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I

S O ‘Z B O S H I

«Algebra va sonlar nazariyasi» fani pedagogika oliy o‘quv 
yurtlarining «Matematika va informatika» yo‘nalishi o'quv reja- 
siga kiritilgan asosiy mutaxassislik fanlaridan biri bo‘lib, I—V se- 
mestrlar davomida o‘qitiladi.

Mazkur o‘quv qo‘llanma Oliy va o‘rta maxsus taiim vazirli- 
gi tomonidan tasdiqlangan o ‘quv dasturiga mos ravishda tayyor- 
langan boiib, u talabalarning egallagan nazariy bilimlari asosida 
amaliy ko‘nikma va malakalar hosil qilishlariga qaratilgan.

0 ‘quv qoilanma matematik mantiq elementlari, to‘plamlar va 
munosabatlar, algebra va algebraik sistemalar, asosiy sonli siste- 
malar, arifmetik vektor fazo, chiziqli tenglamalar sistemasi, mat- 
ritsalar, determinantlar, vektor fazolar, chiziqli akslantirishlar, 
chiziqli tengsizliklar sistemasi, butun sonlar halqasida boiinish 
munosabati, taqqoslamalar, ko‘phadlar mavzusidagi modullardan 
tashkil topgan boiib, I—VII modullar I kursga, VIII—XII modul- 
lar II kursga va XIII modul III kursga moijallangan.

0 ‘quv qoilanmada fan boiimlarining modullar bo‘yicha 
jamlanganligi talabalarning bir boiim yuzasidan nazariy va ama­
liy bilimlari orasidagi o‘zaro bogianishlami o‘matish, yaxlitligini 
ta’minlash, ko‘nikma va malakalami takomillashtirish, umura- 
lashtirishga imkoniyat yaratadi. Mavzular bo‘yicha keltirilgan 
amaliy topshiriqlami bajarishda talabalarga metodik yordam sifa- 
tida paragraflar boshida zaruriy nazariy maiumotlar hamda mi- 
sol va masalalaming yechilish namunalari keltirilgan.

0 ‘quv qoilanmadan nafaqat pedagogika oliy o‘quv yurtlari, 
balki «Algebra», «Sonlar nazariyasi», «Algebra va sonlar naza­
riyasi», «Algebra va geometriya» fanlari o‘qitiladigan taiim  
muassasalari matematika taiimi jarayonida foydalanish mumkin.

3



I M O D U L .  MATEMATIK MANTIQ '
ELEMENTLARI 

' ■ ..................... —

1 § . Mulohaza. Mulohazalar ustída mantiq amallan

y  Asosiy tu sh une halar: mulohaza, rost mulohaza, yolg‘on
mulohaza, konyunksiya, dizyunksiya, implikatsiya, ekvivalen-
siya, inkor, rostlik jadvali.

Mulohaza matematik mantiqning asosiy tushunchalaridan 
boiib, u rost yoki yolg‘onligi bir qiymatli aniqlanadigan darak 
gapdir. Masalan, «Kvadrat to‘g‘ri to'rtburchakdir», «2>5» kabi 
tasdiqlar mulohazalar boiib, birinchi mulohaza rost, ikkinchi 
mulohaza esa yolg‘on mulohazadir.

Berilgan A  mulohaza rost boiganda yolg‘on, A  mulohaza 
yolg‘on boiganda rost boiadigan mulohaza A  mulohazaning /'«- 
kori deyiladi va lA  yoki A orqali belgilanadi.

A  va B  mulohazalar rost boigandagina rost boiib, qolgan 
hollarda yolg‘on boiadigan mulohaza A  va B  mulohazalaming 
konyunksiyasi deyiladi va A  a  B  yoki A  & B  ko‘rinishda belgi­
lanadi.

A  va B  mulohazalar dizyunksiyasi deb, A  va B  mulohazalar- 
ning ikkalasi ham yolg‘on boigandagina yolg‘on, qolgan hollar­
da rost boiadigan A  v B  mulohazaga aytiladi.

A  va B  mulohazalar implikatsiyasi deb, A  mulohaza ios>l va B  
mulohaza yolg‘on boigandagina yolg‘on, qolgan hollarda rost 
boiadigan A  => B mulohazaga aytiladi.

A  va B  mulohazalar ekvivalensiyasi deb, A  va B  mulohazalar- 
ning ikkalasi ham yolg‘on yoki ikkalasi ham rost boiganda rost, 
qolgan hollarda yolg‘on boiadigan A  o  B  mulohazaga aytiladi.

Yuqorida ta’riflangan amallar rostlik jadvali quyidagi ko‘- 
rinishda boiadi.

M isol. V (x, y , z  e Z )  (x : y  a  y : z =$■ x : z )  mulohazaning rost 
yoki yolg‘onligini aniqlang.

Yechish. Berilgan mulohaza konyunksiya hamda implikatsiya 
amallari yordamida hosil qilingan. Bu mantiq amallarining ta’rif-
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A В lA А л  В A V В Л => В А о  В

1 1 0 1 1 1 1

1 0 0 0 1 0 0

0 1 1 0 1 1 0

0 0 1 0 0 1 1

lariga ko‘ra qaralayotgan x \ y  л  y ':z  => x'-Z mulohaza x : у  л у  : z 
rost v a x : z  yolg‘on boiganda yolg‘on, boshqa hollarda rost. Har 
bir mulohazaning rostlik qiymatini aniqlaymiz.

x \ y  predikat butun sonlar to‘plamida olingan har qanday 
(x, y)  juftlikda rost mulohaza boimaydi. Masalan, x  — 1, у  =  2.

у  : z  predikat butun sonlar to‘plamida olingan har qanday 
(y , z) juftlikda rost mulohaza bo‘lmaydi. Masalan, y  = 2, z  =  3.

х:г predikat butun sonlar to‘plamida olingan har qanday 
(x, z) juftlikda rost mulohaza boimaydi. Masalan, x  = 1, z  = 3.

Quyidagi holatlami qarab chiqamiz:
1) V ( x , y , z  e N ) ( x ' : y A y : z = >  x  : z) mulohazadagi V ( x , y , z  e 

e N ) ( x ' : y )  mulohaza yolg‘on. U holda konyunksiya va impli- 
katsiya amallari ta’rifiga ko‘raV(x,>>,£ e N ) ( x \ y  л  y  \ z  => x:^) 
mulohaza rost.

2) \ / { x , y , z  e N ) ( x \ y  aj/:z=> x : z )  mulohazadagi V(x,y,^ e 
e N ) ( y l z )  mulohaza yolg‘on. U holda konyunksiya va im- 
plikatsiya amallari ta’rifiga ko‘ra\ / ( x , y , z  £ N ) ( x \ y  s \ y \ z = > x \ z )  
mulohaza rost.

3) V(x,.y,z e  N ) ( x ' : y  л  y :  z  => x:  z) mulohazadagi \ f ( x , y , z  e 
e N ) ( x \ z )  , \ / ( x , y , z  £ N ) ( y ' : z )  yolg‘on. U holda konyunksiya 
va implikatsiya amallari ta’rifiga ko‘raV ( x , y , Z z N ) ( x \ y A  
лy \ z = >  x \ z )  mulohaza rost.

4) V (x,y,^  g N ) ( x \ y  A y ’:z)  rost boisa, \ / { x , y , z ^ N) { x ' : ÿ )  
va \ / ( x , y , z  e N ) { y \ z )  lar bir vaqtda rost. x : y  va y \ z  boisa, u 
holda shundayyfc,l € N  sonlar topiladiki, x  = y -  к  \dLy = z ' \ ,  
Bundan x  = у  ■ к  = ( z  ■ 1) • к  = z  ■ (1 • к ) . Demak, x : z  implikat­
siya ta’rifiga ko‘ra, bu holda ham berilgan V (x ,y ,^ e iV )(x :jA  
л у  : z  => x • z)  mulohaza rost.

Demak, berilgan mulohaza rost mulohaza.



----- \
►Si M isol va mashqlar

1. Quyidagi gaplaming qaysilari mulohaza bo‘ladi?
1.1. A B C D  to'rtburchakning yuzi A 'B 'C 'D ' to‘rtburchakning 

yuziga teng.
1.2. Tomonlari teng parallelogramm rombdir.

—1.3. Berilgan uchburehaklar o‘xshash.
1.4. Har qanday tub son toq.
1.5. V3 — irratsional son.
1.6. Yashasin 0 ‘zbekiston yoshlari!
1.7. 2 ga qarama-qarshi son mavjud emas.
1.8. 5 ning butun bo‘luvchilari 4 ta.
1.9. —1 kompleks son.
1.10. 6 soni 3 ga karrali son.
1.11. Oyda hayot mavjud.
1.12. Ertaga qoryog'adi.
1.13. Guruhdagi talabalar soni 20 nafar.
1.14. Sirdaryo Orol dengiziga quyiladi.
1.15. Siz qaysi oliygolida o‘qiysiz?
1.16. 0 ‘zbekiston Mustaqilligining 15 yilligi muborak bo‘lsin!
1.17. Har qanday son musbat.
1.18. 0 har qanday haqiqiy songa bo‘linadi.
1.19. 2, 3, 5 sonlari tub sonlar.
1.20. Barcha insonlar yoshi 20 da.
1.21. Galaktikamizda shunday sayyora borki, unda hayot mavjud.
1.22. 5 soni 25 va 70 sonlarining eng katta umumiy bo‘luv-

1.23. 3 x 3 -  5 y  + 9.
2. M u lh a za n in g  rost yo ki y o lg ‘o n lig in i aniq lang:

2.1. 2 e {x |  2x3 — 3x2 +  1 = 0 , X  e R}.
2.2. 1 9 6 6 -y il T o sh ke n td a  yer q im irlagan .

2.3. 8 -m a rt dam  o lish  ku n i.

ch is id ir.

2.5. {1 ; l , 2 } c {  x | x 3 +  X 2 — X  —  1 =  0, x  e  Z }.

2.6. 2 <  3.
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2.7. 10 ning natural boMuvchilari 2 ta.
2.8. 2 • 2 < 4.
2.9. [4, 12, 24]=24.
2710. Gipotenuza to‘g‘ri burchakli uchburchakning eng uzun 

tomoni.
3. Quyidagi mulohazalaming inkorini ifodalang:
3.1. 15 soni 5 songa bo‘linadi.
3.2. Oy Yeming yo‘ldoshi.
3.3. 2 > 3.
3.4. 5 + 3 < 10.
3.5. i — mavhum son.
3.6. A B C D  to‘rtburchak — romb.
3.7. n — juft natural son.
3.8. Shunday haqiqiy son mavjudki, u juft son.
3.9. Barcha natural sonlar musbat.
3.10. Barcha natural sonlar birdan katta.
4. Biri ikkinchisining inkori bo‘lgan mulohazalar juftligini 

aniqlang:
4.1. 2 < 3; 3 < 2.
4.2. 5 < 4; 5 > 4.
4.3. «4 — murakkab son», «4 — tub son».
4.4. «Shunday natural son mavjudki, u tub son», «Barcha 

natural sonlar murakkab sonlardir».
4.5. «6 ning barcha natural bo‘luvchilari tub sonlardir», 

«6 ning kamida bitta natural bo‘luvchisi murakkab son».
4.6. «ABC  — to‘g‘ri burchakli uchburchak», «ABC — o‘tmas 

burchakli uchburchak».
4.7. « /— toq funksiya» , « /— juft funksiya».
4.8. «Barcha tub sonlar toq» , «Shunday tub son mavjudki, u 

juft».
4.9. «Irratsional sonlar mavjud», «Barcha sonlar ratsional 

sonlardir».
5. Quyidagi mulohazalaming rostlik shartlarini mulohazalar 

dizyunksiyasi yoki konyunksiyasi orqali ifodalang:
5.1. x - y *  0.
5.2. x y  = 0.
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5.3. x2 + у2 ф 0.

5.4. -  = 0.

5.5. |х| < 6 .
5.6. 1x1 = 4 .
6 . Quyidagi mulohazalaming rostlik qiymatlarini aniqlang:
6.1. Наг qanday natural son yo tub, 7 0  murakkab.
6.2. Shunday natural son mavjudki u ham tub, ham juft son.
6.3. 2 ga teng bo‘lmagan son yoki 2 dan katta, yoki 2 dan ki- 

chik bo‘ladi.
6.4. Agar uchburchak teng tomonli bo‘lsa, u teng yonli 

bo‘ladi.
6.5. Agar to‘rtburchak romb bo‘lsa, u kvadrat bo‘ladi.
6 .6 . Agar 15 : 5, u holda 15:4 .
6.7. Agar X2 = 4 bo‘lsa, u holda x = 2 va x = — 2.
6 .8 . Natural son 6 ga bo‘linadi, faqat va faqat shu holdaki, 

agar u 2 ga va 3ga bo‘linsa.
6.9. Ikkita uchburchak teng bo‘ladi, faqat va faqat shu holda­

ki, agar ularning mos tomonlari teng bo‘lsa yoki ulaming mos 
burchaklari teng bo‘Isa.

6.10. Berilgan butun sonning butun bo'luvchilari kamida 
to‘rtta bo‘lsa, u murakkab son bo‘ladi.

7. A orqali «10 soni 5 soniga bo‘linadi», В orqali «10 soni 
3 soniga bo‘linadi» mulohazalar belgilangan bo‘lsa, u holda 
quyidagi mulohazalarni o‘qing va ularning rostlik qiymatlarini 
aniqlang:

7.1. А л  В.
7.2. A w  В.
7.3. ~ \ А л В .
7.4. А л АВ.
7.5. "Ua Tä
7.6. А=> В.
7.7. В=>А.
7.8. М  =>В.
7.9. 1 В = > А .
7.10. А  о  В.
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7.11. 1 4 0  1В.
7.12. 15 о  14.
8 . Quyidagi mulohazalarni sodda mulohazalarga ajrating. 

Sodda mulohazalarni harflar yordamida belgilab, berilgan 
mulohazalarni ular yordamida ifodalang.

8.1. Agar berilgan funksiya juft ham emas, toq ham bo‘l- 
masa, u holda u yoki juft funksiya, yoki toq funksiya bo‘ladi.

8.2. Agar berilgan son 3 ga boiinsa va 5 ga bo‘linmasa, u 
holda bu son 15 ga bo‘linmaydi.

8.3. Ketma-ket kelgan uchta natural sonning kamida bittasi 
toq son bo‘ladi.

8.4. Har qanday natural sonni 3 ga bo‘lganda yoki 0, yoki 1, 
yoki 2 qoldiq qoladi.

9. Bir vaqtda А л  В  — rost, А л  С  — yolg‘on, (А л  В ) л ] С  — 
yolg‘on bo‘luvchi А,  В, С  mulohazalar mavjudmi?

10. Berilgan shartlar asosida quyidagi mulohazalaming rost- 
lik qiymatini aniqlash mumkinmi? Agar mumkin bo‘lsa, mulo- 
hazaning rostlik qiymatini aniqlang.

10.1. (A=>B)=>C, C — rost mulohaza.
10.2. А л ( В = $ С ) ,  (B^>C)  — yolg‘on mulohaza.
10.3. A v (5 = > C ), В — yolg‘on mulohaza.
10.4. \ A  v £ )o ( l4  v~|i?), A  — rost mulohaza.
10.5. (A =>2?):̂ >(lß v~U), В — rost mulohaza.
10.6. (A a B)^>(A v Q ,  A  -  yolg‘on mulohaza.

1. Mulohaza deb qanday gapga aytiladi? Har qanday o‘tgan 
zamon darak gapi mulohaza bo‘la oladimi? Kelasi zamon darak 
gaplari-chi?

2. Mulohazalar konyunksiyasi nima? U qanday o ‘qiladi? 
Rost konyunksiyaga, yolg‘on konyunksiyaga misollar keltiring.

3. Mulohazalar dizyunksiyasi nima? Qanday o‘qiladi? Rost 
dizyunksiyaga, yolg‘on dizyunksiyaga misollar keltiring.

4. Mulohazalar implikatsiyasi nima? U qanday o‘qiladi? Rost 
implikatsiya, yolg‘on implikatsiyaga misollar keltiring.

Takrorlash uchun savollar
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5. Mulohazalar ekvivalensiyasi nima? U qanday o‘qiladi? 
Rost ekvivalensiyaga, yolg‘on ekvivalensiyaga misollar keltiring.

6 . Mulohaza inkori nima? Qanday o'qiladi? Rost inkorga, 
yolg‘on inkorga misollar keltiring.

7. Mantiqiy amallaming bajarilish tartibini ayting.
8. Rostlik jadvali nima?

2 -§ . Formula. Teng kuchli formulalar. Mantiq qonunlari

/  Asosiy tushunchalar: mulohazaviy formula, rostlik qiymatlar 
tizimi, formulaning rostlik jadvali, teng kuchli formulalar, 
aynan rost formula, tavtologiya, mantiq qonuni, aynan 
yolg‘on formula, ziddiyat, bajariluvchi formula.

1) Har qanday mulohaza formuladir.
2) Agar A, B  lar formula bo‘lsa, u holda
C A), (A  a B), (A v  B),  (A =>.#), { A o B )  lar ham formuladir. 
A  formula faqat A v  ..., A n mulohazalardan hosil qilingan 

bo‘lsin, u holda A  formulani A ( Av  A n) ko‘rinishida yozib 
olamiz va A v A n mulohazalami elementar mulohazalar dey- 
miz. Har bir A k (£=1, n ) mulohaza 0 yoki 1 qiymatlarni qabul 
qilishi mumkin. A k mulohazaning qabul qiladigan qiymati /*bo‘l- 
sin, u holda (zp ..., in) — n lik A v  ..., A n ~  mulohazalarning 
qabul qiladigan qiymatlari tizimi deyiladi.

A  va B  formulalar tarkibiga kirgan barcha mulohazalar A v —, A n 
lardan iborat bo‘lsin. Agar A v  ..., ^mulohazalarning barcha 

..., in) qiymatlari tizimida A  va B  formulalar bir xil qiymatlar 
qabul qilsa, u holda bu formulalar teng kuchli form ula lar  deyiladi 
va A=B ko‘rinishida belgilanadi.

Formulada qatnashgan mantiq amallari soni formulaning 
rangi deyiladi.

1. A  formula — A mulohazadan iborat bo‘lsa, uning formu- 
laosti faqat uning o‘zidan iborat.

2. Agar formulaning ko‘rinishi A  * B  dan iborat bo‘lsa, u 
holda uning formulaostilari A , B, A  * B  lar hamda A  va B  lar- 
ning barcha formulaostilaridan iborat bo‘ladi. Bu yerda * — a , v , 
=>, amallaridan bid.
10



Agar formulaning ko‘rinishi ~\A bo‘lsa, uning formulaostilari 
A  formula, A  formulaning barcha formulaostilari va 1A  ning o‘zi- 
dan iborat.

A  formula, shu formula tarkibiga kirgan barcha mulohazalar- 
ning qabul qilishi mumkin bo‘lgan barcha qiymatlari tizimida 
rost bo‘lsa, bu formula aynan rost formula yoki mantiq qonuni, 
yoki tovtologiya', mulohazalaming kamida bitta qiymatlari tizimi­
da rost qiymat qabul qilsa, bajariluvchi formula; barcha qiymat­
lari tizimida yolg‘on qiymat qabul qilsa, aynan yo lg ‘on formula 
yoki ziddiyat deyiladi.

1-m isol. (A a  B  => A  a  Q  formulaning turini aniqlang.
Yech ish . Berilgan formulada uchta A, B, C  mulohazalar 

qatnashganligi sababli, ularning qiymatlar tizimlari 23 = 8 ta 
bo‘ladi. Formulaning rostlik jadvaliga 8 ta tizimni tartib bilan 
joylashtiramiz. Mantiq amallarining bajarilish tartibiga ko‘ra awal 
A 7T B konyunksiyani, keyin A  v C dizyunksiyani va nihoyat ho- 
sil qilingan formulalarning implikatsiyasini bajaramiz. Ya’ni 
amallaming ta’riflariga ko‘ra mos ustunlami to‘ldiramiz. Natijada 
quyidagi rostlik jadvali hosil boiadi:

A B c A A  B A v C A a  B —» A v  C

1 1 1 1 1 1

1 1 0 1 1 1

1 0 1 0 1 1

1 0 0 0 1 1

0 1 1 0 1 1

0 1 0 0 0 1

0 0 1 0 1 1

0 0 0 0 0 1

Formulaning rostlik jadvalidagi oxirgi ustun — formulaning 
rostlik qiymatlar ustuni faqat rost qiymatlardan iborat bolganli- 
gi uchun berilgan formula aynan rost (tavtologiya, mantiq qonu­
ni), degan xulosaga kelamiz.

2 -m iso l. Berilgan \ A  a  B), lA  v i  B formulalar teng kuchli 
ekanligini isbotlang.
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Yechish. Berilgan formulalar teng kuchli ekaniigini isbotlash 
uchun rostlik jadvallari tuzamiz:

A В А л  В 1  ( А  А  В ) А В 1 л 1 в 1 4  v  1 5

1 1 1 0 1 1 0 0 0

1 0 0 1 1 0 0 1 1
0 1 0 1 0 1 1 0 1
0 0 0 1 0 0 1 1 1

Formulalaming rostlik jadvallaridagi formulalar rostlik qiy- 
matlari ustunlari mos tizimlarda bir xil ekanligidan berilgan for­
mulalaming teng kuchli ekanligi kelib chiqadi.

Formulalaming teng kuchli ekaniigini isbotlash uchun bitta 
rostlik jadvalini tuzish ham mumkin:

А в А л  В 1  ( А  л  В ) 1 4 1В 1 4  v 1 8

1 1 1 0 0 0 0
1 0 0 1 0 1 1
0 1 0 1 1 0 1
0 0 0 1 1 1 1

Hosil bo‘lgan 4- va 7- ustunlardagi rostlik qiymatlarini solish- 
tirib, berilgan formulalaming teng kuchli ekanligiga ishonch ho­
sil qilamiz.

3-m iso l. A<=>B = A a B v A a B  tengkuchlilikni asosiy teng 
kuchlüiklar yordamida isbotlang.

Y ech ish . Asosiy teng kuchliliklardan foydalanib, quyidagi 
teng kuchli formulalar ketma-ketligini hosil qilamiz:

А  о  В  = (A => В) л (B  => A) = (1 А  V В) л (] В  v Ä) = 
s  ((14 v В) а ~\B) V (("Ù V B) A A) = (14 A 15) V (В  А 1Б) v 

v (] A  a  A) v (В  a  A) = (14 л 15) v 0 v 0 v ( 5 a ^ )  = 
s  (14 л lB )  v (В  л A).

KSv Misol va mashqlar
-

1. Quyidagi ifodalaming qaysilari mulohazaviy formula bo‘ladi?

1.1. A{ B=> C) .
12



1.2. {(А  V (В  л С ) )  <=> ( I ß ) ) .
1.3. А => (В  л  D => С ) .
1.4. (А  V (В  л С)) о  D .
1.5. /4 о  Z) v (Æ л С)) => /)л!Л.
1.6. (((Л о  (1Z))) V (5 л С)) => (Z) л (1л))).
2. Quyidagi ifodalarga qavslam i turli xil joylashtirish yorda- 

mida m ulohazaviy formulalar hosil qiling:

2.1. A a B ^ C .

2.2. A => В  л С  = > lC  •
2.3. 1Л o ] 5 v C a 5 .
2.4. 1 Л л 5 о С .
3 .  Berilgan formulalaming barcha qismformulalarini aniqlang:

3.1. (((Л о  В)  л (IC)) о  (((Л V В)  => А)  => (1C))).

з ? j(G4 V в )  V ( l e ) )  л  ((1^4) V ( d i ? )  V с ))) ------------= =

з-з. ( ш  о  (15)) V  (С л В))-

3.4. ¡(1 (/Io ( 1 U v C))))a 5)-
3.5. (((А о  5)л(С =>Л)) V (5 л (1C))).
3.6. (0 ((М )  о  Q a5))v((A vO »C )).
3.7. (((/1 о  О В) V ((14) л (IQ)).
3.8. ( ( ( В  о  (((15) V Л) л Q ) о  (14))).
4. Q uyidagi form ulalam ing turini aniqlang (form ulalam ing  

tashqi qavslari tushirib qoldirilgan):

4.1. ( ] ( X v  Y )  =>1 ( Х л  Г)).
4.2. (X => У) => (1 Y=> ~\X) .
4.3. 1 (ДГ=> (У => X)) л Z.
4.4.1 X = > ( X = >  Y ) v Z
4.5. 1 (JT=> F) => ( ( Х л  Z )  о  ( У л Z)).
4.6. (JTa 7 ) => Z o  X o  (У=> Z).
4.7. ( Х л  Y)  о  Z o  (Л'л! Z) => 1 У.
4.8. 1 ( ^ 0  У) о  Х л  1 К
4.9. (Х о У ) л 1  У=> ] Z
4.10. (.Х=> У) о  ( Х л  Z о  Ул Z).
4.11. (*=> У) л (Z=> Г) о  (Хл Z => Ул Г).
4.12. 1 ( Х о  У) о  (1 (А 'о  У) V 1 (У=> X)).
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4.13. (1 л  Y)  => (Z aI Z=> I v  Z).
4.14. ( X «  Y)  «  (X=> У) л (Y=> X ) .
5. 4-misolda keltirilgan formulalar ranglarini aniqlang.
6 . Quyidagi formulalarning aynan rost ekanligini isbotlang:
6.1. (Л <=> 2?) <=> ("Ы <=> ~1 5 ).
6.2. (у4 => В) => ((у4 => ( В  => С ) )  => (Л => С )) .

___6.3. (/4 В) => ((/? => А) => (/4 /?)).______________________
6.4. (Л => Q => ((Л V Д) => (С V 5)).
7. Quyidagi formulalarning aynan yolg‘on ekanligini isbotlang:
7.1. А  л ( 5 a ( 1 ^ v ] 5 ) ) .
7.2. 1 ( 1 ( Л V 5) => 1 (A a  ß)).
7.3. 1 ( /Í => (Д => A)).
7.4. ](/!= >  С) => ((В  => С) => (A V 5  => С)).
7.5. ] (A => 5) => (( А  л С) => ( В  л у4 )).
8 . Quyidagi formulalarning qaysilari bajariluvchi ekanligini 

aniqlang:
8.1. 1 (A => 1 A).
8.2. (A => В) => ( B => A).
8.3. (В  => (А л С)) л ] ((̂ 4 V C )  => 5 ) ;

8.4. 1 (( А о  ]5) V С )  л B;
8.5. ( А л  B ) ^  ( ( С  V B ) = > ( B  л 1 B)).
9. Rostlik jadvali yordamida quyidagi formulalar tavtologiya 

ekanligini isbotlang:
9.1. ( a  v(~U)) (uchinchisini inkor qilish qonuni).
9.2. ( ] ( у4 л (l/l))) (ziddiyatni inkor qilish qonuni).
9.3. (ClCU)) о  a ) (qo‘sh inkor qonuni).
9.4. (A  => A)  (ayniyat qonuni).
9.5. ( ( А  л A)  <=> A)  (konyunksiyaning idempotentlik qonuni).
9.6. { (A  V A)  о  A)  (dizyunksiyaning idempotentlik qonuni).
9.7. { (A  => В)  <=> ((]/?) => (~U))) (kontrapozitsiya qonuni).
9.8. ( ( A  ^  B)  о  (CU) vi?)).
9.9. ( ( А  о  В)  о  ( (A => В)  л  ( В  => А ) ) ) .

9.10. ( ( А л ( В у А) )  о  A)  (yutilish qonuni).
9.11. ( { А л ( В ч А ) )  о  A)  (yutilish qonuni).



9.12. ((1Ы л В) )  <=> ((~U) V (IZ?))) (de Morgan qonuni).
9.13. (1(Л V В) )  <=> ((~U) л (IZ?)) (de Morgan qonuni).
9.14. ( í A  v í í ) q  ((~U) => В )}.

9.15. (((Л => В )  л (В  => С)) => (А  => С)) (tranzitiv xulosa 
qoidasi).

9.16. ( (А  о  В) <=> ((~М) <=> (15))) (qarama-qarshilik qonuni).
9.17. ( (А  л  В ) (В  л  A ))  (konyunksiyaning kommutativlik 

qonuni).
9.18. ( ( A v B )  <=> (В  V A) )  (dizyunksiyaning kommutativlik 

qonuni).
9.19. ( ( Ы  л В)  а  С)  »  [ А  а  ( В  л  C ) ) )  (konyunksiyan ing  as- 

sotsiativlik qonun i).

9.20. ( ( U v S ) v C ) o ( ^ v ( ä v C ) ) )  (d izyunksiyan ing  as- 
sotsiativlik qonuni).

9.21. ( U a ( 5 v C ))o ( U a B )v U a C))) (konyunksiya­
ning dizyunksiyaga nisbatan distributivlik qonuni).

9.22. { ( A V ( В  л CO) <=> {(A V B)  a  ( A v C))) (dizyunksiya­
ning konyunksiyaga nisbatan distributivlik qonuni).

10. Quyidagi tengkuchliliklami isbotlang (mulohazaviy for- 
mulalarning tashqi qavslari tashlab yuborilgan):

10.1. A a A = A .

10.2. A v  A = A  .

10.3. A v ~ \ A ^ l .

10.4. A a ~}A = 0 .

10.5. A v  0 = A  .

10.6. A v  1 = 1.

10.7. ЛлО^О.
10.8. A a \ = A .

10.9. J]A = A .

10.10. A a B =  B a A.

10.11. A v  В = B v  A .
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10.12. A a { B v Á) = A .
10.13. A v { B  a A )  = A .
10.14. A=> B  s f U v  B .
10.15. A <¿> B = (A => B) a (B A ) .
10.16. l ( A v  B ) = \ A a ]B.
10.17. 1 U a 5 ) ^ v ] ü .

- 10.18. ( A  a  B h \ - G ^ ± M B ^ € 4 - . - ~
10.19. ( A  v  B )  v  C = A  v  ( B  v  C ) .
10.20. A a ( B v C)  = ( A a B ) v ( A a C) .
10.21. A v ( B a C)  = ( A v B ) a ( A v C) .
11. 10-misoldagi tengkuchliliklar yordamida quyidagi formu- 

lalami soddalashtiring (mulohazaviy formulalaming tashqi qavs- 
lari tashlab yuborilgan):

11.1. 1 (1  A v  B ) = > ( ( A v  B ) ^  A) .

11.2. 1 C U a 1 5 ) v ( U  = > B ) a A) .
11.3. ( A ^  B ) a ( B ^ A ) a ( A v B).
11.4. ( A = > B ) a ( B= >1 A) a ( C = > A ) .
1 1.5. ( A  a C)  v ( A  aIC) v ( B a C ) v ( 1 A a B a C ) .
11.6. 1 {(A => B )  a  ( B  =>1/4)).

12. Teng kuchli almashtirishlar yordamida quyidagi formula- 
lami shunday almashtiringki, natijada hosil bo‘lgan formulalarda 
faqat 1 va a  amallari qatnashsin:

12.1. (A v  B )  => ( 1 A => Q .
12.2 . ( l / l = > 5 ) v l ( y í = > JB).
12.3. ( (A v B  v C ) => A  ) v C.
12.4. ( (A => B) => C )  =» 1 A.
12.5. (A v  ( £ = >  O )  => A.
13. Teng kuchli almashtirishlar yordamida quyidagi formula- 

lami shunday almashtiringki, natijada hosil bo‘lgan formulalarda 
faqat 1 va v amallari qatnashsin:

13.1. (A => B) => (B a  Q .
13.2. (1 A  a  1 B) => (A a  B).
13.3. ((1 A  a  1 B) v C ) => (C  a  1 B)\
13.4. ( (A =>( B  a  Q )  => (1 B = > l A ) )  => l B ;
13.5. ( (A  => B) a  ( B  => Q )  => (A => Q .
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14. Quyidagi formulalaming inkorini toping:
14.1. (A a ( B  v 1 Q ) v (1.4 a B).
14.2. ( ( 1 ^ a 1 5 a 1 Q v / ) ) a 1 Q a 1 / ; a 1P.
14.3. ((( 1 A  A (1 B  V  O) V  D) A 1 Q) V  (1 R  A ( P  V  1 F)).
14.4. (04 a (1 B  v ( 1 C  a Z>))) v 1 0) a ft
15. Teng kuchli almashtirishlar yordamida quyidagi formula- 

larning ziddiyat ekanligini isbotlang:
15.1. ( A  => B) a ( B  => >1) A ((/1 a 1 fl) v (1 A a 5)).
15.2. ({A a 15) => ( \ A  v U  a B))) a ((1 5  v 04 a 5)) =>04 a! 5)).
15.3. (04 => 5) a (B  => O) => 1 (^ => Q.
15.4. ( A  => 5) a => 1 5) a A.
15.5. (A  a 1 B) v  (A a 1 Q )  o  ((>4 => 5) a 04 => Q).

Takrorlash uchun savollar

1. Mulohazaviy formula ta’rifmi ayting va misol keltiring.
2. Mantiqiy amallami bajarilish tartibi qanday?
3. Mulohazalarning qabul qiladigan qiymatlar tizimi nima? 

Ularning soni nimaga bogiiq?
4. Formulaning rostlik jadvali qanday tuziladi?
5. Teng kuchli formulalarga ta’rif bering.
6 . Formulalaming teng kuchli ekanligi qanday isbotlanadi?
7. Aynan rost, aynan yolg‘on, bajariluvchi formulalar ta’rif- 

larini ayting.
8. Tavtologiya, ziddiyat, mantiq qonuni ta’rifini ayting.
9. Asosiy tengkuchliliklardan qaysilarini eslab qoldingiz?
10. Teng kuchli formula bilan mantiq qonuni orasida qanday 

bog‘lanish bor?

3-§. Predikatlar. Kvantorlar

J  Asosiy tushunchalar: predikat, bir o‘zgaruvchili predikatning 
qiymatlar sohasi, predikatning rostlik sohasi, predikatlar kon- 
yunksiyasi, dizyunksiyasi, implikatsiyasi, ekvivalensiyasi,
predikat inkori, umumiylU -̂kvmitcrrTT^nTayjudlik kvantori, 
predikatli formula. J

I K U T L B X O N A S i



M to‘plamning a elementi haqida aytilgan tasdiqqa a ning 
o ‘rniga M  ning aniq bitta elementini qo'ysak mulohaza hosil 
bo‘lsa, bunday tasdiqlami bir o ‘zgaruvchili m ulohazaviy form ula  
yoki bir o ‘zgaruvch ili p re d ik a t  deb ataymiz. n ta x v  ..., x n 
o‘zgaruvchilarga bog‘liq R (x v  ..., x n) tasdiq berilgan bo‘lsin. U 
holda x1? x n o ‘zgaruvchilarning mazmunga ega bo‘ladigan 
qiymatlar to‘plami, shu o'zgaruvchilaming yo  i  qo ‘yiladigan qiy- 
matlari sohasi deyiladi. Agar R (x v  ..., x n) tasdiq xp xno‘zga- 
ruvchilaming yo‘I qo‘yilishi mumkin boigan har qanday qiymat- 
larida mulohazaga aylansa, n o ‘zgaruvchili p red ika t yoki n o ‘z -  
garuvchili m ulohazaviy form ula  deyiladi. Bu yerda n = 0, 1, 2 va 
hokazo manfiy bo‘lmagan butun qiymatlar qabul qiladi. 0 o'rinli 
predikat sifatida mulohaza tushuniladi.

M * 0  to‘plamda aniqlangan bir o‘rinli R(x)  predikat berilgan 
bo‘lsin, u holda R(x) predikatning inkori deb har qanday x  e  M  
element uchun R(x) predikat rost bo‘lganda yolg‘on bo‘ladigan; 
R(x) yolg‘on bo‘lganda rost bo‘ladigan 1 R(x)  predikatga aytiladi. 
Ya’ni M  ning ixtiyoriy elementi uchun

(] R)(x)  = ] (i?(x)) tenglik o‘rinli boiadi.
Xuddi shunday M *  0  to‘plamda aniqlangan P(x) va Q(x)  bir 

o‘rinli predikatlar uchun a, v, =>, <íí> amallari quyidagi tenglik- 
lar yordamida aniqlanadi:

( R  a Q)(x) =  R(x)  a Q(x);
( R v  Q)(x) = R(x)  v Q(x);
(R => Q)(x)  -  R(x) => Q(x);
(R  o  Q)(x) = R(x)  o  Q(x).

M  *  0  to‘plamda aniqlangan R(x) predikat berilgan bo‘lsin, 
u holda R(x) predikatni rost mulohazaga aylantiradigan x ning M  
to'plamga tegishli barcha elementlarini ^orqali belgilaymiz. Er ni 
R(x) predikatning rostlik sohasi deyiladi.

VxR( x)  ifoda, M  to‘plamning barcha elementlari uchun R(x)  
rost boTganda rost, M  to‘plamning kamida bitta x0 elementi 
uchun R(x0) yolg‘on bo‘lganda yolg'on bo‘ladigan mulohazadir. 
Bu yerdagi V belgi umumiylik kvantorini bildiradi.

3xi?(x) mulohaza bo‘lib, M  to‘plamning kamida bitta x0 
elementi uchun R (x0) rost bo‘lganda rost, qolgan hollarda, ya’ni
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M  to‘plamning barcha elementlari uchun R(x) yolg‘on bo‘lgan- 
da yolg‘on bo‘ladigan mulohazadir.

R(x, y) butun sonlar to‘plami Z da aniqlangan «x+y>0» maz- 
munidagi predikat boisin, u holda:

\/x \/y R (x , y ) — «ixtiyoriy ikkita butun son yig‘inidisi musbat 
boiadi» — yolg'on mulohaza;

Vx3y/?(x, >») — «har qanday butun son x  uchun shunday 
у  butun son mavjud bo‘lib, ulraning yig‘indisi musbat» — rost 
mulohaza;

3x \/y R {x , y ) — «shunday x butun son mavjud bo‘lib, uning 
ixtiyoriy у  butun son bilan yig‘idisi musbat» — yolg‘on mulohaza;

3x3yR (x , y )  — «shunday x va y  butun sonlar mavjudki, ular- 
ning yig‘indisi musbat» — rost mulohaza bo‘ladi.

1-m iso l. Dekart koordinatalar tekisligida х < 3 л х > — 1 л  
л  у  < 3 л > 1 predikatning rostlik sohasini tasvirlang.

Yechish. Berilgan ikki o'rinli predikat to‘rtta bir o'rinli predi- 
katlarning konyunksiyasidan tashkil topgan. Konyunksiya amali- 
ning ta’rifidan, predikatlardagi ikkala o‘zgaruvchi o‘rniga qiymat- 
lar berganimizda, ularning barchasini rost mulohazaga aylanti- 
ruvchi x va y  larning qiymatlari berilgan predikatning rostlik 
sohasi bo‘ladi. Buning uchun har bir predikatning rostlik soha- 
larini aniqlab, ularning kesishmasini topamiz (chizmaga q.)

Hosil bo‘lgan chizmadagi ABC D  to‘rtburchakning ichki nuq- 
talari berilgan predikatning rostlik sohasi bo‘ladi.
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2-m iso l. M  — {1, 2, 20} to'plamda quyidagi predikatlar 
berilgan: A(x): «(x  : 5)»; B(x): «x — juft son»; C(x): «x — tub 
son»; D(x): «x 3 ga karrali». A(x)  a  B ( x )  => C(x) v D(x) predikat- 
ning rostlik sohasini toping.

Yechish. K  orqali M  to‘plamning A (x) a  B(x) predikatni rost, 
C(x) v Z)(x) predikatni yolg‘on mulohazaga aylantiradigan ele- 
mentlarini belgilab olamiz. Mantiq amallarining ta’rifiga ko‘ra 
berilgan predikatning rostlik sohasi A/to‘plamdan K to‘plamni ayi- 
rishdan hosil bo‘lgan to‘plamdan iborat. K  to‘plamni aniqlaymiz:

1) A(x) a  B(x) predikat rost mulohazaga aylanadigan qiymat- 
lar to‘plami A (x) va B(x) predikatlami bir vaqtda rost mulohaza­
ga aylantiradigan M  to‘plamning elementlari, ya’ni A x =  {5, 10,
15, 20} va B { = {2, 4, 6 , 8 , 10, 12, 14, 16, 18, 20} to£plamlar- 
ning kesishmasidan iborat. Bu to‘plamni M x orqali belgilaymiz:

M =  A x n B x =  {10, 20}.

2) C(x) v D(x)  predikat C(x)  va D(x) predikatlar bir vaqtda 
yolg'on mulohazaga aylanadigan M  to‘plamning qiymatlarida 
yolg‘on mulohaza bo‘ladi. U C , =  {1, 4, 6 , 8, 9, 10, 12, 14, 15,
16, 18, 20} va D = {  1, 2, 4, 5, 7, 8, 10, 11, 13, 14, 16, 17, 19, 20} 
to‘plamlaming kesishmasidan hosil bo‘lgan M 2 = {1, 4, 8, 10, 14,
16, 20} to‘plamdan iborat.

Demak, K — M x n  M 2 =  {10, 20} to‘plamdan iborat. U hol- 
da M \K  berilgan A (x) a  B(x) => C(x) v D(x) predikatning rostlik 
sohasi.

[>Si] Misol va mashqlar

1. Quyidagi gaplardan qaysilari predikat ekanligini aniqlang:
1.1. Natural sonning natural bo‘luvchilari faqat ikkita bo‘lsa, 

u tub son bo‘ladi.
1.2 . «x — mevali daraxt» (x daraxtlar to‘plamining elementi).
1.3. «Nargizaning yoshi 18 da».
1.4. «x + y  = 5», (x, y&N).
1.5. «x + y i  -mavhum son», (x, y&R).
1.6. «x3 + 3x — 4», ( x e Z ) .

1.7. «x va y  bir sinfda o‘qiydi», (x, y  o‘quvchilar to‘plamining 
elementlari).
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1.8. «x va y  o‘xshash» (x, y  geometrik shakllar to‘plamining 
elementlari).

1.9. «5=2+4».
1. 10. «Nodir x ning akasi» (x insonlar to‘plamining elementi).
1.11. «x 5 ga bo‘linadi» (x e N).
1.12. «x2 + 2x + 4» (x g R).
1.13. «ctg 45° = 1».
1.14. « x  va y  lar z  ning turli tomonlarida yotadi» (x va y  lar 

tekislikdagi nuqtalar to‘plamiga, z  esa tekislikdagi to‘g‘ri chiziqlar 
to‘plamiga tegishli).

2. Quyidagi mulohazalar uchun shunday predikatlar tuzing- 
ki, ulardagi o‘zgaruvchilar o‘miga qiymat berganda berilgan mu- 
lohaza hosil bo'lsin:

2.1. 2+3 > 7.
2.2. Feruzaning farzandlari 3 nafar.
2.3. A.Navoiy ko‘chasi Toshkent shahridagi markaziy ko‘cha- 

lardan bin.
2.4. log22 =  1.
2.5. Nargiza Namangan viloyatida tug‘ilgan.
2.6. (52 — 1) = ( 5 -  1)(5 + 1).
2.7. 16 — murakkab son.
2.8. (4, 12, 20)=4.
2.9. Palov — o‘zbek milliy taomlaridan.
2.10. Berilgan A B C  uchburchak A B C  uchburchakka teng.
3. Sonlar o‘qida quyidagi bir o ‘rinli predikatlarning rostlik 

sohasini tasvirlang:
-  , x2+3x+2 n
3 . 1 .  - r -------------- <  0 .

x +4x+3

3.2. Vx2 -1  =  -3 .
3.3. 2x2 + x -  30 > 0.
3.4. (sinx > 0).
3.5. (|x + 2| < 0).

3.6. ——r < 0.x-\
3.7. 3x2 — 2x + 4 > 0.
3.8. |x — 1| < |x + 3|.
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3.9. |jc + 5| < 3.
3.10. w < l.
4. Dekart koordinatalar tekisligida quyidagi ikki o‘rinli predi- 

katlaming rostlik sohasini tasvirlang:
4.1. ((x > 2) a  ( y >  1)) a  ((x < -1 )  a  (y  < -2)).
4.2. x + 3y = 3.
4.3. x -  y  > 0.
4.4. (x -  2) 2 + (y  + 3) 2 = 4.
4.5. lg x  = lg y.
4.6. l(x > 2) a  (y < 2).
4.7. (x =  y)  v  ( | x| < 1).
4.8. (x > 3) => < 5).
4.9. ((x -  l ) 2 + y 2 = 4) a  (>/ =  x).
4.10. (x 2 + 2x + 1 -  0) a  (y =  2x + 3).
5. M =  {1, 2, ..., 20} to‘plamda quyidagi predikatlar berilgan: 
A(x): «1 (x : 5)»; B(x): «x — juft son»; C(x): «x — tub son»;

D(x)\ «x 3 ga karrali». Quyidagi predikatlaming rostlik sohasini 
toping:

5.1. A(x)  a  D(x) => 1 C(x).
5.2. A (x) a  C(x) =>1 D(x).
5.3. A (x) => B(x).
5.4. D(x) => 1 C(x).
5.5. C(x) ^  A(x).
5.6. A(x)  v  B(x) v  D(x).
5.7. 1 Six) v  1 D(x).
5.8. ] C(x) v  D(x)  a  5(x).
5.9. 1 B(x) v  C(x)^ Z)(x).
5.10. A (x) a  fi(x) a  D(x).
5.11. 1 A (x) a  1 C(x) v  5(x).
5.12. 1 B (x) a  1 C(x) a  D(x).
5.13. A (x) v  ]5(x) a  I)(x).
5.14. ^(x) a  C(x) v l  D(x).
5.15. B(x) v  C(x) a  y4(x).
5.16. A (x) o  1 B(x) a  D(x).
6 . Quyidagi mulohazalami o‘qing va ulaming rostlik qiyma- 

tini aniqlang:
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6 .1 . VxA(x) ,  A(x): «X -  natural son», x  e R.
6.2. 3xA (x), A (x ): «x -  butun son», x  g  R.
6.3. _V x(x  +  3 =  5), x  e  R.
6.4. 3 x (4  +  x  =  10), x  g  R.
6.5. V x V y (x  +  y  < 4), x, y  g  /?.

6.6. V x V j( x  +  y  > 4), x, y  g  /?.
6.7. 3 x V y (x  +  y  =  14 ), x , y  g R.
6.8. 3 x 3 y (x  < y ) ,  x, y  e R.
6.9. V xV y3£([x , y] = z), x , y  e  R.
6 . 1 0 .  V x V j3 ^ ([x , y] =z) ,  x , y , z  g R.
6 .1 1 . V x (x  <  0  => x  > 0 ) ,  x  g  { 0 ,  1 , 2 } .

6 .12 . ( x g 7 )  (a2 +  b2 -  c2), T — uchburchaklar to ‘ plami va a, 
b, с — uchburchak tomonlari.

6 .13 .  V x V y (— => — ), x, y  g  N.
У x

6 .14 . \/х(Дх) > 0), Д х ) =  x 2 — 4 х  +  3, x  e  R.

6 . 1 5 .  V x  ( ~ ~  g  R),  x  g  R.

6 . 1 6 .  V x  (x  <  1 0 ) ,  x  g { 1 ,  ..., 1 0 } .

6 . 1 7 .  V x (x  +  5  <  1 5 ) ,  x  g { 1 ,  ..., 1 0 } .

6 . 1 8 .  V x\/y(x — y  < 1 0 ) ,  x, y  g  { 1 ,  1 0 } .

6 . 1 9 .  V x 3y  ( y  g  A),  x, y  g { 1 ,  ..., 1 0 } .

6.20. VxV_v(x <  y), x  g  { 1 ,  ..., 5 } ,  y  g { 5  , ..., 10}.

6 . 2 1 .  V x V y  (x  : y  ), x  g  {4к  \ к  g  Z } ,  y  g { 1 ,  2 ,  4}.
7 . Quyidagi predikatlardan kvantorlar yordamida mulohazalar 

hosil qiling va ulam ing qiymatlar, rostlik sohalarini toping:

7. 1 .  A(x): «x — talaba».
7 .2 . A(x): «x — butun son».
7 .3 . A(x): «x -  to ‘g ‘ ri chiziq».

7.4. A(x)\ «x : 5».
7 . 5 .  A (x, >̂ ): «x +  y  =  4».
7.6. A (x, y): «x <  y».

7.7. A (x , y): «x : y».
7.8. A (x, y): « x ||y» .

7.9. A (x , y , z): « j  =  z».

7 . 1 0 .  A(x, y, z): «[x, y] =  г».
2 3



8. Quyidagi formulalardagi erkli va bog‘liq o‘zgaruvchilarni 
aniqlang:

8.1. V xA (x).
8.2. A (y) => BjcẐ x).
8.3. 3xVy(y4(x) a  B(y)) => VyC(t, y).
8.4. V x3y(A (x ,y)) => B(t, z).

Takrorlash uchun savollar

1. Predikatga ta’rif bering.
2. Predikatning qiymatlar sohasi, rostlik sohasi nima? Misol- 

lar yordamida tushuntiring
3. Predikatlar dizyunksiyasi, konyunksiyasi, implikatsiyasi, 

ekvivalensiyasiga misollar keltiring.
4. Mantiq amallarini qo‘llash natijasida hosil bo‘ladigan pre- 

dikat o‘zgaruvchilarining soni haqida nima deyish mumkin?
5. Umumiylik va mavjudlik kvantorlarini qo‘llashga misollar 

keltiring.
6. Predikatli formula qanday hosil qilinadi?
7. Predikatli formulaning qanday turlarini bilasiz?

4-8. Matematik mantiqning tatbiqlarí

J  Asosiy tushunchalar: teorema, to‘g‘ri teorema, to‘g‘riga tes- 
kari teorema, to ‘g‘riga qarama-qarshi teorema, teskariga 
qarama-qarshi teorema, teorema isboti. Rele kontakt sxemasi.

Matematik mantiq elementlari mavzuning o‘qitilishidan qo‘- 
yilgan asosiy maqsad o‘quvchilami matematik analiz fanining al­
gebra, geometriya, matematik analiz kabi bir qancha matematik fan- 
larga tatbiqining eng sodda ko‘rinishlaridan biri — matematik 
jumla (aksioma, teorema, ta’rif, ...)lami mulohazalar va predi­
katlar algebralari tili orqali ifodalashga o‘rgatishdir.

Natural sonlar to‘plamida qaralgan tub son tushunchasi uchun 
quyidagi formulani keltirish mumkin:

( \ / n e N) ( ( n  — tub son) < = > ( « ; ¿ 1 a « : / ? = > / j = 1 v / >  =  « ) ) .  

Yoki quyidagi belgilashlami kiritsak:
2 4



A(x) — «x -  tub son», B(x) — «x * 1», C(x) — «x : p», D(x) — 
«x=l», P(x) — «x=p» , u holda yuqoridagi formulani quyidagicha 
ifodalash mumkin:

(VxeiV) (A(x) <=> B(x) a  C(x) => D(x) v  P(x)).
Teorema va uning turlari. Har qanday teorema shart va na- 

tijadan iborat. Agar A teoremaning sharti, B esa uning xulosasi 
bo‘lsa, u holda teoremani

A => B (1) ko‘rinishda yozishimiz mumkin.
B => A (2) teoremaga (1) teoremaga teskari teorema deyiladi. 
~| A => 1 B (3) teoremaga (1) teoremaga qaram a-qarshi teo­

rema deyiladi.
] B => ~\A (4) teoremaga berilgan (1) teoremaning teskarisiga 

qaram a-qarshi (yoki berilgan ( 1) teoremaning qarama-qarshisi- 
ga teskari) teorema deyiladi.

Rostlik jadvallari orqali A => B = ~\B ^>14 va B ^  A s^ A  =̂>1B 
tengkuchliliklami isbot qilib, quyidagi xulosani chiqaramiz:

A ^> B  teorema o‘miga ] B =>] A teoremani isbot qilib, A => B 
rost, ya’ni to‘g‘ri deb aytishimiz mumkin.

Isbot tushunchasi. A t, A2, ..., An (1) mulohazalar berilgan 
bo‘lib, quyidagi shartlar bajarilsa:

A } — aksioma yoki awal isbot qilingan mulohaza boisin; 
har bir An i > 2 yoki o‘zidan oldingi mulohazadan keltirib 

chiqarilsin, yoki awal isbot qilingan mulohaza bo‘lsin.
U holda (1) ketma-ketlikni biz An mulohazaning isboti dey- 

miz.
Isbot qilish usullari. Teorema shartining rostligidan, xulosa- 

ning rostligini to‘g‘ridan to‘g‘ri keltirib chiqarishni bevosita isbot 
qilish, deb tushunamiz. Mantiq qonunlari orqali isbot qilishga, 
teskarisidan isbot qilish, uchinchisini inkor qilish qonuni orqali is­
bot qilish, induksiya yordam ida isbot qilish va h.k.lar kiradi.

Avtomatik boshqarish qurilmalari va elektron hisoblash 
mashinalarida ko'plab rele-kontakt sxemalar uchraydi. Har qan­
day sxemaga mulohazalar algebrasining biror-bir formulasini mos 
qo‘yish mumkin va aksincha. RKS bilan mulohazalar algebrasi­
ning formulalari orasidagi bunday munosabat murakkab 
RKS lami mulohazalar algebrasining formulalari yordamida sod-
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dalashtirish imkoniyatini beradi. Kontaktni shartli ravishda
yoki-----•-----, yok i----------- , yoki----- • •-----

ko‘rinishda belgilaymiz. Kontakt yopiq (tok o‘tkazadigan) yoki 
ochiq (tok o‘tkazmaydigan) holatda bo‘lishi mumkin. Kontakt- 
ning yopiq holatiga 1 ni, ochiq holatiga 0 ni mos qo‘yamiz.

Barcha kontaktlar orasida doimo tok o‘tkazadigan (doimo yo­
piq) hamda butunlay tok o‘tkazmaydigan (doimo ochiq) kon­
taktlar mavjuddir. Ulami ham, mos ravishda, 1 va 0 bilan belgi­
laymiz va hamda-----•----- , ----------- ko‘rinishda ifodalaymiz.

Biz o ‘zgaruvchi kontaktlar bilan ish ko‘rganimiz uchun ulami 
X,  Y, Z,  ... harflar bilan belgilaymiz. U holda ikkita X  va Y  
mulohazalarning konyunksiyasiga kontaktlarni ketma-ket ulash 
natijasida hosil bo‘ladigan

-----• X  •----- • Y  •-----sxemani, X  va Y  mulohazalarning diz-
yunksiyasiga kontaktlarni parallel ulash natijasida hosil bo‘ladigan 
quyidagi

------* X * ------

-----• Y  •-----

sxemani mos qo‘yamiz. Har qanday mulohazviy formulani faqat
1 ,  a ,  v  amallar qatnashgan formulaga keltirish mumkin bo‘lgan- 
ligidan har bir formulani RKS orqali ifoda qilish va aksincha, har 
qanday RKS ni mulohazaviy formula orqali ifodalash mumkin

1 -m iso l. ( X  a  7 ) v  ] X  formulaga quyidagi rele-kontakt 
sxemasi mos keladi:

---- • X ------• Y  •-----

------------ •  lA V

2 -m iso l.

------•  X  •— — • Y  •—

— — ----- * 1 7 * ------

sxemaga (X  v  ~ U 0 a ( 7 v ] 7 )  formula mos keladi.
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\
^  J M isol va mashqlar

1. Quyidagi teoremalarga teskari, to‘g‘riga qarama-qarshi, 
teskariga qarama-qarshi teoremalami ifodalang:

1.1. Agar berilgan to‘rtburchak kvadrat bo‘lsa, u romb bo‘ladi.
1.2. Agar berilgan ikki to‘g‘ri chiziqning har biri uchinchi 

to‘g‘ri chiziqqa parallel boisa, u holda berilgan to‘g‘ri chiziqlar 
parallel bo‘ladi.

1.3. Agar parallelogramm romb bo‘lsa, uning diagonallari 
perpendikulär boiadi.

1.4. Agar ketma-ketlik monoton va chegaralangan bo‘lsa, u 
holda u limitga ega bo‘ladi.

1.5. Agar berilgan natural sonning raqamlar yig‘indisi 3 ga 
bo‘linsa, berilgan son 3 ga bo‘linadi.

1.6. Agar ratsional sonlar ketma-ketligi yaqinlashuvchi bo‘lsa, 
u holda u fundamental ketma-ketlik bo‘ladi.

1.7. Agar 3 ta sonning ko‘paytmasi nolga teng bo‘lsa, u hol­
da ko‘paytuvchilaming kamida bittasi nolga teng bo‘ladi.

1.8. Uchburchakning ichki burchaklari yig‘indisi 180° ga teng.
2. Quyidagi mulohazalami predikatlar algebrasi tilida ifodalang:
2.1. «Barcha ratsional sonlar haqiqiy».
2.2. «Ayrim ratsional sonlar haqiqiy emas».
2.3. «12 ga bo‘linuvchi har qanday natural son 2, 4 va 6 ga 

bo‘linadi».
2.4. «Ayrim ilonlar zaharli».
2.5. «Bir to‘g‘ri chiziqda yotmagan 3 ta nuqta orqali yagona 

tekislik o‘tkazish mumkin».
2.6. «Yagona x mavjudki, R(x)».
3. A (x ): «x — tub son», B(x): «x -  juft son», C(x): «x — toq 

son», D(x): «x y  ni bo‘ladi» kabi xossalami bildirsa quyidagilami 
o‘qing:

3.1. /4(7).
3.2. B(2) a  A(2).
3.3. Vx(Z?(x) => V_v(D(x, y) => B(y)).
3.4. Vx(C(x) => \/y (A (y)  => ] D(x, y))).
4. Quyidagi tasdiqlar va ulaming inkorlarini predikatlar tilida 

ifodalang:
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4.1. Tartiblangan to‘plam chiziqli tartiblangan deyiladi, agar 
to‘plamning ixtiyoriy x, у  elementlari uchun yoki x = y ,  yoki x <  y,  
yoki x >  у  bo‘lsa.

4.2. f (x) funksiya M  to‘plamda chegaralangan deyiladi, agar 
shunday manfiymas L  so ni mavjud bo‘lib, har qanday x & M  
uchun |/(x )| < L  bo‘Isa.

4.3. / (x) funksiya M  to‘plamda o‘suvchi deyiladi, agar to‘p- 
lamning ixtiyoriy x v  x2 elementlari uchun, x, < x2 ekanligidan 
/(x ,)  < / ( x 2) kelib chiqsa.

4.4. /(x )  funksiya davriy deyiladi, agar shunday T  *  0 soni 
mavjud bo‘lib, funksiyaning aniqlanish sohasidan olingan har 
qanday x uchun x — T  va x + Г lar ham shu sohaga tegishli 
bo‘lib, / ( x  ± 7) = /  (x2) shart bajarilsa.

5. Quyidagi formulalar uchun rele-kontakt sxemalarini tuzing:
5.1. ( X  a Y  л  Z) v~|(X л 7  л Z ) V  (X л 7 ) -
5.2. ( X  => Г) л( У => Z) .
5.3. ( ( X  => Y )  a  (7  => Z)) = > ( X = > Z ) .
5.4. ( X  => ( Y  => Z)) = > ( Y = > X ) .
6 . Quyidagi rele-kontakt sxemalariga mos keluvchi mulo- 

hazalar algebrasining formulasini aniqlang:
6.1 . --------------------* 7 * —

•~\X*

6.2.

6.3.

6.4.

Z .

"Ur*--------

7 . -----*Z .

r~*X<

1 7 .

n - -•z •-

— * z  •—

— * 7 . -

X * — • lz<

7 * -

■Ur.
-• 7  fc-

2 8
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7. Quyidagi rele-kontakt sxemalarini soddalashtiring:

7.1. -------- .~ [X »-------- . 1 7 - -------- • Z •--------

X  •- >17.- 

• 1 7 .

7.2.
. X .

L .1 7 «

r * Z < - • X '

" L * lZ * -^  '— * l Z  • — * 1 7  • — * l Z  «

7.3.

7.4.

•  A '.

H z .

117

*lz«

— •1ДГ«-

1 7

- . 1 7 . -

•---------

. ¥ • ----

.  V .

-----• X  •—

---- .1 У .-

• / .

â 7

r »

•  Zj

l z .

■lA'*

Z .— • 7 .-
- l Z — . l z «

, y .—. lz«

r f í j  Takrorlash uchun savollar

1. Teoremaning qanday turlarini bilasiz?
2. Teoremalami isbotlash usullari qanday?
3. Matematik tasdiqlami predikatlar tilida ifodalashga misol 

keltiring.
4. Rele-kontakt sxemalarini soddalashtirishda mulohazaviy 

formulalaming ahamiyati nimada?
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I I  M O D U L . I 0 ‘PLAM LAR VA 
MUNOSABATLAR

------ ^

-------
To‘plam. To‘pIamlar ustida amallar. 
Eyler—Venn diagrammalari

J  Äsosiy tushunchalar: to‘plam, to‘plam elementi, to‘plamlar- 
ning tengligi, qismto‘plam, bo‘sh to‘plam, universal to‘plam, 
to‘plamlar birlashmasi, to‘plamlar kesishmasi, to‘plamlar 
ayirmasi, to‘plamlar simmetrik ayirmasi, idempotentlik xossa- 
si, kommutativ amal, assotsiativ amal, distributivlik xossasi, 
to‘plam to‘ldiruvchisi, Eyler—Venn diagrammalari.

To‘plam tushunchasi matematikaning asosiy tushunchalari- 
dan biri bo‘lib, misollar yordamida tushuntiriladi. To‘plamni tash- 
kil qiluvchi obyektlar to‘plamining elementlari deyiladi.

Agar A to‘plamning har bir elementi B  to‘plamning ham 
elementi bo‘lsa, u ^ l c 5  orqali belgilanadi va A to‘plam B to‘p- 
lamning to ‘plamostisi deyiladi.

Bir xil elementlardan tashkil topgan to‘plamlar teng deyiladi. 
A va B to‘plamlarning teng bo‘lishi uchun A a  B va B ^ A  
bo‘lishi zarur va yetarli ekanligini ko‘rish qiyin emas. Bitta ham 
elementi yo‘q to‘plamni bo ‘sh to ‘plam  deb ataymiz va uni 0  or­
qali belgilaymiz.

A va B to‘plamlaming kamida biriga tegishli bo‘lgan barcha 
elementlardan tashkil topgan A u  B  to‘plam A  va B  to‘plamlar- 
ning birlashmasi yoki y ig ‘indisi deyiladi.

A va B  to‘plamlaming kesishmasi yoki ko ‘paytm asi deb, A va 
B to‘plamlaming barcha umumiy, ya’ni A ga ham, B  ga ham te­
gishli elementlardan tashkil topgan A c \B  to‘plamga aytiladi.

A va B  to‘plamlaming ayirmasi deb, A to‘plamning B to‘p- 
lamga kirmagan barcha elementlardan tashkil topgan to‘plamga 
aytiladi. A va B to‘plamlaming ayirmasi Ä \B  ko‘rinishida belgi­
lanadi.

(A\B) u  (B \Ä) to‘plam A va B to‘plamlaming simmetrik ayir­
masi deyilidi va AAB orqali belgilanadi.
30



Agar A cz В  bo‘lsa, B \A  to‘plam A  to‘plamning В  to‘plamga- 
cha to ‘ldiruvchi to ‘plam  deyiladi va с  A yoki A ’ orqali belgilanadi.

M isol. А ,В  a  M  — {1, 20} to‘plamlar uchun quyidagilar- 
ni aniqlang:

A \B , B \A , А и В , А г л В ,  A', B'. A={ 1 , 3 , 5,7 , 9}, # = { 2 , 4 , 7 , 8}.
Yechish. Berilgan to‘plamlar uchun to‘plamlar ustida bajari- 

ladigan amallarning ta’riflarini qo‘llab, quyidagi to‘plamlami ho- 
sil qilamiz:

A \B  =  { 1 , 3 , 5 , 9}; B \A  =  { 2 , 4 , 8 } ;  A  u  £ = { 1 , 2 , 3 , 4 , 5 , 7 , 8 , 9};
A  n  В =  {7}; A '= {2 ,4,6,8,10,11,12,13,14,15,16,17,18,19,20};
B = { \ ,  3,5,6,9,10,11,12,13,14,15,16,17,18,19,20}.
M isol. (A  u  B ) \C  =  (A \B ) и  ( B \Q  tenglikni isbotlang.
Yechish. To‘plamlarning tengligini isbotlash uchun M=N<^> 

« M e  N  л N  c= M  tasdiqdan foydalanamiz.
1) Vxe((y4 u  B ) \ Q  => x e (A  u  В) л xg С =>
= >  x g A  v x e i ? A X g C = >  ( x e A  л  x g Q  v  ( x e В л  X € Ü )  = >

=> x e ( A O  v  x s ( B \ Q  => [ x e ( 0 4 \Q  u  ( B \ Q ) .
Bundan (A и  B ) \C  a  ( A \Q  u  ( B\C)  ekanligi kelib chiqadi.
2) Vxe(04\C) u  (B \ C )) => x g ( A\C)  v  x e ( B \ C )  =>
«  (x e A  л  xg C) v (xeВ  л xg С) => (хеЛ v x e Ö A X i Q = >
=>X e(y4 и  й) лх г С=> хе((/4 u  B ) \Q .
Bundan 04\С) u  (Æ\Q с  (А и  5 )\С  ekanligi kelib chiqadi.
Demak, (А и  Æ)\C = 04\Q  и  ( B \ Q .
To‘plamlar ustida amallarni E yler—Venn diagram m alari deb 

ataladigan quyidagi shakllar yordamida ifoda qilish amallarning 
xossalarini isbot qilishni ancha yengillashtiradi.

Universal to‘plam to‘g‘ri to‘rtburchak shaklida, uning 
to‘plamostilari to‘g‘ri to‘rtburchak ichidagi doiralar orqali ifoda 
qilinadi. U holda, ikki to‘plam birlashmasi, kesishmasi, ayirma- 
si, to‘lduruvchi to‘plamlar, ikki to‘plamning simmetrik ayirmasi, 
mos ravishda, quyidagicha ifodalanadi.

(A и  B ) \C  = (/4\C) и  ( B \Q  tenglikni Eyler—Venn diagram- 
malarida tasvirlaymiz. Buning uchun tenglikda qatnashgan uchta 
to‘plam uchun biror-bir vaziyatni aniqlab, tenglikning ikkala to- 
monini ikkita diagrammada tasvirlaymiz:



a a b

A KJ В  ni

А С  ni

(A O  u  (B \ Q  ni 
qilamiz:

(A u  B ) \C  ni 

B \C  ni ж ’

orqali belgilab, quyidagilarni hosil

M asala. 58 nafar mexanizatorlar haydovchi, traktorchi, kom- 
baynchi mutaxassisligiga ega. Ulardan 11 nafari ham haydovchi, 
ham traktorchi; 6 nafari ham traktorchi ham kombaynchi; 
5 nafari — haydovchi va kombaynchi; 3 nafari — uchala muta- 
xassislikka ega. Agar kombaynchi, haydovchi va traktorchilar 
soni ayirmasi 7 ga teng arifmetik progressiyani tashkil etsa, u 
holda mexanizatorlardan necha nafari faqat bitta mutaxassislikka 
ega?

Yechish. A , В, С  to‘plamlar — haydovchi, traktorchi va kom- 
baynchilar to‘plamlari bo‘lsin. Masala shartidan kelib chiqqan 
holda quyidagi Eyler—Venn diagrammasini tuzamiz:
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Masala shartiga ko‘ra, A n B n C = 3 , A n B  = 11, A n  C=  5, 
B n C =  6. U holda ( A n  B )\C  = 8 ,  ( A n  Q \B  = 2 ,  ( B n  Q \ 4  =  3 
bo‘ladi. Faqat haydovchilar to‘plami (A \B )\C  ni x , faqat traktorchi- 
lar to‘plami (Z?V4)\C ni y, faqat kombaynchilar to‘plami (C \A )\B  ni 
Z orqali belgilasak, u holda x  +  y  +  ^ + 3 +  8 +  2 +  3 =:z58 
bo‘lib, bundan x  + y  + z = 42 kelib chiqadi. z, x, y  lar ayirmasi 
7 ga teng arifmetik progressiyani tashkil etganligi uchun x  = 14, 
y = l , Z  =  2\ .

J av o b  . Faqat haydovchilar — 14 nafar, faqat kombaynchi­
lar — 7 nafar, faqat traktorchilar — 21 nafar.

»St Misol va mashqlar

1. A, B  c  M  — {1, ..., 20} to‘plamlar uchun quyidagilarni 
aniqlang:

A \B , B \A , A  vj B, A  n  B, A ', B ', A A B :
1.1. A  =  {1, 3, 5}, B =  {11, 13, 15}.
1.2. A  =  {3, 5, 7}, B =  {8 , ..., 15}.
1.3. A =  {1, ..., 5}, B  =  {1, 13}.
1.4. A =  {5, ..., 12}, B = {12, 15}.
2 . Shunday A, B, C  to‘plamlarni topingki, ular uchun quyi- 

dagi shartlar bajarilsin: A a  B,  A  a  C, A  <= B  a  C, A  <= B  a A  c: 
c= C a B  ct C.

3 . M  = {{0 }, { 1}, {1,2 }} to‘plamning barcha to‘plamostilari- 
ni toping.

4 . Agar n e TV uchun M = { \ , 2 ,  ..., n) bo‘lsa, M v  M 2, Mv  
M4, ..., Mn laming barcha to‘plamostilari sonini aniqlang.
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5. Quyidagilarni isbotlang va Eyler—Venn diagrammalarini 
tuzing:

5.1. ( A \B ) \C  = ( A \ Q \ ( B \ Q .
5.2. A \ ( B \ Q  с  A  и  C.
5.3. (A O V ^V O  с  A \C .
5.4. A \ C c .  (A \B )  и  ( B \ Q .
5.5. ((Л u  B)'  n  (/!' u  5 ))' = /1

5.6. A  с  5 c  C s A u B = B n  С.
5.7. А  с  В  => Л\С с  5\С .
5.8. Л с  5  => ,4 n  С с  В п  С.
5.9. /1 с  5 => Л и  С с  В  и  С__________________________
5.10. 5 с  Л л С =  А \ В ^ > А  = В  и  С.
5.11. A et В л В  п  С = 0  => А и  С  <х В  и  С.
5.12. С = А \  В  => В  п  С =  0 .
5.13. 5  n  С = 0  л  А  п  С *  0  => А \В  ф 0 .
5.14. Л с  С => Л и  (5  n  Q  = ( A u  В) п  С.
5.15. А \(В  n  Q  =  (А # ) и  (Л \5 ).
6 . Lyuis Kerrol masalasi. Shiddatli jangda 100 nafar qaroq- 

chidan 70 nafari bitta ko‘zidan, 75 nafari bitta qulog‘idan, 80 
nafari bitta qo‘lidan va 85 nafari bitta oyog‘idan ayrildi. Bir vaqt- 
ning o‘zida ham ko‘zi, ham qulog‘i, ham qo‘li va oyog'idan ay- 
rilgan qaroqchilaming eng kam sonini aniqlang.

7. To‘plamlar ustida bajariladigan algebraik amallaming quyi- 
dagi xossalarini isbotlang:

7.1. A  n  A  = A  kesishmaning idempotentligi.
7.2. A  и  A — A  birlashmaning idempotentligi.
7.3. A  n  B =  В  n  A  kesishmaning kommutativligi.
7.4. A  и  B =  В  и  A  birlashmaning kommutativligi;
7.5. (A n  B) n  C =  A n  ( B  n  Q  kesishmaning assotsiativligi.
7.6. (А и  В) и  С = A u  ( В и  Q  birlashmaning assotsiativligi.
7.7. A  n  ( В и  Q  = (А п  В) и  (А n  Q  kesishmaning bir- 

lashmaga nisbatan distributivligi.
7.8. А  и  ( В n  Q = (А и  В) n  (А и  Q  birlashmaning ке- 

sishmaga nisbatan distributivligi.
7.9. (А  В) п С  = ( А п  С )\В  = ( А п  С )\(В  n  Q .



00 00

7.10. X \ \ J A i = [ ] ( X \ A i ).
i=i /=1

7.11. JT\f|4,
/=1 /=1 

Takrorlash uchun savollar

1. To‘plam tushunchasiga misollar keltiring.
2. To‘plam elementi deb nimaga aytiladi?
3. Qismto‘plam ta’rifini ayting.
4. Teng to‘plamlar tushunchasiga ta’rif bering.
5. Bo‘sh to‘plam, universal to‘plamlar ta’riflarini ayting. Mi­

sollar keltiring.
6 . To‘plamlar birlashmasi, kesishmasiga ta’rif bering.
7. To‘plamlar ayirmasi, simmetrik ayirmasiga ta’rif bering.
8 . To‘plamlar birlashmasining qanday xossalarini bilasiz?
9. To‘plamlar kesishmasining qanday xossalarini bilasiz?
10. To‘plamlar ustida bajariladigan amallaming xossalari qan­

day tushunchalar yordamida isbotlanadi?
11. Eyler—Venn diagrammalarini tushuntiring.
12. Eyler—Venn diagrammalari yordamida to‘plamlarning 

tengligini isbotlash mumkinmi?

6 - § .
Dekart ko‘paytma. Binar munosabatlar. 
Ekvivalentlik munosabati

j  Asosiy tushunchalar: tartiblangan juftlik, kortej, to‘plamlar- 
ning to‘g‘ri (Dekart) ko‘paytmasi, binar, n-ar munosabatlar, 
binar munosabatning aniqlanish va qiymatlar sohasi, binar 
munosabat inversiyasi, binar munosabatlar kompozitsiyasi, 
refleksiv, antirefleksiv, simmetrik, antirefleksiv, tranzitiv binar 
munosabatlar, ekvivalentlik munosabati, faktor-to‘plam.

A v ..., An — bo‘sh boimgan to‘plamlar \ /a le A l, ..., V aneA n — 
elementlardan tuzilgan barcha (o ,,..., an) «-liklar to‘plami A v  ..., An 
to‘plamlarning dekart ko'paytm asi deyiladi. A {, ..., An to'plamlar- 
ning dekart ko‘paytmasi A ^ .. .x -A n ko‘rinishida belgilanadi.



A = 0  to‘plam berilgan bo'lsin. A " ning ixtiyoriy p to‘plam- 
ostisi A to‘plamda aniqlangan n-ar munosabat deyiladi. A2 ning 
ixtiyoriy to‘plamostisi A to‘plamida berilgan binar m unosabat 
deyiladi.

Agar R -  binar munosabatga tegishli barcha juftliklarning 
barcha birinchi koordinatalaridan tuzilgan to‘plam Dom/? aniqla- 
nish, barcha ikkinchi koordmataiandan tuzilgan tô pTam esa Tm/? 
o ‘zgarish sohalari deyiladi.

R °= {(b , a)\{(b, a)&R)} munosabat R munosabatning inver- 
siyasi deyiladi.

P v a  Q binar munosabatlar bo‘sh bo‘lmagan A to‘plamda be­
rilgan bo‘lsin. U holda P°Q  =  {(a,c)\ 3 b&A, ( ö , 6 ) g Q a  (b , c)eP)  
to‘plam P v a  Q binar munosabatlaming kompozitsiyasi deyiladi.

A to‘plamida R binar munosabat berilgan bo‘lsin.
a) Agar \ / a e A  uchun (a , a ) e R  bo‘lsa, R binar munosabat 

refleksiv munosabat deyiladi.
b) Agar ( a , b ) e R  bo‘lishidan ( b , a ) e R  bo‘lishi kelib chiqsa, 

ya’ni R~l= R  shart bajarilsa, R simmetrik munosabat deyiladi.
d) Agar V ( a , b ) e R  va (b,a)&R bo‘lishidan (a,c)<=R bo‘lishi 

kelib chiqsa, ya’ni RoRczR shart bajarilsa, R tranzitiv munosabat 
deyiladi.

e) Refleksiv, simmetrik va tranzitiv bo‘lgan binar munosabat 
ekvivalentlik munosabati deyiladi.

V a e A  uchun a orqali A to‘plamning a ga ekvivalent bo‘lgan 
barcha elementlarini belgilaymiz va bu to‘plamni a element yarat- 
gan ekvivalentlik sinfi deb ataymiz. R ekvivalentlik munosabati 
bo£yicha aniqlangan barcha ekvivalentlik sinflari to‘plami A to‘p- 
lamning R  ekvivalentlik munosabati bo‘yicha f a k to r - to ‘p la m i  
deyiladi.

1 -m iso l. R, S, T c  A x A — binar munosabatlar uchun 
R ° (S \T )  = (R  o S )\(R  o 7) tenglikni isbotlang.

Yechish. Binar munosabatlar tartiblangan juftliklardan iborat 
to‘plamlar ekanligini bilgan holda to‘plamlar ayirmasi, to‘plamlar 
tengligi hamda binar munosabatlar kompozitsiyasining ta’riflari- 
dan foydalanib, berilgan tenglikni isbotlaymiz:
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1) V(x,j>) G ( R  o (S \T ))  =>3z<eA,  (X,z) g(5\7) A  (z,y)  e  R  => 
= >  (x,z) G s  A  (x,z) « F a  (z,y) e ü = >  (x,z) e 5 a  ( ,̂y) g /? a  

a  (x,z) € T  a  (c,y) g /? => (x,y) g (R ° S) a  (x,y) g (R  ° 7) => 
=> (x,y) e ((i? o 5)\(i? o 7)). Demak, 7? o (S\T)  c  (/? ° S )\(R °7 );
2) V(x,y) e ((Ä o 5 )\(/? er »  => (x,y) e (R  o S) a (x,y) g  (i? o T )  => 
=> 3 ? g  ((x,z) & S  a  (z,y) ei?) a ((x,s) í Í a  (*,}>) e 5) => 
=> (x,<:) giS” A (X,z) £ T  A (^,y)e/? => (x,z)e(S\7) a (^y)e/? => 
=> (x,y) g  (R  o (S \T )) . Demak, (R  o S ) \(R  ° 7) c  R  ° (5\7).
Natijada /? ° ( S \ 7 ) =  ( R  ° 5)\(/? ° 7) tenglik isbotlandi.
2-m isol. M  =  {1, 2, 10} to‘plamda berilgan.
R — {< x ,y > | x , y  g  M  a  x  — y  — 1} binar munosabatning 

xossalarini tekshiring va grafini chizing.
Yechish. Berilgan binar munosabat qanday xossalarga bo‘y- 

sunishini tekshiramiz:
1) refleksivlik xossasi: V (xgA /) (x  = x  -  1) yolg‘on, chunki, 

masalan, M  to‘plamning 2 elementi uchun 2 * 2 — 1. Demak, 
R  — refleksiv emas;

2) antirefleksivlik xossasi: V(xgA/)> 1 (x = x — 1 ) rost. 
Demak, R — antirefleksiv;

3) simmetriklik xossasi: \ / ( x , y s M )  ( x  =  y -  \ = > y = x  — 1) 
yolg‘on. Chunki, masalan, 3, 4 g  M  uchun 3 = 4 — 1 => 4 =  
= 3 — 1 da birinchi mulohaza rost va ikkinchi mulohaza yolg'on 
bo‘lganligi uchun implikatsiya yolg‘on. Demak, R — simmetrik 
emas;

4) antisimmetriklik xossasi: V(x,j>gA/) (x = y  — 1 a  y  = x  — 1=> 
=> x  =  y) rost. Chunki, A/to‘plamning har qanday x, y  element- 
lari uchun x  =  y — 1 va j  =  x  -  1 mulohazalar bir vaqtda rost 
bo‘la olmaydi. Bundan ularning konyunksiyasi berilgan to‘plam 
elementlari uchun yolg‘on. Birinchi mulohaza yolg‘on boigan 
implikatsiya rost ekanligini e’tiborga olsak, R  antisimmetrik binar 
munosabat ekanligi kelib chiqadi;

5) tranzitivlik xossasi: \/(x ,y ,z  g  M) (x  =  y  — 1 a  y  = z ~  1 «  
x  = z  — 1) yolg'on mulohaza. Chunki, masalan, M  to‘plamning
3, 4, 5 elementlari uchun (3 =  4 — 1) a  (4 = 5 — 1) => (3 = 5—1) 
implikatsiyada konyunksiya rost, lekin implikatsiya natijasi yol-
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g‘on mulohaza. Implikatsiya ta ’rifiga ko‘ra, (3 =  4—1) a  (4 =  5—1) => 
=> (3 =  5—1) m ulohaza  yolg‘on. D em ak, R  — tranzitiv  em as;

6) R  ekvivalentlik  m unosaba ti b o ‘la o lm aydi, ch u n k i reflek- 
sivlik, sim m etriklik , tranzitiv lik  xossalariga ega em as;

7) R tartib  m unosabati b o ‘la o lm aydi, chunk i R  an tis im m e- 
trik  b o ‘lgani b ilan  tranzitiv  em as.

3-misol. A = {1,2}, B  — {2,5} to ‘p lam lar uehun  R  -  A  x  B, 
S =  B  x A b in a r  m u n o s a b a t la rn i  to p ib ,  R ° S, S  ° R, R 2, 
S2 lam i aniqlang.

Yechish. T o ‘p lam la rn in g  to ‘g ‘ri k o ‘p ay tm asi, b in a r  m u n o - 
sabatlar kom pozitsiyasi t a ’riflaridan foydalanib, quyidagi to ‘p lam - 
lam i hosil qilam iz:

R =  A x B =  {(1,2), (1 ,5), (2 ,2), (2,5)};
S =  B  x  A =  {(2,1), (2 ,2), (5 ,1), (5,2)};
R o  S =  {(2,2), (2 ,5 ), (5 ,2 ), (5,5)};
S o  *  =  {(1,1), (1 ,2 ), (2 ,1 ), 2,2)};
# = * « > * = { ( 1 , 2 ) ,  (1 ,5), (2 ,2), (2,5)};
S2 =  S < > S = { (2 ,1 ) ,  (2 ,2), (5 ,1 ), (5,2)}.
4-m isol. Berilgan A =  {lola, shoda , o lo m o n , o sm on , o lm a, 

boshoq} so ‘zlaridan iborat to ‘plam  va undagi S  b inar m unosabat:
«x Sy» «x va y  so ‘zlarda o harfi b ir xil sonda qatnashgan» 

berilgan. A /S  fak to r-to ‘p lam ni aniqlang.
Yechish. F ak to r to ‘plam  — b o ‘sh b o ‘lm agan to 'p la m d a  an iq - 

langan  ekvivalentlik m unosabati yordam ida hosil q ilingan  ekvi­
v a le n tlik  s in f la r id a n  tu z ilg a n  to 'p la m . B erilg an  t o ‘p la m  6 ta  
so ‘zdan  ib o ra t to ‘p lam  va undag i h a r  q anday  ikkita  x,y so ‘z lar 
berilgan  b in a r  m unosaba tda  b o ia d i ,  agar bu  so ‘z la r tark ib ida  o 
harfi b ir xil sonda qatnashgan  b o ‘lsa.

T o ‘p la m d a  b e rilg an  S  b in a r  m u n o sa b a t ek v iva len tlik  m u ­
nosabati ekanligini isbotlaym iz:

1. S — refleksivlik m unosabati, chunki A  t o ‘p lam ning  h a r b ir 
so‘zini o ‘zi bilan solishtirsak, ularda o harfi bir xil sonda qatnashgan.

2. S  — sim m etrik lik  m unosaba ti, chunk i A to 'p la m n in g  h a r  
qanday  x , y  so ‘zlari uch u n  agar x  so ‘z b ilan  y  so ‘zda o harfi b ir 
xil sonda qatnashgan  b o ‘lsa, u  holda y  so‘z b ilan  x  so‘zlarda h am
o harfi b ir xil sonda qatnashadi.
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3. S — tra n z itiv lik  m u n o sa b a ti, ch u n k i A t o ‘p lam n in g  h a r 
qanday  x, y, z so‘zlari uchun agar x  so ‘z b ilan  y  so‘zda va y  so ‘z 
b ilan  z so ‘zda o harfi bir xil sonda qatnashgan  b o is a , u holda x  
so ‘z b ilan  z so‘zlarda ham  o harfi b ir  xil sonda qatnashadi.

Endi S  ekvivalentlik m unosabati yordam ida ekvivalentlik sinf- 
larini tuzam iz. Buning uchun  «lola» so ‘zi bilan ekvivalentlik m u- 
n o sa b a tid a  b o ‘lgan so ‘z lam i b ir  to ‘p lam ga yig‘am iz:

S/ \ o la =  ^°^a ’ s^oda, olma}. X uddi shunday yo‘l b ilan  qolgan 
ekvivalentlik sinflarini tuzam iz:

■%smon =  {°sm o n ’ boshoq}, s/ olomon =  {olomon}.

Misol va mashqlar

1. Q u yid ag i ten g lik la m i isb o tlan g
1.1 . (A \B ) x C  =  (A x Q \ ( B  x C).

1 .2 . A x  ( B \ Q  =  (A x B)\(A  x Q .
1.3. (A u  B) x C =  (A x C) u  (B  x Q .
1.4. A x (B  n  C) =  (A x B) n  (A x C).
1.5. (A n  B) x ( C  n  D) =  (A x Q  n  (B  x D).

1.6. A a  B => A x C a  B x C.
1 .7 . A u  B c: C  => A x B =  (A x B) n  ( C  x B).
1.5. (A x B) u  (B x A) =  C  x C  => A =  B — C.
2. R, S, T — b inar m unosabatlar u ch u n  quyidagilam i isbotlang:

2 .1 . (R  n  S )u =  № n  S .̂
2 .2 .
2 .3 . R  o (S  o 7 ) =  (R o S) o T.
2 .4 .

2 .5 . { R k j S ) ° T = R o T v S ° T .
2 .6 . Â » ( 5 u  7) =  (/? o 5 )  u  (/?  o 7).

2 .7 . ( R n S ) o T < ^ R ° T n S °  T.
2 .8 . R o (S  n  T ) < ^ R ° S n R o  T.
2 .9 . D o m (Æ  ) - Im  R.
2 .1 0 . Im  ( /? ')  =  D o m /? .
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2.11. D om  (R о S) с  DormS1.
2.12. Im (Ä °  S) с  Imi?.
2.13. (R\S) u  =  R ^ \S ^ .
2.14. R, S  — tranz itiv  => R u  S  — tranzitiv.
2.15. R , S  — refleksiv => R u  S, R S — refleksiv.
2.16. R, S — sim m etrik  => R u  S, R — sim m etrik .
2.17. R, S — ekvivalent Ä u ,  S':J — ekvivalent.
2.18. R, S — antirefleksiv — antirefleksiv.
2.19. R, S — antisim m etrik => Æ u  S, R J, S^1 — antisim m etrik.
3. M 3={ 1,2,3} t o ‘p la m d a  n e c h ta  tu r li  ek v iv a len tlik  m u - 

nosabatlari m avjud? M4 da-ch i?
4. M  =  {1, 2, ..., 20} to ‘p lam da berilgan quyidagi b in a r  m u- 

nosabatlam ing  xossalarin i tekshiring:
I x,y  g  M  л X < y  +  1}.
Ix,y  G М л  w  =  ы  }•
I x,y  g  M  a x ' :  y).
I x ,y  g  M  л  x <  y).
\x ,y  g  M  a  x <  y}.
I x ,y  g  М л  X -Ф y}.
I x,y g  M  A X2 +  X =  y2 +  y}.

I x,y  g  M  л  X : y  V X < y}.
X,y g  M a  (x  -  y) : 2}.

I x ,y  G М л  x  +  y  =  12}.
] x,y  g  M  a  x +  y  < 7}.
I x,y  g  M  a  ( x >  y  a  x  \ 3)}.
I x,y  g  M  a  x  +  y  > 10}.
I x,y  g  M  a  x  — y  — —2}.

5 . /? =  Л x  5 ,  S  =  В  x A  b in ar m u n osab atlar  u c h u n  /? о 

R, R2, S2 la m i an iq lang:

5.1. A =  {1, 3, 5}, B =  {1, 3, 15}.
5.2. A =  {3, 6, 9 }, В =  {4, 8 , 16}.
5.3. A =  B =  {1 , 2, 3, 4}.
5.4. A — {0, 2, 4}, В =  {a, ß, y}.
5.5. A =  { □ , 0}, В =  { * , ♦ , ¥ , ♦ } .

5.6. A =  {л, V, =>, о } ,  В  =  {n , u , g ,  c }.

4.1. R =  {<x,y>
4.2. R =  {<x,>’>

4.3. i? =  {< x ,y>

4.4. R =  {<x,y>
4.5. R =  { < x ,j>

4.6. R =  {< x ,y>

4.7. R =  {< x ,y>

4.8. Л  =  {< x ,y>

4.9. Ä =  { <x,y>
4.10. R =  { < x ,y>

4.11. i?  =  { < x ,y >

4.12. 5 =  {<x,y>
4.13. J? =  { < x ,j>

4.14. 5  =  { < x ,y>

S,
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6 . B e r ilg a n  A t o ‘p la m  v a  u n d a g i S  b in a r  m u n o s a b a t  y o r d a m i-  
d a  A /S  f a k t o r - t o ‘p la m n i  a n iq la n g :

6 . 1. A — t e k is l ik d a g i  t o ‘g ‘ri c h iz iq la r  t o 'p la m i ,  S — p a r a lle ll ik  
m u n o s a b a t i .

6 .2 . A — t e k is l ik d a g i  r o m b la r  t o ‘p la m i, S — o ‘x s h a s h l ik  m u ­
n o s a b a t i .

6 .3 . A — t e k is l ik d a g i  t o ‘r tb u r ch a k la r  t o ‘p la m i,  S — o ‘x s h a s h -  
l ik  m u n o s a b a t i .

6 .4 .  A — { a x  +  by +  c — 0  | a, b, c e  R } , S  — p a r a l le l l ik  
m u n o s a b a t i .

6 .5 .  A  — te k is l ik d a g i  m u n t a z a m  k o ‘p b u r c h a k la r  t o ‘p la m i,  S — 

o ‘x s h a s h l ik  m u n o s a b a t i .
6 .6 . A — b ir  k o ‘c h a d a  j o y l a s h g a n  b i n o l a r  t o ‘p l a m i ,  S -  

« q a v a tla r  s o n i  te n g »  m u n o s a b a t i .
6 .7 . A — t e k is l ik d a g i  a y la n a la r  t o ‘p Ia m i, S — « ra d iu s la r i te n g »  

m u n o s a b a t i .
6 .8 . A — m a k ta b d a g i  s in f la r  t o ‘p la m i,  S  — « o ‘q u v c h i la r  s o n i  

te n g »  m u n o s a b a t i .
6 .9 .  A — m a k ta b d a g i  s in f la r  t o ‘p la m i,  S  — « q iz la r  s o n i  t e n g »  

m u n o s a b a t i .
6 .1 0 .  A — s in fd a g i  o ‘q u v c h i la r  t o ‘p la m i,  S — « is m la r i b ir  x il  

h a r fd a n  b o s h la n a d i»  m u n o s a b a t i .
6 .1 1 .  A — s in fd a g i  o ‘q u v c h ila r  t o ‘p la m i, S — « is m la r d a  a h arfi  

b ir  x il  m a r ta  q a tn a s h g a n »  m u n o s a b a t i .
6 .1 2 .  A — t e k is l ik d a g i  k e s m a la r  t o ‘p la m i,  S — p a r a lle l l ik  m u ­

n o s a b a t i .
6 .1 3 .  A -  t e k i s l ik d a g i  v e k to r la r  t o ‘p la m i ,  S — t e n g l ik  m u ­

n o s a b a t i .
6 .1 4 .  A -  Z, S  — «p tu b  s o n g a  b o ‘lg a n d a g i  q o ld iq la r i  t e n g »  

m u n o s a b a t i .

? / Takrorlash uchun savollar

1. T a r t ib la n g a n  ju f t l ik  n im a ?
2 . T a r t ib la n g a n  ju ft lik la r  q a c h o n  t e n g  b o ‘la d i?
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3 . T o ‘p la m la m in g  t o ‘g ‘ri ( D e k a r t )  k o 'p a y tm a s i  n im a ?
4 . T a r t ib la n g a n  n l ik  q a n d a y  h o s i l  q ilin a d i?
5 . B in a r  m u n o s a b a tg a  t a ’r i f  b e r in g . M is o l la r  k e lt ir in g .
6 . B in a r  m u n o s a b a t n in g  a n iq la n is h  s o h a s ig a  m is o l  k e lt ir in g .
7 . B in a r  m u n o s a b a t n in g  o ‘z g a r is h  s o h a s ig a  t a ’r i f  b e r in g .
8 . B in a r  m u n o s a b a t  in v e r s iy a s i  q a n d a y  h o s i l  q il in a d i?
9 . B in a r  m u n o s a b a t la r  k o m p o z i t s iy a s in i  m is o l  y o r d a m id a  t u -  

s h u n t ir in g .
10 . R e f le k s iv  b in a r  m u n o s a b a t n i  t a ’r if la n g  v a  m is o l  k e lt ir in g .
11 . S im m e tr ik  b in a r  m u n o s a b a tn i  t a ’r if la n g  v a  m is o l  k e lt ir in g .
12 . T r a n z it iv  b in a r  m u n o s a b a t n i  t a ’r if la n g  v a  m is o l  k e lt ir in g .
13. E k v iv a len tlik  b in a r  m u n o s a b a t in i t a ’riflan g  va  m is o l  k e ltir in g .
14 . T o ‘p la m n i  b o ‘la k la s h  d e g a n d a  n im a n i  tu s h u n a s iz ?
15 . F a k t o r - t o ‘p la m n i  tu s h u n t ir in g .

7-§. Akslantirish (funksiya). Tartib munosabati. Graflar

j  Asosiy tushunchalar: a k s la n t ir is h  ( f u n k s iy a ) ,  a k s la n t ir is h n in g  
a n iq la n is h  s o h a s i ,  a k s la n t ir is h n in g  q iy m a tla r  t o ‘p la m i,  a k s la n -  
t ir is h la r  k o m p o z i t s iy a s i ,  in y e k t iv  s y u r y e k tiv , b iy e k t iv ,  t e s k a r i-  
la n u v c h i  a k s la n t ir is h , ta r tib  m u n o s a b a t i ,  q is m a n  ta r t ib , q a t ’iy  
ta r t ib , c h iz iq l i  ta r t ib , ta r t ib la n g a n  t o ‘p la m , t o ‘la  ta r t ib la n g a n  
t o ‘p la m , b in a r  m u n o s a b a t  g r a fl.

f  — A  t o ‘p l a m d a  b e r i lg a n  b i n a r  m u n o s a b a t  b o ‘l s i n .  A g a r  
V x , y, z^A la r  u c h u n  (x, y) e /  v a  ( x ,  z)&f b o ‘l i s h id a n  y = z  k e lib  
c h iq s a , u  h o  Ida /  b in a r  m u n o s a b a t  akslantirish ( fu n k s iy a )  d e y ila d i.

D o m / ' =  { x /3 y(x, y ) e / }  t o ‘p la m  fu n k s iy a n in g  aniqlanish sohasi, 
Im f =  {y/3x(x, y)ef}  t o ‘p la m  fu n k s iy a n in g  o ‘zgarish sohasi d e y ila d i.

/  v a  g f u n k s iy a la r  b e r i l g a n  b o ‘ l s i n ,  u  h o l d a  f ° g  =  
=  { ( x ,  z)/3Hx, t)Gg v a  (t, z)&f} t o ‘p la m  / v a  g fu n k s iy a la r n in g  
kompozitsiyasi d e y ila d i .

A g a r  V X j, x2eA  v a  x j e x 2 e l e m e n t l a r  u c h u n  / ( x , )  =  f ( x 2) 
b o ‘ls a , / :  A->B — in y e k t iv ,  I m /  =  B  b o ‘ls a ,  syuryektiv akslantirish 
d e y ila d i .  A g a r  / h a m  sy u r y e k t iv , h a m  in y e k t iv  a k s la n t ir is h  b o ‘ls a ,  
u  h o ld a  biyektiv akslantirish d e y ila d i .
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f : A ^ B , g :  B—>A a k s la n tir ish la r  b e r ilg a n  b o ‘ls in ,  agar f ° g  —

-  E B b o ‘lsa , / a k sla n tir ish  g  a k sla n tir ish g a  chapdan teskari  d ey ila d i.
A  t o ‘p la m d a  b e r i lg a n  R a A * A  a n t is im m e tr ik  v a  t r a n z it iv  m u -  

n o s a b a t  A  t o ‘p la m d a g i  ta r t ib  m u n o s a b a t i  d e y i la d i .  T a r t ib  m u -  
n o s a b a t i  r e f le k s iv  m u n o s a b a t  b o ‘ls a ,  n o q a t ’iy, a n t ir e f le k s iv  m u -  
n o s a b a t  b o ‘ls a ,  q a t ’iy  tartib  m u n osaba t  d e y ila d i .

A  t o ‘p la m d a  R  — ta r tib  m u n o s a b a t  b e r i lg a n  b o ‘ls in . U  h o ld a ,  
a g a r  's/a, b& A  e l e m e n t l a r  u c h u n  x R y  y o k i  x = y  y o k i  y R x  m u -  
n o s a b a t la r d a n  k a m id a  b it ta s i  a lb a tta  b a ja r ilsa , b u n d a y  m u n o s a b a t  
A  t o ‘p la m d a g i  chiziq li  tartib m u n osaba t  d e y ila d i .

