

0  agar x  <  0

—  a g a r  0  <  x  <  4

1 a g a r  .x >  4

0  a g a r  x<4—
L n  — age//- 4  < x  < 4 i

1 a g a r  x  >  4<?

0  a g a r  X <  0  

- ( 2 x 2 + x )  agar 0 < x < l

1 agar x >  I

0  agar x  <  0  

^ ( x 3 + x )  agar 0 < x < l

1 agar x  > 1

0  agar x < 0

3 x 2 + 2 x  agar 0 < x < -
3

, 1
1 agar x  >  -

3

0  agar x < 0

2 sin* agar 0 < x <  —
6

1 711 agar x  > —
6

0  agar x < I
1 ,
— ( x “ + 3 x - 4 )  agar 1 <  x  <  2  
6

1 agar x  >  2
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0  agar x < -

7 7 2 . F ( x ) = . i ( 3 x - 1 )  agar ^ < x < 2

1 agar x > 2

7 7 3 . F (x )= ,

774 . F (x )=

7 7 5 . F (x )=

77 6 . F (x )=

1 1 1 .  F(X ):

778. F(x):

0 agar x < 0

x 3 agar 0  <  x < 1

1 agar x >1

0  agar x < - 1  

V x +  l agar - 1  <  jc <  0

1 agar x > 0

0  agar x < 3

• Ln— agar 3 < x < 3e
3
1 agar x>3e

^ 3 n
0  agar x < —~4

3n
• c o s 2 x  agar — < x < 7 t

4
1 agar x > K

0  agar * < - 1

• x 2 agar - 1 < x < 1

1 agar x  >  1

0  agar x  <  0

r 2
—  agar  0 < x < 3

1 agar x > 3
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0  agar x < 0

779 . F(x)=< — (x3 - 2x) agar 0 < x < 2  
4

1 agar x  > 2

0  agar x < 2

780 . F (x )= . 1 7
— (x  -  3jc) agar 2 <  x  <  3

1 agar x > 3

8 . (7 8 1 -8 0 0 )  N orm al taqsim langan X - tasod ifiy  m iqdorning  
m atem atik  k utilm asi a v a  o'rtacha kvadratik ch etlash ish i G -Ia r  

berilgan. B u  tasod ifiy  m iqdorning berilgan  (a ;p )  in tervalga  
tu sh ish lig in in g  eh tim olin i toping:

№ a CT a P № a a a 0
78! 2 6 4 9 791 12 4 7 18
782 3 2 3 JO 792 13 5 9 18
783 4 2 2 10 793 14 9 11 17
784 5 4 5 9 794 15 8 9 21
785 6 2 4 12 795 16 6 12 9
786 7 2 3 10 796 17 11 9 20
787 8 5 3 15 797 18 6 10 22
788 9 6 5 14 798 19 7 11 23
789 10 4 2 13 799 20 7 13 24
790 11 5 7 17 800 21 9 9 15

9 . (8 0 1 -8 2 0 )  T anlanm a o'rtacha q iym ati x  ga, tanlanm a hajm i n 
ga va  o ‘rtacha kvadratik chetlash ish i a  ga  teng b o 'lgan  norm al 
taqsim otning  m atem atik  kutilm asi a m ng bahosi uchun 0 ,95  
ish on ch lilik  b ilan  ish onch  intervalini toping:

№ X n o № X n a
801 14,69 25 2,5 811 74.79 225 7,5
802 74,70 36 3 812 74.80 256 8
803 74,71 49 3,5 813 74,81 289 8,5
804 74,72 64 4 814 74,82 324 9
805 74,73 81 4,5 815 74,83 381 9,5
806 74,74 100 5 816 74,84 400 10
807 74,75 121 5,5 817 74,85 441 10.5
808 74,76 144 6 818 74,86 484 11
809 74,77 169 6,5 819 74,87 529 11.5
810 74,78 196 7 820 74,88 576 12
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Yozma ish varíantlari