C h iz iq l i  b o ' lm a g a n  ta r t ib  m u n o s a b a t ,  q ism an  tartib  m u n o s a ­

b a t  d e y i la d i .
T e k is l ik d a  c h e k l i  s o n d a g i  n u q t a la r d a n  v a  s h u  n u q t a la r n in g  

b a ’z i la r in i  tu ta s h t ir u v c h i  c h iz iq la r d a n  ib o r a t  g e o m e t r ik  s h a k l g r a f  

d e y ila d i .  N u q t a la r  g r a in in g  uchlari , c h iz iq la r  e s a  g r a in in g  qirra -  

lar i  d e y ila d i .
M iso l .  A  =  {a ,  b, c} t o ‘p la m  v a  3 ( A )  u n in g  b a r c h a  t o ‘p la m -  

o s t ila r i b o ‘ls in . U  h o ld a  t o ‘p la m o s t i  b o ‘l is h  m u n o s a b a t in i  q u y id a -  
g i  g r a f  y o r d a m id a  i fo d a  q ilis h  m u m k in :

Misol va mashqlar

\ .  Q u y id a g i  m u n o s a b a t la r d a n  q a y s i la r i  a k s la n t ir is h  b o ‘ la d i?  
A k s la n t ir is h la r n in g  a n iq la n is h  v a  q iy m a t la r  s o h a la r in i  a n iq la n g :

1 .1 . R  =  { ( 1 ,  1 ) , ( 2 ,  1 ), ( 3 ,  1 )} .
1 .2 . R  =  { ( 1 ,  1 ) , ( 1 ,  4 ) ,  ( 3 ,  2 ) ,  ( 4 ,  4 ) } .
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1 .3 . R =  { (« , n + \ ) \ n  g  N }.
1 .4 . Ä  =  { ( 1 ,  z ) \ z  e  Z } .

2 .  M a k t a b  m a t e m a t ik a s id a n  in y e k t iv ,  s y u r y e k t iv ,  b iy e k t iv ,  
te sk a r i fu n k s iy a la r g a  m is o l la r  k e lt ir in g .

3 . R =  { ( 1 ,  1 ) ,  ( 2 ,  1 ) ,  ( 3 ,  2 ) ,  ( 1 ,  5 ) ,  ( 4 ,  4 ) }  b in a r  m u -  
n o s a b a tn i  M 5 d a g i q is m a n  ta r tib  m u n o s a b a t g a c h a  t o ‘ld ir in g .

4. M 4 d a g i  b a r c h a  q is m a n  ta r tib  m u n o s a b a t la m i  g r a f la r  y o r -  
d a m id a  k e lt ir in g .

5 .  R, S — b in a r  m u n o s a b a t la r  u c h u n  q u y id a g ila m i  is b o t la n g :
5 .1 .  R, S -  q a t ’iy  ta r t ib  m u n o s a b a t  => Ä u  S, — q a t ’iy  

ta r t ib  m u n o s a b a t .
5 .2 .  R, S  — q is m a n  ta r t ib  m u n o s a b a t  => R  u  S, R^ — q is m a n  

ta r tib  m u n o s a b a t .
5 .3 .  R , S  — c h iz iq l i  ta r tib  m u n o s a b a t  => R kj S ~  c h iz iq l i  ta r ­

t ib  m u n o s a b a t .
6 . { 1 , 2 , . . . ,  20} t o ‘p la m d a  b e r i lg a n  q u y id a g i  b in a r  m u -  

n o s a b a t la m in g  x o s s a la r in i  t e k s h ir in g  v a  g r a f in i  c h iz in g :
6 .1 .  R  =  { < x , y >

6 .2 . R  ~  { < x ,  y >

6 .3 . R  =  {< x ,  y >

6 .4 .  R  =  { < * , y >

6 .5 .  R  =  {<ot, y >

6 .6 . R  =  {< x ,  y >

6 .7 .  R  — { < x ,  y >

6 .8 . R  =  { < x ,  y >

x,y s  M a x 2 — y2}.
x,y e  M  a  x < y }.
x,y e  M  a  x +  y >  2 0 } .
x,y g  M  a  (jc +  y )  : 5 } .
X ,y  G M  A ( x > y  a  x  : 3 )} .
X ,y  G M  A X — y  =  2 } .
x , y  s  M  a  (x  — y )  : 4 } .
X,y G M  A X — y  =  6}.

Takrorlash uchun savollar

1. A k s la n t ir is h n in g  a n iq la n is h ,  q iy m a t la r  s o h a s ig a  m is o l  k e l ­
t ir in g .

2 . A k s la n t ir is h la r  k o m p o z i t s iy a s in i  tu s h u n t ir in g .
3 . A k s la n t ir is h la r  k o m p o z i t s iy a s i  x o s s a la r in i  a y t in g .
4 . I n y e k t iv  a k s la n t ir is h g a  m a k ta b  m a te m a t ik a s id a n  m is o l  k e l ­

t ir in g .
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5. Syuryektiv  ak slan tirishga  m ak tab  m atem atikasidan  m isol 
keltiring.

6. B iyektiv akslantirish  m aktabda qanday  nom langan? M isol 
keltiring.

7. Tartib  m unosabatiga m isollar keltiring.
8. T artib  m unosaba t turlarini m aktab  m atem atikasidan  o lin - 

gan  m iso llar yo rdam ida tushuntiring.
9. T artib langan  to ‘plam larga m isollar keltiring.
10. Butun sonlar to ‘plam i to ‘la tartiblangan to ‘plam  bo ‘ladim i?
11. Q a n d a y  b in a r  m u n o sa b a tn i g ra f  y o rd a m id a  ifo d a la sh  

m um kin?
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III MODUL. ALGEBRA VA ALGEBRAIK 
SISTEMALAR 

8-§. Algebra. Faktor-algebra

J  Asosiy tttshimchalar: b in a r  a lgeb ra ik  am a l, n-a r  a lg eb ra ik  
am al, kom m utativ  b inar am al, assotsiativ b in ar am al, neytral 
e lem en t, regular e lem ent, s im m etrik  e lem en t, kongruensiya, 
a lg eb ra , a lgeb ra  tu r i , g o m o m o rfiz m , iz o m o rfiz m , fak to r-  
algebra, algebraik sistem a.

An t o ‘p lam n i A ga a k s la n tirad ig a n  h a r  q a n d a y  ak s lan tir ish  
A to ‘p lam da  berilgan n-ar  yoki n -o ‘rinli algebraik amal deyiladi. 
Bu y e rd a  n — m an fiy  b o ‘lm a g a n  b u tu n  so n  b o ‘lib , a lg eb ra ik  
am aln ing  rangi deyiladi. A ^ 0  to ‘plam  va A da bajariladigan al­
gebraik am allar to ‘p lam i Q  berilgan b o ‘lsin. (A, Q) ju fllik  algebra 
deyiladi.

a) A gar Va, beA u ch u n  a * b =  b * a b o ‘lsa, u  ho lda  * am ali 
A to ‘p lam ida  kommutativ algebraik amal deyiladi;

b) A g ar V a, b, ceA  u c h u n  a* (b * c) =  (a *  b) * c s h a rt 
bajarilsa, * am ah  A to ‘p lam ida assotsiativ algebraik amal deyiladi;

d) A gar Vog /4 u ch u n  sh u n d ay  eeA to p ilib , e * a =  a sh a rt 
bajarilsa, e elem ent * am alga n isbatan  chap neytral element, agar 
a* e =  a shart bajarilsa, o'ng neytral element, agar ikkala shart 
ham  bajarilsa neytral element deyiladi.

aeA  e le m e n t va  VZ>, ceA  e le m e n tla r  u c h u n  a * b — a * c 
ten g lik d a n  b = c  kelib  c h iq sa , u  h o ld a  a e le m en t chap regular 
element deyiladi.

a<=A elem en t u ch u n  shunday  a’eA elem ent top ilib , a’ * a=e  
b o ‘lsa, a' elem ent a elem entga chap simmetrik element deyiladi.

A t o ‘p lam dag i ekvivalentlik  m unosabati b o ‘lsin. A gar av a2, 
bv b2eA  e le m e n tla r  u c h u n  a ]Rbi va a2R b2 s h a r t la rd a n  
(a ] * a2)R(b\ * b2) kelib ch iq sa , u  h o ld a  R  ekvivalen tlik  m u n o ­
sabati kongruensiya deyiladi.
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A gar (A, i l )  a lgebra berilgan  b o ‘lsa, Q  to ‘p lam dagi am alla r- 
ning ranglaridan  iborat to ‘plam  algebraning turi deyiladi.

A * 0  to ‘plam  uchun  Q to ‘plam  A da aniqlangan am allar to ‘p- 
lam i, Q f to ‘p lam  A da  aniqlangan m unosabatlar to ‘plam i b o ‘lsin. 
U  holda (A, Í2, Q") tartiblangan uchlik algebraik sistema deyiladi.

(A, Q ), (B, Q') a lg eb ra la r b e rilg an  b o ‘lsin. Í2 dagi b a rc h a  
a m a lla rn i saq lay d ig an  cp:A->B a k s la n tir ish  (A, Q ) a lg eb ran in g  
(B, Q) algebraga gomomorfizmi deyiladi.

cp:A-^B akslan tirish  (A, D.) algebraning (B, Q ') algebraga go­
m om orfizm i b o ‘lsin. U  ho lda agar cp inyektiv akslantirish b o ‘lsa, 
monomorfizm, cp sy u ry ek tiv  a k s la n tir ish  b o ‘lsa , epimorfizm, 
cp biyektiv akslantirish  b o ‘lsa, izomorfizm deyiladi.

A lgebrani o ‘z in i o ‘ziga g o m o m o rf akslan tirish  endomorfïzm, 
algebrani o ‘zini o ‘ziga izom orf akslan tirish  esa avtomorfizm deyi- 
ladi.

(y4, D ¡) va (A, Q 2) b ir xil tipli a lgebralar berilgan b o ‘lib, BcA  
b o ‘lsin. Agar V co^Q  n-a r algebraik am alga Q 2 dan  m os keladigan 
« -a r  algebraik  am aln i co2 orqali belgilaym iz. A gar Vb¡, .. . ,  bne B  
uch u n  co2{bv .. . ,  bn) =  côjiôp . . . ,  bn) tenglik  bajarilsa, u h o lda  co2 
« -a r  algebraik am al co¡ « -a r  algebraik am alning B t o ‘p lam i b o ‘yi- 
ch a  cheklangani, ( B , i l , )  a lgebra  esa (A, Q 2) a lgeb ran ing  qism 
algebrasi yoki algebraosti deyiladi.

(A, Q) algebra va ~Q dagi h a r  b ir  am alga n isbatan  kongruen- 
siya b o ‘lsin. Q* to ‘p lam  esa A/~  fak to r-to ‘p lam da an iq langan  va 
Í2 dagi am allar bilan  assotsirlangan barcha  am allar to ‘p lam i b o ‘l- 
sin. U  ho lda  (A/~, Q*) algebra (A, Q) algebraning  ~ kon g ru en - 
siya b o ‘yicha faktor-algebrasi deyiladi.

Misol. Z  — b u tu n  son lar to ‘plam i b o ‘lsin. Z  da a ~ b deym iz 
va a ga a — b ju ft son b o ‘lsa, ~ m unosabat kongruensiya b o lis h i  
ravshan. Bu m unosabat b o ‘yicha ekvivalentlik sinflari faqat ikki- 
ta  b o ‘lib, ular [0]; [1] sinflardan iborat. Bu sinflar to ‘plam ini Z /~  
o rq a li b e lg ilay lik , V [ö], [b ]e Z /~  u c h u n  © , O a m a lla r in i 

[ö ]Q [ä] =  [ö • b] te n g lik la r  o rq a li a n iq la sak , 
({[0], [1]}, © , O ,  [0], [1]) algebra (Z + , -, 0, 1) algebraning  fak- 
to r algebrasi b o ‘ladi.
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►Si I M i s o l  v a  m a s h q l a r

1. B e r ilg a n  m u n o sa b a tla m in g  q a y s ila r i A to ‘p la m d a  a n iq la n - 

g a n  a m al b o ‘l is h in i te k sh ir in g  va  u n in g  ra n g in i a n iq la n g:

1.1. o =  {(a ,b ,c)  | a,b,c e R  a a = be}, A = R.

1.2. o = { ( a , b ) \ a , b e R + a  = a } , A  = R+ .

1.3. o =  {(a ,b ,c)  | a,b,c  e  R  a  c  =  äb},A = R.

1.4. ° =  {(a,b)  | a,b  e Z  a  ab =  \},A  =  Z .

1.5. ° =  {(a ,b ,c,d ) \a ,b ,c,d  e Z  A d  = [a,b,c]}, A = Z.
2. A to ‘p la m d a  a m a l q u y id a g i K e l i  ja d v a li y o rd a m id a  b erilgan :

o a b c d

a a a a a

b b b b b

c c c c c

d d d d d

U ning  assotsiativligini, kom m utativ  em asligini isbotlang. N ey- 
tral e lem en t m avjudm i?

3. N a tu ra l son lar to ‘p lam ida  h a r qanday  n, m na tu ra l son lar 
u ch u n  quyidagi am allar kom m utativ , assotsiativ ekanligini isbo t­
lang. Bu am allarga n isbatan  neytral e lem ent m avjudm i?

3 .1 . n * m =  I, I =  (n, m).
3 .2 . n * m =  I, I — [n, m],
4. Quyidagi shartlar asosida algebraga m isol keltiring:
4 .1 . Ikk ita  b inar am al va b itta  u n a r  am al aniqlangan.
4 .2 . Ikkita  b inar am al va ikkita u n a r  am al aniqlangan.
4 .3 . U c h ta  b inar am al va b itta  b in a r am al aniqlangan.
5. R2 to ‘p lam da quyidagi am allam ing  kom m utativ , assotsiativ, 

distributiv  ekanligini tekshiring:
5 .1 . (a, b) + (c ,d )  = (a + c,b + d ),(a,b) ■ ( c ,d ) = ( ac,ad + b e ).
5 .2 . (a,b) + (c,d) = (a + c,b + d),(a, b) • (c , d) = (ac + bd, ad + be).
6. Q uy idag i a lg eb ra la r o ras id a  g o m o m o rfizm  o ‘rn a tin g  va 

un ing  tu rin i aniqlang:

48



6 .1 .  < { 3 ^ e  Z } ;  •, - 1 ,  1 >  a  <  Z; + ,  0  > .
6 .2 .  <  Z ;  + ,  - ,  0  >  a  <  2 Z ; , 0  > .
6.3. <  {a +  bi | a , beR  a  i 2 =  —1}; + ,  —, 0  > a  < R 2', + ,  —, 0 >.

6 .4 .  <  Z ; + ,  - ,  0  >  a  <  Z 2, -F, — , 0  > .
6 .5 .  <  Z " ;  +  , >  a  <  Z + ; +  > .
6 .6 . <  {2* \z  e  Z } ;  •, - 1 ,  1 >  a  <  { 3z \ z  e  Z } ;  •, - 1 ,  1 >.
6 .7 .  <  2 Z ;  0  >  a  <  5 Z ;  + ,  0  > .

6 .8 . < {a +  byfp\ a,beQ}\ + ,  • >  a  < {a — b j p  \ a,beQ}\  
+, ■ >.

7 .  Q u y id a  b e r i lg a n  A  t o ‘p la m ,  u n d a g i  S  b in a r  m u n o s a b a t  
ta s h k il  q i lg a n  A / S  f a k t o r - t o ‘p la m n i  fa k to r -a lg e b r a g a c h a  t o ‘ld ir ish  
m u m k in m i:

7 .1 .  A  =  {ax +  by +  c =  0  | a, b, c e  R ) , S  — p a r a lle l l ik  m u -  
n o sa b a t i .

7 .2 . A  ~  {ax +  by =  0  | a, b e  R}  , S  -  t e n g lik  m u n o s a b a t i .
7 .3 .  A — t e k is l ik d a g i  k e s m a la r  t o ‘p la m i,  S  — p a r a lle l l ik  m u ­

n o sa b a t i .
7 .4 .  A  — t e k i s l ik d a g i  k e s m a la r  t o ‘p l a m i ,  S  — t e n g l i k  m u ­

n o sa b a t i .
7 .5 .  A  — t e k is l ik d a g i  v e k to r la r  t o ‘p la m i,  S  — p a r a l le l l ik  m u ­

n o sa b a ti.
7 .6 .  A  — t e k i s l i k d a g i  v e k to r la r  t o ‘p l a m i ,  S  — t e n g l ik  m u ­

n o sa b a t i .
7 .7 .  A =  Z, S  — «p tu b  s o n g a  b o ‘lg a n d a g i  q o ld iq la r i  t e n g »  

m u n o s a b a t i .
8 . A lg e b r a o s t i  b o ‘ l is h  m u n o s a b a t i  n o q a t ’iy  ta r tib  m u n o s a b a t  

b o ‘l is h in i  is b o t la n g .
9 .  A g a r  <p— (A , Q ,)  a lg e b r a n in g  ( B , Q 2) a lg e b r a g a  iz o m o r f iz -  

m i b o ‘ls a , u  h o ld a  (p g a  te sk a r i b o ‘lg a n  cp-1 a k s la n t ir is h  ( B , Q 2) 
a lg e b r a n in g  (A, Q j )  a lg e b r a g a  i z o m o r f iz m i  e k a n lig in i  is b o t la n g .

1 0 . ( G , ,  Q , ) ,  ( G2, Q 2) ,  ( G , Q )  — b ir  x i l  t u r d a g i  a lg e b r a la r  
b e r i lg a n  b o ‘l ib , G ^ G 2, ( G2, n 2)  a lg e b r a  ( G , Q )  a lg e b r a n in g  a l -  
g e b r a o s t is i  b o ‘ls in . U  h o ld a  (G p  Q ,)  q is m  a lg e b r a d a n  ib o r a t  q ism  
a lg e b r a g a  e g a  b o ‘lg a n  (G , Q ) a lg e b r a g a  i z o m o r f  ( G3, Q 3)  a lg e b r a  
m a v ju d lig in i is b o t la n g .
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1 1 . qr .A-^B  a k s la n tir is h  (A,  Q , )  a lg e b r a n in g  ( B , Q 2) a lg e b r a g a  
e p im o r f iz m i ,  R  =  { ( x ' , x " ) }  | V x ^ x '  e  A ,  c p (x ')  =  c p ( x ' )  e s a  A  d a  
a n iq la n g a n  e k v iv a le n t l ik  m u n o s a b a t i  b o ‘ls in .  U  h o ld a  (A /R ,  Q * )  
fa k to r  a lg e b r a  (B , Q , )  a lg e b r a g a  iz o m o r f l ig in i  i s b o t la n g .

Takrorlash uchun savollar

1. A lg e b r a  t u s h u n c h a s ig a  m a k ta b  m a t e m a t ik a s id a n  m is o l la r  
k e lt ir in g .

2 . A lg e b r a n in g  tu r i q a n d a y  a n iq la n a d i?
3. A lg e b r a la r  g o m o m o r f iz m in i  tu s h u n t ir in g .
4 . M o n o m o r f iz m , e p im o r f iz m g a  m is o l la r  k e lt ir in g .
5 . I z o m o r f iz m , a v t o m o r f lz m  t a ’r if id a g i u m u m iy ,  fa r q li sh a r t-  

la m i  a n iq la n g .
6 . G o m o m o r f iz m la r  k o m p o z it s iy a s i  y a n a  g o m o m o r f iz m  e k a n -  

l ig in i  is b o t la n g .
7 . B iy e k t iv  a k s la n t ir is h la r  i z o m o r f iz m  b o ‘la  o la d im i?
8. A lg e b r a la r  iz o m o r f iz m i  e k v iv a le n t l ik  m u n o s a b a t i  e k a n l ig in i  

a s o s la n g .
9 . A lg e b r a o s t i la r  k e s is h m a s i  y a n a  a lg e b r a  b o ‘l is h in i  i s b o t la n g .
10. F a k to r -a lg e b r a  tu s h u n c h a s in i m is o l  y o r d a m id a  tu sh u n tir in g .
1 1 . A k a d e m ik  l i t s e y , m a k ta b  m a t e m a t ik a s id a n  a lg e b r a ik  s i s -  

t e m a g a  d o ir  m is o l la r  k e lt ir in g .

9 - § . Gruppa. Halqa. Maydon

/  Asosiy tushunchalar: g r u p p o id , y a r im g r u p p a , m o n o id ,  g r u p ­
p a , g r u p p a la r  g o m o m o r f iz m i ,  g r u p p a o s t i ,  h a lq a , k o m m u t a t iv  
h a lq a , b u tu n l ik  s o h a s i ,  h a lq a la r  g o m o m o r f iz m i ,  q is m h a lq a .

A  *  0  t o ‘p la m  v a  u n d a  a n iq la n g a n  * b in a r  a lg e b r a ik  a m a l b e -  
r ilg a n  b o ‘l s in .  U  h o ld a  (A,  * )  j u f t l ik  gru p p o id  d e b  a ta la d i.

(A,  * )  g r u p p o id d a  * a s s o t s ia t iv  a m a l  b o ‘ls a , b u n d a y  g r u p p o id  
yarim gru ppa  d e y ila d i .

N e y t r a l  e le m e n t g a  e g a  b o ‘lg a n  y a r im g r u p p a  m o n o id  d e y ila d i .
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B iz g a  ( 2 ,  1 ) tu r li  (G, * , 1 ) a lg e b r a  b e r ig a n  b o ‘l ib ,  q u y id a g i  
sh a r t la r  b a ja r ils in :

1)  * — b in a r  a lg e b r a ik  a m a l  a s s o t s ia t i v ,  y a ’n i  V a , b, c&G 
u c h u n  (a * b) * c =  a * (b * c) b o ‘ls in ;

2 )  G d a  n e y tr a l e le m e n t  m a v ju d , y a ’n i V a e  G u c h u n  s h u n d a y  
ee G t o p i l ib ,  e * a — a sh a r t b a ja r ils in .

3) h a r  q a n d a y  a e  G u c h u n  a' * a — e b o l s i n .
U  h o ld a  ( G, * , ') a lg e b r a  gruppa d e y ila d i .
G r u p p a d a g i a m a l k o m m u ta t iv , y a ’n i V a , b&G u c h u n  ( a  * b) =  

=  b * a sh a r t  b a ja r ilsa , b u n d a y  g r u p p a  abel gruppasi d e y ila d i.
G r u p p a d a g i e le m e n t la r  s o n i  u n in g  tartibi d e y ila d i . A g a r  g r u p ­

p a  ta r tib i n a tu r a l s o n d a n  ib o r a t b o ‘ls a ,  b u n d a y  g r u p p a  chekli tar- 
tibli gruppa, a k s h o ld a  cheksiz tartibli gruppa d e y ila d i.

G r u p p a d a g i b in a r  a lg eb ra ik  a m a l « • » b o ‘lsa , b u n d a y  g r u p p a n i  
multiplikativ gruppa, « + »  b o 'ls a , additiv gruppa d e y m iz .

G r u p p a la r  n a z a r iy a s id a  g o m o m o r f iz m , iz o m o r f iz m , g ru p p a o sti  
tu sh u n c h a la r i a lg eb ra d a g i m o s  tu s h u n c h a la m in g  x u su s iy  h o llar id ir .

A g a r  ( K , + ,  — , •) tu r l i  a lg e b r a  u c h u n  q u y id a g i  s h a r t la r  
b ajarilsa :

(1 )  (K, + ,  - )  -  a b e l g r u p p a s i;
(2 )  (K, ■) — y a r im g r u p p a ;
( 3 )  V a ,  b, c & K  u c h u n  a • (b  +  c) — a ■ b +  a • c v a  

(b +  c) ■ a =  b ■ a +  c • a, u  h o ld a  ( K , + ,  — , •) a lg e b r a  halqa 
d e y ila d i.

( K ; + ,  —) a d d it iv  g r u p p a n in g  n e y tr a l e le m e n t i  h a lq a n in g  n o l i  
d e y ila d i  v a  0 o r q a li b e lg i la n a d i.

A g a r  k o ‘p a y t ir i s h  a m a l i  a s s o t s ia t iv  b o i s a ,  h a lq a  assotsiativ 
halqa, k o ‘p a y t ir ish  a m a lig a  n is b a ta n  birlik element m a v ju d  b o i s a ,  
h a lq a  b ir lik  e le m e n t l i  h a lq a  d e y ila d i .

N o ln in g  b o lu v c h i la r ig a  e g a  b o ‘lm a g a n  a ss o ts ia t iv , k o m m u ta t iv  
h a lq a d a  1 *  0 sh ar t b a ja r ilsa , b u n d a y  h a lq a  butunlik sohasi d e y ila d i.

( K ; + ,  — , •) h a lq a  b e r i lg a n  b o i s i n .  L  e s a  K  n i n g  b o ‘s h  
b o l m a g a n  t o ‘p la m o s t i s i  b o i s i n .  A g a r  L  t o ‘p la m  K  d a g i + ,  —, • 
a m a lla r ig a  n is b a ta n  a lg e b r a ik  y o p iq  b o i s a ,  y a ’n i V a, b&L u c h u n
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a +  b & L ,  a - b & L ,  —a e L  shartlar bajarilsa , (L , + ,  —, •) a l-  

gebra (K; + ,  —, •) h a lq a n in g  halqaostisi d ey ilad i.

1-misol. K  -  {a +  b^jp | a,b e  R }  t o 'p la m  m a y d o n  ta sh k il  

etish in i isbotlang.

Yechish. M a y d o n  ta ’riflga  k o ‘ra b erilgan  t o ‘p la m d a  q u yid ag i 

shartlar b ajarilish in i teksh iram iz:

- ^ t ^ t z ^ Z 2e K )ß \(  zeK) {zx*z2=zl\'~

2 ) v (z v z2^K) (zl+ z 2= z 2+ z l);

3) v(z,zv z2eK), ((Z+ZJ+ z2)= z + (z l+z2));
4 ) V ( z e K ) , 3 l ( e s K )  ( z + e = z ) ;

5) V ( z e X ) , 3 (z'eJO (z+ z '= e );

6) V (z l ,Z2e Ä ) ,3 i(  z e Ä )  (Z1'Z2=Z);

7) y ( z v z2&K) ( z f z ^ z ^ z ^ ;

8) V(z,Zv Z2eK), ((z-zxy Z^Z-iZiZi));
9 )  \ / ( z e K ) , 3 \ ( e < = K )  ( z - e  = z ) ;
10) V ( £ e £ ) ,3  ( t & K )  (z-zf=e).

1. T o £p la m n in g  ix t iy o r iy  Z i = a x + b iy[ p ,  z2 = a2 + b2'Jp  
e le m e n tla r i u c h u n  zl +Z2 + b[ J p )  + (a2 + b2yfp) = (al +Ch) + 
+(bx +b2 ) y[ p  t e n g lik  b ila n  a n iq la n u v c h i sh u  t o ‘p la m n in g  

a + b j p  = z e le m e n t i  m a v ju d . D e m a k , K  t o ‘p la m d a  q o ‘s h is h  

a m ali an iq lan gan . <K\ + >  — ad d itiv  gruppoid .

2 . T o ‘p la m n in g  ix t iy o r iy  zx z2 = a 2 + b 2y[p  
e le m e n tla r i u c h u n  Zi+Z2 +a2) + (bi + fr, )yjp) =  (o j + a, ) +  

+{b2 + \  )y[p = z2 +Z\. D e m a k , q o ‘sh ish  a m a li k o m m u ta tiv  va  

<R, + >  — a d d itiv  abel gruppoid .

3. T o ‘p la m n in g  ix t iy o r iy  z = a + b j p ,  zx = ax + b{ J p  , 
Z2 =a2 +b1J p  e le m e n t la r i  u c h u n  (z + Z\ ) + Zj = ( ( «  + a \ ) +  

+(b + bl ) J p )  + (a2 +h2J p )  = ((a + al ) + a2 + ((b  + b] ) + h2) J p )  = 
^ a  + (a{ + a 2 ) + (b + (bl +b2 ) ) J p  = z  + (zx + Z2 )-  D e m a k , q o ‘-  
sh ish  am a li a sso tsia tiv  va <K\  + >  — ad d itiv  abel yarim gruppa.

4. T o ‘p la m n in g  ix tiy o r iy  z = a + b j p  e le m e n ti u c h u n  z+e=z  
te n g lik n i q a n o a tla n tir u v c h i e le m e n tn i a n iq la y m iz : ( a + by[p) + 
+  (x + y j p )  = a + byfp ten g lik d a n  (a + x) + (b + y ) J p  = a + b^Jp
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ö +  x  = a ,
te n g lik n i va u ndan  j  ^ + _  ^ ten glam alar s istem asin i h o sil q ila -

l x  = 0 , _
m iz .  U n in g  y e c h im i j _ q b o ‘l ib ,  b u n d a n  e = Q + Qyjp  = 0

h o s il b o ‘ la d i.  D e m a k , K  to ‘p la m d a  q o ‘sh ish  a m a lig a  n isb a ta n  

n e y tra l e le m e n t m a v ju d  e ka n . < K ; + >  a d d it iv  abel m o n o id n i 

ta sh k il etdi.

5. T o ‘p la m n in g  ix t iy o r iy  z  = a  +  b j p  e lem enti u ch u n  z+ z!= e  

te n g lik n i q a n o a t la n t iru v c h i e le m e n tn i a n iq la y m iz :  ( a  + b y [p )  + 

+ (x  + y j p )  =  O +  OV/J te n g lik d a n  (a  + x )  + (b  + y ) J p  = 0  + 0 j p

(a  + x  = 0 ,
te n g lik n i va  u n dan  j  ^ + _  q  ten g lam alar sistem asin i h o sil q ila -

T T  x ^ - a ,  " 
m iz . U n in g  y e c h im i j  _  ^ b o ‘l ib , b u n d a n  z '  = -a + { -b )^ p  =

=  - ( f l  +  b y [p )  hosil b o ‘ladi. D e m a k , K to ‘p lam da qo‘shish am aliga

n isb a ta n  s im m e tr ik  e lem en t m a v ju d  ekan . < K\  + >  a d d it iv  abel 

g ru p p a n i ta sh k il etdi.

6 . T o ‘p la m n in g  ix t iy o r iy  zx =  ax + t ^ J p , z2 = a2 + b2 J p  e le - 

m e n tla r i u c h u n  zx ■Z2 = ( ^  + bXs fp ) - (a 2 + b2 y[p) = (ax ■ + pbi b2 ) + 

+ ( ß A  + bxa2 ) J p  t e n g lik  b ila n  a n iq la n u v c h i sh u  to ‘ p la m n in g  

fl +  by fp  = z elem en ti m avju d . D e m a k , K  to ‘p la m d a  k o ‘p a y tir ish  

a m a li an iq la n ga n . <K; ■> -  m u lt ip lik a t iv  grup p o id .

7. T o ‘ p la m n in g  ix t iy o r iy  z x = a l + b x y[p ,  z2 = a2 + b 2 J p  

e le m e n t la r i u c h u n  zx • Z2 =  ( f lif l2 +  p b ^  )  +  ( a xb2 +  b̂ ĉ  )y fp )  = 

= (fljfli + p ^ b ) )  + (i^A, + b2a l )y[p  = z2 • Z\. D e m a k , k o ‘p a y tir ish  

a m a li ko m m u ta tiv  va  < K;  •> — m u lt ip lik a t iv  abel gruppoid .

8 . T o ‘ p la m n in g  ix t iy o r iy  z  = a + b s [ p ,  z l = a l + b { y[p,  

Z2 = a 2 +b1J p  e le m e n t la r i  u c h u n  ( z  ■ Z\) • Z2 = ((a a x +  pbt\ ) +  

+(a6, + bax )y [p ) (a2 +¿>2 y fp )  = ((aa, )a2 + p {b l\ )a2 + p(ab, )b1 + 

+p{bax )6,) + ((ca, )6, + p(bl\ )£, + (flÄ[ )a2 + (bax )a1 )y[p = (a(axlh) +
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+pb(blb2 ) + paib^b^) + pb(axb2 )) + ( 0( 0, 62) + P ^ iW h ) + a(bl a2 ) + 

+b(ala2 ) ) J p  = (a + b j p ) - ( ( a l a2 + pblh2 ) + (al b2 + b l a2 ) yf p )  =

= {a + byfp ){(a l +bl J p ) - ( a 2 + fr, J p ) )  = z -U i Z2 )- D em a k , k o‘ - 

paytirish am ali assotsiativ va <K\ ■> -  multiplikativ abel yarimgruppa.
9 . T o ‘p la m n in g  ix tiy o r iy  z -  a + b j p  e le m e n ti u c h u n  z ' e=z  

ten g lik n i q a n o a tla n tir u v c h i e le m e n tn i a n iq la y m iz ;  ( a ± b j p )  x 

x{x + y-Jp) = a + b j p  t e n g lik d a n  (ax + pby) + (ay + bx)y[p =

j— fax + pby -  a,
= a + byjp te n g lik n i v a  u n d a n  j ay + bx -  b t e n §^a m a âr si s “

ix = £  I
te m a s in i h o s il  q ila m iz . U n in g  y e c h im i K , _  q b u n d a n

e = 1 + 0 yfp = 1 h o s il  b o ‘lad i. D e m a k , K  t o ‘p la m d a  k o ‘paytirish  

a m a lig a  n isb a ta n  n ey tra l e le m e n t  m avju d  ek a n . <K; ■> m u lt i­

p likativ  abel m o n o id n i tashk il etd i..
10. T o ‘p lam n in g  ix tiyoriy  n o ld a n  farqli z -  a + b j p  e lem en ti  

u c h u n  Z ’ t e n g lik n i q a n o a t la n t ir u v c h i e le m e n tn i  a n iq la y -  
m iz :  (a + by[p)(x + y - J p ) - 1  + Oyfp t e n g lik d a n  ( ax + pby) +

\ax + pby = 1,
+(ay  + bx)yjp =  1 + 0 yjp ten g lik n i va undan  j ay + f)X =  0 ten8 ”

lam alar s is te m a sin i h o s il  q ila m iz  U n in g  y e c h im i ‘

x  =  ■
a -  pb 

-b  

a -  pb

b o ‘lib , b u n d a n  z' = - y  ,  b -5 -Jp h o s il b o ‘lad i. D e m a k , K
a - p b  a -pb

t o 'p la m d a  k o ‘p a y t ir ish  a m a lig a  n isb a ta n  s im m e tr ik  e le m e n t  
m avjud ek an .

<K\ ■ , _1, 1>  m u ltip ü k ativ  ab el gruppani ta sh k il e td i.

K  t o ‘p la m  q o ‘sh ish  va k o ‘p aytir ish  am allariga  n isb a ta n  abel 

gru p p a  shartlariga  b o ‘y su n g a n lig i u c h u n  <K\ + ,  —, -1 , 0 , 1>  

m a y d o n  b o ‘ladi.

2-misol. K  =  {a + b-Jp | a,b e  R}  va  P  = {a + b-Jq \a,b & R}  
to 'p la m la r  tash k il e tgan  m a y d o n la r  orasida iz o m o r fiz m  o ‘m a tin g .
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Yechish. A lg e b r a la r  iz o m o r f iz m i t a ’r if ig a  k o ‘ra b e r ilg a n  

< K ,+ ,-,~ ,_1,0 ,1 >  m a y d o n  e lem en tla r in i < R ,+, — ,_1,0 ,1 >  m a y -  

d o n  e le m e n tla r ig a  a k sla n tira d ig a n  a k sla n tir ish  a so s iy  am allarn i 

sa q la sh i, in y ek tiv  v a  syuryektiv  b o ‘lish i kerak.

/ :  a k s la n t ir is h n i f  (a + byfp) = a + by[q k o ‘r in ish d a

olam iz .

K  t o ‘p la m n in g  ix tiy o r iy  zx = ax +  \  yfp, z2 ^ c ^ + ^ y f p  e le ­

m e n t la r ig a  R t o ‘p la m n in g  tx = ax + bxyfq ,t2 =  <h +  ¿2 V # e le_  

m e n tla r i m o s  k e la d i. T a n la b  o lin g a n  a k s la n tir ish  iz o m o r f iz m  

ek a n lig in i isbotlaym iz:

1) Vzx,Z2 t K  u ch u n  f (z x+z2) = f ( ( a x+bxyfp) + (a1 +b1yfp)) = 

= f ( ( a\ +a2 ) + (bx + b1)s[p)) = (ax + a2) + (bx + b2)J q  ={ax + 6, yfq) +

+(a2 +b, yfq) = f { a x + bXy[p) + f ( a 2 + b> yfp).
D em a k , q o ‘sh ish  am ali akslantirish  natijasida  saqlanadi

2 ) Vzx,z2 z K  u c h u n  f ( z l z2) = f ( (a l +bxyfp)-(a2 +b2yfp)) = 

= f((a xa2 +pbxb1)+ (axb2 + b[a2)Jp )) = {axa1 +qbxb2)+ (a xb2 + bxa2)Jq = 

= {ax + bxJ q )  + (a2 + b2 J q )  = f ( a x + b xJ p ) f ( a 2 + b 2J p ) .

D em a k , k o ‘p aytir ish  am ali akslantirish  natijasida saq lanadi.

3 )  / ( 0 )  =  f ( z  +  ( - z ) )  =  f ( ( a  +  b y f p )  +  ( - a - b y f p ) )  =

= f ( ( a  -  a) + (b -  b)y[p)) = ( a - a )  + (b - b )y [q  = (a + byfq) +

( - a -  b j q )  = f ( a  +  byfp) + ( - f ( a +  byfp)) = 0 .

D e m a k , q o ‘sh ish  a m a lig a  n isb a ta n  n ey tra l e le m e n t  n ey tra l 

e le m e n tg a , sim m etr ik  e le m e n t sim m etr ik  e lem en tg a  o ‘td i.

4) /(1) = f ( z  -z~l ) = /((a + byfp)- (_ i_ _  + —± 5.^ ) )  =
a -pb a -pb

=  1 = (a + byfq)- + ~b yfq) = {a + b j q )  • ( a + byfq)"' =
a - qb a -qb

-  f ( z )  ■ f ~ x (z ) -  1 • D e m a k , k o ‘p aytirish  am aliga  n isb atan  n ey ­

tral e le m e n t  n ey tra l e le m e n tg a , s im m e tr ik  e le m e n t  s im m e tr ik  

e lem en tg a  o ‘tdi. A n iq lan gan  akslantirishn in g g o m o m o rfizm  ek an -  
lig in i isbotladik.

5 )  Vzx,z2 e K  la r  u c h u n  f { z x) = f ( z 2) e k a n lig id a n  

ax + b xyfq = a2 + b 2 yfq k e lib  c h iq a d i.  B u  sh art ax - a 2,bx = b 2
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shartlar bajarilganda t o ‘g ‘ri. B u n d a n  esa  ax + t\ -Jp =  a2 + Ä2 ~Jp
n i h o sil q ilam iz . D em a k , b ir-b iriga  ten g  tasvirlarga b ir-b iriga  ten g  

asllar m o s  keld i. T ek sh ir ila y o tg a n  ak slan tirish  in y ek tiv  a k sla n ti-  

rish ekan.

6) R  T o 'p la m d a n  o lin g a n  h a r  q a n d a y  f ( z )  -  a + b*Jq e le -  

m en tg a  a + b j p  e K  e le m e n t  m o s  k e la d i. D e m a k , a k sla n tir ish  

syu ryek tiv  ekan .

T e k s h ir ilg a n  x o s sa la r g a  k o ‘ra, /  :< K ;  + , -, -1, 0 ,1  > ->  

-1, 0 ,1  > ak slantirish  izo m o rfizm .

1. G ru p p ad ag i ix tiyor iy  e lem en tg a  ch a p  teskari e le m e n t, sh u  

e lem en tg a  o ‘n gd an  h a m  teskari b o ‘lish in i isb otlan g .

2 . G ru p p a d a  o ‘n g  b ir lik  e le m e n t , c h a p  b ir lik  e le m e n t  b o ‘-  

h sh in i isbotlang.

3 . G ru p p a n in g  ix tiy o r iy  a va  b e lem en tla r i u c h u n  ax =  b v a 

y a - b  ten g la m a la m in g  har biri y a g o n a  y e c h im g a  ega  b o ‘lish in i  
isbotlang.

4. Q u yid ag i t o ‘p la m la m i m u ltip lik a tiv  gruppa tash k il e tish in i  
isbotlang:

4 .1 . G = { a +  bj.2 | a , b e  Q, a2+  b2 > 0}.

4 .2 . G =  {p1 1 p — tub so n  , z e  Z ).
5 . Q u yid ag i to ‘p la m la iiii ad d itiv  gruppa tashkil e d sh in i isb o t­

lang:

5 .1 . G =  {a +  b j 3  | a, b e  Z ) .

5 .2 . G = { ^  \ a e Z ,  k e N}.

5.3 . G =  {a — b j p  \ a, b e Z ; p — tub so n }.

6 . (G ; •, _1) , ( H ; _1) gruppalar b erilgan  b o ‘lsin . cp : G -^H  
a k s la n t ir ish  g o m o m o r f  a k s la n tir ish  b o ' l is h i  u c h u n  V a ,b & G ,  
(p(o • b ) = cp(ö) • cp(b)  b o ‘lish i y e ta r lilig in i isb o tla n g .

7 . (G; •, _1) g ru p p a  b e r ilg a n  b o ‘ls in . H  *  Q, H  c ( ?  t o ‘p -  

la m o sti g ru p p aosti b o ‘lish i u c h u n  \fa,b e  H  e le m e n tla r i u c h u n  

a • b~l e  H  b o ‘lish i zarur va  yetarh . Isb otlan g .

Misol va mashqlar
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8 . a ,  b ,  c  la r  (K; +,  —, •) h a l q a n i n g  i x t iy o r iy  e l e m e n t l a r i  
b o ‘ls in ,  q u y id a g i  x o s s s a la m i  isb o t la n g :

1) a g a r  a +  b =  a  b o ‘ls a , b =  0 ;
2)  a g a r  a  +  b  =  0 b o ‘lsa , a  =  ~ b \

3)  ~ ( ~ a )  =  a\

4 )  0  • a  =  a ■ 0  =  0;
5 )  ( - a ) ( - b )  =  a  ■ b ;
6) ( a  — b) • c  =  a  • c  — b  • c;

1)  c  ■ {a  — b) =  c  ■ a  — c  • b.
9 .  Q u y id a g i  t o ‘p la m la m in g  h a lq a  ta s h k il  e t i s h in i  is b o t la n g :
9 .1 . G =  { a  +  by[2  | a ,  b  e  0 } .
9 .2 . (? =  { a  — b \ [ p  \ a ,  b e  Z  ] p  — tu b  s o n } .
9 .3 . < Z H; + ,  • > .

1 0 . ( Z ;  + ,  —, •) b u t u n  s o n l a r  h a l q a s i ,  ( K ; © , 0 ,  O ) ,  
K =  {0 , e, a, b } t o ‘p la m id a  a m a lla r i q u y id a g i ja d v a lla r  o r q a li b e r il-  
g a n  h a lq a  b o ‘ls in :

o 0 e a b ® 0 e a b

0 0 0 0 0 0 0 e 0 b

e 0 e a b e e a a a

a 0 a 0 a a a b 0 e

b 0 b a e b b a a a

B u halqalar orasid a  g o m o m o r fiz m  o ‘m a tin g .

11. B u tu n lik  s o h a s i  b o ‘lm a g a n  k o m m u ta tiv  h a lq a g a  m is o l  

keltiring.

12. H a lq a n in g  b arch a  q ism halqalari k esish m asi yan a  sh u  h a l­

qaga q ism h alq a  b o ‘lish in i isbotlang.

13. J ism ga  tashk il etad igan  algebraga m iso l tu zin g .

14. Q uyidagi a lgeb ra lam in g  m a y d o n  tashkil e tish in i isbotlang:

14.1. <  {a — b j 3  | a, b e Q}; +, ■ > .

14.2. < Z 7; + ,  • > .
15. < { a + b j p  | a,be Q}; + ,  •>  v a  <  {a — b^fp |a,be Q}; + ,  • > 

m ayd on lar  orasid a  izo m o rfizm  o 'm a tin g .



7 / J  T a k r o r l a s h  u c h u n  s a v o l l a r

1. Y arim gruppa deb n im a g a  aytiladi?

2. M o n o id g a  ta ’r if  bering  va m iso l keltiring.

3. G ru p p a ta ’rifin i keltiring . U n in g  a so s iy  x o ssa lar in i aytin g .

4. A d d itiv , m u ltip lik a tiv  gruppalarga algebra, g eo m etr iy a  kur- 

s id a n  m iso lla r  k e ltm iig .

5. G ru p p alar  g o m o m o r fiz m in m g  q a n d a y  turlarini b ilasiz?

6. H ar q a n d a y  g o m o m o r fiz m  iz o m o r fiz m  b o ‘la o la d im i yo k i 
aksincha?

7. G ru p p alar  a v to m o rfizm i n im a?

8. G ru p p a o sti tu sh u n ch a sig a  m iso lla r  keltiring.
9. H a lq a n in g  qan d ay  turlarini b ilasiz?

10. H alq a lar  g o m o m o r fiz m i, izo m o rfizm ig a  m iso llar  keltiring.

11. H alq a lar  a v to m o rfizm i ta ’rifin i b a y o n  q iling.

12. H alq aostilar k esishm asi yana ha lq aosti b o ‘lish in i isbotlang.
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IV MODUL. ASOSIY SONLI 
SISTEMALAR

1 0 - § . Natural sonlar sistemasi. Matematik induksiya prinsipi

J  Asosiy tushunchalar: n a tu ra l so n la r  s is te m a s i a k s io m a la r i,

m a tem a tik  in d u k siya  p rin sip i, in d u k siya  q ad am i, natural s o n ­

lar ya r im h a lq a si, tartib m u n osab ati.

N  t o ‘p la m i u n d a  b ajarilad igan  + ,  • b in ar  a lgeb ra ik  am allar , 
N  t o ‘p la m in in g  ajratilgan e lem en tlar i 0  va 1 lardan iborat (N, •, 

+ , 0 ,  1) algebra u ch u n  quyidagi ak siom alar  (shartlar) bajarilsin:

I. \/a, b g  /V u c h u n  a +  b * 1.
II . V a  g  N  u ch u n  y a gon a  sh u n d a y  a' e lem en t m avjud b o ‘lib , 

a+ \=a'.
III. \/a, b g  u ch u n  a + l = 6 + l  b o ‘lsa, a=b.
IV . \/a, b g  N  u ch u n  a + ( b + 1) =  (a + b )+ 1.

V. \/a e N  u ch u n  a • 1 =  a.
V I. V a , b g  N u ch u n  a (b + 1) =  ab +  a.
V II. Induksiya ak siom asi. N  to ‘p la m n in g  M ix tiy o r iy  t o ‘p la m -  

o stis i u ch u n :
1 ) 1  g M;
2) V a  g  N  u ch u n  a +  1 g  M  b o ‘lsa , M  =  Arb o ‘lad i.
A gar (N, + , 0 ,  1) algebra u ch u n  yu q orid a  san ab  ch iq ilg a n

I—V II sh artlar  b a jr ilsa , u h o ld a  b u  a lg eb ra  natural sonlar sis­
temasi d ey ilad i.

A(ri) natural son la r  t o ‘p la m id a  an iq la n g a n  b ir o ‘rinli predikat 

b o ‘lib , q u yidagi shartlar bajarilsin:

1. A {\)  — rost m u lo h a za .
2 . \/k  g  N  u c h u n  A(k)  ro st m u lo h a z a  b o ‘l is h id a n  A ( k + \ )  

m u lo h a z a n in g  ro st m u lo h a z a  b o ‘l is h i  k e lib  c h iq s in . U  h o ld a  
V « g J V  u ch u n  A(ri) m u lo h a za  rost m u lo h a za  b o ‘lad i.

A( 1) n i induksiya bazisi, A(k) n i induksiya farazi, deb  a taym iz.
A(k) — 1 d a n  A ( k + 1) =  1 k e lib  c h iq is h i  induksiya qadami 

deyiladi.
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V a , b s  TV n a tu r a l s o n la r  u c h u n  s h u n d a y  я e  TV t o p i l ib ,  
a =b +n  b o ‘lsa , a  n atu ra l so n  b natu ra l so n d a n  k atta  d e y m iz  v a  

a >  b deb b e lg ila y m iz .

(A; +,  •) a lgebra u c h u n  q u y id ag i shartlar bajarilsin:

1) V a, b, c u c h u n  (a  +  b) +  c =  a  +  (b +  c);
2) V a , b e  Л u c h u n  a  +  è  =  b +  a;

3 ) Vfly- b, ĉ & A  nühnn t ia  +  x  =  è  +  x )  ¿5 f a  =  ¿>)л 

л ( ( х + а = х + 6 )  => (a=b)\
4) V a, b, с e A u c h u n  (a ■ b) ■ c =  a ■ (b • c);
5) V a , b, c & A u c h u n  ((a +  b) ■ с =  ас +  Ьс)л(с(а+Ь)=  

=ca+cb). _______________________________________

U  h o ld a  (A; + ,  •) algebra yarimhalqa d ey ila d i.

Misol. < — 2l (n > 1) ek a n lig in i isb o tlan g .
И + 1 ( „ 1 ) 2

Isbot. 1. n= 2 d a  < i 2'2)'- <  6  k e lib  c h iq a d i ,  y a ’n i  
2+1 ( 2 !) 2 3

ten gsiz lik  o ‘rinli.

2. H ar q a n d a y  k>0  u c h u n  4(/c-+1) < т1)(2^ +2) ek a n lig id a n
(Л+1)

_4̂ _ 4 k + D ^ ( 2 k ) \  (2k+l)(2k+2)  B u n d a n  4t+ 1 ^ (2£+2)!
£+1 £+2 (A; 1)2 (jk+1)2 ' k+2 ' ((k+l)\)2

kelib  ch iq ad i.

4« / 2 n ) !
D e m a k , h ar q a n d a y  n > 1 natural s o n  u c h u n  — -  < --------.

n+1 (и!)

M is o l va m ash q lar

1. Q u yid ag i te o r e m a la m i isbotlang:

1.1. (V a , b e  TV) => (3 !c  e  TV) л  (a  +  b =  c).
1.2. V a , b, c e  TV => ( a  +  ô ) +  c =  a  +  (6  +  c).
1.3. (V a  e  TV) => (a  +  1 =  1 +  a ).
1.4. (V a , b s  TV) => (a  +  b — b +  a ).

1.5. (V a , b, c e  TV) л  (a  +  c  =  6 +  c) => (a  =  b).
1.6. (V a , b e  TV) => 3!/j(a  +  b =  p).
1.7. (V a , b, c e TV) => ( (a  +  ¿>) • c  =  a  • c +  è  • c).
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1 .8 . ( V a  e N ) = > a - l  =  l - a .
1 .9 . ( V a ,  b  g  TV) => (a  • b — b ■ a).

1 .1 0 . ( V a ,  b, c e N ) ^ > c  - ( a +  b)  =  c - a + c - b .

1. 1 1 . ( V a ,  b, с e  N )  => (a  ■ b)  • с  =  a  • (b  • c).

1 .1 2 . (V a  g  TV) а (а ф 1) => (3n  g  TV) a (a  =  1 +  n).

1 .1 3 . ( V a ,  b e N ) ^ > a * a + b .

2 .  V a , b g  /V u c h u n  q u y id a g i t e n g s iz l ik la r d a n  fa q a t b ir i o ‘r in -  
li e k a n l ig in i  isb o t la n g :

1 ) a  =  b;  2 )  3 n  e  TV, b — a  +  n; 3 )  3 /  g  TV, a  — b  +  /.
3 .  N a t u r a l  s o n l a r  t o ‘p la m id a g i  t e n g s i z l i k  m u n o s a b a t i n i n g  

q u y id a g i  x o s s a la r in i  isb o t la n g :
1°. (V a , b g  TV) а (а ф b) => (a  > b) v  (b > a).

2°. ( V a  g  TV) u c h u n  ( a  >  a ) .
3 o. V a , b  g  TV u c h u n  a > b => ( b  > a ) .

4°. V a, b T c  g TVu c llt ffl ( a  >  b )  л  (Ъ > c ) ' => (а~> i ‘).

5 o. V a, b, с  e  N  u ch u n  ( (a  > Z>) => ( a  +  c ) >  (Z> +  c ) ) .
6°. V a, b e  N  u ch u n  a  + b > a.

T .  V a ,  b , с  e  TV u ch u n  (a  > b) => a c  > bc.

4. T e k is l ik d a  b e r i lg a n  b ir  n u q ta d a n  o ‘tu v c h i  n ta  tu r li  t o ‘g ‘ri 
c h iz iq la r  t e k is l ik n i  2n  b o ‘la k k a  b o ‘l i s h in i  is b o t la n g .

5 .  (x„) k e t m a - k e t l ik  u c h u n  x, =  1, x„+1 =  x„ — be r i l -
и(и+1)

g a n  b o i s a ,  х Л n i i fo d a la n g .
6 . Q u y id a g i  ta s d iq la m i isb o t la n g :
6 .1 .  (4n +  I5n -  1) i 9  .
6 .2 .  ( 1 0 ” +  1 8 n  -  1 )  i 2 7 .
6 .3 .  (3 2n + 3 +  4 0 n -  2 7 )  ! 6 4  .
6 .4 .  ( 62n + Зй + 2 +  3 « )  i 11 .
6 .5 .  (5"  +  2 - 3 « -  1 +  1 )  i 8 .
6 .6 . (1 1 "  + 2 +  1 2 2” + l ) ! 1 33 .
6 .7 .  (9" + 1 — 8«  — 9 ) : 16.
6 .8 . ( 3 6” -  2 6") : 35 .
7 .  Q u y id a g i  t e n g l ik la m i  isb o t la n g :

7.1. 13 +  2 3 + . . .  +  „ > = ^ ¿ .
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7.2. 1- 1! +  2-2! +  ... +  л  ■ ni =  (л + 1 )!  -  1.

V  < 4

1

(2л-1)

n

2я+1

2 л-2 '

?  - 1 1
/ Æ  1-4 + 4-7 + " ' + (Зл -2 )(Зл+ 1) Зл+1 ‘

— 9 ^ тЧ~

I2 , 22 , я2 _  л(я+1)
7 -6 - ЬЗ + 1 5  + + (2л-1)(2я+ 1) _  2(2л+1) •

7.7. ( х 1+ . . . + х й)2 =  X j2 + ...+ хп2 + 2 ( х 1х 2 + ...+ хп_1х п).

x n+l -1
7.8. 1 +  X  +  X2 +  ... +  х" — , ( х  *  1).

 ̂ 1 2 л
7.9. 2Ï +  3Î +  - +  ( и+1). =  1 -

х-1 

1
(и+1)! ‘

7.10.
1 1 1

а-(а+1) (а+1)(а+2) " (а+л-1)(а+л) а(а+п) '

8 . Q u y id a g i te n g s iz lik la m i isbotlang: 

o , i  1 1 138 .1 . ----=- + ----Т-+... +  1Г---- Ï > 7T7.
п +2 я+3 2л+2 24

о л 1 1 1 18 .2 . — -н------+
л+1 л+2 Зл+1

2 4 6 ” ' 2л 73л+1 '

8.4. I х 1 +  х 2 + . . .  +  х „  |<| Xj +  I Х2 I + . . . + 1 х „ | .

О с 1 1 1 1 т
8 -5 - ТТ +  ТТ+ зТ + " и Т <

9 .  A g a r  п > 2 , а > -1  b o ‘ lsa , п  n a tu r a l so n  u c h u n  

(1 + а ) п >  1 + n a  o ‘r in li  e k a n lig in i isbotlang.

3 2

10 . H a r  q a n d a y  n  n a tu ra l so n  u c h u n  - ^  +  4 г - +  т  n a tu ra l so n
6 2 3

b o ‘l is h in i isb o tlan g.
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V \ T a k r o r l a s h  u c h u n  s a v o l l a r

1. N atu ra l so n la r  sistem asi deb  n im a g a  aytiladi?

2. M atem atik  induksiya m etod in i ifod a lovch i teo rem a n i ayting.

3. In d u k siya  b az isi, induksiya farazi, induksiya  q ad am i nim a?

4. N atu ra l so n larn i q o ‘sh ish n in g  q an d ay  xossa larin i b ilasiz?

5. N atu ra l so n larn i k o 'p a y tir ish n in g  xossa larin i ayting.

6. N atu ra l so n la r  to ‘p lam id a  tartib m u n o sa b a tin i an iq lan g .

7. N atu ra l so n la r  t o ‘p lam idagi ten g siz lik  m u n o sa b a tin in g  x o s­
salarin i b a y o n  q ilin g .

8. N atu ral so n la r  t o ‘p lam i k o m m u ta tiv  yarim h alq a  b o ‘lish in i 

isbotlang.

ll-§ Butun sonlar halqasi. Ratsional sonlar maydoni. 
Haqiqiy sonlar sistemasi

y  Asosiy tushunchalar: b u tu n  s o n la r  h a lq a s i, b o ‘l in is h  m u -  

n o sa b a ti, m a y d o n , ra tsion a l so n la r  m a y d o n i, h a q iq iy  so n la r  

sistem asi.

V ^ e Z  e lem en t ikkita natural so n  ay irm asi k o ‘m ish id a  ifo d a  

q ilin ad i. ( Z ;  + ,  •) h a lq a n i butun sonlar halqasi, d eb  a ta y m iz .

A gar a, b, b*0 b u tu n  son lar  u c h u n  sh u n d ay  q butun  so n  to -  

p il ib ,  a=bq  t e n g lik  o ‘r in li b o ‘ls a , a b u tu n  s o n  b u tu n  so n g a  

b o ‘lin a d i y o k i b b u tu n  so n  a b u tu n  s o n n i b o ‘la d i d e y ila d i va , 

m o s ravishda, a : b yo k i b\a k o ‘r in ish d a  b e lg ilan ad i.

V a , b g  Z  so n la r  u ch u n  a : b va  b : a shartlar bajarilsa, a va  

b son la r  assotsirlangan d ey ilad i.

A sso ts ia tiv , k o m m u ta tiv , b irlik  e le m e n tg a  eg a , n o ld a n  farqli 

har b ir e le m e n t tesk arilan u vch i b o ‘lg a n  va 1 *  0 shart b ajarilad i- 

g a n  halqa maydon dey ilad i.

M a y d o n n in g  n o ld a n  farqli har q a n d a y  e lem en ti tesk arilan u v­

ch i b o ‘lgan  h a lq a o sti maydonosti d ey ila d i.

K  b u tu n lik  so h a si P  m a y d o n n in g  h a lq a o stis i b o ‘ls in . P  m a y ­

d o n n in g  ix tiy o r iy  P  e le m e n ti u c h u n  R  b u tu n lik  so h a s in in g  m, n
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e le m e n tla r i to p i l ib ,  P=m n~l t e n g lik  o ‘r in li b o ‘lsa , P  m a y d o n  

К  b u tu n lik  so h a s in in g  nisbotlar maydoni d ey ila d i. B u tu n  so n la r  

h a lq a sin in g  n isb atlar  m a y d o n i ratsional sonlar maydoni d ey ilad i.

T a rtib la n g a n  m a y d o n n in g  ix tiy o r iy  m u sb a t a, b e le m e n tla r i  

u c h u n  s h u n d a y  n n a tu r a l s o n  m a v ju d  b o ‘l ib ,  n • a > b sh art  

bajarilsa, b u  m a y d o n  Arximedcha tartiblangan maydon d ey ilad i.

F  tartib la n g a n  m a y d o n d a g i h a r  q a n d a y  fu n d a m e n ta l k e tm a -  

k e tlik  sh u  m a y d o n d a  y a q in la s h u v c h i b o ‘lsa , b u n d a y  m a y d o n  

to ‘liq d ey ilad i.

A rx im ed ch a  turtib langan ratsional so n la r  s istem a sin i o ‘z  ic h i-  

ga o ig a n  en g  k ich ik  to ‘liq  m a y d o n  haqiqiy sonlar sistemasi d e y i­

ladi.

KSl Misol va mashqlar

1. 5 ga b o ‘lin u v ch i b u tu n  son lar  t o ‘p la m i ha lq a  tash k il e t ish i-  

ni isb o tlan g .

2 . Z 6 t o ‘p la m  ha lq a  tash k il e tish in i isbotlang.

3 . Q2 t o ‘p la m  ( a,b) + ( c , d ) = (a + c,b + d ) , ( a,b) • ( c,d) =  
=  ( ac+2bd, ad+bc) am allarga  n isb a ta n  m a y d o n  ta sh k il e t ish in i  

isbotlang.

4. B u tu n  son lar  h a lq asid agi b o 'lin ish  m u n o sa b a tin in g  q u yid a-  

g i x ossa larin i isbotlang:

1°. V a  e Z ,  а Ф 0 u c h u n  a : a.
2°. \/a & Z, а Ф 0  u c h u n  0 : a.
3°. V a  g  Z, a : 0 va  a : (—1).

4°. : m u n o sa b a ti tra n z itiv  m u n o sa b a td ir , y a ’n i Ma, b, с g  Z  

u c h u n  al b va b : с b o ‘lsa , a : c.

5°. У a, b, с g Z  u c h u n  a : с b o ‘lsa, a • b : c.
6°. V a , b, c g  Z  u c h u n  a  : c va  b \ c b o ‘lsa , (a  +  b) : c.

7°. V a , b, c e Z v a c ^ O  u c h u n  bc : ac b o 'lsa , b : a.

8°. V a , Ь, c g  Z  u c h u n  a  : c v a  b \ d  b o ‘lsa , (a  • b) : ( c • d).
9°. V a , b, c g  Z  va  a : b b o ‘lsa , a • c : b • c.
10°. V a , b, c, m, n g  Z  va  a : c v a  b : c b o ‘lsa, (ma +  nb) : c.
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5 . ( P ;  + ,  •, 1) m a y d o n n in g  ix t iy o r iy  a, b, c e le m e n tla r i  
u c h u n  q u y id ag i m u n osab atlar  o 'r in li ek an lig in i isbotlang:

r . & ^ 4  =  a-S}  =  0.

2°. A gar ab =  1 b o ‘lsa , u  h o ld a  b =  a~l.
3°. c * 0  b o ‘lib , ac =  be b o ‘lsa , a =  b.
4°. ab =  0  b o ‘lsa , a  =  0 y ok i 6  =  0.

5°. a *  0  va  b * 0 b o ‘lsa , ab *  a.

6°. — = 4  b o ‘lsa , ac? =  be. 
b a

~o a c _ ad+bc 
' b + b bd

ryo q c ac 
' ~b ~b= ~bd'

0» -  a  _  _a_ _  _  £

~ b ~ ~ - b ~  b '

10°. N o ld a n  farqli a, b e lem en tla r  u c h u n  ( =  -  .

11°. c *  0 e le m e n t u c h u n  -r =  7~ =  ■b be

6 . (F; + ,  —, •, 1, > )  ta r t ib la n g a n  m a y d o n  u c h u n  q u y id a g i  

x o ssa la m i isbotlang:

1°. V a , b e F  u c h u n  a<b  b o ‘l is h i  u c h u n  b — a > 0  b o ‘lish i  

zarur va  yetarli.

2. \ / a s F  u c h u n  a<0 , 0 <a, 0 —a sh artlardan  b ir  vaq td a  faqat 

biri o ‘rinli.

3°. A g a r  a > 0  va  b > 0 b o ‘lsa , u  h o ld a  ab > 0 va a+b > 0 
b o ‘ladi.

4°. a < b v a  e < d  b o ‘lsa , a +  c < b +  d.
5°. A gar a < b va  e < 0 b o ‘lsa , ac > be.
6°. V a e F elem en t u ch u n  a2 > 0 .  X ususan, a *  0  b o ‘lsa, a2 > 0. 

7°. V n e N  u c h u n  n • 1 > 0 , xu su sa n , 1 > 0.

8°. T artib lan gan  m a y d o n  b u tu n lik  soh asid ir .

7 . (F; + , —, 1, > )  tartib lan gan  m a y d o n n in g  V a, b e le m e n t­

lari u ch u n  q u yid agi m u n o sa b a tla m i isbotlang:
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1°. k l =  I—a | .

2°. |ü| > a va  \a\ > - a .

3°. \a + b\< \a\ + 1¿»|.

4°. \a • b\ < |a| • | é | .

-  5°. \b\
6°. V a e F , a2 > O e le m e n t  u c h u n  \b\ <  a b o ' l i s h i  u c h u n  

—a < b < a b o ‘lish i zarur va  yetarli.

7°. Va, b, c, F, a > 0 e le m e n t la r  u c h u n  \b\ > a b o ‘l is h i  

u ch u n  b > a yo k i b < —a b o ‘lish i zarur va  yetarli.

8 . H ar q a n d a y  a + b-ff  ( a,b e  Q) k o ‘r in ish d a g i h a q iq iy  so n  

u ch u n  an iq langan  / (a + b^jl)  =  a -  b 'Jl  akslantirish haq iq iy  so n -  

lar m a y d o n in in g  a v to m o rfizm i b o l is h in i  isb otlan g .

Takrorlash uchun savollar

1. N a tu r a l so n la r  y a r im h a lq a s in i q am rab  o ig a n  e n g  k ic h ik  

k o m m u ta tiv  h a lq an i quring.

2. B u tu n  son la r  t o ‘p la m i ha lq a  tash k il e t ish in i isb o tlan g .

3. B u tu n  son la r  h a lq asid a  tartib m u n o sa b a tin i an iq lan g .

4 . B u tu n  son lar h a lq asid a  b o ‘lin ish  m u n o sa b a tin in g  xossa lari-  

n i aytin g .

5 . M a y d o n  tu sh u n ch a sig a  ta ’r if  bering.

6 . M a y d o n n in g  sod d a  x o ssa lar in i ayting.

7 . M a y d o n la r  izo m o rfizm ig a  m iso l keltiring.
8. R atsion a l son lar  m a y d o n id a  tartib  m u n o sa b a tin i an iq lan g .

Í2-fr| Kompleks sonlar maydoni

Y  Asosiy tushunchalar: k om p lek s so n , k o m p lek s so n la r  m a y d o ­

n i, so n li m a y d o n , o ‘zaro  q o ‘sh m a  k om p lek s son lar , k o m p lek s  

so n  m o d u li, k o m p lek s  tek is lik , m a v h u m  o ‘q , k o m p le k s  so n  

a r g u m e n ti, k o m p le k s  so n n in g  tr ig o n o m e tr ik  sh a k li, M u avr  

form u lalari, n- darajaü ild izlar.
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C =  {b+bi/a,be R} t o ‘p lam ni qaraylik. C  da (a+bi) +  (c+di)=  
— ( a + c ) +  ( b + d )i ; (a+bi) c +  di =  ( ac — bd) +  (ad +  bc)i; 
—(a+bi) =  (—a) + ( —b)i ten g lik la r  o rq a li q o ‘sh ish , k o ‘p aytir ish , 

q a ra m a -q a rsh is in i o lish  a m allarin i a n iq la y m iz . Ixtiyoriy  a+bi*0

e le m e n t  u c h u n  teskari e le m e n t (a + bi)~l = a -  b — i  for-
a2 +b2 a2 +b2

m u la  b ilan  an iq lan ad i.

K o m p lek s son lar  m a y d o n in in g  har qan d ay  m a y d o n o stis i sonli 
may don d ey ilad i.

Z — a+bi  k o m p le k s  so n  u c h u n  z =  a—bi qo‘shma kompleks 
son d ey ilad i.

k | =  Je? + b1 so n  a+bi (a,b&R) k o m p le k s  so n in in g  moduli 

deyilad i.

H ar b ir a+bi  k o m p le k s  so n g a  tek is lik d a  (a,b) n u q ta n i m o s  

q o ‘y sa k , b u  n u q ta  k o m p lek s  so n n in g  geometrik tasviri d ey ila d i. 

Bu n u q ta n i k o o rd in a ta la r  b o sh i b ila n  tu tash tirsak , b o sh i k o o r-  

d in a ta la r  b o sh id a , u c h i esa  (a,b) k o o r d in a ta li n u q tad a  b o ‘lgan  

OA v ek to r  h o s il b o ‘ladi. Bu v ek to rn in g  u zu n lig i esa  a+bi  k o m ­

pleks so n n in g  m o d u lig a  ten g lig i a yon .

H ar bir bi k o m p lek s  so n g a  Oy o 'q id a  

(0 , b) nuqta m o s keladi. Bu o ‘qni mavhum 
o ‘q d e b  a ta y m iz . Ox o ‘q n i haqiqiy o ‘q 
d ey m iz .

OA vek to rn in g  Ox o ‘qi m u sb at y o ‘n a -  

lish in in g  so a t m ili q a ra m a -q a rsh i y o ‘n a -  

lish id a  h o s il q ilg a n  (p0 b u rch a g i a+bi  k o m p le k s  s o n n in g  bosh- 
lang'ich argumenti dey ilad i.

a+bi  k o m p lek s so n  berilgan  b o ‘lib , r  u n in g  m o d u li cp esa ar­

g u m en ti b o ‘ls in , u h o ld a  6= rsin (p , <2= /-cos(p  ten g lik larn i k o ‘rsa- 

tish  q iy in  em a s . D e m a k , a+bi  =  r(coscp+/sincp) te n g lik  o ‘rnili. 

Bu esa  k o m p lek s so n n in g  trigonometrik k o ‘rinishi d ey ila d i.

Z¡ =  ^(cosipj+Zsintp,), z2 =  A*2(coscp2+ /s in cp 2) k o m p lek s  s o n ­
lar berilgan  b o ‘lsin . U  h o ld a  q u yidagilar o ‘rinli:

1°. ^■^2= /'1-r2(cos((p 1+cp2) +  /sin ((p ,+ cp 2)).
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2°. ~ ~  — ~  (cos(cpj cp2) +  /  S in iq jj-q jj)).

£ " = (r (co s(p + / sincp))"=A'!(c o s /i(p + /s in m p ), b u  fo r m u la  Muavr 
formulasi d ey ilad i.

^ = r (c o s (p + /s in (p )  k o m p le k s  s o n  b e r ilg a n  b o ‘ls in . B u n d a  r  
k o m p le k s  so n n in g  m o d u li, cp=cp0+2A:jc k o m p le k s  so n n in g  a rg u ­

m en t^  (f>0 — b o sh la n g ‘ic h  argu m en ti b o 'ls in . U  h o ld a  z k o m p lek s  

so n  n ta h ar  xil n- darajali k o m p lek s ild iz larga  ega  b o ‘lad i va  bu  

ild izlar quyidagi form u la  yord am id a  topiladi:

tt nr  t <P0+2*7C • • <po +2 \Uk = cos-^— + i sm-i^— I k =  1, n~ 1.

1-m isol. | z + 2 1 =  3 ten g la m a n i y ech in g .
Yechish. K o m p le k s  s o n n in g  m o d u li ,  k o m p le k s  so n la r n in g  

ten g lig i ta ’riflaridan q u yid agi ifo d a n i h o sil q ilam iz:

\z + 2\ =  |x  + yi +  2| =  | ( x  + 2 )  + yi\ = J ( x  + 2 ) 2 + y 2

va  j ( x  + 2)2 + y 2 = 3 .

B u n d an  ( x  + 2 ) 2 + y 2 =  9  te n g la m a n i h o s il q ila m iz . H o s il b o ‘l-  

ga n  te n g la m a n in g  y e c h im la r i tek islik d ag i m ark azi ( - 2 ;  0 ) n u q -  

tada b o ‘lg a n , radiusi 3 ga ten g  ay lan an in g  nu q ta larid an  iborat.

2 -m iso l. \z + 2 + /| < 3 te n g s iz lik la r n i y e c h in g  v a  y e c h im la r  

t o ‘p la m in i D ek art k oord in ata lar tek islig ida  ifodalang.

Yechish. \z + 2 + /| < 2 ten gsiz lik k a  k o m p lek s so n n in g  m o d u h  

ta ’rifini q o ‘llasak, \z + 2 + i\ = \x + yi + 2 + i\ = |( x  +  2 )  + (y  + 1)/| =

=  ^[(x + 2)2 + 0  + 1)2 n i hosil q ila­

m iz . B u n d a n  (x+2)2 + ( y  +  l )2 < 4  

t e n g s iz l ik n i  h o s i l  q i la m iz . B u  

>  ten g siz lik n in g  y ech im la r i m arkazi

x  (—2; —1) n u q tad a  b o ‘lgan , rad iu ­

si 2 ga ten g  d o irad an  iborat. D o i-  

rani D ek art k oord in ata lar  te k is li­

gida ch iza m iz .
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3 - m is o l .  7 3  +  4  i n i  h is o b la n g .
Yechish.  K o m p le k s  s o n d a n  k va d ra t i ld iz  c h iq a r is h  fo r m u la la r i

1) yja  +  bi ~  ±  
b> 0 V

a+Vfl2 +¿2 +   ̂ j -a W a 2 +b2 v a

2 ) %/a +  bi -  ±
b<0

i-Va2 +62 • j-a+y/a2 +b2 l a r d a n  f o y d a l a -

n a m iz .  B e r ilg a n  m is o ld a  b  >  0  b o ‘lg a n lig i  u c h u n  b ir in c h i  fo r m u -  
la n i q o ‘lla y m iz :

>/3 +  4 /  = ±
4>0

3+V32 +42 +  i  I-3+J32 +42 ± , . /3 + 5  + / J - U 5
2 \  2

=  ± (¡2 +  12/) =  ± 2 (1  + / ) .

4 -m is o l .  l]2 + 3 / i ld iz la m i  h is o b la n g .
Yechish.  I x t iy o r iy  k o m p le k s  s o n d a n  n -  d a r a ja li  i ld iz la r n i  t o -  

p is h  fo r m u la s i

=  lc l" |COS +  / s in  j , £  =  0 , . . . , «  - 1  ( 1 )

d a n  fo y d a la n a m iz . B u n in g  u c h u n  a w a l  b e r ilg a n  £ = 2 + 3 /  k o m p le k s  
s o n n i  t r ig o n o m e t r ik  k o ‘r in i s h g a  k e l t ir a m iz :  k o m p le k s  s o n n in g

m o d u li  \z\ -  \Ja2 +  b 2 -  V 22 + 3 3 =  V l3  ; a r g u m e n t i  <P =  a r c t g =  

=  a r c t g d a n  ib o r a t .  U  h o l d a  z  =  2  +  3 /  =  V l3 ^ c o s |a r c t g ^ - j

+ / ' s i n | a r c t g - j j .  T o p i lg a n  m o d u l  v a  a r g u m e n t n i  ( 1 )  fo r m u la g a

f  3

+

q o  y a m iz :  uk VÍ33

3 ^arctg—+ 2tc& arctg—+2 nk
c o s ----- \ ------ +  /  s i n ------ \ ------

3 3 )
, ¿  =  0 ,1 ,2 .

r

B u n d a n  Uq =  V Í3
3 3 Na rctg - arctg -

c o s  — +  i  s in  — — -
v 3 3
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= Vl3 cos
arctg—+27i

2 + ism

3 ^
arctg—+2 7i

2

/  3 3 A
arctg—+4 7i  arctg—+47i

COS------- 1------ + /  s i n -------- 1-------
3 3 )V

m, =^/T3 

ild iz la m i h o s il q ilam iz.

. «+1 
sm-----

• 9 YIX
5-misol. s i n x  + s i n 2 x  + ... + s in « x  = ------^ - s i n —  te n g lik n i

sin—

isbotlang.

. l+l 
sin----

Isbot. 1. « = 1  b o ‘ls in . U  h o ld a  s in x  = — ^ -s in ^ = > s in x  =  s in x
sin—

2
ten g lik  o ‘rinli.

. k+1
sm-----  ,

0  K X
2. n—k  u ch u n  s i n x  +  s in  2 x  + . . .  + s in ¿ x  = ------ sin  —  b o ‘l -

s in—
2

sin . U  h o ld a  n= k+ 1 da

s i n x  + s i n 2 x  + ... +  s in £ x  + sin(A; + l ) x  =

. k+\ . k+1
sm _f  . kx . , ,  n  SU1 2 • kx ~ . k+l k+l= ------£_sin —  + sin(& + l ) x  = ------— sm—- + 2 s in -— xcos—- x  =

. x 2 . x 2 2 2
sin— sin—

2 2

. k+2
~ k+\ ■ x • k+2 ■ kx SU1 2 •

= 2 c o s - ^ - x  s in  — - s i n — — x  -  s m —- = -----------s m —— x .
2 2 2 1 s in -  1

2

D e m a k , h ar q a n d a y  n e N  u c h u n  s in x  + s in 2 x  +  ... + s in « x  =

. «+1 
s in— —

= ------^—sin  ten g lik  o ‘rin li.
s in—

2
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►5». M is o l  va m ashqlar
4

1. B er ilg a n  k o m p lek s  so n la rn in g  h a q iq iy  va m a v h u m  q ism -

larin i top in g:

1.1.
(1+ 0(2+ /) ( 1 -0 (2 - / )

2 - / 2+ /

1.2.
i  +2

2

ll+ Z 11]

/ .  . \ 2 0 0 7

1.3. O •

1.4.
(1+2/)3 —(1+3/)2
( 3 - / )3+ (l+ 5 /)2 '

2 . Ix tiy o r iy  z v z2 k o m p lek s  so n la r  u c h u n  q u y id a g i x o ssa la r  

o ‘rinli ek an lig in i isbotlang:

1°. Z \  +  Z 2 -  Z \  +  Z 2

2°. (= iT )  =  - ^ .

3°

4°

Z\  ' Z 2 — Z \  • z2

(z)  = z-

5 ° .  Z 2 *  o ,
/  \  
iL  
* 2 ,

iL
*2

6°. Z - Z  b o ‘lish i u ch u n  Z  e  R b o ‘lish i zarur va  yetarli.

7°. A gar z = a + bi b o ‘lsa , u  h o ld a  z - z  = a2 + b 2.

3 . Ix tiy o r iy  z v z2 k o m p le k s  so n la r  u c h u n  q u y id a g i x o ssa la r  

o ‘rinli ek an lig in i isbotlang:

1°. \zf = Z - Z .

2°. \z\ = 0 faqat va faqat sh u  h o ld a k i, agar z — 0 b o ‘lsa.



3°. \zi • З г Н Ы ’ Ы -  

4°. к -11 =  к Г 1 u * o ) .

5°. k i + * 2 | Ф 1 + Ы .

6°. k i J - b l ^ k i  ± Ы -  

7 o- I k i l - h H k i  + ^ | .

4 .  T en g la m a n i yech in g:

4.1. г  =  5 — z-

4.2. ?  =  - 3 *  -  1 +  2/.

4.3. z2 + Z =  1.
4.4. -  2* -  3 =  3/.

4.5. z2 +  5z +  5 — 3/ =  0.

4.6. z2( l+ / )  — z  +  1 +  2 / =  0.

4.7. z2 +  (2 +  i)z — 1 +  7/ =  0.

4.8. (1 +  í)z2 + i z + 2 + 4i =  0.
5 . Q u yid ag i ten g la m a la m i y ech in g :

5.1. г  +  к  +  1| +  /' =  0.

5.2. z \ z  \ — 2z + i =  0.
5.3. z \ z  \ — 2iz2 +  2/ =  0.
6 . Q u y id ag i ten g lam alar  s is tem a sin i yech ing:

[ \ z - 2 i \ = \ z \ ,
' ' [ k  -  í l= U  - 11-

' z-12 _  5
_ о.* a  5

6 3  f a  + 2 z2 = 1  +  / ,  

[3^i +  /г2 = 2 - 3 / .
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6 4 \4ÍZl ~ 5Zl =^ + 14/’ [3̂i +2iz2 = 7 + 3/.í
65 \\z + l - i \  = \z + i\,J z

113jj3 + 2/ - z\ = k + i|.

I!I 3z + 9 |=| 5z +10/1.
7 . Q u y id a g i te n g s iz l ik la r n in g  y e c h im la r  t o ‘p la m in i k o o r -  

dinatalar tek islig id a  ifodalang:

7.3. \z + 6/1 > \z — 3 |.
7.4. I z + 2 + 2il< л/2.
7.5. U -  1 -  3/1 < \z -  1 I-
7.6. I z + 5 + 6/1 > 0.
7.7. I z + /| > I z — 2 |.
7.8. |z-3-/|<U+2/|.
8 . N y u to n  b in o m i va M uavr form u la lari y o rd a m id a  q u y id a -  

g ila m i h isob lang:

8.1. 1-3C„2 +9C„4 -27C„6 + ....

9 . H a r  q an d ay  Æ b u tu n  so n la r  u c h u n  q u y id a g ila m i isb otlan g:

7.1. I г + 2 I > \z I-
7.2. I г -  5 + /| < 4.

8 .3 . -Уз7  -  V F 4 ; 2 +  л / з ^ с , 4 -  + . . . .

8 .4 . c i - i c ¡ + í c ; - ± c : + . . . .
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1 0 . Q u y id a g i k o m p lek s  so n la m i tr ig o n o m etr ik  sh ak lga  k e lti-  

ring:

10.1 . 5.

10.2. - 2 1

10.4. ( V l 2 - 2 / ) 4 / 13.

10.5. s in  a  + / c o s  a .

1 1 . Q u y id a g ila m i h isoblang:

11.1 .
(cos 0 -/  sin 0 )( ctgß+г )( -  cos a+/ sin a  ) 

l- / tg (a + ß )

/ i--- \2008
11.2. ( - 2 + /л /1 2 ) .

11 .3 . (1 - c o s a  +  г sin  a ) ” ,n e Z .

11.4 . ( tg 30 ( ~  sín  3Q° + г c o s  3 0 ° ) • 
( —1+/)

1 2 . f ld iz la m i top ing:

12 .1 . ^ /2 ^ 7 .

12.2. %/64 .

12 .3 . У2  + 3 / .
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1 2 . 8 .  ^

13. B i m i n g  6-d a r a ja li  i ld iz la r i  t o ‘p la m i m u lt ip lik a t iv  g r u p p a  
ta s h k il  e t i s h in i  is b o t la n g .

14. A g a r  n v a  m  o ‘z a r o  t u b  b o ‘l s a ,  u  h o ld a  b ir n in g  n m -  

d a r a ja l i  i ld iz la r in i  b im in g  n-  v a  m -  d a r a ja li  i ld iz la r i  y o r d a m id a  
i f o d a la s h  m u m k in l ig in i  isb o t la n g .

[? /] Takrorlash uchun savollar

1. H a q iq iy  so n la r  m a y d o n in in g  k o m p le k s  k e n g a y tm a s in i q u rin g .
2 . K o m p le k s  s o n la r  u s t id a  a r ifm e t ik  a m a l la m i  a n iq la n g .
3 . K o m p le k s  s o n n in g  g e o m e tr ik  ta s v ir i  n im a d a n  ib o ra t?
4 . G e o m e t r ik  k o ‘r in is h d a g i  k o m p le k s  s o n la m i  q o ‘s h is h  q a n -  

d a y  b a ja r ila d i?
5 . K o m p le k s  s o n n in g  a r g u m e n t i  q a n d a y  a n iq la n a d i?
6 . T r i g o n o m e t r i k  k o ‘r in i s h d a  b e r i l g a n  k o m p le k s  s o n la r n i  

k o 'p a y t ir is h , b o ‘l is h  a m a lla r i  q a n d a y  b a ja r ila d i?
7 . K o m p le k s  s o n n in g  t r ig o n o m e t r ik  s h a k lg a  k e lt ir is h  q a n d a y  

a m a lg a  o sh ir ila d i?
8 . B im in g  « -d a r a ja li  i ld iz ig a  t a ’r i f  b e r in g .
9 . B im in g  « -d a ra ja li ild iz la r i so n i n e c h ta ?  J a v o b in g iz n i a so s la n g .
10 . I x t iy o r iy  k o m p le k s  s o n d a n  « -d a r a ja l i  i ld iz  t o p i s h  f o r m u -  

la s in i  i fo d a la n g .

i

i
I
I

75



V MODUL. ARIFMETIK VEKTOR FAZO. 
CHIZIQLI TENGLAMALAR SISTEMASI

13-§. Arifmetik vektor fazo

/  Asosiy tushunchalar: « - o ‘lc h o v li a r ifm etik  v ek to r , vek tor lar  

y ig ‘in d is i, sk a la m i vektorga  k o ‘paytir ish , « ~ o ‘lch o v li arifm etik  

vek tor fa z o , c h iz iq li vek tor  fa zo , fa z o o s t i, vektorlar s is tem a si, 

ch iz iq li k o m b in a ts iy a , c h iz iq li b o g ‘liq  s is tem a , c h iz iq ü  b o g ‘-  

la n m a g a n  s is te m a , v ek to r la m in g  ek v iv a len t sistem a la r i, v ek ­
torlar sistem a sin i e lem en ta r  alm ashtirish lar, vektorlar s istem a -  

sin in g  b a z is i, vek torlar s is tem a sin in g  rangi, vektorlar s is tem a -  

sin in g  c h iz iq li q o b ig 'i, ch iz iq ü  k o ‘pxillik .

F  =< / r ; + , - , - ," 1, 0 , l  > ix tiyor iy  m a y d o n  b o ‘h b , F  u n in g  a so ­

s iy  t o ‘p la m i b o ‘ls in . F n t o ‘g ‘ri k o 'p a y tm a n in g  ix t iy o r iy

a =  (a, ,a2 , . . . , a „ ) e le m e n ti n -o ‘lchovli arifmetik vektor d ey ilad i.

F n nin g  ix tiyoriy  ikk ita  a = ( a l5 a 2,...,an) va

v e k to r la r i u c h u n  ax =  6 , ,  â  = A j, . . . ,  an = bn b o ‘lsa , b e r ilg a n  

vektorlar ten g  d ey ila d i.

F n n in g  ix tiyoriy  ikk ita  a = ( a , , O j, . . . ,  an ) va b = [t\ , ,...,bn)

vek to r la r in in g  y ig ‘in d is i  d eb  a + b = (al +  ¿ i , 02 +  ¿>2,—>an +  K ) 

vektorga  aytiladi.

VA, g  F  sk a la r n in g  V a g  F nv e k to r g a  k o ‘p a y t ir is h  d e b ,  

Xa = (A.a, ,A,02 , . . . ,A a„ ) vektorga aytiladi.

F" t o ‘p la m , u n d a  an iq la n g a n  q o ‘sh ish  b in ar am ali va  sk a la m i 

v e k to r g a  k o ‘p a y tir ish  u ñ a r  a m a lla r i y o r d a m id a  h o s i l  q il in g a n  

F "  = < F n ;+,{a¡x | A, g  F }  > a lg e b r a  m a y d o n  u s t id a  q u r i lg a n  

n o ‘lchovli arifmetik vektor fazo d ey ilad i.

F n = <  F n ;+ , {co- | X g  F }  > « - o lc h o v l i  ar ifm etik  vek tor  fa zo  

b erilgan  b o ‘lsin . F n n in g  ix tiyor iy  b o ‘sh  b o ‘lm a g a n  q ism  to 'p la -  
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m i F k (k  < n) a r ifm etik  vek tor  fa z o  ta sh k il q ilsa , F k ar ifm etik  

v ek to r  fa z o  F n a r ifm etik  vek tor  fa z o n in g  fazoostisi (q ism fa z o s i)  

d eyilad i._______________________________________________________________

F n v ek to r  fa z o n in g  v ek to r la r id a n  ib orat a¡ , ,...,an ,. . .  s is -  

te  m a g a  vektorlarning cheksiz sistemasi', a{ ,a2,...,a„ s is te m a g a  

vektorlaming chekli sistemasi d ey ila d i.

F "  vektor fa zo n in g  o, , a 2 sistem asi va F m a y d o n n in g

sk a la r la r i b e r ilg a n  b o ‘ls in . \ a i +^a2 +...+\an+... 

ifo d a  äj ,¿2 v ek to r la r  s is te m a s in in g  chiziqli kombina-
tsiyasi d e y ila d i. A g a r  k a m id a  b it ta s i  n o ld a n  farq li s h u n d a y

Xl ,X2 ,...,Xn skalarlar to p ilib , A ^  +  A2¿2 + ... +  A„a„ = 0  ten g lik  

b a ja r ilsa , u h o ld a  dx,ñ2,...,ün s is te m a  v e k to r la m in g  chiziqli 

bog'langan sistemasi d e y ila d i;  te n g lik  A, = 0 , A,2 = 0 , . . . ,  A.„ = 0

b o ‘lg a n d a  b ajar ilsa , u h o ld a  <5, ,5 2 , . . . ,5 „  v e k to r la m in g  chiziqli 
bog‘lanmagan (chiziqli erkli) sistemasi d ey ilad i.

A gar S  va T  s is te m a la m in g  ix tiyor iy  b iridan  o lin g a n  har q a n -  

d a y  n o ld a n  farqli v e k to m i ik k in c h i s is te m a  v ek to r la r in in g  c h i ­

z iq li k om b in atsiyasi sifatida ifod a lash  m u m k in  b o is a ,  b u n d ay  s is-  

tem a la r  ekvivalent sistema/ar d e y ila d i va R~T  k o ‘r in ish d a  b e lg i-  

lanadi.

V ek to r la r  c h e k li  s is te m a s in i  elementar almashtirishlar d eb  

quyidagi a lm ashtirish larga  aytiladi:

1) s istem a n in g  qan d ayd ir bir v ek to r in i n o ld an  farqli skalarga  

k o ‘paytirish;

2) s is te m a n in g  skalarga k o ‘p a y tir ilg a n  b ir v ek to r in i ik k in ch i  

vektoriga q o ‘sh ish  yok i ayirish;

3) n o l vektorni s istem a d a n  ch iq a r ish  yo k i s istem aga  k iritish .

V ektorlar ch ek li s is tem a sin in g  c h iz iq li  erkli, b o ‘sh  b o ‘lm agan

q ism  sistem a si yo rd a m id a  s is te m a n in g  h ar qan d ay  v ek torin i c h i­

z iq li ifod a lash  m u m k in  b o ‘lsa , b u n d a y  q ism  sistem a  b erilgan  s is ­

tem a n in g  bazisi d ey ilad i.

V ek torlar  c h e k li  s is te m a s in in g  ix t iy o r iy  b a z is id a g i vek torlar  

so n i u n in g  rangi d ey ila d i.
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a xa l+ a 1ä 2 +  ... +  anä n(a¡<=F) k o ‘r in ish d a g i b arch a  c h iz iq li  

k o m b in a tsiy a la r  t o ‘p la m i äx ,ä2 ,...,an v ek to r la m in g  c h iz iq li q o -  

b ig ‘i d ey ila d i va  u L {a x, a2 ä„ ) k o ‘rin ishda b elg ilan ad i.

x 0 +  W ~ {x 0 +  y  | x 0 e F " \  t o ‘p la m  W q ism  fa zo n in g  x 0 v ek -  

to rg a  s ilj it ish d a n  h o s i l  b o ‘lg a n  chiziqli k o ‘pxillik  d e y ila d i va  u  

N =  x 0 +  W  orqali b elg ilan ad i.

1-misol. V =  {ax2 +  by + c \a , b , c , x , y  g  /?} t o ‘p la m  R m a y -  

d o n  ustid a  c h iz iq li fa zo  tash k il e tish in i isbotlang.

Yechish. C h iz iq li  fa z o  ta ’rifiga  k o ‘ra, b er ilg a n  V  t o ‘p la m d a  

q o ‘sh ish  b in ar a m a lin i, sk a la m i vektorga k o ‘p aytir ish  unar a m a l-  

larin i an iq lab , u lar u c h u n  q u yid ag i xossa lar  teksh irilad i:

1 '• V ( a ,Ä e K )  ( a + b = b + a)•

2°. \/(a,b,c  g V ) (a + (b + c) = (a + b) + c ) .

3°. V (a  g V )  a  3(e  e  V ) (a + e = a ).

4°. V (a  g  V )  a  3(a'  s  V ) (a + a ' - Ö ) .
5°. V ( a  g R )  a  V ( ö ,ä  g  V ) (a (a  + b) -  aa + a b ) .

6°. V ( a ,ß  g  R )  a  V(a  g  V )  ( ( a ß ) a  = a ( ß c ) ) .

7°. V ( a ,ß  g R )  a  V (a  g  V) ((a + ß )a  =  aa  + ß a ) .

8°. V ( ö g F )  (1 -a  = a ) .

V to ‘plam ning ixtiyoriy Z\ = alx2 + t\y + q va Z2 = Q x2 + b1y + c 2 
e lem en tla r i b erilgan  b o ‘lsin .

Zi + Z2 = Q\X2 + t\y  + c, + a2x 1 + \ y  4 Cj =

= (ax + ) x 2 +  (Ä[ + ) y  +  (c, + Cj ) g V.

D e m a k , q o ‘s h is h  b in a r  a m a li V t o ‘p la m d a  a n iq la n g a n  va  
<V; + >  ad d itiv  gruppoid  b o ‘ladi.

1 - x o s s a n i n g  i s b o t i .  V t o ‘p la m n in g  ix t iy o r iy  zx, z 2 
elem en tla r i b erilgan  b o ‘lsin:

Zl + z 2 = axx2 +b{y  + cl + a2x2 +b2y + c2 = (a l +a2)x2 +(bl +b2)y  +

+ (q  +c2 ) = \R da q o ‘shish am ali kom m utativ b o ‘lganligi u ch u n  |=

= (a1 +al ) x 2 +(b2 +bl )y  + (c2 + c x) = a2x l +b2y  + c2 +

+ ö,x 2 +bly  + cl = z 2 + z r  
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D em a k , V d a q o ‘sh ish  am ali k o m m u ta tiv  va <  V; + >  ad d itiv  

ab el gru p p oid .

2 - x o s s a n i n g  i s b o t i .  V t o ‘p la m n in g  ix t iy o r iy  z x =
=  a ,x 2 + t\y  + cx , Z2 -  (h*1 +  biy  + > £3 =  a3x2 + h y  +  c3 e le_ 

m e n tla r i b e r ilg a n  b o ' ls in .  ( z x + z 2 ) + z 3 =  |1° ga  k o ‘ra| =

=  ( ax + a2 ) x 2 + (b\ + h2)y  + (cx + C2) + o3x 2 + b3y  + c3 =  | h a q iq iy  

so n la r  t o ‘p la m id a  q o ‘sh ish  am a li k o m m u ta tiv , k o ‘p aytirish  q o ‘-  

s h is h g a  n is b a ta n  d is tr ib u t iv lig id a n  | =  ((ax + ) +  a3 ) x 2 +

+  ((¿>i + b2 ) + th, )y  + (c , + c2 ) + c3 = | h a q iq iy  so n la r  m a y d o n id a

q o ‘sh ish  a m a li a sso tsia tiv  b o ‘lgan lig i u c h u n  | =

= (ax +(a2 +  o , ) ) x 2 +(Z \ + {b1 + b3))y + cx + (c2 + c3) =

=  axx2 +bxy  + c, +  ( 02+03 + (62 +  ^  ) y  + (02 + c3 ) =

= axx2 + t\y  + cx + (a 2x 2 +b1y + c2 + a3x 2 + t^y + c3) =  z x + ( z 2 + Z3)-

D em a k , V t o ‘p la m d a  q o ‘sh ish  a m ali a sso tsia tiv  va <  V; + >  — 

additiv  abel gruppa.

3 - x o s s a n i n g  i s b o t i .  V t o ‘p la m n in g  ix tiyor iy  z =  ax2 + 

+by + c v a  s h u n d a y  e = exx2 + e2y  + e3 e le m e n t la r i  u c h u n  

Z +  e -  z e k a n lig in i  a n iq la y m iz :  z  + e = z  d a n  o x 2 +b y + c +

+exx 2 + e2y + e3 =  ax2 + by + c t e n g la m a n i, b u n d a n

a + e1 = o ,  

b + ej =b, 

c + e3 =  c

ten g la m a la r  s is tem a sin i h o sil q ila m iz . R da ten g lam alar  sistem asi 

y a g o n a  ex=0, e2=0, e3=0  y e c h im g a  ega.

D e m a k , e = 0 x 2 + 0 > '  +  0 = Ö e F  va < F; + ,  0 >  — a d d itiv  

abel m o n o  id.

4 - x o s s a n i n g  i s b o t i .  V t o ‘p la m n in g  ix tiyoriy  z = ax2 + 

+by + c va  s h u n d a y  z' -  o 'x 2 + b'y + c' e le m e n t la r i  u c h u n  

z +  z' =  Ö ek a n lig in i keltirib  ch iqaram iz:
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Z + z '  = Ö d an  ax2 + by + c + a'x2 + b 'y  + c' = O x 2 + 0 • y  + 0 

a + a' = 0 ,

te n g la m a n i, b u n d a n  ¿̂> + ¿>' = 0 , te n g la m a la r  s is te m a s in i  h o s il

c + c' =  0
qilam iz.

T en g la m a la r  s is tem a si R  m a y d o n d a  y a g o n a  a' = -a , b’ = -b,  

c ' = - c  y e c h im g a  ega. D em a k , z! = -ax? -by-c=-(a >? +by+c) e V  

va  < V ; + , - , 0  > ad d itiv  abel gruppa.

F t o ‘p la m d a  sk a la m i k o ‘paytirish  u n ar  a m a lin i an iq laym iz:  

ix tiyoriy  a e R  skalar va ix tiyoriy  z  = ax2 + by + c e V  berilgan  

b o ‘ls in . (oa(z) = a z = a (ax2 +by + c) = a-iax2 ) + a- (by) + a c = 

=  [ 7? da k o ‘p a y tir ish n in g  a sso tsia tiv lig id a n | =  ( a  • a )x 2 + ( a  • b)y +

+ a  • c e  V  n i  h o s il  q ila m iz . D e m a k , V d a  sk a larn i V  n in g  e le -  

m e n tig a  k o ‘pa y tir ish  unar am allari an iq lan gan .

5 - x  o s s a n i n g  i s b o t i .  Ix t iy o r iy  a e R  sk a la r  v a  V  n in g

Z \ , z 2  e lem en tla r i b erilgan  b o ‘lsin .

a  (zi + Z2 ) = a ( ( 0j + a2 )x 2 +  (fr + b2 )y  + (cx + c2 ))  =

=  a  (ax + Ü2 ) x 2 + a  (6[ + b2 )y  + a  (c , + -  

= | R  da k o ‘p a y tir ish n in g  q o ‘sh ish ga  n isb atan  d istr ib u tiv lig id an | =  

=  a - a , x 2 +  a - 02X2 + a  • bx y  + a  • t^y +  a  • cx + a  c2 -  

=  | R  da q o ‘sh ish  a m a lin in g  k om m u tativ lig id an | =

=  a  • fl^x2 +  a  • t^y + a  • cx +  a  • OjX2 + a  • b2y +  a  • c2 -  

=  | R  da k o !p a ytir ish n in g  q o ‘sh ish g a  n isb a ta n  d istr ib u tiv lig id an |=  

= 0. (0!x 2 +  y  +  cx) + a if y x 2 + ¿2y + c2) = a  • zx + a - z 2.

D e m a k , sk a lam i vektorlar y ig ‘in d isiga  k o ‘paytirish  distributiv.

6 - x o s s a n i n g  i s b o t i .  Ix t iy o r iy  a, ß eR  sk a lar lar  v a  ix ­

tiy o r iy  z e  V  e lem en t b erilgan  b o ‘lsin .

( a  • ß ) z  =  ( a  • ß ) ( a x 2 + by + c) = \ R  da  k o ‘p a y tir ish n in g  q o ‘- 

sh ish ga  n isb a ta n  d istributiv lig idan  | =  ( a  • ß)ax2 +  ( a  • ß)Zy + ( a  • ß )c  =  

=  | k o ‘p aytir ish n in g  R da assotsiativh gi va  k o ‘p aytir ishn i q o ‘sh ish -
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g a  n is b a ta n  d is tr ib u t iv l ig id a n  | =  a ( ß  ■ a x 2 )  +  a ( ß  • b y )  +  a ( ß  • c )  =  

=  a ( ß ( a x 2 ) +  ( ß ( f r y )  +  ( ß c ) ) )  =  a ( ß ( a x 2 +  b y  +  c ) )  =  a ( ß  • z )■

D e m a k ,  sk a la r la r  k o 'p a y tm a s in i  V  e le m e n t ig a  k o ‘p a y tir ish  a s -  
s o ts ia t iv .

7 - x o s s a n i n g  i s b o t i .  I x t iy o r iy  a ,  ß e i ?  s k a la r la r  v a  i x -  
t iy o r iy  z  e V  e l e m e n t  b e r ilg a n  b o ' l s in .

( a  +  ß)z =  ( a  + ß ) ( a x 2 +by + c ) =  \ R  da ko'paytirishning q o ‘- 

shishga nisbatan distributivligidan| = ( a  + ß ) ^  +  ( a + ß)öy + ( a  +  ß )c  =  

=] R da y ig ‘in d in i o ‘n g d a n  k o ‘paytir ish n in g  d istrib u tiv lig id an  | =  

=  a • ax2 + ß ax2 + a - 6 j  +  ß-A y + a -  c  + ß - c =  | / ? d a  q o ‘sh ish n in g  

kom u tativ lig id an  | =  a  • ax2 + <xby + a - c  + ß- ax2 + ß • by + ß • c =  

=  | R da k o ‘p a y tir ish n in g  q o ‘sh ish ga  n isb a tan  d istr ib u tiv lig id an |=  

a  (ax2 + by + c) + ß ( ö x 2 +by + c) = a - z + $ - Z .
D e m a k , sk a la r la r  y ig ‘in d is in i  V e le m e n t ig a  k o ‘p a y t ir ish  d is tr i­

b u t iv .
8- x o s s a n i n g  i s b o t i .  V t o ‘p la m n in g  ix t iy o r iy  z  e le m e n t i  

b e r i lg a n  b o ‘ls in .  S k a la r la r  t o ‘p la m i m a y d o n  ta s h k il  e t is h i  v a  h a r  
q a n d a y  m a y d o n d a  1 m a v ju d  e k a n lig id a n

1 • z  =  1 • ( a x 2 + b y  + c )  =  a x 2 + b y  + c - z .

D e m a k ,  <  V;  + ,{ c o a  | a e R }  >  a lg e b r a  c h iz iq l i  f a z o  b o i a d i .
2 - m is o l .  a x = ( 1 , 2 , 3 , 4 ) ,  a  ̂ = ( 0 , 1 , 2 , 1 ) ,  a3 = ( 1 , - 1 , 2 , 1 )  v e k -  

tor lar s i s t e m a s in in g  c h iz iq l i  b o g ‘liq  y o k i  c h iz iq l i  b o g ‘l iq m a s lig in i  
a n iq la n g . U n in g  b a z is i  v a  r a n g in i t o p in g .

Yechish. 1-usu l.  C h iz iq l i  t e n g la m a la r  s i s t e m a s i  y o r d a m id a .  
I x t iy o r iy  a ,  ß , y sk a la r la r  b e r ilg a n  b o ‘ls in . B e r ilg a n  v e k to r la r  s i s ­
t e m a s in in g  c h iz iq l i  k o m b in a ts iy a s in i  tu z a m iz :  a a ,  + ßa2 +  ya 3 =  0 , 
y a ’n i  a ( 1 , 2 , 3 , 4 )  +  ß ( 0 , 1 , 2 , 1 )  + y ( 1 , - 1 , 2 , 1 )  =  Ö . H o s i l  b o ‘ lg a n  
t e n g l ik d a n  s k a la r la r  q iy m a t in i  t o p a m i z .  B u n in g  u c h u n  c h i z i q l i  
t e n g la m a la r  s i s t e m a s in i  tu z a m iz :

a  + y =  0 ,
2 a  +  ß  -  A, =  0 ,
3 a  +  2 ß  +  2 y  =  0 ,
4 a  +  ß +  y =  0 .
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H o s i l  b o ‘lg a n  c h iz iq l i  t e n g la m a la r  s i s t e m a s in i  G a u s s  u s u l id a  
y e c h a m iz :

a  + y =  0 , 

ß -  3y  =  0 ,

2 ß  -  y =  0 ,  

ß -  3X = 0

a  +  y = 0 , 

ß - 3 y  =  0 , => 

2 ß  -  y =  0 ,

a  +  y =  0 , 

ß - 3 y  =  0 , 

5A =  0

a  = 0 , 

ß =  0 , 

y =  0.

a a ,  +  ß a 2 + y a3 =  Ö t e n g l ik d a n  s k a la r la r n in g  b a r c h a s i  n o lg a  
t e n g l ig i  k e l ib  c h iq d i .  D e m a k ,  ax , a 2 , a3 v e k to r la r  s i s t e m a s i  c h i ­
z iq li  b o g ‘liq  e m a s . S h u n in g  u c h u n  s is t e m a  o ‘z ig a  b a z is , ra n g i 3  g a  
te n g .

3 -m iso l .  ( f l ) : ßj = ( 1 , - 1 , 3 ) ; ö j  = ( - 1 , 1 , 1 )  v a  ( b ) : t \  = ( - 2 , 2 ,  - 6);  

b¿ = ( - 1, 0 , 1) s is t e m a la r  e k v iv a le n t l ig in i  te k s h ir in g .
Y ech ish .  V e k t o r la m in g  c h e k l i  s i s t e m a la r i  e k v iv a le n t l ig in in g  

t a ’r if ig a  k o ‘ra  ( a )  s is t e m a n in g  h a r  b ir  v ek to r i (b)  s i s t e m a  o r q a li va  
(b)  s i s t e m a n in g  h a r  b ir  v e k to r i (a )  s is t e m a  o r q a li c h iz iq l i  i f o d a la -  
n is h in i  t e k s h ir a m iz . B u n in g  u c h u n

a \ ~  ß l l  ^1 +  ßl2 ^2 »

ö 2 =  ß2i +  ß 22 ¿2 ,

t\ = a u flj + a 12 (¡2 ,

b2 =  a 2j fl| 4" (X22 fl2

te n g la m a la r d a g i  sk a la r la r n in g  q iy m a t la r in i t o p a m iz . Y a ’n i

1) ( l , - l , 3 )  =  ß u  ( —2 , 2 ,  —6)  +  ß 12 ( - 1 , 0 , 1 ) ;

2)  ( - 1 , 1 , 1)  =  ß21 ( - 2 , 2 , - 6) +  ß 22 ( - 1, 0 , 1) ;

3 ) ( - 2 , 2 , - 6 )  =  a u  (1 , —1 ,3 )  +  a 12 ( - 1 , 1 , 1 ) ;

4 )  ( - 1 , 0 , 1 )  =  a 21 ( 1 , —1 , 3 )  +  a 22 ( - 1 , 1 , 1 ) .

T e n g la m a la m in g  h a r  b ir id a n  q u y id a g i te n g la m a la r  s is te m a la r i-  
n i h o s i l  q i la m iz :
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1 -  —2 ß n -  ß12, - 1  -  - 2 ß 2) -  ß22 ; 

1) ' - 1  =  2 ß n , 2 ) - l  = 2 ß 21, 

.3 =  —6 ß u  + ß12 ; 1 = —6ß 21 + ß22 ;

3)

- 2  -  a n  — a 12,

2 =  - a n + a 12, 

- 6  =  3 a n +  al2 ;
4)

- 1  -  a 21 -  a 22, 

0 = - a 21 + а 22 >
1 =  3 a 2i + а 22 .

T en g lam alar  sistem alarin i y ech am iz:

1) •

1 -  _ 2 ß ,, -  ß ,2 , 

- 1  =  2 ß , , , => -’ß» —T»
3 =  —6 ß ,,  +  ß ,2 ßi2 =  0;

2 )

=  ~ 2 ß 2i -  ß22, 

1 =  2 ß 21 ,

1 = —16 ß 21 + ß22,

P21 ~J>  
ß22 = 0;

3)

-2  = 0,! -cc,2 ,

2 =  -OC11+C(12, : 

6 — 3oCj j “b 5

[ -2  =  0 ,1 -О ц , . 

[-6 = За,, + 0,2,
[ -2  =  0,1 -О й » . 

[0 = 40,2,
[а 12 = °> 
[ßo,i = -2 ;

4)

—1 — а 2, — a 22,

0 =  - а 2, + a 22, :

1 = 3 а 2) + a

22 >- 1  =  02, -  а  

О — (X21 -ь ^22 ? ' 

0 = 4 a 2, ,

o 2, =  0 , 

022 =  0 , : 

- 1 * 0 - 0

y e c h im

—2 А ’ 2̂ _  у  А > t\ -  -2  ax .

m avjud em as.

D em a k , 0,

Y a ’ni b2 vek tor  (a) s istem a  yord am id a  ch iz iq li ifo d a la n m a y -  

di. S h u  sababli ( а ) ,  ( b) s istem a la r  ek v iva len t em as.
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4-misol. x =  ( 1 , 2 , 1 , 1 )  v e k to r n i ( a ) : ax =  ( 0 , 1 , 1 ,  0 ) ,  

a2 =  ( - 1 ,  0 , 0 , 1 ) ,  a3 = ( 2 ,1 ,1 ,  4 )  vek torlar orqali c h iz iq li ifo d a -  

lang.

Yechish. H a q iq iy  son lar  m a y d o n id a n  sh u n d a y  a , p , y sk a lar- 

larn i a n iq la s h im iz  k erak k i, u la r  x = aax + p o2 + Y#3 t e n g lik n i

B u n in g  u c h u n  ten g lam alar  s is tem a sin i tu zam iz:

(1 , 2 , 1, l ) = a ( 0 ,  1, 1, 0 ) + p ( - l ,  0 , 0 , l ) + y ( 2 ,  1, 1 , 4 )  te n g -  

likdan quyidagi sistem a kelib  ch iqadi:

1 =  - P  + 2 a ,

2 =  a  + y ,<
1 =  a  + y ,

1 =  P + 4 y .

H o s il  b o ‘lg a n  s is te m a  h a m jo y li b o ‘lsa , x  v ek to r  a{ , a2 , a3 

vektorlar orq ali c h iz iq li ifo d a la n a d i. L ek in  s is tem a n in g  2 -  va  3 -  

tenglam alari b irgalikda y ech im g a  ega  em as.

D e m a k , x  vektor (a ) s istem a  orq a li ch iz iq li ifo d a la n m a y d i.

5-misol. x  = (1 , 3 , 0 ) vektorni ( a) :  a{ =  (1, 0 , 2 ) ,  = (2 , 3, 2) 

vektorlar orqali c h iz iq li ifodalang.

Yechish. x = aal +$a2 t e n g l ik n i  q a n o a t la n t ir u v c h i a ,  p 

haqiq iy  so n la m i an iq laym iz:
1 =  a  + 2 p ,

(1 ,  3 , 0 ) = a ( l ,  0 , 2 ) + p ( 2 ,  3 , 2 )  te n g la m a d a n  - 3  =  3 p ,

0  =  2 a  + 2 p

ten g lam alar  sistem a sin i h osil q ilam iz .

fP = l ,
C h iz iq li tenglam alar s istem a sin in g  y ech im i y o rd a m i-

da x  =  ( - 1 )  ■ flj + 1  • a2 , y a ’n i x = - a x + a2 ifo d a n i y o z ish  m u m -  

kin. D e m a k , x  v e k to m in g  ax, a2 vektorlar orqali c h iz iq li ifo d a -  

si m avjud.
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6-misol. (ö ) :ö , = ( 0 , 1 , 1 , 0 ) ,  fl, = ( - 1 , 0 , 0 , 1 ) ,  o , = ( 2 ,1 ,1 ,4 )  

vektorlar s istem a sin in g  ch iz iq li q o b ig ‘i ch iz iq li fazo  tashkil e tish i-  

ni isb otlan g . 

Yechish. T a ’rifga k o‘ra ( a ) : fl, = ( 0 ,1 ,1 ,  0 ) ,  ^  =  ( - 1 , 0 , 0 , 1 ) ,

fl3 = ( 2 ,1 ,1 ,  4) sistem an in g  ch iz iq li q ob ig ‘i

L ( f l j , fl2 , a 3 ) = {0 , 0, +  a 2fl2 + a 3fl3 ax, a2, a3^R}  

to ‘p la m d a n  iborat. U n in g  c h iz iq li fazo  tashk il e t ish in i tek sh ira -  

m iz:

1. Z ,(f l ,,f l2 ,fl3 ) t o ‘p la m n in g  ixtiyoriy  Z\ =o.xa{ + a2a2 + a 3ö3 

va z2 = ß ,^  + ß 2fl2 + ß3a 3 e lem en tla r i berilgan  b o is in .

Z\ + Z2 — a l^l +  a 2̂ 2 + OC3Ö3 + ßl^l +  ß2 2̂ + p3^3 =
=  (ttj +ß , ) f l ,  + ( a 2 + ß 2 )fl2 + ( a 3 + ß 3 )fl3 e L ( ä x,ä2 ,ä 3 ).

D e m a k , q o ‘sh ish  b in ar  a m a li L {a x ,ä2 ,ä 3 ) t o ‘p la m d a  a n iq -  

langan.

2 . L{ax ,a2,a3 ) t o ‘p la m n in g  ix t iy o r iy  zx , Z2 e le m e n t la r i  

berilgan  b o ‘lsin .

Z\ +  Z2 =  + CX'2fl2 + 0 3fl3 + ßj flj + ß 2fl2 + ß 3fl3 =

=  ( a ,  + ß, )fl, + ( a 2 + ß2 )o 2 + ( a 3 + ß3 )fl3 =

=  (ßi + cti )fl| + (ß 2 + a 2 )fl2 + (ß 3 + a 3 )fl3 =

= ß|flj + ß2fl2 + ß3a3 +  ctjfl| + a.2a2 + ct3fl3 =  £2 +  .

D e m a k , L {a x , a 2 ,ä 3 ) d a  q o ‘sh ish  am ali k om m u tativ .

3. L(ä x,ä2,ä3 ) to 'p la m n in g  ixtiyoriy zx =a-\ö\ + 0. ^  + a3ä3,

z2 = ß |5 ,  + ß 2fl2 + ß 3fl3 , z3 = Yifli + y2ö2 +Y 3Ö3 e le m e n t la r i  b e ­

rilgan b o ‘lsin .

(Z\ + z 2 ) + z 2 = («1 +  ß, )fli +  ( a 2 + ß2 )fl2 + ( a 3 + ß3 )fl3 +

+Yi^i + Y 2̂ 2 + > ,3ö 3 = | h a q iq iy  so n la r  t o ‘p la m id a  q o ‘sh ish  am ali 

k om m u tativ , k o ‘paytirish  q o ‘sh ish g a  nisbatan d istributiv lig idan  |=

— ( ( a ,  +  ßi ) +  Yi )fl] + ( ( a 2 + ß 2 ) + y2 )ä2 + ( ( a 3 +  ß3 ) + y3 )ö 3 =
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=  | h aq iq iy  so n la r  m a y d o n id a  q o ‘sh ish  a m ali a sso tsia tiv  b o ‘lg a n -  

lig i u ch u n  | =

( a l + ( ß l + Y l ) M  + ( a 2 + (ß2  +Y2))^2 + ( a 3 + (ß3 +Y3))^3 =

= (a jf lj  + + a 3ä j) + ((ß j + y j )a x + (ß 2 + y 2 )fl2 + (ß 3 + Y3 ) =

= (a xäx + a 2Ö2 + a 3ö3 ) + ((ß 151 +ß2 02 + ß3ä3 ) + (yxäx + y2Ö2 + y 3ä3 )) =

_______________ = h  + (z2 +z3 )•
D e m a k , L {ä x ,ä2,ä3 ) t o ‘p la m d a  q o ‘sh ish  am ali assotsiativ .

4. L (ä x ,ä2,ä3 ) t o ‘p la m n in g  ix tiy o r iy  z = a xäx + a 2ä2 + a 3a3 

e le m e n ti z + e = z u c h u n  te n g h k n i q a n o a tla n tir u v c h i sh u n d a y  

e = exax + e 2a2 + e3a3 m avjud lig in i a n iq laym iz .

Z + e = z ten g lik d a n  (c^ +  ex )äx +  ( a 2 +  e2 )a2 + ( a 3 +  e3 )ä3 =

= a xax + a 2a2 + a 3ü3 te n g la m a n i, b u n d a n

a x + ex = c t j ,

a 2 + e2 = a 2 , te n g -

a 3 +  e3 =  a 3

la m a la r  s is te m a s in i  h o s i l  q ila m iz . R  da te n g la m a la r  s is te m a s i  
y a g o n a  ex=0, e2=0, e3= 0  y e c h im g a  ega.

D e m a k , e = 0-a x + 0 -a2 + 0 • ä3 = Ö e  L (ä x , a2 , a3 ) .

5. L(ä1 ,a2 ,ä3 ) t o ‘p la m n in g  ix tiy o r iy  z = a xäx + a 2ä2 + a 3a3

va  sh u n d a y  z' = a[äx + a'2ä2 + a3a3 e lem en tla r i u c h u n  z +  z' =  Ö 

ek a n lig in i keltirib  ch iqaram iz:

z + z' =  Ö d an

( a j  +  a  \  ) ä i  +  ( a 2 +  a  \  ) a 2 +  ( a 3 +  a  ’3 ) 5 3 =  0  ■ a x +  0  a 2 +  0  • a3

a j  +  a{ = 0 ,

a 2 + a 2 = 0 ,  ten g la m a la r  s is tem a sin i h o s ilte n g la m a n i, b u n d a n

a 3 +  a 3 = 0

q ilam iz.

Tenglam alar sistem asi R  m aydonda yagona otj =  -o c j , a 2 =  - a 2 , 

a 3 =  - a 3 y e c h im g a  ega. D em a k ,
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z' = - a la{ -  a 2ä2 -  a3ä3 =  -(cxjö j + a 2a2 + a 3ß3 ) e  L (a x ,ä2,a3 ) 

va < L (ä x, ä2 , ß3 ); + , 0  > -  ad d itiv  abel gruppa.

6 . L {a x, ä2 ,¿¡3)  t o ‘p la m d a  A. skalarn i z = c t läl +  a 2<% + a 353 

vektorga k o ‘p aytirish  unar a m alin i an iq laym iz .

Ix tiyor iy  Xe R  skalar va ix tiyoriy  z =  a ,ö , + +  a 3<53 beril- 

g a n  b o ‘lsin .

toa {z) = X-z = X-{aläl + a 2a2 + a 3a3) = X-(<xlal ) + X-{os1ü1)+ X -(a 3a3) 

=  (A -a 1)5 1 +(\-<x2)ä1 + (A ,-a 3 )öj e I ( 4 ,^ ,Ö 3).

D e m a k , Z (5 , ,a2,ä3 ) da  sk a la rn i L{ax,a2,a3 ) n in g  e le -  

m en tig a  k o ‘paytir ish  unar am allari an iq langan .

7. Ix tiyoriy  A e i?  skalar va Z (ä j ,a 2 , ö 3 ) n in g  ^  , z2 e le m e n t - 

lari b erilgan  b o ‘lsin .

A (zi +Z2 ) = ^ ( ( » i  + ßi )äi + ( a 2 + ß2 )ä2 + ( a 3 + ß3 )a3) =
=  A,(oCj + ßj )(2j + X(a2 + ß2 )fl2 +  A (a 3 +  ß3 ) ö 3 —

= X i a ^ i ) + X(a2a2 ) +  A .(a3Ö3 ) +  X.( ß j^  ) + X(ß2a2 ) + A (ß3ä3 ) =

=  X(a ,ä j  +  a 2Ö2 +  a 3<53 ) +  A (ß1a1 +  ß2Ü2 + ß3o3 ) = A, ■ Z\ +  X ■ Zi ■

D em a k , skalarni vektorlar y ig £in d isiga  k o ‘paytirish  distributiv.

8. Ix tiyoriy  X, 8 e  R  skalarlar va ix tiyoriy  z = axäx + a 2ä2 + a 3ö, 

e le m e n t berilgan  b o ‘lsin .

(A - 5 )  • z = {X ■ 8 ) ( a j ä ,  +  a2ä2 + a3ä3 ) =

= (A, • 8) ( a 1a1 ) + (A ■ 8) ( a 2ä2) +  (A • S ) ( a 3ö3 ) =

=  ((A. • 8 ) a !  )ax + ((A. • 8 ) a 2 )a2 +  ((A  • S ) a 3 )ä3 =

= A(8 ■ a ! )äx +  A(8 • a 2 )<22 +  A(8 • a 3 )ä3 =

=  M (8  • a ,  )ax + (8  • a 2 )a2 +  (8  • a 3 )ä3 =

= X(8(axax +  a2ä2 + a 3ä3 ) = X(8 ■ z).

D e m a k , sk a la r la r  k o ‘p a y tm a s in i L(äx,ä2 ,ä3 ) e le m e n tg a  

k o ‘paytirish  assotsia tivd ir .

9. Ix tiyor iy  A, 8 e  R  skalarlar va ix tiy o r iy  z=OLxäx + 0̂ ^  + 0(303 

e le m e n t berilgan  b o ‘lsin .

87



(A, +  5 )-Z =  (A. + 8) ( a ,a 1 + a ^  + a 3a3 ) =  (A. +  8 ) a 15I +(A, + 8) a 2<% + 

+(A, + 5 ) a 3<Z3 = ^ (c ^ a ,) + 5 ( a j 5 j ) + >.(0202) + 5 ( a 2¿Z2 ) + 'k(a3ai ) + 

+ P (a 3a3 ) =  ^(ajQ , + a2a2 + a 3a3 ) + 8( 0,! + a 202 + a 3a3 ) =

=  X-Z + 8-Z-

D em a k , skalarlar y ig ‘in d is in i L(ax ,a2,a3 ) e lem en tg a  k o ‘p a y -  

tír ish  d istributivd ir.___________________________________________________

10. L (a x , a2 , 53 ) t o ‘p lam n in g  ixtiyoriy  z = a , <2, + a 2¿2 +  a 3¿3 

e lem en ti b erilgan  b o ‘lsin . Skalarlar to ‘p lam i m ayd on  tashk il etish i 

va har q a n d a y  m ayd on d a  1 m avjud ek an lig id an

1 • z =  1 • ( 01, 0, + a 2 02 + a 3a3 ) =  l -  ( a ,5 ] )  + l  ■{a2á2 ) +  1 • ( a 3a3 ) =  

= a , ax + a 2a2 + a 353 =  Z-

D em a k , < L (á x,a2 ,a3 ) ; + , o \ |  X&R > algebra ch iziq li fazo  b o ‘- 
ladi.

áx ,¿2 ,á3 vektorlar sistem asi ch iz iq li q o b ig ‘i tashkil e tg a n  c h i­

z iq li fa zo  b a z is in i to p ish  u c h u n  ax,á2 ,a3 vektorlar sistem a sin in g  

bazisin i top am iz.

ax =  ( 0 , 1 , 1 ,  0 ) ,  a2 = ( - 1 ,  0 , 0 ,1 ) ,  a3 = ( 2 , 1 , 1 ,  4 )  sistem a vek- 

toñarini m atritsan ing satrlari sifatida o la m iz  va m atritsan ing b a z i-  

sin i top am iz:

«1 ' 0 1 1 0^ «2 ' - i 0 0 r 02 0 0 r
-1 0 0 1 0 1 1 0 ~

«1 0 1 1 0

¿3 1 1 4 j a3 ■+■ ci2l o 1 1 6 j (¿3 + a2) - á xL 0 0 0 6J

M a tr itsa n in g  satr vektorlari c h iz iq li  erkli b o ‘lg a n h g i u c h u n ,  

ax =  ( 0 , 1 , 1 ,  0 ) ,  a2 = ( - 1 ,  0 , 0 ,1 ) ,  a3 -  ( 2 , 1 , 1 ,  4 )  v e k to r la r  s i s ­

te m a s in in g  b a z is i  s is t e m a n in g  o ‘z id a n  ib o r a t. D e m a k , L =
— < L ( a x,a2,5 3) ; + , o \ |  XeR > c h iz iq li  fa z o n in g  b a z is i b er ilg a n  

vektorlar s istem a sid a n  iborat.

Misol va mashqlar

1 . x = a + b - c  v ek to m i top ing:

1 .1 . ¿  =  ( 4 ,2 ,3 ) ,  ¿> =  ( 2 ,3 ,7 ) ,  c  =  ( 1 ,7 ,1 1 ) .



1.2. a = ( 2 , 4 - , 2 , 0 ) ,  b = ( - 1 , 3 , 1 7 , 3 ) ,  c =  ( 0 , - 7 , 1 , 4 ) .

1.3. a = ( 4 , 2 , 3 )  + (1 ,1 ,1 ) , b = ( 2 , 3 , 7 ) ,  c =  2 ( 1 ,7 ,1 1 ) .

1 .4  a -  ( ~ l ) ( 4 , 2 , 3 ) ^ 6 ^ c , ¿ =  (1 , 7 , 1 1 ) .

2 . x  v e k to m i top in g:

2 .1 . x = 2a~3b+c,  ¿  =  (1 ,2 ,3 ,0 ), ¿  =  ( -2 ,1 ,5 ,-1 ) ,  c = (7 2 ,- 1 ,0 ,1 ) .

2 .2 . - 3 a - x  = 2b, a =  ( 0 , - 2 , l ) ,  b = ( 1 , - 3 , 7 ) .

2 .3 . 2 x  +  3 5 - 4 6  = 0 ,5  =  ( s in a ,0 , - c o s a ) ,  b =  (sin3 a , - c o s 3 a ) .

2 .4 . l a  +3b - x  = 6 c , 5  = ( 1 , - 3 ,2 ) ,  b = c = ( l , | , - 2 ) .
3 . V ek to r la m in g  quyidagi sistem alari ch iz iq li b o g ‘liq yo k i c h i­

z iq li erk lilig in i an iq lan g  h a m d a  u n in g  bazisi va rangin i top ing:

3 .1 . ¿ . = ( - 1 , 2 , - 3 , 4 ) ;  ¿ , = ( - 1 , 1 - 1 , 1 ) .

3 .2 . a, = ( 0 ,2 ,0 ,4 ) ;  « , = ( 0 , - 2 , - 3 , 0 ) ;  « , = ( - 1 , 1 - 1 , 1 ) .

3 .3 . 5 , =  (1 ,2 ,3 ) ;  ¿2 = ( 2 ,—3 ,4 ); « , = ( - 1 - 1 , 1 ) ;  « * = (3 ,4 ,2 ) .

3 .4 . 5, = ( 1 ,2 ,3 ,4 , - 3 ) ;  a,= ( - 1 , - 2 , 3 , 4 , 1 ) ;  a, = ( - 5 , 1 , - 7 , 1 , 2 ) ;  

04 = (O>4,1 ,2 ,0).

3 .5 . «, = (2 ,3 ) ;  « 2 = (—1,—3); £ , = ( 1 - 1 ) ;  « * = (3 ,1 ) .

3 .6 . « , = ( 1 , 1 - 1 ) ;  «2 = ( 4 ,1 ,2 ) ;  5 ,  = ( - 2 , 4 , 7 ) .

3 .7 . 5, = ( 0 ,2 ,3 ,4 ) ;  3 , = ( 5 , - 2 - 3 , - 4 ) ;  «3 = ( 3 , 1 , 2 , - 3 ) .

3 .8 . ax = ( 0 ,2 ,0 ) ;  ^ = ( 0 - 2 - 3 ) ;  « 3= ( - 1,1 , - 1 ) .

3 .9 . « .= ( - 4 , 2 , 3 ) ;  «2 = ( 2 ,0 ,4 ) ;  « , = ( - 1 - 1 - 1 ) .

3 .1 0 . 5, = ( - 4 ,2 ,3 ,0 ) ;  5 , = ( 2 ,0 ,0 ,4 ) ;  « , = ( - 1 , - 1 , 0 , - 1 ) .

4 .  V e k to r la m in g  (a) va ( b) s is tem a la r i ek v iv a len t e k a n lig in i 

teksh iring:

4 .1 . « ,= ( 2 ,3 ) ;  « 2 = ( —1,—3); a , = ( 1 , - 1 ) ;  « * = (3 ,1 ) ;  

¿ , = ( - 2 , - 6 ) ;  £ = ( 1 , - 1 ) ;  ¿ ,= ( 4 ,0 ) .

4.2. « ,= ( 1 - 3 ,4 ) ;  ¿2 = ( - 1 - 2 - 3 ) ;  «3= (8 ,1 ,-1 ) ;  «4= ( - 3 , - 4 , - l ) ;

6 ,=  ( - 1 ,  3, - 4 ) ;  b2= ( 0 , - 5 ,  1); £ = ( 5 ,  ~ 2 )-

4 .3 . « ,= ( 0 ,1 ,2 ,3 ,4 ) ;  « * = ( - 2 - 1 , 2 , - 3 , 4 ) ;  5 , = ( 3 , - 1 , 1 , - 1 ,1 ) ;  

«4= (9 ,3 ,4 ,1 ,2 ); 6 ,=  (0 , - 1 ,  - 2 ,  - 3 ,  - 4 ) ;  b2=  ( - 2 , 0 ,  4 ,0 ,  8).
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4 .4 . ax = ( 1 ,2 ,3 ,4 ) ;  ¿ % = ( - l ,2 , - 3 ,4 ) ;  á , = ( - l , l , - l , l ) ;  

54= (3 ,4 ,1 ,2 );  b r  (5 , 6, 7 , 8); £ = ( 0 , 4 , 0 ,8); £ =  (2 ,3 ,2 ,1 ) .

4 .5 . o ,= ( 0 ,2 ,0 ,4 ) ;  ^ = ( 0 - 2 , - 3 , 0 ) ;  « , = ( - 1 , 1 - 1 , 1 ) ;

¿ ,=  (O,O,- 3 , 4 ) ;  62=  ( 6 , - 8 , 3 , - 6 ) ;  ¿ ,=  ( - 1 , 3 , - 1 , 5 ) .

4 .6 . ¿i = ( 0 ,1 ,4 ) ;  3 * = ( 2 , - 3 ,4 ) ;  « , = ( - 1 , 1 - 1 ) ;  

¿ , = ( 6 , - 3 ^ _ ^ =  <3 ,—4 ,5 );  k = -  ( - 2 ,  2 , - 2 ) .

4 .7 . 4  = ( - 1 , 2 , —3 ,4 );  ¿ % = (1 ,2 ,3 - 4 ) ;  « , = ( 1 , 1 , - 1 , 1 ) ;

bx=  ( - 1 ,  6 , - 3 ,  4 ); b2=  (O, 4  , O, 0); a3=  (2 , 3, 2 , - 3 ) .

4 .8 . 4  = ( 1 , - 2 , 3 , - 4 ) ;  « , = ( - 1 , - 1 , - 1 , - 1 ) ;  ¿ * ,= ( -3 ,4 ,1 ,2 ) ;  

bx=  (O, - 3 ,  2 , - 5 ) ;  b2=  ( - 4 ,3 ,0 ,1 ) .

4 .9 . a, = ( 0 ,2 ,3 ,4 ) ;  ^ = ( - 1 , 0 , - 1 , 1 ) ;  « ,= ( 3 ,4 ,1 ,0 ) ;

( - 1 ,2 ,2 ,5 ) ;  ¿2=  ( 2 ,4 ,0 - 1 ) ;  £ =  ( - 6 , - 8 , - 2 , 0 ) .

4 .1 0 . = ( - 1 , 1 , - 3 , 3 ) ;  ¿ 2 = (_ 4 ,1 ,—3 ,0 );

¿ ,=  ( - 3 , 0 , 0 , - 3 ) ;  b2 =  (4 ,3 ,2 ,2 ) .

5 .  x  v ek to m in g  (a )  sistem ad ag i ch iz iq li ifod a sin i to p in g  :

5 .1 . x =  (1 ,1 ,1 ) ;  ax = ( 1 ,2 ,3  ); « , = ( 2 - 3 , 4 ) ;  « , = ( - 1 - 1 , 1 ) ;  

«4 = ( 3 ,4 ,2 ) .

5 .2 . x  = ( 4 , 7 , 1 , —1 ); «i = ( - 1 , 7 , - 3 , 9 ) ;  « , = ( - 1 , 6 , - - 1 , 1 ) ;  

® j= (3 ,—4 ,—1 ,2 ) .

5 .3 . x  =  ( - 4 ,9 ) ;  = (3 ,4 ) ;  « * = ( - 2 , - 3  ); % = ( - l , 6 ) .

5 .4 . x  = ( 1 , 1 , 1 , 1 , 1 ) ;  «, = ( 0 ,1 ,2 ,3 ,4 ) ;  « , = ( - 2 - 1 , 2 - 3 , 4 ) ;  

« , = ( 3 - 1 , 1 - 1 , 1 ) .

5 .5 . x =  (1 ,—3 ,0 )  ; ax = ( 0 ,1 ,4 ) ;  « , = ( 2 - 3 , 4 ) ;  « , = ( - 1 , 1 - 1 ) .

5 .6 . x  = ( - 6 , - 1 , 0 , 0 , 1 ) ;  5, = ( 1 ,2 ,3 ,4 , - 3 ) ;  « , = ( - 1 - 2 , 3 , 4 , 1 ) ;  

« 3= ( - 5 , 1 , - 7 , 1 , 2 ) .

5 .7 . x  = ( - 9 , 1 ) ;  « ,= ( 2 ,3 ) ;  « * = ( - 1 , - 3 ) ;  « , = ( 1 , - 1 ) ;  « * = (3 ,1 ).

5.8. x  = ( - 2 - 1 , 0 ) ;  « * = ( 1 - 3 ,4 ) ;  ^ = ( - 1 - 2 , - 3 ) ;  « , = ( 8 , 1 - 1 ) ;  

«4= ( - 3 , - 4 , - l ) .

5 .9 . je = ( 4 , - 1 , 1 )  ; á, = ( 5 , 3 , - 4 ) ;  « ,= ( 0 ,2 ,4 ) ;  « ,= ( 1 ,5 ,2 ) .

6 . 5 -m iso ld a g i (a) s is te m a  c h iz iq li q o b ig ‘in in g  c h iz iq li  fa zo  

ta sh k il e t ish in i teksh iring.
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7 . F n d a  a n iq la n g a n  q o ‘sh ish  va sk a la m i vek torga  k o 'p a y ti-  

rish  a m a lla r in in g  q u yid ag i xossa larin i isbotlang:
—» —̂  ̂ —>

1°. y ( ä , b  e F n)(a + b = b+ a) — q o ‘sh ish n in g  k o m m u ta tiv -  

lik  x o ssa si.

2°. V (ä ,b ,c  e  F "  ) ( ( ä  + 6 )  + c = ä + {b + c))  — q o ‘s h ish n in g  

a sso tsia tiv lik  xossasi.

3°. V ( ö € F ) ( a  + 0 =  ö )  (q o ‘sh ish  am alig a  n isb a ta n  n eytra l 

e le m e n t  m avjud).

4°. V(ä e F "  ){ä  + ( - 5 )  = Ö) (q o ‘sh ish  am a lig a  n isb atan  s im -  

m etr ik  e le m e n t m avju d ).

5°. V(X. e  F )  a  V (a  e  F "  )(X(ä  + b ) -  Xa +  Xb) (skalarn i v ek -  

torlar y ig ‘in d is ig a  k o ‘paytirish  d istributiv).

6°. V (A ,,n  g  F )  a  V (fl g  F n )((A, ■ \i)ä =  A,(n(<5))) (sk a la r la r  

k o ‘p a y tm a sin i vek torga  k o 'p aytir ish  asso tsia tiv ).

T. V (A .,n  g  F )  a  V (5  g  F n )((A. + n ) ( a )  =  (Xa + | iö ) )  (skalarlar 

y ig ‘in d is in i vektorga k o ‘paytirish  d istributiv).

8°. V ( ä e F K)(  1 - 3  =  5 ) .

8 .  Q u yid ag i t o ‘p la m la r  R m a y d o n  u stid a  c h iz iq li fa zo  tash k il 

e tish in i isbotlang:

8 .1 . V=  { 4 | ö , ä g Z a ä * 0 } .
b

8 .2 . V=  { (a, 0 )  | a  g  Ä} .

8 .3 . V — { (a , 0 , 0 ) | a  g  R} .

8 .4 . V =  {(fl, 0 , c) | fl, c  g  R) .

8 .5 . V =  {(fl, 0 , b, 0 ) | fl, b g  /?}.
8 .6 . F =  {(0 , a, b, 0 ) | fl, b g  Ä}.

8 .7 . K =  { (a x  +  ¿>y) | fl, b e  /?}.

8.8. F =  {(3; =  a x  +  6) | a  , b g /? } .

8 .9 . K =  { (a x  +  b-J2 ) \ a, b e. Q).

8 .1 0 . V =  { (a x  — by +  cz) | fl, A, c  g  R}.

9 . H ar q a n d a y  atj so n la r  u c h u n  q u y id a g i vek torlar  s is tem a si  
c h iz iq li erkli b o ‘lish in i isbotlang:



ax =  ( l , 0 , 0 , . . . , 0 , 0 , a u  , a 12 , . . . , a lfc ), 

a2 = ( 0 , 2 , 0 , . . . , 0 , 0 , a 21 , a 22 ,...,a2k),

Qm ~ ( 0 ,  0 , 0 , 0 , 1 ,  a ml )•

10. H ar qanday <x, ( /  = 1 , 2 , . . . , « )  son lar u c h u n  quyidagi n-o ‘l-  

ch o v li vektorlar s is tem a si c h iz iq li b o g ‘liq  b o ‘lishirti isbotlang:

e, = ( 1 , 0 , 0 , . . . , 0 , 0 ) ,  

e2 = ( 0 , 1 , 0 , . . . , 0 , 0 ) ,

= ( 0 , 0 , 0 , . . . , 0 , 1 ) ,

5 = ( a 1,a 2,...,aII).

1 1 . K a m id a  b itta  n o l vektorga  ega v ek to r la m in g  ät ,ä2 ,...,än

c h ek li s is tem a si c h iz iq li b o g ‘lan gan  s istem a  boM ishini isb otlan g .

12. C h e k li v ek to r la r  s is te m a s in in g  b ir o r -b ir  q is m i c h iz iq l i  

b o g ‘la n g a n  b o ‘lsa , s is te m a n in g  o ‘z i h a m  c h iz iq l i  b o g ‘la n g a n  

boM ishini isb o tlan g .

13. V e k to r la m in g  c h iz iq l i  b o g ‘la n m a g a n  s is te m a s in in g  h ar  

q a n d a y  q ism  sis tem a si c h iz iq li  b o g ‘la n m a g a n  s is tem a  b o ‘lish in i  

isb otlan g .

14. A gar ä2 ,...,an vek torlard an  k am id a  b itta si o ‘z id a n  o ld in g i  

v e k to r la m in g  c h iz iq li  k o m b in a ts iy a s id a n  ib ora t b o ‘lsa , u  h o ld a  

ö, = Ö b o ‘lg a n  ö , , f l 2 , . . . , f ln vek to r la rd a n  ib ora t s is te m a  c h iz iq li  

b o g ‘lan gan  b o ‘lish in i isb otlan g .

15. A gar fl, , a 2 , . . . , fl„ v ek to r la m in g  s istem a si ch iz iq li b o g ‘la n -  

m a g a n  b o ‘lib , ax,a2 ,...,anb s is tem a  c h iz iq li b o g 'la n g a n  b o ‘lsa , u  

h o ld a  b v e k to r  äl ,ä2,...,än v ek to r la r  s is te m a s i  o r q a li  y a g o n a  

u su ld a  c h iz iq li ifo d a la n ish in i isb otlan g .

16. A g a r  fl vek tor  ^  ,b2 ,...,bn orq a li va b¡ ( i  = 1 , « )  vek torlar  

c1,c2 ,...,cm vektorlar orq a li c h iz iq li ifo d a la n sa , u  h o ld a  a vek tor  

cl ,c2 ,...,cm vektorlar orqali ch iz iq li ifo d a la n ish in i isbotlang.
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17. A gar ö , ,tf„+i vektorlar i\ ,b2 ,...,bn vektorlar orqali c h i-  

z iq li ifo d a la n sa , u  h o ld a  ax ,...,an+1 s is te m a  c h iz iq li  b o g ‘la n g a n  

b o ‘lish in i isb o tlan g .
18. A gar äl ,ä 2 ,...,ä„ vektorlar ,b2 ,...,bm s istem a  orqali c h i­

ziq li ifo d a la n sa  va n>m b o ‘lsa, u  h o ld a  ,a2,...,an s is tem a  c h i­

ziq li b o g ‘la n g a n  b o ‘lish in i isbotlang.

19. A gar a, ,a2 vektorlar 6, ,b2 ,...,bm s istem a orqali c h i­

z iq li ifo d a la n sa  va al ,a2,...,an s is te m a  c h i z i q l i  b o g ‘la n m a g a n  

b o ‘lsa , u  h o ld a  n < m b o ‘lish in i isb otlan g .

20. A gar v ek to r la m in g  har q an d ay  c h iz iq li erkli ikk ita  ch ek li 

sistem a si ek v iva len t b o ‘lsa , ulardagi vektorlar so n i ten g  b o ‘lish in i 

isbotlang.
21. A gar v ek to r la m in g  b ir ch ek li s istem a si ik k in ch i s is tem a n i 

e lem en ta r  a lm ash tir ish lar  natijasida h o s il q ilin gan  b o ‘Isa, b u n d a y  

sistem alar  ek v iva len t b o ‘lish in i isb o tlan g .

22. K am id a  b itta  n o ld an  farqli vek torga  ega  b o ‘lgan  h ar q a n ­

day ch ek li s is tem a  b azisga  ega. V ektorlar ch ek li s is tem a sin in g  har  

qan d ay  ikkita b a z is i bir xil son d ag i vektorlardan  iborat b o ‘lish in i  

isbotlang.
23. a2 vektorlar t\ ,b2,...,bm sistem asi vektorlar s is tem a ­

si orqali c h iz iq li  ifo d a la n sa , u h o ld a  a2 ,...,an s is te m a n in g  rangi 

t\ ,b2 ,...,bm s is tem a n in g  rangidan  katta em a slig in i k o ‘rsating.

24. V ektorlar ch ek li s is tem a sin in g  har q an d ay  q ism  s is te m a ­

s in in g  rangi s istem a  rangidan katta em a slig in i isbotlang.
25. V ek torlar  ek v iv a len t ch ek li s is te m a la r in in g  ranglari ten g  

b o ‘lish in i isb otlan g .
26. r t-o ‘lc h o v li a r ifm etik  v ek to r  fa z o  h ar q a n d a y  c h e k li s is ­

tem a sin in g  rangi n d an  katta em a slig in i k o ‘rsating.
27. A gar vektorlar ch ek li s is tem a sin in g  rangi n ga ten g  b o ‘lsa, 

u h o ld a  u n in g  k  ta  vek tord an  ib o ra t h ar  q a n d a y  q ism  s is te m a si 

k>n b o ‘lgan d a  ch iz iq li b o g ‘lan gan  b o 'lish in i isbotlang.

28. A g a r  a2 ,...,an v e k to r la r  s is t e m a s in in g  ra n g i a2,...,an,b 

vektorlar s is te m a s in in g  rangiga  te n g  b o ‘lsa , u h o ld a  b v e k to m i
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a2,...,an v ek to r la r  s is te m a s in in g  c h iz iq li  k o m b in a ts iy a s i k o ‘r i-  

n ish id a  ifo d a la sh  m u m k in lig in i k o ‘rsating.

29. L (a { ,¿ 2 an ) c h iz iq li q o b iq  vek tor  fa zo  tash k il e t ish in i  

isbotlang.

30. A gar t\,b2,—,bm s is tem a n in g  h ar  b ir  vektori äl ,ä2,...,än 

s is te m a  o r q a li c h iz iq l i  i fo d a la n s a , u  h o ld a  L (b x,b2,...,bm) a

,a2 ,.-.,an) b o ‘lish in i isb o tlan g .

31. A g a r  äx,ä2,...,än s is te m a n in g  ra n g i k  b o  ‘Isa , u  h o ld a  

L (a { ,a2,...,a„) c h iz iq li q ob iq  k o ‘lch o v li b o ‘lish in i k o ‘rsating.

32. N  c h iz iq li k o ‘p x illik  F" fa z o n in g  q ism fa zo sin i ifo d a la sh i  

u ch u n  x 0 e  W, y a ’n i N = W m u n o sa b a t bajarü ish i zarur va  yetarli 

ekan lig in i isb otlan g .

33. Ix t iy o r iy  ik k ita  x0 +  W va y0 +  W  c h iz iq li  k o ‘p x ill ik la r  

u m u m iy  e le m e n tg a  ega  b o ‘lm a y d i y o k i u lar u s tm a -u s t  tu sh a d i. 
Isbotlang.

34. F "  v e k to r  fa z o n in g  q is m fa z o la r i  W  va  W  b e r ilg a n  

b o ‘lsin . U  h o ld a  N x=  x, +  W, N 2=  x2 +  W  k o ‘p x illik lam in g  u stm a -  

ust tu sh ish i va  x¡ — x2 e  I ^ b o ‘lish i zarur va  yetarli. Isb o tlan g .

Takrorlash uchun savollar

1. /2- o ‘lc h o v li vek tor deb  n im aga  aytiladi?

2. n - o ‘lc h o v l i  v ek to r la rn in g  y ig ‘in d is i  va sk a la rn i v ek torga  

k o ‘paytm asi deb  n im aga  aytiladi?

3. « -o 'lc h o v ü  a rifm etik  vektor fa zo  deb  n im aga  aytilad i?

4. V ektorlarning ch iz iq li b o g 'liq  sistem asi deb n im aga  aytiladi?

5. V ek torlarn in g  c h iz iq li b o g ‘liq  b o ‘lm a g a n  s is tem a si ta ’rifin i 
ayting.

6. V ek torlarn in g  ek v iva len t sistem alari deb  n im aga  aytilad i?

7. V e k to r la r  s is te m a s id a  q a n d a y  e le m e n ta r  a lm a sh tir ish la r  
bajariladi?

8. E lem en ta r  a lm a sh tir ish la r  n a tija sid a  q an d ay  s is tem a  h o s il  
b o ‘ladi?
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9 . V e k to r la r  c h e k l i  s is t e m a s in in g  b a z is i  v a  ra n g ig a  t a ’r if  

b ering.

10. V ektorlar sistem asin ing ch iz iq li qob ig‘i deb n im aga aytiladi?

11. C h iz iq li q ob iq n in g  a so s iy  xossa larin i b a y o n  eting .

12. C h iz iq li k o ‘pxillikka ta ’r if bering.

13. C h iz iq li k o ‘p x illik n in g  a so s iy  xossa larin i ayting .

14. C hiziq li k o‘pxillikka m aktab m atem atikasidan m isol keltiring.

14-§. Matritsa va uning rangi

J  Asosiy tushunchalar: m a tr itsa , n o m d o s h  m a tr itsa , te n g  

m atritsa lar, m atritsan in g  satr rangi, m atritsan in g  ustu n  rangi, 

tran sp on ir lan gan  m atritsa, m atritsan i e lem en ta r  a lm a sh tir ish -  

lar, p o g ‘o n a s im o n  m atritsa . _____________________________

F  =< F ;+,-,-,~] , 0 , 1  > m a y d o n  b erilgan  b o ‘lsin . 

F m a y d o n n in g  mn ta  ai j ( i = l , m i j = l , n )  e le m e n tla r id a n  tu -  

z ilg a n  u sh b u

' a \ \ U\2 .. a u '

A  =
0*1 °22 •• <hn

1 a m l  • 0 mn j

k o ‘r in ish d ag i jadval / ’m a y d o n  ustid ag i m*n tartibli matritsa d ey i-  

ladi.

A v a B  m atr itsa la r  b er ilg a n  b o ‘lib , u la rn in g , m o s  ra v ish d a , 

satrlari va  ustun lari so n i te n g  b o ‘lsa , u h o ld a  A va B m atritsalar  

nomdosh matritsalar deb  yuritilad i.

A m atr itsan in g  har bir a(j e le m e n ti V  m atr itsan in g  u n ga  m o s  

b e le m e n tig a  ten g  b o ‘lsa , u  h o ld a  A va B  n o m d o sh  m atritsalar  

teng (ak s h o ld a  teng emas) matritsalar d ey ilad i.

B itta  satrli m a tr itsa la m i satr vektorlar, b itta  u stu n li m atritsa- 

la m i u stu n  vektorlar deb  qarash m u m k in .
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A  =

a.li -‘12
«21 «22

\ a m l  «m3

« 1«

a2n m a t r i t s a d a  A 1 , . . . , A m s a t r  v e k t o r l a r

va A1,..., A"  u stu n  vek torlar m avjud.

M atr itsa d a g i satr vek tor lar  s is te m a s in in g  rangi m a tr itsa n in g  

satr rangi, u stu n  vek torlar  s is tem a sin in g  rangi u n in g  ustun rangi 
d e y ila d i. A  m a tr itsa n in g  sa tr  r a n g in i r{A), u s tu n  ra n g in i p (A) 
k o ‘rin ishda b e lg ila y m iz .

M atritsa  ran g in i a n iq la sh  u ch u n  m atritsa  ustid a  e lem en ta r  a l-  

m ash tir ish lar  bajariladi. U la r  quyidagilar:

1. M atritsad ag i ix tiy o r iy  ikkita satr y o k i u stu n  o ‘r in larin i a l-  

m a sh tir ish .
2. M atritsad agi ix tiy o r iy  satr yok i u stu n  e lem en tla r in i n o ld a n  

farqli so n g a  k o ‘p aytir ish .
3. M a tr itsa n in g  sa tr  y o k i u stu n  e le m e n tla r in i n o ld a n  farq li 

so n g a  k o ‘p aytir ib , b o sh q a  satr yok i u stu n n in g  m o s  e lem en tla r ig a  

q o ‘sh ish .
4. B archa e lem en tlar i nollardan  iborat b u lgan  satr y o k i u stu n -  

ni m atritsad an  ch iq arish .
M a tr itsa  s a tr in in g  boshlovchi elementi d e b  u n in g  b ir in c h i  

(ch a p d a n  o ‘ngga qaraganda) n o ld a n  farqli e lem en tig a  aytilad i.

M a tr itsa pog‘onasimon d ey ilad i, agar u n in g  nol qatorlari bar­

c h a  n o lm a s  q a to r la rd a n  k ey in  jo y la sh g a n  va  a xk{ ,a2k2 ,...,arkr 

b o sh lo v c h i e lem en tla r i u c h u n  kx < kj < ... < kr b o ‘lsa.

A ' m atritsa  A m atr itsa n in g  transponirlangani d ey ila d i, agar A 1 
m a tr itsa  A  m a tr itsa  sa tr la r in i u stu n la r  o r q a li y o z is h d a n  h o s i l  

b o ‘lgan  b o ‘lsa , y a ’n i

' « li al2 .. ax « H «21 « m l "

A = °2l « 2 2 • •  « 2  n
; A‘ =

«12 « 2 2 « m 2

\ ^ m \ « m 3  • « mn / v « l « « 2  n « m n  y
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M is o l .  A  =

f  2  1 3  O

- 1 0  2  2

5  A  3  4

m a t r i t s a n i n g  u s t u n  v a  s a t r  r a n g -

la r in i to p in g .

Yech ish . M a tr itsa n in g  satr ra n g in i to p ish  u c h u n  satr e lem en ­

tar a lm a s h tir ish la r  b a ja r ilib , m a tr itsa n in g  satr ve k to rla ri s iste m a - 

s i ra n g i a n iq la n a d i:

' 2 1 3 n r - i 0 2 2 ' '-1 0 2 2"

A  = - 1 0 2 2 ~ 0 1 7 5 ~ 0 1 7 5

, 5 4 3 4J l o 4 13 1 4 ; l o 0 - 1 5 -6 J

H o s il  b o 'lg a n  p o g ‘o n a s im o n  m atritsad a  n o ld a n  fa rq li satrlar

3 ta , d e m a k  r (A )—3.

E n d i m a tr itsa n in g  u stu n  r a n g in i a n iq la sh  u c h u n  u n d a  ustu n  

e le m e n ta r a lm a s h tir ish la r  b a ja ra m iz :

' 2 1 3 f ' 0 0 0 r '0 0 0 r r 1 0 0 0"

A  = -1 0 2 2 ~ - 5 -2 2 ~ 0 0 1 2 ~ 2 1 0 0

4 3 4 ; 1-3 0 -9 4 ; 1-3 -9 0 4 , l* 0 - 3 oj

H o s il  b o ‘lg a n  u stu n li p o g 'o n a s im o n  m a tritsa d a  3 ta  n o lm a s 

u stu n  m a v ju d , y a ’n i p (^ í)= 3 .

( S ]  M is o l va  m a sh q la r

I .  M a tritsa  ra n g in i an iq la n g :

'1 2^ "3 0 2"

1. 1. 1 2 • 1.2 . 6 0 4

l o « i 0 6 j

^3 0 2~)

1.3. 1 -1 3 1.4. (3 0 2)

l * -1
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2 .  M a t r i t s a n i n g  u s t u n  v a  s a t r  r a n g l a r i n i n g  t e n g l i g i n i  t e k s h i r i n g :

2.1.

2 .3 r

6  0 9 

- 4  5 3

7  1 2 ,

4  0 7^ 

- 8  5 ^  

11 4V 

r 2

2.5 .

4 - 7  0  

2  3 5 - 1

0

11

6

2

7 9 

5 7

2 .7 .

' - 3  1 

- 1  3

0

7

7 4  

5 8 

9 1 1 2  

- 4  0 1

2 .2 .

2.4T

f ~ l  2 
-6 5

3 X

3

7 - 1 4

/ 13 10 

-6'  15  

27  1

3 A

3

14

\ ' 3 11 - 7  4  ^

1 f)
- 1 13

OOUO1

£.\J.
10 9 11 2

I  7 4 0 11,

f 1 1 1 ^

2 .8 . s in  a c o s  a  tg a

vs in 2a c o s 2 a  tg2a y

3 . A. n in g  turli q iym atlarid a

g in i top in g .

4 .  X n in g  qanday q iym atid a

k ich ik  b o ‘lad i?

1 3 4 n

1 X - 1 1 5

X X 4 3 - 4

u 1 7 7 - 3 j

'3 1 1 41
X 4 10 1

1 7 17 3
m at

u 2 4 3 ;

m atritsa  ran -

m a tn tsa  rangi en g

Takrorlash uchun savollar

1. M atritsa  deb n im a g a  aytiladi?
2. N o m d o s h  m atritsalarga ta ’r if  bering.
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3. Q an d ay  m atritsalar ten g  deyilad i?

4. M atr itsan in g  satr (u stu n ) vektorlari s istem a si n im a?

5. M atr itsan in g  satr (u stu n ) rangi d eb  n im a g a  aytiladi?

6. M atritsan i e lem en ta r  a lm ash tir ish lar  deb  qan d ay  a lm a sh ti-  

rish la iga  aytilad i?

15-§. Chiziqli tenglamalar sistemasi

/  Asosiy tushunchalar: ch iziq li tenglam alar sistem asi, C H T S n in g  

y e c h im i ,  h a m jo y li  C H T S , h a m jo y li  b o ‘lm a g a n  C H T S ,  

C H T S n in g  n atijasi, C H T S n in g  c h iz iq li k o m b in a tsiy a si, te n g  

k u c h li  C H T S la r i ,  C H T S n i e le m e n ta r  a lm a sh t ir ish la r , b ir  

j in sli C H T S , B C H T S n in g  fu n d a m en ta l y ech im la r  s istem asi.

F  =< T s + j - j - r 1 , 0 , 1  > m ayd on  b er ilgan  b o ‘lsin .

B a rch a  n o m a ’lu m la r in in g  darajasi b ird a n  katta  b o ‘lm a g a n  

tenglam a chiziqli tenglama deyiladi. axxx + . . .  +  anxn = b tenglam ani 

t o ‘g ‘ri s o n li  te n g lik k a  a y la n tir u v c h i f  =  e F , i  = l,n
vek tor  berilgan  ten g la m a n in g  y e c h im i d ey ila d i. U sh b u

au xx + aX2x2 +  .. 

2̂1 ĥ.2 *̂ 2 * *

+ aXnx n =b¡

.  + e¡2nXn (O

«*1*1 + üm2X2 + " ^mn Xn ~

s is tem a  F  m a y d o n  u stid a  berilgan  n ta n o m a ’lu m li m ta c h iz iq li  

tenglamalar sistemasi d ey ila d i, b u n d a  Oy,b¡ g F  (i = l,m; j  = l,ri) 
s is te m a n in g  k o e ff its iy e n tla r i, a¡j n o ’m a lu m la r  k o e ff its iy e n tla r i,  

bj o z o d  hadlar b o ‘lib , x¡ lar esa  n o ’m a lu m la rd a n  iborat.

n ta n o m a ’lu m li m ta ch iz iq li tenglamalar sistemasining yechi­
mi deb sh u n d ay  |  e F , i  = l,n  vektorga aytilad ik i, u  

sistem a n in g  b arch a  ten g lam alarin i t o ‘g ‘ri ten glik k a aylantiradi.

C H T S  kam ida bitta y ech im g a  eg a  b o ‘lsa , u  hamjoyli, y e c h im -  

ga ega  b o ‘lm asa , hamjoyli bo‘lmagan C H T S  d ey ilad i.

Y a g o n a  y e c h im g a  eg a  b o ‘lg a n  s is te m a  aniq sistema, c h e k s iz  

k o ‘p y e c h im g a  ega  b o ‘lgan  s istem a  aniqmas sistema d ey ilad i.



B e r ilg a n  ik k it a  C H T S  u c h u n  b ir in c h is in in g  h a r  b ir  y e c h im i 

ik k in c h is i  u c h u n  h a m  y e c h im  b o ‘ls a , ik k in c h i  C H T S  b ir in c h i  

C H T S n in g  n a tija s i d e y ila d i.

Ik k it a  C H T S  teng k u c h li d e y ila d i, agar b ir in c h is in in g  h a r b ir  

y e c h im i ik k in c h is ig a  y e c h im  b o ‘lsa  va  a ks in ch a .

C H T S n in g  n o m a ’lu m la r i o ld id a g i ko e ffits iye n tla rd a n  tu z ilg a n

^ T a\2 ... aXnN

A  =
° i\ °22 ... a2n

m atritsa  ( l ) n in g  aso s iy  m a tritsa s i, n o -

yam\ a m2 ••• 0«w>

m a ’lu m la r  o ld id a g i k o e f f it s iy e n t la r  v a  o z o d  h a d la r d a n  ib o ra t

5 =

an a \2 a\n ^ 1
a 21 (I22 <hn b2

. . . ............. . . . . . .

^0*1 am2 — amn y

m a tr its a  ( l ) n i n g  k e n g a y t ir ilg a n

Kroneker—Kapelli teoremasi. C h iz iq li te n g la m a la r s is te m a s i 

h a m jo y li bo ‘lis h i u chun  u n in g  a so s iy  va  ken g a y tirilg a n  m a tr its a la r i 

ra n g la r in in g  teng bo ‘lis h i z a ru r  va  y e ta r li.

011*1 +  012*2 +  • • +  01«*« = 0,

021*1 +  «22*2 +  •.. + a2nx n == 0 ,
(1*)

0*1*1 +  0*2*2 + -  +  0*«*« =  0

c h iz iq l i  te n g la m a la r  s is te m a s i b ir  j in s l i c h iz iq li te n g la m a la r s is ­

tem asi ( B C H T S )  d ey ila d i.

F n a r ifm e tik  vekto r fa zo n in g  W q ism  fa zo s in in g  b a z is in i tash - 

k i l  e tu v c h i is ta lg a n  v e k to rla r  s is te m a s i (1 * ) s is te m a n in g  fu n d a ­

m en ta l (a so s iy ) y e c h im la r i s is tem as i d e y ila d i.

1-m isol. T e n g la m a la r  s iste m a sin i K ro n e k e r—K a p e lli  teorem a- 

si aso sid a  te k sh ir in g  va  y e c h im la r in i top ing:
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2 jCj + 3x2 -  x3 + x4 = 1,

-x ,  -  x2 + 3x3 + 2 x 4 = 3,

3x, + 4 x3 - 4 x 4 = 5,

5xj + x2 + 2x3 = 6.

Y ech ish . K ro n e k e r— K a p e lli  teo rem asiga  k o ‘ra, b ir  j in s l i  b o ‘l-  

m a g a n  c h iz iq l i  te n g la m a la r  s is te m a s i h a m jo y li b o ‘ l is h i  u c h u n  

u n in g  a s o s iy  A  va ke n g a y tir ilg a n  B  m a tr itsa la r in in g  satr ra n g la r i 

teng b o ‘l is h i  kerak.

B e r ilg a n  c h iz iq l i  te n g la m a la r s iste m a s in in g  aso siy  va k e n g a y ­

t ir i lg a n  m a tr itsa la r i ra n g la r in i to p a m iz . B u n in g  u c h u n  c h iz iq l i  

te n g la m a la r s iste m a sin in g  n o ’m a lu m la r i o ld id a g i ko e ffits iye n tla r- 

d an  A  m a tr itsa n i, u n ga  o zo d  h a d la r  u stu n in i q o ‘sh ib , m a tr itsa n i 

h o sil q ila m iz :

' 7 T - T - r ' 2 - f r n
-1 -1 3 2

B  =
-1 -1 3 2 3

3 0 4 - 4 3 0 4 - 4 5
< 5 1 2 o , 1 2 0 6 j

M a tritsa n in g  satr ra n g in i to p ish  u c h u n  satr e lem entar a lm a sh - 

t ir ish la r  b a ja r ib , u n i p o g ‘o n a s im o n  m atritsa  k o ‘r in is h ig a  k e lt ira -  

m iz .  E le m e n ta r  a lm a s h t ir is h la r  n a t ija s id a  b e r ilg a n  m a tr itsa g a  

e kviva len t m a tritsa  h o s il b o ‘lad i:

' 2 3 -1 1 r
-1 -1 3 2 3
3 0 4 -4 5

, 5 1 2 0 6 j

b ir in c h i va  ik k in c h i  satrla r o ‘m in i  a lm a sh tira m iz :

'-1 -1 3 2 3"
2 3 -1 1 1
3 0 4 -4 5

1 2 0 6/
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b ir in c h i  u stu n  b ir in c h i  q a to r e le m e n ti —1 n i q o ld ir ib , b ir in c h i  

ustun b o sh q a  e le m e n tla rin i 0 g a  a y la n tira m iz :

- 1 -1 3 2 3 "

0 1 5 5 7

0 - 3 13 2 14

U - - = 4 17 1Û 21J

b ir in c h i va ik k in c h i sa tr la m i o ‘zg a rt irm a y m iz , ik k in c h i  satr y o r- 

d a m id a  u c h in c h i,  to ‘r t in c h i sa tr la m in g  ik k in c h i  u stu n id a g i e le- 

m e n tla m i n o lg a  a y la n tira m iz :

Í - 1 -1 3 2 3 "

0 1 5 5 7

0 0 28 17 35

, 0 0 37 30 4 9 )

1 -, 2 - , 3 - sa tr la m i q o ld ir ib , 4 -s a tm in g  3 -u stu n id a g i e le m e n - 

t in i n o lga  a y la n tira m iz :

' - 1  - 1 3  2 3 N

0 1 5  5 7

0 0 28 17 35

K 0  0 0 -2 1 1 - 7 7 j

H o s il  b o ‘lg a n  p o g ‘o n a s im o n  m atritsad an  a so siy  m a tr itsa n in g  

ra n g i r{A )= 4  va  k e n g a y t ir ilg a n  m a tr itsa n in g  ra n g i r ( B ) = 4 e ka n - 

h g in i a n iq la y m iz  (n o ld a n  fa rq li satrlar so n i).

D e m a k , c h iz iq li  ten g lam alar sistem asi aso siy  va ke n ga ytir ilga n  

m a tr its a la r in in g  ra n g la r i ten g , y a ’n i teo rem a ga  aso san  b e r ilg a n  

c h iz iq li  te n g la m a la r s istem asi h a m jo y li. E n d i c h iz iq li  te n g la m a la r 

s is te m a s in in g  y e c h im la r in i  to p a m iz . B u n in g  u c h u n  t o ‘g ‘ r id a n  

to ‘g ‘r i p o g ‘o n a s im o n  m atritsa  y o rd a m id a  b e rilg a n  c h iz iq l i  te n g­

la m a la r  s iste m a sig a  teng k u c h li  c h iz iq l i  te n g la m a la r  s iste m a s in i 

tu za m iz:
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- X j  -  x 2 +  3 x 3 +  2 x 4 =  3, 

x 2 +  5 x 3 +  5 x 4 =  7 ,
2 8 x 3 +  1 7 x 4 =  3 5 ,
-2 1 1 x4 = -77 .

B u n d a n  x , =
165

x 2
217 77 , .

x 3 =  — , x 4 =  —  yechim m  topam iz.211 211 ’ "s 211 ’ 211
2 -m iso l. B erilgan  tenglam alar sistem asini G au ss usu lida yeching:

3 x j +  x 2 -  2 x 3 +  x 4 = 2 ,

• 2 x , +  x 3 - 2 x 4 =  3,

4 x . +  8 x 2 -  1 2 x3 = 4.

Y ech ish . C h iz iq l i  te n g la m a la r  s iste m a sin i G a u s s  u su li b ila n  

y e ch ish  deganda, sistem adagi n o m a ’lu m la m i ketm a-ket y o ‘qotish  

tu s h u n ila d i. Y a ’n i te n g la m a la r  s istem asid a  e lem en tar a lm a s h t i-  

r ish la r  b a jarib , tan lab  o lin g a n  ten glam a y o rd a m id a  q o lga n la rid a g i 

n o m a ’lu m la rd a n  b ir i o ld id a g i ko e ffits iy e n tin i n o lga a y la n tira m iz . 

B u  ja ra y o n n i davom  ettirib, b erilgan  c h iz iq li  ten glam alar sistem a- 

s ig a  ten g k u c h li  c h iz iq l i  te n g la m a la r  s iste m a s in i h o s il q ila m iz .  

N o m a ’lu m la r  so n i e n g  k a m  b o ‘lg a n  te n g la m a d a n  b o sh la b , n o -  

m a ’lu m la r  to p ilad i.

B e rilg a n  c h iz iq l i  te n g la m a la r s istem a sid a g i 3 -te n g la m a n i 4 ga 

b o ‘lib , b ir in c h i o ‘ rin ga  jo y la s h t ira m iz  va u n in g  y o rd a m id a  qo lgan  

te n g la m a la rd a n  n o m a ’lu m n i y o ‘q o tam iz:

3 x j +  x 2 - 2 x 3 + x 4 = 2 ,

• 2 x, + x 3 -  2 x 4 = 3 ,  o  

4 x , + 8 x 2 -  1 2 x 3 =  4

H o s il  b o 'lg a n  c h iz iq l i  te n g la m a la r  sistem asid agi 1-, 2 - ten g- 

la m a la rn i o ‘z  o ‘m id a  o ‘z g a r is h s iz  q o ld ir ib , 3 -te n g la m a n in g  x 2 

n o m a ’lu m in i 2 -te n g la m a  y o rd a m id a  y o ‘q o tam iz:

x, + 2 x 2 - 3 x 3 =  1, 
- 5 x 2 +  7 x 3 +  x 4 =  
- 4 x 2 +  7x3 - 2 x 4 =

x , +  2 x 2 -  3 x 3 = 1,
<=> • - 5 x 2 +  7 x 3 + x 4 =  - 1 ,

7 x 3 -  1 2 x 4 =  9 .
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C h iz iq l i  t e n g la m a la r  s is t e m a s id a g i  u c h in c h i  t e n g la m a  ik k i n o -  
m a ’lu m l i  b i t t a  t e n g la m a  b o ' l i b ,  u n in g  c h e k s i z  k o ‘p  y e c h im la r i  
m a v ju d , y a ’n i x 3 y o k i  x 4 n o m a ’lu m n i  ix t iy o r iy  h a q iq iy  s o n  q a b u l  
q ila d i d e b  o l ib ,  ik k in c h is in i  u  o r q a li  c h iz iq l i  i f o d a la y m iz .

T e n g la m a la r  s i s t e m a s in i n g  y e c h im la r i  x 4 n o m a ’lu m  o r q a l i  
i fo d a la n u v c h i  t o ‘rt o ‘lc h o v l i  a r ifm e t ik  v ek to r la r d a n  ib o r a t  c h e k s iz  

W p  e le m e n tg a  e g a  b o T g a n  t o Lp la m  b o 'Ia d i. U n i to p a m iz . B u n m g  
u c h u n  x4e R  d e b  o l ib ,  x 3 n o m a ’lu m n i x 4 y o r d a m id a  i fo d a la y m iz :

7 x 3 - 1 2 x 4 =  9 o 7 x 3 =  1 2 x 4 +  9  о  x 3 =  Ц - х 4

O x ir g i c h iz iq l i  t e n g la m a la r  s is t e m a s in in g  ik k in c h i  t e n g la m a s i -  
d a g i x 3 n o m a ’lu m  o ‘m ig a  u n in g  to p i lg a n  i fo d a s in i  q o 'y a m iz :

12  9- 5 x 2 + 7 ( — x 4 + —) +  x 4 =  - 1  <=> - 5 x 2 +  8 4 x 4 +  6 3  +  x 4 =  - 1  <̂ >

о  - 5 x 2 +  8 5 x 4 +  6 3  =  - 1 .

H o s i l  b o ‘lg a n  t e n g la m a d a g i  x 3 n o m a ’lu m n in g  x 4 o r q a li i f o d a ­
s in i  to p ib , b ir in c h i  t e n g la m a g a  q o ‘y a m iz :

64- 5 x 2 =  - 8 5 x 4 -  6 4  < »  x 2 =  1 7 x 4 -  —  •

B ir in c h i  t e n g la m a d a g i  x ,  n i to p a m iz :

X[ -  2 x 2 -  З х 3 =  1 X, =  2 x 2 +  З х 3 + 1  =
128 36 27 274 761= 34*,—г  + т х4 + т  = —

D e m a k ,  b e r i lg a n  c h iz iq l i  t e n g la m a la r  s i s t e m a s in in g  y e c h im la r
t t 1 • f/274 761 64 12 9 \ i  J  .t o  p la m i  I —  x 4 -  —  ; 1 7 x 4 -  —  x 4 +  j ; x 4 l |x 4 g  л  t o  p -

la m d a n  ib o r a t .

2 x j  + 3 x 2 - x 3 +  x 4 = 1 ,
3 - m i s o l .  B e r i lg a n  • - x ,  - x 2 + 3 x 3 + 2 x 4 = 3 ,  c h i z i q l i  t e n g -  

3 x j  + 4 x 3 - 4 x 4 =  5

la m a la r  s i s t e m a s i  y o r d a m id a  k o ‘p x il l ik  tu z in g .
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Yechish.  1) B e r ilg a n  b ir  j in s l i  b o ‘lm a g a n  c h iz iq l i  t e n g la m a la r  
s is t e m a s i  h a m jo y li  b o ‘ lsa , b it ta  я 0 y e c h im in i  t o p a m iz .

2 )  C h iz iq l i  t e n g la m a la r  s i s t e m a s ig a  a s s o t s ir la n g a n  b ir  j i n s l i  
c h iz iq l i  t e n g la m a la r  s is t e m a s in in g  y e c h im la r  f a z o s i  W  a n iq la n a d i .

3 )  C h i z i q l i  k o ‘p x i l l ik  t a ’r if ig a  k o ‘ra + W  b ir  j i n s l i  b o ‘l -  
m a g a n  h a m jo y l i  c h iz iq l i  t e n g la m a la r  s is t e m a s i  v a  u n g a  a s s o t s ir ­
la n g a n  b ir  j in s l i  c h iz iq l i  t e n g la m a la r  s is te m a la r i  y o r d a m id a  h o s i l  
q ilin g a n  c h iz iq l i  k o ‘p x il l ik  b o ‘la d i.

1)

2 x, +3X2 ~ X i  +X4
- X ,  -  JCj +  3 x 3 +  2 x 4 =  3, o

3x, +  4 x 3 -  4 x 4 =  5

Xj +  x¿ -  3 x 3 -  2 x 4 =  - 3 ,  

x 2 + 5 x 3 + 5 x 4 = 7 , «  

-З х з  +  13x3 +  2 x 4 =  14

x¡ + x 2 - 3 x 3 - 2 x 4 = - 3 ,
O  « Xj +  5 x 3 +  5 x 4 =  7 ,

2 8 x 3 +  1 7 x 4 =  3 5 .

N o m a ’l u m la r n i  k e t m a - k e t  y o ‘q o t i s h  n a t i j a s id a  4  t a  n o -  
m a ’lu m li  3 ta  t e n g la m a d a n  ib o r a t  s is t e m a  h o s i l  b o ‘ld i.

D e m a k , c h iz iq l i  t e n g la m a la r  s is t e m a s i  c h e k s iz  k o ‘p  y e c h im g a

( 115 25 225 17 5 \
-¡4 *4 — J '>— 28**  + 7 ; _ 2 8 JC4 + 4 ’ x4 j ,* 4  e  R

k o ‘r in is h d a  b o ‘l ib , u n in g  b it ta  a0 y e c h im in i  x 4= 0  q iy m a tn i  q o ‘-  
y ib  to p a m iz :

í - H p 7¡ ! 4
2 )  B e r ilg a n  c h i z i q l i  t e n g la m a la r  s i s t e m a s ig a  a s s o t s ir la n g a n  

b e r ilg a n  c h iz iq l i  t e n g la m a la r  s is t e m a s i

2 x j  +  3 x 2 -  x 3 +  x 4 = 0 ,
• -X j  -  Xj +  3 x 3 +  2 x 4 =  0 ,

3 x j  +  4 x 3 -  4 x 4 =  0

k o ‘r in is h d a  b o ‘lib , u n in g  y e c h im la r i  c h e k s iz  k o ‘p. C h u n k i
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2 jcj +  З х 2 -  x3 + x4 = 0 ,
-jCj - x 2 +  3 x 3 + 2 x 4 =  0 ,  о  
3 x j  +  4 x 3 - 4 x 4 =  0

B u n d a n , x 4g R  d esak ,

17
28 x4 ;x 4

xx + x 2 - 3 x 3 - 2 x4 =  0,
Х2 + 5 x 3 + 5 x 4 = 0,

28x3 + 17x4 = 0.

y e c h im la r  t o ‘p la m i 

, e i !  k o ‘r in ish d a  b o ‘lad i.

B ir jin s li ch iz iq li teng lam alar sistem asin ing  y ech im la r to ‘p lam i 
chiziqli fazo tashkil etadi (W  = < Ж ;+ ,{ю х |x. g J?} >)•

3) H osil bo ‘lgan a0 vektor va Ж ю ‘р 1 ат  yordam ida H = q t + W 
ch iz iqh  k o ‘pxillikni hosil qilam iz. Chiziqli k o ‘pxillik H  ning  ele- 
m en tla ri berilgan b ir  jinsli b o ‘lm agan chiziqli teng lam alar siste­
m asin ing  yech im lar to ‘p lam in i tashkil etadi.

4-misol. B erilgan

1)
Xj + 3x2 -  5x3 + x4 = 1 ,

va 2)
[2xj + x 2 - 2 x 3 - x 4 = 4 ,  

[ 3xj -  X* + x3 3x4 = 7[Xj -  2 x 2 + 3x3 -  2 x 4 = 3

ch iz iq li teng lam alar sistem alari u ch u n  2-sistem a 1-sistem aning  
natijasi ekanligini tekshiring.

Yechish. 2-chiziq li teng lam alar sistem asi 1-chiziq li teng lam a­
lar sistem asin ing  natijasi b o ‘lishi u ch u n  ta ’rifga k o ‘ra 1-ch iziq li 
teng lam alar sistem asining h a r b ir  yechim i 2 -ch iziq li teng lam alar 
sistem asining h am  yechim i b o ‘lishi kerak.

1 -ch iz iqh  teng lam alar sistem asining yechim larin i G auss usu- 
lidan  foydalanib topam iz:

x { + 3 x 2 - 5 x 3 + x4 — 1, [x, +3x2
<=>

-5x2 + 8x3 -  3x4

5x3 + x4 = 1 , 

2.[Xj -  2 x 2 + 3x3 -  2 x 4 = 3

H osil b o ‘lgan teng  kuch li ch iziq li teng lam alar sistem asidagi 
2-tenglam ada x3, x 4g R deb olib, qolgan nom a’lum lam i aniqlaymiz:

Г 1 4 11Xi = - x 3 + 5 * 4 + T ;
8 3 2.

*2 = 5 * 3  -

x3 ,x 4 e i

5 * 4 5 ’
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D e m a k , b e r i lg a n  1 -c h iz iq l i  t e n g la m a la r  s i s t e m a s in in g  c h e k s iz  
k o ‘p  y e c h im la r i  m a v ju d  b o ‘lib , u m u m iy  y e c h im  q u y id a g i  k o ‘r i-  
n is h d a  b o ‘la d i:

T o p i lg a n  u m u m iy  y e c h im n i  2 - c h iz iq l i  t e n g la m a la r  s i s t e m a s i-  
g a  q o ‘y a m iz :

D e m a k , 1 - c h iz iq l i  t e n g la m a la r  s i s t e m a s in in g  h a r  b ir  y e c h im i  
2 - c h iz iq l i  t e n g la m a la r  s is t e m a s in in g  h a m  y e c h im i  b o ‘la d i. T a ’r if-  
g a  k o ‘ra  2 - s i s t e m a  1 - s is t e m a g a  n a t ija  e k a n .

5 - m i s o l .  B e r i lg a n  b ir  j i n s l i  c h i z i q l i  t e n g l a m a l a r  s i s t e m a s i

f x x +  3 x 2 -  5jc3 +  x 4 = 0 ,
i  ,  _  n in g  y e c h im la r  t o ‘p la m i  f u n d a m e n t a l
I l .  O ̂ 2) —

s is t e m a s in i  to p in g .
Yechish.  H a r  q a n d a y  b ir  j in s l i  c h i z iq l i  t e n g la m a la r  s i s t e m a s i  

h a m j o y l i  h a m d a  y e c h im la r  t o 'p la m i  c h i z i q l i  v e k to r  f a z o  t a s h k i l  
e ta d i.

A g a r  b ir  j in s li  c h iz iq l i  te n g la m a la r  s is te m a s i y a g o n a  n o l y e c h im -  
g a  eg a  b o ‘ls a ,  u  h o ld a  y e c h im la r  f a z o s i  n o l  o ‘lc h o v l i  c h iz iq l i  v e k ­
to r  fa z o  b o ‘l ib , u n in g  fu n d a m e n ta l  s i s t e m a s i  m a v ju d  e m a s .

A g a r  b ir jin s li c h iz iq li  ten g la m a la r  s is te m a s i c h e k s iz  k o ‘p  y e c h im -  
la ig a  e g a  b o ‘lsa , u  h o ld a  y e c h im la r  t o ‘p la m i  ta s h k il  e tg a n  c h iz iq l i  
v e k to r  fa z o n in g  b a z is i  f u n d a m e n ta l  s i s t e m a  b o ' la d i .

J x¡ + 3 x 2 -  5 x 3 +  x 4 =  0 , \ x x +  3 x 2 -  5 x 3 + x 4 = 0 ,
\ x { -  2 x 2 +  3 x 3 -  2 x 4 = 0  [  - 5^2 +  8x 3 -  3 x 4 =  0 .

H o s i l  b o ‘lg a n  t e n g  k u c h li  b ir  j i n s l i  c h i z iq l i  t e n g la m a la r  s i s -  
te m a s id a g i  2 - t e n g la m a d a  x 3, x4e R  d e b  o h b ,  q o lg a n  n o m a ’lu m la r -  
n i a n iq la y m iz :

(



í  1 4 
Xl =  5 *3 +  J * 4 ’

8 3
* 2  = 5 * 3  -  5 * 4 ;

_x3 , x 4 e  R .

D e m a k ,  b e r i lg a n  b ir  j in s l i  c h iz iq l i  t e n g la m a la r  s i s t e m a s in in g  
c h e k s iz  k o ‘p  y e c h im la r i  m a v ju d  b o ‘l ib ,  u m u m iy  y e c h im  q u y id a -

g i  k o ‘r in is h d a  b o ‘la d i: |  ̂  x 3 + 1  x 4 ; |  x 3 - 1  x 4 ; x 3 ; x 4 j , x 3 , x 4 e  R .

U m u m iy  y e c h im d a g i  x 3, x4e R  e r k li o ‘z g a r u v c h ila r g a  k a m id a  
b it t a s i  n o l d a n  fa r q li  q iy m a t la r  b e r a m iz .  M a s a la n ,  x 3= l ,  x 4= 0 ;  
x 3= 0 , x 4= l .

H o s i l  b o ‘lg a n  á , =  ( j ; - | ; l ; o j ,  ¿2 =  ( j ’ ~ j ’ 0 ; l )  y e c h i m l a r

y e c h i m l a r  t o ‘p l a m in i n g  ix t i y o r i y  y e c h i m i n i  c h i z i q l i  i f o d a la y -  
d i .  D e m a k ,  b e r i lg a n  b ir  j i n s l i  c h i z i q l i  t e n g l a m a l a r  s i s t e m a s i

y e c h im la r  t o ‘p la m in in g  f u n d a m e n t a l  s i s t e m a s i  ax -  ; 1; 0^, 

a2 =  v e k to r la r d a n  ib o r a t .

1 .  2 - s i s t e m a  1- s i s t e m a  u c h u n  n a tija  b o ‘l is h in i  te k sh ir in g :

[  x , - 3 x 2 + 4 x 3 + 2 x 4 = 1 ,
^  [2 X , +  4 x 2  - 3 x 3 +  3 x 4 =  - 1 ;

2 )  3 x j  +  x 2 +  x 3 +  5 x 4 =  0 .

[ 2 x j  + 4 x 2 - 3 x 3 +  3 x 4 = - 1 ,
^■2* ^  [ 3 x t +  x 2 +  2 x 3 -  x 4 =  0

2 )  — Xj +  3 x 2 - 5 3 + 4 x 4 = - 1 .

Í3 x , +  x 2 +  2 x 3 -  x 4 = 0 ,
1 .3 . 1 ) j i 2 x j  + 4 x 2  + 7 x 3 + 2 x 4 - 2 \

2 )  - 8 X ,  - 3 x 2 - 5 x 3 - 3 x 4 =  - 2 .
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1 .4 .

Зх, -  Зх2 -  6x3 -  x 4 = 1 ,
X, -  6 x 2 + 5x3 -  12jc4 =  2,

X, -  7 x 2 + x3 + 4 x 4 = 23,

Xj +  2 3 x 4 =  2 3 ,
- 2 x ,  - 7 x 2 - 2 x 3 + 2 x 4 = 14;

4x , - 9 x 2 - x 3 - 1 3 x 4 = 3 ,

I - X ,  -  1 4 x 2 -  x 3 +  6 x 4 =  3 7 .

6 x t - 5 x 3 + 2 x 4 = 4 1 ,
3xt + 5 x2 - x3 - 3 x4 = 1 1 ,
X, + 2 x 2  + 2 x 3 + 1 3 x 4 = 1 0 ,

2 x ,  +  4 x 2 +  x 3 -  x 4 = 3 ;

[3x, -  5 x 2 -  4 x 3 + 5 x 4 = 30,
-X, -  2x2 +  x 3 +  14x4 =  7.

2 .  Q u y id a g i  e l e m e n t a r  a lm a s h t i r i s h la r  y o r d a m id a  b e r i lg a n  
C H T S g a  t e n g  k u c h li  C H T S  h o s i l  b o ‘l i s h in i  isb o t la n g :

1) s i s t e m a d a g i  t e n g la m a la r  o ‘m in i  a lm a s h t ir is h ;
2) s i s t e m a n i  q a n d a y d ir  t e n g la m a s in in g  ik k a la  q is m in i  n o ld a n  

fa r q li s k a la r g a  k o ‘p a y tir ish ;
3 ) b ir  t e n g la m a n in g  ik k a la  q i s m ig a  s k a la r g a  k o ‘p a y t ir i lg a n  

b o s h q a  t e n g la m a n in g  m o s  q is m la r in i  q o 's h is h  y o k i  a y ir is h .
3 .  K r o n e k e r —K a p e l l i  t e o r e m a s i  y o r d a m id a  q u y id a g i  C H T S -  

la r in i t e k s h ir in g  v a  y e c h im la r  t o ‘p la m in i  a n iq la n g :

5xj + 4x2 + 3x3 = 1,

2x, + x2 + 4 x 3 = 1,
-3 x , - 2 x 2  — x3 = -1 , 

x¡ + Зхз + 2x3 = -2 .

3 .1 .

3 .2 .

X[ + 2 x 2 + 3 x 3 - 2 x 4 = 6 ,  

2 x t -  x 2 - 2 x 3 - 3 x 4 = 8 , 

3x, + 2 x 2 - x 3 + 2 x 4 = 4 ,  
2Xi -  3 x2 + 2 x 3 + x 4 =  -8 .
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3 .3 .

6x{ +  5x j +  2^3 +  4jc4 =  - 4 ,  

9 x j  +  x 2 +  4 x 3 - x 4 = - 1 ,

3 x ,  + 4 x 7 +  2 x ,  - 2 x , -5,
3 x , 9 x 2 +  2 x 4 = 1 1 .

3 .4 .

x x +  x 2 +  3 x 3 -  2 x 4 +  3 x 5 1,

4 .1 .

4 .2 .

2X ) +  2 x 2 +  4 x 3 -  x 4 +  3 x 5 =  2 , - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
3 x ,  + 3 x 2 + 5 x 3 - 2 x 4 + 3 x 5 = 1 ,
2 xj +  2 x 2 +  8x 3 -  3 x 4 +  9 x 5 =  2 .

4. X n in g  q a n d a y  q iym atlar id a  C H T S  h a m jo y li b o ‘lish in i aniq lang:

2 x i  -  x 2 +  3 x 3 +  4 x 4 =  5 ,
4 x ,  - 2 x 2 + 5 x 3 + 6 x 4 =  7 ,
6 x , - 3 x 2 + 7 x 3 + 8 x 4 = 9 ,
Xxx - 4 x 2 + 9 x 3 + 1 0 x 4 = 1 1 .

(A. +  3 ) Xj +  2 x 2 -  x 3 +  4 x 4 =  X,

X xx + ( X -  l ) x 2 +  2 x 3 -  x 4 = 2 ,
Xj +  3 x 2 -  x 3 + 1 l x 4 =  - 1 0 ,  
x t +  4 x 2 -  x 3 +  1 8 x 4 =  - 1 8 .

Xx{ +  X2 +  x 3 +  x 4 =  1, 
x ,  +  XX2 +  x 3 +  x 4 =  1 ,
Xj +  x 2 +  Ax3 +  x 4 = 1 ,
Xj +  X2 +  X3 M Xx4 =  1.

- X j  +  (1 +  ^ ) x 2 +  ( 2  -  A .)x3 +  Xx4 =  3 ,
A.X] -  x 2 + ( 2 - X ) x 3 + Xx4 = 2 ,
Xxx + X x 2 + ( 2 - X ) x 3 + A x 4 - 2 ,

A,Xj + A x 2 + ( 2 - X ) x 3 - x 4 = 2 .
5 .  Q u y id a g i  C H T S  la r in i m o s  u s u l  ta n la b  y e c h in g :

x - y  + z  + t  =  b ,

X  + y  - z + t  =  c ,  
x  + y  + z -  t  =  d .

4 .3 .

4 .4 .

5 .1
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a x  + b y  +  c z  + d t  =  p ,

5 .2 .
- b x  + a y  +  d z ~ c t  =  q ,  

- c x  - d y  +  a z  + b t  = r ,

- d x  +  c y  -  b z  + a t  = s.

x ,  + a , x 2 + . . .  +  a"~x x n = b i ,

5 .3 . x , + 02^2 + . . .  +  a 2" -'x„  =  b2 , ax * Ü 2 *  . . . ф а п .

X\ + a nx 2 +  ... +  < - ' x„ = b n ,

X, +  x 2 +  .. .  +  x„  = 1 ,  
a xx x + a 2x 2 + ... + a nx n - b ,

a $ x x +  (%x2 + . . .  +  a 2nx n = b 2 , ax *  02 *  an .

a x 'x j  + a $ 1x 2 + . . .  +  a¿~1x„ =  О " 1 ,

6 .  C H T S  n in g  u m u m iy  y e c h i m i  v a  b it t a  x u s u s iy  y e c h i m i n i
to p in g :

2 x x +  7 x 2 +  3 x 3 +  x 4 = 6 ,
6 . 1 . 3 x ,  + 5 x j  + 2 x 3 + 2 x 4 = 4 ,  

9 x j  +  4 x 2 +  x 3 +  7 x 4 =  2.

2 x !  -  ЗХ 2 +  5 * з  +  7 x 4 =  Ï ,
6 .2 . 4 x j  -  6 x 2 +  2 x 3 +  3 x 4 =  2 ,  

2 x ,  - 3 x 2 — 1 l x 3 - 1 5 x 4 =  1.

2 X] + 5 x 2 - 8x 3 =  8 ,

6 .3 .  ■
4 x ,  + 3 x 2 - 9 x 3 =  9 ,
2 x ,  + 3 x 2 - 5 x 3 =  7 ,
Xj +  8 x 2 -  7 x 3 =  12 .

3 x ,  +  2 x 2 +  2 x 3 +  2 x 4 =  2 ,  
2 x , + 3 x 2 + 2 x 3 + 5 x 4 = 3 ,

6 .4 .  ■ 9 x ,  + x 2 + 4 x 3 - 5 x 4 =  1, 
2 x ,  + 2 x j  + 3 x 3 +  4 x 4 = 5 ,  

7 x j  +  x 2 + 6 x 3 -  x 4 = 7 .



6 .5 .

6 .6 .

7 .

7 .1 . •

6 x ,  +  4 x 2 +  5 x 3 +  2 x 4 +  3 x 5 = 1 ,  
3 * !  +  2 jc2 +  4 x 3 +  x 4 +  2 x 5 =  3 ,

+  2 x 2 -  2 x 3 +  x 4 = 1 ,
9 x i  +  6 x 2 +  x 3 +  3 x 4 +  2 x 5 = 2 .

6 x , +  3 x 2 +  2 x 3 +  3 x 4 +  4 x 5 = 5 ,  
4 x t +  2 x 2 +  x 3 +  2 x 4 +  3 x 5 =  4 ,

<

4 x t +  2 x 2 + x 3 + 2 x 4 + 3 x 5 = 4 ,

4 x t +  2 x 2 +  3 x 3 +  2 x 4 +  x 5 = 0 ,

2 x ,  +  x 2 +  7 x 3 + 3 x 4 + 2 x 5 = 1 .

T e n g la m a la r sistem asin ing ye ch im la rin i G a u ss usu lida toping:

7 x j  - 3 x 2  - 2 x 4 =  - 1,
- x ,  +  3 x 2 -  2 x 3 +  x 4 =  - 6 ,  

l2 x-, +  2x> +  13x„ = 1 4 .

7 .2 .

7.3.

7.4.

7 .5 .

2 x 2 + 2 x 3 + 1 3 x 4 =  1 4 ,
2 x j  - 4 x 2 - 3 x 3 + 2 x 4 = - 3 .

'3 x ,  + 4 x 2 +  2 x 3 - x 4 =  - 1 ,  
- x ,  + 4 x 2 - x 3 + 3 x 4 = - 1 3 ,  
- 3 x ,  + 2 x *  + 3 x 3 + x 4 = 1 0 ,  
2 2 x j  -  5 x 2 +  7 x 3 -  2 x 4 =  2 0 .

3 x ,  -  8x 2 +  x 3 +  4 x 4 =  - 5 ,  
Xj - 7 x 2 + 2 x 3 + 1 4 x 4 = 3 ,  

- x ,  -  *2 -  4 x 3 +  5 x 4 =  1 3 .

- 4 x ,  + 3 x 2  +  x 3 ~ 2 x 4 =  0 ,  
2 x , +  x 2 -  3 x 3 +  3 x 4 =  6 , 

x ,  -  3x2 +  2 x 3 +  5 x 4 =  1 0 ,  
x , -  x 2 -  6 x 3 +  2 x 4 =  1.

x ,  - 1 3 x 2 + x 3 - 3 x 4 = 0 ,

X j -  x 2 -  5 x 3 +  3 x 4 =  1,

3 x , + X 2 + 2 x 3 — 1 l x 4 = 1 0 ,  
x , -  4x2  -  3 x 3 +  2 x 4 =  0.
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7 .6 .

7 .7 .

3x, + 3 xj - 6 jc3 - 2 x 4 =  -1 ,  

6x , + я* -  2x4 = - 2 ,

6x) - 7 x ;  + 21x3 + 4x,, = 3 .  

9xx + 4x2 -  x3 + 4 x 4 =  3.

l l x ,  -  5 x 3 +  2 x 4 =  5 ,
3X] -  4 x 2 — x 3 =  - 1 ,
X, + 2 x 2 - 1 2 x 3 +  1 3 x 4 = 7 ,  
5X] - 4 x 2 + 3 x 3 - 2 x 4 = 2 0 .

7 .8 .

5 x ,  - 1 3 x 2 +  x 3 +  2 3 x 4 = 1 1 ,
X, +  3 x 2 -  5 x 3 +  3 x 4 =  1 ,
1 3 x , +  x 2 +  2 x 3 - 1  l x 4 =  0 ,
1 2 x } +  4 x 2 -  1 7 x 3 +  2 x 4 =  2 0 .

8 .  Q u y id a g i  C H T S n in g  u m u m iy  y e c h im in i  v a  y e c h im la r  f u n ­
d a m e n ta l  s is t e m a s in i  to p in g :

[ 3 x ,  - 3 x 2  + 1 7 x 3 - 2 5 x 4 + 7 x 5 = 0 ,
|x ,  + 2 x j  - 7 x 3 + x 4 - l l x 5 = 0 .

X, +  4 x 2 +  2 x 3 -  3 x 5 =  0 ,
2 x ,  +  9 x 2 + 5 x 3 + 2 x 4 + x 5 = 0 ,
X, +  ЗХ 2 +  x 3 -  2 *4 -  9 x 5 =  0 .

X, -  3 x 2 +  2 x 3 +  x 4 = 0 ,
- X ,  -  x 2 +  2 x 3 +  4 x 4 -  0 ,
4 x ,  + 3 x 2

8 .1 .

8 .2 .

8 .3 .

8 .4 .

8 .5 .

4 x 3 +  x 4 = 0 .

2 x ,  - 5 x 2 + 4 x 3 + 3 x 4 = 0 ,
3X | - 4 x 2 + 7 x 3 + 5 x 4 = 0 ,

4X [ - 9 x 2 + 8x 3 +  5 x 4 = 0 ,
- 3 x ,  + 2 x 2 - 5 x 3 +  3 x 4 =  0 .

[ - 5 x ,  + 1 3 x 2 - 3 x 3 - 2 5 x 4 + 6x 5 = 0 ,  
[ 2 x ,  - 7 x 2 4-X 3 - l l x 5 = 0 .
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8 .6 . *

X, +  X2 +  X3 +  x 4 +  x 5 =  0 ,
3 x ,  +  2 x 2 +  x 3 +  x 4 -  3 x 5 =  0 ,  
x 2 +  2 x 3 +  2 x 4 +  6 x 5 =  0 ,
5 x x +  4 x 2 +  3 x 3 +  3 x 4 -  x 5 = 0 .

- 9 x j  +  3 x 2 -  x 3 +  4 x 4 =  0 ,
8 .7 .  •

8 .8 . |

4 x ,  -  x 2 +  2 x 3 - 5 x 4 -  0 ,
- 8xj + 2 x j  - 3 x 3 + 1 5 x 4 = 0 .

Xxx 4- XX2 +  Xx3 +  Xx4 =  0 ,
2 X x , +  3 A x , +  4 A x , +  5?tX4 =  0 .

oo 
oo

 

p

2 5 x ,  + 1 3 x j  — x 3 +  3 x 4 = 0 ,
- 1 3 x j  - 4 x 2 + x 3 - 5 x 4 = 0 ,

2 x x +  3 2 x j  ~  3*3 -  1 5 x 4 =  0 .

- 4 x j  +  (2  +  2 A ,)x2 +  2X x3 + 2X x4 =  0 , 
XjCj +  (1  +  X ) x 2 +  Xx3 +  Ax4 =  0 ,<
A,Xj + ( 1  +  X ) x 2 - 2 x 3 + A x 4 =  0 ,
- A x ,  -  (1  +  X ) x 2 -  Xx3 -  ( 2  -  2 A .)x 4 =  0 .