№
var Birinchi yozma ish

1 1 21 41 61 81 101 121 141 161 181 201 221

2 2 22 42 62 82 102 122 142 162 182 202 222

3 3 23 43 63 83 103 123 143 163 183 203 223

4 4 24 44 64 84 104 124 144 164 184 204 224

5 5 25 45 65 85 105 125 145 165 185 205 225

6 6 26 46 66 86 106 126 146 166 186 206 226

7 7 27 47 67 87 107 127 147 167 187 207 227

8 8 28 48 68 88 108 128 148 168 188 208 228

9 9 29 49 69 89 109 129 149 169 189 209 229

10 10 30 50 70 90 110 130 150 170 190 210 230

11 11 31 51 71 91 111 131 151 171 191 211 231

12 12 32 52 72 92 112 132 152 172 192 212 232

13 13 33 53 73 93 113 133 153 173 193 213 233

14 14 34 54 74 94 114 134 154 174 194 214 234

15 15 35 55 75 95 115 135 155 175 195 215 235

16 16 36 56 76 96 116 136 156 176 196 216 236

17 17 37 57 77 97 117 137 157 177 197 217 237

18 18 38 58 78 98 118 138 158 178 198 218 238

19 19 39 59 79 99 119 139 159 179 199 219 239

20 20 40 60 80 100 120 140 160 180 200 220 240
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№
var. Ikkinchi yozma ish

1 241 261 281 301 321 341 361 381 401 421

2 242 262 282 302 322 342 362 382 402 422

3 243 263 283 303 323 343 363 383 403 423

4 244 264 284 304 324 344 364 384 404 424

5 245 265 285 305 325 345 365 385 405 425

6 246 266 286 306 326 346 366 386 406 426

7 247 267 287 307 327 347 367 387 407 427

8 248 268 288 308 328 348 368 388 408 428

9 249 269 289 309 329 349 369 389 409 429

10 250 270 290 310 330 350 370 390 410 430

291 - t t i - 3 5 t11 2 5 + 271 351 371 39T 4! 1 431

12 252 272 292 312 332 352 372 392 412 432

13 253 273 293 313 333 353 373 393 413 433

14 254 274 294 314 334 354 374 394 414 434

15 255 275 295 315 335 355 375 395 415 435

16 256 276 296 316 336 356 376 396 416 436

17 257 277 297 317 337 357 377 397 417 437

18 258 278 298 318 338 358 378 398 418 438

19 259 279 299 319 339 359 379 399 419 439

20 260 280 300 320 340 360 380 400 420 440
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№
var. Uchinchi yozraa ish

1 441 461 481 501 521 541 561 581 601 621

2 442 462 482 502 522 542 562 582 602 622

3 443 463 483 503 523 543 563 583 603 623

4 444 464 484 504 524 544 564 584 604 624

5 445 465 485 505 525 545 565 585 605 625

6 446 ' 466 486 506 526 546 566 586 606 626

7 447 467 487 507 527 547 567 587 607 627

8 448 468 488 508 528 548 568 588 608 628

9 449 469 489 509 529 549 569 589 609 629

10 450 470 490 510 530 550 570 590 610 630

11 451 471 491 511 531 551 571 591 611 631

12 452 472 492 512 532 552 572 592 612 632

13 453 473 493 513 533 553 573 593 613 633

14 454 474 494 514 534 554 574 594 614 634

15 455 475 495 515 535 555 575 595 615 635

16 456 476 496 516 536 556 576 596 616 636

17 457 477 497 517 537 557 577 597 617 637

18 458 478 498 518 538 558 578 598 618 638

19 459 479 499 519 539 559 579 599 619 639

20 460 480 500 520 540 560 580 600 620 640

178



№
var. To’rtinchi vozma ish

1 641 661 681 701 721 741 761 781 801

2 642 662 682 702 722 742 762 782 802

3 643 663 683 703 723 743 763 783 803

4 644 664 684 704 724 744 764 784 804

5 645 665 685 705 725 745 765 785 805

6 646 666 686 706 726 746 766 786 806

7 647 667 687 707 727 747 767 787 807

8 648 668 688 708 728 748 768 788 808

9 649 669 689 709 729 749 769 789 809

10 650 670 690 710 730 750 770 790 810

i f.7 691 7 731 751 771 791 81 1

12 652 672 692 712 732 752 772 792 812

13 653 673 693 713 733 753 773 793 813

14 654 674 694 714 734 754 774 794 814

15 655 675 695 715 735 755 775 795 815

16 656 676 696 716 736 756 776 796 816

17 657 677 697 717 737 757 777 797 817

18 658 678 698 718 738 758 778 798 818

19 659 679 699 719 739 759 779 799 819

20 660 680 700 720 740 760 780 800 820
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