[?^] Takrorlash uchun savollar

1 . n  ta  n o m a ’lu m li  m  ta  c h iz iq l i  t e n g la m a la r  s is t e m a s i  d e b  n i -  
m a g a  a y tila d i?

2 . C H T S n in g  y e c h im i  d e b  n im a g a  a y t ila d i?
3. H a m j o y l i ,  h a m j o y l i  b o ‘lm a g a n  C H T S g a  t a ’r i f  b e r in g .
4 . C H T S n in g  n a t ija s ig a  t a ’r i f  b e r in g .
5 . C H T S n in g  c h iz iq l i  k o m b in a t s iy a s i  n im a ?
6 . T e n g  k u c h li  C H T S la r ig a  t a ’r i f  b e r in g .
7 . C H T S n i  e le m e n ta r  a lm a s h tir ish la r  d e g a n d a  q a n d a y  a lm a s h -  

t ir is h la r  tu s h u n i la d i?
8 . K r o n e k e r —K a p e ll i  t e o r e m a s in i  b a y o n  e t in g .
9 . B ir  j in s l i  C H T S  d e b  q a n d a y  s is te m a g a  a y t ila d i?



1 0 . C H T S  v a  u n g a  a s s o t s ir la n g a n  B C H T S  y e c h im la r  y ig ‘in -  
d is i ,  a y ir m a s i q a n d a y  s is te m a g a  y e c h im  b o ‘la d i?

1 1 . B C H T S  y e c h im la r  t o ‘p la m i  v e k to r  f a z o  t a s h k i l  e t i s h in i  
t u s h u n t ir in g .

1 2 . B C H T S n i n g  f u n d a m e n t a l  y e c h im la r i  s i s t e m a s ig a  t a ’r i f  
b e r in g .

13 . C H T S n i  y e c h i s h n in g  G a u s s  u s u lin i  tu s h u n t ir in g .



V I  M O D U L .  MATRITSALAR

•  »  ♦  I.

16-§. Matritsalar va ular ustída amallar

j  Asosiy tushunchalar: k v a d r a t m a tr its a , m a tr i t s a la m i q o ‘s h i s h ,
s k a la m i  m a tr its a g a  k o ‘p a y t ir is h , m a tr itsa la r  k o ‘p a y t m a s i ,  t e s -
k a r ila n u v ch i m a tr itsa , e le m e n ta r  m a tr itsa , m a tr itsa li te n g la m a .

F  =  < F \ + , - , - , ~ x , 0 , 1  >  m a y d o n  v a  m a y d o n  u s t id a  m a tr it s a ­
la r  t o ‘p la m i  b e r i lg a n  b o ‘l s in . Q u y id a g i  m u n o s a b a t la r n i  a n iq la y -  
m iz :

V A, B & F mXn = > A = B  o  a y = b ¡ /  =  1 , m ; j = 1 , n.

V A ,B  e  F m*n, A + B = C ,  C e F mXn.

V A  g  F mXn a  V a G F = > c o a ( A )  =  a A  =  B e F m*n.

V A  g  F mXn, V B  g  F nXk=> A  ■ B = C ,  C e F mXk.

A  B j  =  an b y +  aa  b2j+  -  + a inbn) =  cij> / = 1 ’ -  « / M .  k-
S h u n d a y  X  v a  A  n - ta r t ib l i  k v a d ra t m a tr itsa la r  b e r i lg a n  b o ‘l ib ,  

u la r  u c h u n  XA  =  A X  =  E  ( E  — « - t a r t ib l i  b ir l ik  m a t r i t s a )  s h a r t  
b a ja r ilsa , u  h o ld a  X  m a tr its a g a  A  m a tr itsa g a  teskari  m atr itsa  d e y i-  
la d i v a  A  k o ‘r in is h d a  b e lg i la n a d i.

T e s k a r i m a tr its a g a  e g a  m a tr its a  teskarilanuvch i m atritsa  d e y i -  
lad i.

B ir lik  m a tr it s a d a n  q u y id a g i  e le m e n ta r  a lm a s h t ir is h la m in g  b ir i  
y o r d a m id a  h o s i l  q i l in g a n  m a tr its a  e lem en ta r  m atritsa  d e y ila d i:

1) b ir l ik  m a tr it s a  sa tr i ( u s t u n i ) n i  n o ld a n  fa r q li s k a la r g a  k o ‘ -  
p a y t ir is h ;

2) b ir lik  m a tr itsa  b ir o r -b ir  sa tri (u s tu n i)  g a  n o ld a n  farq li sk a la r­
g a  k o ‘p a y t ir i lg a n  sa tr  ( u s t u n ) n i  q o ‘s h is h  y o k i  a y ir is h .

E  b ir l ik  m a tr i t s a d a  b a ja r i lg a n  <p sa tr  e l e m e n t a r  a lm a s h t ir i s h
1)  y o k i  2 ) k o ‘r in is h d a g i  e le m e n t a r  a lm a s h t ir is h  b o ‘l s a ,  u  h o ld a  
h o s i l  b o ‘lg a n  e le m e n t a r  m a tr it s a n i  E  k o ‘r in is h d a  b e lg i la y m iz .

A g a r  A  k v a d r a t  m a t r i t s a n i  e l e m e n t a r  a lm a s h t ir i s h la r  z a n j ir i  
( k e t m a - k e t  b a ja r ilg a n  e le m e n t a r  a lm a s h t ir is h la r )  b ir lik  m a tr it s a g a
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o ‘t k a z s a ,  u  h o ld a  A  m a tr i t s a  t e s k a r i la n u v c h i  v a  b a ja r i lg a n  e l e ­
m e n t a r  a lm a s h t ir is h la r  z a n jir i E  m a tr it s a n i  A  m a tr itsa g a  k e lt i -
r a d i. Y a ’n i  A  g  F nxn m a tr it s a g a  te s k a r i m a tr it s a n i  t o p i s h  u c h u n

"«li «12 ‘ " « 1« 1 0 • • 0 "

ta r t ib i n x 2 n  b o ‘lg a n  A \ E  = «21 «22 ' " «2„ 0 1 • • 0

K a n \ ««2 • «nn 0 0 • • K

m a t r i t s a n i  e l e m e n t a r  a lm a s h t i r i s h l a r  z a n j ir i  y o r d a m id a

= E  \ B  k o ‘r in i s h g a  k e l t i r a -

^1 0 • • 0 Al b\2 ■•• 4 /

0 1 • • 0 ¿21 ¿22 A «

, 0
0 • • 1 K i A j2 '•• K n ,

m iz .  H o s i l  b o ‘lg a n  B  m a tr its a  b e r i lg a n  A  m a tr itsa g a  te sk a r i m a t ­
ritsa .

R  m a y d o n  u s t id a  n ta  n o m a ’l u m l i  n ta  c h iz iq l i  t e n g la m a la r  
s is t e m a s i

«11*1 +  «12*2 +  •••+ «!„*« =  A »

«21*1 + « 2 2 * 2  +  -  +  «2«*«

«„1*1 +  «„2*2 +  ••■ +  «„„*« =  K

k o ‘r in is h d a  b e r i lg a n  b o ‘ls in .
Q u y id a g i b e lg i la s h la m i  k ir ita m iz :

"«ii

«21

«12 •

«22 •

•• « i /  

•• «2n
, B  =

A
, x  =

*2

^«nl ««2 • «nn , kK  , v*n.

U  h o ld a  b e r i lg a n  C H T S n i  m a t r it s a l i  t e n g la m a , y a ’n i A X = B  

k o ‘r in is h d a  y o z i s h  m u m k in .
A g a r  A  m a tr its a n in g  sa tr lar i c h iz iq l i  erk li b o ‘lsa , u  h o ld a  A 'B  

v e k to r  A X  =  B  t e n g la m a n in g  y a g o n a  y e c h im i  b o ‘la d i.



L e k in  m a tr its a li  t e n g la m a  fa q a t  C H T S  y o r d a m id a  h o s i l  q i l in -  
m a y d i .  B a lk i  A , B  m a t r i t s a la r  b e r i lg a n  b o ‘ls a  A  • X  =  B  y o k i  
X -  Z  =  B  k o ‘r in is h d a g i  m a t r i t s a l i  t e n g la m a la r n i ;  A, B , C  m a t ­
r itsa lar  b e r ilg a n  b o 'ls a ,  A ■ X  ■ B  =  C  k o ‘r in ish d a g i m a tr itsa li  t e n g -  
la m a la m i t u z i s h  m u m k in  b o ‘ls a ,  u la m i  y e c h is h  u c h u n  o ‘z g a r u v -  
c h in in g  c h a p  y o k i  o ‘n g  t o m o n i d a g i  A  m a tr i t s a  t e s k a r i la n u v c h i  
b o ' ls a ,  u n in g  y e c h im i  A  ~l B  y o k i  B  A~h k o ‘r in ish d a ;  o ‘z g a r u v c h i-  
n in g  o ‘n g  v a  c h a p  t o m o n id a g i  A  v a  B  la r  te s k a r ila n u v c h i  b o ‘ls a ,  
X  =  A~' C  B~l k o ‘r in is h d a  b o ‘la d i.

r 1 2 3 ^
1 - m is o L  A  = 4 1 - 1 v a  f ( x )  =  3 x - x 2 + 4  b e r i lg a n-M. m M m> I  kj 1/  •

- 2 1 0

b o ‘Isa, /  (A)  n i  h is o b la n g .

Yechish . f  ( A )  =  3  ■ A  -  A 2 +  4  n i  h is o b la s h  u c h u n  3  A, A 2 v a  
4  E  m a t r i t s a la m i a n iq la y m iz :

'  1 2 3 " " 3 6 9 '
1) 3 A --3- 4 1 -1 = 12 3 - -3 9

1 - 2 1 o j . - 6 3 0^

'  1 2 3 N2
f  1 2 3 N ' 1 2 3 N

2) A 2 = 4 1 - 1 — 4 1 - 1 4 1 - 1
, - 2 1 o j 2 1 o j - 2 1 o j

"1  +  8 - 6 2  +  2  +  3 3 - 2 N " 3 7 1
4  +  4  +  2 4  +  1 - 1 1 2 - 1 = 10 4 11 ’

[  - 2  +  4 - 4  +  1 - 6 - l J u - 3 - 7

f  1 0 0^ '4 0 0 "
3 )  4 - e  = 4- 0 1 0 = 0 4 0

1° 0 K . 0 0 4 j
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'  3 6 9  ' ' 3  7  Г
4 )  f ( A )  =  3 - A - A 2 +  4  = 12 3 - 3 - 10  4  11 +

, - 6  3  0 , c 2 _ ^ - 7 j

' 4 - 1 8 ' 4 - 1 8 N
+ 2 3 -1 4 = 2 3 -1 4

1 -8 6 1 1 , 1 -8 6 H  J

2 -m iso l .  A -

r I 1 Ол 
2 - 1  1 
4  3 2

m a tr itsa ga  tesk ari A  1 m a tr itsa n i to p in g .

Yechish.  1 ) B e r ilg a n  m a tr it s a n in g  t e s k a r i la n u v c h i  e k a n l ig in i ,  
y a ’n i  r (A )= 3  e k a n l ig in i  te k s h ir ib  o la m iz :

( \ 1 0N a 1 0̂ a 1 02
2 - 1 1 ~ 0 - 3 1 - 0 -1 2

I 4 3 2 j l o - 1 2 j l o 0 -V
D e m a k ,  г {А )= Ъ  e k a n ,  y a ’n i  m a t r i t s a  c h i z i q l i  e r k l i  v a  s h u  

sa b a b li t e s k a r i la n u v c h i .
2 ) T esk a r i m a tr itsa n i e le m e n ta r  m a tr itsa la r  y o r d a m id a  to p a m iz :

f  1 1 0 1 0 o ' "1 1 0 1 0 0"
2 - 1 1 0 1 0 ~ 0 - 3 1 - 2 1 0
4V 3 2 0 0 i j 0\ - 1 2 - 4 0 1У

Г1 1 0 1 0 o '

f

1 1 0 1 0
N

0
0 - 1 2 - 4 0 1 ~ 0 1 -2 4 0 - 1

1 ° 0 - 5 10 1 - 3 j 0 0 1 -2 1
5

3
5 J

/
1 i 0 1 0

>

0
С

1 0 0 1 2
5

n
5

0 i 0 0 2
5

1
5

~ 0 1 0 0 2
5

1
5

0
V

0 1 - 2
1
5

3
5)

0 0 1 - 2
1
5

3
5 J
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T e s k a r i  m a tr itsa  t o ‘g ‘ r i  t o p ilg a n lig ig a  te k s h ir is h  n a t ija s id a  

ish o n c h  h o s il q ila m iz .

T e k s h i r i s h :

П
"1 1 ( f 5 5 1 0  0 '

2 - 1  1
°  \

0 1 0
J J

— i— 3—

оQ
y

D e m a k , A~l

1

0

- 2

1Л
5

V / ?  Misol va mashqlar

1 . M a tr it s a la m i q o ‘s h is h  a m a lin in g  q u y id a g i x o s s a la r in i  i s b o t -  
lan g :

1 .1 . V A ,B  e  F mX” ^  A  +  В =  В +  A  (k o m m u ta t iv l ik ) .
1 .2 . У A, B, C < = F mXn => ( A + B ) + C = A + ( B  + Q  (a s so ts ia tiv lik ) .

1 .3 . У A  e  F  mXn, 3 X e F  mXn => A  +  X  =  A  ( X = 0  -  n e y tr a l) .
1 .4 . У A  g  F mX\  3 A ' & F mXn => A + A  ' =  0  (A  ' =  - A  -  s i m -  

m e tr ik ) .
2 .  S k a la r n i  m a tr i t s a g a  k o ‘p a y t ir i s h n in g  q u y id a g i  x o s s a la r in i  

isb o t la n g :
2 .1 .  У A  g  F  mXn л  У a ,  ß e f ^ >  ( a + ß M  =  оiA +  ß A
2 .2 .  У A  g  F  mxn л  V a ,  ß e  F  => ( a  • $ )A  =  a ( ß ^ ) .
2 .3 .  У  A ,  В  e  F  тХпл  V a  e  F  => a  ( A + B )  =  a  • A + a  • B.

2 .4 . У A  g  F  тХпл  < r > a < = F ^ > a  A  =  A a .

3 .  / (A)  n i  h is o b la n g :
f - \  9Л

5  2 .
3 . 1 . Д х )  =  x 3 +  4 x ;  A  =
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3 .2 .  / (  x )  =  x 2 +  2 4 х  + 7 ;  A  =

-2  20 1'
6  - 4  3

- 7 ------ S— 0

3 .3 . / ( x )  =  —З х 3 +  15.x2 — 2 x  + 1 ;  A  =

3 .4 . /  ( x )  =  - 4 X 3 +  2 5 x  + 9 ;  A  =

/

r - 2  3 '

v - 1  0 /

A 7 - 1  Г  
2  6 3 

- 1  2  5

4 .  M a t r i t s a la m i  k o ‘p a y t ir is h  a m a l in in g  q u y id a g i  x o s s a la r in i  
isb o t la n g :

1. З А  ■ B e F m^k A 3 B -  C e  F kxs I A -  В )  - C —A  ■ ( B  - Q

(a s s o t s ia t iv l ik ) .
2 . Л е Г х" л У 5 , С е Г х* = > Л - ( г + С )  =  A  • Я + Л  • С  

( y ig ‘in d in i  c h a p d a n  k o ‘p a y t ir is h ) .
3 . W l ,  B e F mXn A V C  e  / ,"x* => ( Л + Я )  • С  =  А  - С  +  В  - С  

( y ig ‘in d in i  o ‘n g d a n  k o 'p a y t ir is h ) .
4 . V a e F ,  \ / A e F mXn, W B e F nXk => a  • (A  • B) =  ( a  • A )  • Ä
5. Q u y id a g i  m a tr it s a la r  k o ‘p a y tm a s in i  to p in g :

^5 2  - 7  3 л

5 . 1 . Л  =  ( 0  1 0  0 ) ,  В  =  °9 ^

2 - 1  3  4 .

Æ B =  ?

5 .2 . Л  =

5 .3 .  А  =

"21 22 2 3 2 4 ' ' Г
2 5 2 6 2 7 2 8

, B  =
- 1

2 9 3 0 31 3 2 - 1
, 3 3 3 4 3 5 3 7 y

, A B  =  ?

/ c o s a  - s i n  а 4
v s i n a  c o s a

, B  =
c o s ß  - c o s ß  
s in ß  c o s ß

A B  =  ? BA =  ?
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5 .4 . А

5 .5  , А  =

- 2  3 0  1 
1 1 2 - 1

'2 3 0  -1 '
a  i— i з  
9  - 1 1  - з  о

,в =
г  2 0 Л

1 - 1  
- 1  2
1 3

, А В  =  ? В А  =  ?

У

, В  =

12 - 6  2  
18 - 9  3  
24 - 1 2  4

, С
^ 1 1  л

42-

V 3 0 ,
, ( А В ) С  =  Т

r r "3"
5 .6 .  A = 6

À

, -ß = (5 3  22  - 3 5 ) ,  С = - 4 , D = ( 2 - 3  - 1  ) ,A B C D = ?

6. H isoblang: 

л 2 _!N "  

3 - 2
6 .1 .

6 .3 . cos а  -  sin  а  
^ s in a  c o s a  y

6 .2 .

6 .4 .

^2 1Л” 
0 2

"1 0 0
0 2 0

6 .5 . 0 0 3
, 0 0 0

У
у

/

6 .6 .

о  о
о  о
0 cos а  0

cos а  0 0

О s in a Ÿ ” 
sin а  О 

О 
О

7 . B e r i lg a n  i i i a h i h a  b i la n  k o m m u t a t iv  b o ' lg a n  m a t r i t s a la m i  
a n iq la n g :

7 .1 .

7 .3 .

1 0 
l  1 .

( 7  - З л

7 .2 .

7 .4 .

V

1  2 '
3 4

^3 1 0^
0  3 1

v 0  0  3.

"0 1 °1 n 0 0"
7 .5 . 0 0 1 7 .6 . 0 2 0

lo 0 oj lo 0 3J
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7 .7 .
"1 0  r  

0 1 0 7 .8 .

"0 1 0  0^ 
0  0  1 0

o
0  0  0  r  

, 0  0  0  0 ,

8 .  R  m a y d o n d a
1 a

0 1
k o ‘r in i s h d a g i  m a t r i t s a la r  t o ep la m i

m u lt ip l ik a t iv  g r u p p a  ta s h k il  e t i s h in i  v a  u n in g  h a q iq iy  s o n la r  a d ­

d it iv  g r u p p a s ig a  iz o m o r f l ig in i  is b o t la n g .

9 .  R  m a y d o n d a
a +  bi c  + d i  

c -  d i  a -  bi
k o ‘r i n i s h d a g i  m a t r i t s a la r

t o ‘p l a m i  n o l n i n g  b o ‘l u v c h i la r ig a  e g a  b o ' l m a g a n  h a lq a  t a s h k i l  
e t i s h in i  is b o t la n g .

' i b  x
1 0 .  Q  m a y d o n d a k o ‘r i n i s h d a g i  m a t r i t s a la r

-b  a - b ,
t o ‘p la m i k o m m u ta t iv  h a lq a  ta s h k i l  e t i s h in i  i s b o t la n g .

1 1 .  T e s k a r i m a tr i t s a la m in g  q u y id a g i x o s s a la r in i  is b o t la n g :
1 ) ( A ~ lr l = A ;
2) (A B  f 1 =  B ~ lA  _1;
3 )  (A T)~ l =  ( A ~ l) T.

1 2 .  Q u y id a g i  m a tr i t s a la m in g  te s k a r is in i  to p in g :

1 2 .1 .

1 2 .3 .

1 2 .5 .

f 4 3 N

2 /
12.2. C

b' 

d)
•

f ~ l -1 r "3 -4 5 >
2 0 - 3 12.4. 2 - 3 1

u 1 0 , 13 - 5 - K

"2 0 0  0 f l 1 1 n
3 2 0  0

12.6.
1 1 -1 - 1

1 1 3 4 1 -1 1 - 1

, 2 -1 2  3 l l l -1 -1 K
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(1 1 1 Г '1 a я2 я3 ... an Л

0 1 1 . . . 1 0 1 a a2 ... a"-1
12.7. 0 0 1 . . . 1 12.8. 0 0 1 a . . .  (f~2

[o 0 0 b lo 0 0 0 1 J

' 2 -1 0 0 . . .  0^

-1 2 -1 0 . . .  0

12.9. 0 -1 2 -1 . . .  0 •

, 0 0 0 0 . . .  2)

"1 +  ûj 1 1 . 1 4
0 1 + 1 1

1 2 .1 0 . 0 0 1 +  Oj . 1

,  0 0 0  . • 1 +  4 , ,
1 3 .  I x t iy o i iy  A  k v a d r a t m a tr its a  u c h u n  q u y id a g i  sh a r t la r  te n g  

k u c h li  e k a n l ig in i  is b o t la n g :
1 )  A  m a tr its a  t e s k a r i la n u v c h i;
2 )  A  m a tr it s a n in g  sa tr la r i (u s tu n la r i)  c h iz iq l i  e rk li.
1 4 .  Q u y id a g i  m a tr it s a li  t e n g la m a la m i  y c c h in g :

1 4 .1 .

1 4 .2 .

'3 5 s)
X  -

"1 2 '

u 4y u 4y

(1 2 '
X  =

'3 5 1
4 j 13 9 j

1 4 .3 . X f l - 3 ' "3 2 '

U - 6 , l l 4 j

1 4 .4 .  X
'3  2"

6  4 ,

' - 3  - 2 '
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1 4 .5 .

1 4 .6 .

3  - 2V

"з

1.5

n  у ( - 5  1Л

2 3
"1
u

- О
- 3

- 2
П / 5  6^

7 8
4 4  1 6 N 

9  1 0 ,

f  1 2 -3' Í  1 -3 o '
1 4 .7 . 3 2 -A X  = 10 2 7

12 - 1 o , l io 7 8j

1 4 .8 .
-3  0

1Л
о
4

2 0 1\2

- 3  о  
1 1

1 4 .9 . X

' 5
1

3 1 л 
“  - 2  

- 5  2  1

Г - 8  3  0 Л 
- 5  9  0  
- 2  15  0

f 4
0 г f l 1 Г

1 4 .1 0 . X 0 0 1 = 1 1 1

l l 1 I 2 2J

"2 - 3 Г 9 7 61 r 2 0 - 2 '
1 4 .1 1 . 4 - 5 2 X 1 1 2 = 18 12 9 .

15 - 7 3 , H 1 К <23 15 i l  ;

f l 3 2 - 5 ) "0 1 l Г "3 2 1 - П
0 1 - 2 I 1 0 I 1 i 2 0 3

1 4 .1 2 . —
0 0 1 3 1 1 0  1 0  - -2 1 0

lo 0 0 1 l l i 1 o j l l  - -1 2 - 2 j

1 5 .  Q u y id a g i  t e n g la m a la r  s i s t e m a s in i  m a tr it s a l i  t e n g la m a g a  
k e lt ir ib  y e c h in g :

- j c 2 +  x 3 =  6 , 5 * !  -  4 * 2  +  2 x 3 =  - 9 ,
1 5 .1 . - 2 x ,  +  x 2 +  x 3 = 3 ,  1 5 .2 . • 3 ;t, -  2 x 2 +  лг3 = 3 ,

jc, +  x 2 +  2 x 3 =  5 . lO x j -  9 x 2 +  2 jc3 =  7 .

1 2 5



2 * , + 5*2 + 4*3  + * 4 = 2 0 ,

15 .3 .
* ( + 3*2 + 2 * 3  + * 4 = 1 1 ,

2 * j  + 1 0*2  + 9* з  + 7*4  = 40 , 

3 * j + 8*2  + 9 * з  + 2 * 4  = 3 7 .

3 * j + 5*2 -  3* з + 2 * 4 = 12,

15.4.
4 * j  -  2*2  + 5*з + 3 * 4 = 27 , 

7*2 + 8 *2  — * 3 + 5 * 4  = 4 0 ,  

6 * t + 4*2  + 5* з + 3*4 = 41 .

2 * !  + 2 * 2  — *3 + * 4  = 4 ,

3 * ! + 4*2  -  *3 + 2*4  = 6 , 

5 * j + 8*2  - 3 * з  + 4 * 4  = 1 2 , 

3 * ! + 3 * 2  - 2 * 3  + 2 * 4  = 6 .

6 *, + *2 + 4*3 -  *4 = 6 ,

15 .5 . •

15 .6 . •
7*J + *2 + 3*3 + *4 = - 3 ,  

5*J + *2  + 2 * 3  — *4  = 0 ,  

9 * ! + 2 * 2  + 5 *3  - 2 * 4  = 0 .

3 * j -  *2 + *3 -  4* 4  = 3,

15 .7 . •
3 * j — *2 + 2 * 3  - 2 * 4  = 3 ,

5* ! -  *2 + *3 -  4* 4  = - 1 ,  

l l * j  - 3 * 2  + 2 * 3  - 5 * 4  = - 2 .

5 * i  +  2 * 2 -  * з  + 3 х 4 + 2 * 5 = 0 ,
4 * ,  -  7 * з  =  0 ,

15 .8 . ] 2 * j  + 3 * 2  - 7 * з  + 5 * 4  + 3 * 5  = 2 ,

2 * !  + 3*2 -  6 *з + 4 * 4  + 5 * 5 = 0 ,

3 * ,  - 4 * з  =  0 .

16. Q u y id a g i  m a tr its a li  t e n g la m a la r  s i s t e m a s in i  y e c h in g :

16 .1 . X  + Y
"1 г (1 0̂, 2X + 37 =,0 I j lo i j
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í  n  1 \  / n  TA
1 6 .2 . 2 X - Y  =

O 1

- 1  O
, - 4 X  +  2 Y  =

O - 2

2  O

V . Takrorlash uchun savollar

1. K v a d r a í m a tr it s a  v a  u n in g  tu rlar i.
2 . M a tr it s a la m i q o ‘s h is h  va  u n in g  x o s s a la r i.
3 . S k a la m i m a tr it s a g a  k o ‘p a y tir ish  v a  u n in g  x o s s a la r i.
4 . M a tr it s a la m i k o ‘p a y tir ish  va  u n in g  x o s s a la r i .
5 . T e s k a r ila n u v c h i  m a tr itsa  d e b  q a n d a y  m a tr its a g a  a y t ila d i?
6 . E le m e n ta r  m a tr its a la r  x o s s a la r in i a y t in g .
7 . T e s k a r i  m a t r i t s a n i  t a ’r i f  a s o s id a  t o p i s h  j a r a y o n in i  b a y o n  

q ilin g .
8 . M a tr it s a n in g  te s k a r i la n is h  s h a r t la r in i a y t in g .
9 . T e s k a r i m a tr it s a n i  e le m e n ta r  m a tr its a la r d a n  fo y d a la n ib  t o ­

p is h  ja r a y o n in i  tu s h u n t ir in g .
1 0 . C H T S n in g  m a tr its a li  ifo d a s i  q a n d a y  h o s i l  q ilin a d i?
1 1 . M a tr it s a l i  t e n g la m a la m in g  q a n d a y  k o ‘r in is h la r in i b i la s iz ?
1 2 . M a tr it s a l i  t e n g la m a n i  y e c h is h  ja r a y o n in i  b a y o n  q ilin g .

127



J  Asosiy tushunchalar: я -d a r a ja li  o ‘m ig a  q o ‘y is h , я -d a r a ja li  

s im m e tr ik  g ru p p a , in v e rs iy a , ju ft  o ‘m ig a  q o ‘y ish , to q  o ‘m ig a  

q o ‘y is h , tra n sp o z its iy a , o ‘m ig a  q o ‘y is h n in g  ish o ra si.

А = { \,2 ,Ъ ,...,п )  to ‘p la m n i o ‘z ig a  b iy e k t iv  a k s la n t ir is h  я -d a ra -  

ja l i  o ‘m ig a  q o ‘y ish  d e y ila d i.

A  to ‘p la m d a  a n iq la n g a n  ф o ‘m ig a  q o ‘y ish

q> =
ЧФ(1) ф (2) ... ф (л)>

k o ‘r in is h d a  b e lg ila n a d i. A g a r  ф v a  ф  o ‘m ig a  q o ‘y is h la rd a  i k= jk 

( к  = 1 , я )  b o ‘lsa , u  h o ld a  ф va  ф  o ‘m ig a  q o ‘y is h la r  o ‘za ro  teng 

d eyilad i.

Ф va  y  o ‘m ig a  qo ‘y is h la r  к о  ‘p a y tm as i deb ф v a  ф  a k s la n t ir is h -

la r k o m p o z its iy a s i ф ф ( )  =  ф ( ф ( / ) ) ,  i  = 1 g a  a y t ila d i, y a ’n i

'  1 2 Г v ( i ) Ф (2 )  ... ¥ (я) '
ф-ф = ф.

,Ф(1) ф (2) v ( « ) J чф( ф (1» ф( ф(2)) ... ф(у(«))>

A  t o ‘p la m d a n  o l in g a n  ф o ‘m ig a  q o ‘y is h g a  te s k a r i o ‘m ig a  

qo y is h  d eb

Ф =
ф(1) ф (2) ... ф (л)>i

1 я  )

1
q r l ( 2 )  . . .  ф - ' ( я ) .

o ‘m ig a  q o ‘y ish g a  a y tila d i.

A  t o ‘p la m n in g  h a r  b ir  e le m e n t in i sh u  e le m e n tn in g  o ‘z ig a  

o ‘ t k a z u v c h i  e a k s la n t ir is h  a y n iy  o ‘m ig a  qo “y is h  d e y i la d i  va  u

e =
1 2

1 2
k o ‘r in is h d a  b e lg ila n a d i.
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<S„', '» ’ >  g r u p p a  n - d a r a ja l i  s im m etr ik  gruppa  d e y i la d i  v a  u  
Sn o rq a li b e lg i la n a d i.

Ф =
1 2  

c p (l)  ф ( 2 )
n  

ф ( л )
0 ‘m ig a  q o ‘y is h d a  A = { l , 2 , 3 , . . . , n }

t o ‘p la m n in g  ix t iy o r iy  i, j  e le m e n tla r id a n  tu z ilg a n  ju ft lik  u c h u n  i —j  

v a  ф(/) — ф (J) a y ir m a la r  b ir  x i l  i s h o r a g a  e g a  b o ‘l s a ,  b u  j u f t l ik  
t o ‘g ‘ri, b ir  x il  is h o r a g a  e g a  b o ‘ Im a sa , t o ‘g ‘ri e m a s  y o k i  invers iya  

ta s h k i l  e ta d i  d e y i la d i .  0 ‘r n ig a  q o ‘y is h d a  in v e r s iy a la r  s o n i  ju f t  
( t o q )  b o ‘ls a ,  o ‘m ig a  q o ‘y is h  j u f t  ( toq) o ‘m ig a  q o ÿ i s h  d e y ila d i .

0 ‘m ig a  q o ‘y is h d a  s h u n d a y  i, j  e le m e n t la r  m a v ju d  b o ‘l ib ,  u la r  
u c h u n  ф(/) =  j ,  ф(у) — i, ф(^) =  s ,  s e A \ { i ,  j }  sh a r t la r  b a ja r ils a ,  
b u n d a y  o ‘m ig a  q o ‘y is h  transpozits iya  d e y ila d i.

Ф =
— 7Г

чф ( 1) ф ( 2 ) ... ф (л )^

Л ,  a g a r  ф -  ju f t , N
ч- 1 , a g a r  ф -  t o q ,

1 -m is o l .  B e r ilg a n  o £m ig a  q o ‘y is h la r  v a  u la r  k o m p o z i t s iy a s i -  
n in g  j u f t - t o q l ig i ,  is h o r a s i ,  in v e r s iy a la r  s o n in i  a n iq la n g :

s g n ф

o ‘m ig a  q o ‘y is h n in g  ishorasi  d e b  

q iy m a tg a  a y t ila d i.

Г 1 2 3 4 5 6^ r  1 2 3 4 5
6 1Ф, =

U 1 6 5 4 3 j
9 Ф2 =

U 2 5 6 4 3 j

Yechish .

( I 2 3 4 5 61
ф, 0ф 2

U 1 4 3 5 6J
?

a  2 3 4  5 6 4 

2 1 3 4 6 5V
ф2 о ф, =

Ф, d a g i in v e r s iy a la r  s o n in i  a n iq la y m iz :  

0  2 3 4 5 6 '
o ‘r n ig a  q o ‘y is h d a  b ir in c h i  q a to r d a -

2 1 6 5 4 3 , 

g i /  — j  a y ir m a la r  m a n f iy .  2-q a t o r d a g i  u la rg a  m o s  a y ir m a la r d a n
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cp, (1 )  -  (pj ( 2 )  =  2 - 1  =  1 m u sb a t, q o lg an lar i m a n fiy , d e m a k , cp, dagi

in v e r s iy a la r  s o n i  1 ta . S h u n in g  u c h u n  is h o r a s i  sg n  ф, =  - 1 ;  ф , — 

t o q  o ‘m ig a  q o ‘y is h ;

r l  2  3 4  5 6 N
Ф2 = J  ?  S 4  \  

o ‘m ig a  q o ‘y is h  v a  s g n ç 2 =  - 1 ;

d a g i  in v e r s iy a la r  s o n i  3 ta ; ф 2 — t o q

ф, о ф2 =
1 2  3 4  5 6'

d a g i  in v e r s iy a la r  s o n i  2  t a ,  u
,2  1 4  3 5  6 ,

ju f t  o ‘m ig a  q o ‘y is h  v a  sg n  (ф , ° ф2 )  =  1 ;

f l  2  3 4  5 6 4 
ф2 ° ф1 ~  [2  1 3  4  6  5 ,

s o n i  2  ta , ф 2 o <pj ju f t  o ‘m ig a  q o ‘y is h  v a  s g n  (ф 2 ° ф! ) =  1.

o ‘r n ig a  q o ‘y i s h d a  in v e r s iy a la r

2 - m is o l .
1 2  3  4  5 6'

, 2  1 3  4  6  5 
q o ‘y is h la r  k o m p o z i t s iy a s i  k o ‘r in is h id a  ifo d a la n g

f \  2 3  4  5  6 Л
2  1 3  4  6  5

o ‘r n ig a  q o ‘y is h n i  s ik l l i  o ‘m ig a

Yechish. =  ( 1 2 )  ( 3 )  ( 4 )  ( 5 6 ) .

Misol va mashqlar

1 . 0 ‘m ig a  q o ‘y is h la m i  k o ‘p a y t ir in g :  

1 .1 .

1 .2 .

1 .3 .

"1 2 3 4
51

f l 2 3 4
5)

b  4 1 5 2 j 15 3 1 2 V

f l 2 3 4 5 6 ) f l 2 3 4 5 6 1
J 6 4 5 2 u 4 1 5 6 3J

f l 2 3 4 5 6 7 ' "1 2 3 4 5 6 7 Л

u 3 1 2 7 5 6 ; 15 3 1 4 2 7
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1 .4 .
"1 2 3 4 5 6 7 8 9 Л f l 2 3 4 5 6 7 8 9 '

b  5 3 9 1 2 4 6 8J {9 5 7 2 1 3 4 6  8 y

2 .  0 ‘m ig a  q o ‘y is h n i  s ik lla r g a  y o y in g :

f \  2  3 4  5 6  7 Л 
4  1 7  3 6  2

2 .1 .

2 .2 .

2 .3 .

2 .4 .

2 .5 .

2 .6 .

ч5

'1
6ч

f l

1 2

' \

2

3

2
4

3 4  5
2  7  4

3 4  5 
6  8 1

6
5

6  
3

7 8'
8 1

7
5

9 Л
9

2  3  4  
5 4  7ч1 0

f l  2  3 4  
[ 2 1 4 З

f 1 2  
+ 1  Л +  2

6  7  8 9  
9  8 3  2

10^  
1

2 «  - 1  
2n

2 n

2 n - \

n

2 n

n + 1 я + 2  
I 2

2  n 

n

3 .  5 4 d a g i  b a r c h a  t o q  o ‘m ig a  q o ‘y is h la r n i a n iq la n g .
4 .  Q u y id a g i  sh a r t la r  a s o s id a  a ,  ß la m i  to p in g :
4 .1 .  ( a  6  7  1 ß 5 3 )  -  to q .
4 .2 .  (1 1  5  7 a  1 2  9  8 4  3 ß ) - j u f t .
5 .  Q a y s i 10  ta  s o n d a n  ib o r a t  o ‘m ig a  q o ‘y is h  e n g  k o ‘p  in v e r -  

s iy a g a  e g a ?  In v e r s iy a la r  s o n in i  a n iq la n g .
6 .  S 5 d a n  q u y id a g i  s h a r t la r  b o ‘y i c h a  o ‘r n ig a  q o ‘y is h la r n i  

a n iq la n g :
6 .1 .  4  ta  in v e r s iy a g a  e g a .
6 .2 . 7  ta  in v e r s iy a g a  e g a .
6 .3 .  9  ta  in v e r s iy a g a  e g a .
6 .4 .  11 ta  in v e r s iy a g a  eg a .
7 .  0 £m ig a  q o ‘y is h la r  i s h o r a s in in g  q u y id a g i  x o s s a la r in i  i s b o t -  

lan g:
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1) s g n  fu n k s iy a  m u l t ip l ik a t iv ,  y a ’n i  h a r  q a n d a y  cp, y e S n la r  
u c h u n  sg n (tp \|/)  =  sgn<p • sgm j/ o ‘r in li;

2 )  t r a n s p o z it s iy a  is h o r a s i  ( — 1) g a  te n g ;
3 )  o ‘z a r o  te sk a r i o ‘m ig a  q o ‘y is h la r  is h o r a s i  b ir  x il;
4 )  a g a r  x — t r a n s p o z i t s iy a  v a  (p — ix t iy o r iy  o ‘r n ig a  q o ‘y is h  

b o i s a ,  u  h o ld a  sgn(xcp) =  sg n ((p t)  =  —sgn(p b o ‘la d i.
8 .  0 ‘m i g a  q o ‘y is h la r d a g i in v e r s iy a la r  s o n in i  a n iq la n g :
8 .1 .  ( 1 4  7  .. .  3 « —2 2  5  8  ... 3 « - l  3 6  9  .. .  3 « ) .
8 .2 . (3  6  9  ... 3 «  2  5 8 .. .  3 n ~ l  1 4  7  ... 3 n ~ 2 ) .

8 .3 . (2  5 8 ... 3 « —1 3 6  9  ... 3n  1 4  7  ... 3 n ~ 2 ) .

8 .4 . (2  5  8 ... 3 n ~ \  1 4  7  ... 3 n ~ 2  3 6  9  ... 3 « ) ,

Takrorlash uchun savollar

1. w -d a r a ja li o ‘m ig a  q o ‘y is h g a  t a ’r i f  b e r in g .
2 . 0 ‘m ig a  q o 'y is h la r  g r u p p a  t a s h k il  e t i s h in i  te k s h ir in g .
3 . rt-d araja li s im m e tr ik  g r u p p a g a  m is o l  k e lt ir in g .
4 . I n v e r s iy a g a  t a ’r i f  b e r in g .
5. J u ft , t o q  o ‘m ig a  q o ‘y is h la m i  t a ’r if la n g .
6 . T r a n s p o z it s iy a  n im a ?
7 . 0 ‘m i g a  q o ‘y is h n in g  i s h o r a s i  q a n d a y  a n iq la n a d i?

1 8 - § . D e te rm in a n tla r

J  Asosiy tushuiiclialar: d e te r m in a n t , m a tr itsa o s t i  (q is m m a tr it s a ) ,  
« - ta r t ib l i  m in o r , a lg e b r a ik  t o ‘ld ir u v c h i ,  L a p la s  t e o r e m a s i ,  a l -  
g e b r a ik  t o ‘I d ir u v c h i, K r a m e r  fo r m u la la r i .

K v a d r a t  m a t r i t s a n in g  h a r  b ir  s a tr  v a  h a r  b ir  u s t u n id a n  b i t -  
ta d a n  e le m e n t la r  o l ib  t u z i lg a n  k o ‘p a y t m a la m in g  a lg e b r a ik  y ig ‘in -  
d is i  berilgan k v a d r a t  m atritsan ing  d e term in an ti  d e y ila d i .

n - t a r t ib l i  k v a d r a t  m a t r i t s a

r  a\\ a l2 • "  üln ^

a21 «22 ••• n

\ ^ n \  @ n 2  • • •  @ n n  J

n i n g  d e t e r -
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m in a n t i  d e b  \A \=  s g n ( т ) а 1т(1) . . . a m(n) ( n\ q o ‘s h i lu v c h i la r -
T eS„

d a n  ib o r a t)  y i g ‘in d ig a  a y tila d i.
F =  <F; + ,  -, —, _1, Ö, T >  m a y d o n  v a  m a y d o n  u s t id a  F mXn 

m a tr itsa la r  t o ‘p la m i b e r ilg a n  b o ‘ls in .
A  m a t r i t s a n in g  m atr i tsaost i  d e b , u n in g  q a n d a y d ir  sa tr  v a  u s -  

tu n la r in i  o ‘c h ir is h d a n  h o s i l  b o ' lg a n  m a tr itsa g a  a y t ila d i.
& -ta r tib li m a t r i t s a o s t i  d e t e r m in a n t i  A m a tr i t s a n in g  k - ta r t ib l i  

m inori  d e y ila d i .
K v a d r a t  m a tr i t s a n in g  /'- q a to r i  j -  u s t u n in i  o ‘c h ir i s h d a n  h o s i l  

b o ‘lg a n  m a tr it s a o s t i  d e te r m in a n t i  a tj e lem entning  m inori  d e y ila d i  
v a  M y  k o ‘r in is h d a  b e lg i la n a d i.

A y  =  ( — l ) /+y • M tj k o ‘p a y tm a  a tj e le m e n t n in g  a lg eb ra ik  t o ‘ld i-  

ruvchis i  d e y ila d i .

L a p la s  t e o r e m a s i .  A =

' a \ \  a l 2  "■  ° 1 п Л

a 21 Û22 ••• ‘hn

\ & n  1 2  • • •  ^ n n  У

k v a d r a t  m a tr i t s a ­

ning  d e te rm in a n ti  b iro r -b ir  s a t r  (us tun)  e lem en tla r i  b ilan  u la m in g  
a lg ebra ik  t o ‘ld iruvchilari ko 'pay tm a la r in in g  y i g ‘indisiga, y a ’ni

\A\ = a xj A xj  + ... +  anjA nj (U | = an A n  + .. . + ainA in ), /,у е {1 ,...,«}

g a  teng.

A  m a tr its a  a y e le m e n t in in g  Aÿ ( i , j  e  a lg e b r a ik  t o ‘ld i -

( Aл п A 2 i . . .  A „ r

r u v c h ila r id a n  ib o r a t  A ' =
A l2 ^22 .. Anl

m a tr it s a  A  m a t

\ A ln ^2n ' A nn ,

r itsa g a  biriktirilgan m atritsa  d e y ila d i .
A g a r  I A I ф 0  b o ‘l s a ,  u  h o ld a  A  m a tr it s a  t e s k a r i la n u v c h i  v a  

A - 1 = U P 1 • A*.

F — <F\  + ,  -, —, - 1 , 0 ,  1 >  m a y d o n  u s t id a  q u y id a g i
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ö ll Xj +  «12*2 +  . . • +  a u x n II -S3
~

ü7\ +  022*2 +  . . . +  a 2nx n

: 
II

a n\ X, + an2x 2 +  . ” ^nnXn II

C H T S  b e r i lg a n  v a  u n in g  a s o s iy  m a tr its a s i  A  b o ‘ls in .
A g a r  | A ]  *  0  b o ‘ls a ,  u  h o ld a  C H T S  y a g o n a  y e c h im g a  e g a  v a

u  q u y id a g i fo r m u la la r  o r q a li  i fo d a la n a d i:  x , =  ^ p , . . . , x „  = - ^ p

1 -m iso l .  D e t e r m in a n t n i  e le m e n t a r  a lm a s h t ir is h la r  y o r d a m id a  
h is o b la n g .

Yechish .

1 - 1 0 1 1 - 1 0 1 1 - 1 0 1 1 - 1 0 1
2 1 3 1 0 3 3 - 1 0 3 3 - 1 0 3 3 - 1

- 1 4 1 2 0 3 1 3 0 0 - 2 4 0 0 - 2 4
3 1 0 1 0 4 0 - 2 0 0 - 1 2 - 2 0 0 0 - 2 6

=  1 3 - ( - 2 )  - ( - 2 6 )  =  156.

2 - m is o l .  f l e t e r m in a n t n i  1 - q a t o r  h a m d a  2 - u s t u n  e le m e n t la r i  
y o y ilm a s i  o r q a li  h is o b la n g .

Yechish.  1 - q a t o r  b o ‘y ic h a  y o y a m iz :

1 - 1 0  1
2 3 1

+  ( - 1 ) ( - 1 ) 1+2 - 1 1 2 +

3 0 1

2 1 1 2 1 3
+  0 ( - l ) 1+3 - 1 4 2 +  l - ( - l ) 1+4 - 1 4 1

3 1 1 3 1 0
= (1 + 6  -  1 -  1 2 ) +

+ ( 2 + 1 8 - 3 + 3 ) + 0 + ( — 1 ) ( — 3 + 3 - 3 6 - 2 )  =  - 6  +  2 0  +  3 8  =  5 2 .
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2 - u s t u n  b o ‘y i c h a  h i s o b l a y m i z :

1 - 1 0  1
2  1 3 1 

- 1 4  1 2
3  1 0  1

2 3 1 1 0 1

( - 1 M - 1  )1+2 -1 1 2 +  1 ( - 1 ) 2+2 -1 T 2 +

3 0 1 3 0 1

1 0 1 1 0 1
+  4  - ( - 1 ) 3+2 2 3 1 +  1 ( - 1 ) 4+2 2 3 1

3 0 1 - 1 1 2
= ( 2 + 1 8 - 3 + 3 ) +  

+ 4 ( 3 —9 ) + ( 6 + 2 + 3 — 1 ) = 2 0 —2 —4 ( —6 ) + 1 0 =  1 8 + 2 4 + 1 0 = 5 2 .

3-misol.
•X] - 2 x 2 + 3x3 = 1,
- x { + x2 -  x3 = 2 ,  t e n g la m a la r  s i s t e m a s in i  K r a m e r  

+ 4 ^  +  л3 -  3 ______-

fo r m u la la r i  y o r d a m id a  y e c h in g .  
Yechish.  K r a m e r  fo r m u la la r i:

A d ) . A(2) A(3)
A A A

Д е т а к ,  д ,  Д ( 1 ) ,  Д ( 2 ) ,  Д ( 3 )  la m i  h is o b la y m iz :

A  =

1 - 2  3 
- 1  1 - 1
2  4  1

=  1 -  1 2 +  4 - 6 +  4 - 2  =  9 - 2 0  = - 1 1 ;

1 - 2 3
A ( l )  = 2 1 - 1 =  1 +  2 4  +  6 -  9  +  4  +  4 =  30;

3 4 1

1 1 3
A ( 2 )  = - 1 2 - 1 =  2 - 9  -  2 - 1 2  +  3 + 1  =  6 - 2

2 3 1



л ( 3 )  =

1 -2  1

-1 1 2

2  4  3

=  3 — 4 — 8  — 2 — 8 — 6  =  - 2 5 .

B u n d a n , X, = ~ ^ ; х 2 = 1 1 ; х ,  = 25 

11 '

Misol va mashqlar

1 . D e t e r m in a n t n i  h is o b la n g :  

- 2  5
1 .1 .

1 .3 .

1 .5 .

-4  7

1 - 3 /  2  i 
4  i3 1 +  3 /

t g a  sin a  
2  c o s a

1 .7 .
1 1 1
1 2  3 
1 3 6

1 .1 1 .
s in  a  s in  2 a  1 
c o s  a  1 +  c o s  a  1 

t g a  2  s in  a  1

1.12.

1 - 1  s

s  e 2 1

- 1  e  1

1 .2 .

1 .4 .

1 .8 .

n  + 1 n  

n  n - 1

1 .6 .

l o g A a  

1

l - a 2 

l +a2 

- 2  a

1
lo g a b  

2  a

l  +  a 2 

l - a 2

l + a  l + a

2 - 2  4  
- 3  3 - 6  
5 1 0

a b с a  + X X X
1 .9 . b с a 1 .1 0 . X b  +  X X

с a b X X С  +  X

n . . ns  =  c o s -  +  í s m -
3 3
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a 2 + 1 aP ay

1 .1 3 . of} p;2 + 1 Py

ay Py y2 + 1

a p y
1 .1 4 . P Y a , a, P, Ye{* | x 3 +  p x  + q  =  0 } .

Y a p

2 .  D e t e r m in a n t n in g  q u y id a g i x o s s a la r in i  isb o t la n g :
2 .1 .  N o l  s a tr  y o k i  u s t u n g a  e g a  k v a d r a t  m a t r i t s a n in g  d e t e r ­

m in a n t !  n o lg a  te n g .
2 .2 .  D i a g o n a l  m a t r i t s a n in g  d e t e r m i n a n t i  a s o s iy  d i a g o n a l  

e le m e n t la r i  k o ‘p a y tm a s ig a  te n g .
2 .3 .  U c h b u r c h a k  m a tr it s a n in g  d e t e r m in a n t i  a s o s iy  d ia g o n a l  

e le m e n t la r i  k o ‘p a y tm a s ig a  te n g .
2 .4 .  K v a d r a t  m a t r i t s a  v a  u n g a  t r a n s p o n ir la n g a n  m a t r it s a la r  

d e te r m in a n t la r i  t e n g .
2 .5 .  K v a d r a t  m a t r i t s a n in g  ik k ita  s a tr  ( u s t u n ) la r i  o ‘m i n i  a l -  

m a s h t ir is h  n a t ija s id a  d e te r m in a n t  is h o r a s i  o 'z g a r a d i .
2 .6 .  Ik k ita  b ir  x il  s a tr  ( u s t u n ) g a  e g a  k v a d r a t m a tr it s a  d e t e r ­

m in a n t i  n o lg a  t e n g .
2 .7 .  A  k v a d r a t  m a t r i t s a n in g  b ir o r - b ir  sa tr  ( u s t u n )  e l e m e n t -  

la r in i n o ld a n  fa r q li X sk a la r g a  k o ‘p a y t ir i ls a , u  h o ld a  A  m a t r i t s a ­
n in g  d e te r m in a n t i  X sk a la rg a  k o ‘p a y t ir ila d i.

2 .8 .  Q a n d a y d ir  ik k ita  s a tr  ( u s t u n ) la r i  p r o p o r s io n a l  b o i g a n  
k v a d r a t m a tr i t s a n in g  d e te r m in a n t i  n o lg a  te n g .

2 .9 .  K v a d r a t  m a tr it s a  / -  q a to r i  ( u s t u n i ) n in g  h a r  b ir  e l e m e n t i  
m  t a  q o ‘s h i lu v c h i la r d a n  ib o r a t  b o ‘ls a ,  b u n d a y  k v a d ra t m a t r i t s a ­
n in g  d e te r m in a n t i  m  ta  d e te r m in a n t la r  y ig ‘in d is id a n  ib o r a t b o ‘l ib ,  
b ir in c h i  d e t e r m in a n t  q a to r i (u s t u n i) d a  b ir in c h i ,  ik k in c h i  d e te r -  
m in a n t d a  i k k i n c h i  q o ‘s h i l u v c h i l a r  v a  h .k .  b o s h q a  q a t o r la r  A  

m a tr it s a n ik id e k  b o ‘la d i.
2 .1 0 .  K v a d r a t  m a t r it s a n in g  b ir o r - b ir  s a tr  ( u s t u n ) ig a  n o ld a n  

fa r q li s k a la r g a  k o ‘p a y t ir i lg a n  b o s h q a  sa tr  ( u s t u n ) n i  q o ‘s h is h  n a ­
t ija s id a  d e t e r m in a n t  o 'z g a r m a y d i.
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2 .1 1 .  K v a d r a t  m a t r i t s a n in g  b ir o r - b ir  s a tr  ( u s t u n ) ig a  q o lg a n  
sa tr  (u s tu n ) la r  c h iz iq l i  k o m b in a t s iy a s in i  q o ‘s h is h  n a t ija s id a  d e te r ­
m in a n t  o ‘z g a r m a y d i.

2 .1 2 . K v a d r a t  m a tr i t s a n in g  o x ir g is id a n  b o s h q a  b a r c h a  q a to r -  
la r ig a  u n d a n  k e y in g i  q a to r  q o 's h i l s a ,  u n in g  d e t e r m in a n t i  o ‘z g a r -  
m a y d i.

2 .1 3 . K v a d r a t  m a tr it s a n in g  ik k ih c M  u s tu n id a n  b o s h la b  h a r  b ir  
u s tu n ig a  u n d a n  o ld in g i  u s tu n  q o ‘s h ils a ,  u n in g  d e t e r m in a n t i  o ‘z -  
g a r m a y d i.

2 .1 4 . K v a d r a t  m a tr i t s a n in g  b ir o r -b ir  sa tr i ( u s t u n i )  q o lg a n la r i-  
n in g  c h iz iq l i  k o m b in a t s iy a s id a n  ib o r a t  b o ‘lsa , u n in g  d e te r m in a n t i  
n o lg a  te n g .

2 .1 5 . H a r  q a n d a y  e ie m e n t a r  m a tr it s a n in g  d e te r m in a n t i  n o ld a n  
farq li.

2 .1 6 . K v a d r a t  m a tr its a la r  k o ‘p a y tm a s in in g  d e te r m in a n t i  b e r i l -  
g a n  m a tr its a la r  d e te r m in a n t la r i  k o ‘p a y tm a s ig a  t e n g .

2 .1 7 .  K v a d r a t  m a t r i t s a n in g  d e t e r m in a n t i  n o lg a  t e n g  b o i i s h i  
u c h u n  u n in g  sa tr  (u s tu n ) la r i  c h iz iq l i  b o g ‘la n g a n  b o ‘l is h i  z a r u r  v a  
y e ta r li .

3 .  D e te r m in a n t  x o s s a la r id a n  fo y d a la n ib  q u y id a g ila m i isb o tla n g :

( a  +  b ) 2 c 2 c 2

3 .1 . a 2 ( b +  c ) 2 a 2 =  2 a b c ( a  + b  +  c ) 3

b 2 b 2 ( c  + a ) 2

( a - b ) ( a - c ) ( b - c ) ( x - y )
( a  +  x ) ( b  +  x ) ( c  + x ) ( a  + y ) ( b  + y ) ( c  +  y ) '

a+x a+y
1 1

b+x b+y
1 1

c+x c+y
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3 .3 .

3 .4 .

а  

- b  

- с  

- d

-1 1

b e d  

a  d  - с  

- d  a  b 

с  - b  a

1 1

=  ( a 2 + b 2 + c 2 + d 2 ) .

- 1  1 1
1
1

У

1 1
1
z

- 1  t  

t  0

=  - 4 ( x 2 +  y 2 + z 2 + t 2 -  2 ( x y  +  x z  +  x t  +  y z  +  y t  +  Zi)). 
4. Q u y id a g i  d e te r m in a n t la m i  h is o b la n g :

1 2 3  . . n 1 n n . . n
! 0 â  ».. n n 2 fi _ Ä

4 .1 . - 1 - 2 0  . .. n 4 .2 . n n 3 . . n

- 1 - 2 - 3  . .. 0 n n n . n

4 .3 .

1 +  X, 

1 
1

1
1 +  x 2 

1

1

1
1

1 +  X-x

1
1
1

1 +

a \ 2 . . . a \ n

X, * 2 û 23 ••• Ъ п

4 .4 . X, x 2 x 3 ... Ъ п

x 2 x 3 ... x n

1 2 3 . . .

1 X + 1 3 . . .

4 .5 . 1 2 X + 1 . . .

i T i
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4 .6 .

1 1 1

1 2 - а  1

1 1 3 - а

4 .7 .

1 1

2 1 О
1 2  1
О 1 2

1

. . .  О

. . .  О

. . .  о

1

1

1

п + 1  -  а

О О 0  .. . 2

4 .8 .

3 2  0  
1 3 2  
0  1 3

О О О

1 X X 2 . X я

an 1 X . x " - 1

02l °22 1 . . x " - 2

@n\ an2 я„з • . 1

4 .1 0 .

5 .  C H T S n i  K r a m e r  fo r m u la la r i y o r d a m id a  y e c h in g :

x¡ +  x 2 - x 3 =  2 ,

0
0
0

X +  Û, <h a3 • a„

X  +  Ü2 a3 ■ an

4 .9 . a \ <h X  +  a 3 . ■ an ■

a x 02 Аз . x  +  a„

5 .1 .

5 .3 .

-2 jC j +  x 2 +  x 3 = 3 ,  5.2. 

x, -  x , + x , = 6.

2xj + 2 x2 -  x3 = 4 ,

3 x ,  +  x 2 -  x 3 =  7 ,  5 .4 .  
Xi + x 2 - 2 x 3 =  3 .

3xj -  x2 = 5 ,

- 2 x t +  X2 +  x 3 = 0 ,  
2 x ,  - x 2 +  4 x 3 =  15 .

5 x ,  +  4 x 3 =  1, 
x ,  -  +  2 x 3 =  0 ,  
4 x j  + x 2 +  2 x 3 =  1 .
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5 .5 .

5 .6 .

5 .7 .

5 .8 .

5 .9 .

X, + х 2 + 2 х 3 + 3 х 4 = 1,
Зх, -  х2 -  х3 -  2 х4 = - 4 ,

2Xi + Зх2 -  х3 -  х4 = - 6 ,

X! +2x2 + Зх3 -  х4 = -4 .

2х , + х2 + х3 - х 4 = 1,
Зх, -  х2 + х3 + х4 = 2,

4 х , + 2 х 2 + х 3 — х4 = 1 , 

х4 = 2.

2х , - Х 2 - 6 х 3 + Зх4 = -1 ,
7Х] - 4 х2 + 2 х3 - 1 5 х4 = - 3 2 ,  

- 2 х2 - 4 х3 + 9 х4 = 5 ,

X, — х 2 + 2 х 3 — 6х4 = - 8 .

2xj - З х2 + 5 х3 + х4 =

-X , + х2 + 4 х 3 -  2 х4 = 1,

5 x j  + 2 х 2 - З х 3 + 6 х 4 = 5 ,  
-2Х) + 5 х 2 + х 3 - 7 х 4 = 5 .

+ 2х2 -  Зх3 -  х4 =  - 8 ,
2х, - X , + 2 х 3 — х4 = 2 ,

5 .1 0 .

4 х ,  + 3 х 2 - х 3 - х 4 = 3 ,
X, +  2 х 2 +  х 3 +  х 4 =  12.

5 х ,  +  2 х 2 +  х 3 +  4 х 4 =  4 ,
4 x j  +  6 х 2 +  З х 3 +  7 х 4 =  1 ,
З х , +  х 2 +  2 х 3 +  4 х 4 =  1 ,
2 x j  +  З х 2 +  4 х 3 +  5 х 4 =  - 2 .

6 .  B ir  j in s l i  п n o m a ’lu m li  п ta  c h iz iq l i  t e n g la m a la r  s i s t e m a s i-  
n in g  n o lm a s  y e c h im g a  e g a  b o ‘ l i s h i  u c h u n ,  u n in g  d e t e r m in a n t i  
n o lg a  t e n g  b o ‘l is h i  z a ru r  v a  y e ta r ii  e k a n l ig in i  is b o t la n g .

7 .  Н а г  q a n d a y  k v a d r a t m a tr its a  u c h u n  q u y id a g i  sh a r tla r  t e n g  
k u c h li  e k a n lig in i  is b o t la n g :

7 .1 .  \ A \ *  0 .
141



7 .2 . M a tr it s a n in g  sa tr  (u s tu n ) la r i  c h iz iq l i  e rk li.
7 .3 .  A  m a tr its a  t e s k a r ila n u v c h i .
7 .4 .  A  m a tr its a  e le m e n t a r  m a tr itsa la r  y o r d a m id a  ifo d a la n a d i .
8 .  M a tr it s a  r a n g in i m in o r la r  y o r d a m id a  to p in g :

8 .1 .

8 .3 .

8 .5 .

"2 - 1 3 - 2 4 ' "8 2 2 - 1 Г
4 - 2 5 1 7 8 .2 . 1 7 4 - 2 5

- I 1 X ” t - 2 “T " 2 - 1 3J
" 1 7 7 9 N f  1 3 5 - Г

7 5 1 - 1 2 - 1 - 3 4
8 .4 .

4 2 - 1 - 3 5 1 - 1 7
- 1 1 3 5 7 7 9 1V A J  / 1 /

( - 6 4 8 - 1 6 '
"4 1 7 - 5 1 л

- 5 2 4 1 30 - 7 1 - 3 - 5
8 .6 . 7 2 4 1 3

3 4 5 - 3 2
2 4 8 - 7 6.2 5 3 - 1 3\ У ,3 2 4 - 5 3 ,

8 .7 .

n 1 0 0 0^ (1 1 0 0  . .  0 0 N
0 1 1 0 0 0 1 1 0  . .  0 0
0 0 1 1 0 8 8
0 0 0 1 1 0 0 0 0  . .  1 1

,0 0 0 0 1 , 1 0 0 0  . .  0 1 /

9 .  M a tr it s a g a  te s k a r i m a t r i t s a n i  b ir ik t ir i lg a n  m a tr it s a  y o r d a ­
m id a  to p in g :

9 .1 .

9 .3 .

9 .5 .

r l 2 Л 
3 4 у
c o s a  
s in  a

5
3

- s i n  a  
c o s a

7  ^
4

5 - 2  - 3

9 .2 .

9 .4 .

9 .6 .

'3 4
5 7^

2 - 3 /  
3 +  /V

r l  9

2 - 2
v 5 - 6

1 - /  л
5  +  4 /

2 Л
6
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9 .7 .

0  1 1 P

1 1 - 1 - 1

1 — 1— 1--------1

v 1 - 1 - 1  1

9 .8 .

f \  1 1 1 N
1 i - 1  - /  
1 - 1 1 - 1  
1 - /  - 1  i

1 0 .  B e r ilg a n  m a t r it s a la m i e le m e n t a r  m a tr its a la r  k o ‘p a y tm a s i  
k o ‘r in is h id a  ifo d a la n g :

1 0 .1 . "1 2 ' 1 0 .2 . "3 4 '
,3  4 , I s  7 ,

1 0 .3 .

1 0 .5 .

' 7  - 4 ) 10.4. f- \  -1

- 5 - 3 , 1 2  3

r- l  -5^ C L  =2}10.6.
, 2  4 j 1 5 -4  J

Takrorlash uchun savollar

1. D e t e r m in a n t n in g  a s o s iy  x o s s a la r in i  a y t in g .
2 . n - ta r t ib li  m in o r  d e b  n im a g a  a y t ila d i? .
3 . D e t e r m in a n t n i  a lg e b r a ik  t o ‘ld ir u v c h i  y o r d a m id a  a n iq la s h  

ja r a y o n in i  tu s h u n t ir in g .
4 . D e t e r m in a n t  n o lg a  te n g  b o ‘l i s h in in g  z a r u r  v a  y e ta r li s h a r t i-  

n i a y t in g .
5 . A lg e b r a ik  t o ‘ld ir u v c h ila r  y o r d a m id a  te sk a r i m a tr it s a n i  t o -  

p is h  ja r a y o n in i  t u s h u n t ir in g .
6 . C H T S n i  K r a m e r  q o id a s i  b ila n  y e c h is h  u s u lin i  tu s h u n t ir in g .
7 . n  n o m a ’lu m l i  n ta  t e n g la m a d a n  ib o r a t  b ir  j i n s l i  c h i z i q l i  

t e n g la m a la r  s is t e m a s i  q a c h o n  y a g o n a  y e c h im g a  e g a ?
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V I I I  M O D U L .  VEKTOR FAZO LAR

19-§. Vektor fazo. Fazoostilar kesishmasi, yig‘indisi.

/  A s ö s iy  tu s h u n c h a la r :  v e k to r  f a z o ,  f a z o o s t i ,  f a z o o s t i la r  k e s is h -  
m a s i ,  f a z o o s t i la r  y ig ‘in d is i ,  f a z o o s t i la r  t o ‘g ‘ri y ig ‘in d is i ,  v e k to r  
fa z o  b a z is i ,  v e k to r  f a z o  o ' l c h o v i .

B o ‘s h  b o ‘lm a g a n  V  = { x , y , z , . . . }  t o 'p la m  v a  3r =  { a , ß , y , . . . }

m a y d o n  b e r i lg a n  b o ‘lib , q u y id a g i  a k s io m a la r  b a ja r ilsa , u  h o ld a  V  

t o ‘p la m  ¿F s o n la r  m a y d o n i  u s t ig a  q u r ilg a n  v ek to r  f a z o  d e y ila d i:
V — a d d it iv  a b e l g ru p p a ;

( a  • ß ) x  =  a ( ß x )  ( V x  e  V ,  V a ,  ß e  F)',

a ( x  +  y )  = a x  + a y  ( V x ,  y  e  V ,  V a  e  F)',

( a  +  ß ) x = a x  +  ß x  ( V x e F ,  V a , ß e F ) ;

1 ■ x  =  x  ( V x  e F , h  F ) -

¿F m a y d o n  u s t id a  a n iq la n g a n  V  v e k to r  fa z o n in g  b ir o r  L  t o ‘p -  
la m o s t is i  V  d a  a n iq la n g a n  a lg e b r a ik  a m a lla ig a  n is b a ta n  v e k to r  fa -  
z o s in i  ta s h k i l  e t s a , u  h o ld a  L  g a  V f a z o n in g  fa zo o s t is i  d e y ila d i .

F v e k t o r  f a z o n in g  b ir o r  L  t o ‘p la m o s t i s i  s h u  v e k to r  f a z o n in g  
f a z o o s t i s i  b o ‘li s h i  u c h u n  q u y id a g i  ik k ita  s h a r tn in g  b a ja r il is h i z a -  
rur v a  y e ta r li:

a)  ( V x ,  y  e  L )  ( x - y ) e L ;

b) ( V x  £ Í , V a e  F )  a x  e  L .

A g a r  Uv  Un la r  F v e k t o r  f a z o n i n g  f a z o o s t i l a r i  b o ‘l s a ,  u  
h o ld a  U =  U }n U 2n  ... n U n g a  Uv  . . . ,  Unf a z o o s t i la m in g k e s is h m a -  

si  d e y ila d i.

Xj g  U l , x 2 e U 2 , . . . ,  x n g  JJn b o ‘lg a n d a  x , +  x 2 + . . .  +  x n k o ‘r i-  

n is h d a g i b a r c h a  y ig ‘in d ila r  t o ‘p la m ig a  Uv  . . . ,  Un f a z o o s t i l a r y i g ‘in -  

d isi  d e y i la d i  v a  u  Ux +  U2 +  ... +  Un k o ‘r in is h d a  b e lg i la n a d i.
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Xx, X 2 , . . . , X n  ( 1 )
v e k t o r la r  s i s t e m a s i  m a v ju d  b o ‘l s a k i ,  V  n in g  q o lg a n  b a r e h a  

v e k to r la r i ( 1 )  s i s t e m a  o r q a li c h iz iq l i  i fo d a la n s a , u  h o ld a  ( 1 )  v e k ­
to r la r  s i s t e m a s i  V  vek tor  f a z o n in g  b a z is i  d e y ila d i.

V  v e k to r  f a z o n in g  b a z is la r id a g i  v e k to r la r  s o n i  V v e k to r  f a z o ­

ning o ‘lch ov i  d e y ila d i .
F f a z o n i n g  o ' l c h o v i  d im ^ o r q a l i  b e lg ila n a d i.

f a  M i, \ a , b , c , d  g  R  t o ‘p la m n in g  R  m a y d o n  u s -  
c  a

A gar V  v e k t o r  f a z o n i n g  c h i z i q l i  b o g ‘l a n m a g a n

1-m iso l.  V=<

t id a  c h iz iq l i  fa z o  ta sh k il e t is h in i v a  u n i  b a z is i, o ‘Ic h o v in i a n iq la n g .
Yechish.  B e r ilg a n  V *  0  t o ‘p la m d a  q o ‘s h is h  v a  s k a la m i t o ‘p -  

la m  e le m e n t ig a  k o ‘p a y tir ish  a m a lla r in i  a n iq la y m iz :

1) V A l A 2 g  V ,  Aj = 

^a, + o ¿  b¡ +

<h b\ 

vci d \
A 2 -

O2 b2
la r g a  y a g o n a

2 j

A, + A2 -
V ci + c 2 d\ + d 2 j

n i  m o s  q o ‘y a m iz .  B u  y e r d a

a¡ , a 2 , b 2 ,c ,  , c 2 , d x , d 2 g  R  v a  h a q i q iy  s o n la r  t o ‘ p l a m id a  

q o ‘s h i s h  a m a l i  a n i q l a n g a n l ig i  s a b a b l i  a, + o , , b¡ +  ^  , c, +  c2 , 

d\ + d 2 e  R ,  y a ’n i  A ¡ + A 2 m a t r i t s a  V  n in g  e l e m e n t i .  B u n d a n  
ta sh q a r i ik k ita  b e r ilg a n  h a q iq iy  s o n n in g  y ig ‘in d is i  y a g o n a  u c h in -  
c h i  h a q iq iy  s o n  e k a n l ig id a n  b e r i lg a n  ik k ita  k v a d r a t m a tr i t s a la r  
y ig ‘in d is i  b o ‘lg a n  u c h in c h i  k v a d r a t m a tr it s a n in g  y a g o n a l ig i  k e lib  
c h iq a d i.

2 )  V  t o ‘p la m n in g  ix t iy o r iy  A =
\

a  b 

c d
e le m e n t i  va  ix t iy o r iy

J

a  e  R  u c h u n  co0 (v4) =  a A  =  a
' a  b ' i  a  a a  b '

Ka c a  d  j
m a t r i t s a n i

h o s i l  q i la m iz . H a q iq iy  s o n la r  t o ‘p la m id a  k o ‘p a y tir ish  a m a li  a n iq -
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la n g a n ü g i  u c h u n  a a ,  a b ,  a c ,  a d  e  R ,  y a ’n i  a A  e V . H o s i l  q i l in -

g a n  V  -  <  K ; + ,{ ( ö a |a  e  R) > a lg e b r a  c h iz iq l i  v e k to r  f a z o  ta s h k il  
e t is h in i  i s b o t la y m iz .  B u n in g  u c h u n  q o ‘s h is h ,  s k a la m i m a tr it s a g a  
k o ‘p a y t ir ish  a m a U a r in in g  q u y id a g i x o s s a la r i  b a ja r ilis h in i i s b o t la y ­
m iz :

Ax +  A 2 — A 2 +  A x \

Ai + (A 2 +  A3 ) =  (A x +  A 2 ) +  A3 ; 

A + 0 = A ;

A  +  A '  =  0 ;

1 ) VAX, A 2 e  V ,

2 )  VAX, A 2 ,A 3 e  V ,

3 ) V A e V  a 3 0 s V ,

4 )  MA e  V  a  3A'  e  V ,

5 ) V a ,  ß  e  R  a  V A  e  V ,

6 ) V a ,  ß e Ä A  V A  e  V ,

7 )  V a  e  R a  VAX , A 2 e  V ,

8 ) VA  g  V , 1 ■ A  =  A.

( a  +  ß ) A  = a A  + ßA;  

( a ß )v 4  =  a (ß v 4 ) ;  

a(^4j +  A 2 ) =  a A x +  ay42 ;

Isbot.  1 . V  t o ‘p la m n in g  ix t iy o r iy  Ai
ax

v ci
,  A  ̂ -

«2
C2

e le m e n t la r i  u c h u n  A x+ A 2=  | m a tr i t s a la m i q o ‘s h is h  a m a li  t a ’r if ig a

k o 'r a  |

/
°2

/
[«2
<C2

flj +  ^2 +  ¿2
VC, +  C

R  d a  q o ‘s h is h  a m a li  
k o m m u t a t iv  e k a n lig id a n

V

.j d x + d 2 j

V  d a  q o ‘s h is h  a m a li  
t a ’r if ig a  k o ‘ra

=  5  +  ,4 ."Ö1+
, C1 ^1 >

D e m a k , V  t o ‘p la m d a  a n iq la n g a n  q o ‘s h i s h  a m a li  k o m m u t a t iv  
v a  <  V ; +  >  a d d it iv  a b e l  g r u p p o id .

2 .  V  t o ' p l a m n i n g  i x t i y o r i y  A x
\ c \ J

, A2 -
°2 ^2

Vc2 d 2 j

A 3 =
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e le m e n t la r i  u c h u n



A  + ( A  + A )  -
ax A

Vci j

i f \ \
+

vv

Oj ¿2 ^  Oj 63
°2 d 2 y U  d l  J

V  d a  q o ‘sh ish  
a m a li t a ’rifiga  
k o ‘ra

a \ ^ ( < h + < h

v c i d \ j Vc2 + c 3 d 2 + d 3 j

a x + ( a 2 + a 3 ) bx +  ( b2 +  b3 )
c i +  ( c2 +  c3 ) d x + ( d 2 + d 3 )

( a x + ci j )  + a3 (6 , + b2 ) +  b3

( c x + c 2 ) +  c3 ( d x +  d 2 ) +  d 3 )

V  d a  q o ‘s h is h  a m a li  
t a ’r if ig a  k o ‘ra

V  d a  q o ‘s h is h  a m a lin in g  
a s s o ts ia t iv l ig id a n

V  d a  q o ‘s h is h  a m a li  
t a ’r ifiga  k o ‘ra

"ax + a2 t\ + b 1 '
+ '<h V V  d a  q o 'sh ish  a m ali

= ( A  +  B )  + C .
vCl + C2 d \ + d 2 J kc3 d3y t a ’rifiga  k o ‘ra

D e m a k ,  <  V ; +  >  a d d it iv  a b e l y a r im g r u p p a .

'a  b '
3 .  V  t o ‘p la m d a n  o l in g a n  ix t iy o r iy  A  =

c d
e le m e n t  u c h u n

sh u  t o ‘p la m d a  y a g o n a  0 =
0  O' 

v0 0 y
e le m e n t  m a vju d k i, A + 0 = 0 + A = 0 .

D e m a k , <  V  ; + , 0  >  — a d d it iv  a b e l m a n o id .

4 .  V  t o ‘p l a m d a n  o l i n g a n  h a r  q a n d a y  A =
r a b '

c d
e l e m e n t

u c h u n  s h u n d a y  A ’e V  e l e m e n t  m a v ju d k i, A  + A 1 =  0 .  B u  y e r d a

A ’ =
- c  - d

e k a n lig i  h a r  q a n d a y  h a q iq iy  s o n  u c h u n  q a r a m a -

q arsh is i m a v ju d lig id a n  k elib  c h iq a d i. Y o k i b o ‘lm a sa , (—\ ) A  =  —A m  
A  g a  q a r a m a -q a r s h i  e le m e n t  s i fa t id a  h o s i l  q i l is h  m u m k in .  

D e m a k ,  <  V ,0  >  — a d d it iv  a b e l  g r u p p a  e k a n .

5 .  Va, p e  /? v a  \ / A & V  u c h u n

( a  +  (3) A  =  ( a  +  P )
f a b)

d }

V  d a  s k a la m i m a tr itsa g a  k o ‘p ay-  
t ir is h  a m a li  t a ’r ifiga  k o ‘ra
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/ ( a  +  ß ) a  ( a  +  ß ) £
( a  +  ß ) c  ( a  +  ß )ü f )y

r a  a  + ß a  a b  + ß b ^

a c  +  ß c  a d  + ß d

R  d a  k o ‘p a y t ir is h n in g  q o ‘s h is h g a  
n is b a ta n  d is tr ib u t iv lig id a n

V  d a  q o ‘s h is h  
a m a li  t a ’r if ig a  k o ‘ra

' a a  a b  ' "ßa ßb  1 V  d a  s k a la m i m a tr itsa ga  k o ‘p aytir ish
, а с  ас?)у

+
J e  ß d )  j a m a h  t a ’rifiga  k o ‘ra

=  а
a b

с d
+  ß

a b  

с  d
а A  + ßA.

6 .  V a ,ß  e  R  v a  V A  e  V  la r  u c h u n

. , n . ( a  b V  d a  sk a la r n i m a tr itsa g a  k o ‘p a y t ir ish  5) л  =  ( a ß )  =
y c  d )  a m a l i  t a ’r if ig a  k o ‘ra

( a ß ) a  ( a ß ) 6 "
( a ß ) c  ( a ß ) d ,

' a ( ß a )  a ( ß 6 ) A 
, a ( ß c )  a (ß c ? )

R  d a  k o ‘p a y t ir is h  
a m a li  a s s o ts ia t iv l ig id a n

V  d a  sk a la r n i m a tr itsa g a  k o ‘p a y t ir is h  
a m a li  t a ’r if ig a  k o ‘ra

ß a  ßb  

ß c  ß d

=  а
f  f  

ß
V V

a b w

V  d a  sk a la r n i m a tr itsa g a  k o ‘p a y t ir ish  
a m a li  t a ’r ifig a  k o ‘ra

=  a ( ß v 4 ) .
yyс d у

7 .  V a  e  R  л  \ /A x , A2 e  V  la r  u c h u n

( r
a ( A x + A ¿ )  =  a

ax bx'\ (c^ b¿

w
+

ci dX y { &  d2y y

V  d a  q o ‘sh ish  va  sk alarn i 
k o ‘pay tir ish  a m a lla r in in g  
ta ’rifiga  k o ‘ra

а ( a x +  а 2 )  a ( t \  + bj )  
a(Cj  +  c2 ) a ( í / ¡  +  J 2 )

R  d a  k o ‘p a y t ir is h n in g  q o ‘s h is h g a  
n is b a ta n  d is tr ib u t iv lig id a n
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а а х +  a Û 2 а t \  +  а b2 Л V  d a  q o ‘s h is h  a m a lin in g  
а с ,  +  а с2 ad \  +  а d 2 J t a ’r ifíga  k o ‘ra

а а 2 afy  

aCj oid2

a a { ab\ 'j í  a a 2 a
а  с, a  dx j  

=  0/4, + a ^ 2 .

F  da sk a la m i m atritsaga k o ‘paytirish  
arnali ta ’rifiga  k o ‘ra

8 .  V  t o ‘p la m n in g  h a r  q a n d a y  A  =
a  b  

с d
e l e m e n t i  v a  1<e R

sk a la r la r  u c h u n  1 A  — A  e k a n lig i  V d a  s k a la m i k o ‘p a y t ir is h  a m a li  
t a ’r ifi v a  R  t o ‘p la m d a  1 ■ a  — a  ( V a e R  ) e k a n l ig id a n  k e lib  c h i -  
q ad i.

D e m a k ,  V =  <  F ; + , { o \  |A. e R j  > c h iz iq l i  v e k to r  f a z o  e k a n .

9 .  B u  fa z o n in g  b a z is in i  a n iq la y m iz . C h iz iq li  v e k to r  fa z o  b a z is i

f a  b
ta ’r ifiga  k o ‘ra V  t o ‘p la m n in g  ix t iy o r iy  A  =

v c  d ,
e le m e n t in i  c h i ­

z iq li  i f o d a lo v c h i  c h iz iq l i  erk ü  s is t e m a n i  t o p a m iz . B u n d a y  s is te m a

s i f a t i d a  Aa =
' а  0 Л '0

oo

í ° (Г, A h - A c =U  Oj 7 O
l o o j I е  OJ

* и
10 d j

s i s t e m a n i  o l s a k ,  u  h o l d a
a b

v c  d ;
=  A a +  A b + Ac +  A d e k a n l i g i

r a v s h a n . B a z is  v e k to r  s i f a t id a  Aa , A b , A c , Ad b a z is d a g i  a , b , c , d  

h a q iq iy  s o n la r  o ‘m ig a  0  d a n  fa r q li ix t iy o r iy  h a q iq iy  s o n n i  q o ‘y is h  
n a t ija s id a  V f a z o n in g  b o s h q a  b a z is la r in i  h o s i l  q ilis h  m u m k in .

D e m a k , V =  < V ; + , {cox |A. e  /?} >  v e k to r  fa z o n in g  b a z is i  c h e k -  
s iz  k o ‘p .

1 0 .  C h i z i q l i  v e k t o r  f a z o n i n g  o ‘l c h o v i  t a ’r i f íg a  k o ‘ra  
V = <  F ; + ,{ ( o x |A. e  /?} >  f a z o n i n g  ix t iy o r iy  b a z i s id a g i  v e k to r la r  

s o n i  u n in g  o ‘lc h o v id ir ,  y a ’n i d im  V =  4.



2 -m iso l .  ( a ) : a l = (  1, 1, 2 ) , a 2 = ( 0 ,  1, 1); i b ) : b l = ( 2 , 1, 3 ) ,  
b2 = (  1, 1, 3 ) ,  ¿3 =  (O , 1 , 1 ) v e k to r la r  s is te m a la r i  t a s h k il  e t -  

g a n  c h iz iq l i  fa z o la r , u la m in g  y ig ‘in d is i ,  k e s i s h m a s in in g  b a z is i  v a  
o ‘lc h o v in i  a n iq la n g .

Yechish.  1 ) ( a ) : a , =  (1 , 1, 2 ) , O 2 = ( 0 ,  1 , 1) v e k to r la r  s i s -  
t e m a s i  c h iz iq l i  e r k li , r a n g ( a ) = 2 .  S h u n in g  u c h u n  L ( ( a ) )  c h iz iq l i  
f a z o n in g  o ‘lc h o v i  d i m Z ( ( a ) ) = 2 .

2 )  ( 6 ) : ¿ t  =  ( 2 ,  1 , 3 ) ,  62 = ( 1 ,  1, 3 ) ,  = ( 0 ,  1 , 1 ) s i s -  
t e m a n i  te k sh ir a m iz :

1 b, n  1 3  N b2 1 3 Nl

b2 1 1 3 k 0  1 1 h 0 1 1

k l o 1 i j - 2 4 [ o  - 1 - 3 ; 4  +  A -  2¿2 l o 0 - v

D e m a k ,  (b)  s i s t e m a  c h iz iq l i  erk li. B u n d a n  d im ¿ ( (¿ > ) )= 3 .
3 )  L ( ( a ) ) ,  L ( ( b ) )  q i s m  f a z o l a r  y i g ‘i n d i s i n i n g  b a z i s i n i  t o -  

p i s h  u c h u n  u la r n in g  b a z i s  v e k t o r la r id a n  ax =  (1 , 1 , 2 ) ,  
a2 = ( 0 ,  1, 1 ) ,  ¿i = ( 2 ,  1, 3 ) ,  £ = ( 1 ,  1, 3 ) ,  £ = ( 0 ,  1 , 1) 
s is t e m a n i  h o s i l  q i la m iz  v a  b u  s is t e m a n in g  b a z is  v e k to r la r in i t o p a -  
m iz .  Q a r a la y o tg a n  m is o ld a  L ( ( b ) ) = R 3 b o ‘lg a n lig i  u c h u n  L ( ( a ) ) ,  

L ( ( b ) )  q is m  fa z o la r  y ig ‘in d is i  h a m  R 3 d a n  ib o r a t  b o ‘la d i. U  h o l -  
d a  d i m ( ¿ ( ( a ) ) +  L ( ( b ) ) ) —3. A g a r

d i m ( £ ( ( a ) ) +  L ((b )) )+  d im ( I ( ( a ) )  n I ( ( ¿ ) ) ) = d i m L ( ( a ) ) +  dimZ.((Z>))

t e n g l ik n i  e ’t ib o r g a  o l s a k ,  u  h o l d a  d i m £ ( ( a ) )  n  d im Z ,((¿ > )) = 2  
e k a n lig i k e lib  c h iq a d i.

D e m a k , d i m £ ( ( a ) ) = 2 ,  d im Z ,((¿> ))= 3 , d im Z ( ( a ) )  + d im  L ( ( b ) ) = 3 , 
d i m ( £ ( ( a ) )  n  L ( ( b ) ) ) —2.

Misol va mashqlar

1 . B e r ilg a n  t o ‘p la m la m in g  c h iz iq l i  f a z o  t a s h k il  e t i s h in i  i s b o t -  
la n g  v a  u n in g  b a z is i ,  o ‘l c h o v in i  a n iq la n g :

{ í a  0 a
1 . 1 . v--

0  o
a  e  R  k
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1 .2 .
- 1 С

, \ a , b ,  
d )

c , d  s

4 i a\2 «13 '
1 .3 . V =  - «21 a22 «23 к е  R  a í =  1 ,3  л  y  =  1 ,3  ■

v«31 «32 «33 , -

4 i 0 0 \ -

1 .4 . V =  ■ «21 «22 0 к e  R  a  i =  1 ,3  л  y =  1 ,3  •

ya3l «32 «33 , -

4 i 0 <213
1 .5 . v =  - «21

v«31

0
0

«23 
«33 , 1

aÿ e R a  i = 1 ,3  A y  =  1 ,3

4 i al2 «13 1
4

1 .6 . F =  • 0 0 0 К e  R  a ï II u> > '—
 II 1—1
1 

u>
l

ч«31 ü32 «33, -

v  0 «12 «13 '
-,

1 .7 . V =  - «21 0 «23 к E R A i =  1 ,3  A y  =  1 ,3 -

vö 3I «32 0

2 .  K o m p le k s  s o n la r  m a y d o n i  t a s h k i l  e t g a n  v e k to r  f a z o n in g  
b a z is i  v a  o ‘lc h o v in i  a n iq la n g .

3 .  Vn a r i f m e t ik  v e k to r  f a z o n in g  q u y id a g i  v e k to r la r  s i s t e m a s i  
ta s h k il  e tg a n  fa z o o s t i la r i  b a z is i  v a  o ‘lc h o v in i  a n iq la n g :

3 .1 .  B ir in c h i  v a  k e y in g i  k o o r d in a ta la r i  t e n g  b o ‘lg a n  b a r c h a  
v e k to r la r .

3 .2 . K oord in a ta lar i y ig ‘in d is i n o lg a  ten g  b o ‘lgan  b arch a  vektorlar.
3 .3 .  J u ft  o ‘r in d a g i  k o o r d in a ta la r i  n o lg a  t e n g  b o ‘lg a n  b a r c h a  

v e k to r la r .
3 .4 . J u ft  o ‘r in d a g i k o o r d in a ta la r i t e n g  b o ‘lg a n  b a r c h a  v ek to r la r .
3 .5 . K o o r d in a ta la r i  t e n g  b o ‘lg a n  b a r c h a  v ek to r la r .
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3 .6 . H a r  b ir  k o o r d in a ta s i  o ‘z id a n  o ld in g i  k o o r d in a ta n in g  q a r a -  
m a -q a r s h is ig a  t e n g  b o ‘lg a n  b a r c h a  v e k to r la r .

4 .  Q u y id a g i  t o ‘p la m la m in g  q a y s ila r i  v e k to r  fa z o  ta s h k il  e ta d i:
4 .1 .  Rn v e k to r  f a z o n in g  b u tu n  k o e ff it s iy e n t li  v e k to r la r  t o ‘p la m i.
4 .2 .  T e k is l ik n in g  k o o r d in a t a la r  o ‘q la r id a n  b ir id a  j o y la s h g a n  

b a r c h a  v e k to r la r  t o ‘p la m i.
4 .3 .  T e k is l ik n in g  b o s h i  k o o r d in a ta la T  b o s h id a  o x ir i  b e r i lg a n  

t o ‘g ‘ri c h iz iq d a  y o t u v c h i  b a r c h a  v e k to r la r i  t o ‘p la m i.
4 .4 .  T e k is l ik n in g  b o s h i  v a  o x ir i  b ir  t o ‘g ‘ri c h iz iq d a  y o t u v c h i  

v e k to r la r i t o ‘p la m i.
4 .5 .  R n v e k to r  f a z o n in g  b a r c h a  k o o r d in a ta la r i  y ig ‘in d is i  1 g a  

te n g  b o ‘lg a n  b a r c h a  v e k to r la r  t o ‘p la m i.
4 .6 .  Rn v e k to r  f a z o n in g  b a r c h a  k o o r d in a ta la r i  y ig ‘in d is i  0  g a  

te n g  b o ‘lg a n  b a r c h a  v e k to r la r  t o ‘p la m i.
5 .  F a z o o s t in in g  q u y id a g i x o s s a la r in i  isb o t la n g :
5 .1 . A g a r  V fa z o  F  m a y d o n  u s t id a  v e k to r  fa z o  b o ‘lsa , u  h o ld a  

u n in g  ix t iy o r iy  f a z o o s t i s i  ¿F m a y d o n  u s t id a g i  v e k to r  f a z o  b o ‘la d i.
5 .2 . A g a r  U fa z o  V v e k to r  f a z o n in g  f a z o o s t i  v a  V f a z o  W v e k ­

to r  f a z o n in g  f a z o o s t i  b o ‘ls a , u  h o ld a  U  f a z o  W  v e k to r  f a z o n in g  
fa z o o s t i  b o ‘la d i.

5 .3 . V v e k to r  f a z o n in g  ix t iy o r iy  f a z o o s t i la r in in g  k e s is h m a s i  V  

v e k to r  f a z o n in g  q is m  f a z o s i  b o ‘la d i.
6 .  Q u y id a g i  v e k to r la r  s is t e m a s i  ta s h k ñ  e tg a n  f a z o o s t i la r  b a z is i  

v a  o ‘l c h o v in i  a n iq la n g :

6 .1 .  o , ( 1 , 0 , 0 , — 1 ) , (¡2  ( 2 , 1 , 1 , 0 ) ,  a3 ( 1 , 1 , 1 , 1 ) ,  fl4 ( 0 , 1 ,2 ,3 ) .

6 .2 .  5 , ( 0 , - 1 , 0 - 1 ) ,  5 j (  1 , 2 , 1 , 2 ) ,  á 3 ( l ,  1 , 1 , 1 ) ,  á4 ( 2 , 3 , 1 , 0 ) ,  

«5 ( 4 , 5 , 3 , 2 ) .

6 .3 .  á , ( 1 , 1 , 1 , 1 , 0 ) ,  ^ ( 1 , 1 , - 1 , - 1 , - 1 ) ,  0 , ( 2 , 2 , 0 , 0 , - 1 ) ,  

«4 ( 1 , 1 , 5 , 5 , 2 ) ,  o5 ( 1 , - 1 - 1 , 0 , 0 ) .

6 .4 .  o , ( l , 1 ,0 ,0 ) ,  0 2 ( 0 , 1 ,1 ,0 ) ,  ó 3 ( 0 , 0 ,1 ,1 ) .

6 .5 .  o , ( l , - 1 , - 1 ) ,  ¿2 ( —2 , 2 , 2 ) ,  o 3 ( 1 , 0 , 1 ) ,  a4 ( 2 , 3 , 1 ) ,  

¿s ( 5 , 3 ,2 ) .
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6 .6 . 5 , ( - 4 , 3 , - 2 , 1 ) ,  4  ( 2 , 2 ,2 ,2 ) ,  5 ,  ( - 0 , 1 , - 1 , 1 ) ,  4 ( 3 , 3 , 1 , 1 ) ,  

ö 5 ( 0 , 1 ,2 , 3 ) .
7 .  F a z o o s t i la r  y ig ‘ in d is i  v a  t o ‘g ‘ri y ig ‘in d is in in g  q u y id a g i x o s -  

s a la r in i isb o t la n g :
7 .1 .  A g a r  L  v a  U  la r  F  v e k to r  fa z o n in g  f a z o o s t i la r i  b o ‘lsa , u  

h o ld a  L + U  =  U + L  b o i a d i .
7 .2 .  A g a r  L , U, W  la r  F  v e k to r  fa z o n in g  fa z o o s t i la r i  b o ‘ls a , u  

h o ld a  L + ( U + W )  =  ( L + U ) + W  b o ‘la d i.
7 .3 .  A g a r  L  f a z o o s t i  V  v e k t o r  f a z o n in g  f a z o o s t i s i  b o ‘ ls a ,  u  

h o ld a  L + V =  V  b o ‘la d i.
7 .4 .  L  v a  U  la r  F  f a z o n in g  f a z o o s t i la r i  b o ‘ls a ,  u  h o ld a  L + U  

y ig ‘in d i  t o ‘g ‘ri y ig ‘in d i  b o ‘l is h i  u c h u n  L n U = ( Ö }  b o ‘l is h i  z a r u r  
v a  y e ta r li .

8 .  B e k t o r la m in g  ( a ) v a  ( b )  s is te m a la r i  t a s h k il  e tg a n  c h iz iq l i  
fa z o la r ,  u la r n in g  y ig ‘in d i s i ,  k e s i s h m a s in in g  b a z is i  v a  o ‘l c h o v in i  
a n iq la n g :

8 .1 .  (a):  ^ ( l ,  2 ,  3 ) ,  ^ ( 0 ,  1 , 1);

(.b): bx{ 1, 0 ,  1 ), £ ( 2 ,  1 , 1).

8 .2 .  (o ) :  4 ( 1 ,  2 ,  3 , 3 ) ,  ä2 (0,  1, 1, 5 );

(6 ) :  ¿ , ( 1 ,  0 ,  7 , 1 ) , b2 ( 2 , 0 ,  1 , 1).

8 .3 .  ( ö ): 4 ( 1 ,  2 ,  3 ) ,  4 ( 0 ,  1 , 1 ) , 4  ( - 1 ,  4 ,  3 );

(¿>): 6 , ( 1 ,  0 ,  1 ), 4 ( 2 ,  1 , 1 ), 4 ( - 3 ,  - 2 ,  -  1 ).

8 .4 .  (o ) :  4 ( 1 ,  2 ,  3 , 6 ) ,  4 ( 0 ,  1 , 1, 7 ) ,  4 ( - l ,  4 ,  3 , 8 );

(,b): 4 ( 1 ,  0 , 1, - 4 ) ,  4 ( 2 ,  1, 1, - 3 ) ,  4 ( - 3 ,  - 2 ,  - 1 ,  - 2 ) .

8 .5 . (fl): 4 ( 1 ,  - 2 ,  3 ), 4 ( 0 ,  1, - 1 ) ,  4 ( - l ,  4 , 3 ), 4 ( - l ,  0 , - 3 ) ;

(,b): 4 ( 9 ,  0 ,  1 ), 4  ( - 5 ,  1, 1 ) , 4 ( - 3 ,  2 ,  - 1 ) .

8 .6 .  (f l): 4 ( 0 ,  2 ,  3 ) ,  4 ( 0 ,  1 , 0 ) ,  4 ( -  1, -  4 ,  3 );

(b): 4 ( 1 ,  0 , 1), 4 ( 2 ,  1 , 1), 4 ( - 3 ,  - 2 ,  - 1 ) ,  4 ( “ 5 , 4 , - 3 ) .

8 .7 .  (fl): 4  ( - 5 ,  1 , 2 ,  3 ) ,  4 ( - 6 ,  0 , 1 , 1 ), 4 ( - l ,  - 1 ,  4 , 3 );

(Z>): 4 ( - 3 ,  1, 0 , 1 ), 4 ( “ 4 , 2 , 1, 1 ), 4 ( - 2 ,  - 3 ,  - 2 ,  - 1 ) .
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8 .8 . (a): ä t ( - 3 ,  1, 2 ,  3) ,  ä , ( - 4 ,  O, 1, 1 ), 5 3 ( - 8 ,  - 1 ,  4 , 3 );  

(b): bx ( - 5 ,  1, O, 1 ), b2 ( - 6 ,  2 , 1, 1 ), 4  ( - 2 ,  - 3 ,  - 2 ,  - 1 ) .

[ ¡ ¿ f j  Takrorlash uchun savollar

1. M a y d o n  u s t id a  v e k to r  f a z o  d e b  n im a g a  a y t ila d i?
2 . V e k t o r f a z o n i n g  a s o s iy  x o s s a la r in i  b a y o n  e t in g .
3 . V e k t o r  fa z o g a  m is o l la r  k e lt ir in g .
4 . V e k t o r  fa z o n in g  f a z o o s t i s i  d e b  n im a g a  a y t ila d i?
5 . F a z o o s t i la r  k e s is h m a s i  d e b  n im a g a  a y t ila d i?
6 . F a z o o s t i la r  y ig ‘in d is i ,  t o ‘g ‘r i y ig ‘in d is i  t a ’r if in i  a y t in g .
7 . F a z o o s t i la r  y ig ‘in d is i  v a  t o ‘g ‘ri y ig ‘in d is in in g  q a n d a y  x o s s a ­

la r in i  b ila s iz ?
8 . V e k t o r  f a z o n in g  b a z is i  d e b  n im a g a  a y t ila d i?
9 . V e k to r  f a z o n in g  o ‘lc h o v i  d e b  n im a g a  a y t ila d i?

Skalar ko‘paytmali vektor fazolar.

Evklid vektor fazolar. Vektor fazolar izomorfizmi

J  Asosiy tushunchalar: s k a la r  k o ‘p a y t m a ,  x o s m a s ,  n o l  s k a la r  
k o ‘p a y tm a la r , u n ita r  v e k to r  f a z o ,  o r to g o n a l  v e k to r la r , o r t o g o ­
n a l  b a z is ,  o r t o n o r m a l  b a z is ,  E v k lid  v e k to r  fa z o .

A g a r  V  f a z o n in g  h a r  b ir  j u f t  3c v a  y  e le m e n t la r ig a  u la r n in g  

s k a la r  k o ‘p a y t m a s i  d e b  a t a lu v c h i  y a g o n a  (3c,  y )  h a q iq iy  s o n  
m o s  q o ‘y il ib ,  b u  m o s l ik  u c h u n

1) ( * ,  y )  =  ( y ,  x ) ;

2)  ( x + y  , z )  =  ( x  , z )  +  ( y . z ) l
3) (X x  , y  ) = X( x , y  ), VA. g R,
4 )  ( x ,  x )  >  0

s h a r t la r  b a ja r i ls a , u  h o ld a  V  v e k to r la r  f a z o s i  s k a la r  k o  ‘p a y tm a l i  

f a z o  d e y ila d i .
A g a r  V  f a z o n in g  i s t a lg a n  3c *  0  v e k to r i  u c h u n  ( x  , x  ) *  0  

b o ‘l s a ,  V  f a z o d a  a n iq la n g a n  s k a la r  k o ‘p a y t m a  x o s m a s  s k a l a r  

ko  ‘p a y t m a  d e y ila d i . .
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A g a r  V f a z o n in g  is ta lg a n  x  v a  y  v ek to r la r i u c h u n  ( x ,  y )  =  0  
b o ‘lsa , V fa z o d a  a n iq la n g a n  sk a la r  k o ‘p a y tm a  nol sk a la r  k o ‘p a y tm a  

d e v ila d i.
A g a r  V  f a z o n in g  i s t a lg a n  3 c > 0  v e k t o r i  u c h u n  ( 3 c ,  3 c ) >  0  

b o ‘lsa , b u n d a y  fa z o g a  u n ita r  f a z o  d e y ila d i.
A g a r  u n i t a r  f a z o n i n g  ik k i t a  3c v a  y  v e k t o r la r i  u c h u n  

( 3c, y )  =  0  b o i s a ,  u  h o ld a  3c v a  y  v e k to r la r  ortogonal vek tor-  

la r  d e y ila d i .
A g a r  V  f a z o n in g

«1 ’ «2 >•■•»«« ( 1 ) 
v e k to r la r  s i s t e m a s in in g  is ta lg a n  ik k ita  e le m e n t i  o ‘z a r o  o r t o g o n a l  
b o ' l s a ,  u  h o ld a  (1 )  s is t e m a  ortogonal vek tor lar  s is tem asi  d e y ila d i .

A g a r  o r t o g o n a l  v e k to r la r  s i s t e m a s i  q a r a la y o tg a n  f a z o n in g  b a -  
z is i  b o ‘lsa , b u n d a y  s is t e m a  ortogonal baz is  d e y ila d i .

R  m a y d o n  u s t id a  a n iq la n g a n  Vn f a z o n in g  ix t iy o r iy

a \ 1 a 7 > •••> Qn
b a z is in i

ex , e 2 , . . . , e n ( 2 )
o r t o g o n a l  b a z is g a  a y la n t ir is h  ja r a y o n i  b i la n  t a n is h a m iz . B u  y e r d a  
(1 )  d a n  ( 2 )  n i h o s i l  q ilis h  o r t o g o n a l la s h  ja r a y o n i  d e y i l ib ,  u  q u y i-  
d a g ic h a  a m a lg a  o s h ir i la d i:  ex = a x d e b  o la m i z ,  a, *  0  b o ‘lg a n i  
u c h u n  e, *  0 b o ‘la d i . E n d i  e2 n i  e2 =  ä2 +  a ö j  =  ä2 + ae¡  s h a k l-  
d a  o l i b ,  a  s o n n i  s h u n d a y  a n iq la y m iz k i ,  n a t i j a d a  ( e ¡ , e2 ) = 0 , 

y a ’n i
( e x, é 2 ) =  (e¡ , a 2 +  a c | ) =  ( e x , ä2 ) + a ( é x , é ¡ ) ( 3 )

b o ‘ls in . äx = e ¡  *  0  va  Ö2 b o i g a n i  u c h u n  e2 *  0  b o ‘la d i. (3 )
(ex, a2 )

t e n g l ik d a n  a  =  ^  t o p ila d i .

E n d i e3 n i é3 =  a3 +  yé2 -t- ßej sh a k ld a  y o z ib  o l ib ,  ß v a  y  la r n i 
s h u n d a y  t a n la y m iz k i ,  n a t ija d a  { é x , é3 ) =  0  v a  ( e 2 , e3 ) =  0  b o l ­
s ín ,  y a ’n i

(e¡ , ä 3 + y é 2 + ß e x ) =  0 ,  ( 4 )

( é 2 , a 3 + yé2 +  ß e , )  =  0  ( 5 )
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te n g lik la r  b a ja r ils in . ( 4 )  v a  (5 )  te n g lik la r d a n

( e x , a 3 )  +  y (e ¡  , e 2 ) +  p ( e ,  , e , ) =  0  ,

(*2 > « 3 ) +  y (^ 2 ,F 2 ) +  p ( e 2 , e , ) =  0  
h o s i l  b o ‘lib , b u n d a  ( e , , e2 )  =  ( e 2 , ex ) =  0  e k a n lig in i e ’t ib o rg a  o lsa k ,

o _  . « 3 ) ( h . «3 )P =  , v a  Y =  v ( 1̂ > 1̂ ) ( e2 > e2 )
la r  k e lib  c h iq a d i .

B u  ja r a y o n n i  o x ir ig a c h a  d a v o m  e t t ir ib ,  (2 )  o r t o g o n a l  b a z is n i  
h o s i l  q i la m iz .

H a q iq i y  s o n l a r  m a y d o n i  u s t id a  a n i q l a n g a n  V  u n i t a r  f a z o  
E v k l id  f a z o s i  d e y ila d i .

+ s j ( a ,  a )  m iq d o r  á e  V  v e k t o m in g  n orm asi (uzunligi)  d e y i la ­

d i v a  ||a || o r q a h  b e lg i la n a d i. A g a r  ||a || =  1 b o ‘lsa , a  norm allangan  

v e k to r  d e y i la d i .
E v k lid  fa z o s in in g  h a r  b ir i n o r m a lla n g a n

, b¿ , . . . ,  bn ( 6 )
o r t o g o n a l  v e k to r la r  s is t e m a s i  ortonorm allangan  vek to r la r  s is tem asi  

d e y ila d i.
A g a r  ( 6 )  s is t e m a  b a z is  ta s h k il  e t s a , u  E v k l id  f a z o n in g  or tonor­

m allan gan  b a z is i  d e y ila d i .
cF m a y d o n d a  b e r ilg a n  Vn v a  V„' c h iz iq l i  fa z o la r  o r a s id a  s h u n -  

d a y  (p a k s la n t ir is h  m a v ju d  b o ‘l ib , u  Vn n in g  h a r  b ir  3c v e k to r in i  
F„' n in g  y a g o n a  b it ta  3c' v e k to r ig a  o ‘z a r o  b ir  q iy m a th  a k s la n t ir -  

s a  v a  q u y id a g i  sh a r t la r  b a ja r ilsa , Vn v a  V„' f a z o la r  o ‘za ro  izo m o r f  

ch iz iq li  f a z o l a r  d e y ila d i:
1 ) V x ,  y  e V n (c p (x  +  j )  =  cp (x )  +  q > (j? ));

2 )  V x  e  Vn a  V a e / r ( ( p ( a x )  =  a c p ( x ) ) .

1 - m i s o l .  B e r i lg a n  ( a ) :  ax = ( 1 , 2 , 1 ) ,  = ( 1 , 1 , 1 )  v e k to r la r  
s is te m a s in i 3  u s u ld a  b a z is g a c h a  t o ‘ld ir in g .

Yechish .  1 -u s u l .  V e k to r la r  s is t e m a s in i  b a z is g a c h a  t o i d i r i r i s h -  
n in g  b ir in c h i  u s u li  — s i s t e m a n i  f a z o n in g  m a k s im a l  s o n d a g i  c h i -  
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z iq l i  e r k li s is t e m a s ig a  a y la n tir ish  u c h u n  v e k to r la r n i s is te m a g a  b it -  
ta la b  q o ‘s h i s h  v a  h a r  g a l s i s t e m a n in g  c h iz iq l i  e r k l i l ig in i  t e k s h i -  
r is h d a n  ib o r a t .

B e r ilg a n  v e k to r la r  s is t e m a s in in g  c h iz iq l i  b o g ‘liq  y o k i  c h iz iq l i  
erk li e k a n l ig in i  t e k sh ir ib  o la m iz :

A ' l 2 f ~  A r 1 2 T

A 1 1, a2 -  a x l o - 1  o j

D e m a k ,  ax , a 2 v e k to r la r  s is te m a s i  c h iz iq l i  e r k li. 

á, , d 2 v e k t o r la r  R 3 f a z o  v e k to r la r i  b o ‘lg a n l ig i  u c h u n  o, , o 2 
s i s t e m a n i  ^ n i n g  b a z i s ig a c h a  t o ‘ld ir a m iz ,  y a ’n i  s h u n d a y  o 3 
v e k t o r n i  R 3 d a n  t o p a m i z k i ,  ó , , o 2 v e k t o r la r  b i la n  a3 c h i z i q l i  

i f o d a la n m a s in .  M a s a la n ,  o 3 = ( 0 , 0 , l )  b o i s a ,  u  h o ld a  ax , a 2 , a 3 

s is t e m a  c h iz iq l i  e r k li s is t e m a  b o ‘l is h in i  t e k s h ir a m iz :

A 2 f d x f  1 2 n
4 1 1 1 ¡ i 0 - 1 0
A lo 0 l j o3 ^o 0 l j

D e m a k ,  5, , a 2 , a 3 s i s t e m a  R 3 u c h u n  b a z is .
2 - u s u l .  B e r ilg a n  v e k to r la r  s is t e m a s ig a  f a z o n in g  b ir o r -b ir  b a z i-  

s in i  q o ‘s h is h  y o r d a m id a  v e k to r la r  s is t e m a s in i  b a z is g a c h a  t o ‘ld ir a -  
m iz . B u n in g  u c h u n  R3 f a z o n in g  ex ( 1 , 0 , 0 ) ,  e2 ( 0 , 1 , 0 ) ,  e3 ( 0 , 0 , 1 )  
b a z is in i  o la m iz .  U  h o ld a  h o s i l  b o i g a n  a x, a 2 , a 3 , e l , é 2 , e 3 v e k ­
to r la r  s i s t e m a s i  b a z is  x o s s a la r ig a  k o ‘ra c h iz iq l i  b o g ‘liq . B u  s i s -  
t e m a d a g i  ax , o 2 v e k to r la r n i  s a q la b  q o lg a n  h o ld a  u n i  c h iz iq l i  erk li  
v e k to r la r  s is te m a s ig a  k e lt ir a m iz :

A f 1 2 f a 2 r A '1 2 r A
02 1 1 1 0 -1 0 A -  A 0 -1 0 A - A
A 1 0 0 — 0 -2 -1 ex -o , ~ 0 0 -1 ¿1 -o , - 2 ( 4  -

¿2 0 1 0 0 1 0 A 0 0 0 &2 H" @2 ~
% ^0 0 l lo 0 l j ¿3 ^0 0 1 , %
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D e m a k ,  ax, a 2 , a 3 , e, s is t e m a  b a z is  b o ‘la d i.
3 -u s u l .  B e r ilg a n  s is t e m a  a s o s id a  o r t o g o n a l  b a z is  h o s i l  q ilis h .  
B u n in g  u c h u n  b e r i lg a n  a ¡ , a2 s is t e m a n i  o r t o g o n a l la s h  j a r a y o -  

n i a s o s id a  o r to g o n a l  s is t e m a g a  k e lt ir a m iz :
t\  = ax v a  b2 = a2 -  a b x b e lg i la s h la r  k ir i t s a k , u  h o ld a  t\ , b2 

v e k t o r la r  o r t o g o n a l  b o ‘l i s h i  u c h u n  (¿ j  , b2 ) = 0  s h a r t n i  q o ‘l l a y -  
m i z ,  y a ’n i  0  =  ( bx , b 2 ) =  ( 4  , a 2 ) -  o t ( 4  , b x ) .  B u  t e n g l a m a d a n

o r t o g o n a l  s is t e m a  c h iz iq l i  erk li.
¿i , b2 s i s t e m a n i  o r t o g o n a l  b a z is g a c h a  t o ‘ld ir is h  u c h u n  s h u n -  

d a y  ¿3 v e k t o m i  t o p a m iz k i ,  u  ( 4 , 4 ) =  0 A ( 4 >4 ) =  0 s h a r t la m i  
q a n o a t la n t ir s in .  b3 =  ( x , y , z ) d e b  o l ib , ( ¿ , , b3 ) =  0 a  ( b 2 , b3 ) =  0

K e lt ir ib  c h iq a r i lg a n  c h iz iq l i  te n g la m a la r  s is te m a s in in g  y e c h im la r i-  
n i G a u s s  u s u l id a  to p a m iz :

‘lg a n  4  v e k t o r  4  v e k t o r g a  o r t o g o n a l  v a  t \ , b 2

x  +  2 y  +  z  = 0 ,
s h a r t la r d a n  \ x y  z a  t e n g la m a la r  s i s t e m a s in i  t u z a m iz .

J  ~  T  +  1  ~13

x  + 2  y  +  z  = 0 , x  +  2 y  + z  =  0 ,  
- A y  =  0
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D e m a k ,  c h i z i q l i  t e n g l a m a l a r  s i s t e m a s i n i n g  c h e k s i z  k o ‘p  
y e c h i m l a r i  m a v j u d . U n i n g  n o ld a n  fa r q li  b i r o r - b ir  y e c h i m i n i ,  
m a s a la n ,  ( — 1 , 0 ,  1 ) n i 4  v e k to r  s ifa t id a  o l i s h  n a t ija s id a  4  , 4 > 4  
o r to g a n a l  b a z is n i  h o s i l  q i la m iz .

2 -m iso l .  ax = ( 1 , 2 , 3 ) ,  4  = ( 1 , 1 , 1 )  v e k to r la r  b e r ilg a n  b o ‘lsa , 
L ( a¡ , a 2 ) q is m f a z o n in g  o r t o g o n a l  t o ‘ld ir u v c h is in i  to p in g .

Y e c h is h .  Q i s m f a z o  o r t o g o n a l  t o ‘ld ir u v c h i s i  t a ’r i f ig a  k o ‘ra  
<3,, á2 v e k to r la r g a  o r t o g o n a l  v e k to r la r  t a s h k i l  e t g a n  q is m f a z o n i  

t o p a m i z .  B u n in g  u c h u n  ( 5 , ,  je) = 0  a  ( á 2 , x )  =  0  s h a r t la r n i  q a -  
n o a t la n t ir u v c h i  x  v e k to r la m i a n iq la y m iz . B e r ilg a n  a , , a2 v e k to r ­
la r  y o r d a m id a  v a  je =  ( x ,  y ,  z )  b e lg i la s h d a n  q u y id a g i  c h i z i q l i

í x  +  2 y  +  3 z  =  0 ,  
t e n g la m a la r  s i s t e m a s in i  tu z a m iz :  < n T e n g la m a la r

[ x  i y  i g  -  0:--- - - - - - ——
s is t e m a s i  c h e k s i z  k o ‘p  y e c h im g a  e g a , c h u n k i  s i s t e m a  3 n o m a ’-
lu m li  2  ta  t e n g la m a d a n  ib o r a t . T e n g la m a la r  s is t e m a s in in g  u m u -
m iy  y e c h im in i  a n iq la y m iz :

\ x  +  y  + z  =  0 ,  ( x  +  y  +  z  =  0 ,  
[ x  +  2 y  +  3 ¿  =  0  ^  1 y  +  2 z  =  0

x  =  y ,  

y  =  - 2 z ,
z e R .

B u n d a n  , d2 s i s t e m a g a  o r t o g o n a l  v e k t o r la r  
A  =  { ( z ' , - 2 z ' , z ) \ z  e  R )  t o ‘p la m d a n  ib o r a t. B u  t o ‘p la m  z  n in g  q iy -  
m a t ig a  b o g ‘l iq  b o ‘ lg a n  v e k to r la r d a n  ib o r a t .  S h u n in g  u c h u n  A  

t o ‘p l a m  t a s h k i l  e t g a n  A =  < ^ ; + , { c o x |A e  R j > c h i z i q l i  f a z o  
o ‘lc h o v i  d im  A  = 1  v a  A  c h iz iq l i  f a z o  L (  5 , ,  a2 ) c h iz iq l i  f a z o n in g  
o r t o g o n a l  t o ‘ld ir u v c h is i  b o ‘la d i.

3 -m is o l .  B e r ilg a n  t o ‘p la m la r  ta s h k il e tg a n  c h iz iq l i  f a z o la r  o r a -  
s id a  iz o m o r f iz m  o ‘m a t in g :

V  =
í  a

b c N ' a 0 0"
0 0 0 a , b , c  e  R V'  =  - 0 b 0 a , b , c  e  R >

I o 0 V l o 0
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Y e c h ish .  B e r i lg a n  t o ' p l a m l a r  t a s h k i l  e t g a n  c h i z i q l i  v e k t o r  
f a z o la r  3 o ‘l c h o v ü  fa z o la r . B e r ilg a n  V n in g  b a z is la r id a n  b ir i

f 1 0 0^ ' 0 1 oN (0 0 г
A  = 0 0 0 ,B = 0 0 0 , C  = 0 0 0

lo 0 oj ,0 0 oj lo 0 oj
v a  V  n in g  b a z is la r id a n  b ir i

( 1 0 0" '0 1 0N '0 0 V

4 II 0 0 0 , B '  = 0 0 0 , C '  = 0 0 0

lo 0 oj lo 0 oj lo 0 oj
b o ' l i s h i  a y o n . B u  fa z o la r  o r a s id a  / ( V )  = V  a k s la n t ir is h n i  q u y i-  

d a g ic h a  a n iq la y m iz :

f ' a  b  с  V i ( a  0  0^
/

w

с

0  0  0  
0  0  0

0  b  o
0  0  с

f  a k s la n t ir is h  i z o m o r f iz m  b o ‘l i s h in i  i s b o t la y m iz :

4 A 0 4 bl 0
1) , A 2 & V ,  Д  — 0 0 0 5 A  - 0 0 0 lar u c h u n

lo 0 oj lo 0 O j

f { A  + A ) = f
0\ A ci 
0  0  0  
0  0  0

+
<h th <h 

0  0  0  
0  0  0

m a tr itsa la m i q o ‘sh ish  
a m a li ta ’r ifid an

J)

a x +  02 + b 2 c¡ +  C2

0
0

ax + a2

0

0

0
0

0

bx + b 1

0

0
0

0

0

CX +C2

a k s la n t ir is h
t a ’r if id a n

m a tr it s a la m i q o ‘s h is h  
a m a li  t a ’r if id a n
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"fll 0 o N "«2 0 0 "
0 A 0 + 0 62 0

0 6^C1 y C2 y

f ( A , ) * f ( A 1 ) .

D e m a k , / a k s l a n t i r i s h  q o 's h is h  b in a r  a m a lin i  s a q la y d i .

2 )  \ / A  e  V  a  V a  e  R  lar  u c h u n

' a b c

p" II a 0 0 0 =

lo 0 0 ,

sk a la r n i m a tr itsa g a  k o ‘p a y tir ish  
a m a li  t a ’r if id a n

/

' <x a a  b a  c '
0 0 0

, 0 0 0  ,

a k s la n tir is h
t a ’r if id a n

s k a la r n i m a tr its a g a  k o ‘p a y t ir is h  
a m a li  t a ’r if ld a n

=  a

' a.a 0 0 "
0 a  b 0

Co 0 a  c y

0 0^
b 0 a - j
0

D e m a k ,  / a k s la n t ir is h  sk a la r n i m a tr its a g a  k o ‘p a y tir ish  a m a l i ­
n i sa q la y d i.

V, V'  c h iz iq l i  fa z o la r  o r a s id a  a n iq la n g a n  / a k s la n t ir is h  g o m o -  
m o r f iz m  e k a n .

3 )  V  d a n  o l i n g a n  i x t i y o r i y  f { A x) ,  f ( A 2 ) la r  u c h u n

f ( A x) *  /  ( A2 ) b o ‘ls in . U  h o ld a  / ( 4 )  =
/ a 1 0  0 ^  

0 ^ 0  
0 0 c,

n in g  a s li

U

\  A O
f
«2 0 0^ bi C2"

4  = 0 0 0 va f ( A 2) = 0 b2 0 n in g  asli ^  = 0 0 0

0 0 oj 0 0 c 2, lo 0 o j
161



'<h 0 0 N «2 0 0"

A gar 0 0 *■ 0 0

1 0 0 cl , l o 0

bo‘lsa, u holda * â y l\ *

*  A v  Cj *  c2 b o ‘la d i. B u n d a n
'<h h c\ " 

0 0 0 *

â  h¿ c2 
0 0 0

0 0 0 , 0 0 0 ,

ek an lig i k elib  ch iq a d i. Y a ’n i / ( F )  =  V  in yek tiv  akslantirish .

fa 0 0 N

4) V' t o ‘p lam n in g  ixtiyoriy f ( A )  = 0 Z > 0  

0 0 c

e lem en ti u ch u n

F  t o ‘p la m d a  A =

a b c
e le m e n t  m avju d . Y a ’n i /  su ryek tiv0 0 0 

0 0 0 ,  

akslantirish .

D e m a k , f ( V )  = V ' akslantir ish  iz o m o r fiz m  ek an .

Misol va mashqlar

1. Skalar ko‘paytmaning quyidagi xossalarini isbotlang:

1.1. (3c, y  + z )  =  ( y  +  z , x )  =  ( y , X ) + ( z , x )  =  ( x , y )  +  ( x , z ) .

1.2. ( x , X y )  = (Aj>,x)  = X ( y , x )  = A ( x , y ) .

2. Agar F skalar ko'paytmaga ega bo‘lgan fazo bo‘lsa, u hol­

da V x  g  V  uchun ( x , 0 )  = 0 bo‘lishini isbotlang.
3. Biror F  fazo Evklid fazosi bo‘lishi uchun uning element - 

lari ustida quyidagi shartlar bajarilishi lozimligini isbotlang:
3. 1 .  ( x , j )  =  ( j , x )  ( V x J e F ) .

3.2.  ( x , y + z)  =  ( * , j O  +  ( x , z )  (yx,y,z  g F ) .

3.3.  ( A x , y )  = A ( x , jF )  ( V x ,  y  g  F ,  VA, g  R) .

3.4. ( x , x )  > 0 ( V x g F ,  x * Ü ) ,  ( x , x ) > 0  ( V x  g  F ,  x  =  Ö).
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4. a , b  — Evklid fazosining ixtiyoriy vektorlari va X.&R 
uchun quyidagi xossalar o‘rinli ekanligini isbotlang:

4.17 ||fl|| > ’0'“'(||fl|| = 0 o  0 = 0).

4.2. ||A.fl|| > N ||fl||.

4.3. ||(fl,6)j| < ||fl||-||61| (Koshi—Bunyakovskiy tengsizligi).

4.4. ||ß + b || < ||fl|| + \\b || (uchburchak tengsizligi).
5. Quyidagi vektorlar sistemasini ortogonallang:

5.1. « .(-1 ,1 ,1), 5,(0,1,2), fl3(1,2,3).

5.2. 4(1,2,1,0), 4 (-1 ,1 ,2 ,0 ), 4(1 ,1 ,1 ,1), 4 d , 4,4,1).

5.3. 4 (-1 ,3 ,2 ,1 ), 4(0,0,5,5), 4 (2 ,1 ,-1 ,1 ).

5.4. 4(1,0,1), M - 1,1,3), 4(13,34,5).

5.5. 4(1,0,1,1), 4(1,1,1,1), 4(0,0,1,2), 4 ( - l , 0,3,1).

5.6. 4(1,0,1,1), 4 (3 ,1  ,-3 ,0 ), 4(5,7,1,1).
6. Chekli o‘lchovli Evklid fazosining istalgan bazisini orto- 

normallash mumkinligini isbotlang.
7. Agar V xosmas skalar ko‘paytmali vektor fazo bo‘lsa, u 

holda V fazoning nolmas vektorlaridan tuzilgan ortogonal vektor­
lar sistemasi chiziqli erkli boiishini isbotlang.

8. Berilgan vektorlar sistemasini 3 usulda bazisgacha to‘ldi- 
ring:

8.1. 4  (1,0,3), 4 (0 ,- 4 ,- 1 )  .

8.2. 4  (-1,1,0,3), 4  (2,0,—4 ,-1 ), 4  (3 ,-1 ,0 ,-3 ).
8.3. 4  (0,2,3), 4  (3,1,2), 4  (6,2,4).
8.4. 4  (1,-2,1,0,1), 4  (2,0,-5,1,1), 4  (3 ,2 -3 ,-2 ,-1 ) .
8.5. 4  (-1,1,0,3), 4  (2 ,0 ,-4 ,-1 ), 4  (1,1,-4,2).
8.6. 4  (5 ,-1 ,-4 ,-4 ) , 4  (2 ,0 -4 ,-1 ) .
8.7. 4(1,2,1,2,3), 4(3,4,0,1,1).

8.8. 4  ( 7 ,0,5,1), 4  (3,5,5,0), 4  (-3 ,2 ,-7 ,4 ).



9. E vk lid  fa zo  fa z o o stis i o r to g o n a l t o ‘ld iru v ch isin in g  q u yid agi 

xossa larin i isbotlang:

9 .1 . ( Z 7 X  )x  = U.
9 .2 . (U  n V ) L = U 1- + V 1 .

9 .3 . ( £ ) x = { 0 } .

9 .4 . {0}x =  £ .

9 .5 . (¡7 X n K 1 )1 = U  + V .

_ 9 .6 . ( t f x + V XY  = U n V .

9 .7 . ( U n V n T ) 1 = U ± + V 1 + T ± .

9 .8 . ( U  + V + T )x = U ± n V 1 n f .

10. B erilgan  ¿ (  a , , . . . ,  a„) fa zo o stin in g  o r to g o n a l to ld ir u v c h i-  

sin i toping:

10.1 . ax ( 3 - 2 ) .

10.2. 4  ( 1 - 2 , 0 ) .

10.3. ax ( 1 ,—2 ,0 ,1 ) .

10.4. 5, ( - 1 , 2 , 3 ) ,  4  ( 3 ,—4 ,1 ) .

10.5. ax ( 1 ,1 ,1 ,0 ) ,  0 2 ( 1 , 2 - 4 , 0 ) .

10.6. ax ( 1 ,—2 ,0 ,1 ) ,  4 ( 2 , —4 ,0 ,2 ) ,  4 (  1 ,1 ,1 ,1 ) .

10 .7 . 4  ( 4 ,1 ,0 ,1 ,1 ) ,  ¿2 ( 3 ,1 ,0 ,1 ,0 ) ,  4  ( 1 ,0 ,0 ,0 ,2 ) .

10.8. ax(2 ,1 ,2 ,1 ,3 ), 4 ( 1 ,2 ,1 ,2 ,1 ) ,  4 (3 ,3 ,3 ,3 ,3 ) ,  a4( - 1 ,1 ,-1 ,1 ,0 ) .

11. B erilgan  Z ( 5 , , . . . ,  ¿„ ) fa zo o stin in g  o r to g o n a l t o ‘ld iru v ch i-  

si b a z is in i top in g:

11.1. 4 ( 1  “ 2 ,3 ) .

11.2. 4 ( 1 , - 1 , 2 ) ,  4 d , 0 ,1 ) ,  4 ( 2 , - 1 , 4 ) .

11.3. 4 ( 1 , 1 , 0 , - 2 ) ,  4 ( 2 , 1 , - 1 , 1 ) ,  4 ( 3 , 2 , - 1 , - 1 ) .

11.4. 4 ( 1 , - 1 , 2 , 1 ) ,  4 ( 1 , 0 , 1 , - 1 ) ,  4 ( 2 , —1 ,3 ,0 ) .

11.5. 4 ( 1 , 1  , - 1 , 2 ) ,  4 ( 2 , 0 , 1 , 3 ) ,  4 ( 4 , 2 , - 1 , 7 ) ,  4 ( 3 , 1 , 0 , 5 ) .

1 1 .6 . 4 ( 2 , - 1 , 1 , - 3 , 1 , 1 ) ,  4 ( 1  , - 1 , 1  , - 1 , 1 ) ,  4 ( 0 , 2 , 1 , 2 , 0 ) ,  

4 ( - i ,  1 , - 1 , 1 , - 1 ) .
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12. Q u yid ag i ten g lam alar  sistem asi y ech im la r  t o ‘p lam i tashkil 

etgan  fa zo o stin in g  orto g o n a l t o ‘ld iru vch isin i toping:

x , + x 2 +  x 3 + x4 = 0 ,
12.1 . •

•'^1 *̂ *2 3 4 — —
- x x +  x2 -  x 3 + x 4 = 0 . ■

X, -  2 x 2 + x 3 = 0 ,

12.2. . 2 x , -  x 2 -  x 3 = 0 ,

Xj +  x 2 -  2 x 3 = 0.

2 x , + x 2 + 3 x 3 - x 4 = 0 ,

12.3 . ■3 x , +  2 x 2 -  2 x 4 = 0 ,

3X] + x 2 + 9 x 3 -  x 4 = 0 .

X. +  x 2 +  x 3 + x 4 = 0 ,

12.4." <Xj - X 2 - x 3 - 3 x 4 =  0 ,  

3x{ + x 2 + x 3 -  x 4 =  0.

13. m a y d o n  u stid a g i n o ‘lc h o v li h ar q a n d a y  ik k ita  К  va  

F„' c h iz iq li fazo lar izom o rflig in i isbotlang.

14. B er ilg a n  t o ‘p lam lar ta sh k il e tgan  c h iz iq li fa zo la r  orasid a  

iz o m o r fiz m  o ‘m atin g:



f 0 a Ь'

14.5 . V =  < -a 0 с 1 Q,b,C G /? >

I " *
- c o j -

T °
- a - 6 '

________ L i_-__4 /7 n --/2— 1 £2, 6 ,  С G i?V w

I *

и

с

t-

0
/

i a
b ол v 0 0 ол

14.6. F= • с 1 0 1 a , b , c e R “ va V — ' 0 1 с ] а, Ь, с g  R

1° 0 0, lo b «У

( a
0 0" "0 0 сл q

14.7. v =  • 0 b 0 1 a , b , c e R • va V =  • 0 b 0 1 a ,b ,c  g  R

lo 0 c . -
0 0. -

í a
0 0N

■
"0 0 а

Л

14.8. V — - 0 b 0 1 a , b , c e R • va V =  • 0 b 0 1 a , b , c e R
0 oj lo 0

' a 1 0"

v = • b 2 0 1 a,b,c  g  R ’ va
3 o j -

f a b с 'i

v =  ■ a ß Y 1 a,b,c, a , ß , y  g  R

1 ° 0 0 ,

1 4 .10 . V =  {a +  bi I a, b g  R} va  V — {a — bi \ a, b g  J?}.

1 4 .11 . V  — {a  +  bi I a , b g  Ä} va  F =  i î 2.

1 4 .12 . F  =  {¿г+бл/ ç  I a,be Q л  <7 — tub son } va  

V={a+by[p  I a,beQ  л p  — tub son}.



Takrorlash uchun savollar

1. V ek tor  fa zo la r  iz o m o r fiz m in i tu sh u n tir in g .

2. Skalar k o ‘p a y tm a n in g  xossa larin i b a y o n  etin g .

3. Skalar k o ‘p aytm ali vek tor  fazo  d eb  n im aga  aytiladi?

4. X o sm a s  skalar k o ‘p aytm a  ta ’rifin i ayting .

5. U n ita r  fazo  d eb  n im aga  aytiladi?

6. O rtogon a l vektorlar deb n im aga aytiladi?

7. O rto g o n a l vek torlar  sistem asi deb  n im aga  aytiladi?

8. O rtogon a l b azis deb  n im aga aytiladi?

9. O rtogon a lla sh  ja ra y o n in i b ayon  q iling.

10. E vklid  fa zo  d eb  n im aga  aytiladi?

11. V e k to m in g  n o rm asi deb n im aga  aytilad i?

12. V ek tor  n o rm a sin in g  xossa larin i b a y o n  q iling.

13. N o rm a lla n g a n  vek tor  deb  n im aga  aytilad i?

14. O rton orm allan gan  b azis  deb n im aga  aytiladi?



( ' "
IX MODUL. CHIZIQLI AKSLANTIRISHLAR 

*— ■■ -" »
Chiziqli akslantirish. Chiziqli operator yadrosi va 
obrazi. Chiziqli operator matritsasi

/  Asosiy tushunchalar: c h iz iq li  a k slan tir ish , c h iz iq li o p era to r ,

o p era to r  yad rosi, tasviri, d e fek ti, rangi, m atritsasi.

«F so n la r  m a y d o n i u stid a  a n iq la n g a n  U  vek to r  fa z o n i V  v e k -  

to r  fa zo g a  ak slan tiru vch i ak slan tirish  u ch u n  u sh b u

1) <p(^ + x2) = q>(x!) + cp(x2) ;

2) ip i/ iJ j ) =  A.ip(xj) (X e  F )  shartlar bajarilsa, u  h o ld a  U  v e k ­

tor fa zo  V v ek to r  fa zo g a  chiziqli akslanadi d ey ilad i.

U  fa z o n i V fazoga  ch iz iq li akslantirish lar t o ‘p la m i H o m ( i / ,  V) 
orqali b elg ilanad i.

U  v e k to r  fa z o n i o ‘z in i o ‘z ig a  c h iz iq li  a k sla n tir ish  U  fa z o d a  

an iq la n g a n  chiziqli operator d ey ilad i.

U  vek tor  fazon in g  ixtiyoriy  xx va  x 2 e lem en tlari va U  da  a n iq ­

lan gan  cp o p era to r  u c h u n  + x2 ) = (p(Xj) + cp(x2) ten g lik  b a ­

jarilsa , u  h o ld a  <p ga U  da a n iq la n g a n  additiv operator d ey ilad i.

A g a r  X ix t iy o r iy  so n  b o ‘lg a n d a  U  fa z o n in g  ix t iy o r iy  x  e le -  

m e n ti u c h u n  tp(Ax) = A,(p(x) ten g lik  o ‘rinli b o 'lsa , u  h o ld a  cp ga  

U  d a  a n iq la n g a n  bir jinsli operator dey ilad i.

A g a r  V x  e  U  u c h u n  cp(x) = 0 te n g lik  b a ja r ilsa , u  h o ld a  <p 

o p era to r  nol operator dey ilad i.

A gar V x  e  U  u ch u n  e ( x )  = x  ten g lik  bajarilsa, u h o ld a  e ga  

ayniy (birlik) operator d ey ilad i.

A g a r  V x  e  U , Xe P  u c h u n  <p(x) = Xx t e n g l ik  b a ja r ilsa , u  

h o ld a  cp ga  o ‘xshashlik operatori dey ilad i.

A gar Un fazo n in g  ix tiyoriy  x  vektori u ch u n  / ( x )  = <p(x)+\|/(x) 

te n g lik  b a jar ilsa , u  h o ld a  / ga  tp v a  \\i o p era to r la rn in g  y ig ‘indisi 

d ey ila d i v a  u  <p +  v|/ = /  orqah  y o z ilad i.
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a e F ,  V x  e  Un u c h u n  (acp)x = a c p (x ) t e n g lik  b a ja r ilsa , u  

h o ld a  acp g a  a  sk a la m in g  9  operatorga  ko ‘paytmasi d ey ilad i.

Un fa z o n in g  cp o p era to r  yo rd a m id a  n o lg a  aksla n u v ch i b arch a  

e le m e n tla r i t o ‘p la m i cp o p era to rn in g  yadrosi d ey ila d i va u  Kercp 

o rq a li b e lg ila n a d i. cp c h iz iq li o p era to r  y a d r o s in in g  o ‘lc h o v i sh u  

o p eratorn in g  defekti deyilad i.

cpt/ f a z o o s t i  o p e r a to r n in g  obrazi d e y ila d i.  cpUn o b r a z n in g  

o ‘lc h o v i cp o p era to rn in g  rangi d ey ilad i.

A gar x  = ( x 1, x 2 , . . . , x„ ) g U  b o ‘lib , cp(x) =  cp(x1 , x 2, . . . ,x „ )  =  

=  , x 2 ,...,xk ) (1 < k < n) b o ‘lsa, y a ’n i cp op era tor  n o ‘lc h o v li 

fazod agi v e k to m i k o ‘lch ov li fazodagi vektorga o ‘tkazuvch i o p era ­

to r  b o ‘lsa , u  h o ld a  cp proyeksiyalovchi operator dey ilad i.

<F m a y d o n  u stid a  Vn vek tor  fazo  b erilgan  b o ‘lib ,

e[,e2,..., en ( 1)

u n in g  bazisi b o ‘lsin . A gar cp operator Vn fa zo d a  aniq langan  c h iz iq ­

li o p e r a to r  b o ‘lsa , u h o ld a  cp(e;) ,  cp(e2 ) , . . . ,  cp(e„) e  K v ek to r la r

( 1) b azis  orqali c h iz iq li ifod alan ad i, y a ’n i

cp(e1 ) =  a 11ej + a 21e2 +... + a nlen,

9(^2 ) =  a 12e, + a 22e2 + ... + a n2en ,

<P(«■ ) =  a l» 5  + a 2«^2 +  -  + a nn̂ n ■

U sh b u  M ( cp) =

a l l « 1 2  • ■ a l n  '

a 21 « 2 2  • • « 2 «

^ a n l a n 2 "  a nn  J

m a tr itsa  c h iz iq li  o p e r a -

to m in g  ( 1) bazisdagi matritsasi d ey ila d i.

x  v a  c p ( x )  v e k to r la r  (1 )  b a z is  o r q a li  x  = p1e1 + ... + (3„e„, 

cp(x) = y1e, + ... + Y nen k o ‘rin ish d a  ifo d a la n s in . x  va  c p (x )  v e k -  

to r la rn in g  ( 1) b a z isg a  n isb a ta n  u stu n  k o o rd in a ta la r in i m o s  ra- 

v ish d a  u sh b u
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V ~Yi "

M ( x )  = P2 , M (c p (x ) )  = Y2

A . y  n .

k o ‘r in ish la r d a  b e lg ila y m iz . U  h o ld a  Vjc eVn u c h u n  M(g>( x  )=  

=M((p)M( x ) te n g lik  bajariladi.

Agar <F m a y d o n  u stid a  A ,B e F nXn m atritsa lar u c h u n  tesk a r i-  

la n u v c h i T e F n*n m atritsa  m avju d  b o i i b ,  u lar  u c h u n  B=rT [A T  
ten g lik  o ‘r in li b o ‘lsa , u  h o ld a  A v a V  m atritsalar o ‘xshash matri­
tsalar d ey ilad i.

&  m a y d o n  ustida  Vn vek tor  fa zo n in g  (1 ) d an  b o sh q a

e[,e[,...,e'n (2 )

bazisi b erilgan  b o ‘lsin . (2 ) b azisn in g  vektorlarin i (1 )  orqali c h iz iq -  

h ifod alaym iz:

= P llel + P2I e2 + ... + $nlen ,

ei = Pl2el + P22 e2 +... + P„2e „ ,

e'n = Plngl + P2 n^2 +... + [inne„.

"P11 Pl2 •4- Pi« ^

U  h o ld a  T  = P21 P22 •1- P2« m atritsa  (2 )  b az isd an  (1) ba

J n l P«2 •• Pntl s
zisg a  o ‘tish matritsasi dey ilad i.

x  v e k to m in g  b ir in ch i va  ik k in ch i b azislard ag i u stu n  k o o rd i-  

natalarini, m o s  ravishda, M ( x )  va M ’( x )  deb belgilasak, u  h o ld a  

V x  e V n v e k to r  u c h u n  M ( x ) = T M ' ( x )  v a  M ' ( x ) — T~lM ( x )  
ten g lik lar  o ‘rin li b o ‘ladi.

Vn f a z o d a  a n iq la n g a n  (p c h iz iq l i  o p e r a to r  u c h u n  M ( cp) v a  

M '(cp) lar cp c h iz iq li o p e r a to m in g  b ir in ch i va  ik k in ch i b azislarga
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n is b a ta n  m o s  m a tr itsa la r i b o ‘lsa , u  h o ld a  M '( ( p ) = 7 ^ ’M ((p) T  
ten g lik  o ‘rin!i b o ‘Iadi.

1-misol. B er ilg a n  / ( x )  = (x ,  -  ^  + x 3 ; x, ; x j ) ;  a k sla n tir ish  

c h iz iq li  o p e r a to r  e k a n lig in i isb o tla n g  va  u n in g  ran g i, d e fe k tin i  

aniq lang.

Yechish. C h iz iq li operator ta ’rifiga k o ‘ra / akslantirish berilgan  

fa zo n i o ‘z ig a  akslantir ish i va f (a + b )  = f ( a ) + f  (b), f  (Xa) = I f  (a )  

shartlarga b o ‘y su n ish i kerak.

1) Vx, y  e  R3 , x = ( x , , xj ,x 3 ), y ( y x ,y2 ,y3 ) lar u ch u n  f{x + y )=

= / ( ( * i + y x ; x 2 +  y2 ; x 3 + y3 ))  =  (x , +  y x -  ( x 2 + y 2 ) +  x 3 +  y3 ; 

x, + y x ;x 2 +  y2) = |  vek to r la m i q o ‘sh ish  ta ’rifiga k o ‘ra| =

= (xi -x 2 +x3;x,;x2) + (^ - y 2 + y 3 ;yx\y2) = /(x) + f ( y ) .
2) V x  e  R3 va V a  e  R  lar u ch u n  = = = =

/ ( a x )  =  / ( a ( x ,  , x 2 , x 3 ))  =  f  ( ( axx , a x 2 ,a x 3 ))  =

= (a x , -  a x 2 +  a x 3 ;a x , ; a x 2 ) = a ( x j  -  x 2 + x 3 ;Xi ;x 2 ) = a  • / ( x ) .

D e m a k , / ak slan tir ish  c h iz iq li  a k sla n tir ish  va u R3 n i o ‘z iga  

akslantirgan lig i u c h u n / -  c h iz iq li op erator.

3 ) d e f e c t /  n i to p is h  u c h u n  K e r /n i  a n iq la y m iz .  

K er /  =  { x  | / ( x )  =  0} t a ’rifdan  / ( x )  =  0 sh artn i q a n o a t la n t i-  

ruvchi v ek to r la m i top am iz:

/ ( x )  =  (x , -  x 2 + x 3 ;x , , x 2 ) =  0 .  B u n d a n

x , -  x 2 + x 3 =  0 ,

X] =  0 , o

x 2 = 0 ,

x , =  0 ,

x 2 = 0 , D e m a k , K e r /  =  {0}  

x ,  =  0 .

N o l  ch iz iq li fa zo n in g  o ‘lc h o v i 0 ga ten g . B undan  d e fe c t  f — 0. 

dim  V =  defect/  + rang/  tenglikdan r a n g /  =  dim  V -  defect /  n i, 

b u n d a n ,/ =  3 - 0  =  3 n i h o sil q ila m iz .

D e m a k , 1 ) / — c h iz iq li operator;

2 ) d e fe c t  / = 0 ;

3) rang / =  3.
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2-misol. A gar M  — ex,e2, e3 b a z isd a g i, M ' -  e[ , e[ , e3 b a -  

zisdagi / ( x )  =  (x , , x 2 , x 3 ) op era tor  m atritsalari b o ‘lsa , u  h o ld a

a) M { f O c ) )  = M ( f ) M ( x y , _

b ) M ' ( x )  = T ^ M ( x )  a  M ( x )  = 7 M ' ( x ) ;

d ) M ' ( f )  = T~l M ( f ) T  a  M { f )  =  T M ' ( f ) T ~ l shartlar baja-

rilish in i tek sh ir ing,-------------------------------------------------------------------------------

x  = (1 ,3 ,1 ) ;  e[ =  ( 1 , 0 , 2 ) , ^  = ( 2 ,1 ,1 ) ,  ^  =  ( 1 ,3 ,0 ) .

Yechish. 1) B e r ilg a n  f ( x )  = (xl ,x2 ,x3 ) o p e r a to r n in g  

ex,e2 ,e3 b a z is d a g i M(J) m a tr it s a s in i  to p a m iz .  B u n in g  u c h u n  

/ ( ^ i ) ,  /(< ?2), / ( ® j )  v e k to r la r n in g  ex,e2 ,e3 b a z is d a g i c h iz iq l i  

k om b in atsiya larin i an iq laym iz:

f { e x) =  /  ( ( 1 ,0 ,0 ) )  =  ( 1 ,0 ,0 )  = 1 ej + 0 e 2 + 0 • e3 ; 

f ( e 2) = f  ( ( 0 ,1 ,0 ) )  =  ( 0 ,0 ,1 )  =  0 • \  +  0  • e2 + 1  • e3 ;

/ ( e 3) -  / ( ( 0, 0, 1) )  =  ( 0 , 1 , 0) =  0 • \  + 1  +  0^ .

C h iz iq li  k o m b in a ts iy a la r  k o e ff lts iy e n tla r id a n  m a tr itsa  h o s il  

q ila m iz . B u n d a  / (ei ) ( /  =  1 ,3 )  n in g  c h iz iq li  k o m b in a ts iy a s id a  

q atn ash gan  k o effits iy en tla r  u stu n  q ilib  yozilad i:

M ( f )
0 1 0

2 )  M(J) m a tr itsa  y o r d a m id a  / ( x )  v e k to r n in g  u s tu n  k o o r -  

d inata larin i top a m iz: M ( f  ( x ) )  = M ( f ) M ( x )  d an

a  0 0^

M ( / ( x ) )  = 0  0 1 

0 1 0

T r r

3 = 1

X ,3 ,

n i h o s il q ilam iz .

O lingan  natijani tekshirish u ch u n  operator talab in i x  =  (1 , 3 ,1 )  

v ek torga  q o ‘lla y m iz . B u n d a n  / ( x )  = / ( ( 1 , 3 , 1 ) )  =  ( 1 ,1 ,3 )  k elib  

chiqadi.
3) B er ilg a n  b ir in ch i b az isd an  ik k in ch i b azisga  o ‘tish  m atritsa ­

sin i top am iz:
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f ( e { )  = a lel + a 2e2 + a 3e3 ,

/ { Ц )  = № ¡ + ß2e2 + ß3e3 , 

f ( é 3 ) =  y ,ë , + y2ë2 + y3ë3 .

/ ( ( 1 , 0 , 2 ) )  =  ( 1 ,2 ,0 )  = 1 • ëj + 2 • ë2 + 0 • ë3 ; 

/ ( ( 2 , 1 , 1 ) )  =  ( 2 ,1 ,1 )  =  2  • é¡ + l ê 2 + 1 • ë3 ; 

/ ( ( 1 , 3 , 0 ) )  =  ( 1 ,0 ,3 )  -  l  e, + 0  ë2 + 3 - ë 3

kelib  ch iq ad i.
B ir in c h i b a z isd a n  ik k in c h i b a z isg a  o ‘t is h  m a tr itsa s i

0  2 1л

Bundan

2 1 0  

0 1 3

d an  iborat b o ia d i .  U n in g  teskarisin i top a m iz:

"1 2 1 1 0 0 ' r i 2 1 1 0 0^ f l 2 1 1 0 0"

2 1 0 0 1 0 0 - 3 - 2 - 2 1 0 ~ 0 1 3 0 0 1

1 °  1 3 0 0 1y 1 ° 1 3 0 0 l 0 7 - 2 1 3 J
f

1 2 0
2
7

1
7

3'
7

f

1 0 0
3
7

5
7

1 > 
7

~ 0 1 0 6
7

3
7

2
7

~ 0 1 0 6
7

3
7

2 
“ 7

0
\

0 1
1
7

3

7 J
0

\

0 1
2

“ 7
1
7

3

7 J

1
7

3 5 P

D e m a k , T = 6 3 - - 2 .
/

2 1 3 ,
U  h o ld a

-3 5 Г  

6 - 3 - 2  

-2  1 3

T eksh irish  m aq sad id a  M ( x )  = T M ' ( x )  ten g lik n i tu zam iz:

M ' ( x )  = T ~ ' M ( x )  = l

'13>
r n '1 3 ' 7

3
_ 1

- 5 _ 5
~ 7 7

l 4 , 4
l  7 y
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V / У

4 )  /  o p e r a to r n in g  1- v a  2 -b a z is d a g i m a tr itsa la r i o r a s id a g i  
b o g ‘la n ish n i o ‘rnatam iz:

___ Demak, Т, Т  1 to‘g‘ri topilgan._________________________

'  - 3  5 1 

6 - 3  - 2  

- 2  1 3

N f 1 0 o ' f I 2 Г

0 0 1 2 1 0

J vO 1 o j vO 1 3 j

- 3  5 1 

6 - 2  - 3  

- 2  1 3

\ Г1 2 P
_ 1
—  7

Í ” 1
0 12N

2 1 0 2 7 - 3

/ 1 3 j
/

I 4 0 К

T e k s h ir is h  u c h u n  M ( / )  =  T M ' ( f ) T ~ l t e n g lik k a  to p ilg a n  

q iy m a tla m i q o ‘yam iz:

i i 0 (Г (1 2 Г ' - 1 0 1 2 N ' - 3
5 1 1

0 0 1 = 2 1 0
i
*7

2 7 - 3
1
7

6 - 3 - 2

l o 1 o j 1 3 ;
/

I 4 0 К
/

_?
ч 1 3 J

Г1 0 O')
1

“ 49

'7 14 7' '  - 3 5 Г Г1 2 Г '  - 3 5 1 >

0 0 1 0 7 21 6 - 3 - 2
_  1 
— ~п 0 1 3 6 - 3 - 2

lo 1 0 ; 7 Oj 1 - 2 1 з  J
/

12 1 o j 1 to 1 3 j

"7 0 ( f r i 0 0 N

0 0 7 = 0 0 1

lo 7 o j lo 1 o j
D e m a k , b erilgan  m iso l t o ‘g ‘ri yech ilg a n .



Misol va mashqlar

1. IF son la r  m a y d o n i ustida an iq lan gan  U  vek tor  fazod a  a n iq -  

lan gan  a d d itiv  o p e r a to m in g  quyidagi xossa larin i isbotlang:

1.1. cp(Ö) = Ö .

1.2. c p ( -x )  = - c p ( x )  (V x  e  U ) .

1.3. cp(rx) = A p (x )  (V r  e  Q ) .

1.4. <p(x, -  x2 ) = (p (x ,) -  cp(x2) ( V x , , x 2 e  U) .

2. cp operator ch iz iq li operator b o ‘lish i u ch u n  U  fazon in g  ix ti-  

yoriy X[ va x 2 elem entlari va A. , l 2 e F  berilganda (p(^i*i + ^ x , ) = 

= A ^ x , ) +  A,2cp(x2 ) t e n g lik n in g  b a ja r ilish i za ru r  va y e ta r li
I

ek an lig in i isb otlan g .

3 .  A g a r  (p c h iz iq l i  o p e r a to r  b o ‘lsa , u h o ld a  Vx, e  U,  

Xi e P ( i  = l ,n)  u c h u n  u sh b u  cp(^i*i +  A,2x 2 + . . .  + X„xn ) = 

= A j(p (x ,) +  A2(p(x2 ) + ... + A„(p(x„) te n g lik  o ‘rin li b o ‘lish in i is ­

b otlang.

4. N o l  o p era to r  h a m  ch iz iq li o p era to r  b o i is h in i  isbotlang.

5 . Ö ,, a2 , a3 v e k to r la r n i ^  , 4  > 4  v e k to r la r g a  o ‘tk a z u v c h i  

y a g o n a  ch iz iq li akslantir ish  m avju d lig in i isb o tlan g  va u n in g  m a t-  

ritsasini toping:

5 .1 . 5 ,= ( 2 , 3 , 5 ) , ¿ , = ( - 0 ,  1, 2 ) , 5 3= (1 , 0 , 0);

¿ ,= (1 , 1, 1), 4 = (  1, 1 , - 1 ) ,  4 = ( 2 ,  1 ,2 ) .

5 .2 . ax = (2 , 0 , 3 ) , 5 , = (4 , 1, 5 ) , 53= ( 3, 1, 2);

6, = ( 1 , 2 ,  - 1 ) ,  4 = ( 4 , 5 , - 2 ) ,  4  = ( 1 , - 1 ,  1).

6 . Berilgan akslantirishlar ch iziq h  operator b o ‘lishini tekshiring:

6 .1 . / ( x )  =  (x 2 +  x 3; 2x, +  x 3; 3Xj — x 2 +  x 3 ).

6 .2 . / ( x )  =  (x , +  x 2; 4 x 3; x , +  x 3 + 3 ) .

6 .3 . / (x ) =  (x , — x 2; x 2 +  x 3; x 3).

6 .4 . / ( x )  =  (x ,;  x 2 +  2x3; - x 3).

6 .5 . / ( x )  =  (—3 (x , +  Xj); x 2 +  x 3; Xj).

6 .6 . / ( x )  =  (0; 3 (x 2 +  x 3); Xj).
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6 .7 . / (x )  =  (Xj -  x 2; 3x2 -  x 3 ; 0 ).

6 .8 . / ( x )  =  (x2; x 3; 2 ).

6 .9 . / ( x )  =  ( x 2; x 3; x ,) .

6 .1 0 . / ( x )  =  ( - x 2; X2 +  x 3; x 3 ).

6 .1 1 . / ( x )  =  (x 2 +  x 3; 0; x , — 2x 2 +  x 3).

6 .1 2 . / ( x )  =  (0; x ,; —2x2 +  x 3).

6.13. f ( x )  ^  (x , -  x 2 +  x 3; x 3; x ,)—

6 .1 4 . / ( x )  =  (1 — x 2 +  x 3; x 3; xx — 2x2).

7 . 6 -m iso ld a g i ch iz iq li o p e r a to r la m in g  rangi d e fe k tin i a n iq -  
lang.

8 . N o l  boM m agan c h e k li o ‘lc h o v li  vek tor  fa zod ag i tp c h iz iq li  

o p e r a to m in g  rangi (p ch iz iq h  op era tor  m atritsasin ing  rangiga ten g  
b o ‘lish in i isb otlan g .

9. B erilgan ch iziq li operatorlam ing rangi rwa defekti d ni toping:

9 .1 .

9 .3 .

9 .5 .

1 2 ' ( I O'
9 .2 .

1 2 , a K

1 2 3 ' r i 2
3 )

- 2 -4 -6 9 .4 . - 2 -1 - 1 .

4 8 12 0 3 - 1/ V V

f  l 3 1 2
1 0 2 '

- l -3 -1 - 1
3 1 1 9 .6 .

l 3 1 2
- 1 0 3y

v 2 6 2 4

1 1 2 ' (  1 l 0 V
2 1 0 1 - 1 0 1 1

9 .8 .
3 - 1 1 3 0 1 1 3

4 2 5, , 1 2 1 3,

9 .7 .

1 0 . cp c h iz iq li  op era tor lar  yad rosi sh u  o p era to r  q a ra la y o tg a n  

fa zo n in g  fa z o o s t i b o ‘lish in i isbotlang.

1 1 . 6 -to p sh ir iq d a g i c h iz iq li op eratorlar u ch u n  q u y id ag i sh art-  
lar b ajarilish in i teksh iring:
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a) M ( f ( x ) )  = M (j) ■ M ( x ) ;

b ) M ' ( x )  =  T ~ l ■ M ( x )  a  M(x) =  T ■ M ' ( x )  ;

d) M ' ( f )  = T ~ l ■ M j f )  ■ T  a  M  ( f ) = T  M' ( f )  • r ~ !.
11 .1 . x = ( l ,  2 , 3); e / ( 2 ,  1, 0 ) , ej(0, 3 , 1), ?3' ( - 1 ,0 ,2 ) .

11 .2 . j c =  ( 6 - 5 , 1 3 ) ;  e[ (3 , 1 , - 2 ) ,  ^ ( 1 ,  3, 1), e3' ( l , 5 ,0 ) .

11 .3 . x  =  (1 , 2 , 3); e , ' ( l , 0 ,  3 ) , e j ( l ,  1 , - 2 ) ,  « 3 ( 2 - 1 , 2 ) .

11 .4 . j c =  ( - 8 ,  5 , 2); e[{\,  1, 1 ), e 2' ( l ,  2, 3 ), 3 ( 1 ,3 ,3 ) .

11 .5 . x  =  ( 7 , - 2 , - 4 , 3 ) ;  ¿ ,'(1 , 2 , 3 , - 1 ) ,  c ,'(2 , 3 , 4 ,1 ) ,

3 ( 1 ,4 ,3 ,3 ) .

11 .6 . x =  ( 3 - 5 , 7 ) ;  e , ' ( - l ,  1, 1 ), e j ( - l ,  2 , 3 ) , 3 ( - 1 , 3 , 3 ) .

11 .7 . x =  (3 ,1 ,9 ) ;  3 ( 1 ,  2, 3 ) , 3 ( 2 ,  3, 4 ) , 3 ( 1 ,4 ,3 ) .

11.8. x =  ( 6 - 4 , 5 ) ;  3 ( 2 ,  2 , 3 ) , 3 ( 1 ,  - 1 ,  0 ), 3 ( —1 ,2 ,1 ) .

11 .9 . x =  (5 ,0 ,1 ) ;  3 d ,  2, 3 ) , 3 ( ~ 1 ,  2 , 0 ) , 3 ( —1 ,2 ,1 ) .

11.10. x =  ( - 4 , 5 - 2 ) ;  3 ( 2 ,  1 ,0 ) ,  3 ( 0 , -  3 , -  1), 3 ( 1 , 0 ,  2 ).

11.11. x =  ( 3 ,3 , - 2 ) ;  3 ( 1 ,  1, 0 ) ,  3 ( 0 ,  1, 1), 3 ( 1 ,0 ,1 ) .

11 .12 . x =  (5 ,6 ,7 ) ;  3 ( 2 ,  3 , 0 ) , 3 ( 0 ,  2 , 3 ) , 3 ( 2 ,0 ,3 ) .

11 .13 . x =  ( - 1 - 2 - 3 ) ;  3 ( 4 ,  0 , 4 ) ,  3 ( 4 ,  4 , 0 ) , 3 ( 0 ,4 ,4 ) .

? / . Takrorlash uchun savollar

1. C h iz iq li akslantirish, ch iziq li op erator  deb n im aga aytiladi?

2. ^ d d itiv , b ir j in sli operatorlarga  m iso l keltiring.

3. N o l, b irlik  operatorlar deb  n im a g a  aytiladi?

4 . 0 ‘x sh ash lik , p roy ek siy a lo v ch i op eratorlar  ta ’rifini aytin g .

5. C h iz iq li o p era to rn in g  yadrosi h aq id a  tu sh u n ch a  bering.

6. C hiziq li operatorning obrazini m iso l yordam ida tushuntiring.

7. C h iz iq li o p era to r  m atritsasi q a n d a y  top ilad i?

8. C h iz iq li op era tor  rangi d eb  n im a g a  aytiladi?

9. C h iz iq li o p era to rn in g  turli b azislarga  n isbatan  m atritsalari 

orasidagi b o g ia n is h  form u lasin i tu sh u n tir in g .

10. 0 ‘xsh ash  m atritsalar deb  n im a g a  aytiladi?

11. x  va cp(x ) vektorlar ustun  k oord in ata lari orasidagi b o g ‘- 

lanish  q an d ay  o ‘rnatiladi?
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22_§ Chiziqli operatorlar ustida amallar. Chiziqli algebralar. 
==11 Teskari operator. Xos yektorlar va xos qiymatlar

/  A so siy  tushunchalar: c h iz iq li algebra, rangi, ch iz iq li algebralar  

ustida am allar, operatorlar c h iz iq li a lgebrasi, ch iz iq li op era tor  

x os q iy m a ti, x o s  vektorlari.

¡F m a y d o n  ustidagi V  ch iz iq h  fazo  e lem en tlari u ch u n  quyidagi

1) xy e V  ( V x , y  €  V ) ;

2 )  x ( y z )  =  ( x y ) z  ( V x , y , z  e  V ) ;

3) x ( y  + z )  = x y + x z v a ( y  + z ) x  =yx + zx  ( Vx , y , z  e  V ) ;

4) X( xy)  = ( Xx)y = x( Xy)  ( XeF ,  V x ,y e  V)

shartlar bajarilsa, u  h o ld a  V fa zo n i ¡F  m a y d o n  ustidagi chiziqli al­
gebra d ey ilad i.

A gar V ch iz iq li algebrada x ■ y = y ■ x ( Vx, y  e V )  shart baja­

rilsa, V kommutativ chiziqli algebra d ey ilad i.
V chiziqli algebraning rangi deb  V fa zo n in g  o ‘lch ov iga  aytiladi.

V fa z o  3  m a y d o n  u s t id a g i v e k to r  fa z o  b o ‘lib , cp, \\i lar  sh u  

vek tor fa zo n in g  c h iz iq li operatorlari b o ‘ls in , u  holda:

1)  (<p +  \ | / ) ( x)  = q>(x) +  \ | / (x ) ;

2) (A cp )(x ) =  A (p(x);

3) (cp \|/)(x ) = c p (\|/(x )) .

H o m ( V, V ) t o ‘p lam  ¡F  m ayd on  ustida vektor fazo tashkil qiladi. 

< H o m  (V, V), + ,  { c o j A e i 7} ,  •> a lgeb ra  V v e k to r  fa z o n in g  

chiziqli operatorlar algebrasi d ey ilad i va  q u y id ag ich a  b elg ilanad i:  

E n d F =  < H o m  (V,V), +,  { c o j A e P } ,  •> .

Uva U'  a lgebralar SF m a y d o n  u stid a g i c h iz iq li a lgebralar va  

<p:í/-> U'  ak slan tirish  b iyek tiv  akslantir ish  b o ‘lib , quyidagi

cp(a +  b )  = (p (a ) + cp (A );

(p(Afl) =  A-cp(a);

cp(a ■ b ) = cp(fl).- cp(6 ), V a , b e V  a V k e F
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sh artlar bajarilsa , u  h o ld a  (p ak slan tir ish  U va U ' chiziqli algeb- 
ralar izomorfizmi dey ilad i.

K o m p le k s  so n la r  m a y d o n i u stid a  qurilgan Vn v ek to r  fa zo  va

cp: Vn —> Vn c h iz iq li op erator  b erilgan  b o ‘lsin . U sh b u  cp(3c) = A.(x) 

( V i e K B, x # 0 , l 6 f )  ten g lik n i qanoatlantiruvch i a  so n  cp c h i­

z iq li o p e r a to m in g  xos qiymati, x vek tor  esa  X x os q iym atga  m o s  

k e lu v ch i xos vektori d ey ilad i.

Vn v e k to r  fa z o n in g  ex, e2 , en b a z is id a  (p c h iz iq li  o p era to r

m a tr itsa  y o r d a m id a  b e r ilg a n  b o ‘lsa ,

f <h\ an . . .  QXn

A = «21 «22 . . .  «2«

van\ an2 ••• Ŵt /

m - =  0 ten g la m a
lamasi d ey ilad i.

1-misol. B erilgan  A

^ 1 2  1 0

2 0 1 0

0 1 0  1 

1 1 0  0

operatorga  teskari o p era -

to m i to p in g .
Yechish. B e r ilg a n  A o p e r a to r g a  te sk a r i o p e r a to r n i to p is h  

u c h u n  A m atritsaga  teskari m atritsa  top ilad i:

' 1 2 1 0 1 0 0 oN '1 2 1 0 1 0 0 0N
2 0 1 0 0 1 0 0 0 -4 -1 0 - 2 1 0 0
0 1 0 1 0 0 1 0 0 1 0 1 0 0 1 0

u 1 0 0 0 0 0 h .0 -1 -1 0 -1 0 0 i j

r 1 2 1 0 1 0 0 o' '1 2 1 0 1 0 0 O'
0 1 0 1 0 0 1 0 0 1 0 1 0 0 1 0
0 - A -1 0 -2 1 0 0 0 0 -1 4 -2 1 4 0

0̂ -1 -1 0 -1 0 0 i j 0̂ 0 -1 1 -1 0 1 i j
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( 1 2 1 0 1 0 0 0^
(

1 2 1 0
1 0 0 0 '

0 1 0 1 0 0 1 0 0 1 0 1
0 0 1 0

0 0 1 - 4 2 -1 - 4 0 0 0 1 -A 2 -1

1

- 4 0

0 0 0 - 3 1 -1 - 3 1 0 0 0 1
1

1
1

V y V.

f ■1
~ 3 3 “ 3 j

------ \

1 2 

0 1

1

0

0 0 1 0  

0 0 0  1

0  0

1

0

4 - 1 - 4

o  x

0
4

"3
1
3J

0  1 0  0

0  0 1 0

0 0 0 1

-  3

0

0

:

i

0

I
3

_ 4 
3

3

( 1 2 0 0 1
3

1
3

0

A
4
3

'1 0 0 0 1
3

1
3

0

\
2
3

0 1 0 0 1 1
0

1 0 1 0 0 1 1
0

1
3 3 3 ~ 3 3 3

0 0 1 0
2
3

1
3

0
4
3 0 0 1 0

2
3

1
3

0
4
3

1 1
1

1 1 1
1

1

,0 0 0 1 3 3 3
lo 0 0 1 3 3 3

<-1 1

2

- 1

1 0

- 1  0

1 0

1 3

2 A 

1

- 4

- 1

T e k s h i r i s h :  -=■

f 1 2 1 0" f-1 1 0 2 N ( I 0 0 0"

\ 2 0 1 0 1 -1 0 1 0 1 0 0
3 0 1 0 1 2 1 0 - 4 0 0 1 0

U 1 0 o j 1-1 1 3 - l j lo 0 0 l j
2-misol. f  c h iz iq l i  o p e r a to r  (a) b a z isd a  A m a tr itsa  o r q a li,  

<p ch iz iq li o p era to r  ( b) b azisd a  B  m atritsa  orq a li b erilgan  b o ‘lsa, 

4/+2cp op era torn in g  b a zisd a g i m atritsasin i top ing:
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Yechish. (a) b azisd an  (e) b azisga  o ‘tish  m atritsasin i top am iz:

' \  2Л
a\ =  (1 ,1 )  =  1 -e i  + 1 - 62; 02 =  (2 ,1 )  = 2 e\ + 1  ei va T -  

0 ‘tish  m atritsasiga teskari m atritsan i topam iz:

, b u n d a n
'1 2 1 oN f 1 2 1 oN '1 0 -1 2 '

l l  1 0 l j 0 1 -1 К lo 1 i - к
- 1  2

v 1 - I

3-m iso ld ag i M ' ( f  ) =  T lM ( f  ) T  b o g ‘lanishdan foydalanam iz: 

M ' ( / )  =
-1 2

1 - 1

1 2

1 - 1  

5 2 

1 - 1

1 2

V х V V .1  1J V 

/ с  o \  /  1 i r>\

5 0

- 2  1

1 2

1 10

- 1  - 3

v i ly

5 10
D e m a k , / o p e r a to m in g  ( e) b azisd ag i m atritsasi

ч~1 — ✓

E ndi ( b) b az isd a n  (e) b azisga  o ‘tish  m atritsasin i to p a m iz  

b\ =  ( 2 ,3 )  =  2  ■ e\ + 3 • ег ; bi =  ( 3 ,2 )  =  3 - e i  +  2  ■ е г .

0 ‘tish  m atritsasi T  =
Зл

3 2vJ ŷ
U n in g  teskarisin i top am iz:



Bundan T  1 = j
-2 3

, 3 - 2 r

E n d i ф o p e r a to m in g  (e) b azisd agi m atritsasin i top am iz:  

/  2 3 Y 0  I V  2  3̂ 1 i f  6 7 \ ( 2  3

ч 3 - 2 2  3 3 2 - 2  - 3 , 3 2

' 3 3  32 N 

-1 3  - 1 2

D e m a k , (e) b a z is d a /o p e r a t o r  m atritsasi
5 10

- 1  - 3
; ф o p era ­

to r  m a tn tsa s i -
- 1 3  - 1 2

ga ten g , U  h o ld a

4 /  + 2ф = 4
' b  Н Л  2 f  33 32  ̂ ( 2 0  40  

+ 5 [ - 1 3  -1 2 ;  VV
-1 / - 4  - 1 2

' 66 64 '

+ 5
26

5
24

I 5 5

'  166 264 л
5 5 
46 84 

ч '  5 5 у

3-m isol.

1 0 1 

0 1 1 

3 1 о

o p e r a t o m in g  x o s  v e k to r la r i v a  x o s

q iym atlar in i top in g .
Yechish. B erilgan  o p e r a to m in g  x o s  q iym atlarin i to p ish  u ch u n  

IXE -  A\ =  0  ten g lik d a n  foyd a lan am iz:

= Ш - 1 )  - 3 ( A - i )  =

=  ( À - 1 )  ( A ( A - l ) - 4 )  =  ( A - l ) ( ? i 2 - A - 4 )  =  0 .  

B u n d an  X¡ = 1, X2 = x o s  q iy m a tla m i to p a m iz .

f 1 0 o' f 1 0 г k - 1  0 -1

X 0 1 0 - 0 1 1 = 0 1 1

l o 0 IJ (3 1 - 3  -1  X

1 8 2



E n d i, b e r ilg a n  o p e r a to r n in g  x o s  v e k to r la r in i to p ish  u c h u n  

( A -  XE)  X  = 0 ten g la m a d a n  fo y d a la n a m iz . Bu ten g lam alarn in g  

n o ld a n  fa rq li y e c h im la r i  b e r ilg a n  o p e r a to r n in g  x o s  v e k to r la r i  

b o ‘ladi.

A .j=l u c h u n  x o s  vektorlarni an iq laym iz:

{ A - E ) X  = 0 о

v \

1 0 1 

0 1 1 

3 1 0

\ \

УУ

r i  о о 
О 1 о 

Ч0 О 1

х 3 = 0 ,

*3 = 0 ,
Зх, + х2 ~ х 3

D e m a k , ¿ ,,= 1  x o s  q iym at u c h u n  b er ilg a n  o p era to rn in g  x o s  

vektorlari { (x , , - 3 x ,  ,0 )  | x, e  /? л  x , *  0} t o ‘p lam d an  iborat.

оо

М
'0'

оо

*2 = 0 о  •

1з 1 -1;

'0 '

х 2 = 0 о

Хт 0\ з  у V У
X, g R,

х 2 = - З х ,

=  0 х 3 = 0 .

1-VÍ7
u c h u n  x o s  vektorlarni top a m iz:

( A - X E ) X  =  0 «  A -
\

' l -V fz

Г i  0 П

о

1 0 г 2

0 1 1 - 0

3 1 o j
0

1-VÍ7

0

1-VÏ7
2

0

X  = 0 »

\ \
о

о
1-VÏ7

м 'o '

х2 = 0 о

v*3, к

о

\  1-УГ7 
2

о

3

1 -

0

1-ТГ7
2

1

1

1

1 - ^

м '0 '

х 2 = 0 <=>

1 8 3



<=> i

, 1—VÍ7 i n
1 ------ —̂  \ x¡ +Xj  = 0 ,

\  1 -Л 7 ^  n
1 ------ — \x2 + x 3 =0,  o

, l-y/vf n 5Xl +X1 -  1 -------— Xj =  Q

\  1-VrT, n
1  —  (Xj + X j = 0 ,

1 — J Ÿ 7
\

x¿ + x 3 = 0 , <=>

1-VÏ7 x¿ + X j = 0

*1 = ~ 7 ^ x3 =  °>

X2 =  -

Us/rf
2

1+VÎ7
X, =  O,

Xo Çz R.

D em a k , X2 

torlari 11 -

1-VÏ7
2

2 2

x o s  q iym at u c h u n  o p era to m in g  x o s v ek -

1+VÏ7 - 1+VÎ7
x 3 ; x 3 |x 3 e  R л x 3 5t 0 1 t o ‘p la m -

d an  iborat.

. _  1+VÏ7
A o ------ ----- u c h u n  x o s  v ek to r la m i to p a m iz:

A - lWÏ7
Z  = 0 o

'1 0 1л 

0  1 1
I

Y3 i  o

1+VÏ7
2

0

o

1+VÏ7
2

0

o

o

1-H/Ï7

V oN

X, = 0

A

Л 1+VI7 
2

0

3

0

1+VÏ7
2

1

1

1

1+VÏ7

Xj ^ Í 01
x 2 = 0

4*3 , w
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D e m a k , X 

em as.

i-yjvf xos qiymat uchun xos vektorlar mavjud

(tS>) Misol va mashqlar

1 . /  c h iz iq l i  o p e r a to r  5 , ,  a2 b a z is d a  A m a tr itsa , cp c h iz iq l i  

op erator  A ,, b2 b azisd a  V m atritsa yord am id a  berilgan  b o ‘lsa, / +  cp 

o p e r a to m in g  m atritsasin i top ing:

 ̂37 -1 3 ^
1.1. ^ = ( 1 , - 2 ) ,  ^ = ( 3 , - 5 ), A

4  = ( 1 , 2 ) ,  ^  = ( 2 ,  5 ) , B =

1.2. 5, = ( 7 ,  3 ) ,  5 , = ( 2 ,  1), A =

\

'1 P

1 2 2 y

'3

U  2 ,

' 3  - 2 A

6 - 6

108 - 3 8

2 .  /  c h iz iq l i  o p e r a to r  ax= ( —3 , 1 ) , ^ = ( 7 , 2 )  b a z is d a

'  2 - 0  

- 2  2
m atritsa , cp c h iz iq li o p era to r  bx= ( 3 , 2 ) , ^,—(4, 3)



b a z isd a  B =
-14 10
-21 15

m a tritsa  y o r d a m id a  b er ilg a n  b o ‘lsa , (pep

o p era to m in g  m a tr itsasin i top in g .
3. /  c h iz iq li o p era to r  (a) b azisd a  A  m atritsa  orq ali, cp ch iz iq li  

o p era to r  ( b) b a z isd a  B  m atr itsa  orq a li b er ilg a n  b o ‘lsa , Xf +  jwp

3.1. (a ): ¿ , ( 1 ,2 ) ,  ¿2 (0 ,1 ) ;  A = 

(b): 4 ( 3 , 1 ) ,  4 ( 2 , 1 ) ;  B =

3.2. (a ): a, ( - 1 , 3 ) ,  a , (1 ,1 ) ;  A = 

(b): 4  ( - 2 , 1 ) ,  4 ( 2 ,4 ) ;  B =

3.3 . (a): ax (8 ,9 ) ,  ^ ( 3 ,1 ) ;  A 

(b): 4 ( 4 , 5 ) ,  4  ( 1 , - 4 ) ;  5  =

3 .4 . (a): 5 , ( 1 ,2 ) ,  ^ ( 3 ,4 ) ;  A =

r2 1 

3 - i  Y

' - 1  r

v 4  2 y
; 3 /  +  cp.

r2 1 N

v3 - b

7 -2 '

1 5

'6  - 5 N

; - 2 /  +  3cp.

0  - 2

^ -4  5^

v 7  6 y

(6): ¿ , ( - 1 , - 2 ) ,  ¿2( - 3 , - 4 ) ;  5  =

'  0 2^

v - 9  1 0 ,
; 5 / -  2cp.

(6): 4 ( 2 - 1 ) ,  4 ( - 4 , 3 ) ;  5  =

v -3 4 y

3 - 5
- 4  0

; - 3 /  +  cp.
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3.6. (a): 5 , ( 1 - ! ) ,  a* ( -2 ,1 ) ;  A  =
'3 7A
.5 4

(b): 4 ( 2 , 1 ) ,  4 ( 1 ,3 ) ;  B =
1 5

3 2
; 2 /  +  5cp.

4. C = { a + b i \ V a , b &R ,  i2 =  — 1} t o ‘p la m  R  m a y d o n  u stid a  

rangi ikkiga ten g  b o ‘lgan ch iz iq li algebra tashkil etish in i isbotlang.

5 . B a rch a  « -ta r t ib li kvadrat m atr itsa la r  t o ‘p la m i F nXn n in g  

IF m a y d o n  ustida rangi n2 b o ‘lgan  ch iz iq li algebra tash k il e t ish i­

n i isb o tlan g .
6 . B erilgan  operatorlarga teskari o p era to m i toping:

6 .1 . A =

6 .3 . A =

6 .5 . A =

6 .7 . A

6 .9 . A =

1 0"

J U

'1 0

0 1

3 1

14 2

f5
4

0 0

6 5

lo 0

'2 5

1 3

2 10

8

r i 2

2 3

1 1

0

2
3

2  ̂

-1  

4  

1

62  - 7 9

2 3 
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3 4

4

2

9

9

3

1

1

P

1

7

2 ,

4 '

2

-1

- 6 ,

6 .2 . A =

6 .4 . ¿  =

6 .6 . A =

6 .1 0 . A =

0 I - r

1 2 3

- 2 1 - 1 3

1 1 1 n

0 1 1 1

0 0 1 1 •

0 0 0 1,

3 2 1 2 \

7 5 2 5

0 0 9 4

0 0 11 5 /

3 5 -3 2

4 - 2 5 3

7 8 -1 5

6 4 5 3

'0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

J 2 4 1
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7. Quyidagi chiziq li operatorlarning xos qiymatlari va xos
vektorlarini toping:

'2 4 ] '2 O'
7 .1 . A = 7 .2 . A =

2, a 2 ,

Í  1 -3 O' '2 0 0^
7  3 A = - 1 2 3 ._________ 7,4.- A  — 0 Д— 3 -

, - 1 - 4 4 J -2 3 ;

(6 1 -5' " 0 1 O'

7 .5 . A = 3 12 -3 7.6 . A = - 4 4 0 .
7 i i 9

V 1 -0J к 2 1 l )

a 0 0 O' '3 - 1 0 0 '

0 0 0 0 1 1 0 0
7 .7 . A = иocГ'-

i 0 1 0 3 0 5 - 3

.0 0 0 1 .4 - 1 3 - i j

f  1 1 0 0^ '3 - 1 0 O '

- 1 1 0 0
7 .10 . A =

1 1 0 0

0 0 2 4 3 0 5 - 3

l o 1 1 У ,4 - 1 3 - K

V. Takrorlash uchun savollar

1. C h iz iq li op eratorlar ustid a  qan d ay  am allar  bajariladi?

2. C h iz iq li algebra deb  n im aga  aytiladi?

3. C h iz iq li operatorlar algebrasi deb  n im aga  aytilad i?

4. M atritsa lar c h iz iq li a lgeb rasin i tu sh u n tir in g .

5. C h iz iq li o p e r a to m in g  teskarisi q an d ay  top ilad i?

6. C h iz iq h  o p e r a to m in g  x o s  q iym atlari, x o s  vektorlari d eb  n i­
m aga aytiladi?
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■  -  I I -  — -i  . ■ I I I ' ................ . ,

XM O D U L .  CHIZIQLI TENGSIZLIKLAR 
SISTEMASI

Chiziqli tengsizliklar sistemasi. Qavariq konus

J  A so s iy  tu sh u n ch a lar: ch iz iq li ten gsiz lik lar  s is tem a si, y e c h im ,

ch iz iq li k o m b in a tsiy a , qavariq  k on u s, y o id o s h  sistem a.

U sh b u

axxx + a2x2 + .. .  +  anxn + b > 0 (1 )

ten g siz lik  R  h aq iq iy  son lar m a y d o n i ustidagi n ta noma ’lumli chi­
ziqli tengsizlik d e y ila d i .  ( 1 )  d a  x v x2, . . . ,  xn — n o m a ’lu m la r , 

a¡, b<sR (/' = l , n )  esa  k oeffits iy en tla r  d ey ilad i.

A gar (1 )  da b= 0  b o ‘lsa, (1 )  bir jin sli, b ±  0  b o is a ,  (1 )  birjinsli 
bo‘lmagan chiziqli tengsizlik d ey ilad i.

an x\ + an x2 + . . .  + ainxn +  b, > 0 ,  /  =  T jñ  (2 )

s is t e m a n in g  b a r c h a  t e n g s iz l ik la r in i  q a n o a t la n t ir u v c h i x {= a x, 
x2=a2, .. . ,  x = a n son la r  (2 ) sistemaningyechimi d ey ilad i.

A gar (2 )  te n g s iz lik  b itta  h a m  y e c h im g a  eg a  b o ‘lm a sa , y a ’ni
0 -x 1+ 0 \x 2+  ... +0-xn+ b  > 0  (b < 0 ) b o ‘lsa , u  ziddiyatli tengsizlik 
deyilad i.

(2 ) s istem a n in g  tengsizlik larin i, m o s ravishda, kx > 0 ,  k2> 0, ..., 

km> 0 son larga  k o ‘paytirib , u larni h ad lab  q o ‘shsak , h o sil b o ‘lgan  

u sh b u

m  m  m  m

Y , k j a i \ x \ + ' Z k j a j 2 X2 + -  +  Y . k J a jm x m + Y J k j b j  *  0
M  M  7=1 7=1

ten g siz lik  (2 )  sistemaning manfiymas chiziqli kombinatsiyasi d e y i­
ladi.

B ir x il x v x2, xn n o m a ’lu m li ikkita h a m jo y li ten g siz lik la r  

sistem asid an  b ir in in g  istalgan  y e c h im i ik k in ch isi u ch u n  h am  y e ­

c h im  b o ‘lsa  y o k i ikkala  s is te m a  h a m  h a m jo y s iz  s is tem a  b o ‘lsa , 

ular teng kuchli sistemalar dey ilad i.
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V ek to r la m i q o ‘sh ish  va  m a n fiy m a s h a q iq iy  so n g a  k o ‘paytirish  

am allariga n isb atan  y o p iq  b o ‘lgan  V vek tor fa zo n in g  vektorlaridan  

tu z ilg a n  b o ‘sh  b o ‘lm a g a n  t o ‘p la m  V vektor fazoning qavariq ko- 
nusi d ey ilad i.

C h iz iq li ten gsiz lik lar  s istem a sid a n  n o m a ’lu m lar so n in i b ittaga  

kam aytirib  tu z ilg a n  y a n g i s istem a  berilgan sistemaga yo ‘Idosh sis­
tema d ey ilad i.

(2 ) s istem a d a n

P\ * xn , * Q\ ,
P2 ^ X „ ,

«
xn > Q 2 ,

P  > X/  p — ■>

:
IV 

.
P 

;

A  * 0 ,

R2 > 0 ,

Rr > 0

( 3 )

sistem a n i h o s il q ilam iz . 
B u n d a n

\Pa > Qp ( a  =  l ,p,  (3 =  1 ,q),

{R, >0 ( y  = TTr)

s istem a n i h o s il q ilam iz .

A gar (3 ) s is te m a d a  b ir in c h i y o k i ik k in c h i b lo k  ten g siz lik la r i  

b o ‘lm a sa , u  h o ld a  y o ‘ld o sh  s istem a  faq at Ry> 0 ten gsiz lik lard an  

iborat b o ‘lad i. A gar (3 )  s istem a d a  b ir in ch i v a  u c h in c h i y o k i ik ­

k in c h i v a  u c h in c h i  b lo k la r  b o ‘lm a sa , u  h o ld a  y o ‘ld o sh  s is tem a  

m avju d  em a s . Y a ’n i bu  s is te m a n i a y n iy  (0  > 0 )  d eb  qarash  va  

u n in g  y e c h im la r i sifa tid a  ix tiy o r iy  n o ‘lc h o v li ar ifm etik  v e k to m i  

o lish  m u m k in .
1-misol. C h iz iq l i  te n g s iz l ik la r  s is t e m a s in i  a lg e b r a ik  va  

g e o m etr ik  u su llard a  yech in g:

2xx + JCj < 1,

3 x , - x 2 < 2,  

x , + 2x2 < 4 ,

-X i -  3x2 < 3.
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Yechish. 1) Algebraik usul:

2 x j +  x 2 < 1, \ 2x , < 1 - x , ,
^ 1 1 
~ 2 ~  I * 2 ’

*
3 x , -  x 2 < 2 ,

<=>
X, + 2 x 2 <  4 ,

-X , -  3 x 2 < 3

3xj < 2 + x 2 ,
<;

Xj < 4  -  2 x 2 ,

-3X 2 < 3 + X, ,

2 1 
*1 ^ 3 + 3 * 2 ,  «

Xj < 4  -  2 x2 ,

- 3 x 2 -  3 < X,

-3X2 - 3 < i - I x 2 , í 7 5 
~ 2  2*2 ’ IV 1

l»
l 

~-l

o  ■ -Зл^ - 3 < ^  + i x 2 , o  ■ 11 ^ 10 o -

“ Т У * 2 ’
v  ^  11 o x ,  > -  
** IÏÏ’

-3 x 2  -  3 <  4  -  2x1 - 7  < X2 X ¿  > - 7

x2 =  — 1 d eb  o la m iz . U  h o ld a

Xj ^ 1 i
~ 2 + 2 ’

Xi *1,

* *1 3 3 ’ <=> •
Xj < l

■ 3 ’ <=> 0 < x , < i .

Xi < 4  + 2 , *1 s í ,  3

3 -  3 < Xj x¡ > 0

Xj =  0 d eb  o lsa k , u h o ld a  b erilgan  c h iz iq li te n g s iz lik la r  s is -  

tem asin in g  xususiy yech im i sifatida (0; - 1 )  vek tom i olish  m um kin .

2 )  G eom etrik  usul:

2xx + x 2 < 1 ,

3 x , -  x2 < 2 ,
<

x, +  2 x 2 < 4 ,

- X ,  -  3 x 2 < 3

c h iz iq li ten g siz lik la r  s is tem a sin i tash k il e tg a n  4  ta  ten g siz lik n in g  

har biri tek islikda yarim tek islik n i bild iradi. U la m in g  u m u m iy  q is-  

m i b erilgan  s is tem a n in g  y e c h im i b o ‘ladi.

C h iz iq li  t e n g s iz l ik la r  s is te m a s in in g  y e c h im i  D e k a r t  k o o r -  

d in a ta la r  s is te m a sid a g i A^A^A, s in iq  c h iz iq  b ila n  ch eg a ra la n g a n  
so h a d a n  iborat.
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2-misol.
2 x j  -  x 2 < 1 ,
3x  j - 2 x  < 3  chM ^  ten §s'z ^^'ar sistem asin i g eo -

- X ,  -  x 2 <  1

m e tr ik  u s u ld a  y e c h ib , u n in g  m a n fiy m a s  y e c h im la r i  o r a s id a n  
b e r ilg a n  / =  2 x j + 3 x 2 c h iz iq l i  fo r m a n i m in im a lla s h t ir u v c h i v a  
m ak sim a lla sh tiru v ch i n u q ta larin i an iq lang.

/ c h i z i q l i  fo r m a n i m in im a lla s h t ir u v c h i n u q ta la r  A (—1; 0 ) ,  

m a k sim a lla sh tiru v ch i n u q ta  B(— 1; 3).



2xx + x 2 > 0 ,

3-misol. 3xj ~ x 2 > 0 ,  ch iziq li tengsizliklar sistem asi y e c h im -

-X , + 2 x2 > 0

laririing qavariq  k on u sin i tek islik d a  tasvirlang.
Yechish. B ir j in sli ch iz iq li ten g siz lik la r  sistem asi y e c h im la r i-  

n in g  qavariq  k on u si u n in g  n o lm a s yech im la r id a n  iborat. S h u n in g  

u ch u n  tek islik d a  berilgan  bir j in sli ch iz iq li ten gsiz lik lar  s is tem a si-  

n in g  n o lm a s  y ech im la r in i to p a m iz .

D e m a k , b e r ilg a n  c h iz iq li  te n g s iz lik la r  s is te m a s i y e c h im la r  

to 'p la m i ta sh k il e tg a n  q a v a r iq  k o n u s  c h iz m a d a g i sh tr ix la n g a n  

so h a d a n  iborat.

2 x , + 3 x 2 - x 3 > 1 ,

4-misol. - x ¡  + 2 x 2 + 3 x 3 < 2 , c h iz iq li ten gsiz lik lar  s is tem a -  

- 3 x ,  - x 2 - 2 x 3 > - 2

sin i y ech in g .
Yechish. B erilgan  ch iz iq li ten g siz lik la r  s istem asid an  x2 n i y o ‘- 

q o ta m iz . B u n in g  u c h u n  b er ilg a n  te n g s iz lik la r  s is te m a sig a  y o ‘l-  

d osh  sistem a n i h o sil q ilam iz:
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2 x j + 3 x 2 - x 3 > 1 ,

—jCj +  2jcj +  3 jc3 < 2 , o  

—3 jcj -  x2 - 2 x 3 > - 2

3 x 2 > - 2 x x + x3 +1, 

2 x 2 < x t - 3x3 + 2 ,  <=> 

x̂  < - 3 x ,  -  2 x ,  + 2

<=>
3 ’

3 ,
*2 2 X' ~ 2 * 3 ’
x¿ < - 3 x ,  -  2x3 + 2

<=>

2 1 1 . 1  3 1 
- - X ,  +  - X 3 + -  <  - X  - ~ r X 3  + 1 .-J—1— 3 2 2 

I ' I * 1 + 1 Хз + I  - _ 3 x i - 2 х з + 2

о

о
)xj  + ( i - i l < 0 ,* Í 7- - X ,
1 3 \3 6 1

) H И
< 0

-ч
7

. з х >

<=> s
*1 ^ ~ * 3  + 7 >

^ 1 1  4X ,  >  — x 3 - y

n_
7<=>— *3 ~ y  + y < = >

( y  +  l ) x 3 < |  +  y  < »  y * 3 < y  о  2 x 3 < 1  < = > * 3  Ц  

x 3 n in g  to p ilg a n  so h a s id a n  x 3= 0  q iy m a tn i o lsa k ,
*1 ^ - 7 .

y a ’n i - I  < Xi < у  h o s il b o ‘lad i. A gar X j= 0  d eb  o lsa k , u  h o ld a ,

*2 4 .

x 2 < 1, y a ’n i у  < x 2 < 1  h o sil b o ‘ladi. 

x 2 < 2

D e m a k , b er ilg a n  c h iz iq li  ten g siz lik la r  s is te m a s in in g  x u su s iy  

y ech im la r id a n  b in  (0 , 1, 0 ) b o ‘lad i.
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/" “ Ч
^  J Misol va mashqiar

1. Q u y id a g i ten g siz lik la r  s is tem a la r in in g  y e c h im la r  so h a s in i  

aniqlang:

1.1.

1.3.

1.5.

1.7.

\xx + x 2 > - 2 ,  

[2 x , -  x2 > - 1 .

Í 3 x j  - 2 x 2  >  6 ,

1.9.

[x , < 3.

2 x x + x 2 < - 3 ,

X! -  3x2 < 1,

4 x ,  + 3 x 2 < 2.

4 x , + 5 x 2 -  20 < 0 , 

- 7 x 1 + 3 x 2 - 1 2  < 0 , 

—Эх, + 8 x 2 + 1 5  > 0.

8 x , + 8 x 2 -  64  < 0 ,  

4 x ,  - 4 x 2 -  16 < 0 , 

- 4 x ,  + 4 x2 - 1 6  < 0 , 

8 x , + 8 x 2 +  64  > 0.

1.2.

1.4.

1.6.

1.8.

x 2 > - 1 ,

-  x 2 > 3 .

-  3 x 2 < 1,

[2 x ,

[4 x j  

[x[ + x 2 > 0 .

- X j  +  x 2 >4,  

xx - 3 x 2 <  - 1 ,

3xj - 3 x 2 < - 2 .

2xx -  x 2 -  3 <_Щ  

xx + x 2 -  6  < 0 ,

Xj - 2 x 2 <  0.

1.10.

xx -  x2 < 0 ,

-X ] +  x 2 -  4  < 0 ,  

Xj -  x 2 +  6 >  0 , 

2 x , -  2 x 2 + 8 < 0 .

2 . C h iz iq li ten gsiz lik lar  s is tem a sin in g  har b ir m a n fiy m a s c h i-  

z iq li k o m b in a tsiy a si sh u  s is tem a n in g  natijasi b o ‘lish in i isb o tlan g .

3 . Q u yid ag i ten g siz lik la r  sistem a la r in in g  biri ik k in ch is ig a  n a -  

tija b o ‘lad im i?  T en g  k u ch li s is te m a la m i aniqlang:

3 .1 . 1) Xj — x 2 < 0 ,

3 .2 . 1) —X, +  x 2 — 4  < 0 ,

4 x , +  5 x 2 -  2 0  < 0 ,

3 .3 . 1) ■ - 7 x x + 3 x 2 - 1 2  < 0 ,  

-3x , + 8 x 2 + 15 > 0 ,

2 ) X, — x 2 +  6 > 0.

2 ) X, x 2 +  6 > 0.

2 ) x 2 — 5 < 0.

3.4. 1)

X ,  -  2 x 2 < 0 ,

-2X [ +  x 2 + 3 <  0 , 

X! + x 2 - 1 0  < 0;
2 )

2xj -  x 2 -  3 > 0 , 

X ,  +  x 2 -  6  < 0 ,  

X, -  2 x 2 < 0.
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Ху -  х2 > О,

3 .5 . 1) | х 2 - 3 > 0 ,

4Х[ + 4 х 2 + 1 6  < О;

х , + х2 -  3 < О, 

- х х - х 2 +  5 < О.

3 '6 ' [ )  - 4 х ,  + 4хг - 16 < 0 ,  2 ) 5х‘ ~  Зх2 -  30  s  °-

+  8 х 2 -  6 4  < О, 

4 xj - 4 ^ 2  -  16 < О,

8 х , + 8 х2 + 64  > 0.

4. a(=Rn v a  а ф 0 lar u c h u n  {Xa \ X > 0 , A,eÄ} t o ‘p la m  R n 

fazon in g  qavariq k on u si b o ‘lish in i isbotlang. B u  qavariq k on u s ä 

vek tor  yaratgan t o ‘g ‘ri c h iz iq  d eyilad i.

5 . a, ,—,äm e R n v ek to r la r  s is te m a sin in g  b a rch a  m a n fiy m a s  

c h iz iq li  k o m b in a ts iy a la r  t o ‘p la m i Rn fa z o n in g  q a v a r iq  k o n u s i  

b o ‘lish in i isbotlang.

6 . Bir jin sü  ch iz iq li tengsizlik lar sistem asin in g  barcha y e c h im -  

lar t o ‘p la m i V=R!' fa zo n in g  qavariq k on u si b o i i s h in i  isbotlang.

7 . C h iz iq li te n g s iz lik la r  s is tem a si h a m jo y s iz  b o ‘lish i u c h u n  

u n in g  b iror  c h iz iq li k o m b in a ts iy a s i z id d iy a tli te n g s iz lik  b o ‘lish i 

zarur va yetarli ek a n lig in i isb otlan g .

8 . Bir jin s li ch iz iq li ten gsiz lik lar  s istem a sin in g  har bir natijasi 

bu  sistem a n in g  m a n fiy m a s k o effits iy en tli ch iz iq li k o m b in atsiyasi - 

d an  ib oratlig in i isb otlan g .

9 . Y o ‘ld o sh  s is te m a n in g  har b ir te n g s iz lig i b er ilg a n  te n g s iz ­

liklar s istem asin in g  c h iz iq li k om b in atsiyasi b o ‘lish in i isbotlang.

1 0 . C h iz iq li te n g s iz lik la r  s is tem a sin i a lgeb ra ik  v a  g e o m e tr ik  

usullarda yech in g:

- 2 x j  +  5 x 2 < - 1 ,  

Xj + 3 x 2 < 13, 

- 3 x ,  +  2 x2 < 5 ,

’5 x t +  3 x 2 >  3,

-X! + 3x2 < 2. - X ,  + 8x2 > 2.

196



8x , + 4 x 2 < 1 , llX j -  3 x 2 < 3 0 ,

- 8 x , -  4 x 2 < - 1 , ____< Л A 2xj +  5 x2 < - 6 ,
1 0 .3 .^

2 x , - 3 x 2 < 5 ,
10.4. ^

12x, -  6 x 2 < 4 ,

-2xy + 3 x 2 < - 5 . - 5 x , +  7 x2 < 1 2 .

10.5.

5 х , - 9 x 2  < 4 ,  

- 5 х ,  + 9 х 2 < - 4 ,  

- 2 х ,  + З х 2 < 5 , 

2 х , - З х 2 > - 5 ,  

Ху + х 2 < - 1 .

10.6.

2 х , +  5 х 2 < - 1 0 ,  

Xj +  З х 2 < 2 , 

6Х[ + 7 х 2 > 5 ,  

4Х[ + З х 2 < 12 .

10 .7 . 10.8.

- 2 x j  +  х 2 > - 1 ,

4Х| +3х2 < 3,
-X ] + 7 х 2 > 5 ,

- 4 х ,  + З х 2 < - 2 .

11 . C h iz iq li ten g siz lik la r  sistem asi y ech im la r in in g  qavariq k o-  
n u sin i tek islik d a  tasvirlang:

5xj -  x 2 < 4 ,  

3 x t +  l l x 2 < 2 ,  

6 x , +  7 x2 > - 5 ,  

- x t +  3 x 2 < 0.

11.1 .

11.3 .

11.5 .

fxj + x2 > 0,
[2xj — x2 < 0.

f-x, +x2 > 0, 
[2xj -3x2 > 0.

9 x , + 8x 2 > 0 ,  

2xj + 3 x j  > 0 , 

-4X [ + 2 x 2 >  0 , 

- 7 x ,  + 3 x 2 >  0.

11.2.

11.4.

11.6.

fx i - x 2 > 0 ,

[2 x ,  -  x 2 > 0 .

[4 x ,  -  3 x 2 < 0, 

[x j  +  x 2 > 0 .

3x, - 4 x 2 > 0 ,  

- 2 x ,  + 13 x2 > 0 ,  

- 4 x y  +  3 x 2 >  0,  

7x ,  + 3 x 2 > 0.

2 x , + 8 x 2 > 0, 4 x , +  8 x2 > 0,

x i +  3 x 2 > 0 , 6X[ -  3 x 2 > 0 ,
11.7 . •

-x\ + 2 x 2 > 0 ,
11 .8. ■

7 x , +  2x 3 > 0 ,

- 3 x + 3 x 2 > 0 . -  3 x 2 > 0 .
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11.9.

хх + х 2 -  8 < О,

х\ ~ х2 -  4  < О, 

- х х  + х 2  -  3  <  О,  

2 х х  +  2 х 2  + 1 6  >  0 .

11 .10 .

- 8jcj + 8х2 + 64 < 0, 
4 х х - 4 х 2 -1 6  < 0, 
~4хх + 4 х 2 -6 < 0, 

- 8х, + 8^2 - 6 4  > 0.

12.1 .

12.2 .

1 2 . 3 .

1 2 . 4 .

1 2 . 5 .

12 .6 .

6 х х ~ 5 х 2  + 2 х 4  <  1 1 ,

2 х х  +  4х2 -  х 3  +  3 x 4  <  -1,
X, + 2х2 + 2х3 + 13х4 > 10, 
2х, - 4 х2 + 7 х3 - 2 х4 >0.

6 х х -  5х2 +  х3 -  2х4 <11,
Xj +  4 х 2 - х 3 +  Зх4 < 1,

2х2 + 2 х3 +13х4 < 17,
2xj -  7х3 -  2х4 > 0.

- 2 х х  +3х2 - 6 х 3 - х 4 <11, 
Зх! +6Х] +5х2 -1 2 х 4 <2, 
Xj -7хз + х3 + 4х4 >23, 

х2 + 23х4 < 2,
—2xj + 7х2 + 2х3 + 2х4 < 14.

- 2 x j  +  З х 2 +  З х 3 +  2 х 4 <  4 ,  

2 x j  + 4 х 2 - З х 3 + З х 4 < - 1 ,  

1 3 x j  — х 2 + 2 х 3 + 1 1 х 4 > 0 ,  

1 2 x j  + 4 х 2 - 6 х 3 + 2 х 4 < 1 0 .

- 4 x j  +  5 х 2 +  З х 3 +  4 х 4 <  1 ,  

- 2 х ,  + 3 х 2 - 9 х 3 - х 4 > 2 ,  

- 9 x j  +  1 0 х 2 - х 3 > 3 .

- 9 х !  + 5 x 2  + З х 3 - 5 х 4 < 1 ,  

З х !  +  З х 2 -  9 х 3 +  х 4 < 2 ,  

7 х ,  +  1 0 x 2  -  х 3 +  х 4 <  3 .
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12.7.

12.8 .

12.9 .

12 .10 .

12 .11 .

12.12 .

12.13 .

12.14.

2 x , + 5 x 2 + 3 x3 - 3 x4 > 1 ,

Xj + 3 x 2 - 9 x 3 + x4 < 2 ,

2 X| + 1 0 x 2 -  x3 +  3 x 4 < 3.

2x{ - 3 x 2 - 9 x 3 + 5 x 4 < 1 1 ,

3 x , + X2 + 8 x 3 -  3 x 4 < 0 , 

- 2 x ,  -  4 x 2 -  2 x 3 > 2.

X, +  2 x 2 + x 3 -  x 4 +  x 5 > 21, 

2x j  - 3 x 2 - 9 x 3 - 3 x 4 > 3 ,  

3X] + x 2 + 8 x 3 + 2 x 4 +  x 5 < 3 .  

Xj -  x 3 + x 3 + 5 x 4 -  4 x 5 > 7 , 

X[ — x 2 +  x 3 +  3 x 4 -  5 x s <  6,  

x, -  3 x 2 -  x 3 +  x 4 > 9 .  

- 2 x ,  -  x 2 + 3 x 3 + 4 x 4 <  - 1 1 ,  

- 3 x ,  +  3 x 2 -  9 x 3 -  x 4 > 2 ,  

X] +  10x2 - x 3 > 3 .

2xj -  X2 + 5 x 3 -  5 x 4 < 3 , 

xx + 3 x 2 -  4 x 3 + x 4 > 2 ,

-X j + 1 0 x 2 -  x 3 + x 4 < 3 .

5xj -  2 x2 +  3 x 3 -  4 x4 <  1,

X! + 3 x 2 -  9 x 3 -  x 4 > 2 ,

5xj + 3 x 2 x 3 > 3 .

3 x , +  x 2 -  2 x 3 -  x 4 < 4 ,

-2 x , + 3 x 2  - 4 x 3 + x 4 < 2 ,

—3X[ -  x 2 -  x 3 + x 4 < 3 .

13 . / c h iz iq li fo rm an in g  m in im u m  q iym atin i va u n i m in im u m  
q iym atga  k eltiru vch i n u q tan i top ing:

x , + 3 x 2 < 12 ,

1 3 . 1 . / =  - x ,  +  x,
3 x , - x 2 > 6 ,  

3 x t + 4 x 2 >  0,  

X\ > 0 ,

3 x 2 > 0.
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1 3 . 2 . / =  Xj — 4x2,

X! +  2 x 2 <  4 ,  

Xi <  3 ,

x t -  2 x2 > - 1 ,

Xi > 0 ,

3X2 > 0.

1 3 . 3 . / =  2Xj — X2’

2 x !  -  x 2 <  1 2 , 

Xj +  x 2 <  6 ,

X, +  3 x 2 >  1,

Xj > 0 ,

3 x 2 >  0 .

1 3 . 4 . / =  X, +  2 x 2 +  3 ,

2 x ,  +  4 x j  <  8 ,  

3 x t < 6 ,

5 x 2 <  5 ,

Xj > 0 ,

3 x 2 >  0 .

1 4 . / c h i z i q l i  fo rm a n in g  m a k sim u m  q iy m a tin i va  u n i m ak si-  
m u m  q iym atga  k e ltiru vch i n u q tan i top ing:

1 4 . 1 . / =  2 x j  +  4 x 2,

1 4 . 2 . / =  —X, +  4 x 2,

4 xj +  3 x 2 < 4 0 , 

12x , + 3 x 2 < 2 4 , 

2 x j < 6 , 

x 2 < 3,

X, > 0 ,  

x2 > 0.

3x! + 2 x 2 < 12, 

2xj -  x2 <0,
—3 x j  +  2 x 2 <  3 ,  

Xi +  2 x 2 <  3 ,

Xj > 0 ,

X2 > 0.
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14.3./= 2jCj + *2,

1 4 . 4 . / =  3jCj +  2 ^ ,

4x¡ - x 2 > -4, 

2xy + 3x2 < 12, 

5 x , -  3 x 2 < 15, 

x 2 < 7 ,

X! > 0 ,

x 2 > 0.

X,  +  x 2 > 1, 

-5X ( + x 2 < 0 ,  

5 x , - x 2 > 0 ,

■ Xj -  x 2 > - 1 ,  

X] + x 2 < 6 ,

Xj > 0 ,

x 2 > 0.

Takrorlash uchun savollar

1. C h iz iq li  te n g s iz lik la r  s is te m a s in in g  u m u m iy  k o ‘r in ish in i  

y o z in g .
2. C H T S  n ing y e c h im i d eb  n im aga  aytilad i?

3. H a m jo y li va  h a m jo y siz  C H T S  ta ’riflarin i ayting.

4 . C H T S n in g  n atijasi d eb  n im aga  aytiladi?
5. C H T S n in g  m a n fiy m a s c h iz iq li k om b in a tsiy a sin i tu z in g .

6. B ir j in sli C H T S  d eb  n im a g a  aytiladi?

7. Q avariq  k o n u s ta ’rifin i ayting.

8. Z id d iya tli ten g siz lik  d eb  n im aga  aytiladi?
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XIMODUL.  BURUN SONLAR HALQASIDA 
BO‘LINISH MUNOSABATI

24-§. Tub va murakkab sonlar. EKUB. EKUK

/  A s o s iy  tu sh u n c h a la r :  tu b  s o n , m u ra k k a b  s o n , n a tu ra l s o n ,  

natural b o ‘lu v ch ila r  so n i va  y ig ‘in d isi, E K U B , E K U K , E yler  
fu n k siy a si.

F a q a t ik k ita  tu rli n atu ra l b o ‘lu v ch ila rg a  ega  b o ‘lg a n  natu ra l 
so n  tub son dey ilad i.

N a tu ra l b o ‘lu v ch ila r in in g  so n i ik k itad an  ortiq  b o ‘lgan  natural 
so n  murakkab son d ey ilad i.

a > 1 natural so n  b o ‘lsin . a =  />“' p*2 ...p°nn ten g lik  a so n n in g  

kanonik yoyilmasi d ey ilad i.

A gar a v a  b *  0  b u tu n  so n la r  u ch u n  a =  bq m u n o sa b a tn i q a -  

n o a tla n tiru v ch i q b u tu n  so n  m avjud b o ‘lsa, u  h o ld a  a son b songa 
bo ‘linadi y o k i b son a sonni bo ‘ladi dey ilad i.

a = Pi' P ?  —Pnn so n  u c h u n  i ( f l ) = ( a j + l ) ( a 2+ l ) . . .  (a ^ + 1 ) va

.  ,  P 2 2 + l - 1 K ”+1- 1 
a ( n) ------_ i +  —-— j— + ••• +  — — b o ‘ladi.

A  - t  P 2-1 Pn  - l

a va  b b u tu n  so n la m in g  ik k isin i h a m  b o ‘lad igan  so n  sh u  so n -  
la m in g  utnumiy bo ‘luvchisi d ey ilad i.

a va  b n a tu ra l so n la r  u m u m iy  b o 'lu v c h ila r in in g  e n g  k a tta si 
sh u  so n la rn in g  eng katta umumiy bo ‘luvchisi (E K U B ) d ey ila d i va  

u  (a; b) k o ‘r in ish d a  b elg ila n a d i.

A gar (a; b)— 1 b o ‘lsa , u  h o ld a  a va b natural son la r  o ‘zaro tub 
sonlar d ey ilad i.

av a2, . . . ,  an b u tu n  so n la m in g  barchasin i b o ‘lad igan  so n  shu  

so n la m in g  umumiy bo‘luvchisi d ey ilad i.

A gar (flj, a2, a ^ — 1 b o ‘lsa , u  h o ld a  av a2, . . . ,  an n atu ra l 
so n la r  o ‘zaro tub sonlar d ey ilad i.

A gar q u yid ag i ikk ita  shart bajarilsa, u  h o ld a  cp(m) so n li iu n k -  

siya  Eyler funksiyasi deyilad i:
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1. cp(l)=l.
2. cp(/w) fu n k siya  m d an  k ich ik  va m b ilan  o ‘zaro  tub b o ‘lgan  

natural so n la r  so n i.

N a tu r a l  s o n la r  t o ‘p la m id a  a n iq la n g a n  /  fu n k s iy a  u c h u n  

(m; « )= 1  b o ‘lgan d a  f {m  ■ n )= f(m ) ■ f ( n )  ten g lik  bajarilsa, u  h o l-  

da / f u n k s iy a  multiplikativ funksiya dey ilad i.

E yler  fu n k siyasi cp(//i) n i h iso b la sh  form u la lari q u y id ag ich a:

m—p  tu b  so n  b o ‘lsa , u  h o ld a  cp(p)=r — 1.

m = r a ( r  — tu b  s o n , a  — n a tu ra l s o n )  b o ‘lsa , u  h o ld a  
<p( p « ) = p « - ' .  ( p  -  l ) .

m =  p p “2 ...pakk b o ‘lsa , u  h o ld a

1 - f f ) - K H H » - ; ) ' _____

1-misol. V n s N  u c h u n  / i ( « + I ) ( 2 « + l )  n in g  6 g a  b o 'lin is h in i  
isb o tlan g .

Yechish. 1 -u su l. M a tem a tik  in d u k siya  m eto d i. n =  1 b o ‘lsa, u 

h o ld a  n ( «  + l ) ( 2 «  + l )  ifod a  6 g a  b o ‘lin ad i. F araz q ila m iz , n = k  

u ch u n  k (k  + 1 ) (2 ^  +  1) ifo d a  6 ga b o ‘lin s in , u  h o ld a  n ~ k + 1 da  

(k  + \ ) ( k  + 2 ) ( 2k  + 3)  ifo d a  6 g a  b o 'l in a d i .  H a q iq a ta n  h a m  

( k + 1)(& + 2 ) ( 2 £  + 3 ) =  k ( k  + 1 ) ( 2 k + 1 )  +  6 ( k + 1)2 b o 'lgan lig i va 

q o 's h i lu v c h ila r n in g  h ar  b ir i 6 ga  b o ‘l in g a n lig i  u c h u n  

(k + l) ( fc  + 2)(2A : +  3 ) ifod a  6  ga b o ‘linadi.

2 -u su l. N a tu ra l son lar  q a tor id a  2 ta  k e tm a -k e t kelgan  son lar  

k o ‘p a y tm a s i n (n + 1) 2 g a  b o ‘lin is h id a n  « (n  +  l ) ( 2 «  + l )  ifo d a  

h a m  2 g a  b o ‘lin a d i. n=  1 b o ‘lg a n d a  1 -2 -3 = 6  v a  ( 2 ,3 ) = 1  e k a n -  

l ig id a n  (k  + l ) ( k  + 2 ) ( 2k  + 3)  i fo d a n in g  6 ga  b o ‘l in is h i  u c h u n  

n(n + \ ) ( 2 /j +  l )  ifod an in g  3 ga b o ‘lin ish in i k o ‘rsatish k ifoya. Q o l-  

diqli b o ‘lish  h aq id ag i teo rem a g a  k o ‘ra har q an d ay  natu ra l so n n i 

n=3k  yo k i n = 3 k + \,  yok i n = 3k+ 2  k o ‘rin ishida ifod a lash  m u m k in . 
B u n d a n

1) a g a r  n = 3 k  b o ‘lsa , u h o ld a  n{n + \ ) { 2n + \)  i f o d a  3 ga  

b o ‘linadi;
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2) agar n = 3 k + l  k o ‘r in ish d a  b o i s a ,  u  h o ld a  2 n + \—6k+3  va  

n(n  + 1 ) ( 2 n + 1) ifo d a  3 g a  b o ‘linadi;

3) agar n = 3k + 2  k o ‘r in ish id a  b o ‘lsa , u  h o ld a  n + \ —3k+3  va  

n(n + l ) ( 2n + \)  ifo d a  3 ga  b o ‘linadi.

D e m a k , n(n + l ) ( 2 n  + 1 )  ifo d a  6 ga  b o ‘linad i.

3 -u su I . A g a r  n(n  + 1  )(2n  + 1) = n(n  +  T )R « - ! )  + ( «  + 2 ) ]  =  

=  (n + 1)” (n  + 1 )  + n(n  + 1 ) ( «  + 2 )  sh a k l a lm a sh tir ish d a n  fo y d a -  

lan sak , u  h o ld a  n(n + l ) ( 2n + l )  ifo d a n i 2 ta  k e tm a -k e t  k e lu v ch i  

3 ta  so n  k o 'p a y tm a sid a n  ib orat 2  ta  q o ‘sh ilu v ch ili y ig ‘in d i k o ‘ri-  

n ish ig a  k e lad i. K e tm a -k e t  k elgan  3 ta  natural so n  k o ‘p a y tm a si-  

n in g  6 ga  b o ‘lin ish id a n  n(n + 1 ) ( 2 n + 1 )  ifo d a n in g  6 g a  b o ‘lin ish i 

kelib  ch iq ad i.
2-misol. B erilgan  150 va 2 0 0  son lar  orasidagi b arch a tub so n -  

la m i an iq lan g .
Yechish. 150 va 2 0 0  so n la r  orasid ag i b arch a  natural so n la m i

tartib  b ila n  y o z ib olam iz:

150 151 152 153 154 155 156 157 158 159

160 161 162 163 164 165 166 167 168 169

170 171 172 173 174 175 176 177 178 179

180 181 182 183 184 185 186 187 188 189

190 191 192 193 194 195 196 197 198 199

2 0 0

T u z ilg a n  q a to m in g  b ir in ch i so n i 150 — ju ft so n . D e m a k , 2 ga  

b o ‘linadi. 150 dan boshlab qatom in g  har 2 -so n in i o ‘chirib chiqam iz:

Í 5 0  151 Jm  153 V tt  1 5 5 ......................... ' m

B erilgan  q atord an  2 ga b o ‘lin u v ch i so n la m i o ‘ch irib  ch iq d ik . 

E n d i so n la r  q a to r id a n  raqam lari y ig ‘in d isi 3 g a  b o ‘lin a d ig a n  b i­

r in c h i so n n i to p a m iz . B u  so n n i va u n d a n  k ey in  k e lu v ch i har 3 -  

s o n n i q a to rd a n  o ‘ch ira m iz . B u n d a  o ‘ch ir ilg a n  so n la r  o ‘m i  h a m  

h iso b g a  o lin a d i. B u  ja r a y o n n i V2 0 0  «  14 d a n  k atta  b o ‘lm a g a n  

tu b  so n g a  b o ‘lin a d ig a n  s o n la m i o ‘c h irg u n ch a  d a v o m  e ttira m iz . 

B erilgan  q a to m in g  o ‘ch ir ilm a y  q o lg a n  son lari 150 d an  2 0 0  gach a  

b o ‘lgan  tu b  son lard ir .
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15QT 15 1 1 5 2  1 5 5  1 5 4  1 5 5  1 5 6  1 5 7  158" 1 5 9  
160" 1 6 1  1 6 2  163 1 6 4  1 6 5  1 6 6  1 6 7  l é T  1 6 9  
m  I T T  1 7 2  1 7 3  1 7 4  1 7 5  1 7 6  1 7 7  l ^ T  17 9  
A8CT 18 1 J 5 M W 1 # M
m  1 9 1 1 9 2  193 m  1 9 5  1 9 6  1 9 7  198T 199 
2 0 0

D e m a k , 150 b ila n  2 0 0  o ra sid a g i tu b  so n la rn i to p is h  u c h u n

2 , 3 , 5 , 7 , 11, 13 ga  b o ‘lin a d ig a n  son la r  q a tord an  o ‘c h ir ild i va  

b erilgan  oraliqdagi tub son lar  E ratosfen  g ‘alviri yord a m id a  a n iq -  

la n d i. U la r  151 , 15 7 , 163 , 1 6 7 , 1 73 , 179 , 1 81 , 1 9 1 , 19 3 , 197 , 

199.
3-misol. B erilgan  1321 so n n in g  tub yok i m urakkab ek a n lig i-  

n i an iq lan g .

Yechish. B er ilgan  natural so n n in g  tu b  yo k i m urakkab e k a n -  

lig in i an iq lash  u ch u n  b erilgan  so n n in g  V a so n g a ch a  b o ‘lg a n  tub  

so n la rg a  b o ‘lin ish i yok i b o l in m a s l ig i  a n iq la n a d i. A gar b erilgan  

a so n  Va g a c h a  b o ‘lgan  b irorta  h a m  tub  so n g a  b o i in m a s a ,  u 

h o ld a  u  tub  so n  b o ‘ladi.

D e m a k , V i321 » 36 n i to p a m iz .  B e r ilg a n  1321 s o n n in g  

36 gacha b o ‘lgan tub sonlar 2 , 3 , 5, 7, 11, 13, 17, 19, 23 , 29, 31 ga 

b o ‘lin ish -b o 'lin m a slig in i tek sh iram iz .

2 g a  b o l in m a y d i ,  ch u n k i 1321 to q  son;

3 ga  b o l in m a y d i ,  ch u n k i 1 + 3 + 2 + 1 = 7 /3 ;

5 ga  b o l in m a y d i ,  ch u n k i 1321 n in g  ox irg i raqam i 1;

1321 7 « 188;

1321 11 *  120;

1321 13 »  101;

1321 17 « 7 7 ;

1321 19 « 6 9 ;
1321 23 « 5 4 ;

1321 29 « 4 5 ;

1321 31 « 4 2 .

D e m a k , 1321 so n i 36 g a ch a  b o ‘lgan  tub son larga  b o ‘lin m a y -  

di. U  tub  son .
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4-misol. B erilgan  123 va 321 so n la m in g  E K U B  va E K U K la r i-  

n i ik k i u su ld a  to p in g . E K U B n i b er ilg a n  so n la r  o r q a li c h iz iq li  
ifodalang.

Yechish. B er ilg a n  n atu ra l so n la rn in g  E K U B  v a  E K U K la r in i  

to p ish  u c h u n  u la rn i tu b  k o ‘p a y tiru v ch ila rg a  y o y ilm a s id a n  y o k i  
E vklid  a lg o r itm id a n  foyd a la n ish  m u m k in .

1 -u su l. B er ilg a n  so n la rn in g  tu b  k o ‘p a y tiru v ch ila rg a  k a n o n ik  

y o y ilm a sin i top am iz:

123 3 321 3

41 41 107 107

1 1

123 = 3 • 41 =  31 ■ 4 1 1 -1 0 7 ° ;

321 = 3 • 107 = 31 -41° • 1071 ■

n = P}a] ...Pna" va m = P,Pl ...Pfn son lar  u ch u n

E K U B  ( « ; w )  = / f lin(ai’Pl) . ^ “ N “2, fe) . m*n(an>Pn) •

E K U K  [/2* W ] =  >̂maxC “i. Pl) ^^maxCa2̂  P2 ) p  rciax(a„, p„)

D e m a k , (123 ; 3 2 1 ) = 3 v a  [123; 321] =  3 - 4 1  -1 0 7  =  1 3 1 6 1 .

2 -u su l. B er ilgan  son la r  u c h u n  q o ld iq h  b o ‘lish  te o r e m a si y o r -  

d am id a  E vklid  a lgoritm in i tuzam iz:

321 = 1 2 3 - 2  + 75; 75 =  3 2 1 - 1 2 3 - 2 ;

123 = 7 5 -1  + 48; 48  =  1 2 3 - 7 5 - 1 ;

75 =  4 8 - 1  +  27; 27 =  7 5 - 4 8 - 1 ;

48  =  2 7 -1  +  21; 21 =  4 8 - 2 7 - 1 ;

27  =  2 1 1  +  6; 6  = 2 7 - 2 1 - 1 ;

21 =  6 - 3  + 3; 3 = 2 1 - 6 - 3 .

6  = 3 - 2  +  0.

Evklid algoritm idagi oxirgi noldan  farqli qoldiq  E K U B  ni beradi. 

D e m a k , (3 2 1 ; 123) = 3 .  B u n d a n  [3 2 1 ;1 2 3 ] =  =  1 3 1 6 1 .

T o p ilg a n  E K U B  (3 2 1 ; 1 2 3 ) = 3 n in g  123 va  321 lar y o rd a m i-  

dagi ch iziq li ifodasini topam iz. Tuzilgan Evklid algoritm idagi q o ld iq -  

la m i b o ‘lin u v ch i va b o ‘luvch ilar yordam idagi ifodalarin i top am iz:  
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3 =  21 - 6 - 3  = (4 8  -  27 • 1) -  (2 7  -  21 -1) - 3 = 4 8 - 2 7  -4  +  2 1 -3  =

= 1 2 3 - 7 5 - 1  - ( 7 5 - 4 8 - 1 )  -4  + ( 4 8 - 2 7 - 1 ) -3  = 1 2 3 - 7 5 - 5  +  48 -7  -  

- 2 7  • 3 =  123 - ( 3 2 1  - 1 2 3  • 2 ) • 5 + ( 1 2 3 - 7 5  • 1) -7  - ( 7 5 - 4 8  • 1) • 3 =

=  123 • 18 -  321 • 5 -  75 • 10 + 48  • 3 =  123 • 18 -  321 • 5 -

- ( 3 2 1  - 1 2 3  ■ 2 )  • 10 +  (1 2 3  -  75  • 1) • 3 =  123 • 41 -  321 • 15 -  75 • 3 =

=  123 - 41  — 321 -15  - ( 3 2 1  —123 - 2 )  - 3 =  123 - 4 7  — 321 -18 =

=  123 - 4 7  +  321 - ( - 1 8 ) .

B u n d a n , 3 = 123 • 47 + 321 • ( - 1 8 )  k elib  ch iq ad i.

5-misol. B erilgan  « = 1 2 6  so n n in g  natural b o ‘lin u vch ilari so n i 

va y ig ‘in d is in i, u n d a n  katta b o ‘lm a g a n  va u  b ilan  o ‘zaro tub  so n -  

lar  so n in i to p in g .
Yechish. B er ilg a n  « so n in in g  n atu ra l b o ‘lu v ch ila r i s o n i x (« )  

va natural b o ‘luvchi!ari y ig ‘in d is in i a ( « ) ,  n d an  katta  b o im a g a n  

u b ilan  o ‘zaro  tub  son la r  so n i cp(«) la m i an iq lash  u ch u n  n s o n i­

n in g  tu b  k o ‘p a y tu v ch ila rg a  k a n o n ik  y o y ilm a s in i to p a m iz . A gar  

«  =  b o ‘lsa, u  h o ld a

x(n)  = ( a ,  +  l ) ( a 2 + l ) . . . ( a „  + 1);

ft"’ *'- 1

P\ - 1  P2 “ I

/ C n+1- 1
P n ~  1

b o ia d i .

« = 1 2 6  n in g  tub  b o iu v c h ila r g a  k a n o n ik  y o y ilm a sin i to p a m iz:

126

6 3

21

7

1

2

3

3

7

B u n d a n , 126 =  2' -3 2 -7 1 ek an . U  h o ld a

2 0 7



a) t( 1 2 6 ) =  (1 + 1 )(2  + 1)(1  + 1) =  2 • 3 - 2  =  1 2 . D em ak, 126 ning

natural b o ‘lu vch ilar i 12 ta. H aq iq atan  h a m  ular: 1 , 2 ,  3 , 6 , 7 , 9 ,
14, 18, 2 1 , 4 2 , 6 3 , 126;

22-1 33- l  72- l  3 26 48 ^
b ) < , ( 1 2 6 ) = T T  T T  —  =  r T . T  = 2 6 . 12 =  3 1 2 .

H a q iq a ta n  h a m ,__________________________________________________

1 + 2 + 3 + 6 + 7 + 9 + 1 4 + 1 8 + 2 1 + 4 2 + 6 3 + 1 2 6 = 3 1 2 .

d ) V(1 2 6 )  = 126 • ( l  -  l ) ( l  -  i ) ( l  -  i )  = 126 • 1  ■ f - l - 3 6 .

D e m a k , 126 d a n  k atta  b o ‘lm a g a n , u  b ila n  o ‘zaro tu b  so n la r  

so n i 36  ta.

6-misol. 23! n in g  tu b  k o ‘paytiruvch ilarga  k a n o n ik  y o z ilm a s i-  

n i top in g .

Yechish. B er ilg a n  n\ so n n in g  tub k o 'p a y tu v ch ila rg a  y o y ilm a -  

s in i t o p is h  u c h u n , n d a n  k a tta  b o ‘lm a g a n  tu b  so n la r  q a n d a y  

daraja b ila n  k a n o n ik  y o y ilm a d a  q a tn ash ish in i to p a m iz .

23 dan  katta b o ‘lm agan  tub sonlar 2 , 3, 5 , 7 , 11, 13, 17, 19, 23.

2 n in g  23! n in g  k o n o n ik  y o y ilm a s id a g i d a ra jasin i to p a m iz .  

B u n in g  u c h u n  23  n i 2 ga  b o ‘la m iz . B u  ja ra y o n n i b o ‘lin m a  2  d an  

k ich ik  so n  b o ‘lg u n ch a  d a v o m  ettiram iz:

23  =  2 - 1 1  +  1,

1 1 = 2 - 5  +  1,

5 =  2 - 2  +  1,

2  =  2 1  +  0.

D e m a k , 2 n in g  k a n o n ik  y o y ilm a d a g i darajasi 1 1 + 5 + 2 + 1 = 1 9 .
3 n in g  darajasin i top am iz:

2 3 = 3 - 7  +  2 ,

7 =  3 - 2  +  1.
3 n in g  darajasi 7 + 2 = 9 .

5 n in g  darajasin i to p a m iz: 23 =  5 • 4  +  3.

5 n in g  darajasi 4.

23 =  7 • 3 +  2.
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7 n in g  darajasi 3.

23  =  11 • 2 +  1.
11 n in g  darajasi 2.

13 n in g  darajasi 1, ch u n k i 2 3  =  13 1 +  10.

X u d d i sh u n d a y , 17, 19, 23 larn ing  h a m  y o y ilm a d a g i daraja- 
lari 1 ga  ten g .

D e m a k , 23! = 2 19 -3 9 -5 4 - 7 3 - l l 2 13 17 1 9 - 2 3 .

_  . , \ a - b  = 7 6 8 , .
7-misol. \ s istem a m  qanoatlantiruvch i a va b so n -

[ ( f l ,6 )  =  8

la m i to p in g .

Yechish. B erilgan a va b so n la m in g  en g  katta u m u m iy  b o ‘lu v -  

ch isi 8 ek a n lig id a n , bu so n la rn i a=8A: va ¿ = 8 /,  ¿ , / e Z k o ‘rin ish d a  

y o z ib  o la m iz .  B u  y e r d a  ( k,[ )=  1. B u n d a n  a b = $ k - 8 l  = 
= 6 4 ■ k -I = 768 v a  k - I =  12 la r n i h o s il  q ila m iz . D e m a k , 12 

o ‘zaro  tub k  va /  so n la rn in g  k o ‘p aytm asi k o ‘rin ish ida  ifod a lan ad i.

B u n d a n ,

b o ‘lish i m u m k in :

k I k ■ I
1 12 12
3 4 12
4 3 12
12 1 12

a b a • b
8 9 6 7 6 8

24 32 768

32 2 4 768

96 8 7 6 8

D e m a k , {a,b) : ( 8 ; 9 6 ) ,  ( 2 4 ; 3 2 ) ,  ( 3 2 ; 2 4 ) ,  (9 6 ;8 )

M iso l va  m ash q lar

1 . T ub va m urakkab so n la m in g  quyidagi xossalarin i isbotlang:

1.1. a >1 m urakkab  so n n in g  1 d a n  b o sh q a  en g  k ich ik  n a tu ­
ral b o ‘lu vch isi r  b o ‘lsa, u h o ld a  r  so n  tub  so n  b o ‘ladi.



1.2 . H a r  q a n d a y  n atu ra l a va  r tu b  so n la r  y o k i o ‘za ro  tu b , 

y o k i a so n  r ga b o ‘lin ad i.

1 .3 . A g a r  ab k o ‘p a y tm a  b iror  r t u b  so n g a  b o ‘lin sa , u  h o ld a  

k o'p aytu vch ilard an  k am id a  bittasi r g a  b o ‘lin ad i.

1.4. A gar k o ‘p a y tm a  r  tub  so n g a  b o ‘lin ib , u n in g  b arch a  k o ‘-  

p a ytu vch ilari tub son lard an  iborat b o ‘lsa , u  h o ld a  b u  k o ‘p a y tu v -  

chrlardan b in  r  ga ten g  b ö ‘lad i.

1 .5 . 1 d a n  b o sh q a  ix t iy o r iy  n a tu ra l so n  y o k i tu b  s o n , yo k i 

tu b  son lar k o ‘p a y tm a si sh a k lid a  y o z ila d i, agar bu  k o ‘p a y tm a d a  

k o ‘p a y tu vch ilam in g  o ‘m i e ’tiborga o lin m a sa , u  h o ld a  b u  k o ‘payt- 

m a  yagon a  b o ‘ladi.

2 . E ratosfen  g ‘alviri yo rd a m id a  berilgan  son la r  orasid ag i bar­

c h a  tub  so n la m i an iqlang:

2 .1 . 1050  va 1150. 2 .2 . 2 1 0 0  va  2200 .

2 .3 . 1100  va  1200. 2 .4 . 2 5 5 0  va  2 6 5 0 .

2 .5 . 1880  va 2 0 0 0 . 2 .6 . 4 5 5 0  va  4 6 7 0 .

2 .7 . 5 5 5 5  va 5 7 5 0 . 2 .8 . 4 6 6 0  v a  4 7 7 0 .

2 .9 . 4 4 2 2  va 4 5 2 5 . 2 .1 0  1122 va  1222.

3 . B e r ilg a n  n a tu ra l s o n n in g  tu b  y o k i m u ra k k a b  e k a n lig in i  

aniqlang:

3 .1 . n =  1559. 3 .2 . n =  1627.

3 .3 . n =  1783. 3 .4 . «  =  3061 .

3 .5 . «  =  3709 . 3 .6 . n =  4 0 5 7 .

3 .7 . n =  1987. 3 .8 . n =  2 3 3 9 .

3 .9 . « =  2671 . 3 .10 . « =  3343 .
4. B u tu n  son lar  h a lq asid a  b o 'lin ish  m u n o sa b a tin in g  quyidagi 

xossa larin i isbotlang:

4 .1 . (V  a e  Z , a *  0 )  0  : a.
4 .2 . (V a e Z, a * 0) a a.
4 .3 . (V  a e  Z )  a \ 1.

4.4. (V a, b, c e Z, b * 0 , c * 0  ) {{a : b) a  (b : c)) => (a : c).

4 .5 . (V  a, b e  Z , a * 0 , b * 0 ) ( (a  : ¿>)a(¿> : a ))  => ( b=±a).

4 .6 . (V  a, b, c e  Z , c  *  0 )  a : c= >  ab : c.
4 .7 . (\/ a, b e Z, c * 0 ) ((a : c) a  (b  : c )) = >  (a ± b) : c.
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4.8. (Vo, bi eZ , a *  0 , /  = 1 , « )  ((6, : a) a  (¿>2 : a)a  ...a(6w : o)) => 

=>(6]C, ±  ¿>2c2 ±  ... ±  bncn) : a (c,. e  Z , i =  1 ,« ) .

5 .  Ix tiyoriy  a  b u tu n , b natural so n la r  u ch u n  sh u n d ay y agon a  

^ b u tu n  so n  va y a g o n a  m a n fiy m a s r  b u tu n  so n  to p ila d ik i, n a ti-  

ja d a  u sh b u  a=bq+r, 0  < r <b m u n o sa b a tla r  o ‘rinli b o ‘lad i. Is -  

b otlan g .

6 .  n = p p “2 ...plk so n n in g  b o ‘lu v c h is i d b o ‘lish i u c h u n  d 

so n n in g  k an on ik  y o y ilm a si d -  p\' p \2 ...p[k b o ‘lib, bunda (3, < a (. 

( i = l , k )  b o ‘lish i zarur va yetarli ek a n lig in i isbotlang.

7 . B er ilgan  n n a tu ra l so n n in g  n atu ra l b o ‘lu v ch ila r i so n i va  

y ig ‘ind isin i:

7 .1 . n =  60 . 7 .9 . n =  1000.

7 .2 . / 1 = 1 0 0 .  7 .1 0 . n =  1200.

■ 7 .3 . n -  360 . 7.4 1. n =  15 4 2 . ^  ^  _______

7 .4 . n =  375 . 7 .1 2 . «  =  3 5 0 0 .

7 .5 . « =  720 . 7 .1 3 ./2  =  680 .

7 .6 . n =  957 . 7 .1 4 . n =  865 .

7 .7 . /2 =  98 8 . 7 .1 5 . n =  779 .

7 .8 ./2  =  99 0 . 7 .1 6 ./2  =  4 10 .

8 . «! n in g  tub k o ‘p aytu vch ilarga  k an on ik  y o y ilm a sin i top ing:

8 .1 ./2  =  55. 8 .7  /2 =  53.

8 .2 . /2 =  92 . 8 .8 . /2 =  45.

8 .3 . n =  87. 8 .9 . /2 =  50.

8 .4 . /2 =  63 . 8 .1 0 . n =  38.

8 .5 ./2 =  34. 8 .1 1 ./2 =  90 .

8 .6 ./2  =  99 . 8 .1 2 ./2  =  100.
9 . Q uyidagi xossa larn i isbotlang:

9 .1 . (a,b)=(a+b,a+2b ).

9 .2 . (a ; b) =  d  b o ‘lsa , u h o ld a  sh u n d a y  u va v b u tu n  son lar  

to p ila d ik i, u lar u ch u n  au+bv=d  ten g lik  bajariladi.

9 .3 . (a; c) = 1 a  ( b; c )=  1 => ( ( ab; c ) = l ) .

9 .4 . ( ( a b : c) a  ( a ,c )= l) => ( b : c) ( c  ^ 0 ).

9.5. ((a;6)=l) => ((a";A")=l) (VneN)-
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9 .6 . ((« ;* )= < /) = > ( ( £ ;  | ) = D -

9 .7 . ( (a :6 )A (a .c )A ((6 ;c )= l)  o  (a:bc) (b *  0 , c * 0 ) .

9 .8 . a = b q + r  => ( a;b)={b;r).

9 .9 . d so n  a va b so n la rn in g  E K U B i b o ‘lish i u c h u n  d u m u -  

m iy  b o iu v c h i  a va b so n la rn in g  har q an d ay  u m u m iy  b o ‘lu v c h i-  

siga  b o ‘lin ish i zarur v a  yetarli.
9 .1 0 . A gar b o ‘lib , (av a2)= d 2, ( d2,a3)= d 3, 

(dn_x;an)= d n b o ‘lsa , u  h o ld a  d = d  b o ‘ladi.

1 0 . B er ilgan  so n la rn in g  E K U B in i ikki u su ld a  top ing:

10 .1 . 1232 , 1672.

10.2 . 13 5 , 8211 .

10 .3 . 5 8 9 , 343.

10 .4 . 2 9 7 1 9 , 7 6 5 0 1 .

10 .5 . 4 6 9 4 5 9 , 5 1 9 2 0 3 .

10 .6 . 1 7 9 3 7 0 1 9 9 , 4 3 4 5 1 2 1 .

10 .7 . 12 6 0 6 , 6 4 9 4 .

10.8 . 1 6 2 8 9 1 , 3 2 1 7 6 .

10.9 . 7 6 5 0 , 2 5 2 4 5 .

1 0 .10 . 3 5 5 7 4 , 1 92423 .

1 0 .11 . 1 0 1 4 0 , 9 2 2 7 4 .

1 0 .12 . 4 6 5 5 0 , 3 7 7 3 0 .
1 1 . jc va  y  natural so n la m i top ing:

[x + y = 150, \x- y = 8 4 0 0 .
11 .1 . i , * 11 .2 . \ _  ->n

(*,>>) = 30.

X 11
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11.9. ч .ю . | г т ! о ° < ’
( х , у )  =  2 8 . [ [ х , у ]  = 4 9 5 .

Takrorlash uchun savollar

1. A r ifm etik a n in g  aso siy  teo rem a sin i b a y o n  etin g .

2. T ub va m urakkab son larn in g  q a n d a y  xossa larin i b ilasiz?

3. B o 'lin ish  m u n o sa b a ti xossa larin i b a y o n  eting .

4. Q o ld iq li b o ‘lish  haq idagi teo rem a n i b ayon  eting.

5. S o n li fu n k siya  deb n im aga  aytilad i?

6. x(n) va  a(n) so n li funksiyalar q a n d a y  h isob lan ad i?

7. Ikkita so n n in g  E K U B i d eb  n im a g a  aytiladi?

8. n ta so n n in g  E K U B i q an d ay  to p ilad i?

9. Ikkita so n n in g  E K U K i deb  n im a g a  aytiladi?

10. n ta  so n n in g  E K U K i q an d ay  top ilad i?

11. 0 ‘zaro tub son lar  deb  n im a g a  aytilad i?

12. E vklid  a lgar itim in i tu sh u n tir in g .

25-§. Chekli zanjir kasrlar. Munosib kasriar

J  Asosiy tushunchalar: u zlu k siz  zan jir  kasr, c h e k li zan jir  kasr, 
m u n o sib  kasr.

U s h b u

û0 +■
b\

a, +■
a2

bk+ —

( a . ( i = 0 , k ) ,  b j ( j = \ , k ) b u tu n  so n la r ) k o ‘r in ishdagi ifo d a  uzluk­
siz zanjir kasr d ey ila d i. A gar (1 )  d a  bx=b2 =  ... =bk= 1, a 0 -  b u tu n  

so n , ax, a2, .. . ,  ak -  natural so n la r  b o ‘lib , ak > 1 b o ‘lsa , u h o ld a  

u sh b u
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«0 + --------------------y
ai +■

^2 + ...

1
. . .  +•

ak

ifod a  chekli zanjir kasr d ey ilad i.

T  =  O q  + ------------------— --------------  b o ‘lsin .

a\ +■
^2 + . . .

1
... + ■

On

A0= a 0 d eb  o lay lik . U  h o ld a  b u  nolinchi tartibli munosib kasr 
deyiladi.

,  1 Ondx+l
Ax -  a0 + —  = ---------  — birinchi tartibli munosib kasr deyilad i.

a\ a\ J

A2 ~ a0 + — ~  ikkinchi tartibli munosib kasr d ey ila d i. 
a\+—  

a2

A = T  e sa  n-tartibli munosib kasr d ey ilad i.

Ax =  - y  =  d eb  b e lg ila y lik . U  h o ld a  /?n= a 0, Q0= 1 h o s i l  

b o ‘ladi.

1 Onai+l Pi
A  -  + ~  = — ~a—  =  gj" d esa k , u  h o ld a  R = a aax+ \ ,  Q =ax 

h o sil b o ‘lad i.

l P2
A2 = a0 + ------ j- =  ——  ik k in ch i tartib li m u n o sib  kasr;

ax+—  ^  
a2

P„
A =  T  =  7;------ n- tartib li m u n o sib  kasr.

n Qn
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S h u  y o ‘l b ilan  Rx, R2, ..., Q0, Qv Q2, ... k etm a -k etlik la r-  

ni h o s il q ila m iz . B u  k etm a -k e tlik la rd a n  q u yid agi rekurrent fo r -  
m n la la m i h o sil q i l a m i z : ___________________

R/c ~  P/c-iak+  R/c- 2’ Qk~Q/c-iak^Qk-2-
Pk

------ k- tartibli munosib kasr d ey ilad i.

R__ 2= 0 ,  R _ ,= l ,  Q_ 2= l ,  Q_{= 0  d eb  belg ilay lik . Le kin u la m in g  

o ‘z i m a ’n o g a  ega  e m a s . Y u q o r id a g i tu sh u n c h a la r d a n  q u yid ag i 
jad valn i tu zam iz:

к - 2 - 1 0 1 2 ... n- 1 n

Ak — — Û0 a\ a2 an-1 an

Pk 0 1 Po Px Pi Pn- 1 Pn

Qk 1 0 Qo Q\ Qi ... Qn-1 Qn

1-m isol. B er ilg a n  —  k asrn i c h e k li  zanjir  kasr k o ‘r in ish id a

ifod a lan g  va  u n in g  m u n osib  kasrlarin i top in g .

104
Yechish. —  k asrn i ch ek li za n jir  kasr k o ‘r in ish id a  ifo d a la sh

m aq sad id a  104 va 23  sonlari u c h u n  E vklid  a lgoritm in i tu zam iz:

104 =  2 3 - 4  + 12;

23 =  1 2 1  +  11;

12 =  1 1 1  + 1;

1 1 = 1 1 1  + 0.

E vklid  a lg o r itm id a g i te n g lik la m in g  har ikkala to m o n in i b o ‘-  
luvchilarga b o 'lam iz:

104 , 12



H osil b o ‘lgan  ten g lik la m in g  o ‘n g  to m o n id a g i kasr so n n i u n in g  

teskarisi b ila n  a lm ash tir ish  natijasida

i ° i  =  4  +  H  =  4  +  — =  4  +  —!— =  4  + — !— =  4  + ___-—
23 23 23 , 1 1  , 1 . 1—  1+—  

12 12 1+12 
11

1+-
1+1  

11

c h e k li  za n jirn i h o s il q ila m iz . U n i  q isq a c h a  =  [4; 1, 1, 11] 

k o ‘rin ish d a  ifo d a la y m iz . A gar b erilgan  kasr m a n fiy  b o ‘lsa , b ir in -

23 3
ch i q o ld iq n i m u sb at qilib o lam iz . M asa lan , -  -p-  = - 2  + —  va  kasr13 13
qism i ch ek li zanjir  k o ^ n is h id a  ifodalanad i:

- i ' - 2 + é = - 2 + i í = ' 2 + ¿ = i - 2; 4 - 3 i- 
3 +3

B er ilg a n  1, 1, H ]  n in g  m u n o s ib  k asrlarin i to p ish

u ch u n  q u y id ag i jad va ln i tu zam iz:

к - l 0 1 2 3

4k — 4 1 1 11

?k i 4 5 9 104

Qk 0 1 1 2 23

D e m a k , = 4;
n _ 104

5̂ ГЛ -, ? ГЛ TO •Q, -  f t  2 ’ <23 23 

2-misol. B erilgan  V l4 so n n i zanjir kasr k o ‘rinishida ifodalang.

Yechish. V Ï4  =  3 + —  ;
«i

l
a l =  _ f = ------1 VÏ4 -3

a 0 =

a 2

n/14+2
V Î4+ 3 _ i V Í4-1

1-  2 ч---- ,
a 3
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1 2 VÍ4+2 _  , 1
а3 “  VÏ4+2 _ 2 “  714-2 " 5 ~  а4

а л =

2
1 =  7 1 4 + 3  =  6 +  — ;

7Î4+2 _ VÏ4-3 а5
5

1 ___1 _
5 ~~ 7Í4+3-6 T Î4-3 '

а 5 =  а ,  b o ‘lganligi uchun, yana yuqoridagi jarayon hosil b o ‘ladi. 

D e m a k , V l 4 = [ 3 ;  (1, 2 , 1, 6 ) ] .

3-misol. - 1 1 7 x  + 3 4 3 y  = 119 te n g la m a n i b u tu n  so n la r  t o ‘p -  

lam id a  y e c h in g .

Yechish. T en g lam an i 1 1 7 ( - x )  +  343у  =  119 k o ‘rin ishida yozib  

o la m iz  va  ax + by +  с ten g la m a  agar (a,b) -  1 b o ‘lsa,

X = ( - l ) " -1 c - Q nA +  bt,

У = ( - 1 ) ” с - Р пЛ -  at , t e z  

fo r m u la la r  o rq a li to p ila d ig a n  b u tu n  y e c h im la r g a  e g a . B u n in g

u ch u n  4  k a sm in g  m u n o sib  kasrlari top ilad i.О

j  u c h u n  ch ek li zan jir  kasrni top am iz:

117 = 0 - 3 4 3  +  117;

343 =  1 1 7 -2  + 109;

117 =  109 1 + 8;

109 =  8 -1 3  + 5;

8 =  5 1  +  3;

5 =  3 -1  + 2 ;

3 =  2 1  +  1;

2 =  1 -2  +  0.

D e m a k , -Щ- =  [ 0 ; 2 ,  1, 13 , 1, 1, 1, 2 ] .  M u n o s ib  k asrlar  

jadvalin i tu zam iz:
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k - 1 0 1 2 3 4 5 6 7

Qk — 0 2 1 13 1 1 1 2

Pk 1 0 1 1 14 15 2 9 44 117

Qk 0 1 2 3 41 4 4 85 129 343

P6 =  4 4 , Q6 =  129 lardan fo y d a la n a m iz .

¡~Xq =  ( - l ) 6 • 119 • 129 =  15351;
X u su siy  y e c h im : {  % =  ) 9 . 4 4  =  _ 5 2 3 6

U m u m iy  y e c h im :

(~x = 15351  +  3 4 3 / ,  *  =  - 1 5 3 5 1 - 3 4 3 / ,

[y = - 5 2 3 6 - 1  1 7 / , t e z  y0 k i y = - 5 2 3 6 -  1 1 7 /, t e z .

117
B erilg a n  m iso ln i y e c h ish d a  -  —  u e h u n  zanjir  k a sm i tu z ish  

h a m  m u m k in .

U  h o ld a  - j l  =  [ - 1 ;  1, 1, 1, 13 , 1, 1, 1, 2 ] b o ‘l ib ,  k=8,

a = - 1 1 7 ,  b = 3 4 3 , c = 119 , PnA = P7 = - 4 4 ,  QnA = Q7 =  129  
b o ‘ladi.

j x  = - 1 5 3 5 1  + 3 4 3 /,
U n d a n  j  _  ^236 + H 7 /  t e z  y e c ^ m âr b o ‘ladi.

Misol va mashqlar

1. Q u yid ag i ta sd iq la m i isbotlang:
1.1. H ar q a n d a y  ratsion a l c o n  ch ek li zanjir kasrga y o y ila d i va  

b u  y o y ilm a  y a g o n a  b o ‘ladi.

1.2. Ak = J k ( k  = 0,n).  
Uk

1.3. RkQk- i - P k- yQk= ( - 1)* 1 ten g lik  k  n in g  h ar q a n d a y  q iy -  
m a tid a  t o ‘g ‘ri b o ‘ladi.

p
1.4 . Ak ~ m u n o s ib  k asrn in g  su ra ti b ila n  m axraji o ‘zaro

Qk
tub, ya’ni (Rk; Qk)=1 bo‘ladi.
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2. Berilgan kasmi chekli zanjir kasr ko‘rinishida ifodalang:

2 .1 .
323 
17 ‘ 2 -2 - f ;

9 о 187 
' ‘ 63 ‘

2 .4 .
67

2 .5 .
30

337 '
2.6. - I f . 2 .7 . § . 2.8. Ü .  

35

2 .9 . 1 ,2 3 . 2.10. I* . 2. n . l | . 2 .1 2 . 507 
1001

3 . B erilgan  irratsional son larn i ch ek li zanjir kasr orqali ifo d a ­
lang:

3 .1 . V lT . 3 .2 . V Î 2 . 3 .3 . л/ГЗ.

3 .4 . V 2 8 . 3 .5 . V 3ÏÏ. 3 .6 . л /59 .

3 .7 . 1 + л /2 . 3 . 8 . ^ . т. г» 2+\/5
у' з •

3 .1 0 . 3+2̂ .  3 .11 . 2+2̂ 3 .1 2 . 3+f ^  .

4 .  Q u y id a g i z a n jir  k asrlar o r q a li  ifo d a la n u v c h i q isq a r m a s
srlam i top in g:
4 .1 . [2; 1 ,3 ,4 ,2 ] . 4 .7 . [ 4 ; ( 3 ,2 ,1)].
4 .2 . [2; 1 ,1 9 ,1 ,3 ] . 4 .8 . [ (2 ,1 )] .
4 .3 . [ 2 ;1 ,1 ,3 ,1 ,2 ] . 4 .9 . [3 ; (3 ,6 )] .
4 .4 . [ 1 ;1 ,2 ,3 ,4 ] . 4 .1 0 . [1 ; (1 ,2 )] .
4 .5 . [ 0 ; 4 ,1 ,2 ,5 ,6 ] . 4 .1 1 . [ 1 ;7 ,( 1 ,6 )] .
4 .6 . [ 2 ; 1 ,3 ,1 ,1 ,5 ] . 4 .1 2 . [ 3 ; ( 5 ,2 ,1 ,2 )].
5 . B erilgan  te n g la m a la m i b u tu n  son la r  t o ‘p la m id a  y ech in g :

5 .1 . 38л: +  \ \ l y  =  209 . 5 .2 . 2 3 л  -  42у =  72.

5 .3 . 1 1 9 x  -  6 8 ^  =  34. 5 .4 . 15л  + 28у =  185.

5 .5 . 4 1 x  + 1 \ 4y  =  5. 5 .6 . 9 0 л  -5>>  =  5.

5 .7 . 4 9 x  +  9 y  =  400 . 5 .8 . 1 0 х - П у  = \5.

5 .9 . 12 jc + 3 l y  = 170. 5 .1 0 . 3 1 х  -  М у  =  23 .

5 .1 1 . 37 л: +  2Ъу =  15. 5 .1 2 . 1 0 1 л + 39^  = 89.

5 .1 3 . 53л: +  17j; =  25. 5 .1 4 . - 2 6 л +  1 7 4 ^  =  2.

5 .1 5 . 6 4 л  -  39 V = 15. 5 .1 6 . - 6 x  + l l v  =  29 .
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5 .1 7 . 3 8 2 7 je +  3 2 9 3 ^  = 1869.

5 .1 9 . 5 7 1 x  +  3 5 9 у  =  - 1 0 .

5 .1 8 . - l O x  + 23.y =  17.

5 .2 0 . 903л: + 5 y  = 43

V .
Takrorlash uchun savollar

1. U z lu k s iz  kasr deb  n im aga  aytilad i?
2 . C h ek li zanjir  kasr d e b  n im a g a  aytilad i?
3. R a ts io n a l s o n n i  c h e k li  z a n jir  k asrga  y a g o n a  y o ‘l b ila n  

y o y ish n i b a y o n  e tin g .
4. M u n o sib  kasrlar h aq id a  tu sh u n ch a  bering.
5. M u n o sib  kasrlar h aq id ag i te o r e m a la m i b a y o n  etin g .
6. C h ek li zanjir kasrlar ta tb iq iga  m iso llar  keltiring.

2 6 - § . Sistematik sonlar va ular ustida amallar

J  Asosiy tushunchalar: sa n o q  sistem a si, a so si g ga ten g  b o ‘lgan  
sis tem a tik  so n , s is tem a tik  so n la m i q o ‘sh ish , ay ir ish , k o ‘p a y -  
tirish , b o ‘lish .

0 ‘n lik  s a n o q  s is te m a s id a n  b o sh q a  2 , 5 , 7 , 12, 6 0 , ... sa n o q  

sistem alari h a m  m avjud. B u sa n o q  sistem alar in in g  b arch asi b itta  

u m u m iy  y o ‘n a lish  a so sid a  quriladi.

m > 1 natural so n  b o ‘lib , A /= {0 , 1, 2 , ..., m~ 1} t o ‘p la m  beril-  

ga n d a  h ar  q a n d a y  a n a tu r a l s o n  u c h u n  u sh b u  a = a 0+ a lm +  
+a2m2+ ...+ a nmn= a (]mQ+ a ]ml +...+anmn (a ^ M , i = l , n ,  an * 0 )  

y o y ilm a  m a v ju d  va  y a g o n a d ir . a n atu ra l so n n in g  bu  k o ‘r in ish i 

a n i m ning darajalari bo yicha yoyish d ey ila d i.
Ixtiyoriy g >  2  natural so n  va  har qanday m natural so n  u c h u n

m = a /+ a n_ +.. .  +а^+а(} (0 <  a(< g - 1, / = 0 , n - 1 ,  1 < an< g ~ l)

ten g lik n i y o z a  o la m iz . U n d a g i a0, av ..., an lar m so n n in g  raqam- 

lari d ey ilad i, u n i m =(anan_l ,...,ala0) k o ‘rin ishda q isq ach a  y o z ish  

m u m k in . B u  k o ‘r in ish d ag i so n  a sosi g ga teng bo‘lgan sistematik 
son dey ilad i.

g a so s li ix t iy o r iy  a v a  b so n la rn i q o ‘sh ish , ay ir ish , k o ‘p a y ti-  
rish  va b o i i s h  k o ‘p h a d n i k o ‘ph ad ga  k o ‘paytirish  kabi bajariladi.
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(2 0 2 3 3 2 4 +  2 2 2 0 1 4 ) + (2 2 0 1 1 14 -  3 2 3 0 3 4 ) -  2 3 2 3 0 3 0 14 : 1134 .

Yechish. 4 lik  sa n o q  s is tem a sid a  b er ilg a n  a m allarn i b ajarish  
u ch u n  q o ‘sh ish  va k o ‘paytirish  am allari jad vallarin i tuzib  o la m iz:

1-misol. Hisoblang:

+ 0 1 2 3 X 0 1 2 3

0 0 1 2 3 0 0 0 0 0
1 1 2 3 10 1 0 1 2 3
2 2 3 10 11 2 0 2 10 12
3 3 10 11 12 3 0 3 12 21

B erilgan  m iso ld a g i am allarn i bajaram iz:

1) +  2 0 2 3 3 2 4 
2 2 2 0 1 ,

Tekshirish: 2 3 1 1334 
2 0 2 3 3 2 ,

2 3 1 1 3 3 4 -------2 2 2 0 L
*T

2 ) _  2 2 0 1 1 14

**

Tekshirish: + 1 2 12024
3 2 3 0 3 4 3 2 3 0 3 4

1 2 1 2 0 2 4 2 2 0 1 1 14

3) +  2 3 1 1334 
1 2 1 2 0 2 4

Tekshirish: _  1 0 1 3 0 0 1 4 
2 3 1 1 3 3 4

1 0 1 3 0 0 1 4 1 2 1 2 0 2 4

4 )  _  2 3 2 3 0 3 0 14 1134 Tekshirish: x 2 0 0 2 0 3 4
2 3 2 2 0 0 2 0 3 4 1134

_  3 0 3 1 2 0 1 2 2 1
2 3 2 + 2 0 0 2 0 3

_  1101 2 0 0 2 0 3

1011 2 3 2 3 0 2 1 14

3 0
*

2 3 2 3 0 2 1 14 +  3 0 4 =  2 3 2 3 3 0 14 .

5) _  1 0 1 3 0 0 1 4
2 0 0 2 0 3 4 

1 2 1 3 2 1 0 4 

D e m a k , javob : 1 2 1 3 2 1 0 4
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2-misol. n a so sd a  b erilgan  so n n i m va к  asoslarga  o ‘tkazing: 

a - 2 1 1 , п - Ъ ,  m = 2 , k = 4 .

Yechish. B e r ilg a n  a s o n n i  3 lik  s a n o q  s is te m a s id a n  2 l ik  
san oq  sistem a sig a  o ‘tk azish  u ch u n  berilgan  so n n i va h o s il  b o ‘la -  
digan  b o ‘lin m a la m i 2 ga  b o ‘lam iz:

11

~0

2 U 3 | 2 3 _ № 2 d --------Г Т 21 2z 3 _  x 3 2 3 _  13

2 1 0 2 , 2 1 2 , 11 2  2 13 0

_ 11 _ 12 1 0 1
11

~

B u jarayon n i b o ‘lin m a d a  0 h o s il b o ‘lg u n ch a  d a v o m  ettiram iz . 
O xirg i q o ld iq d a n  b o sh la b  b a rch a  q o ld iq la r  y o rd a m id a  b er ilg a n  
so n n in g  2 lik  sa n o q  sistem asid ag i ifod asin i top am iz: 2 1 13= 1 0 1 1 0 2.

T ek sh ir ish  ikk i u su ld a  bajariladi:
1 -u su l. 2 1 13 va  1 0 1 102 so n la r  o ‘n lik  a sosga  o ‘tk azilib  so lish -  

tiriladi.
2 -u su l. 1 0 1 102 uchH k asosga o ‘tkazilad i.

2 1 13 = 2  • 32 + 1  • 31 + 1 - 3 °  = 1 8  + 3 + 1 = 2 2 10,

101102 =  1 • 2 4 +  0 • 2 3 + 1  • 2 2 + 1  ■ 2 1 + 0 - 2 °  =  16 + 4  +  2 =  2 2 ,0.

D e m a k , 2 1 13 so n  ikk ilik  a sosd a  t o ‘g ‘ri ifod a lan gan . 2 1 13 n in g  
t o ‘rtlik  a s o s d a g i i fo d a s in i  to p a m iz . B u n in g  n c h u n  2 1 13 n in g  
o 'n lik  a sosd ag i ifo d a s in i to p ib , h o s il b o 'lg a n  so n n i t o ‘rtlik  a sosga  
o ‘tkazam iz: 2 1 13 =  2 2 10.

22 4  10 — 5 10 4 10 — ^10 4 10
20 5 10 4 1̂0 0 0 ,o

D em a k , 2 2 10= 1 1 2 4, b u n d a n  2 1 13=  1 124. T ek sh ir ish  y u q o r id a -  
gi usu llarda bajariladi.
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Misol va mashqlar

t .  H isob lan g:
1 .1 . U 0 1 2 +  1 0 1 12. 1.2. 1 0 1 12 • 1 1 0 1 2.
1.3. 1 0 0 0 1 102 — 1 1 0 1 12. 1.4. 1 0 0 0 1 12 : 1012.
1.5. 3 6 0 4 7 • 4 2 3 7. 1.6. 7 (  10) 112 • 5 ( 1 1 )7 3 12.
1.7 . 2 3 0 5 4 7 +  4 3 2 6 7.
1.8. (1 0 ) (1 1 )7 9 2 ,2 +  9 5 3 4 (1 0 )12 +  7 0 (1 0 )0 12.
1.9. 2 6 1537 : 3 2 6 7. ‘ 1 .10. 8 (1 0 0 5 ) (1 1 )12 : 9 ( 1 0 ) 12.
1 .11 . 1018 : 32g.
2 . H isob lang:

2 .1 . 1 1 0 1 1 ,1012 +  1 0 1 ,0 1 12- 2 .2 . 1 1 ,0 0 1 2 • 1 ,0 1 2.

2 .3 . 1 1 1 ,0 1 2 ■ 1 0 1 ,1 0 1 2. 2 .4 . 0 ,2 5 8 • 0 ,4 3 8.

2 .5 . 2 ,5 8^ 3 , 4 8._____ ______

3 . A m a lla m i bajaring:
3 .1 . 73 0 6 8 + 25 6  4 5 8 -  6 7 7 4 8 -  26 1 56 8 .

3 .2 . (4 2 5 6 • 546 -  5 3 16 • 4 3 6). : 2 4 5 6.
3 .3 . 2 0 6 7 18 : 1318 -  1408.

3 .4 . 2 3 2 1 3 5 : 3 2 5 +  1 135 • 35 -  12425.
3 .5 . 2 3 2 0 1 15:104  +  12345 • 3 2 2 5 -  1 0 2 2 1 3 1 5.

3 .6 . (563„ +  2 17„) • 15„ +  (2365„ -  636„):17„ -  15122g.

3 .7 . 1 2 0 1 113 : 1023 +  2 0 1 3 • 123 -  1 1 2 2 0 3.
3 .8 . 6 3 2 5 7 -  4 5 6 7 -  1 5 0 3 3 5 7 : 2 3 7 -  5 5 1 ?.

3 .9  . 32 1 57 • 2 4 7 -  1 1 4 6 17 : 2 5 7+ 1 5 3 2 7 -  1 1 5 0 4 4 7.
3 .1 0 . (4 1 2 3 8 -  4 2 2 1 g) • 118 +  (1 2 2 2 8 +  7 7 3 8) : 3g.
3 .1 1 . (3 3 3 3 4 +  2 2 2 2 4) • 124 -  (2 3 1 0 2 0 4+ 3 3 3 3 3 3 3 4) : 2 3 4.
3 .1 2 . [(215„ +  532g) • 16g -  (1 1 0 3 1 g  -  5 2 7 8)3 2 R] : 14775g.

3 .1 3 . [ ( 3 5 16 • 146 -  11536 : 3 1 6 -  1 5 0 6) : 2 0 5 6] : 2 5 6.
4. B erilgan  son larn i o ‘n lik  sa n o q  s istem a sid a  ifodalang:
4 .1 . 1 0 0 1 1 12- 4 .2 . 1 1 0 0 1 1012.
4 .3 . 345g. 4 .4 . 5071g.
4 .5 .1 3 0 0 g . 4 .6 . 3 3 3 1 17.
4 .7 . 4 6 0 2 7. 4 .8 . ( 1 0 ) 6 ( 1 1 )12.
4 .9 . 2 6 0 147. 4 .1 0 . 4 2 1 2 5 6.
4 .1 1 . 5 3 0 4 1 5 6.
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5 . Berilgan sonlam i o ‘nlik sanoq sistemasida ifodalang:
5.1. 0,1112. 5.2. 0,1102.
5.3. 11001,1U 12. 5.4. 437,321g.
5.5. 0,027g.
6. Bir sanoq sistemasidan ikkinchisiga o ‘ting:
6.1. 333117 x12. 6.2. 210001221223 -> Xp.

~ 6 3 7 4 5 7 2 5 1 0 9 x^. 6 .4 Л  11101110111000012 x8.
6.5. 21066754g -» x2. 6.6. 2063157 x5.

6.7. 32014 xg.
7 . 0 ‘nlik  sanoq  sistem asidan  berilgan sanoq sistem alariga 

o ‘ting:
7.1. 2042 -»  x2 , y v  z5- 7.2. 2786 -> x2, y v  z5-
7.3. 729 -> x 7. 7.4. 231632 -»  Xy.
7.5. 23163 ->xg. 7.6. 17527 ^  xg.
8. x  ni toping:
8.1. 201^=41 g. 8.2. 203x= 5 3 10. 8.3. 106х= 1537.
8.4. 2 3 6 ^ 1 2 4 0 5. 8.5. З24^100223. 8.6. 541л =  20146.
8.7. 364^=30014. 8.8. 401х=2657. 8.9. 100х= 347.
9. Quyidagi tengliklar o ‘rinli bo‘lgan sanoq sistemasini toping: 
9 .1 .1 2  +  13 =  30. 9.2. 15 +  16 =  33;
9.3. 35 +  40 =  115. 9.4. 236 — 145 =  61.
9.5. 263 -  214 =  46. 9.6. 216 ■ 3 =  654.
9.7. 656 : 5 =  124. 9.8. 736 : 6 =  121.
9.9. 1520 : 12 =  123. 9.10. 10 - 10 =  100.

Takrorlash uchun savollar

1. Sanoq sistemalari haqida tushuncha bering.
2. Sistem atik son deb nim aga aytiladi?
3. Sistem atik sonlar ustida am allar qanday bajariladi?
4. Bir sanoq sistem asidan boshqa sanoq sistemasiga o ‘tishni 

tushuntiring.
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X I I  M O D U L . TAQQOSLAMALAR

27-§. Butun sonlar halqasida taqqoslamalar. 
Eyler va Ferma teoremalari

J  Asosiy tushunchalar: «taqqoslanadi» m unosabati, chegirmalar 
sinfi, chegirm alam ing to ia  sistemasi, chegirmalaming keltiril- 
gan sistemasi, Eyler teorem asi, Ferm a teoremasi.

Z — butun  sonlar halqasi b o ‘lib, m > 1 natural son bo'lsin. 
Agar Z halqaga tegishli a va b sonlarni m natural songa bo‘l- 

ganda hosil bo ‘lgan qoldiqlar teng bo‘lsa, yoki a — b ayirma m ga 
bo‘linsa, ya’ni a=b+mq tenglik o 'rinli bo‘lsa, u holda a va b son- 
lar m  m odul b o ‘y icha taqqoslanadi deyiladi va u asé(m odm ) 
ko‘rinishda belgilanadi.

m ga b o ‘linganda r  ga teng b ir xil qoldiq beradigan  bu tun  
sonlar to ‘plam i m m odul bo ‘yicha chegirmalar sinfi deyiladi va r  
kabi belgilanadi.

m m odul b o ‘yicha tuzilgan har b ir chegirm alar sinfidan ix- 
tiyoriy bittadan elem ent olib tuzilgan to ‘plam  m  modul b o ‘yicha 
chegirmalaming to ‘la sistemasi deyiladi.

m  m odul bilan o 'zaro  tub bo‘lgan barcha chegirmalar sinfidan 
ixtiyoriy bittadan chegirma olib tuzilgan to ‘plam  chegirmalaming 
m modul bo ‘yicha keltirilgan sistemasi deyiladi.

Eyler teoremasi. Agar bo‘lsa, u holda av(m)= 1 (modm)
taqqoslama o ‘rinli bo ‘ladi.

Ferma teoremasi. Agar (a;r)=  1 bo'lsa, u holda ap~'= 1 
(mod/w) taqqoslama o ‘rinli b o ‘ladi.

1-misol. o=2511 sonini ¿>=123 ga boigandagi qoldiqni toping. 
Yechish. Q oldiqli bo ‘lishi haqidagi teorem adan  foydalanib

a=bq+r, 0 < r < ¿ i f o d a n i  topam iz: 2511=123 • 20+51.
D em ak, o=2511 ni 6=123 ga bo iganda r =  51 qoldiq qoladi.
2-misol. fl=25112 ni 6=16 ga bo‘lgandagi qoldiqni toping. 
Yechish. a = 2 5 ’12 sonini 16 ga b o ‘lish uchun taqqoslam aning

xossalaridan foydalanamiz. 25= 161+ 9 ekanligidan 25=9(m odl6) 
keüb chiqadi. Bundan
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25112 =9 i12=(92)56=8156. 8 1 = 1 6 -5 + 1  ekanligini e ’tiborga ol- 
sak, u holda 25112s8156= l56= l(m o d l6 ).

Demak, 25112 ni 16 ga bo‘lganda 1 qoldiq qoladi.
3-m isol. A gar 100a+ 1006+ c = 0 (m od 21) b o ‘lsa, u h o l­

da a — 26 +  4c s  0 (m od 21) ekanligini isbotlang.
Isbot. Taqqoslam aning ikkala tom onin i m odul bilan o ‘zaro 

tub 4 songa ko‘paytiramiz: 400a+406+4c = 0 (m od 21).
400=21 -19+ 1 , 40=21 • 2 + (—2), 4=21 • 0+4 lardan foydala- 

nib, quyidagi taqqoslam alam i yozamiz :
400a = a (mod21), chunki 400a — a  =  399a : 21;
406 s  —2b (m od 21), chunki 406 — ( —26) =  426 : 21;
4c s  4c (m od 21), chunki 4c — 4c =  0 ■ 21.
Berilgan taqqoslam adan yuqoridagi taqqoslam alam i e ’tiborga 

olib, 400a+406+4c = a  — 26 +  4c (m od 21) taqqoslam ani hosil 
qilamiz.

D em ak, 400a+406+4c = 0 (m od 21) shartdan a—26+4c = 
= 0 (mod21) kelib chiqadi.

KS. Misol va mashqlar

1. Butun sonlar halqasida aniqlangan taqqoslam a m unosaba- 
tining quyidagi xossalarini isbotlang:

1.1. Taqqoslam a ekvivalent binar munosabat.
1.2. B ir xil m odulli taq q o slam alam i h ad m a-h ad  q o ‘shish 

(ayirish) mum kin.
1.3. Taqqoslam aning bir qismidagi sonni uning ikkinchi qis- 

miga qaram a-qarshi ishora bilan o ‘tkazish mumkin.
1.4. Taqqoslam aning ixtiyoriy qismiga modulga karrali sonni 

q o ‘shish m um kin.
1.5. Bir xil m odulli taqqoslam alam i hadm a-had ko‘paytirish 

m um kin.
1.6. Taqqoslam aning ikkala qismini (m odulni o ‘zgartirmay) 

b ir xil natural darajaga ko‘tarish mum kin.
1.7. M oduln i o ‘zgartirm agan holda taqqoslam aning  ikkala 

qismini bir xil butun songa ko‘paytirish mumkin.
1.8. Agar jc sy (m odw ) b o ‘lsa, u holda ixtiyoriy butun  koef- 

fits iy en tli/(x )= a(/ ’+ a 1x ^ 1+... +an_]x+an, /C v)= a0/ + a 1/ H+ ...+  
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+«„_,}>+a n k o ‘phad lar uchun f ( x )  = f ( y )  (m od m) taqqoslam a 
o ‘rinli bo'Iadi.

1.9. Agar bir vaqtda ai = bi (m o d m )(i= \,n )  va x = y  (mod m) 
taqqoslam alar o ‘rinli bo‘lsa, u holda

¿zoy + f l ]x"_1+ ...+ a n. 1x +an= b0 /  +  biy '~ ]+...+bn_ly+bn (m od m) 
taqqoslama o ‘rinli bo ‘ladi.

1.10. T aqqoslam ada qatnashuvchi q o ‘shiluvchini o ‘zi bilan 
teng qoldiqli b o ‘lgan ikkinchi songa almashtirish mumkin.

1.11. Taqqoslam aning ikkala qismini modul bilan o ‘zaro tub 
bo‘lgan ko‘paytuvchiga qisqartirish mumkin.

1.12. Taqqoslamaning ikkala qismi va modulini bir xil musbat 
songa ko‘paytirish mumkin.

1.13. T aqqoslam an ing  ikkala qism i va m oduli um um iy 
ko‘paytuvchiga ega bo‘lsa, u holda bu taqqoslamaning ikkala qis­
mi va m odulini bu umumiy ko‘paytuvchiga bo‘lish mumkin.

1.14. A gar taqqoslam a b ir  n ech ta  m odul b o ‘yicha o ‘rinli 
b o ‘lsa, u ho lda  bu taqqoslam a shu m odullarn ing  eng kichik  
umum iy b o ‘linuvchisi bo‘yicha ham  o ‘rinli bo‘ladi.

1.15. Agar taqqoslama biror m  m odul bo‘yicha o ‘rinli b o ‘lsa, 
u holda bu taqqoslam a m odulning ixtiyoriy bo‘luvchisi b o ‘yicha 
ham  o‘rinli bo ‘ladi.

1.16. Taqqoslam aning bir qismi va modulining EKUBi bilan 
uning ikkinchi qismi va m odulining EKUBi o ‘zaro teng bo'ladi.

1.17. S infning b itta  chegirm asi m m odul b ilan  o ‘zaro  tub 
bo‘lsa, u holda bu sinfning barcha elementlari ham  m m odul bi­
lan o ‘zaro tub bo‘ladi.

2. B oiish  natijasida hosil bo ‘lgan qoldiqni toping:
2.1. 15231 ni 14 ga.
2.2. 15231 +  2 ni 16 ga.
2.3. 15325 -  1 ni 9 ga.
2.4. 121231 +  144324 ni 13 ga.
2.5. 208208 ni 23 ga.
2.6. 2 15783 -  7 ni 25 ga.
2.7. 379821 +  5 ni 17 ga.
2.8. 102732 +  10 ni 22 ga.
2.9. 182815 -  3 ni 14 ga.

227



2.10. 2 100 +  5200 n i 29 ga.
2.11. 131054 -  23 • 16285 +  2217 n i 15 ga.
2.12. 292929 -  343434 +  29 • 41 • 6231 -  24 • 17120 ni 31 ga.
3. H ar qanday a, b lar uchun quyidagilam i isbotlang:
3.1. ( l l a + 5 )2n+1 +  (116+6)2л+1 ^  0 (m od 11).
3.2. (13а+ 3)3л+2 +  ( Ш - 4 )3и+2 +  Ь 0  (mod 13).
3 3 93„+ h ,- 33„ i i +  i ^ o  (m od 13).—

4. Berilgan sonlam ing oxirgi ikkita raqam ini toping:
4.1. 2999. 4.2. 3999. 4.3. 2341.
4.4. 289289. 4.5. 203203203. 4.6. 141414.

4.7. 999. 4.8. T 9\
5. Isbotlang:
5.1. Agar (a + b -  c) : 2 bo ‘lsa, u holda (a — 6 -  c) : 2.
5.2. Agar (11a +  2b) : 19 bo 'lsa, u holda (18a +  5b) : 19.
5.3. Agar (a  -  5b) : 17 b o ‘lsa, u holda (2a +  lb )  : 17.
5.4. Agar (12a — 7b) : 16 b o isa , u holda (4a + 236) : 16.
5.5. Agar (a  — 5b) \ 19 b o ‘lsa, u holda (10a +  lb ) \ 19.
5.6. Agar (16a -  116 + c ) : 21 bo‘lsa, u  holda (11a -  6 +  2 c ) : 21.
5.7. Agar (6a — l ib )  : 31 bo‘lsa, u holda (a -7 6 )  : 31 .
5.8. Agar (50a +  86 + c) : 21 bo‘lsa, u holda (a +  6 +  8c) : 21.
5.9. Agar (15a +  36) : 17 b o ‘lsa, u holda (5a +  6) : 17 .
5.10. Agar (50a -  6 +  60c): 388 bo‘lsa, u  holda (a -  46 + 41c): 194.
6. Q uyidagilarning qaysilari uch u n  Eyler teorem asi o ‘rinli 

ekanligini aniqlang:
6.1. a =  2, m =  9. 6.2. a =  2, m  =  IS.
6.3. a  =  3, m = 4. 6.4. a  =  3, m  =  9.
6.5. a  =  3, m =  16. 6.6. a =  4, m = 9.
6.7. a  =  5, m =  24. 6.8. a =  2, m =  33.
6.9. a =  3, m =  24.
7. Q uyidagilarning qaysilari uchun Ferm a teorem asi o ‘rinli 

ekanligini aniqlang:
7.1. a = 2, p  = Ъ. 7.2. a  =  2, p  = 5.
7.3. a =  3, p  =  2. 7.4. a  =  10, /? =  5.
7.5. a  =  5, p  =  2. 7.6. a  =  5, p  =  3.
7.7. a  =  5, p  =  7. 7.8. a =  4, p  =  3.
7.9. a  =  4, p  =  5. 7.10. a  =  1 4 ,/> =  7.
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8. Eyler teoremasi yordamida b o ‘lishdan hosil bo‘lgan qoldiq- 
ni toping:

8.1. 767n i 12 ga. 8.2. 109345 ni 14 ga.
8.3. 197157 ni 35 ga. 8.4. 356273 ni 39 ga.
8.5. 383175 ni 45 ga. 8.6. 293275 ni 48 ga.
8.7. 439291 ni 60 ga. 8.8. 527144 ni 65 ga.
8.9. 353160 ni 75 ga. 8.10.485s4 ni 129 ga.
9. Ferm a teorem asi yordam ida bo‘lishdan hosil bo‘lgan qol- 

diqni toping:
9.1. 93253 ni 7 ga. 9.2. 500810000 ni 5, 7, 11, 13 ga.
9.3. 4250 ni 17 ga. 9.4. 2059 ni 17 ga.
9.5. 259833 ni 17 ga. 9.6. 230347 ni 37 ga.
9.7. 7150 ni 67 ga. 9.8. 512402 ni 101 ga.
10. Bo‘lish natijasida hosil bo‘lgan qoldiqni toping:
10.1. 4583 ni 24 ga. 10.2. 676 ni 26 ga.
10.3. 9 6 " 3 ni 92 ga. 10.4. 20441 ni 111 ga.
10.5. 460150 ni 425 ga. 10.6. 76317 ni 29 ga.
10.7. 342256 ni 29 ga.- 10.8. 5813792 ni 37 ga.
10.9. 1010 ni 67 ga. 10.10. 244408 ni 73 ga.
10.11. 749193 ni 79 ga. 10.12. 341245 ni 89 ga.
10.13. 1754U ni 629 ga. 10.14. 272" 41 ni 135 ga. 
10.15. 35100 ni 1242 ga. 10.16 . 206n+5 ni 9 ga, neN .
11. Bo'lish natijasida hosil b o ‘lgan qoldiqni toping:
1 1.1. 7100 +  8100 ni 5 ga. 11.2. 10 '°°+ 40100 ni 7 ga.
11.3. 3100 +  4 100 ni 7 ga. 1 1.4. 550 + 2570 ni 9 ga.
1 1.5. 2580+  4080 ni 11 ga. 11.6. 1560 +  2030 ni 13 ga.
11.7 . 570 +  750 ni 12 ga. 11.8 . 3500 +  7500 ni 101 ga.
11.9. (1237156 +  145)28 ni 111 ga.
11.10. 3-575 +  4-7100 ni 132 ga. 11.11. 5329 ■ 4317 ni 37 ga.
11.12. 378561 • 427921 ni 41 ga. 11.13. 3720 • 2312ni 61 ga;
11.14. 319’ 37" 1 ni 19 • 37 ga;
11.15. (5622 +  179 -  346) • 923 ni 23 ga.
11.16. (63157 +  2 5 0 58)  • 926 ni 23 ga.
11.17. 7 161 -  380 ni 100 ga.
1 1.18. (1237156 +  34)28 ni 111 ga.
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12. Quyidagi sonlam ing oxirgi ikkita raqam ini toping:
12.1. 3100. 12.2. 3219. 12.3. I I 243.
12.4. 13219. 12.5. 17900. 12.6. 19882.
12.7. 9031294. 12.8. 5731931. 12.9. 2 100.
1 2 .10. 2153. 12.11. 10254.
13. Isbotlang:

- t t t (m od 1 T ^  31 ).
13.2. 219<73- ‘>= 1 (mod 19 • 73).
13.3. 2 17 ' 19 s  23 (m od 17 • 19).
13.4. 2 1093 ' 1092 = 1 (m od 10932).
13.5. 273 ' 37 _ 1 s  1 (mod 73 • 37).
14. Isbotlang:
14.1. a7 —a : 42. 14.2. an — a : 66.
14.3. G21 -  a3 : 27. 14.4. a42 -  a2 \ 100.
14.5. am  -  a3 i 125.
14.6. an  -  bn  \ 65, (a ,65) =  (b,65) =  1.
14.7. a13 ~ a i  2730.
14.8. a 560 -  1 i 561, (a, 561) =  1.
14.9. a561 -  a :  11.
14.10. a 10 -  a6 -  ö4 +  1 ! 35, (a, 35) =  1.
14.11. 14120 -  1 i 45.
14.12. 13176 -  1 i 89.
14.13. 372654500 +  72 • 107 i 18.
14.14. 21093 -  2 i 10932.
14.15. 4323 +  2343 i 66.
14.16. 222555 + 555222 : 7.
14.17. 22O1199 +  6 9220 “ 9 +  I I 969220 i 102.
15. Ixtiyoriy m,n  natural sonlar uchun quyidagilami isbotlang:
15.1. n1 + 6 n \  7. 15.2. 10л(9n -  1) +  1 : 9.
15.3. 3 • 52”"1"1 +  23n+1 17. 15.4. 62"+1 +  5"+2 i 31.
15.5. Agar m =  2n b o ‘lsa, 20m + 16m — 3m — 1 : 323.
15.6. mn(m60 -  «60) i 56786730.
15.7. Agar (m, 12) =  («,12) =  1 b o ‘lsa, m% — b96 : 144.
16. Isbotlang:
16.1. Agar a, + a2 + ... + an= 0 (mod30), av a2,...ane Z  b o ‘lsa, 

u holda a\ + of + ... + a5n = 0 (mod 30).
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16.2. Agar n&N, {a, 10) =  1 boisa, u holda a 100"4'1 = a (mod 1000).
16.3. Agar («,6) =  1 bo‘lsa, u holda n2= 1 (mod 24).
16.4. a6m + ctn= 0 (mod 7) => a : 7, m, n e  N.
16.5. Agar a butun sonning kubTboTsa, u höldä

(a -  l)a( a + 2 )=  0 (mod 504).

? / ' Takrorlash uchun savollar

1. Taqqoslama deb nimaga aytiladi?
2. Taqqoslamaning sodda xossalarini bayon eting.
3. M odul bo‘yicha chegirm alarning to ia  sistemasi deb nim a­

ga aytiladi?
4. M odul bo'yicha chegirm alarning keltirilgan sistemasi deb 

nimaga aytiladi?
5. Eyler va Ferm a teorem alarini bayon eting.

28-§ . Birinchi darajali va tub modul bo‘yicha 
yuqori darajali taqqoslamalar

y  Asosiy tushunchalar: bir n o m a’lumli n- darajali taqqoslam a, 
taqqoslam aning yechim i, teng kuchli taqqoslam alar, bir no­
m a’lumli birinchi darajali taqqoslama, tub modulli taqqoslama.

Koeffitsiyentlari butun sonlardan iborat

/ ( x )  *= a0x " +  a,x"~' +  ... +  an_xx  +  an 
ko‘phad berilgan bo isin .

U shbu  /(x )^O (m o d m ) (a0 son m ga b o ‘linm ayd i, ate Z ,  
m>  1) ko ‘rinishdagi taqqoslam a bir nom a’lumli n- darajali taq­
qoslama deyiladi.

Agar x= c bo'lganda f(c )= 0 (mod/w) taqqoslama to ‘g‘ri bo‘lsa, 
u holda c %owJ[x) taqqoslam ani qanoatlantiradi deyiladi.

Agar c son / (x) taqqoslam ani qanoatlantirsa, u holda c che- 
girm alar sinfi / ( x )  taqqoslamaning yechimi deyiladi.

Y echim lari to ‘plam i ustm a-ust tushgan taqqoslam alar teng 
kuchli taqqoslamalar deyiladi.

U shbu ax=b (m odm ) (a ,b  e Z, Vm e N) k o ‘rinishdagi ta q ­
qoslam a bir noma ’lumli birinchi darajali taqqoslama deyiladi.
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Agar Д х )= я 0хр+ я 1х”~1+ . . .+ 0л_1х + а л, a¡eZ , p  — tu b  son, 
(a 0, p)= 1 bo‘lsa, u h o ld a /(x )3  0 (m od p) taqqoslam a tub modulli 
n-darajali bir nom a’lumli taqqoslama deyiladi.

1-misol. 7 • x  = 10 (mod4) taqqoslamaning yechim larini taq ­
qoslama xossalaridan foydalanib toping.

Yechish. (7 ,4 )=  1 ekanligidan taqqoslam a yagona yechim ga 
ega ekanligi kelib chiqadi. 7 va 11 sonlari 4 dan katta bo‘lganligi 
uchun 7 • x  = 3x  (m od 4) va 10 = 2 (m od 4) lardan foydalanib, 
3x = 2 (mod 4) ni hosil qilamiz. Bundan 3x= ~ x  (mod 4) ni e ’ti- 
borga olib, — x s  2(m od 4) ni, va nihoyat x = —2(m od 4) ni hosil 
qilamiz.

Agar —2 s  2(m od 4) ni qo ‘llasak, u  holda x = 2(m od 4) kelib 
chiqadi.

Tekshirish: 7 • 2 s  10 (m o d 4),
14= 10 (m o d 4) => (14 -  10) =  4 i 4

kelib chiqadi
2-misol. Taqqoslama xossalaridan foydalanib, 27x= 47 (mod 38) 

taqqoslamaning yechimlarini toping.
Yechish. 47 = 9 (m od 38) dan 27x=  9 (mod 38) hosil b o ‘ladi.

(27 .38)= 1 b o ‘lgani uch u n  taqqoslam a yagona yechim ga ega.
(9 .38)=  1 b o ‘lgani uchun  taqqoslam aning ikkala tom onini 9 ga 
bo ‘lamiz: 3x= 1 (m od 38).

Taqqoslamaning o‘ng tomoniga 38 ni qo‘shamiz: 3x= 39 (mod 38). 
Hosil bo ‘lgan taqqoslam aning ikkala tom onini (3 ,38)= 1 b o ‘lgani 
uchun 3 ga b o ‘lamiz: x =  13 (mod 38)

Tekshirish: 27 ■ 13 -  47 =  304 =  (38 • 8) : 38.
3-misol. Berilgan 7x=  10 (mod 4) taqqoslam ani tanlash usuli 

bilan yeching.
Yechish. ax= b (m od m) taqqoslam aning yechim larini ta n ­

lash usuli bilan topish uchun aw al yechim lar sonini aniqlaymiz. 
So‘ngra m m odul b o ‘yicha chegirmalar to ‘la sistemasidagi har bir 
sinfning yechim  bo‘lish-bo‘lmasligini tekshiramiz.

7x= 10 (m od 4) taqqoslam ada (7,4) =  1.
D em ak, yagona yechim  mavjud. 4 modul bo ‘yicha chegirm a­

lar to ‘la sistemasidagi 0, 1, 2, 3 sonlar x  nom a’lum o ‘m iga birm a- 
bir q o ‘yib tekshiriladi. Qaysidir chegirmalar sinfi yechim  b o ‘lishi 
m a’lum  b o ‘lsa, tekshirish jarayonini to ‘xtatamiz:
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x=0 da 7 • 0 =  10 (m od 4) o ‘rinli emas, chunki ( 0 - 1 0 ) / 4;

jc= 1 da 7 • 1 = 10 (m od 4) o ‘rinli emas, chunki 7—1 0 = 3 /  4;

x=2  da 7 • 2 = 10 (m od 4) o ‘rinli, chunki 14 -1 0 = 4  : 4.

x =  2 (m od 4) yechim b o ‘ladi. Qolgan sinflar berilgan taqqos- 
lam aning birgina yechim i mavjud b o ‘lganligi sababli, tekshiril- 
maydi.

Tekshirish. 7 • 2 -  10 =  14 -  10 =  4 : 4.
4-misol. 2x= 5 (mod 9) taqqoslam aning yechim larini tan- 

lash usuli yordam ida toping.
Yechish. 9 m odul b o ‘y icha 0, ±1, ±2, ±3, ±4 cheg irm alar 

sinflaridan (2;9)=1 b o ‘lganligi uchun berilgan taqqoslam aning 
yagona yechimini topamiz:

2 ■ 0 = 0 * 5 (mod 9);
2 1  = 2 * 5  (m od 9);
2 • (-1 )  = -2  ¿ 5 (mod 9);
2 -2  = 4 pi5 (mod 9);
2 • ( -2 )  = -4  = 5 (mod 9).

D em ak, x=  - 2  (mod 9), ya’ni x =  7 (mod 9) berilgan taqqos­
lamaning yechimi.

Tekshirish: 2 - 7 - 5 = 1 4 - 5  =  9 : 9 .
5-misol. 7x=  10 (mod 4) taqqoslam ani Eyler teorem asi yor­

dam ida yeching.
Yechish. Agar a x  = b (m o d m )  taqqoslam a (a,m )=  1 b o isa , 

u holda uning yechimi x - b -  я ф(т)_1 (mod m) formula yordam i­

da topiladi. H aqiqatan  ham , Eyler teorem asiga k o ‘ra, а ф(т) =

s  l(m o d m ). Bundan a ^ b  = 6(mod m) va a ■ b = ¿»(modm)

larni hosil qilsak, x  = ba'p(n,)A (mod am) kelib chiqadi.

7 x  = 10(m od4) dan a =  7, 6 = 1 0 ,  m =  4 yechim  

jc = 10- 7(p(4b 1 (m od 4) ni topish uchun tp(4) ni aniqlaymiz. 4=22

ekanligidan (p(4) = 4 • | l  - - i j  = 2 kelib chiqadi.
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va 6 = 2 (m od4) taqqoslam alardan foydalansak, x  = 10-72_1 = 

= 2 - 3 = 6 = 2(m o d 4 ) ,  ya’ni x = 2(m o d 4) yechimni hosil qilamiz. 

Tekshirish: 2 • 10 -1 0  = 14 -1 0  = 4 :4 .

6-m isol. 27X = 24 (m od 102) taqqoslam aning  yechim larini 
Eyler m etodidan foydalanib toping.

Yechish. (27,102)=3 va 24=2-8. D em ak, taqqoslam a 3 ta  ye- 
chimga ega. Berilgan taqqoslam aning ikkala qismi va m odulni 3

ga boiam iz: 9x  = 8 (m od 34).

Bunda ¿7 = 9, m = 34, b = 8 boigani uchun x  = b • a<p('")_1 (mod m) 

dan x  = 8 • 9<p(34H (m od 34) ga ega bo iam iz.

ф(34) = 2 • 17 | l  -  y j (l -  = 16 ekanligini e ’tiborga olamiz:

x  = 8 - 915 = 8 • 9 • 914 = 4 • (92 )7 = 4-137 = 4 137 = 4 -1 3 -(1 3 2 )3 = 

= 18 • ЗЗ3 = 18 • 33 • (33 )2 = 16 ■ l2 = 16 (mod 34).

Bundan x  = 16 (m od 34) ga ega bo iam iz .

Tekshirish: 9 ■ 16 -  8 = 136:34. U holda 27x = 24 (m od 102) 
taqqoslama

x = 16 (m od 102) ,

x = 16 + 34 (mod 102),

x  = 16 + 34 • 2 (mod 102) yechimlarga, ya’ni

x  == 16 (m od 102) ,

x e  50 (m od 102),

x = 84 (m od 102) yechimlarga ega.

Tekshirish: 27 • 16 -  24 = 408 :102;
2 7 -5 0 -2 4  = 3126:102;
27 • 84 -  24 = 2244 102.

Demak, x = 10-72 1 (mod4). Agar 10 = 2(m od4), 7 = 3(mod4)
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7-m isol. I x  = 10 (m od 4) taqqoslam an i m unosib  kasrlar

yordam ida yeching.____________________

Yechish. Agar ax  = b (m o d /« ) taqqoslam ada (a ,m ) ~  1 va 

Pn_i  son ~  ning oxiridan oldingi m unosib kasr surati b o is a ,

u ho lda x  = b ■ (—l ) n_I Pn_\ (mod w ) b e rilg an  taq q o slam an in g  
yechim i bo iad i.

4
Berilgan taqqoslamada m=4, a = l b o ‘lganidan, -  ning m uno­

sib kasrlarini topamiz:

4 = 7 -0  + 4;
7 = 4 1  + 3;
4 = 3 1 + 1 ;
3 = I 3 + tT: -

Bundan j  =  [0; 1, 1 ,3 ] ko‘rinishda bo iad i.

M unosib kasrlar jadvalini tuzamiz:

k - 1 0 1 2 3

9k — 0 1 1 3

Pk 1 0 1 1 4

Qk 0 1 1 2 7

D em ak, Pn l = P2 = \  va jc = b ■ (-1 )"“1 PnA = 10 • (-1 )3-' • 1 = 

= 10 = 2 (mod 4 ). Berilgan taqqoslamaning yechimi mavjud ekan. 

Tekshirish: 7- 2 — 10 = 14 — 10 = 4 - 4 .

8-misol. 220x = 28 (mod 348) taqqoslam aning yechimlarini 

munosib kasrlar yordam ida toping.

Yechish. (220,348) = 4 va 28 : 4 dan  berilgan taqqoslam a

4 ta yechimga ega ekanligi kelib chiqadi. Taqqoslamaning ikkala
87

tom oni va m odulni 4 ga bo iam iz: 55x = 7 (mod 87). kasrni 

chekli zanjir kasr ko‘rinishiga keltirib, m unosib kasrlar jadvalini
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tuzamiz: — = [1; 1, 1, 1, 2, 1, 1, 4]. Bundan,

к l 0 1 2 3 4 5 6

Як — i 1 1 2 1 1 4

- A r - i ! 1 3 8 11 IV 87

va n=6, Pn_j = P5 = 19, 6=7, /я=87 lam i x s ( - l ) " ^ _ ,6  (mod m) 
form ulaga q o ‘ysak, x s  ( -1 )6 • 19 • 7 s  133 = 46 (m od 87) kelib 
chiqadi.

D em ak , 55x = 7 (mod 87) n ing yech im l x = 46 (m od 87) 
va 220x = 28 (mod 348) n ing  yech im lari x  = 46; 133; 220;

307 (m od 348).

Tekshirish: 2 2 0 -4 6 -2 8  = 10092 ! 348 ;
2 2 0 -1 3 3 -2 8  = 29232:348;
220•220 -  28 = 48372:348;
220■307 -  28 = 67512:348.

9-misol. 7X = 10 (m od 4) taqqoslam ani 7 ga 4 m odul b o ‘yi- 

cha teskari sinfi orqali yeching.

Yechish. ax = b (m od m) taqqoslam ada (a,m )=  1 b o is a , u

ho lda  1 n ing  a va m sonlarga ch íziq li yoyilm asini topam iz: 
1=au+mv  yoyilmadagi и soni a soniga m m odul bo ‘yicha teskari 
son bo iad i.

7
Evküd algoritm i yordam ida berilgan ^  sonlarning eng katta

um um iy boiuvchisining chiziqli ifodasini topamiz:

7 = 4 1  + 3; 3 = 7 - 4 - 1 ;
4 = 3 1  + 1; 1 = 4 - 3 1 .
3 = 1-3 + 0.

B undan  1 = 4 - 3 1  = 4 - ( 7 -  4 1 )  = 4 - 2 -  7 = 4 2 + 7 ( - l ) . 

D em ak, 1 = 4 -2  + 7 ( - l ) . 7 soniga 4 m odul bo ‘yicha teskari son

— 1 yoki -1  s  3 (mod 4) ekanligidan 3 soni bo iad i.
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7x = 10 (mod 4) taqqoslam an ing  ikkala tom onin i 7 ga 4 

m odul b o ‘yicha teskari son 3 ga ko‘paytiramiz: ((3,4)=1).

7 - 3x  = 10- 3 (mod 4);
21 x  3  30 (mod 4);
21x s  x  (mod 4);
30x s  2 (mod 4) 

lardan x  = 2 yechimni topamiz.

Tekshirish: 7 -2  — 10 = 14 — 10 = 4 :4  .

10-misol. 37x = 25 (mod 107) taqqoslam an i teskari s in f 

yordam ida yeching.
Yechish. (37,107)=1 dan berilgan taqqoslam aning  yagona 

yechimi mavjudligi kelib chiqadi. 107 m odulda 37 ga teskari sonni 
tnpnmig- __ _

107 = 37-2  + 33;
37 = 33-1 + 4;
33 = 4 -8  + 1;
4 = 1 -4  + 0.

1 = 33 -  4 - 8 = 33 -  (37 -  33 -1) - 8 = 33 - 9 + 37 (-8 ) =

= (107 -  37 - 2) - 9 + 37(—8) = 107 - 9 + 37(-26).

B undan 1 = 107 ■ 9 + 3 7 (-2 6 ) , ya’ni 107 m odulda 37 ga tes­
kari s in f —26 ni m usbat son bilan alm ashtiram iz: —26+107=81. 
Hosil bo igan  81 ga berilgan taqqoslamaning ikkala qismini ko‘pay-

tiramiz va 37 • 81 x  = 28 • 81 (mod 107) dan x  = 2025 (mod 107), 

ya’ni x s  99 (m od 107) yechimni topam iz.

Tekshirish: 37 - 99 -  25 = 3638 107.

11-misol. 27x  + 38^ = 47 tenglam ani taqqoslam alar yo rda­

m ida yeching.
Yechish. Tenglam aning butun yechim larini taqqoslam alardan 

foydalanib topish uchun 27x = 47 (m od 38) bir o ‘zgaruvchili taq­

qoslamani tuzib olam iz. (27,38)= 1 ekanligidan taqqoslam aning
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bitta yechim i mavjud. 47 = 9 (mod 38) dan 27x = 9 (mod 38) ni

hosil q ilam iz. B undan  3 x  = 1 (m od  38) va x  = 13 (mod 38) 

kelib chiqadi.

x = 13 (m od 38) berilgan 21 x  = 9 (m od 38) taqqoslam aning

47-27-13]
3g 1 {13,-8} berilgan tenglam aning 

yechimlaridan biri bo iad i.

ax + by - c  teng lam aning  barch a  yech im lari x ' = x0 ,

y ' = y 0 + $ t  ko‘rinishda b o iib , bu yerda x0= 13, y0—- 8, m=18,

Jx ' = 13 + 38/,
[y ' = - 8 - 2 7 / ,  / e Z .

Tekshirish: 27(13 + 38/) + 38 (-8  -  27/) = 47;

351+ 1 0 2 6 /-3 0 4 -1 0 2 6 /=  47 ;

a=27, d= 1. D em ak,

47 =  47.

3x = 11 (mod 17),

12-m iso l. <j 15x = 35 (mod 13), taq q o slam ala r s is tem asin i 
21x = 33 (mod 30) 

yeching.
Yechish. Berilgan taqqoslam alar sistema^idagi har b ir taqqos- 

lama yechim lari yuqoridagi misollarda keltirilgan usullardan biri 
yordamida topiladi:

x  = 15 (m od 17), 
x = 11 (mod 13), 
x  = 3 (m od 10).

H osil q ilingan  taqqoslam alar sistem asidagi taqqoslam alar 
modullari o ‘zaro tub boiganligi uchun ulam ing eng kichik um u- 
miy karralisi M b o ‘yicha quyidagi qiym atlam i topamiz:

M  = 17 13 10 = 2210;

238



м х = ^  = 130; 

М 2 = ^ ± 2  = 170;

М г =

13
2210

10 = 221.

Quyidagi taqqoslam alam i tuzib, yechimini topamiz:

1) 130j[ = 1 (m od 17),

У\ =14;

2) 1 70 j2 s  1 (m od 13),

y2 = i;

3) 221^з з  1 (mod 10),

У з =  1-

Bundan berilgan taqqoslam alar sistemasining yechimi 

x = a¿ = 130 • 14 • 15 +170 • 1 +11 + 2111 • 3 = 29833 = 1103 (mod 2210),

ya’ni X s  1103 (mod 2210) kelib chiqadi.
Agar berilgan taqqoslam alar sistemasidagi uchinchi taqqos- 

lam aning 3 ta yechim i borligini e ’tiborga olsak, u holda taqqos­
lam alar sistemasining 3 ta  yechim ini topish mumkin:

X s  15 (m od 17), 
X s  11 (m od 13), 
X = 3 (mod 30),

X = 15 (m od 17), 
X = 11 (m od 13), 
X = 23 (m od 30).

X = 15 (m od 17),
X s  11 (m od 13),
X = 13 (m od 30),

X s  5523 (mod 6630); x з  3313 (mod 6630); x = 1103 (mod 6630) 

yechim lar hosil qilinadi.

x s 2  (m od 15),
1 3 -m iso l. | x  = 7 (m od 20), ta q q o s la m a la r  s is te m a s in i 

x s  12 (m od  35)
yeching.

Yechish. Taqqoslam a ta ’rifiga ko ‘ra birinchi taqqoslam adan 
x  = 2 + \ 5 t , t & Z  ifodani hosil qilamiz. Bu qiymatni ikkinchi taq- 
qoslamaga qo‘yamiz: 2 + 15/ = 7 (mod 20). Bundan, 15/ = 5 (mod 20) 
yoki / s  3 (mod 4) ni olamiz. Y ana taqqoslam a ta ’rifini qo ilab ,
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Z  =  3 + 4 к ,  k e z  ifodan i o lam iz. Bu ifodadan  x  = 2 + 15/ = 

= 2 + 15(3 + 4&) = 47 + 60£ kelib cliiqadi. Hosil qilingan x  ning 

ifodasini uchinchi taqqoslamaga qo'yamiz: 47 + 60к  = 12 (mod 35) 
taqqoslam ani yechib, к  = 0 (mod 7) yechimni topam iz.

B undan к  = 11, I e. Z  kelib chiqadi. H osil b o ig a n  ifodani 
X ning ifodasiga qo‘llaymiz: x = 47 + 60A: = 47 + 60 • 11 = 47 + 420/.

D em ak, х з 4 7  (m o d 420) berilgan taqqoslam alar sistemasi- 
ning yechimi.

47 -  2 = 45:15,

Tekshirish: ' 47 -  7 = 40:20,
47 -1 2  = 35 :35.

14-m isol. 251x34 + 63x25 -  7 x n + 4 x 3 + 2 = 0 (m od 5) ta q ­

qoslamani soddalashtiring.

Yechish. Berilgan taqqoslam ani soddalashtirish uchun taqqos­
lam alar xossalari va Eyler teorem asidan foydalanamiz:

251 s  1 (m od 5);
63 s  3 (mod 5);
1 = 2 (m od 5);
4 = 4 (m od 5);
2 s  2 (m od 5).

ф (5)=4 dan

x 54 3  (x 4 )13 • x2 3  x 2 (m od 5);

x 25 3  (x 4 )6 • x  3  x  (m od 5);

x 11 г  ( x 4 )2 • x 3 3  x 3 (m od 5).

K eltirilgan taqqoslam alar yordam ida berilgan taqqoslam ani 
soddalashtiramiz:

251x54 + 6 3 x b  - 7 x n + 4 x 3 + 2  = x 2 + 3 x - 2 x 3 + 4 x 3 + 2  =

= 2 x 3 + x 2 + 3x + 2 = 0 (m od 5).
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M isol va mashqlar

1. Quvidagi xossalami isbotlang:
1.1. Agar c son f ( x ) = 0 (modw) taqqoslam ani qanoatlantirsa, 

u holda c chegirm alar sinfiga tegishli ixtiyoriy son ham  shu taq­
qoslamani qanoatlantiradi.

1.2. Agar ( a ; m) =1 b o isa , u holda ax^b (m od m ) taqqoslama 
yagona yechimga ega bo‘ladi.

1.3. Agar (a\ m )= d  b o iib ,  b son d ga b o iin m a sa , u holda 
ax^ b (m od m) taqqoslam a yechimga ega emas.

1.4. Agar axsb  (m od m) taqqoslam ada (a; m )=d  b o iib , b son 
d  ga b o iin sa , u holda taqqoslam a soni d  ga teng b o ig a n  ushbu

a ,  a  + y , ..., a  + — yechimlarga ega bo‘lib, bundagi a  yechim

^ x  = I  fmod-^-j taqqoslamaning yagona yechimi bo iad i.

1.5. Agar f ( x )  va g(x) koeffitsiyentlari butun sonlardan iborat 
ko‘phadlar b o isa , u holda / (x )= 0(m od p) va (x) — (xf—x)g(x)= 
=0 (modp) taqqoslam alar teng kuchli bo iad i.

1.6. Darajasi n (n>r) b o ig an  r tub modulli taqqoslam a dara- 
jasi I—  1 dan katta bo im agan  taqqoslamaga teng kuchli b o ‘ladi.

1.7. Tub modulli «-darajali taqqoslama yechimlari soni n ta- 
dan ortiq emas.

2. Quyidagi taqqoslam alarni tanlash usulida yeching:

3. Quyidagi taqqoslam alarni taqqoslam a xossalari yordamida 
yeching:

2.1.2x= 1 (m od 3).
2.3. 6x =  7 (m od 5).
2.5. 4x=  6 (m od 10).
2.7. 5x = 7 (m od 11).

2.2. 8x =  3 (m od 4).
2.4. 3x= 22 (m od 7).
2.6. 12x= 1 (m od 7).
2 .8. 8x =  1 (m od 16).

3.1. 7 x ^ 8  (m od 13). 3.2. 6x =  11 (mod 14).
3.3. 8x s  10 (m od 14). 3.4. U x = - 3 2  (m od 27)
3.5. 16x^50  (m od 23). 3.6. 2 5 x s  1 (m od 37).
3.7. 17x^23  (m od 41). 3.8. 32x = 43 (mod 51).
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4. B erilgan  ta q q o slam a la rn i E y ler teo rem asi y o rd am id a  
yeching:

4.1. 5 x = 7  (mod 13). 4.2. 2 9 x = 3  (m od 12).
4.3. 5x = 26 (m od 12). 4.4. 8x =  17 (m od 19).
4.5. 27x= 11 (m od 34). 4.6. 24x = 1 (m od 15).
4.7. 15x= 23 (mod 22). 4.8. 12x=51 (mod 39).
5. Berilgan taqqoslam alarni chekli zanjir kasrlar yordam ida 

yeching:
5.1. 15x^37  (m od 98). 5.2. 32x^  182 (m od 119).
5.3. 105x=72 (m od 147). 5.4. 9 7 x ^ 5 3  (mod 169).
5.5. — 5 0 x s6 7  (mod 177). 5.6. 6 9 x ^ 3 9 3  (mod 201).
5.7. 192x= 9 (m od 327). 5.8. 365x= 50 (m od 395).
5.9. —639x= 177 (mod 924). 5.10. 1296x= 1105 (mod 2413).
5.11. 1215x= 550 (mod 2755). 5.12. \919x= 1717 (mod 4009).
6. Berilgan ax = ¿(m od m  ) taqqoslam alarni a ga teskari sinf 

orqali yeching:
6.1. 2 \x  = 17 (m od 23). 6.2. 5 x = 7  (m od 24).
6.3. 17x= 19 (m od 24). 6.4. 13x= — 1 (m od 30).
6.5. 2 8 x ^ 3 3  (m od 35). 6.6. 12x^24  (mod 30).
6.7. 9x=  18 (mod 41). 6.8. l lx = 3 1  (m od 50).
7. Quyidagi taqqoslamalarni yeching:
7.1. {a +  ^ x s tfH -A 2 (m od ab), (a,b) =  1.
7.2. (a2+b1)x  = a — b (m od ab), (a,b) =  1.
7.3. (a +  b)2x = a 2 — b1 (mod ab), (a,b) =  1.
7.4. (a — b)x= a ^ b 1 (m od ab), (a,b) =  1.
7.5. 2x=  1 + p  (mod p), bu yerda p — tub toq  son.
7.6. (m — l)x =  1 (m od m).
7.7. (m +  l ) 2x = a  (m od m).
7.8. flx= 1 (m od p), bu yerda p  tub son va {a, p) = 1.
8. Berilgan tenglam alam i taqqoslam alar yordamida yeching:
8.1. 2x +  3.y =  4. 8.2. 4x — 3y  = 2.
8.3. 3x +  Ay = 13. 8.4. 5 x +  Ay = 3.
8.5. 3x +  8.y =  5. 8.6. 17x +  13j> =  1.
8.7. 23x +  15y  = 19. 8.8. 17x -  16); =  31.
8.9. 91x — 28y = 35. 8.10. 17x -  39y =  26.
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8.11. 50х — 42у =  34. 8.12. 4 7 х -  № у  = 4.
8.13. 4 7 * -  111 у =  89.
9. Taqqoslam alar sistemasini yeching:

|3 х  s  5 (m od 7), [З х  = 1 (mod 20),
9 L  \2 х  s  1 (m od 5). 9 1  [2х ^  3 (mod 15).

ГЗх = 1 (m od 5), Í14x s  12 (mod 18),
9.3. i «__ и /— л п\ 9 .4 . '5х s  4 (mod 7). ' ‘ [х = 5 (mod 25).

\x  = t\ (mod 13), Í3x + 4y = 29 (mod 143),
9-5- [x = bj (m od 17). 9 -6 - [2x -  9у  = 59 (mod 143).

j x  + 2у  = 0 (mod 5), f5x -  у  = 3 (mod 6),
^ ^ [ З х  + 2у  =~2 (m od 5J7 = ^ }2лт~2у g 5 (mod 6),

10. Taqqoslam alar sistemasini yeching: 

x  = 3 (mod 8),
10.1. j  x  = 11 (m od 20),

x  = 1 (m od 15).

x  = 2 (mod 3),
10.2. • x  = 3 (m od 4),

x  = 4 (m od 5).

x = 1 (m od 2),
10.3. • x  = 3 (m od 5),

x  = 6 (m od 9).

10.4.

10.5.

x  = 2 (m od 7), 
x  = 5 (m od 9), 
x  = 11 (m od 15).

x  = 4 (m od 7), 
x  = 9 (m od 13), 
x  = 1 (m od 17).
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x = 5 (m od 12),

10.6. ■x  = 2 (mod 8),
x  = 2 (mod 11).

x  = 2 (m od 15),
10.7. • x  = 7 (mod 20), __________________________

X = 4 (m od 5),
10.8. - X = 1 (m od 12),

x  = 7 (m od 14).

X = 5 (m od 8),
10.9. < x  = 4 (m od 11),

x  = 6 (m od 17).

x  e  by (mod 25),
10.10. • x = ¿»2 (mod 27),

x  = th, (mod 59).

x  s  1 (mod 3), 
x  = 4 (mod 5),

10.11. • x  = 2 (mod 7),
x  = 9 (mod 11), 
x  he 3 (m od 13).

11. Taqqoslam alar sistemasini yeching: 

Зх  щ 1 (m od 10),
4 x  = 3 (m od 5),
2 x  = 7 (m od 9).

2 x  = 3 (m od 5),
3x  = 5 (m od 7),
3x  s  3 (m od 9).

4 x  s  1 (m od 9),
5x s  3 (m od 7),
4 x  = 5 (m od 12).

11.1.

11.2.

11.3.
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7 x  =  3 (m od 11), 
3 x  =  2 (m od 5),
15x s  5 (m od 35).

11.5.

3x = 7 (m od 10), 
2 x  = 5 (m od 15), 
7x  = 5 (m od 12).

11.6.

5x  = 3 (m od 9), 
4 x  = 7 (m od 13), 
8x  = 4 (m od 14), 
X = 2 (mod 17).

2 x  = 7 (m od 13),

11.7. ■
5x = 8 (m od 17), 
14x s  35 (m od 19), 
3x  = 7 (m od 31).

12. a ning qanday qiymatlarida taqqoslamalar sistemasi yechim- 
ga ega?

12.1. ■

X = a (m od 6), 
X  = 1 (m od 10), 
X s  2 (m od 21), 
X = 3 (m od 11).

12.2. .
2x  = a (m od 4), 

k3x s  4 (mod 10).

12.3. •

X =  5 (m od 18), 
X  = 8 (m od 21), 
X s  a (m od 35).

12.4. •

X s  a (m od 6), 
X = 1 (m od 10), 
X  = 2 (mod 21), 
X = 3 (m od 11). '
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13. D arajasi berilgan taqqoslam a darajasiga, bosh koeffit- 
siyenti 1 ga teng b o ig a n  teng kuchli taqqoslam ani toping:

13.1 . Зх3 — 5 x 2 — 2 = 0 (m od 11).

13.2 . 27X3 +  H x 2 -  lOx +  13 = 0  (mod 5 9).

13.3. 70л6 + 7 8 x 5 + 25x4 +  6 8 x 3+ 5 2 x 2+ 4 x  + 3 = 0 (mod 101).
13 .4 . a 0x" + a ,x"~1+ . ^ +  an_ {x  +  an =  Q ^pmé4ríy^a^yrrt) = \-
14. D arajasi m oduldan  kichik, berilgan taqqoslam aga teng 

kuchli taqqoslam ani toping:
14 .1 . x 8+ 2 x 7+ x 5 — x 4 — x  +  3 =  0 (mod 5).

14.2. Зх14 +  4x13 +  Зх12 +  2хи +  у? +  2X8 +  4x7 +
+  X6 +  Зх4 +  X3 + 4X2 + 2 x  = 0  (m od 5).

14.3. X 16 + Зх8 — 5x7 — X 4 +  6x  — 2 = 0 (m od 7).
14.4. 2 x 17 +  бх16 +  X 14 +  5 x 12 +  Зх11 +  2x10 +  x> +  5x* +  2x7 +  

+  Зх5 +  4x 4 +  бх3 +  4X2 +  X  +  4 =  0  (m od 7).
14.5 . 6 x 18 + 1 8 x 15 +  Зх4 -  8 X 3 +  X 2 +  3 = 0 (mod 11).

15. Berilgan taqqoslam ani soddalashtiring (darajasini pasayti- 
ring, koeffitsiyentlami m oduldan kichik sonlar bilan almashtiring, 
bosh koeffitsiyenti lga teng b o is in ) va tanlash usulida yeching:

15.1 . x 5 +  x 3 +  x 2 +  4  =  0  (m od 3).
15 .2 . 6x 4 +  17X2 -  16 = 0 (m od 3).
15.3 . 28X9 + 29X8 -  2 6 x 7 +  2 0 x 4 -  17x +  23 = 0 (m od 3).
15.4. X 5 +  2x4 — 2X3 — 2X2 +  2 x  — 1 = 0 (m od 3).
15.5 . X 5 +  X 4 — X 2 — 5 x  +  1 = 0 (m od 3).
15 .6 . X 7 +  2X6 + X 5 +  4 x  3 — 2X2 — 4 x  + 2 = 0  (mod 5).
15.7 . x 7 + 3 x 6 + x 5 — X3 — Зх2 — 4 x  +  4  = 0 (mod 5).
15.8 . x 7 +  5 x 5 —X 3 — 9 x + 3  = 0  (mod 5).
15.9 . 3 4 x 10 -  2 9 x 7 + 4 3 x 4 -  19x  + 37  = 0 (m od 5).

1 5 .10 . 6 x 10 1 2 x +  1 = 0 (m od 5).

15.11. X 7 — Зх6 +  X 5 — 15x4 —x 3 + 4x2 — 4 x + 2  = 0 (m od 5).

16. Berilgan taqqoslam alam i soddalashtiring va tanlash usu­
lida yeching:

16.1 . 5X24 +  4X23 +  4X22 +  2X21 +  X 20 +  6 x 19 +  4 x 18 +  3 x 17 +
+  4x16 +  6 x 15 +  5 x 14 +  2 x 13 +  X 12 +  2X11 +  x 10 +  Зх9 +  
+  4 x 8 +  2x7 +  5X6 +  бх5 +  5x4 +  Зх3 +  4X2 +
+ 4 x  + 2 = 0  (m od 7).



16.2. X 13 - x n +  ^  — x 7 + x 5 +  x 3 + x  + 1 = 0  (mod 7 ).

16.3 . 10x42 -  5X30 +  10x18 +  9 x 12 +  4 = 0  (m o d  7).
16.4. 75x13 -  62x12 -  53x 11 -  2 4 ^  +  13x -  27 = 0 (m od 7).
16.5 . 6 x 13 ~  3 x 12 — 2x  11 — бх3 +  Зх2 +  7 x  + 2 = 0  (mod 11).

16 .6 . И х 23 -  ЗОх22 -  2 x 13 + U 0  (m o d  11).

16.7. 120X91 +  И х 15 +  X  11 -  Зх5 +  9X2 -  x +  6 =  0 (m o d  11).
16.8 . X 14 — X 13 +  12X2 +  2x  +  1 = 0  (mod 13).

16.9. ЗООх90 +  259X 67 -  95X23 -  1 = 0  (mod 2 3).

17. Taqqoslam alam i berilgan modul bo 'yicha chiziqli ko‘pay- 
tuvchilarga ajrating:

17.1. X 3 +  4X2 — 3 = 0 (m od 5).
17.2. X 3 — 2 x  +  1 = 0  (m o d  5).

17.3 . r4 -  2ÛX3 +  9ÜX2 -  135x +  54 = 0 (m o d  5). _________

17.4. Зх3 +  2X2 — 2 x  — 3 = 0  (m od 5).

17.5. X 4 -  12X3 +  46X2 -  53x -  12 = 0 (mod 7).
17.6. 5X3 +  4X2 -  8 x  -  1 = 0 (m od 7).

17.7 . бх3 +  5X2 — 2 x  — 9 = 0 (m od 11).

17.8. X 3 +  Зх2 -  3 = 0 (mod 17).

17.9. x 3 +  11x2 + 8 x + 3  = 0 (m od 23).
17.10. X 4 +  15X3 +  4X2 +  4 x — 15 = 0 (m o d  29 ).

1 7 . 1 1 . x 3 -  И х 2 — 3 x +  11 = 0  (mod 31).

Takrorlash uchun savollar

1. Bir nom a’lumli я -darajali taqqoslama deb nimaga aytiladi?
2. Taqqoslamaning yechimi deb nimaga aytiladi?
3. Teng kuchli taqqoslam alam i tushuntiring.
4. Bir nom aium li birinchi darajali taqqoslama qachon yechim- 

ga ega?
5. Bir nom a’lum li birinchi darajali taqqoslam alam i qanday 

yechish usullarini bilasiz?
6. Tub modulli n- darajali taqqoslam a yechimlari soni nim a­

ga bog iiq  boiad i?
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29-§. Tub modul bo‘yicha boshlangich ildizlar va indekslar

j  Asosiy tushunchalar: sonning ko‘rsatkichi, boshlang‘ich ildiz, 
g  asosga nisbatan indeksi, ikkinchi darajali taqqoslam a, ikki 
hadli taqqoslama, kvadratik chegirma.

A gar (ö ; m )=  1 b o ig a n d a  ad=  1 (mod/w)“taqqoslam a ö ‘rin li 
b o is a ,  u ho lda  8 son a sonning m modulga k o ‘ra ko 'rsatkichi 
yoki m modul bo yicha a soniga tegishli ko ‘rsatkich deyiladi.

Agar (a ,m )= 1 b o iib , 8=(p(/?7) b o isa , u  holda a son m modul 
bo yicha boshlang‘ich ildiz deyiladi.

B osh lang ich  ildizlar faqatgina m =2, 4, f-, 2pa (r — toq tub 
son, a  > 1 n a tu ra l son) son lar u ch u n  m avjud b o ia d i .  B osh­
lan g ich  ildizlar bevosita hisoblash usulida topiladi.

r  tub  son b o iib , 8 son r  — 1 sonning bo iuvch isi b o is in , u 
holda r  m odul b o ‘yicha chegirm alarning keltirilgan sinflar siste- 
masida 8 ko ‘rsatkichga tegishli sinflar soni (p(8) ta  b o iad i.

Agar g  son r  tub m odul b o ‘yicha b o sh lan g ich  ildiz b o iib , 
(a; r)= 1 bo iganda  gy= a(m od r) taqqoslama to ‘g‘ri b o isa , u hol­
da y > 0 bu tun  son a sonning r modul bo ‘yicha g asosga nisbatan 
indeksi deyiladi va u y=indga kabi belgilanadi.

Agar a son m  songa b o iin m asa , u holda ushbu ax1+bx+c=  
=0 (modm) ko‘rinishdagi taqqoslam a ikkinchi darajali (kvadratik) 
taqqoslama deyiladi.

Agar a son r tub songa bo‘linmasa, u holda ushbu ax"=6(modr) 
(V«eiV) ko‘rinishdagi taqqoslama n-darajali ikki hadli taqqoslama 
deyiladi. A gar (a; m )= 1 b o ig a n d a  taqqoslam a yechim ga ega 
b o isa , u holda a son m m odul buyicha n-darajali chegirma, aks 
holda a son n-darajali chegirmamas deyiladi.

U shbu x ^ i ^ m o d  m) k o ‘rin ishdagi taqqoslam a ik k i hadli 
kvadratik taqqoslama deyiladi. Agar (a\m)=  1 bo iganda taqqosla­
m a yechim ga ega b o isa , u holda a son m m odul bo yicha kvad­
ratik chegirma, aks holda a son m modul bo yicha kvadratik che­
girmamas deyiladi.

U shbu x2 s  a(mod/>) ( (o ;r )= l ,(2 ;r )= l)  ko ‘rinishdagi taqqos­
lam a toq tub modulli kvadratik taqqoslama deyiladi. Agar (a; r)= 1 
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b o ‘lib, a 2 = l(mod/?) bo‘lsa, u holda taqqoslama ikkita yechim - 
p-i

ga ega bo‘ladi, a 2 = -l(m od/>) bo‘lsa, u holda taqqoslam a ye­

chimga ega bo‘lmaydi.
219

1-misol. n inS Lejandr simvolini toping.
a

Yechish. Lejandr simvoli deb ~  kasr songa 1, — 1 ni quyida- 

gicha mos qo‘yish tushuniladi:

a 1, agar a soni p  modul bo‘yicha kvadrat chegirma bo‘lsa;
V/’J [ - 1, agar a soni p  modul bo‘yicha kvadrat chegirma bo‘lmasa.

Berilgan kasr sonning maxraji tub son b o ‘lsa, uning Lejandr 
simvoli topiladi. Buning uchun quyidagi xossalardan foydalanamiz:

1) agar a=b (m od p) bo‘lsa, u  holda — = — ;



9) agar ( p ; q ) =  1 bo‘lsa, u holda f —] = f —] • (-1 ) 2 2

219
Berilgan kasrning Lejandr simvolini topamiz:

1-usul

383-1 3-1

= |9-xossaga ko‘ra| = p |3 j ( - l )  2 2
383-1 3-1 ______ 383-1 73-1

" 2  _

= ( I j i - i )191'1 ( | | ) ( - 1 )19136 = - ( I )  • = |5,6-xossalarga ko‘ra| =

32 -1 732 -1

= - ( | ) -  (^ -)  = |8-x °ssaga k °‘ra | = - ( - 1) 8 - ( - 1) 8 =

= - ( - 1) ( - 1)666 = 1.

D em ak, = 1. B undan jc2 = 219 (m od 383) taqqoslam a

uchun 219 kvadrat chegirma bo ‘ladi, ya’ni hosil qilingan taqqos­
lama kamida bitta yechimga ega.

2-usul. ( | 1| )  = | ^ j  • 1̂ 1 ) tenglikdan foydalanib, ko‘paytuv- 

chilam i alohida-alohida topish mumkin:

383-1 ¡3-1 , . 32- l

383-1 73-1 , , , /
I 2-3 ’

73

732 —1
2 _

- ß H - «

Bundan g l )  = (J j ) . = 1.1 = 1 kelib chiqadi.
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3-usul. Berilgan — - kasming maxraji suratidan katta b o ‘lga-
383

ni uchun 9-xossani q o ‘IIash mum kin:

2 1Я

7 - 1

= ( - l ) 2 =1.

D em ak, fШ )  = T ____
V 383 У

3832-misol. —  ning Yakobi simvolini aniqlang.

Yechish. Yakobi simvolining Lejandr simvolidan farqi Yakobi 

simvoli o ‘zaro tub  bo'lgan a va m (m> 1) sonlardan tuzilgan —
m

u ch u n  an iq lanad i. j belgilash «a n ing m m odul b o ‘yicha 

Yakobi simvoli» deb o ‘qiladi. Yuqoridagi misoldagi Lejandr sim ­

volining xossalari va (—) = ( — -— ) = ( — j .....f — | xossadan:
\m ) \ P \ - P n )  K P i )  \ P n )

D em ak , y a ’ni x2 = 383 (m od 219) taq q o slam a

uchun 383 kvadrat chegirma emas.
3-m isol. p = \ l  m odul b o ‘yicha g =  6 boshlang‘ich ildizning 

indekslar jadvalini tuzing.
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Yechish. p  tub m odul b o ‘yicha boshlang‘ich ildiz bu shunday 
g  chegirmalar sinfiki, uning uchun g ^  = (m od p) bo ‘lib, p— 1 dan 
kichik natural darajalarda m odulda 1 bilan taqqoslanmaydi.

g =  6 ning m od 17 da boshlang‘ich ildiz b o ‘lishini tekshira- 
miz. Buning uchun  p — 1 ning n b o ‘luvchilarida 6n = 1 (m od p)
shartni tekshiram iz:________________________

p  =  17, p  — 1 =  16, 16 ning natural bo ‘luvchilari n=  1, 2, 4,
8, 16. Bundan:

61 s  6 (m od 17);
62s 2  (m od 17);
64 = 4 (m od 17);
68 = 16 (mod 17);
616=1 (mod 17).
Demak, 17 m odulda 6 boshlang‘ich ildiz bo ‘ladi. 6°, 61, 62, 

..., 615 lardan 17 m odul bo ‘yicha taqqoslamalar tuzamiz:

65 = 7 (mod 17);

66 s  8 (mod 17);

67 s  14 (mod 17);

68 = 16 (mod 17);

69 = 11 (mod 17);

6° = 1 (mod 17) 610 s  15 (m od 17); 

6й s  5 (mod 17);

612 = 13 (mod 17);

613 s  10 (mod 17);

614 = 9 (m od 17);

615 = 3 (mod 17). 

Tu7ilgan taqqoslam alar yoidamida quyidagi jadvallarni tuza-

6‘ = 6  (mod 17)

62 s  2 (mod 17)

63 s  12 (mod 17 

64 a 4  (m od 17)

miz:
1-jadval

N 0 1 2 3 4 5 6 7 8 9

0 0 2 15 4 11 1 5 6 14

1 13 9 3 12 7 10 8

1-jadval uchun taqqoslamalaming ikkinchi tom onidagi songa 
mos daraja topiladi.

2-jadval uchun taqqoslamalarning birinchi tom onidagi dara- 
jaga mos qoldiq topiladi.
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2-jadval

0 1 2 3 4 5 6 7 8 9

0 1 6 2 12 4 7 8 14 16 11

1 15 5 13 10 9 3

4-misol. 15x19 = 28  (m odl7) taqqoslamani yeching.

Yechish . 15x19 s  28 (m odl7) ta q q o slam an i taq q o slam a  
xossalari yordam ida soddalashtiram iz: 15x3 s i l  (m o d l7 ). H o- 
sil b o ‘lgan taqqoslam an ing  indekslar xossalariga k o ‘ra, 
in d i5 + 3 indx  s  ind i 1 (mod 16) taqqoslamani hosil qilamiz.

Y uqorida tuzilgan jadvaldan in d i5 = 10, in d l l  = 9 larni to - 

pamiz:

10 + 3 indx  = 9 (  mod 16),
3 indx  = -1  (m o d  16).

(3,16)=1 ekanligidan taqqoslam a yagona yechimga ega. Taq-

3indx = 15 (mod 16); 
qoslama xossalaridan . , _ . , t ^. lam i va 2-jadval yor-

mdx s  5 (m od 16)

dam ida x  = 1 (mod 17) yechimni hosil qilamiz.
Tekshirish:

15• 719 - 2 8  = -2 (7 2 )97 - 1 1  = -2 (4 9 )9 • 7 -1 1  = - 2 ( - 2 )9 - 7 -1 1  = 

- 2 ( - 2 )5 • ( - 2 )4 7 -1 1  s  -2 ( -3 2 )  • 16 • 7 -1 1  s  -2  • 2 • ( -1 )  -7 -1 1  = 
s  2 8 -  l i s  17 = 0 (mod 17).

D em ak, 15 -719 - 2 8  s 0 .

KSv Misol va mashqlar /

1. Lejandr simvolini toping:

U . | H ) .  1.2. ( f ) .  1.3. %
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2. Yakobi simvolini toping:

21- (§ )■  2-2- (§ )■  2-3- ( i ) -

2.4. f f i l .  2.5. í ^ ] .  2.6 r3153
607) '  1643j ' V1201

2-8' S ) '  2-9- ^ '
3. Quyidagi taqqoslam alam ing yechim lar sonini aniqlang:

3.1. x 2^  3 (m od 31). 3.2. x2 ^  2 (m od 31).

3.3. 5 (m od 73). 3.4. x2 = 3 (m od 101).

3.5. x2 = 226 (m od 563). 3.6. x2 a  429 (m od 563).

3.7. x2 = 579 (m od 821). 3.8. x2 ^  728 (m od 919).

3.9. x2 = 847 (m od 1087). 3.10. x2 = 3766 (m od 5987).

4. Quyidagi tasdiqlam i isbotlang:
4.1. B iror m m odul b o ‘yicha tuzilgan b itta  sinfning chegir- 

m alari shu m odul b o ‘yicha bir xil k o ‘rsatkicliga tegishli bo'ladi.
4.2. Agar (a\ m )= 1 bo 'lganda aS sl(m odm ) b o ‘lsa, u  holda 

a°, a \  sonlar sistemasi m m odul b o ‘yicha o ‘zaro taqqos- 
lanmaydi.

4.3. Agar 8=cp(m) b o ‘lsa, u holda a°, a 1, ..., a 8-1 sistem a m 
m odul bo‘yicha chegirmalaming keltirilgan sistemasini tashkil qi- 
ladi.

4.4. a son m  m odul bo‘yicha 8 ko‘rsatkichga tegishli b o ‘lsa, u 
h o ld a  a r=<xyi (m odw ) taqqoslam a o ‘rin li b o ‘lishi u ch u n  
Y=y, (modS) taqqoslam aning o 'rin li b o ‘lishi zarur va yetarli.

4.5. y =  0 (m o d 8 ) b o ‘lganda va faqat shu holdagina 
ay =  l(m od m) taqqoslam a o ‘rinli bo iad i.



4.6. a sonn ing  m  m odul b o ‘yicha 5 ko ‘rsatkichi (p(w)ning 
boiuvchisi b o ‘ladi.

4.7. A gar a son m m odul b o ‘yicha 8 k o ‘rsatkichga tegishli

b o ‘lsa, u holda ak soni shu modul b o ‘yicha ko‘rsatkichga
tegishli bo iad i.

4.8. Agar (S;&)=1 b o ‘lsa, u holda o son 8 k o ‘rsatkichga te ­
gishli bo iad i.

4.9. r tu b  m odul b o ‘yicha tuzilgan r — 1 sonning har b ir 8 
bo iuvch is i (p(S) ta sinfning ko 'rsatk ichi b o ia d i. Aususiy holda 
(p(r — 1) ta bosh lang ich  ildizlar sinfi mavjud.

5. a sonining m modul b o ‘yicha tartibini aniqlang:
5.1. a =  2, am =  5.
5.2. a =  4, m = 5.
5.3. a =  5, m =  8.
5.4. a =  10, m =  13.
5.5. <3 =  4, m =  15.
5.6. a =  2, m =  15.
5.7. <3 =  2, m  =  17.
5.8. a = 7 ,  m =  20.
5.9. a  =  7, m =  22.
5.10. o =  7, am =  43.
5.11. a =  5, m =  108.
5.12. o =  2, am =  133.
6. o, b, c, d  sonlam ing mj m odul b o ‘yicha tartibini aniqlang:
6.1. o =  7, b =  9, c =12; am =13.
6.2. o =  5, 6 =  8, c =  13; am =17.
6.3. a =  5, b =  8, c =10; d  =16; am =13.
6.4. o =10, 6 =  25, c  =  50; am =  39.
6.5. o =  5, b =15, c  =  21; d  =  35; am =  44.
7. Berilgan m odul bo 'yicha barcha boshlangich  ildizlami to ­

ping:
7.1. 11. 7.2. 13.
7.3. 15. 7.4. 19.
7.5. 49. 7.6. 81.

255



8. Berilgan m odul b o ‘yicha b o sh lan g ich  ildizlar sonini va 
ulam ing eng kichigini toping:

8.1. 10. 8.2. 18. 8.3. 19.
8.4. 31. 8.5. 37.
9. Berilgan m odul b o ‘yicha boshlang‘ich ildizlam ing eng ki­

chigini toping:
9 .1 .7 . 9 .2 .17 . 9 .3 .23 .
9.4. 41. 9.5. 53. 9.6. 50.
9.7. 54. 9.8. 71. 9.9. 242.
9 .10 .289 . 9 .11.578. 9 .12.625.
10. r modul b o ‘yicha g  asosga ko‘ra indekslar jadvalini tuzing:
10.1. p  =  3, g =  2.
10.2. p  =  5, g =  2.
10.3. p  =  5, g = 3.
10.4. p  =  7, g =  3.
10.5. p  = 7 , g =  5.
10.6. p — 11, g  = 2.
10.7. p  = 13, g = 2.
10.8. p  =  29, g = 2.
11. Indekslarning quyidagi xossalarini isbotlang:
11.1. a = b (m od r) o  inda =  ind 6.
11.2. Agar (a;r)=  1, (b;r)=  1 b o isa , u holda ind(aA )= inda+  

+ in d 6(m od p — 1) bo iad i.
11.3. A gar (a;r)=  1 va V n e N  b o is a ,  u ho lda ind(a")=  

=n ■ inda (m od p — 1) taqqoslam a o‘rinli bo iad i.

11.4. = indo  -  indb (mod p -  1) taqqoslam a o ‘rinli.

11.5. ind 1 =  0, ind^g =  1.
12. Quyidagi taqqoslam alam i yeching:
12.1. 7jc = 23  (m od 17).
12.2. 5x=  13 (m od 27).
12.3. 8x  = — 11 (m od 37).
12.4. 47x=  23 (m od 73).
12.5. 53x=  37 (m od 79).
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2.6. 125л:з 7 (m od 79).
2.7. 65.x = 38 (m od 83).
2Г8. 23x s  9 (mödh97).
2.9. 3 7 x s  5 (m od 221).
3. Quyidagi ikkinchi darajali taqqoslamalarni yeching:
3.1. X 2 s  15 (m od 17).
3.2. X 2 s  10 (m od 27).
3.3. X 2 3  47 (m od 53).
3.4. X 2 3  58 (m od 61).
3.5. X 2 3  59 (m od 67).
3.6. X 2 3  - 2 8  (m od 67).
3.7. X 2 3  54 (m od 71).
3.8. х ^ 4 0  (m od 83).

*14 ? g f t ( m n r i i n
3.10. 2X2 — 7x +  28 3 0 (mod 43).
3.11. Зх2 — 8x +  44 3 0 (mod 47).
3 .1 2 . х 2 з 2 9  (m od 59 2).

3.13. X 2 = 61 (m od 732).
4. Quyidagi taqqoslamalarning yechim lar sonini aniqlang:
4.1. х 15з 6 (m od 37).
4.2. x i63 10 (m od 37).
4.3. Зх3 3  2 (m od 37).
4.4. 7x7 = 11 (m od 41).
4.5. Зх12з 3 1  (m od 41).
4.6. 5х30з 3 7  (m od 41).
4.7. X 5 3  3 (m od 71).
4.8. X 21 = 5 (m od 71).
4.9. X 15 = 46 (m od 97).
4.10. х*5з  17 (m od 97).
4.11. X 60 3  79 (m od 97).
5. Quyidagi ikkihadli taqqoslamalarni yeching:
5.1. X 10 = 33 (m od 37).
5 .2 . X 3 3  3 4  (m o d  4 1 ).

5 .3 . Xs г  31 (m o d  41) .
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15.4. X 12 s  37 (m od 41).

15.5. *5 = 37 (m od 43).
15.6. X17 = 39 (m od 43).
15.7. х*5^ 1 7  (m od 67).
15.8. X30 = 1 4  (m od 67).
15.9. x ^ = 2 7  (mod 83).
15.10. x48e  2 (mod 97).
16. Quyidagi ikkihadli taqqoslam alam i yeching:
16.1. 3 x ^ 4  (m od 7).
16.2. 2x8 = 5 (m od 13).
16.3. 15x4 ^  17 (m od 23).
16.4. 27X5 = 25 (m od 31).
16.5. 1 Зх3 = 24 (m od 37).
16.6. 37X8 s  59 (m od 61).
16.7. 2 3 ^ =  15 (m od 73).
16.8. 37X6 = 69 (m od 73).
16.9. 37x15 = 62 (m od 73).
16.10. 44x21 = 53 (mod 73).
16.11. 27x30^ 4 1  (m od 79).

? / Takrorlash uchun savollar

1. Sonning modulga ko‘ra ko‘rsatkichi deb nimaga aytiladi?
2. Sonning modul bo ‘yicha boshlang‘ich ildizi deb nimaga ay­

tiladi?
3. Sonning m odul bo‘yicha indeksini tushuntiring.
4. Indeksning qanday xossalarini bilasiz?
5. n-darajali ikki hadli taqqoslama deb nimaga aytiladi?
6. n -darajali ikki hadli taqqoslam a yechim lari soni nech ta  

boiadi?
7. Tub m odulli ikki hadli kvadratik taqqoslamaning yechimlari 

nechta?
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X III  MODUL. KO T H  AI) LAR

30-§. Bir o‘zgaruvchili ko‘phadlar

J  Asosiy tushunchalar: «-darajali ko‘phad, ko 'phadning ildizi,
Bezu teorem asi, algebraik teng ko‘phadlar, funksional teng
ko‘phadlar.

Agar an *  0 b o isa , u holda ushbu

anx n+an̂ lx n' l+ ...+ a]x+ a0= Y i aix ‘ (a ^ K , i= 0 ,n ,  V neN)
/=0

ifoda K maydon ustidagi n-darajali ko'phad  deyiladi.
Agar K  butunlik  sohasining b iro r c elem enti uchun f[c )= 0 

tenglik o ‘rinli b o isa , u holda c elem ent / ( x )  ko‘phadning yoki 
/ (x)=0  tenglamaning ildizi deyiladi.

Bezu teorem asi. f ( x )  ko ‘phadni x  ~  c ikkihadga bo ‘lishdan 
hosil bo ‘Igan qoldiq / ( c )  ga teng.

x= c element f { x )  k o ‘phadning ildizi bo'lishi uchun f ( x )  ning 
x~ c  ikkihadga bo‘linishi zarur va yetarli.

Agar Cj, c2, ..., ck lar f ( x )  ko‘phadning turli ildizlari b o isa , u 
holda / ( x )  ko‘phad (x — c,)(x — c2)...(x — ck) ko‘paytmaga bo‘- 
linadi.

N oldan farqli o-darajali ko‘phad (« > 1 )  AT butunlik sohasida 
n tadan ortiq ildizga ega emas.

Agar f{x)& K [x\ va 0^(p(x)e A^x] ko‘phadlar berilgan b o iib , 
shunday  g(x)eA ^x] k o ‘phad  top ilsak i, natijada  /(x)=<p(x)g(x) 
tenglik o ‘rinli b o isa , u holda f ix )  ko‘phad cp(x) ko‘phadga bo‘- 
linadi deyiladi va u / ( x )  : ecp(x) yoki /fx)/(p(x) ko‘rinishlarda bel- 
gilanadi.

0 ‘zgaruvchining bir xil darajalari oldidagi koeffitsiyentlari teng 
b o ig a n  ko‘phad lar o ‘zaro algebraik m a ’nodagi teng k o ‘phadlar 
deyiladi.
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Agar o ‘zgaruvchining biror cheksiz sohadan olingan har qan- 
day qiymatlariga mos keluvchi ko‘phadlarning qiymatlari ustm a- 
ust tushsa, u holda bunday ko‘phadlar o ‘zaro funksional m a ’no- 
dagi teng ко ‘phadlar deyiladi.

Berilgan / (x )  = anx n + ... + a¡x + a0 ko 'phadni 

g (x)=  b jT +  + ...+  6,x  + ô0 

ko‘phadga b o ‘lishni quyidagi jadval asosida bajarish mumkin:

a n « л - 1 O n - 2 Q m - 1 * 0

b m a n h
и Ч  bm

h  0/1 
b m - 2 T m

b m - i < V i  -  <*i
° m -1 L 

bm

b

A>

Q’m  ~  ® n - m A a m  n - m  

m bm

A <* m ~ ® m - n
'  L

a n

b m

Cn-m

an-\ ~ CT1 a n  2 ~ a 2 ^ m - \  ~  ^ m -1 a 0 "  § 0

* -n -m - i

bm

Сn m 2 C0

d m . , ^ 0

1-m isol. g (x)eZ [x], f ( x )  = x 4 + ax ' +  bx1 — 8x + 4 uchun  
f ( x )  = (g (x ))2 shartn i qanoa tlan tiru v ch i barch a  a va b bu tu n  
sonlarni toping.

Yechish. f  (x) ko ‘phadning  darajasi 4 ga teng. D em ak, g(x) 
ning darajasi 2 ga teng. g(x) =  m x2 + nx + P, m *  0 b o ‘lsin. 
Bundan

(g(x))2 =  (mx2 +  nx + p)2 =

=  rrtx4 +  2mn(xi +  Imp  +  «2)x2 + 2 np +  p2. 

f  (x ) =  (g (x ) )2 dan quyidagi sistemani hosil qilamiz:
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т 2 = 1,
2 п т  -  а ,

• 2 тр + п 2 = Ь, 
2пр = - 8,

S istem adan т =  ±1 va р  =  ±2 larni hosil qilsak, u quyidagi
4 ta sistemaga ajraladi:

T—4IIs IIS m = 1, inS

p  = 2 , P = - 2 , p  = 2, P = ~2,
n = - 2 , 2) ■n =  2 , 3) • n = ~. 2, 4) • n = 2,
a  = -4 , a = 4,

1T= 0 ; -
a  = 4,
£  = 0r

a = -4 ,
U 00 = 0, D — o.

D em ak, agar a =  —<4 va b =  8 b o isa , g,(x) =  —x2 +  2x — 2 
va g2(x) =  x2 — 2x  +  2;

agar a  =  4 va b =  0 bo‘lsa, g,(x) =  x2 +  2x — 2 va g2(x) =  —x2 —
— 2x  + 2 bo iad i.

2-m isol. Ozod hadi 7 ga b o iin ad ig an  barcha /fx )e Z [x ]  lar 
to ‘plami ÆT halqa tashkil etishini tekshiring.

Yechish. /(x )  =  a j i l+.... + axx  +  7û0, g(x) =  b ^ 1 + ... +  bxx  + 7 b0 
va m >  n bo is in . U  holda

/(x )  + g(x) = b j n + .... +  (an + b y  +.... +  (о, +  bx)x + ('la , +  7 ô0) =  
=  + .... +  (ûn + bn)xT +.... +  (a ,+ è  ,) x  +  7(a0 + ô 0);

/ ( x ) - g ( x  ) = ( - ô J x m+ ...+ (a B- 6 n)x"+ ...+ (ô1- è 1)x+7( ö0- ä 0);
/ ( x )  • g(x) =  х '* '” +  ... +  7 ( а Д  + айЬх)х + 7 • 7a0b0.

Bundan / ( x )  +  g(x), / ( x )  -  g(x) v a / ( x )  • g(x) lar AT to ‘p- 
lamning elem entlari ekanligi kelib chiqadi.

Dem ak, К  Z[x] ning qism halqasi.

3-m iso l. f  (x )eZ [x ], deg/(x) < 4 uchun  b archa  â  e Z 5 da 

/ ( â ) = Ü  b o is a , / ( x )  — nol ko‘phad ekanligini isbotlang.

Yechish. / ( x )  = ôx4 + 6x 3 + ex2 + dx + ê  bo isin . U holda
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/ (  0) = ?  = 0,

/  ( 1) = ä  + b + c  + d  + e = 0 , 

/ ( 2 )  =  ä  + 3b + 4c + 2 d  + ê  = 0 ,  

/ ( 3 )  -  ci + 2b + 4c + 3d  + e = 0 ,  

/ ( 4 )  = a  + 4b + c_±4d + ë  — Ö,

y  a m

fl +  b + с + d  =  0,  

f l  + 3 6  + 4 c  + 2 d  =  0,
_  _  _  <=> 

а + 2b  + 4 c  + 3d  = 0 ,  

ä  + 4 b  + c  + 4 d  = 0

ä  + b + c + d  = 0 , 

2b + 3c + d  =  0 ,  

b + 3c + 2d  =  0 ,  

3b + 3 ¿  = 0.

<=>

a + b + с + d  = 0 ,

b - d = Ö ,  _
«  -Í _  _  _  < = > ö = ö = c = f l = 0.

6 + 3c + 2 d  = 0,

b + d = Ö .

D em ak, / ( x )  — nol ko‘phad.

4-misol. f ( x )  =  x 19+x17+ x 13+ x1I+x7+x5—6л3 ning g(x)=x2—1 ga 
Z[x\ halqada bo iin ish in i isbotlang.

Yechish.

f ( x )  = (X19 -  X17) +  (Ix17 -  2x15) + (2a" -  2x13) +  (Зх13 -  3x1]) +  

+  (4xu — 4x9) + (4x9 — 4x7) +  (5x7 — 5X5) +  (бх5 — бх3) =

= x ^ x 2 — 1) +  2x 15(x2 — 1) + 2xI3(x2 — 1) +  Зх*^*2 -  1) +

+  4 x 9(x 2 — 1) +  4 x 7(x2 -  1) +  5xs(x2 -  1) +  6 x 3(x 2 — 1).

/ ( x )  ko ‘phadlarning har bir hadi g(x) ga bo iinganügi uchun  
Z[x]  halqada / ( x )  : g(x).

5-misol. Ä[x] da / (x) =  (x -  2) 100 + (x -  l )50 +1 ko‘phadni 
g(x) =  x2 -  3x +  2 ko‘phadga boigandagi qoldiqni toping.

Yechish. Qoldiqli b o ‘lish haqidagi teorem aga asosan / ( x )  =  
= g(x)h(x) +  r(x) va degK*) < 2, ya’ni r(x) = a x +  b. Bundan 

(x -  2) 100 +  (x -  l )50 +  1 =  (x2 -  3x -  2)h(x) + flx +  b.
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g (l)= g (2)=0  ekanligidan foydalanib, x = l va x=2  qiym atlam i 
tenglikka qo‘yamiz va quyidagi sistemani hosil qilamiz:

j a  + F^~ 2, ja = Ü ,
[2a + b = 2 ^ { ¿  = 2.

Demak, r(x) = 2.
6-misol. f ( x )  = 4л5 — бх3 +  2X2 — 4 ko‘phadni g(x) = 2k2 — 5x + 1 

ko‘phadga Q [x] da b o ‘ling.
Yechish. Jadval tuzamiz:

4 0 - 6 2 0 4

2 4 - 1 0 2

- 5 10 -2 5 5

1 17 — 8 5= -

2
—w —

2

79 395 79

2 4 4

2 5 17 79 361 95

2 4 4 4

Demak, f ( x )  = g ( x ) [ 2 x 3 + 5 x 2 + y X  + ^ j  + ^ i x - 2 1 .

7-misol. jR[x] da berilgan / (jc) =  2x7 +  Ax’ — x4 — бх3 — x2 +
— 3x — 2 ko‘phadni g(x)=2x3 — 1 ikkihadga boiing .

Yechish.

2 2 0 4 - 1 - 6 - 1 3 - 2

- 1 - 1 0 - 2 0 3

1 0 2 0 - 3 1 3 - 5

Demak, f ( x )  =  g(x)(x4 +  2X2 — 3) +  (x2 +  3x — 5).

8-misol. f ( x )  =  2x7 +  4X5 — x4 — бх3 — x2 + 3x — 2 ko‘phad- 
ni g(x) = x2 +  1 ikkihadning darajalari bo ‘yicha yoying.
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2 0 4 - 1 - 6 - 1 3 - 2

1 2 0 2 - 1 - 8 0

2 0 2 - 1 - 8 0 11 - 2

1 2 0 0 - 1

2 0 - Ü —L 1

1 2 0

2 0 - 2 - 1

1

2 0

D em ak, / ( x )  =  2x(x2 +  l )3 +  (—2x — lX x2 +  l )2 +
+  (—8x +  lXx2 +  1) +  l l x -  2.

9-misol. C [x] da berilgan/(x) =  (x +  a + b)2m  -  x2005 -  a2005 -
— b2005 ning g, (x)=x+a  va g2(x)=x+b  ikkihadlarga bo iin ish in i is- 
botlang.

Isbot. f  (x) ko‘phadning x =  — a va x =  b dagi qiymatlarini to- 
pamiz:

/ ( - a )  =  b2005 +  a 2005 -  a2005 -  b2m  =  0 ,

f ( - b )  = a2005 +  b2005 -  a2005 -  b2m = 0.
Bezu teo rem asiga k o ‘ra / ( x )  k o ‘phad  gj(x) va g2(x) larga 

boiinadi.
10-m iso l. Q[x] halqada / ( x )  =  3X2 — 6x 2 +  5x —10 va 

g (x) =  2X3 — 4X2 +  3x — 6 ko‘phadning EKUB, EKUKlarini toping.
Yechish. 2 /(x )  — 3g(x) =  x  — 2 va / ( 2 )  =  g(2) =  0 dan  

( f  g) = x  — 2 kelib chiqadi.

[/><?] = ni e’tiborga olsak, \f, g]=(3x3 — 6a2 + 5x +10)x
\J >6 /

x(2x2 + 3) hosil bo iad i.

11-m isol. Z7[x] halqada / (x )  = x 4 + 4 x 3 + 4 x 2 + 6x  + 6 va

g (x )  = x 3 -  1 ko‘phadlarning EK U Bini chiziqli ifodasini toping. 
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Yechish. f ( x )  va g(x) larning EKUBini topamiz: 
f ( x )  =  g(x)hx(x) +  rx(x) dagi h{(x) = x  + 4 , r,(x) =  í x 2 +  3; 

g(x) = rx (x)hp¿) +  r2(x) dagj h^x) = 2 x, r2(x) =- — 6x —T =  x +  6 ; 

rx(x) =  r2(x)h3(x) da h3(x) = 4 x  +  3.

D em ak, (f, g) — x  + 6 =  r2(x) ekan.
Evklid algoritmi yordamida
/•2(*) =  g(x) -  r¿ x )h 2(x) = g(x) ~  ( f(x )  -  g(x)hl(x))h2(x) =
= f ( x ) ( - h ( x ) )  + g(x)(T + h x{x}h2(x)) 

ifodan i hosil q ilam iz. U nda w(x) =  —h2(x) =  — 2 x  =  5 x  va 

v(x) =  I  + hl(x)h2(x) =  1 + (x  + 4 ) 2x =  2X2 +  x + 1  belgilashlar- 
ni kiritsak, ( f , g ) = f  (x)u(x) +  g(x)v(x) hosil bo iad i.

12-misol. Q[x] halqaning w(x) =  (x2 — 1) + v(x)(x2 +  2x + 1) =  
= x? + 1 tenglam ani qanoatlantiruvchi u(x) va v(x) ko‘phadlarini 
toping.

Yechish. Berilgan tenglamada shakl almashtirish bajaramiz: 
w(x)(x — l)(x  + 1) +  v(x)(x +  l )2 =  (x +  lX x2 — x  + 1) va 

w(x)(x —1) +  v(x)(x +  1) =  x2 — x  +  1 
ga ega boiam iz.

g,(x) =  x  — 1 va g2 (x) =  x + 1 ko‘phadlar uchun (gv g2) =  1

b o ‘lganligi uchun  EK U B ni - j g ¡  (x ) + j g 2 (x ) = 1 ko‘rin ishda

ifodalash mumkin.
Hosil b o ig a n  ifodaning  ikkala to m o n in i (x2 — x  + 1) ga

ko‘paytirsak, —̂ (x 2 - x  + l)g2( x ) + |( x 2 - x + X)g2 (x) = x2 - x  + 1 ga

ega bo iam iz . Bundan berilgan tenglamani qanoatlantiruvchi u(x) 
va v(x) larning xususiy qiymatlari

Uq ( x )  =  - ( x 2 -  x  +  1 ) ,

v0U) = | (x2 - * + 1)

kelib chiqadi.
Demak, berilgan tenglamani qanoatlantiruvchi u(x) va v(x) lar 

quyidagi ko‘rinishda bo iad i:
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1 1w(x) = - - ( x  - x  + l)  + (x  + l)/?(x ), 

v (x ) = ^ ( x 2 — x  + l ) - ( x  —l)/z(x), 

bu yerda h(x) e  Q[x].

Misol va mashqlar

1. Quyidagi ko ‘phadlarning qaysilari teng?

f x (x )  = 5"1085 2 x 3 -  V 4 ^ 2 V 3 x 2 + 2x  -  t g £

f i  (x )  = (l — sin-g-jx2 + ( / - l ) 2 * 2 - / ;

/3 (•*) = - j* 3 + (>/3 -  l ) x 2 -  2 / '2 x  -  /4;

/ 4 (x )  = cos j X 3 + 2 /3x 2 + f  + 2;

/ 5 (x )  = ( i  + tg2 j j x 3 + ( t g | - l ) x 2 - 4 cos2 j X - 2 .

2. c, b, c la rn ing  qanday  q iym atlarida Z [x ]n in g  quyidagi 
ko‘phadlari teng:

2 . 1 . / ( x )  =  ay?{x + 1 )  +  ¿ (x 2 + l ) ( x  — 6 ) +  cx(y?  +  1) va  

g (x )  =  x 2 +  5 x  +  6.

2 .2 ./ ( x )  =  ox(x? +  3) +  i>x(x — 1) +  c(x +  1) va 
g(x) =  2X3 +  Sx2 +  8x +  7.

3. Berilgan halqada /  (x) = (g(x))2 shartni qanoatlantiruvchi 
g(x) ko‘phadni toping:

3 . 1 . / (x) =  x4 +  6X3 +11X2 +  ax  +1 , Z[x\.
3.2. f { x )  =  4x4 + a x 1 -  I ,  Z5[x];
3 .3 ./ ( x )  =  9x4 -12X 3 +16X2 -  8x +  a, Z[x].
4. Z [ x \  ha lqa  uchun  / ( x )  =  ( f ( x ))2 shart o ‘rin li b o ig a n  

barcha a va 6 butun  sonlam i va g(x) ni toping:

/ ( x )  =  x4 +  a x ’ +  bx — 8x +  1.

5. 7— - -  —— = ——r + -Ar + -At shartni qanoatlan tiruv-
( x - l ) ( x - 2 ) ( x - 3 )  x - l  x - 2  x - 3

chi a, b, c bu tun  sonlam i toping.
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6. Berilgan ko‘phadlar berilgan halqalarda funksional tengli- 
gini isbotlang:

6.1 . f { x )  = x 3 — 2X2 va g{x) =  x2 — 2x, Z3[x].

6.2. f i x )  =  2X2 +  x  +1 va g(x) =  2X3 +  2X2 +  2 x  + 1, Z3[x].

6.3. / (x) =  x 10 +  4X2 va gix) =  4X5 +  x, Z5[x],

7 . / ( x )  k o ‘phad g(x) ko‘phadga berilgan halqada boiinadim i?
7.1. / ( x )  =  (3X2 -  2x -  lXlOx3 +  lOx -  20) +  2x4 -  2, 

g(x) =  5 x 2 - 5 ,  Z[x] va Q[x].
7 .2 ./ ( x )  =  x2 +  x +  1, g(x) =  x  -  1, Z3[x].
7.3. /  (x) =  x 100 +  x98 +  x96 +  ....+ x4 +  x2 + x  — 

g(x) =  X2+1, C [X ],

8. /  (x) ning gix) ga b o ‘linishining zaru r va yetarli shartin i 
aniqlang:

8. 1. f i x )  = x3 +  bx + c, g(x) = x 2 + ax  —1, /?[x].
8.2. f i x )  = x3 +  bx + c, gix) =  x  2 +  1, Z[x].
8.3. f i x )  =  x4 +  bx2 +  c, g(x) =  x2 +  ax +  1, Z[x].
9. Qoldiqni toping:
9.1./(x) =  x10000 +  x1000 +  x100 + x10 +  x -  1, g(x) =  ¿c-1 , (Z[/])[xJ.
9 .2 ./(x ) =  x50 +  x26 +  x20 +  x15 +  x10 +  x +  1, g(x) =  x5 — 1; Z[x].
9.3. f i x )  = x 1982 + x99' +  1, gix) = x 2 -  1, Z [x \.
9.4. / ( x )  =  x 1982 +  x  +  1, gix) = x2 — (1+  i)x  + i; C [x].
9.5. f i x )  = x KX) +  a99 -2X 98 -  3X3 + 2 x +  5, ¿(x) =  Jt2 + x -  2; Z[x],
10. Qoldiqli b o iish n i bajaring:
10.1./ ( x )  = 3 ^  + x4 — lOx3 +12X2 +10x — 8, 

gix) = 3X2 + x  -  1; Q [x].
10.2. f i x )  =  (2/ +  3)x3 — 4/x +  / — 2; g(x) =  x2 +  /, C[x].

1 0 .3 . / ( x ) =  4 x 3 +  2X2 — x + 1, g(x) =  2 x  +  3; Z5[x].
10.4. f i x )  =10x7 -  36X6 +13X5 +  38x4 -  6X3 + 3X2 -  20x -1 3 , 
gix) =  2X2 — 4x — 3, fl[x],
11. Z \x ] da / (x) ni g(x) ga bo iganda  rix) =  3X2 — 4x +1 qol- 

di. Agar deg^(x) =  5 b o isa , u holda ( /  (x))2 ni g(x) ga b o ig an - 
dagi qoldiqni toping.
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12. i?[x] da f  (x) ni g(x) ga b o ig a n d a  3, (/(x) )2 ni (g(x))2 ga 
b o ig an d a  9 qoldiq qoldi. f ( x )  ni (gix))2 ga bo igandag i qoldiqni 
toping.

13. Berilgan halqada / ( x )  ni g(x) ga bo iing :
13.1. y (jc) =  10x4—23x3+ 26x2—9x—2; g(x) = 2 x ~ 3; Z [ x \.
13.2. f i x )  = (2 + 2/bf4—6x3+('2—4/ ^ + ¿ 1 -+ -  11/ >x +-^=& : 

g(x) = (1 i)x  +  3/; C [x].
13.3. f i x )  = 2x> + 12,5X3 - 4 x2 + 5,5x  -  2,5; 

g(x) = 4x*+ l-L Q [xl
13.4./ ( x )  =  — 5x6+ 5 x 5—2x 3+ 3 x 2—2 x  +  5; 

g(x) =  6X3 +  4 ;  Z7[x].
14. f ( x )  ko‘phadning x0 nuqtadagi qiymatini toping:
1 4 .1 . f  (x )  =  x 4—3 x 3 +  6x 2—lO x +  16; x 0= 4 ,  Z [ x ] .
14.2. f ( x )  =  x5 +  (1 + 2/ )x4 -  (1 +  31 )x2 + 7 ,xX) = - 2 -  i, C(x).
1 4 .3 . / (x ) =  x 5+ x 4+  3 x 2+  1, x 0=  3 , Z 5[x ].
14.4./ ( x )  =  x3—(1 +  V2 )x2+ ( l  + J 2 ) ,  x0= l - V 2 ,  

0 [(V 2 )][x],
15. H ar qanday aeAT uchun /(x )e £ [x ]k o ‘phad g(x) =  x — a 

ikkihadga bo iin ish in i isbotlang.
15.1. / ( x )  =  x7 — x; K  =  Z7.
15.2. / ( x )  =  x10 — x5; Z5.
15.3. / ( x )  =  x p — x; K  =  Zp.
16. i?|xj halqada n — toq natural sonlar uchun / (x )  =  (x +  a+  

+  b)4 — x4 — a4 -  b4 k o ‘phad g 1(x )= x+ a va g2(x)=x+b  ikkihad- 
larga bo iin ish in i isbotlang.

1 7 ./ ( x )  ko‘phadni x ~  a darajalariga yoying:
17.1. / ( x )  =  x4 — 2X3 +  3X2 — 5x +  1, a =  1; Q[x\.
17.2. / ( x )  =  2x4+  x3 +  x2 + 2 ,  a =  1; Z3[x].
17.3. / ( x )  =  x5 — 'iix ’ — 4x2 +  5ix —1, a  =  — C [x].
18. Berilgan ko‘phadlam ing EK U Bini toping:
18.1. / (x) =  x3 +  3X2 — 2, g(x) =  x3 +  3X2 — x — 3.
18.2./ ( x )  =  x4 + x3 — 3X2 — 2x — 2; g(x) =  —x3 +  3a2 +  2x  +  2.
18.3. / ( x )  =  2X3 +  x2 +  4x +  2, g(x) =  2X3 +  x2 +  6x  +  3.



19. Evklid algoritmi yordamida berilgan ko‘phadlar EK U B ini 
toping.

19.1. f i x )  =  x3 +  x 2 — x  — 6; g(x) =  x3 +  x2 —lOx — 6, Q[x].
19.2. /  (x) = x4 +  x3 +  x 2 +  x +  1, 

g(x) =  Ax’ + 3X2 +  2x + 1, Q\x\.
19.3./(x) =  x3 +  3x2 +  2 x +  I ,  g(x) =  x3 +  2 a2 + x +  2 , Z5[x].
19.4. /  (x) =  x4 +  2ix3 — 2X2 — 2/x +  1; 

g(x) =  x3 +  (/' +  ^ x 2 + ix, C [x],
20. Berilgan ko ‘phadlar EKUKini toping.
20.1./ ( x )  =  2X3 +  7X2 +  4x — 3, g(x) =  x3 + x2 — 3x +  1, 0[x].
20.2. f i x )  =  x 1 +  6X2 +  4 x  +  1, g(x) =  x3 +  x2 +  3x  — 4, Z,[x].
20.3 . f i x )  =  x 3 — x2 + 3x — 3, g(x) =  X4 +  2x3 + 2 x — 1, 7?[x].

2 0 . 4 . /  (x )  =  x? +  2 /x 3 — 2X2 — 2/x  +1,
gfx) =  x3 +  (i + 1 )x2 +  ix, C fxl.___________

21. Berilgan ko‘phadlar EKUBining chiziqli ifodasidagi u(x) 
va v(x) larni toping.

21.1 f ( x )  =  x3 +  5X2 +  6x +  2, g(x) =  x2 +  6x +  5; Q[x];
21.2./ ( x )  =  x3 +  3a2 +  2x + 1 ,  g(x) =  x3 +  2X2 +  x  +  2, Z5[x].
2 1 .3 ./  (x) =  4x4 — 2X3 — 16X2 +  5x +  9, 

gix) = 2x" — x2 — 5x + 4, Q[x].
22. A"[x] halqada /(x)m (x) + g(x)v(x) =  cp(x) tenglam aning  

barcha yechim larini toping.
22A. f ( x )  = x2 — 1, g(x) =  x 1 — 2x + 1; <p(x) =  x3 — 1, K =  Q.
22.2.f i x )  =  x3 — 1, ¿(x) =  x2 + 3, tp(x) =  x3 — 2X2 + x, K =  Z5.
23. C[x] h a lq ad a  /  (x)w(x) +  g(x)v(x) +  /z(x)(p(x) =  S ix )  

tenglama yechimga ega ekanhgini tekshiring. Bu yerda /  (x) =  x4 +  
+  2X2 +  1; gix) =  x3 — x2 +  x  — 1; /z(x) =  x2 +  (/ +  l )x  + i; 
Six) =  x2 +  (/ — l)x  — /.

24. AT m aydon ustida berilgan k o ‘p h ad la r uchun  quyidagi 
xossalarni isbotlang:

24.1. i i f i x )  : <p(x)) A  (<p(x) : y (x)) => ( /(x )  : v|/(x)),
(<p(x) *  0 , v|/(x) *  0 ) .

24.2. (/¡ix) : <p(x)) (/¡(x) ± / 2(x) ± ... ± f j x ) ) ! <p(x) 
i i= l ,m ) ,  (<p(x) * 0).
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24 .3 . Д х )  (v = l,m )  ko‘phadlarning kam ida bittasi cp(x) ф 0 ga 
bo iinsa , u  holda ulam ing ko‘paytm asi ham  ф (х) ga b o ‘linadi.

24 .4 . Agar Д х )  ( i= l ,m )  ko ‘phadlarning har biri ф (х) ф 0 ga 
bo‘linib, g-(x) lar ixtiyoriy ko‘phadlar b o isa , u holda (/J (x)#, (x) ± 
± /2(x)&(x)± ... ± f m(x )g jx ) )  ф (х) b o iad i.

2 4 .5 . H a r qanday  / ( x )  ко ‘phad  ix tiyoriy  ao lin ch i darajali 
ko‘phadga boiinadi.

2 4 .6 . / ( x )  : ф (х) =>f(x) : аф (х) ( 0 ^  a e K  maydon, ф (х) ф 0).

2 4 .7 . f ( x )  ^ 0  va ф (х ) ф 0 ko ‘p had lar b ir-b iriga b o iin sa , u 
holda ular bir-biridan o ‘zgarmas a ф 0 ko ‘paytuvchi bilan farq qi- 
ladi.

V . Takrorlash uchun savollar

1. K o‘phad darajasining xossalarini ayting.
2. K o‘phadni ikkihadga b o iish n i tushuntiring.
3. K o‘phad ildizi va uning xossalarini ayting.
4. K o‘phadlarning tengligi (algebraik, funksional).
5. Qoldiqli b o ‘hsh haqidagi teorem ani tushuntiring.
6. Evklid algoritmi qanday tuziladi?

31-§. Ko‘p o‘zgaravchili ko4phadlar

y  Asosiy tushunchalar: ko‘p o‘zgamvchili ko‘phad, ko‘phadning 
darajasi, bir jinsli k o ‘phad, leksikografik yozilgan k o ‘phad, 
sim m etrik ko‘phad, asosiy (elem entar) simm etrik ko‘phadlar, 
ko‘phadlarning rezultanti.

K am ida ikkita o ‘zgaruvchiga b o g iiq  b o ig a n  k o ‘phad  k o ‘p
о ‘zgaruvchili ko ‘phad  deyiladi.

n ta  n o m a iu m li k o ‘phad  x “' X2' ...xy„'' k o ‘rin ishdagi chekli 
sondagi hadlam ing algebraik yigindisidan iborat.

n ta  x ,,x 2, .. .,x n o ‘zgaruvchili k o ‘p h ad  f ( x l ,x2, . . . ,x n)=

П
= о,x “‘ x \ { ...x l‘ ko‘rinishda b o iad i. Bunda a¡eK.

/=1
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n ta  n o m a iu m li ko ‘phadning darajasi deb, bu ko‘phaddagi 
qo‘shiluvchilar darajalarining kattasiga aytiladi.

Barcha q o ‘shiluvchilarining darajalari bir xil bo‘Igan ko‘phad 
bir jinsli ko ‘phad  yoki form a  deyiladi.

/ ( x , ,x 2,...,xn) ko ‘phad berilgan b o iib , uning ikkita hadidan 
qaysi birida x, ning darajasi katta b o isa , o ‘sha had yuqori had 
deb yuritiladi. Agar bu hadlardagi x, ning darajasi teng b o iib , 
qaysi birida x 2 ning darajasi katta b o isa  o ‘sha had yuqori deb hi- 
soblanadi va h.k.

/ ( x , ,x 2,...,x rt) k o ‘phadni b irinchi o ‘rinda eng yuqori hadni, 
ikkinchi o ‘rinda qolgan hadlar orasida eng yuqori b o ig a n  h ad ­
ni va shu ja ray o n  oxirgi had uchun  yozilgan b o is a ,  u holda 
/ ( x px2,...,xn) ko‘phad leksikografik yozilgan deyiladi.

Agar k o ‘p n o m a iu m li ko‘phaddagi ixtiyoriy ikkita n o m a’- 
lum ning o ‘rinlarini almashtirganda ko‘phad o ‘zgarmasa, u holda 
bunday ko‘phad simmetrik k o ‘phad  deyiladi. 

x,,x2,...,xn o ‘zgaruvchilardan tuzilgan

=  *l +  x 2 + ... +  X n ,

T2
=  x, x 2 + X| x 3 + ... + x„_lx l

.T« =  x , x 2 ...x„

sistem adagi sim m etrik  ko ‘phadlar asosiy (elementar) simmetrik 
ko ‘phadlar deyiladi.

Simmetrik ko‘phadlar haqidagi asosiy teorema. F  maydon us- 
tidagi har qanday simmetrik ko ‘phad shu F  maydon ustidagi ele­
mentar simmetrik ko ‘phadlar orqali yagona usulda ifodalanadi.

1-misol. / ( x ,  y, z) = (x +  2 y )(i -  1) + (y -  z)2 -  (x +  z)iy ~  2) 
ko‘phadni bir jinsli ko ‘phadlar yigindisiga keltiring.

Yechish. Berilgan ko‘phaddagi qavslarni ochib, guruhlasak, 
f { x ,  y, z) = (x¿  +  2y ¿  ) +  ( xy  +  y 2 -  ly z  +  f  ) + (x -  2y +  2z) 
hosil bo iad i.

2-misol. f  (x, y, z) = 3X3 + 3y* + 3z? + 5xyz +  2X2 + 2y* +  2z? 
simm etrik ko‘phadni elem entar simmetrik ko‘phadlarga yoying.
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Yechish. Berilgan ko‘phaddan

2X2 +  2 /  +  2z? =  2((x +  y  + z)2 ~  2(xy + yz + xz)) =  2cTj2 -  4a 2

ko‘phadning 3X3 + 3y^ + 3 ^  + 5xyz qismini n o m a iu m  koeffit- 
siyentlar usulida elem entar simmetrik ko‘phadlarga yoyamiz. Bu­
lling uchun quyidagi jadvalni tuzamiz:

Yuqori had 
darajalari Yuqori had Elem entar sim m etrik 

ko ’phadlar yoyilmasi
X y z

3 0 0 3x3 3<t13-0<720- V ,0 = 3<t,3

2 1 0 Ax2y aa*~l<j'2 0cr° =aCT,cr2

1 1 1 bxyz =b<j3

Bu jadvaldan 3*3 +  3 ^  +  3z? + 5xyz =  3cj3 +  a a ,o 2 +  ba3 ga 
ega b o ia m iz . 0 ‘zgaruvchilarga qiym at berish yordam ida a, b 
param etrlam i topamiz:

X y z <*i ° 2 CT3
3x 3 + 3 y 3 + 3 z 3 +  5 xyz  =  

=  3 ct3 +  aaya 2 +  ba3

1 1 0 2 1 0 6 =  24 +  2a

1 1 - 2 0 - 3 - 2 -2 8  =  - 2 b

D em ak, a =  - 9 ,  b =  14, ya’ni / ( x ,  y, z) =  3o ,3 — 90j02 + 
+  14ct3 +  2 c t , 2  — 4ct2.

3-misol. x ¡ x 2 hadning orbitasini elem entar sim m etrik ko‘p- 
hadlar yordam ida ifodalang.

Yechish. x \ x \  hadning orbitasi yoki x¡ x 2 had yordamida ho- 

sil qilingan m onogen ko‘phad o(Xj ,x 2 ,...,x„ ) = x 2x^ + ... + x%_¡x] 
k o ‘rin ishda  b o i ib ,  un i top ish  u ch u n  quyidagi jadvaln i tuza- 
miz:
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Yuqori had darajalari Yuqori
had

Hosil bo ’lgan 
elem entar ko’phadlarX , x2 *3 x4 . . . xn

2 2 0 0 0 2 2 
X , x2

^ 2 - 2  2-0 2 a , g 2 -<j 2

2 1 1 0 0 û x ,2 x 2x 3 a a * ''(7 ]2~'cr'3 = acrl <j 3

1 1 1 1 . . . 0 bx,x2x 3x 4 = 6 c T 4

D em ak, o(x¡ , x 2 , . . . ,x n ) = aj + аст,а3 + ¿>а4 . 
0 ‘zgaruvchilarga qiymatlar beramiz:

X, *2 *3 x4 x5 . . . x„ °1 °2 °3 CT4 a 5
o(x, ,x2,...,x„) = 

= a \ + ест j ст3 + bo4

- t 4= I 0 0 0 3 3 1 0 0 П 3 = 9 + 3 a* * * • • •
1 1 0 1 0 . . . 0 4 6 3 1 0 . . . 0 6 =  3 6 + 1 6 a + 6

Bundan a =  —2, b =  2 qiym atlarni hosil qilamiz.
D em ak, o(x, , x 2 , —,x n ) = <з\ - а а , а 3 + 2 а 4 .

19-х/ 19-х \4-misol. X  — р  IX  +  — p  I =  84 tenglam ani yeching.

e 19_X 19_x
Yechish. u = x — - ,  v = x  + — r- belg ilash larn i k iritib ,x+l x+l

Гм + V = 19,
]« v = 84 sistem ani tu zam iz - Bii sistem aning « ,= 7 , Vj=12; 

и2=12, v2= 7  yechim lari mavjud. U lar yordamida

19-x19-л: -X— -  = 7,x+l 
19-x

X  +
x+I

= 12,

x+l 
19-x

X  +  ■x+l

= 12, 

= 7

ten g lam alar sistem asin i hosil q ilam iz. U larn ing  yechim lari
X, 2 = 6 ± л/29 va x3=4, x4=3.
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P  m aydonda / ( x ) —a j?  + an_ jX" 1 +  ... +  axx  +  a0, 
g(x) = b j "  + bm_ ^  +  ... +  V  +  \  

ko‘phadlar berilgan va anbm ф 0 л  a , ,  a 2, ..., a n lar f i x )  ning il- 
dizlari bo is in .

f ( x ) ,  g ix )  k o ‘phad larn ing  rezu ltan ti R if, g)= aHmg ia 1) g ia 2) 
...igja n) dan  iborat.

Agar ß p ß2, ..., ßn-  gix) ning ildizlari b o isa , u holda

R ( f , g )  = a ; K  П
1< j<m

R ig ,f)  =  i ~ l ) mnR if,g )  lar o ‘rinli.
Silvestr formulasi yordamida rezultant quyidagicha topiladi:

an 0 и -1 • . ax <h 0  . . 0

0 a„ ax Oq . . 0

0 0  . • an an-\ an-i - . 0 >

bm bm - 1 • . by b0 0  . . 0

0 0  . • bm bm - 1 bm-2 • . 0

/ (x) ko ‘phadning diskriminanti:
Я (я-l)

D i f )  = ( - 1) 2 a~' R i f , f )  yoki D ( f )  = a2nn-2 П  ( < * / j f  ■
\<i<j<n

5-misol. f i x )  = X2 — 3x +  6 va g(x) =  x3 +  x2 — x  — 1 uchun 
rezultantni toping.

Yechish. 1-usul. Berilgan f i x )  ning ildizlari kompleks sonlar. 
g(x) ning ildizlari x =  ± 1.

Rif, g) = i - 1 ) 3'2R(g, f )  = R{g, f )  boiganlig i uchun 
Rif, g) = / ( - D / ( - l ) / l )  =  10 • 10 • 4 =  400.
2-usul. a ,  va a 2/ ( x )  ning ildizlari bo is in . U  holda 
Rif,g) =  («!3 +  a ,2 -  a , -  \){a*  +  a ,2 -  -  1) =
=  ( a ,a 2) 3 +  (a ja 2)2 (a ja 2) -  a ^ a ,2 + o^2) -  ( a ,3 +  a 23) + 
+ ( a ,a 2)2 — оцсс^а, +  a 2) — (a ,2 +  o^2) + (a¡ + a 2) + 1.
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Viyet form ulalariga ko‘ra, a , +  a 2 =  3 va a 1a 2 =  6 b o iib , 

a ,2 +  o^2 =  (a , +  a 2) 2 — 2 a 1a 2 =  3 va

a i3 +  a 2 ~  (a ! +  a 2) ( ( a 1 +  a 2)2 — 3 a ja 2) =  —27. 

D em ak, R(f, g) =  400.
3-usuI.

R ( f , g )  =

1 -3
0 1
0 0
1 1
0 1

= ... = 400.

6 0 
- 3  6  

1 - 3  

-1  -1 
1 -1

f ( x ) k o ‘phad karrali ildizga ega b o iish i uchun R(f, / ' )  =  0 
b o iish i zarur va yetarli.

Ikki o ‘zgaruvchili yuqori darajali teng lam alar sistem asini 
rezultant yordam ida yechish mumkin.

\ y 2 ~ y  + x 2 -  3 x  = 0,

[.y 2 + ( 1 1 - 6 x ) y  - x 2 +  7 x - 1 2  = 0 
chimlarini toping.

Yechish. Sistemani y  o ‘zgaruvchiga nisbatan qaraymiz va uning 
rezultantini tuzamiz:

6-misol. sistem aning ye-

R ( x )

0

x 2 - 3 x  

0

-x 2 + 7 x - 1 2

1 -1  x 2 - 3 x

0 1 -1

1 11 -  6x  x 2 + 7 x - 12

0 1 11 - 6x

=  2x(x -  2)(20x2 — lOOx +120) =  40x(x -  2)2(x -  3).

Bundan x ,= 0 , x2=2, x3= 0  yechim larni topam iz. x  o ‘zgaruv- 
chining qiym atlarini sistemaga qo‘yib, y  ning qiym atlarini topa­
miz.

1) x =  0 da y  =  1 b o iib , (0; 1) yechim;

2 ) x = 2 d a y := — 1 a 3;=2 b o iib , ( 2 ;  — 1 ) a ( 2 ;  2 )  yechimlar;

3) x =  3 da y  =  0 b o iib , (3; 0) yechim.
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1 \
^  Misol va mashqlar

1. Berilgan ko 'phadlarni kanonik shaklga keltiring:
1.1. f ( x ,y )  =  (x -  y ) \x ?  +  xy  +  / ) ( x  + 2y) + x2 -  1.
1.2. f ( x ,y )  =  (x  -  y)(xy  -  z)(x ~  z)xyz.
2. Berilgan ko‘phadlam i leksiograflk tartibda yozing va uning 

yuqori hadini toping:
2 .1 . f ( x ,y ,z )  =  ( 2 x  +  3y)2z ~ x ( y  + z  -  3xz), Z 5[x,y,z\.
2 .2 . f (x ,y ,z ,t)  = (x  +  y )(z  + y ) +  2 x (y  +  t +  I ) +  (y  + z)3, 

Z 3[x,y ,z,t\.
3. Quyidagi ko‘phadlam i simmetrik ko‘phadga to id iring :
3.1. f ( x , y j  = x i + 2y.
3.2. f ( x ,y )  = x 3 +  y?y + xy.
3.3. f ( x ,y ,z )  = x3 +  2xy + 2yz +  5.
3.4. f ( x ,y ,z ) -  (x  + y )2 +  2xz + xyz.
4. Quyidagi ko‘phadlam ing yuqori hadini toping:

4.1. f { x l , y 2 ) = 5 $ q 2q3.
4.2. / ( x x , y 2 ) = 5q2 + 2q2q3 -  3q2.
5. Quyidagi ko ‘phadlarn i elem entar k o ‘phad lar yordam ida 

ifodalang:
5.1. f ( x ,y )  = x 3y  +  y*x + 2X2 + 2 / .
5.2. / (x ,j)  =  2x4y  — 5x 2y  +  2xy 4 — Sxy2 .
5.3. /  (x ,y ,z ) = x?y + xy1 +  x2̂  +  x2 +  V z  + yz2-
5.4. / (x,y,z) =  x 4 +  y 4 +  z4 ~  2x2y 2 — 2x V  -  2 y V .

5.5. f ( x ,y ,z , t)  =  (x y  +  zt)(xz + y t) (x t+ y z ) .
5.6. f ( x ,y ,z )  = (x y  + z)(xz  + y)(yz  +  x).
6. Agar neT V uchun S n(x ,y ) = xf'+y" b o is a ,  b a rch a  k  > 2 

uchun Sk = q lSk_l -  q 2Sk_2 ekanligini isbotlang.
7. 6-m isoldagi fo rm ula yordam ida quyidagilarning o ‘rin li 

ekanligini tekshiring:
7.1. S 2 = — 2q2.
7.2. S 3 = q3 -  3qxq2.
7.3. = q4 - 4 q 2c;2 + 2 q 2 .

7.4. S7 = qj -  7qlq2 +14q3q2 - 7 ^ 2.
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8 . A gar « e N  u c h u n  Sn(x,y,z ) =  x" +  y  +  £  b o i s a ,  barch a  

k >  3 u c h u n  Sk =  a lSk _ 1 ~ a 2Sk_2 +  u ch u n  ek an lig in i is-  

b otlan g .

9 .  8 -m is o ld a n  fo y d a la n ib , q u y id ag ilar  o ‘rin li e k a n lig in i te k -  

sh iring:

9.1. S3 = o 2 - 3 o , o 2 + 3o3.

9.2. S4 = o4 -  4 o ,o 2 + 2 o 2 + 4 o ,o 3.

9.3. S5 = of - 5 o 3o 2 + 5 o ,o 2 + 5o 2o 3 - 5 o 2o 3.

9.4. S6 = of - 6o4o 2 +9ofo^ - 2 o 2 + 6 o 3 o 3 -1 2 o ,o 2o 3 + 3o2.
10. B er ilg a n  r a ts io n a l k asrlar surat va m axra jin i e le m e n ta r  

sim m etr ik  k o ‘phadlar orqali ifod a lab , q iym atin i top ing:

-  (x -y )4
10.1. g ( x , y )  x + y  Va ?1 2, ?2 — 1.

f (x , y , z )  1 1 1 2  1 2  n i ^
10.2. —---------r ------- i----- 1— h------- f------ 1-—  va q, —0, q2 — 1, q3—2.

g(x,y, z) y z x xy xz yz ^ 2
11. Q u yidagi had lar  orb itasin i e lem en ta r  sim m etr ik  k o ‘p h a d -  

lar yord am id a  ifodalang:

11.1.  x ¡x 3 , P[ Xy, X2 ,X3 ].

11.2.  x ,x 2x 3 , P [ x x , x2 , x 3 , x 4 ].

11.3. x j \  P [x ,  ,x 2 ,...,x„  ] .

12. Isbotlang:

12.1 . x 4 +  y4 + ( x  — y 4 ) =  2ÍX2 +  x y  +  j^ )2 .

12.2. (x  +  y )3 +  3 x y ( l - x - j )  - 1  =

=  (x  +  y  — lX x 2 +  y 2 — xy +  X +  y  +  1).

12.3. x ( j  + z )2 +  >>(x +  z)2 + z(x + y )2 =
=  (y +  z)(x  +  z)(x  +  y) + 4 xyz.

12.4. (xy + xz  + y z)3 +  (x2 -  yz)2 + (y2 ~  zx)2 + (z? ~  xy)2 = 
=  (x2 +  y 2 + z2)2.

13. A gar x  +  y  +  z — 0 b o ‘lsa, quyidagi te n g lik la m i isbotlang:

13.1. x4 +  y4 +  z4 =  2(xy  +  x z  +  yz)2-
13.2 . 2 (x 4 +  /  +  z4) =  (x2 +  y  +  z2) 2.
13.3 . 2ÍX5 +  y 5 + z 5) =  5xyzix2 +  /  +  Z2).
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14. Berilgan ko‘phadlar rezultantini hisoblang:
14.1. f i x )  = бх2 + X  — 2, g(x) = Зх2 — 4x + 2.
14.2./(x )  = x4 — 2X2 + 3, g(x) = x2 — x +1.
14.3. f  (x) = x2 — 2x + 2 , g(x) = 2X2 + x —5.
14.4. /(x )  = x3 + 2X2 + 4x +1, g(x) = Зх2 + 4x + 4.
15. <7 ning qanday qiymatlarida berilgan ko‘phadlar umumiy 

ildizga ega:
15.1./(x )  = 2x2 + ax —3, g(x) = ax2 + x — 2.
15.2. /(x )  = x3 — 5X2 + 4ax — 4, g(x) = Зх2 —5ax + 8.
15.3. /(x )  = x3 — ax + 2, g(x) = x2 + ax + 2.
15.4. /(x )  = x3 + ax2 — 9, g(x) = x3 + ax — 3.
16. Berilgan ko‘phadlar diskriminantini hisoblang:
16.1. /(x ) = x3 + 6x + 2.
16.2. /(x ) = x3 — 9X2 + 21x — 5.
16.3./(x ) ^ x 5 + 2.
16.4. /(x ) = ax2 + ¿>x + c.
16.5. f ix )  = x3 + px + q.
16.6. /(x ) = x3 + ax2 + ¿x + c.
17. Isbotlang:
17.1. R(f, gx ± g2) = R(flgl) ± R(fxg2), d eg /=  1.
17.2. /?(/; g, • g2) =  R(fxgx) ■ R(f,g2).
17.3. R (f{ ■f 2, g, • g2) = /?(/¡g,) • R(f{g2) ■ R(f2gx) ■ R(f2g2).
17.4. Щ х  -  a) f(x)) -  D{f{x)) • (/-(a)2.
17.5. D(/ g) =D( f )  D(g)-(Rif,g))2.
18. a ning qanday qiymatlarida ko‘phad karrali ildizga ega?
18.1. f{x) = x3 — 3x + a.
18.2. f ix )  = x4 — 4x + a.
18.3./(x ) =4x* — ax + 1.
18.4. /(x ) = x3 + (2 — ЗОх2 — ax — 2.
19. Tenglamalar sistemasini yeching:
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j у 2 -  5 y  + 4 x  - 4  = 0 ,

[2 у 2 + у -  x 2 + 1 = 0.___________________

[ 5 x 2 - 5 у 2 - З х  + 9 у  = 0,

[ 5 x 3 + 5 y 3 - 1 5 x 2 - \ 3 x y - y 2 = 0.

[ (У - 1 ) * 2 +  x y  -  3 = 0,

[(>> -  l ) x 2 -  2 x  + у  - 1 = 0.

20. R m aydonda quyidagi sistemalarni yeching:

fx 3 + y 3 = 35 ,
[x + y  = 5.

\ x 2 + xy  + y 2 = 4 9 ,

|x 4 + x 2y + v  = 931.

X + y  + Z = 1,

X2 + y 2 + Z 2 = 9,  

x 3 + у 3 + z '  = 1. 

x - y  + z = 6,

2 0 .4 . <

20.5.

19.2.

19.3.

19.4. 

20. R

20. 1.

20.2.

2 0 .3 .

20.6.
+  = 7 8 .

21. Quyidagi tenglam alarni yeching.

21.1.  x  + V l 7 - x 2 + x V l 7 - x 2 = 9 .

21.2.  Ш О - х - У З - х  = 1 .

21.3.  \ / 8 - x  +  \ /8 9  +  x  =  5 .

21.4. t/78 + /̂24 + V ? -  ^84 -  t f t t P T x  = 0.
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Takrorlash uchun savollar

1. K o‘p o ‘zgaruvchili ko‘phadlar halqasi deb nim aga aytiladi?
2. K o‘phad darajasining qanday xossalarini bilasiz?
3. K o‘phad hadlarining leksikografik tartiblashni tushuntiring.
4. Sim m etrik ko‘phadlarga ta ’rif bering._____________________
5. Ikki ko‘phad rezultanti qanday topiladi?
6. Ikki o ‘zgaruvchili yuqori darajali tenglam alarn i yechish 

usullarini bayon eting.

32-§. Maydon ustida ko’phadlar

/  Asosiy tushunchalar: keltiriladigan ko‘phad, keltirilmaydigan 
ko‘phad.

Agar F  maydon ustida berilgan va darajasi nolga teng b o im a - 
gan / (x) ko‘phadni shu maydon ustidagi va darajalari f ( x )  ning 
darajasidan  kichik  ikkita g(x), h{x) k o ‘phad lar k o ‘pay tm asi 
shaklida ifodalash m um kin  b o is a ,  u holda / ( x )  ko ‘p h ad n i F  
m aydon ustida  keltiriladigan ko ‘phad, aksincha, agar bunday  
ko‘paytm a shaklida ifodalash m um kin bo‘lmasa, u holda f ( x )  ni 
F  m aydon ustida keltirilmaydigan ko ‘phad  deyiladi.

Algebrannig asosiy teoremasi. Darajasi 1 dan kichik bo ‘Ima- 
gan kom pleks kocffitsiyentli har qanday ko ‘p h a d  kam ida bitta 
kompleks ildizga ega.

Agar d(x) k o ‘phad  / ( x )  va (p(x) k o ‘phad larn ing  um um iy  
b o iu v ch is i b o iib , d(x) ko ‘phad / ( x )  va cp(x) lam ing ixtiyoriy 
um um iy boiuvchisiga b o iin sa , u holda d(x) bo iuvch in i / ( x )  va 
cp(x) k o ‘phadlam ing eng katta umumiy bo ‘luvchisi (EK U B) deyi­
ladi va u ( f  (x); <p(x)) ko‘rinishda belgilanadi.

f(x )= a 0 + axx  + ... +  a / ' J i y )  =  a0 + axy  +  ... +  a y  bo‘lsin.

f i x )  - f ( y )  = J  =
k = 1

=  ( x - y ) Y j ak(xk~ '+ ^ - 2y  +  ... +  / _1) =  (x-y)F(x-, y),
k = 1
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bu yerda F(x;y) =  ^ o i (x* '+x* 2y+ ...+ yk 1). A ytaylik x= y  
k=1

________________________  n ___________________________________
bo isin . U holda F {x ;x )= '^ k a l̂ c~x= ax+2a1x+ ...+nartxn~] b o iib ,

k=1
F(x;x) ni / (x) ko ‘phadning form al hosilasi deyiladi va u / '( x )  yoki 
/ '  orqali belgilanadi.

/ ( x ) = a 0x/I +  c ,x "_1 +  ... +  an_xx  +  an ko‘phad x  — c ning da- 
rajalari bo‘yicha

/(x )= /( c )+ / '( c ) (x  -  c)+ ( x -  c)2+  ... +  / (  )J C) (x -  c)

ko‘rinishda yoziladi.

Kompleks sonlar maydoni ustida f ( z ) = ?  +...+cn_xz+cn

ko‘phad berilgan b o iib , a , , a 2 ,T ^ a „  lar / ( z )  ko‘phadning ildizi 
bo Isa, u holda ushbu

c, = - ( a ,  + a 2 + ... + a „ ) ; 

c2 = a 1a 2 + a 2a 3 + ... + a„_1a „ ;

• c3 = - ( a , a 2a 3 +<x2a 3a 4 + ... + a„_2a„_ ,an);

c„ = ( - 1)” a , a 2 •••a„

munosabatlar o ‘rinli bo iad i.
Kompleks sonlar maydoni C ustidagi ushbu axi+bx1+cx+d=  0 

{a*0) ko‘rinishdagi tenglam a 3-darajali bir nom aium li tenglama 
deyiladi. Uning har ikki qismini a ga b o iib ,

3 b 2 c d n X + —X + —X + — = 0  
a  a  a

tenglamani hosil qilamiz. U nda x  = y -  3 ^  almashtirish bajarib,

soddalashtirgandan so‘ng y ’+py+q=  0 tenglam ani hosil qilamiz. 
Bunda y=u+v alm ashtirishdan so‘ng « v a  v lam i shunday tanlab 
olamizki, natijada 3uv+p=0 shart bajarilsin. U holda



sistemaga ega bo iam iz . Sistem adan ko‘rinadiki u3 va v3 lar Viyet 

qandayd ' z2 ^  tengfo ildizi bo‘

ladi. Bu kvadrat tenglamani yechib, zx=i?  dan u = J - j  + + ,

v = + Y f  larn l Qilamiz- « v a  v ning har biriga

uchta qiym at, u o ‘zgaruvchi uchun esa to ‘qqizta qiym at topiladi.
Agar u, su, s2u (bunda e son 1 dan chiqarilgan 3-darajali il- 

diz) Zi ning uchinchi darajali ildizlarining qiymatlari b o isa , unga 
mos z2 ning uchinchi darajali ildizlari qiymatlari v, sv, s2v b o ia -  
di. N atijada keltirilgan tenglam a y = u + v , y2=su+s2v, j 3= e2m+8V

1 a/3ildizlarga ega bo‘lib, unda s = -  -  + b o ig an i uchun y = u + v ,

y 2= - l ( u + v ) + i ^ - ( u  -  v), ,y3= -y (w + v )  -  -  v) b o ia d i.

3 bBu yerda  x = y  — —  n i e ’tibo rga olib berilgan  teng lam an ing

x x =  y — ~  , x 2 = y 2 — ^ , x3 =  y 3 — ~  ildizlari topiladi.

Kub tenglam ani bu usulda yechish uni Kardano usuli bilan 
yechish deyiladi.

Agar x3+px+q=0  tenglam ada p, q lar haqiqiy sonlar b o iib ,
2 3

A = + —  b o isa , u holda quyidagi m ulohazalar o ‘rinli:

1) agar A > 0 b o isa , tenglam a bitta haqiqiy va ikkita o ‘zaro 
qo‘shma m avhum  ildizlarga ega bo iad i;

2) agar A =  0 b o isa , tenglam aning barcha ildizlari haqiqiy va 
kam ida b itta  ildizi karrali bo iad i;

3) agar A < 0 b o isa , tenglam aning barcha ildizlari haqiqiy va 
turlicha.
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Agar a butun son koeffitsiyentlari butun b o ig an  

+  axx?~l +  ... +  an_yX +  an =  0

tenglam aning  ildizi b o is a , u holda va — ^  sonlar ham 

butun sonlar bo iad i.
A gar p /q  (q > 0) q isqarm as kasr koeffitsiyen tlari bu tu n  

b o ig a n  a^x" + a lxn~l + ... +  an_xx  + an =  0 tenglam aning ildizi 
b o isa , u holda p  son an ozod hadning q son esa a0 bosh koeffit- 
siyentning boiuvchisi bo iad i.

Eyzenshteyn kriteriyasi. Butun koeffitsiyentli

f i x )  = eye" +  c„_ jX”" 1 +  ... +  cyx  + c0

ko‘phadning  bosh koeffitsiyenti cn dan boshqa barcha koeffit­
siyentlari p  tub songa b o iin ib , ozod had c0 esa p 2 ga bo iinm asa, 
u holda f ( x ) k o ‘phad  ratsional sonlar maydoni ustida keltiril- 
maydigan ko‘phad bo iad i.

Kasrning maxrajidagi irratsionallikni yo‘qotish m um kin, ya’ni 
F, sonlar m aydoni ustida keltirilm aydigan «-darajali p(x)= x" + 
+ a lxn~l + .. + an_xx  + an (n >  2) ko‘phad berilgan b o iib , x = a

f  I \
uning ildizi b o isa , u  holda —7̂ - ( g ( a )  ^  0) kasr-ratsional ifoda-

g ( a )
ni shunday o ‘zgartirish m um kinki, natijada uning maxraji butun 
ratsional ifodaga aylanadi.

1-misol. f { x )  = x4 + 2X3 — 3X2 — 5x + 2 ko ‘phad m aydonda 
keltiriluvchimi?

Yechish. f { x )  k o ‘phad darajasi 4 ga teng bo igan lig i uchun, 
agar u Q m aydonda keltiriluvchi b o is a , u holda / ( x )  k o ‘phad- 
ni ikkita 2-darajali yoki 1- va 3-darajali ko ‘phadlar ko‘paytm a- 
siga yoyish mumkin.

A g a r /(x )  =  (ax 2 +  bx  +  c)idx1 + m x  +  n) deb faraz qilsak, 
bu tenglam aning yechimlari na butun sonlarda va na kasr sonlar- 
da mavjud emasligiga ishonch hosil qilish mum kin.

Agar f { x )  =  (ax + b){cy? +  dx2 + mx + ri) deb faraz qilsak, 
u holda tenglam adan



ac = 1, 
ad + be = 2 ,

• am  + bd  = -3 , 
an + bm = -5 , 
bn = 2

sistem ani hosil qilamiz. Bu sistem aning yechim laridan biri a=c=  
=n= 1, b=2, d= 0, m =  —3. D e m a k ,/(x )  =  (x  +  2)(x3 — 3x +  1) 
b o iib , berilgan / ( x )  ko ‘phad Q maydonda keltiriluvchi ekan.

2-m isol. Q\x\ da berilgan / ( x )  = (x  — 2 )(x  -  3)2(x +  1) va 
g(x) = x3 — 3*2 — 2x  +  6 k o ‘phadlarn ing  E K U B  va E K U K ini 
toping.

Yechish. f  (x) ko‘phad kanonik yoyilma ko‘rinishida berilgan- 
ligi uchun  g(x) k o ‘phadni keltirilm aydigan k o ‘phadlar kanonik  
yoyilmasiga keltiramiz:

f ( x )  =  (x3 — 3*2) — (2x — 6) =  x^x  — 3) — 2(x — 3) =  (x — 3XX2 — 2).

Demak, (f, g) = x  -  3; (f, g] = ( x ~  2)(x2 -  2)(x -  3)2(x +  1).
3-misol. Q[x] halqada berilgan/(x) = x 4 — 2j? +  3X2 — 5x +  1 

ko‘phad hosilalarining x0= l  nuqtadagi hosilalarini toping va beril­
gan ko‘phadni x  — 1 ikkihad darajalariga yoying.

Yechish. 1-usul.
f ' ( x )  = 4X3 — 6X2 +  6x  — 5;
/" ( x )  =  12X2 — 1 2 x +  6; 
f" '( x )  = 24x -  12; 
f IV(x) =  24.

U h o ld a  / '( 1 )  =  4 • l 3 -  6 • 1 -  5 =  - 1 ;
/ " ( 1) =  12 • 1 -  12 • 1 +  6 =  6;
/ " '( 1 )  =  24 • 1 -  12 =  12; 
f ^ i x )  =  24.

Berilgan ko‘phadning (x — 1) darajalariga yoyilmasini Teylor 
form ulasidan foydalanib topamiz:

/ ( x )  =  / ( l )  +  / ' ( l ) ( x - l )  +  ^ ( x - l ) 2 +



Bu yerda / ( 1 )  =  —2 boiganligi uchun
f i x )  =  - 2  -  (x  -  1) +  3(jc -  l )2 +  2 i x  -  l )3 +  ( X  -  l )4.

2-usul. G om er sxemasi yordam ida yoyilmani topamiz:

1 - 2 3 -  5 1

1 1 - 1 2 - 3 - 2

1 1 0 2 - 1

1 1 1 3

1

1

1

1

1

2

Tafivaldan / ( Ц - =  - 3 ;  / ' ( 1 )  ~  -1 }  ~  3 ; - 2 ;  

f t y (i)
———  = 1 larni aniqlaymiz.

Bundan, f ( x )  =  (x—l )4 +  2(x -  l )3 + 3(x — l )2 — (x —1) — 2 
v a / ' ( 1) =  —1 ; / " ( 1) =  6; / ' " ( l )  -  12 larni topam iz.

4-m isol. a ning qanday qiym atlarida f i x )  =  x3 +  x 2ax +  3 
ko‘phad karrali ildizga ega bo‘ladi?

Yechish. Berilgan ko‘phadning karrali ildizi a  boisin . U holda 
/ (x) =  (x — a)2 ■ h(x). Bu ko‘phadning hosilasi / (x) =2(x — a)hix)+  
+  h’ix )ix  — a )2 b o i i b , / ' ( a )  =  0 bo iad i.

/ ( a )  =  0 , f ' { o )  =  0 lardan quyidagi tenglam alar sistemasini 
tuzamiz:

J a 3 + a 2 + aa  + 3 = 0 ,

[З а 2 + 2 a  + a  = 0.

Bundan a = —З а2 — 2 а  yordamida а 3 +  а2 — За3 — 2а2 +3 =  0,
y a ’ni —2а 3 — а 2 +  3 =  0 teng lam aga ega b o ia m iz . U ning

3 15а, = а 2 =1 yechim lari mavjud b o ‘lib, a, = -  — ; a2 = -5  ga

ega boiam iz.
Demak, a = — 5 da berilgan ko 'phad karrali ildizga ega.
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5-m iso l .  A g a r  Q[x]  h a lq a d a  2  s o n  / ( x )  k o ‘p h a d n in g  3 k arra li 
i l d i z i  b o i s a ,  u  h o l d a  g ( x )  =  f ' ( x ) ( x 1 +  3 )  +  ( x  +  3 ) / " ( x )  
k o ‘p h a d n in g  n e c h a  k arra li i ld iz i  b o i a d i ?

Yechis h .  2  s o n i  / ( x ) k o ‘p h a d n in g  3 k a r r a li  i ld i z i  b o i g a n l i g i  
u c h u n  / ( 2 )  =  / ' ( 2 ) =  / " ( 2 ) =  0 v a  / " ' ( 2 ) ф  0 . 2 s o n n i  g ( x )  
u c h u n  te k s h ir a m iz :  g ( 2)  =  0 v a  ¿ ( 2 )  ф  0 .

D e m a k ,  2  s o n i  g (x )  u c ñ u n  bn - k a r ra li l ld iz .
6-m is o l .  f  (x )  k o ‘p h a d n i  k a rra li k o ‘p a y tu v c h ila r g a  y o y in g .  
Yechish.  f  (x )  k o ‘p h a d n i  k e lt ir i lm a y d ig a n  k o ‘p h a d la r g a  k a n o -

n ik  y o y i lm a s in i  q u y id a g i ja d v a ld a n  fo y d a la n ib  to p a m iz :
С  m a y d o n d a  / ( x )  =  ф ,ф 22. . .ф отл, 1 < i  < m ,  b o i s i n ,  q>i 

k o ‘p h a d la m i  q u y id a g ic h a  a n iq la y m iz :

/  =  ф1ф ^ ...ф “ Í 1 = ^ -  =  Ф1Ф2 - Ф т

«
1«II£

d x =  ( / , / ' )  =  Ф2Ф З - Ч С 1 q2 = - ^ -  =  Ф2Ф з - Ф  m Ql
Ф2 -  —?3

d2 =  ( í /j í/j  ) =  ф3 .. . . . .фт
d2

qi = =  Фз - Ф «
ЧъФз =  —

. . . . . . ...

dm—I =  ( d m_2d m_2 )  =  фт з*> и
». 

3a
-  

J_ II -e 3 Ф*. =  0 »

< 4  - 1

B e r i l g a n  / ( x )  k o ‘p h a d  u c h u n  E v k l id  a lg o r i t m i  y o r d a m id a  
d v  d 2, . . . ,  d m l a m i  t o p a m iz :  f ' ( x )  =  4X3 — 6 /x2 — 2 /.

d x =  ( / , / ' )  =  ( x ~ i ) 2;

dy =  2 x  — 2 i  =  2 ( x  — 0 ;

d 2 =  x  — i;

d 2' =  1 ;

d 3 ( d 2, d 2 )  1 ,
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», = ¿ r * 2 + i ;

¿1
q2 = ~ r  = x - i ’“2

d2
q3 = -  = x - l .

B u la r d a n , (pt =  —  =  x  +  /  ; ф2 =  —  =  1; ф3 = q3 = x  -  i la r  k e -  
42 Яг

lib  c h iq a d i.
D e m a k , / ( x )  =  ( x  +  / ) ( х  — i)3.

1

7 -m is o l.  Q  m a y d o n d a  4 т г т  =  --- - - - - - - - - - - - - - - - - - г  k a s r n i  e l e -f ( x )  _  x 2 +4x+3  

g ( x )  ( X2 - 4 x + 4 ) (x+ 3) 2

m e n ta r  k a sr la rg a  y o y in g .
Y e ch ish .  / ( x )  v a  g ( x )  k o ‘p h a d la r n in g  o ‘z a r o  tu b  y o k i  t u b -  

m a s lig in i te k s h ir a m iz . B u n in g  u c h u n  u la m in g  E K U B in i  to p a m iz .  
( f , g ) = x  +  3 . / ( x )  v a  g (x )  la r n i o ‘z a r o  tu b  h o lg a  k e lt ir a m iz  v a

q is q a r m a s  k a s r  ^ 7—г  = ----- ^ -----  n i  h o s i l  q i la m iz .  B u n d a n ,
g ( x )  ( x - 2 )  ( x+3)

А,  В, С  p a r a m e tr la r  y o r d a m i d a ----- ^ +  — — т  +  ~ ч
( x - 2 ) 2 (x+3)  ( x - 2 )  (x - 2 Ÿ  *+3

y o y ilm a n i tu z a m iz . N a tija d a  x  +  1 =  A ( x  — 2 ) ( x  +  3) +  B(x  +  3 ) +  
+  C (x  — 2 ) 2 t e n g la m a  k e lib  c h iq a d i  v a  u n in g  y e c h im la r i

I a )  x  =  2 d a  В  =  |  ;

j¡ b )  x =  - 3  d a  С  =
L

’ d )  A  +  C =  0  v a  A  = .

^  . f ( x )  x + l  2 2 2 D e m a k ,  - т - r  = -- - - - - - =-------  = — — — + -------- 5- +  — — — .
# ( * )  ( x - 2 ) 2 (x+3)  2 5 ( x - 2 )  5 ( x - 2 )  25(x+3)
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M isol va mashqlar

1 . f i x )  k o ‘p h a d  b e r i lg a n  m a y d o n d a  k e lt ir i lm a s l ig in i  isb o t la n g :
1 .1 . f { x )  =  X 3 — 2,  Q.

1 .2 . f { x )  =  x 2 +  X +  1 , Q.

1 .3 . f i x )  =  X2 +  X  +  1 , Z s .

1 .4 . f i x )  =  X 6 +  X 3 + 1 ,  Q .
2 .  Q  m a y d o n d a  b e r i lg a n  q u y id a g i  k o ‘p h a d la r n i  k e l t ir i lm a y d i-  

g a n  k o ‘p h a d la r  k o ‘p a y tm a s ig a  y o y in g .
2 .1 .  f i x )  =  2X5 — X 4 — б х 3 +  З х 2 +  4 x  — 2.
2.2.  f i x )  =  З х 5 +  X 4 — 1 5 x 3- ~ 5 x 2 +  1 2 x  +  4 .
3 .  f i x )  =  2X5 — X 4 — 2X3 +  X 2 — 4 x  +  2  k o ‘p h a d n in g  2  ju f t  

b ir -b ir ig a  q a r a m a -q a r s h i  i ld iz la r i  m a v ju d lig i  m a i u m  b o ‘ls a ,  u n i  
Q, R, С  m a y d o n la r d a g i  k e lt ir i lm a y d ig a n  k o ‘p h a d la r g a  y o y i lm a s i -  
n i to p in g .

4 .  Q  m a y d o n d a  b e r i lg a n  3 - d a r a j a l i  k o ‘p h a d  k e l t i r i l u v c h i  
b o i i s h i  u c h u n  u n in g  b it t a  i ld i z i  r a t s io n a l  s o n  b o i i s h i  z a r u r  v a  
y e ta r li  e k a n l ig in i  is b o t la n g .

5 .  Z [ x ]  h a lq a d a  q u y id a g i k o ‘p h a d la r  k e lt ir i lm a s lig in i isb o tla n g :
5 .1 .  f i x )  =  X 5 — X 2 + 1 .
5 .2 .  f i x )  =  X 5 +  X 4 +  X 3 +  X 2 +  1.
5 .3 .  / ( x )  =  X 3 — X 2 +  X  +  1.
6 . /  (x )  =  x 4 +  4  k o ‘p h a d  Z 5, Q, R, С  m a y d o n la r n in g  q a y s i  

b ir id a  k e lt ir i lu v c h i?
7 .  Q u y id a g i k o ‘p h a d la m i k e lt ir ilm a y d ig a n  k o ‘p h a d la r g a  y o y in g :
7 .1 .  / ( x )  =  x 4 — б х 3 +  l l x 2 — 6x  +  1, 7?[x].
1.2.  f i x )  = x 4 +  4 ,  C [x ].
7 .3 .  f i x )  =  ( x 2 +  x  — l )2 +  3 x i x 2 +  x  — 1) +  2  x 2.
7 .4 . f i x )  =  x 4 +  4 ; C [x ].
7 .5 .  /  ( x )  =  x 2( x  — 3 )2 +  4X2 — 1 2 x  +  4 .
7 . 6 . f i x )  = x ?  +  21; C[x].

1 .1.  f i x )  =  ( x  +  2 ) ( x  +  3 ) ( x  +  4 ) ( x  +  5 )  +  1.
7 . 8 . / ( x )  = x 2" +  x 4 + l ;  Q x ] ,

288



8 .  Q u y id a g i  k o ‘p h a d la r n in g  E K U B  v a  E K U K  la r in i to p in g :
8 .1 .  f { x )  =  ( x  — l )2 (x 2 -  5 x  +  6 ) ,  g (x )  =  x 2 -  x  -  2 ,  Z[x\.

8 .2 .  / ( x )  =  (x 2 -  2 x  +  3 )2 ( x 2 +  5 x  -  6) 2, 
g{x)  =  (x 2 -  8x  +  12)2 ( x 3 - 1) ,  Q[x\ .

8.3 . f ( x )  =  x4 +  2X3 -  2x  -  1 , g (x )  =  (x  + 1KX2 -  x  -  2) ,  Q [x].
8 .4 .  f i x )  =  x 5 -  x ,  g{x)  =  ( x 2 +  x  +  I )2 ( 2 x  +  4 ) ,  Z 5[x ] .
8 . 5 . / ( x )  =  x ”  -  1 , g (x )  =  x" -  1.
8 .6 . f { x )  =  x™ +  l , * ( x )  = x "  +  1 .
9 .  Q u y id a g i  k o ‘p h a d la m in g  h o s i la s in i  to p in g :
9 . 1 . f i x )  =  (x 2 +  x  -  l ) 3(x 3 -  2 ) ,  0 [x ].
9.2 .  f ( x )  =  4 x 10 +  3 X 2 (x  +  3 ) ,  Z 5[x ] .
1 0 .  A g a r  Z 3[x ]  h a lq a d a  / ' ( x )  =  2 x  + 1  v a / ( l )  =  1 b o i s a ,  

6 d a r a ja li f i x )  k o ‘p h a d n i to p in g .
1 1 .  A g a r  Q[x\  h a lq a d a  f i x )  =  2 4 x  +  2 , / ( 0 )  =  1 v a / ( l )  =  5  

v a  b o i s a ,  f i x )  k o ‘p h a d n i to p in g .
1 2 .  Z 2[x ] h a lq a d a  d ara jas i 3 d a n  k a tta  b o i m a g a n  v a  o ‘z  h o s i -  

la s ig a  b o ‘l in u v c h i  b a r c h a  f i x )  k o ‘p h a d la m i  to p in g .
1 3 .  / ( x )  k o ‘p h a d n i  x  -  a  d a r a ja la r ig a  y o y in g  v a  h o s i la la r in in g  

a  n u q ta d a g i q iy m a t in i  to p in g .
1 3 .1 .f i x )  =  ix4 +  ( 1 -  Ox3 -  (2  +  0-x2 +  3 x -  3 -  4 /, a  =  2 /, C [x ] ,
1 3 .2 . f ( x )  =  x 5 — 3 a 3 — 4X2 +  5 /x  — 1, a =  — i, G  [x] .
1 3 .3 . f i x )  =  ( x  -  3 ) ( x  -  2 ) ( x  + l ) ( x  +  4 )  + 1 ,  fl =  - 1 ,  G [ x ] .
1 3 .4 . / ( x )  =  2 x 4 +  x 3 +  x 2, a  =  1 ,  Z 3[x ].
1 3 .5 . / ( x )  =  x 4 -  8X3 +  24X 2 -  5 0 x  +  9 0 ,  a  =  2 , 7?[x].
1 3 . 6 . / (x )  =  x 5 — 4X3 +  6X2 —8x  + 1 0 ,  a  =  2 ,  R[x\ .

1 4 .  B e r ilg a n  i ld iz la r  n e c h a  k arra li e k a n lig in i  a n iq la n g :
1 4 .1 . a  =  3; / (x )  =  x 4 -  6X3 +  lO x 2 -  6x  +  9 ,  Q[x].

1 4 .2 . a  =  2-, f ( x )  =  x 5 -  4 x 4 +  7X3 - l l x 2 +  4 ,  Q [x ],
1 4 .3 . a  =  1 +  /; f i x )  =  x 4 -  (3  +  4 0 X 3 +  (3  +  3 /)*2 +

+  (8 — 2 / ) x  — 2  — 2 /  , C [x ] .
1 4 .4 . a  =  2 ; / ( x )  =  x 5 -  5 x 4 +  7X3 -  2X2 +  4 x  - 8.
1 4 .5 . a  =  3 ; / ( x )  =  x 5 — 6 x 4 +  2X3 +  36X 2 — 21x  -  5 4 .
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1 5 .  Л [х] d a  b  n in g  q a n d a y  q iy m a t la r id a  b e r ilg a n  k o ‘p h a d  k a r -  
raü  i ld iz g a  ega:

1 5 .1 . / ( x )  =  X5 —5л3 +  b .

1 5 .2 . f i x )  =  x 3 — 4X2 — 3 x  +  b .

1 5 .3 . f i x )  =  x 3 +  З х 2 +  3 6 x  — 4 .
1 5 .4 . f ( x )  =  x 3 +  5X2 +  8x  +  6_._ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
1 6 .  B e r i lg a n  k o ‘p h a d la r n in g  k a r r a li i ld iz g a  e g a  b o i i s h i n i n g  

za ru r  v a  y e t a r l i  s h a r t la r in i a n iq la n g :
1 6 .1 . f ( x )  =  x 4 +  a x  +  b .

1 6 .2 . f ( x )  =  x 5 +  a x 3 +  b .

1 7 .  B e r ilg a n  k o ‘p h a d la m in g  k e lt ir i lm a y d ig a n  k o ‘p h a d la r  k a -  
n o n ik  y o y i lm a s in i  to p in g :

1 7 .1 . f i x )  =  x 5 +  4 x 4 +  7X3 +  8X2 +  5 x  +  2  .
1 7 .2 . f i x )  =  x 5 — ix4 +  5X3 — ix2 +  8 x  +  4 /  .
1 7 .3 ./ ( x )  =  x 5 +  5x4 +  (6  — Ox3 — (4  +  б ^ х 2 — (8  + 1 2 / ) x  — 8/.
1 7 .4 . f i x )  =  x 6 -  6 x 4 -  4X3 +  9X2 +  1 2 x  +  4 .
1 8 .  Q u y id a g i  sh a r t la r  a s o s id a  k o m p le k s  k o e f f i t s iy e n t l i  e n g  k i-  

c h ik  d a ra ja li k o ‘p h a d n i  a n iq la n g :
1 8 .1 . 1 — ik k i k a r ra li, 2 ,  3 , 1 + /  — b ir  k arra li i ld iz la r .
1 8 .2 . i  — ik k i k a r ra li, — 1—/  — b ir  k arra li i ld iz la r .
1 9 .  Ä [x ] h a lq a d a  b e r ilg a n  k a s r la m i q isq a r m a s  k asrga  k e lt ir in g :

1 9  1 x 2 - 4 x + 3

x  - 5 x + 6

1 9 .2 . x 8 + x 4 +l
X 2  +X+1

2 0 .  Q  m a y d o n d a  b e r i lg a n  k a s m i  e le m e n t a r  k a sr la rg a  y o y in g .

f i x ) x+3
2 0 .1 .

20.2.

S ( x )  ( x 3 - 2 ) ( j c + 1 ) '

f i x )  _  1 
g ( x )  x4 - 2 x '
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2 0  3 1 ^ -  =  —
2U -J - g ( x )  x 4 - 4  '

2 0 4  Л £ ) = ^ _
10  A - g ( x )  x K x '

2 1 .  R m a y d o n d a  b e r i lg a n  k a s m i  e le m e n t a r  k a sr la rg a  y o y in g :

/ ( * )  _ X3 -1
g ( x ) ( x 2 +X+1)2 ( x 2+ l)

f i x )  _ x 4 + 2 x 3 -1 8 x 2 +54
g ( x ) X5 + 6 x 4+ 9 x 3

f i x ) X2 + 3x+ 2
g ( x ) ( x 4 + 4 )(x + 2 )  '

f i x )  _ X2

g ( x ) * 4- 4 '

f i x ) x+3
g i x ) ( x 3- 2) ( x + l )  ‘

f i x )  _ X2

g ( x ) ( x 2 + X +2)2 '

/ ( * )  _ X2

g ( x ) x 4 -1 6  '

/ ( X )  _ 1
g ( x ) x 4 +4 '

7  m a y d o n d a  b e r i lg a n  kas

f i x )  _ X2

g ( x ) ( x - l ) ( x + 2 ) ( x + 3 )

f i x )  _ 1
£ ( * ) x 4 +4 '

2 1 .1 .

2 1 .2 .

2 1 .3 .

2 1 .4 .

2 1 .5 .

2 1 .6 .

2 1 .7 .

2 1 .8 .

2 2 .  (

2 2 .1 .

2 2 .2 .
S K * )  X ’ +4
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-5 = 5x2 +6x-23
' '  g ( x )  ( x -1 ) 3 (x+ 1)2 ( x - 2 )  ’

22.4.

22.5.

2 2 .6 .

f(x) _ i 
g ( x )  (x-/)(x+2/) •

f ( x )  _  2x  
g(x) (x—l)(x2 +1)

f i x )  _  x2 
g ( x )  x 4 - 4  "

2 3 .  Z 5 m a y d o n d a  ^  ^ (p  — tu b  s o n )  k a s m i  e l e m e n ­

ta r  k a sr la rg a  y o y in g .
2 4 .  M a y d o n  u s t id a  k e lt ir i lm a y d ig a n  k o ‘p h a d la r n in g  q u y id a g i  

x o s s a la r in i  is b o t la n g :
I o. A g a r  p ( x )  v a  g ( x )  k e l t i r i l m a y d i g a n  k o ‘p h a d la r  b o i i b ,  

p ( x ) : g(x)  b o ‘lsa , u  h o ld a  p(x )  =  ag(x ) ( a ±  0 ) b o i a d i .
2 ° . I x t i y o r i y  f ( x )  k o ‘p h a d  k e l t i r i l m a y d i g a n  i x t i y o r i y  p ( x )  

k o ‘p h a d g a  b o ‘l in a d i  y o k i  ( f ( x ) ;  p ( x ) ) = l  b o i a d i .

3°. A g a r  f i x )  ( i = l , m )  k o ‘p h a d la m in g  h e c h  b ir i k e l t ir i lm a y d i­
g a n  p ( x )  k o ‘p h a d g a  b o ‘l in m a s a ,  u  h o ld a  J\ {x)  -f2(x) . . . f j x )  \ p (x)  
b o 'la d i .

4 ° . A g a r  f x( x ) f 2( x ) . . . f m(x )  i p ( x )  ( p ( x ) -  k e l t i r i l m a y d i g a n

k o ‘p h a d ) ,  u  h o ld a  f ( x ) ( / =  l , m )  k o ‘p h a d la r n in g  a q a l l i  b i t t a s i  
p( x)  g a  b o l i n a d i .

5 ° . p ( x )  k e l t i r i l m a y d i g a n  k o ‘p h a d  b o i s a ,  u  h o l d a  a p ( x )  

(0  * a e F )  h a m  k e lt ir i lm a y d ig a n  k o ‘p h a d  b o ' la d i .
2 5 .  A g a r  x x =  a  +  b i  b e r ilg a n  f ( x )  k o ‘p h a d n in g  i ld iz i  b o ‘lsa ,  

u n in g  q o lg a n  y e c h im la r in i  to p in g :
2 5 .1 .  / ( x )  =  x 3 — 4X2 +  3 x  +  3 0 ;  Xj =  3 +  /  V 6 .
2 5 .2 .  f ( x )  =  x 3 — 4X2 +  3 x  +  3 0 ; x ,  =  3 — /  V 6  .
2 5 .3 .  f { x )  =  4 x  4 -  24X 3 +  53X 2 +  1 8 x  -  4 2 ;  x ,  =  3 -  U 5 .
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2 5 .4 .  / ( x )  =  x 4 +  2x? +  2X 2 +  6x  — 3; x t =  — 1 — i V 2  .
2 6 .  K a r d a n o  fo r m u la la r i  y o r d a m id a  q u y id a g i  t e n g la m a la r n i  

y e c h in g :
^ Z 6 X  +  1 2 x  -  2 4 .

2 6 .2 .  2 x ?  +  4 x ?  +  4 x  +  4 .
2 6 .3 .  2 x ?  +  8 x ?  — 2 x  +  5 .
2 6 .4 .  — 5X3 +  8 a2 — 3 x  — 3.

2 6 .5 .  ö x 3 — 8 X 2 +  5 x  — 3.
2 6 .6 .  — 5X3 +  8X2 — 3 x  — 2 4 .
2 6 .7 .  2X3 +  8X2 — 1 2 x  +  12.

2 6 .8 .  2X3 +  4X2 +  4 x  +  4.

2 6 .9 .  5X3 +  x 2 — 3 x  — 2 .
2 7 .  F e r r a r i u s u li  b i la n  q u y id a g i t e n g la m a la r n i  y e c h in g :
2 7 .1 .  x 4 -  2X3 -  2X2 +  1 2 x  -  2 4 .__________________________________

2 7 .2 . x 4 +  2X3 +  4X2 +  4 x  +  4 .
2 7 .3 .  x 4 -  2X3 +  8 X 2 -  1 2 x  +  12.
2 7 .4 .  x  4 -  5X3 +  8 X 2 -  3 x  -  2 4 .

2 7 .5 .  x 4 -  2X3 +  8X2 -  1 2 x +  12.
2 7 .6 .  x 4 — 5X3 +  x 2 — 3 x  — 2 .
2 8 .  K o ‘p h a d n in g  b u tu n  ild iz la r in i  to p in g :
2 8 . 1 . / ( x )  =  x 4 -  3X2 ~  14.

2 8 .2 .  f ( x )  =  4 x 4 +  3X2 -  4 .

2 8 .3 . f ( x )  =  x 4 +  4X3 +  2 7 .

2 8 . 4 . / ( x )  =  x 4 -  3X2 -  2 4 .

2 8 . 5 . / ( x )  =  x 5 +  3 x  — 9 .
2 8 .6 . / ( x )  =  x 5 +  3 x  — 8.

2 8 .7 . f ( x )  =  x 5 +  3 x -  12.

2 8 . 8 . / ( x )  =  X s +  2X2 — 3 x  + 2 .

2 9 .  K o ‘p h a d n in g  r a ts io n a l i ld iz la r in i to p in g :
2 9 .1 .  /  ( x )  =  4X5 +  4 x 4 +  7X3 +  8X2 +  5 x  +  2 .
2 9 .2 .  f i x )  =  5X5 -  x 4 -  2X3 -  27X 2 -  4 4 x  +  7 .
2 9 .3 .  /  ( x )  =  —■Ax'  — x 4 — ö x 3 +  1 l x 2 — 6 x  +  1.
2 9 .4  . f i x )  =  5X5 +  4 x 4 +  4X3 +  13X2 +  6 x  +  9 .
2 9 .5 .  / ( x )  =  - 7 X 5 +  x 4 -  5X3 -  8 X 2 +  1 9 x  -  3 .
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7 2
3 0 .1 . , irr r r . 3 0 .2 .

3 0 . K a s r  m a x ra j in i  i r r a ts io n a l l ik d a n  q u tq a r in g :

3 0 -9 - 3/9 _  3/7-

l - V î + ' J Ï  ' \/27-2\/9+л/3-1 •

3 0 .3 . п = Щ г = .  3 0 .4 .  23/9 _  з ^ + 7 • з /4 9 _ з /7 + 3 -

3 0 .5 . - • 3 0 .6 .^ 2 5 - ^ 5 + 6  ‘ ' ' 3/4 9 - 4/7 + 3 ’

З/9 Q
3 0 .7 . . 3 0 .8

Ш  +  2 Ш  /̂4 + \¡2 + 3

5

[ Takrorlash uchun savollar

1. K o ‘p h a d n in g  b u tu n  v a  r a ts io n a l  ild iz la r i .
2 . E y z e n s h t e y n n in g  k e lt ir i lm a s lik  a lo m a t i .
3 . A lg e b r a ik  e le m e n t n in g  m in im a l  k o ‘p h a d i.
4 . M a y d o n n in g  o d d iy  k e n g a y tm a s i  v a  u n i  q u r ish .
5 . K a sr  m a x r a j in i a lg e b r a ik  ir r a ts io n a ll ik d a n  q u tq a r ish .
6 . M a y d o n n in g  c h e k l i  k e n g a y t m a s i .M a y d o n n in g  m u r a k k a b  

k e n g a y tm a s i .
7 . A lg e b r a ik  s o n la r  m a y d o n i .
8. T e n g la m a la m in g  r a d ik a lla r d a  y e c h i l is h i .
9 . U c h i n c h i  d a r a ja l i  t e n g l a m a l a m in g  k v a d r a t  r a d ik a lla r d a  

y e c h i l i s h  sh a r t i.
1 0 . K v a d r a t  ra d ik a lla rd a  y e c h i lm a y d ig a n  m a sa la la r .
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J А У О В L A R

I MODUL. MATEMATIK MANTIQ ELEMENTLARI

l-§. Mulohaza. Mulohazalar ustida mantiq amallari

1 . 1 .2 ,  1 .5 , 1 .8 , 1 .9 , 1 .1 0 , 1 .1 4 , 1 .1 8 , 1 .1 9 , 1 .2 0 , 1 .2 1 ,  
1 .2 2  — m u lo h a z a .  2. 2 .1 ,  2 .5 ,  2 .7  — y o l g ‘o n .  3. 3 .3 . 3 <  2 ,  3 .8 .  
b a r c h a  h a q iq iy  s o n la r  to q . 3 .1 0 . S h u n d a y  n a tu ra l s o n  m a v ju d k i,  
u  b ir d a n  k a tta  e m a s . 4 .  4 .2 ,  4 .8 .  5 . 5 .1 .  ( х * 0 ) л ( у * 0 ) .  5 .2 .  
( *  =  0 ) v ( y  =  0 ) .  5 .3 .  (x  =  0 ) a  { y  =  0 ) .  5 .4 .  ( x  =  0 ) л  [у  Ф OjT
5 .5 .  (л: > - 6 ) a  (jc <  6 ) .  5 .6 . (x  = - 2 ) v  ( у  =  2 ) .  6 . 6 .1 ,  6 .5 ,  6 .6 ,
6 .7 ,  6 .9 ,  6 .1 0  -  y o l g ‘o n .  7 . 7 .2 ,  7 .4 ,  7 .7 ,  7 .8 ,  7 .9  -  r o s t . 8 . 8 .1 .  
Л А л \ В  => А  V В  . 8 .2 .  А л ]  В  = > l C . 8 .3 .  А  => В  v  С  v  D  . 8 .4 .  
А  => В  V С  V D . 9 . M a v ju d  e m a s . 1 0 .  1 0 .2  — y o lg ‘o n ,  q o lg a n -  
la r i ro st.

2-§. Formula. Teng kuchli formulalar. Mantiq qonunlari.

2.2.3.(((1/))о  (le))v (С л B ) ) ,  (((1л)о ((1s)vC))a S), 

f U ) «  (1 (Д  V  С ) ) ) л  в ) ,  ( О Й  о  ( 0 ¿ ) v  с ) ) ) л  в ) ,

0 ( Й  о  0 í ) ) v  с ) л  в ) ,  ( 1 (Й  о  ( ( l s ) v  с ) ) л  в ) ) ,

О Й  «  ( ( ( l í ) v  с ) л  в ) ) ) ,  (К / l  «  ( d a ) v  ( с  л  в } ) ) ) ,

О й  »  ( 1 ( 5  V ( с  л ä ))))) , ( 1 Й  »  О Р  V с )  л  а ) ) ) ) ,
( 1 ( Й  «  ( l ¿ ) ) v  (С  л  в ) 1  (1((а  «  0 ( *  V с ) ) ) л  в ) ) ,
О й  «  ( 0 ( 5  V с ) ) л  я))). ( О й  «  (lfi)))v ( с  А в)), 

( C U ) « ( ( 0 * ) v с ) л в ) ) ,  ( ( й ) « ( 0 ( г V с ) ) л в ) ) ,

(ОЙ о  (1 ( В  V С))))л в ) .  3. 3.1. А , В , С , ( 1 с \ ( А  V В \ ( А  о  в ) ,  

( ( A  v В ) = >  А \ ( ( А  о  В ) л  (1C)), { ( ( A  v в ) э  Л)=> (1с))



(((À ^  в ) л  ( 1 с ) ) = >  (((Л V ß ) = *  A ) ^  ( l e ) ) ) .  11 .  11.1.  1. 11.2.  

A v B .  11.3. А л В .  11.4. Ъ4л]С. 11.5. A v ( B a C ) .  11.6. 

В = ^ ] А .  12.  12.1. Л А л В а Ю ) .  1 2 .2 . ](]Ла]Я). 12.3. ](]Лл£лТС).

12.4. 1(Лл1Я)а1(ЛлС). 12.5. 1(1^1л15)л1(1Л л С). 13. 13.1. 

1(~U V £)v l( l8v1C) . m . А  V 5v](l^vl5)-.

13.3.1(1(Л V В )  V C)vl(ÆvlC). 13.4. l(l(l^vl(l5vlC )) V

V (1А  V B ) ) w ] B . 13.5. 1(1(1^ V Jß)vl(l5 V В  V С)) v (1A  v С ) .

14. 14.1. ("Uv(1ÆaC»a04v1F). 14.2. ( ( A v B v C ) a } D ) v & R v P .

1 4 .3 . ( ( ( Л  v  ( Я л 1 С ) ) л 1 £ )  v  Q )  a ( R v  ( l P  л  F ) ) .

1 4 .4 . ( C A  v ( B a  ( C v I Z ) ) ) )  a  ( 2 ) v 1 æ  .

3-§. Predikatlar. Kvantorlar.

1. 1 .2 , 1 .4 ,1 .5 , 1 .7 ,1 .8 , 1 .1 0 ,1 .1 1 , 1 .1 4 .  5. 5 .1 .  M \{ 3 } .  5 .2 .  
{ 1 ,2 , 3 ,4 ,5 ,6 }. 5 .3 .  { 2 ,4 , 5 ,6 ,8 ,1 0 ,1 2 ,1 4 ,1 5 ,1 6 ,1 8 ,2 0 } .  5 .4 .  M \{ 3 } .
5 .5 .  M \{ 5 } .  5 .6 .  M \{ 5 } .  5 .7 . { 1 ,5 ,7 ,1 1 ,1 3 ,1 7 ,1 9 } .  5 .1 0 .  { 6 ,1 2 ,1 8 } .

4-§. Matematik mantiqning tatbiqlari

4. 4.1. Vx e M  , \ / y  e  M ( ( x  =  y )  v  ( x  <  y )  v  ( x  >  y));

Эх e  M ,  3 y  e  M ( ] ( x  = y)vl(x < }>)vl(x > y)).

4 .2 .  3 L e  R +, V y e  M ( \ f ( x ) \  < L ) ;  V L  e  R + , 3 y  e  M ( \ f ( x ) \  > L ) .

4 .3 . V x , e  M ,  Vx2  e M { { x { <  x 2 ) => /(x, ) < /(x 2  )) ;

3 x x e  M ,  3x2  e M((x, < x2  ) л /(x, ) > /(x 2  ))).

4.4. 3 T e  R \  {0}, Vx e M ( ( x  ±  T  e M )  a  (/(x ± T )  =  /(x)) ; 

\ / T  e  R  \  {0}, Э х e M((x ± T  «é M ) v  (/(x ± T )  Ф  /(x )).

II MODUL. TOTLAMLAR VA MUNOSABATLAR

5-§. To‘plam. To‘plamlar ustida amallar. Eyler—Venn 
diagrammalari

2.  A = { 1 } ,  B = { a , { l } } ,  C = { { a , { ! } } } .  4  \ R ( M i ) \ = 2 , \R (M 2) \= 4 ,  

\R(M 3) \= 1 6 ,  \R ( M n) \ = 2 n. 6 . 10  n a fa r d a n  k a m  e m a s .
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7-§ . Akslantirish (funksiya). Tartib munosabati. Graflar

II MODUL. ALGEBRA VA ALGEBRAIK 
SISTEMALAR

8 -§. Algebra. Faktor-algebra

1 . 1 .1 . A m a l e m a s . 1 .2 . U n a r  a m a l. 1 .3 . A m a l  e m a s .
1 .4 . A m a l e m a s . 1 .5 . A m a l e m a s ,  a g a r  n a tu r a l s o n la r  t o ‘p la m id a  
q a r a ls a , t e m a r  a m a l. 2 .  N e y tr a l  e le m e n t  m a v ju d  e m a s .
3 .  3 .1 . N e y t r a l  e l e m e n t  m a v ju d  e m a s . 3 .2 . N e y tr a l  e l e m e n t  1.
4. 4 .1 .  B u tu n  s o n la r  t o ‘p la m id a  q o ‘s h is h , k o ‘p a y t ir is h  v a  q a r a -  
m a -q a r s h i  e le m e n t n i  t o p is h .  4 .2 .  R a ts io n a l  s o n la r  t o ‘p la m id a  
q o ‘s h is h ,  k o ‘p a y t ir is h , q a r a m a -q a r s h i  v a  te sk a r i e l e m e n t la m i  
t o p is h .  4 .3 .  M u lo h a z a la r  t o ‘p la m id a  d iz y u n k s iy a , k o n y u n k s iy a ,  
im p lik a t s iy a , in k o r  a m a lla r i .

3 .  R =  { (1,1) , ( 2 ,2) , ( 2 ,1) , ( 3 ,2 ) , ( 3 ,3 ) ,( 3 ,1 ) ,( 4 ,4 ) ,( 1 ,5 ) ,( 2 ,5 ) , (3 ,5 ) } .

9-§. Gruppa. Halqa. Maydon

0 , a g a r  z  =  4 k,

m   ̂ a g a r  z  =  4 k  + 1, 
1 0 . 4 z

а ,  a g a r  z  = 4 k  +  2 ,
б , a g a r  z  =  4 k  +  3

a k s la n t ir is h  g o m o m o r f iz m d ir .
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I V  M O D U L .  A S O S I Y  S O N L I  S I S T E M A L A R
12-§. Kompleks sonlar maydoni

1 . 1 .1 . R e z  =  0 ,  I n u  =  Y '  1 2 - R e ^ = 2 > = - •

1 .3 . R e z  =  0 ,  I n u  =  - 1 .  1 .4 . R e ^  =  I m z  =  0 .

4 .  4 .1 .  z = 2 , 5 +  y i , y e  R .  4 .2 .  z =  - 4  +  / .  4 .3 .  z, 2 =  - 1=h>̂  .
4 2

4.4. 0 .  4.5. 2i = - l  +  i , j 2 = - 4 - i .  4.6. Z,

4.7. a  = 1 - 2 / ,  z2 = - 3 + / .  4.8. = -2 /, = d i 2 .  5. 5.1. - 1 - i .

5 .2 . / .  5 .3 .  0 .  6 . 6 .1 .  1 +  / .  6 .2 .  6 +  8/ ,  6 +  1 7 / .  6 .3 . Z\ =  1 — / ,  

Zf=i-  6 .4 .  zi  =  1 +  / ,  £2 =  “ 2 / .  6 .5 .  z = 1-z  +  U .  6 .6 . =  - 1 , 5  -  2 /;O O

2̂ = - 1 , 5 - 4 , 2 5 / .  8 . 8 .1 .  2" c o s  ™ . 8 .2 .  ^ s i n ^ .  8 .3 .  2 " c o s ^ .

8 .4 .  s in  ~ . 9 .  9 .1 .  5 (c o s 0  +  / s in O ). 9 .2 .  2 ( c o s ^ 7t +  / s i n y 7t ) . 
3 “

9 .3 .  -^ j=  ( c o s  1  n  +  /  s in  1 7t ) . 9 .4 .  1 6 ( c o s  -  ̂ +  /  s in  ^ ) .

9 .5 .  c o s ( ^ - o c )  +  / s i n ( ^ - c x ) .  1 1 . 1 1 .1 . -  C0-s<K+ß> ( c o s ( 2 ß  -  e )  +
2 2 sinß

+  / s i n ( 2 ß - 0 ) ) .  1 1 .2 . 42008. 1 1.3 . 2" sin" “ ( c o s « ( |  - a )  +

+  / s i n « ( | - c c ) ) .  1 1 .4 . - ^ ^ - ( - 1  +  i S ) .

1 2 . 12 . 1 . ^ / 5 ( c o s ^ i | ^  +  / s i n ^ ^ ) ,  k  =  0,1,2 ; (p =  a r c s i n ( - - ^ ) .

12 .2 . 2 ( c o s - ^  +  / s i n - ^ ) , &  =  0 ,1,2,3 ,4 ,5 .O O

1 2 .3 . ^ 3 ( c o s  <p4:^fcn: +  / s in  Je =  0 ,l,2 ,3 ;tp  =  a r c s i n - j L - .

r  —+2kii — +2 kn
1 2 .4 . c o s ^ —  +  / s i n ^ — ) , k  =  0 ,1 ,2 ,3 .
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12.6 . 8n/2 ( c o s — ^  +  / s i n  <p+̂ fe7t) ,  k  =  0,1,2 ,3; (p = a r c c o s ^ i .

. -i-^+2£7t +2Icr
12.7.-py-ic o s ^ -  r + /s in -^ -------- ), k = 0,1,2,3,4,5.

*^2 6 6

12.8. ^ ( c o s 3-̂  + i s in 3̂ 2—),fc = 0,1,2,3,4,5,6,7; cp = arccos-^L .

V MODUL. ARIFMET1K VEKTOR FÄZO. 
CHIZIQLI TENGLAMALAR SISTEMASI

13-§. Arifmetik vektor fazo

2 .  2 .1 .  (8 +  V 2 , 0 - 9 , 4 ) .  2 .2 .  ( - 2 , 1 2 , - 1 7 ) .  2 .3 .  ( i s i n o c , i ,  

i c o s 3 a ) .  2 .4 . ( ^ ^ - , y , - 3 ) .

14-§. Matritsa va uning rangi

3 . A g a r  X =  1 a  X =  1  b o ‘ls a ,  ra n g  2  ga; a g a r  A. =  1 v  X, =  ^

b o ‘lsa , r a n g  3 ga  t e n g .  4. X =  0  d a  ra n g  2  g a , X *  0  d a  r a n g  3 g a  
t e n g .

15-§. Chiziqli tenglamalar sistemasi

2 . 2 .1 .  ( 1 - 1 , 0 ) .  2 .2 .  ( 1 , 2 - 1  - 2 ) .  2 .3 . ( | , - 1 , | , 0 ) .  2 .4 .

H a m jo y s iz .  3 .  3 .1 .  h a r  q a n d a y  X u c h u n  C H T S  h a m jo y li .  3 .2 .  
X * - 2  d a  C H T S  h a m jo y l i .  3 .3 .  X - - 3  d a  C H T S  h a m jo y s iz .

3 .4 .  X =  2 d a  C H T S  h a m jo y s iz . 4 .  4 .1 .  x  = ^  ( - a  +  b  + c  + d ) ,

y  =  l ( a  -  b  +  c  +  d )  , z  =  ^ ( a  + b  -  c +  d ) , t  =  l ( a  +  b +  c -  d ) .

4 .2 .  x  =  -7 ( ap - b q - c r  - d s ) , y  =  — ( aq  +  bp  +  cs -  d r ) ,
A A

Z =  —A a r - b s  + cp  +  d p ) , t  =  - ( a s +  b r - c q +  dp) ,A =  c? +  b1 +C 2 + d 2 . 
A A

12 .5 . c o s - ^ —  +  i 's i n - ^ — ) , k  =  0 ,1 ,2 ,3 ,4 .



f ik, a l , . . . , a k_l , ak+i , - , a n e l e m e n t la m in g  n - i  t a d a n  k o ‘p a y t m a -
n  ( b - a , )

lar i y ig ‘in d is i .  4 .4 .  x k = i±k m
11 ( a k - a ¡ )  (b - a k ) f \ a k ) '

i±k

- 6 + 8X 4 _  1 - 1 3 * 4  v  _  1 5 - 6 x 4  7 > X2 ,  , * 3 ------ - 5 .5 .

f ( x )  =  ( x - a l ) ( x - a 2) . . . ( x - a „ ) .  5 . 5 . 1 . x¡ =  ^ x 4-2   ̂

3^ 4+-1 0 . 5 .2 .  x ? =  2 2 x 1 - 3 3 ^ - 1 U 4 = - 1 6 x , +  2 4 x ,  +  8 .

5 .3 .  ( 3 , 2 ,1 ) .  5 .4 .  x t 

x 3 =  1 3 ,x 4 =  1 9 -  3x, -  2 x 2, x 5 =  - 3 4  . 5 .6 . x 3 =  |  +  \ * 2,

•̂ 4 — -̂ 1 — ^  X2 ~~ 1» -̂ 5 =  ^  -̂ 1 + y X2 ^ . 8 .  8 .2 . X, =  2X3 +  8X4, 

x 2 = - x 3 - 2 x 4, x 3, x 4 g  R , x 5 =  0. a, =  (2 ,-1,1,0,0), ^  = ( 8, - 2 ,0,1,0).
8 .4 . x ,  =  x 2 =  x 3 =  x 4 =  0 ;  f u n d a m e n ta l  s is t e m a  m a v ju d  e m a s .
8 .6 . Xj X3  + X4  ■+■ 5x5 ,x2  — 2 X3  2 X4  6 x5 , X3 , X4 , X5  e  R ;

5, =  (1 , - 2 ,1 ,0 ,0 ) ,  o ,  =  (1 , - 2 ,0 ,1 ,0 ) ,  o , =  ( 5 , - 6,0 ,0 ,1). 8 .8 . A g a r  X = 0  

b o i s a ,  x 1, x 2, x 3, x 4 e  R  v a  o r to n o r m a l  s is t e m a  e \ , . . . , e *  e  R 4 

f u n d a m e n t a l  s is t e m a  b o ‘la d i;  X * 0  b o i s a ,  x , = - 3 x 3 - 4 x 4 , 
x 2 = - 2 x 3 -  3 x 4 , x 3, x 4 e R ; ax = ( - 3 , - 2 ,1 ,0 ) ,  5* = ( - 4 , - 3 ,0 ,1 ) .  
8 .1 0 . X =  - 1 ,  Xj =  X3  =  x 4 =  0  , x 2 e  R ,  a  =  (0 ,1 ,0 ,0 ) ;  X =  - 2 ,  

x 2 =  - 2 x x - 2 xj — 2 X4 ,x,,X3 ,X4  e R ;  a x =  (1 ,- 2 ,0 ,0 ), ö, = (0 ,- 2 ,1 ,0 ), 

ö 3 =  ( 0 , - 2 ,0 ,1 ) ;  X £  { - 1 , - 2 } ,  x x = x 2 =  x 3 =  x 4 =  0 ,  f u n d a m e n t a l  
s is t e m a  m a v ju d  e m a s .

VI MODUL. MATRITSALAR 

16-§. Matritsalar va ular ustida amallar

5 .  5 .1 . (0  1 2  - 1 ) .  5 .2 . 0
0
1

. 5 .3 . c o s (a + ß ) - s i n ( a + ß ) Nj 

s in (a + ß )  c o s (a + ß )  J ’

v a c o s ( a  + ß ) -  s in ( a  + ß)^J 5 4  (0  0 
s in ( a  + ß) c o s ( a  + ß) J ' ' ' L  0

- 4  6 0 2 x 

- 3  2 - 2  2

4 - 1 4 - 3  

1 6  6 - 2
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5 .5 . K o ‘p a y tm a  m a v ju d  em a s . 5 .6 .

f  2 - 3  - l 4
12 - 1 8  - 6

ju ft b o ‘Isa ,

6 .3 .

, n — t o q  b o i s a ,

- 4

p  - i  
3 - 2

. 6. 6 .1 . n  —

c o s n a  - s i n п а л
6 .4 . и А Г 1 '

s in  n a  c o s « aV / 0 r /
. 6 .5 .

\  Í  Л/I ^ /2—1 ^
6 .2 .

0 2 "\
' I  о  0 0

0  2 ” 0  0
0  0  3" 0 
0  0  0  4"

6 .6 . ( 2 s in  2a )"

( \  0  0  0 4 
0  1 0  0  
0 0
0  0  0  1

. 7 .  7 .1 .
' a  0 
b a

. 7 .2 .
r a  2 b ' 

3b a  +  3 b t

7 .3 .
a  3b 

- 5 b  a  +  9 b

' a b "ö b с л

7 .4 . 0 a b . 7 .5 . 0 a b

0V, 0 a У
0V

0 a /

( a 0 0 N 0 c '
/

7 .6 . 0 b 0 . 7 .7 . 0 b 0

00

0\ 0 с / с\ 0 û >

a  b с 

0  a  b с 

0  0  a b 

0  0  0  a /

f  2  
2

1 2 .1 2 . 1 . Í - 2
3 "

• 1 2 .2 . - - 1—
r d  - ь л

l 3 - 4 / ad-bc - с  a\ /
. 1 2 .3 .

1

1 2 .4 .
- 8  2 9  - 1 1  
- 5  18 - 7  

1 - 3  1

2  0  0  0  ' 
- 3  2  0  0  
2 5  - 1 4  12 - 1 6  

- 1 9  10 - 8  12

. 1 2 .6 .

2 2 
1

_ 3  —2 
2 2

1 0  1 
V /

i i  1 l 4 
1 1 - 1 - 1  
1 - 1 1 - 1  
1 - 1 - 1  1
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' l - 1 0 . . .  0 ' 1̂ -  а 0 0 . . .  (Г
0 1 - 1  . . 0 0 i -  а 0 . .  0

1 2 .7 . 0 0 1 . .  0 . 12 . 8 . 0 0 1 -  а  . .  0

0 0 0 . . 1 / 0 0 0 0 . .  1 /

п + 1

п п — 1 п - 2 п - 3 Z 7 T \

п - 1 2 ( п - 1 ) 2 ( п  -  2) 2 (п - 3) ... 2

п - 2 2(п  -  2) 3 (п -  2) 3 ( п - 3) ... 3

п - 3 2 (я  -  3 ) 3  ( п - 3 ) 4  ( п - 3 ) ... 4

. .  .

\ 1 2 3 4 . . .  n

^1+öi j 1 1 1 ^
0\ а1а2 а\аг а\а„
1 l + a 2s 1 1

1 а2а1 а\ а2аг а2ап \
------------h -1 1 I+Û35 1 , s

i
а Ъа \ аЗа2 а \ a\

1 1 1 1+ a n s
а „ а]

\ апа2 ап аЪ *1 J

+  .

1 4 .  1 4 .1 .
' - 3  - 6 '

. 14.2.
' - \  - Г

, 2 4 , [ 2  3 J
. 1 4 .3 .

3 ^ 
2

2

1

1 4 .4 .
r3 -  2'

. 1 4 .5 . 1
r2  5 N

. 1 4 .6 . r l  2'
'6 4 5"

. 1 4 .7 . 2 1 25 - 4 17 9  14 3 4\ У \ / 3 3 3 /

'3 5 3 2 4 9 " '1 2 3^ '0 0 г
1 4 .8 . 15 14 2 2 . 1 4 .9 . 4 5 6 . 1 4 .1 0 . 0 0 1

31 2 9 4 8 / 7
V.

8 9J 0
V

0 2 J
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7 .1 0 .  3 0 , 3 8 4 4 . 7 .1 1 .  8 , 3 0 9 6 . 7 .1 2 . 2 4 , 8 7 3 6 . 8 . 8 .1 .  88 . 8 .2 .  
3 5 7 . 8 .3 .  1. 8 .4 . 1 1 3 . 8 .5 . 3 1 0 9 .  8 .6 . 3 9 1 1 . 8 .7 .  3 8 2 . 8 .8 . 2 0 1 1 .
8 .1 2 . 4 9 0 .  9 .  9 .1 .  3 0 ,1 2 0 ;  6 0 ,  9 0 ;  9 0 ,  6 0 ;  1 2 0 , 3 0 . 9 .2 .  2 0 ,4 2 0 ;  
6 0 ,1 4 0 ;  4 2 0 ,2 0 ;  1 4 0 ,6 0 . 9 .3 .  5 5 2 , 1 1 5 ; 4 3 5 , 2 3 2 ;  2 3 2 ,  4 3 5 ;  1 1 5 ,  
5 5 2 . 9 .4 .  4 9 5 ,  3 1 5 ;  3 1 5 , 4 9 5 .

2 5 - § .  Chekli zanjir kasrlar. Munosib kasrlar

2. 2 .1 .  [ 1 ,9 ] .  2 .2 .  [ 0 ; 2 ,1 5 ] . 2 .3 .  [—2 ; 1 ,3 0 ,2 ] .  2 .4 .  [ 1 ; 2 ,3 ,4 ] ,
2 .5 .  [0 ; 1 .4 ,3 ,2 ] .  2 .6 .  [—3 ; 1 ,1 ,2 ] .  2 .7 .  [ 2 ; 2 ,3 ,1 ,5 ] .  2 .8 .  [ 0 ; 1 ,2 ,5 ,2 ] ,
2 .9 .  [ 1 ; 4 . 2 .1 .7 ] . 2 .1 0 .  [ 1 ; 1 ,2 , 1 ,2 ,1 ,2 ] .  2 .1 1 . [ 0 ; 1 ,2 ,3 ,4 ,5 ] ,  2 .1 2 .  
[0; 1 .1 .3 8 ] .  3 .  3 .1 .  [ 3 ; ( 3 ,6 ) ] .  3 .2 . [ 3 ; ( 2 ,6 ) ] .  3 .3 .  [3 ; (  1 ,1 , 1 ,1 ,6) ] .
3 .4 .  [ 5 ; ( 3 , 2 , 3 , 1 0 ) ] . 3 .5 . [ 5 ; ( 2 ,1 0 ) ] .  3 .6 . [ 7 ; ( 1 ,2 ,7 ,2 ,1 ,1 4 ) ] .  3 .7 .  
[ ( 2 ) ] .  3 .8 .  [ ( 1 ,2 ) ] .  3 .9 .  [ ( 2 , 2 ,2 ,1 ,1 2 ,1 ) ] .  3 .1 0 . [ 2 ; ( 1 ) ] .  3 .1 1 .
[1 ; (1 ,1 ,4 ,1 ) ]. 3 .12. [2 ;(1 8 ,2 )J . 4 . 4 .1 . H .  4.2. H i .  4 .3. 1 .  4 .4 . 

i l n a r ü . 4 :8 : 4.8. 1 + - Л .  4 .9 7 - - -Æ .
113 83 113 5

4 .1 0 .  л/з . 4 .1 1 .  5 -  л/15 . 4 .1 2 .  245-V 85 5> 5 j  x  = - 8 3 6 0 - 1 17/,
74

y  =  2 7 1 7 +  3 8 / , / g  Z .  5 .3 .  x  = - 2  +  4 / , y  = - 4  +  7 / , / g  Z .  5 .5 .  
x  = - 1 2 5 - 1 1 4 / , y  =  4 5 +  4 1 / , / g  Z .  5 .7 .  x  =  1 -  9 t , y  =  3 9  +  4 9 / ,  
/ e Z .  5 .9 .  X =  9  +  3 1 / , y  =  2  -  Ш , /  e Z .  5 .1 1 . x  =  7 5  +  2 3 / ,  
y  =  - 1 2 0  - 3 7 / , / g  Z .  5 .1 3 .  X =  4  +  1 7 / ,  y  = - 1 1 - 5 3 / ,  / g  Z .
5 .1 5 .  X =  - 1 5 - 3 9 / , y  =  - 2 5 - 6 4 / , / g  Z .  5 .1 7 . x  =  - 1 5  +  3 7 / ,  
y  =  1 8 - 4 3 / , / g  Z .  5 .1 9 . X =  1 2 7 0 - 5 5 9 / , y  =  - 2 0 2 0 - 5 7 1 / , t e  Z .

2 6 -§ . Sistematik sonlar va ular ustida amallar

1 . 1 .1 . IIOOO2 1 .2 . 1 0 0 0 1 1 1 12 - 1 .3 . 1 0 1 0 1 12- 1 .4 . I I I 2-
1 .5 . 2 2 5 5 0 2 5 ? . 1 .6 . 3 (  1 0 ) 9 4 9 1 3 i2 . 1 .7 . 3 0 4 1 3 ? . 1 .8 . 1 9 0 0 0 0 i2 .
1 .9 . 567 v a  q o ld iq  2 0 2 ? . 1 .1 0 . ( 10) 94 i 2 v a  q o ld iq  8 7 i2 -  1 -1 1 . 
2 ,4 8. 2 . 2 .1 .  1 0 0 0 0 1 2. 2 .2 .  1 1 , 1 1 1 0 1 2. 2 .3 .  1 0 0 0 0 0 , 1 1 0 0 1 2 .
2 .4 . 0 ,1 3 3 7 8. 2 .5 . 11 , 14s. 3 . 3 .1 . 18 . 3 .2 . 16. 3 .3 . 18. 3 .4 . 15 . 3 . 5 . 15.
3 .6 .  18 . 3 .7 .  13. 3 .8 .  17 . 3 .9 .  17 . 3 .1 0 .  18. 3 .1 1 .  14 . 3 .1 2 .  18 .
3 .1 3 . 16. 4 .  4 .1 . 3 9 . 4 .2 . 2 0 5 . 4 .3 . 2 2 9 . 4 .4 . 2 6 1 7 . 4 .5 . 7 0 4 . 4 .6 . 8 3 8 7 .
4 .7 .  1 6 6 8 . 4 .8 .  1 5 2 3 . 4 .9 .  6 8 7 1 .  4 .1 0 .  5 6 6 9 . 4 .1 1 .  4 2 9 2 3 .
5 . 5 .1 .  0 ,8 7 5 .  5 .2 .  0 ,7 5 .  5 .3 .  2 5 ,9 3 6 5 .  5 .4 . 2 8 7 ,3 8 8 6 7 1 8 7 5 .  5 .5 .
0 ,0 4 4 9 2 1 8 7 5 . 6 . 6 .1 . 4 (1 0 )2 (1  l ) i 2. 6 .2 . 2 3 0 5 7 8 9. 6 .3 . 1 1 2 0 2 1 0 2 1 2 0 1 0 0 3.
6 .4 .  3 6 7 3 4 18. 6 .5 .  1 0 0 0 1 0 0 0 1 1 0 1 1 0 1 1 1 1 0 1 1 0 0 2 - 6 .6 . 2 1 2 1 3 1 15.
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6 .7 .  4 1 2 6 g . 7 .  7 .1 .  1 1 1 1 1 1 1 1 0 1 0  =  2 2 1 0 1 2 2 3 -  3 1 1 3 2 5.
7 .2 .  1 0 1 0 1 1 IOOOOIO2 =  IO2 I I O I 23 =  4 2 1 2 I 5. 7 .3 .  2O6 I 7.
7 .4 .  1 6 5 3 2 1 2 7. 7 .5 .  5 5 1 7 3 8. 7 .6 .  4 2 1 6 7 8. 8 .  8 .1 .  4 . 8 .2 .  5 . 8 .3 . 9 .
8 .4 .  9 . 8 .5 . 5 . 8 .6 . 9 . 8 .7 .  7 . 8 .8 . 6 . 8 .9 . 5 . 9 .  9 .1 .  5 . 9 .2 .  8.
9 .3 .  6 . 9 .4 . 7 .  9 .5 .  7 . 9 .6 .  7 . 9 .7 .  7 . 9 .8 .  9 . 9 .9 .  6 . 9 .1 0 .  g ,  g  >  2 .

XII MODUL. TAQQOSLAMALAR

2 7 - § .  Butun sonlar halqasida taqqoslamalar. Eyler va Ferma
teoremalari

2 .  2 .1 . 1. 2 .2 .  1 . 2 .3 .  4 .  2 .4 .  0 . 2 .5 .  1. 2 .6 .  1. 2 .7 .  0 . 2 .8 .  0 .
2 .9 . 1. 2 .1 0 . 12 . 2 .1 1 . 3. 2 .1 2 . 11 . 4 .  4 .1 . 88. 4 .2 .  6 7 . 4 .3 . 2 4 . 4 .4 .  9 .
4 .5 .  2 7 . 4 .6 .  3 6 . 4 .7 .  9 10 =  1 ( m o d  1 0 0 ) , 9 10*+r =  9r (m o d lO O ),

9 9 =  9  ( m o d  1 0 ) 9 9? =  9 9 = e 9  ( m o d lO O ) .
4 .8  . 7 4 =  2 4 0 1  =  1 (m o d lO O ) ,  7 100 =  1 ( m o d lO O ) ,

7 9"  =  7 10a?+89 =  7 89 (m o d lO O ) , 788 s  1 (m o d lO O ) ,

7 89 =  7  (m o d lO O ). 8 . 8 .1 .  7 . 8 .2 .  1. 8 .3 . 2 2 . 8 .4 . 5 . 8 .5 .  3 2 .
8 .6 . 2 9 . 8 .7 . 19: 8 .8 . 1 . 8 .9 .  1. 8 .1 0 . 1. 9 . 9 .1 .  2 . 9 .2 .  1, 4 ,  1, 4 .
9 .3 .  13 . 9 .4 .  7 . 9 .5 .  14 . 9 .6 .  1 4 . 9 .7 .  6 5 . 9 .8 .  4 9 . 1 0 .  1 0 .1 . 2 1 .
1 0 .2 . 2 2 . 1 0 .3 . 6 4 . 1 0 .4 . 2 1 . 1 0 .5 . 3 7 5 . 1 0 .6 . 4 . 1 0 .7 . 2 4 . 1 0 .8 . 1.
1 0 .9 . 2 3 . 1 0 .1 0 . 8. 1 0 .1 1 . 8 . 1 0 .1 2 . 6 0 . 1 0 .1 3 . 1 4 7 . 1 0 .1 4 . 4 8 .
1 0 .1 5 . 1 27 . 1 0 .1 6 . 5 . 1 1 .  1 1 .1 . 2 . 1 1 .2 . 6. 1 1 .3 . 1. 1 1 .4 . 5 .
1 1 .5 . 2 . 1 1 .6 . 0 . 1 1 .7 . 2 .  1 1 .8 . 2 . 1 1 .9 . 7 0 . 1 1 .1 0 . 7 . 1 1 .1 1 . 19.
1 1 .1 2 . 3 0 . 1 1 .1 3 . 2 0 . 1 1 .1 4 . 1. 1 1 .1 5 . 12 . 1 1 .1 6 . 10 . 1 1 .1 7 . 6 .
1 1 .1 8 . 7 0 . 1 2 .  1 2 .1 . 0 1 . 1 2 .2 . 6 7 . 1 2 .3 . 3 1 . 1 2 .4 . 9 7 . 1 2 .5 . 0 1 .
1 2 .6 . 6 1 . 1 2 .7 . 6 1 . 1 2 .8 . 9 7 . 1 2 .9 . 7 6 . 1 2 .1 0 . 9 2 . 1 2 .1 1 . 8 4 .

2 8 - § .  Birinchi darajali va tub modul bo‘yicha yuqori darajali
taqqoslamalar

2 .  2 .1 . X = 2  ( m o d  3 ) .  2 .2 .  0  . 2 .3 .  x  =  2 ( m o d  5 ) .  2 .4 .
X =  5 ( m o d  7 ) .  2 .5 .  x  =  4 ,9  ( m o d  1 0 ) .  2 .6 .  x  =  3 ( m o d  7 ) .
2 .7 .  x  =  8 ( m o d  1 1). 2 .8 .  x  =  2 ,5 ,8,11 ( m o d  1 2 ). 3 . 3 . 1 .  x = 3 ( m o d l 3 ) .
3 .2 .  0 .  3 .3 . x  =  3 ,1 0 ( m o d l4 ) .  3 .4 .  *  = 2  ( m o d  2 7 ) .
3 .5 .  x  =  6  ( m o d  2 3 ) .  3 .6 .  x  =  3 ( m o d  3 7 ) .  3 .7 . x  s  11 ( m o d  4 1 ) .
3 .8 .  x  =  3 8 ( m o d 5 1 ) .  4 . 4 .1 .  x  =  4  ( m o d  1 3 ) .  4 .2 .  x = 3  ( m o d  1 2 ).
4 .3 .  x  =  1 0 ( m o d  1 2 ). 4 .4 .  x  =  1 4  ( m o d  1 9 ) .  4 .5 .  x  s  13  ( m o d  3 4 ) .
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4 .6 .  0 .  4 .7 .  x ^ 3  ( m o d  2 2 ) .  4 .8 .  x  =  1 ,14 ,2 7  ( m o d  3 9 ) .
5 . 5 . 1 .  x  =  9 ( m o d  9 8 ) .  5 .2 .  x  s  2 8  ( m o d  1 1 9 ) .  5 .3 . 0 .  5 .4 .  
x  =  l l  ( m o d i 6 9 ) . 5 .5 .  x  s  7 3  (m o d  1 1 7 ) .  5 .6 .  x  = 29  ( m o d 2 0 1 ) .
5 .7 .  x  a  2 9 ,1 3 8 ,  2 4 7  ( m o d  3 2 7 ) .  5 .8 .  x  н  17 , 9 6 , 1 75 , 2 5 4 ,  
3 3 3  ( m o d  3 9 5 ). 5 .9 .  x  =  1 5 3 ,4 6 1 ,7 6 9  ( m o d  9 2 4 ) .
5 .1 0 .  x  =  1 6 3 0  ( m o d  2 4 1 3 ) .  5 .1 1 . x  s  2 0 0 ,7 5 1 ,1 3 0 2 ,1 8 5 3 ,
2 4 0 4  ( m o d  2 7 5 5 ) .  5 .1 2 .  0 . 6 .  6 .1 .  x  =  3 ( m o d  2 3 ) .  6 .2 .
x  s  11 ( m o d  2 4 ) .  6 .3 .  x  =  11 ( m o d  2 4 ) .  6 .4 .  x  s  23  ( m o d  3 0 ) .
6 .5 .  0  . 6 .6 .  x  =  2 ,7 ,1 2 ,1 7 ,2 2 ,2 7  ( m o d  3 0 ) .  6 .7 .  x  =  2  ( m o d  4 1 ) .
6 .8 .  x  =  2 1  ( m o d  5 0 ) .  7 .  7 .1 .  x  =  a  +  b  ( m o d  a b ) .

7 .2 .  x  =  { a - b f ab)A ( m o d a b ) .  7 .3 . x  =  ( a - b ) ( a  +  b f ab)A (m oúa b) .

7 .4 .  x  = ( a - b )  ( m o d  a b ) . 7 .5 .  x  =  ( m o d  p ) . 7 .6 .  

x s f f i - 1  ( m o d  m ) . 7 .7 .  x  =  a  ( m o d  m ) .

7 .8 .  x  3  a p~2 ( m o d  p ) . 8 .  8 .1 .  x  =  2  +  3t, у  =  - 2 1, t e Z .

8 .2 .  x  =  2  +  31, у  =  2  +  At, t  g  Z .  8 .3 .  x  =  3 + 4t,  y  =  1 - 3 t ,  t e  Z .

8 .4 .  x  =  3 +  4 /, y  =  - 3 - 5 t ,  t e Z .  8 .5 . x  =  7  +  8 /, y = - 2 - 3 t , t e Z .

8 .6 .  x  =  - 3  +  1 3 /, y  =  4 -  1 7 / ,  /  g  Z . 8 .7 . x  =  - 7  + 1 5 /,
y  =  12  -  2 3 / ,  /  g  Z  . 8 .8 .  x  =  - 1  +  1 6 /, y  =  - 8  +  1 7 /, /  g  Z .
8 .9 .  x  =  1 +  4 / ,  y  =  2  +  1 3 /, t e  Z .  8 .1 0 . 0 .  8 .1 1 .  x  =  2 0  +  2 1 / ,  
y  =  2 3 +  2 5 / ,  t e  Z .  8 .1 2 . x  =  4 7 +  1 0 5 / ,  y  =  21  +  4 7 / ,  t e Z .

8 .1 3 .  x  =  9 4  +  1 1 1 /, y  =  3 9  +  4 7 / , / g  Z .  9 .  9 .1 .  x  =  18  ( m o d 3 5 ) .
9 .2 .  0 . 9 . 3 .  x  =  12  ( m o d  3 5 ) .  9 .4 .  x  =  1 0 5  ( m o d  2 2 5 ) .
9 .5 .  x  =  1700 , +  52^2 ( m o d  2 2 1 ) .  9 .6 .  x  =  1 0 0  ( m o d  1 4 3 ) ,
y  =  111  ( m o d  1 4 3 ) .  9 .7 .  x  s  1 ( m o d  5 ) ,  y  =  2  ( m o d  5 ) .  9 .8 . 0  .
1 0 .  1 0 .1 . x  h  91 ( m o d  1 2 0 ) .  1 0 .2 . x  =  5 9  ( m o d  1 6 0 ) .  1 0 .3 .  
х з З З  ( m o d  9 0 ) .  1 0 .4 . x  s  8 6  ( m o d  3 1 5 ) .
1 0 .5 . x  =  2 5 6  ( m o d  1 5 4 7 ) .  1 0 .6 . 0 .  1 0 .7 . x  =  47  ( m o d  4 2 0 ) .
1 0 .8 . x  =  4 9  ( m o d  4 2 0 ) .  1 0 .9 . x  s  1 2 5  ( m o d  1 4 9 6 ) .
1 0 .1 0 . x  =  11151¿>[ +  1 1800¿>2 +  1 6 8 7 5 ¿ 3  ( m o d  3 9 8 2 5 ) .
1 0 .1 1 . x  s  8 4 7 9  ( m o d  1 5 0 1 5 ) .  1 1 .  1 1 .1 . x  =  17  ( m o d  9 0 ) .
1 1 .2 . x  =  4  ( m o d  1 0 5 ) .  1 1 .3 . 0 .  1 1 .4 . x  =  2 9 9  ( m o d  3 8 5 ) .
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1 1 .5 . 0 .  1 1 .6 . X  =  9 5 7 3  ( m o d  1 3 9 2 3 ) .
1 1 .7 . х з  8 5 0 5 6  ( m o d  1 3 0 1 6 9 ) .  1 2 . 1 2 .1 . a =  5 ( m o d  6 ) .  1 2 .2 .  
a  =  0  ( m o d  4 ) .  1 2 .3 . a =  1 ( m o d  7 ) .  1 2 .4 . a =  1 ( m o d  6 ) .  13.
1 3 .1 . X3 + 2 x 4 3  =  0  ( m o d  1 1 ). 1 3 .2 . x 3 + 1 8 x 2 + 4 x - 1 7 = 0 ( m o d  59).
1 3 .3 . X 6 +  4 x 5 +  2 2 x 4 +  7 6 x 3 +  7 0 x 2 +  5 2 x  +  3 9  з  0  ( m o d  1 0 1 ) ^
1 3 .4 . x"  +  a , x "_1/2 + . . . .  +  anh =  0  ( m o d  m ) ,  b u  y e r d a  

a 0h =  1 ( m o d / w ) .  14. 1 4 .1 . 2 х 3 + З з 0  ( m o d  5 ) .  1 4 .2 .
3 x 4 +  2 x 3 +  3 x 2 +  2 x  =  0  ( m o d  5 ) .  1 4 .3 . 3 x 2 + x - 2  = 0 ( m o d 7 ) .
1 4 .4 . 5 x 6 +  x 5 +  5 x 4 +  3 x 2 +  3 x  +  4  з  0  ( m o d  7 ) .
1 4 .5 . 6 x 8 +  7 x 5 +  3 x 4 + 3 x 3 + x 2 + 3 з  0  ( m o d  1 1 ) .  15. 1 5 .1 .  
x  =  2  ( m o d  3 ) .  1 5 .2 . 0  . 1 5 .3 . x  s  12 ( m o d  3 ) .
1 5 .4 . x  3  1 ( m o d  3 ) .  1 5 .5 . x  з  1 ( m o d  3 ) .  1 5 .6 . x  з  4  ( m o d  5 ) ,
1 5 .7 . x  3  3 ( m o d  5 ) .  1 5 .8 . x  з  2  ( m o d  5 ) .  1 5 .9 . 0 .  1 5 .1 0 .
x  3  1 ( m o d  5 ) .  1 5 .1 1 . x  3  I, 2  ( m o d  5 ) .  16. 1 6 .1 . x  з  2  ( m o d 7 ) .
1 6 .2 . x  3  4  ( m o d  7 ) .  1 6 .3 . x  з  1 ,2 ,  3 , 4 ,  5 , 6  ( m o d  7 ) .  1 6 .4 .
X 3  4 , 5 ( m o d  7 ) .  1 6 .5 . X 3  4 ( m o d l l ) .  1 6 .6 . 0  . 1 6 .7 .
X 3  7 ,9  ( m o d  1 1 ) . 1 6 .8 . X 3 l 2 ( m o d l 3 ) .  1 6 .9 . х з  7 , 1 3 ( m o d  2 3 ) .
17. 1 7 .1 . ( x - 3 ) ( x - 4 ) 2 3  0  ( m o d  5 ) .  1 7 .2 . ( х - 1 ) ( к - 2 ) 2 з 0 ( п к х 1 5 >
1 7 .3 . ( x  -  l ) ( x  -  2 ) ( x  -  3 ) ( x  -  4 )  s  0  ( m o d  5 ) .
1 7 .4 . 3 ( x  -  l ) ( x  -  2 ) ( x  -  3 )  s  0  ( m o d  5 ) .
1 7 .5 . ( x  -  l ) ( x  -  2 ) ( x  -  3 ) ( x  -  6 )  s  0  ( m o d  7 ) .
1 7 .6 . 5 ( x  -  l ) ( x  -  3 ) ( x  -  5 )  3  0  ( m o d  7 ) .
1 7 .7 . 6 ( x  -  l ) ( x  -  2 ) ( x  -  9 )  3  0  ( m o d  1 1 ) .
1 7 .8 . ( x  -  2 ) ( x  -  3 ) ( x  -  9 )  3  0  ( m o d  1 7 ) .
1 7 .9 . ( x  -  l ) ( x  -  1 3 ) ( x  -  2 1 )  г  0  ( m o d  2 3 ) .
1 7 .1 0 . ( x  -  2 ) 2 ( x  -  1 l ) ( x  -  2 8 )  s  0  ( m o d  2 9 ) .
1 7 .1 1 . ( x  -  1 7 ) ( x  -  2 8 ) ( x  -  3 0 )  3  0  ( m o d  3 1 ) .

29-§. Tub modul bo‘yicha boshlang‘ich ildizlar va indekslar

1. 1 .1 . - 1 .  1 .2 . 1. 1 .3 . 1. 1 .4 . 1. 1 .5 . - 1 .  1 .6 . - 1 .  1 .7 . - 1 .
1 .8 . - 1 .  1 .9 . 1. 2. 2 .1 . - 1 .  2 .2 . 1. 2 .3 . - 1 .  2 .4 . - 1 .  2 .5 . - 1 .  2 .6 . 1.
2 .7 .  - 1 .  2 .8 .  1. 2 .9 .  1. 3 .  3 .1 .  0 . 3 .2 .  2 . 3 .3 .  0 . 3 .4 . 0 . 3 .5 .  0 .
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3 .6 .  2 . 3 .7 .  0 . 3 .8 .  0 . 3 .9 .  0 . ЗЛО. 0 . 5. 5 .1 .  4 .5 .2 .  2 .  5 .3 .  2 . 5 .4 .
6 .  5 .5 .  2 . 5 .6 . 4 . 5 .7 .  8 . 5 .8 . 4 . 5 .9 .  10 . 5 .1 0 . 6 .  5 .1 1 . 18 . 5 .1 2 .
1 8 . 6 .  6 . 1 .  1 2 , 3  v a  2 . 6 .2 .  8 ,  8  v a  4 . 6 .3 .  1 0 , 1 0 , 2  v a  5 . 6 .4 .  6 ,

8 ,  3 . 8 .5 .  1 2 ,2 . 9. 9 .1 .  3 .9 .2 .  3 . 9 .3 .  5 . 9 .4 .  6 . 9 .5 .  2 . 9 .6 .  2 7 . 9 .7 .
5 . 9 .8 .  7 .  9 .9 .  7 . 9 .1 0 . 3 . 9 .1 1 .  3 . 9 .1 2 . 2.12. 1 2 .1 .
X s  13 ( m o d  1 7 ) .  1 2 .2 . x  =  8 ( m o d 2 7 ) .  1 2 .3 . x  s  31 ( m o d  3 7 ) .
1 2 .4 . X s  3 0  ( m o d  7 3 ) .  1 2 .5 . x  =  3 2  ( m o d  7 9 ) .
1 2 .6 .x  s  7 4 ( m o d 7 9 ) . 1 2 .7 . x  =  4 4  ( m o d  8 3 ) .
1 2 .8 . x  s  51  ( m o d  9 7 ) .  1 2 .9 . x  s  3 0  ( m o d  2 2 1 ) .
13. 1 3 .1 . x  =  7 , 1 0  ( m o d  1 7 ) .  1 3 .2 . x  s  8 ,1 9  ( m o d  2 7 ) .
1 3 .3 . X =  1 0 ,4 3  ( m o d  b i ) . 1 3 .4 . x  з  ï ‘l ,  3 4  ( m o d  6 1 ) .

1 3 .5 . x  s  2 7 ,4 0  ( m o d  6 7 ) .  1 3 .6 . x  s  2 1 , 4 6  ( m o d  6 7 ) .
1 3 .7 . x  s  1 4 ,5 7  ( m o d  7 1 ) .  1 3 .8 . x  =  17, 6 6  ( m o d  8 3 ) .
1 3 .9 . x  =  2 ,  7 ( m o d  1 1 ) .  1 3 .1 0 . x  =  5 , 2 0  ( m o d  4 3 ) .
1 3 .1 1 . x  s  3 ,3 1  ( m o d  4 7 ) .  1 3 .1 2 . x  =  1 6 3 4 ,1 8 4 7  ( m o d  5 9 2 ) .
1 3 .1 3 . x  =  2 5 3 ,4 0 7 6  ( m o d  7 3 2 ) .  14. 1 4 .1 . 3 . 1 4 .2 . 4  1 4 .3  . 0 .
1 4 .4 . 1. 1 4 .5 . 0 . 1 4 .6 . 1 0 . 1 4 .7 . 0 . 1 4 .8 . 7 . 1 4 .9 . 3 . 1 4 .1 0 . 1.
1 4 .1 1 . 0 . 15. 1 5 .1 . x  s  4 ,  33  ( m o d  3 7 ) .  1 5 .2 . x  =  17 ( m o d 4 1 ) .
15.3. 0 . 1 5 . 4 . x  =  2 , 1 8 , 2 3 , 3 9 ( m o d 4 1 ) .  15.5. x  =  7 ( m o d 4 3 ) .  15.6. 0 .
1 5 .7 . x  =  17 ( m o d  6 7 ) .  1 5 .8 . x  =  8 ,2 8 ,3 1 ,3 6 , 3 9 ,5 9 ( m o d 6 7 ) .
1 5 .9 . x  =  3 0 ,5 3  ( m o d  8 3 ) .  1 5 .1 0 . 0 .  16. 1 6 .1 . x  =  3 , 5 , 6 ( m o d  7 ) .
16.2. x  s  2 ,  3 , 1 0 , 1 1  ( m o d  1 3 ) .  16.3. x  =  1 0 ,1 3  ( m o d 2 3 ) .  16.4 . 0 .
1 6 .5 . x  =  1 1 , 2 7 , 3 6  ( m o d  3 7 ) .  1 6 .6 . x  =  2 5 , 3 0 , 3 1 , 3 6  ( m o d  6 1 ) .
1 6 .7 . х з  17  ( m o d  7 3 ) .  1 6 .8 . x  з  1 2 , 2 3 , 3 5 ,  3 8 , 5 0 ,6 1  ( m o d  7 3 ) .
1 6 .9 . x s  1 7 , 6 3 ,  6 6  ( m o d  7 3 ) .  1 6 .1 0 . x  s  3 , 2 4 ,  4 6  ( m o d  7 3 ) .
1 6 .1 1 . x  =  6 , 1 4 , 2 0 , 5 9 , 6 5 , 7 3  ( m o d  7 9 ) .

XIII MODUL. KOTHADLAR 

30-§. Bir o‘zgaruvchili ko‘phadlar

1- / i ( x )  =  / 3 ( x ) ; / 2 ( x )  =  / 4 ( x ) .  2 .  2 . 1 . a  =  - 5 , 6  =  - l , c  =  6 .

2  v a  12. 6 .5 .  5 ,  1 0 , 2  v a  10. 7 .  7 .1 .  2 ,  6 ,  7 ,  8 . 7 .2 .  2 , 6 ,  7 ,  11 .
7 .3 .  0  . 7 .4 .  2 , 3 , 1 0 , 1 3 , 1 4 , 15 . 7 .5 .  3 , 5 , 1 0 , 1 2 , 1 7 , 1 9 , 2 4 ,
2 6 ,  3 8 , 4 0 ,  4 5 ,  4 7 . 7 .6 .  2 ,  5 , 1 1 , 1 4 , 2 0 , 2 3 , 2 9 , 3 2 , 3 8 , 4 1 , 4 7 ,  
5 0 ,  5 6 , 5 9 ,  6 5 ,  6 8 ,  7 4 ,  7 7 . 8 .  8 .1 .  2 , 3 . 8 .2 .  2 ,  5 . 8 .3 . 6 ,  2 . 8 .4 .
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2 .2 . a =  2 , b  =  5 , c  =  7 .  3 .  3 .1 .  a )  a  =  6 , g j ( x )  =  x 2 +  3 x  + 1 ,  

g 2 ( x )  =  - x 2 - 3 x - l .  3 .2 . <2 =  3 , g , ( x )  =  2 x  +  2 , g 2( x )  =  3 x  +  3; 

a  =  2,  g j ( x )  =  2 x  +  3, g 2( x )  =  3x  +  2; 3 .3 .  a  =  4 , g 1( x )  =  3 x 2 - 2 x - 2 ,  

g 2( x )  =  - 3 x 2 +  2 x  -  2 . 4. a  =  - 8 ,  b =  18 , ^ ( x )  =  x 2 -  4 x  + 1 ,  

8 i ( x )  = ~-x2 +  4 x  - T ;  a  =  1£~b =  1 4 ; g x( x )  =  x 2 +  4 x - 1 ,
g 2( x )  =  - x 2 - 4 x  +  1 .5 .  a  =  3 , b  =  - l , c  =  4 .  7 . 7 .1 .  Z [ x ] d a  
/ ( x ) i g ( x ) , Q [ x ]  d a  f ( x ) \ g ( x ) .  7 .2 .  B o ‘l in a d i .  7 .3 .  B o ‘l in -  
m a y d i. 8 .  8 .1 .  b =  - l - a ,  a  =  c. 8 .2 .  6  =  1, c  =  0 . 8 .3 .  A g a r  a  =  0  
b o ‘ls a , u  h o ld a  b =  c  + 1 v a  c e  z;  a g a r  a e  z  \  {0} b o ' l s a ,  u

h o ld a  b  = 2 - a 2 v a  c  =  1. 9. 9 .1 . r  =  l - / .  9 .2 .  /- =  7 .  9 .3 .  
r ( x )  =  x  + 2.  9 .4 .  r ( x )  =  ( 2  +  / ) x  +  (1 -  / ) .  9 .5 .  r ( x )  =  - 7 x  +  l l .

10. 1 0 .1 . / ( x )  =  g ( x ) ( x 3 -  3 x  +  5 ) +  2 x  -  3 .
1 0 .2 . / ( x )  =  g ( x ) ( 3  +  2 / ) x  +  (2  -  7 / ) x  +  ( - 2  +  /)■

1 0 .3 . / ( x )  =  g ( x ) ( 2 x 2 +  3x)  + 1 .  1 0 .4 . f ( x )  =  g ( x ) ( 5 x s -  8 x 4 -  

- 2 x 3 +  3 x 2 +  6 )  +  4 x  +  5. 11. r ( x )  =  ( 3 x 2 - 4 x  +  l ) 2 . 12. r  =  3 .

13. 1 3 .1 . h(x)  =  5 x 3 -  4X2 +  7 x + 6 ;  r ( x )  =  16 . 1 3 .2 . h ( x )  =  2 i x 3 +  

+ ( 3 - / ) x - 2 ;  r ( x ) = 2 + i .  1 3 .3 . h(x) =  0 ,5 x 3 +  3 x  - 1 ;  r {x )  =  2 ,5 x - 1 ,5 .

1 3 .4 . h ( x )  =  5 x 3 +  2 x 2 + 1; r ( x )  =  2 x 2 -  2 x  + 1 .  14. 1 4 .1 . 1 3 6 .

14 .2 . - 1 - 4 6 /  1 4 .3 . 2 .  14 .4 . 9 - 5 /2 .  1 7 . 1 7 .1 . / ( x ) = ( x - l ) 4 + 2 ( x - l ) 3 +  

+  3 ( x  -  l ) 2 -  ( x  -  1 ) -  2 . 1 7 .2 . f ( x )  =  2 ( x - 1)4 +  ( x  - 1)2 +  ( x  - 1 ) .

1 7 .3 . / ( x )  =  ( x + / ) 5 - 5 / ( x + / ) 4 - ( 3 /  +  1 0 )(x  +  /)3 +  ( - 1 3 + 1  O f)(x+ / )  +
+  ( 2 2 /  +  5 ) ( x  +  0  +  1 1 - / .  1 8 .  1 8 .1 . ( f , g )  =  x  + 1 . 1 8 .2 . ( / , £ )  =  1.
1 8 .3 . ( / , * )  =  2 x  +  l .  19. 1 9 .1 . ( / , * )  =  x -  3 . 1 9 .2 . ( / , g )  =  1.

1 9 .3 . ( f , g )  =  x  +  3. 1 9 .4 . ( f , g )  =  x 2( l  +  z )x  +  i. 20. 2 0 .1 .  [ f e ] =  

=  ( 2 x 3 +  7 x 2 +  4 x - 3 ) ( x - 1 ) .  2 0 .2 .  [ / , g ]  =  ( x 3 + 6 x 2 +  4 x  +  l ) x

x  ( x 3 +  x 2 +  3 x  -  4 ) :  ( x  +  2 ) .  2 0 .3 .  [ / , g ]  =  ( x 3 -  x 2 +  3 x  -  3 )  x  

( x 4 +  2 x 3 +  2 x  - 1 ) .  2 0 .4 .  [ f , g ]  =  x 5 +  2 /x 4 -  2 x 3 -  2 ix2 +  x .

2 1 .  2 1 .1 .  m(x) =  1, v (x )  =  —x + 1 . 2 1 .2 .  w (x )  =  —x  — I, v (x )  =  x  +  2. 

312



2 1 .3 .  u ( x ) = ~ ,  v (x)  =  x 2 - x - ~ .  2 2 .  2 2 .1 .  ¿ / ( х ) Ц ( х 2 + х + 1 ) +  

+  (X  -  l ) h ( x ) ,  v (x )  ^ ^ x 2 +  X + 1 )  -  ( x  +  1 )h(x) ,  h ( x )  e  Q[x] ,

2 2 .2 .  u ( x )  = — y ~  +  ( *  +  Z)h(x ) ,  v ( x )  =  Í ¿ ( x 2 +  4 x ) -

-  ( x 2x  +  l ) A ( x ) ,  / < x ) e Z 5[x], 2 3 .  S ( x ) :. ( f , g , h ) b o ‘lg a n lig i  u c h u n  
t e n g la m a  y e c h im g a  eg a .

31 -§. Ko‘p o‘zgaruvchili ko‘phadlar

1 . \ A . f ( x , y )  =  X s + x 4y - 2 x 3y 2 - x y 4 + 2 y 5 + x 2 - 1 .

1 .2 . / ( x ,  у , z ) =  x 3y 2z  +  y 3z 2x  +  z x 2y  -  x y 2z 3 -  y z 2x 3 -  z x 2y 3 .
2 . 2 .1 .  Y u q o r i  h a d i 2 x 2z  ■ 2 .2 .  Y u q o r i  h a d i x z . 4 .  4 .1 .  5 x 4>;2z  •
4 .2 .  -  3 X>'2¿ 2 . 5 .  5 .1 .  / ( x ,> ’)  =  a 2o¿ + 2 a 2 2 a ]  <\e ¿—

5.2. / ( x ,_ y )  =  2o 2o 2 - 6 0 ,0 2 - 5 o , c 2 . 5.3. / ( x , y , z )  =  o ,o 2 -  o 3 . 

5.4. f ( x , y , z )  = о ? -4 о ? о 2 + 8 о ,о 3. 5.5. f ( x , y ,z „ 0  =  ofa4 + c^  - 4o2a4 . 

10. 10.1. 0 . 10.2. i .  11. 11.1. o (x 1, x 2, x 3) =  o ^ 2 o 2 - j o ^ .  11.2.

0(X ,, X2, X3, X4) =  о 2 • 1 1 .3 . o ( x , , x 2, . . . , x n) — Oj — 3 0 jO 2 +  З03.
1 4 . 1 4 .1 . 1 6 2 . 1 4 .2 . 10 . 1 4 .3 . 4 1 . 1 4 .4 . 5 9 . 1 5 . 1 5 .1 . a  =  1 .
1 5 .2 . a =  2 .  1 5 .3 . û  =  3 a û  =  - L  1 5 .4 . a =  ± / Л  v a  я  =  ± 2 / Л .
1 6 . 1 6 .1 . - 1 0 8 .  1 6 .2 . - 2 7 0 3 6 .  1 6 .3 . 5 0 0 0 0 .  1 6 .4 . a ( b 2 - 4 a c ) .

1 6 .5 . - 2 7 q 2 - 4 p 3 . 1 6 .6 . - 2 c 2 +  \ 8 a b c  -  4 a 3с  -  4¿>3 + a 2b 2 .

1 8 . 1 8 .1 . a  =  ± 2 .  1 8 .2 . û g  \3 ,3 -b ¿ | ¡ .  18.3. 0 = 3. 18.4.

ö  = 2 +  4 / .  1 9 . 1 9 .1 .  | ( 3 , 2 ) , ( - 3 , - 2 ) ^ 2 V 2 - ^ j ( ^ - 2 7 2 , ^ 1 .

1 9 .2 . | ( 1 , 0 ) , ( 2 Д ) , | ^ Ь ^ , Ц ^ | .  1 9 .3 . { ( 0 , 0 ) , ( 2 , - 1 ) , ( 1 , 2 ) ,

( 1 ,6 8 ) , ( 2 ,5 2 ) } .  1 9 .4 . ( 1 ,2 ) .  2 0 .  2 0 .1 . ( 2 , 3 ) ; ( 3 , 2 ) .  2 0 .2 . (1 ,2 ) ; (2 ,1 ) .

2 0 .3 .  ( 1 , 2 , - 2 ) ,  ( 1 , - 2 , 2 ) ,  ( 2 , 1 , - 2 ) ,  ( 2 , - 2 , 1 ) ,  ( - 2 , 2 , 1 ) ,  ( - 2 , 1 , 2 ) .
2 0 .4 .  ( 1 , - 2 , 3 ) ,  ( 1 , - 3 , 2 ) ,  ( 2 , - 1 , 3 ) ,  ( 2 , - 3 , 1 ) ,  ( 3 - 1 , 2 ) ,  ( 3 , - 2 , l ) .
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2 0 .5 . (1 ,6 4 ) , ( 6 4 ,1 ) .  2 0 .6 .  (1 6 ,8 1 ) , ( 8 1 ,1 6 ) , ( - 1 6 , - 8 1 ) ,  ( - 8 1 , - 1 6 ) .
2 1 . 2 1 . 1 .  { 1 ,4 } . 2 1 .2 .  {2 ,1 1 } . 2 1 .3 .  { - 8 , - 7 3 } .  2 1 .4 .  х  =  0 .

3 2 - § .  M a y d o n  u s t id a  k o ‘p h a d la r

2 .  2 .1 .  / ( x ) = (x  - 1 )  (к+1) (x2 -  2) (2x - 1 ) .  2 .2 .  / ( x )  =  (x 2 - l ) ( x 2 - 4 ) ( 3 x + l ) .  

/  (X ) =  ( x 2 +  1ДХ2 -  Z)i¿x  - 1 )  =  ( x 2 +  l ) ( x  -  V 2 ) (x  +  Л  ) ( 2 x  - 1 )  =  - 

=  ( x  -  / ) ( х  +  / ) ( x  -  V 2 ) ( x  +  л /2 )(2 х  - 1 ) .

6 .  / ( x )  =  ( x  +  l ) ( x  +  2 ) ( x  +  3 ) ( x  +  4 ) ,  Z 5 ; Q  d a  k e lt ir i lm a y d i,  

/ ( x )  =  ( x 2 -  V 2 x  +  2 ) ( x 2 +  - J ï x  +  2 ) ,  R ;  С  d a  k e lt ir i la d i.

3 .

7 .  7 .1 . / < х ) = | * - Ь ?

7 .3 . / ( x ) =  X - - 1 - Л x  -

W 5  

i - Л

X - - - J -  • 7 .2 .  / ( x )  =  ( x  -  l ) ( x  - 2 ) (x  -  3 ).

x  - -3+V3 - з - Л

7 .4 . / ( x )  =  ( x  - 1  -  0 ( x  -  1 +  j ) ( x  +  1 -  z ) (x  +  1 +  / ) .

7 .5 . / ( x )  =  ( x  -  l ) 2( x  -  2 ) 2 .

3 у / з . Y  3 Í 3 . '7 .6 . / ( х )  =  ( х - / л / 3 ) ( х  +  /л/3) ■ i \ x  + l + Ü i

7 .7 . / ( x )  =  x  - - 7 - Л
\ 2 .

X -
-7 + -Л

\2

Зл-1

¿=1
7 .8 . f ] [ x - c o s M _ / s m i g i  ], ( £ ,3 )  =  1 .27TÄ:

Зя

8 .  8 .1 . ( f , g )  =  x 2 - х - 2 ;  [ / , g ]  =  ( х - 1 ) 2( х 2 +  1 ) ( х 2 - 5 х  +  6 ) .  

8 -2 . ( f , g ) = x - X  \ f ,g ]  = (х 2 - 2 х + 3 ) 2( х + 6 )2( х - 1 ) 2( х - 2 ) 2( х - 6 ) 2(х2 + х + 1 )  
8 -3 . ( / , g )  =  ( х  + 1)2; [ / , g ]  =  ( х  +  1)3( х  -  1 ) ( х  -  2 ) .

8 -4 . ( / ,  g )  =  х  +  2; [ / ,  g]  =  х ( х  +  1 ) (х  +  3 ) ( х  +  4 ) ( х 2 +  x  +  Ï )2 .

8 -5 . ( / ^ )  =  х (т ’л) - 1 . 8 . 6 .  A g a r т la r  t o q  s o n  b o ‘Isa ,(m,n) ’ (m,n)
(f , g ) =  x (m'n) + 1 ,  q o lg a n  h o lla r d a  { f , g )  =  1 .

9 .  9 .1 .  f \ x )  =  3 ( x 2 +  x  -  l ) 2 ( 2 x  +  l ) ( x 3 -  2 )  +  3 x 2 ( x 2 +  x  - 1 ) .

9 .2 .  f \ x )  =  x ( x  +  3 )  +  3 x 2 . 1 0 . / ( x )  =  2 x 6 +  x 3 +  x 2 +  x  +  2 .



1 1 .  / ( х ) = 4 х 3 + Х 2 —х + 1 .  1 2 . f i ( x ) =  \  / 2(х )  =  х 2, / 3( х ) = х 2 + 1 , 

/ 4 ( х )  =  х 3 +  х 2 +  х  la r d a n  ta sh q a r i b a r c h a  k o ‘p h a d la r .

1 3 .  1 3 .1 .  / ( x )  =  / ( x  -  2 / ) 4 +  ( - 7  -  / ) ( х  -  2 /) 3 +  ( 4  -  1 9 / ) ( x  -  2 /) 2 +  
+  ( 2 7  +  4 / ) ( x  - 2 0 - 3  +  1 4 /  v a  f Q i ) = 2 7 + 4 /;  f \ 2 i ) =  8 -  3 8 / ; 

/ ' ( 2 0  =  - 4 2  -  6 / ; f IV(2 i )  =  2 4 /.

1 3 .2 . / ( x )  =  ( x  — O5 +  5 /(x  +  O4 -  (3 / + 1 0 ) (x  +  O3 +  ( 1 0 / - 1 3 ) ( x  +  i)2 +  
+  (5  +  2 2 / ) ( x  +  i )  + 1 1  -  /  v a  / ' ( - O  =  2 2 /  +  5; / ' ( - / )  =  2 0 ; - 2 6 ; 

/ ' ( - / )  =  - 6 0  - 1 8 / ; / /F ( - 0  =  - 1 2 0 / ;  / K( - / )  =  1 20 .

1 3 .3 . / ( x )  =  ( x  +  l ) 4 -  4 ( x  + 1)3 -  9 ( x  +  l ) 2 +  3 6 ( x  +  1) +  1 ,

Л - 1 )  =  3 6 ;  / ' ( - 1 )  =  - 1 8 ;  / ' ( - 1) =  - 2 4 ;  / /K( - 1 )  =  2 4 .

1 3 .4 . / ( x )  =  2 ( x - I ) 4 +  ( x -  I ) 2 +  ( х - I )  / ' ( I )  Г ( 1 )  =  2; 

/ ' ( í )  =  Ó; / /K ( I )  =  Ó. 1 3 .5 . / ( x )  =  ( x -  2 )4 -  1 8 (x  -  2 )  +  38  ; 

/ ' ( 2 )  =  - 1 8 ,  / ' ( 2 )  =  / ' ( 2 )  =  0 ,  f IV(2)  =  2 4 .
1 3 .6 . / ( x )  =  ( x - 2 ) 5 +  1 0 ( x - 2 ) 4 + 3 6 ( x - 2 ) 3 + 6 2 ( x - 2 ) 2 + 4 8 ( x - 2 )  +  18; 

/ ' ( 2 )  =  4 8 ,  / ' ( 2 )  =  1 24 , / ' ( 2 )  =  2 1 6 ,  / ^ ( 2 )  =  2 4 0 ,  / F(2) =  12Q
1 4 . 1 4 .1 . 2 .  1 4 .2 . 1. 1 4 .3 . 0 . 1 4 .4 . 3 . 1 4 .5 . 3 . 1 5 .  1 5 .1 . b =  O d a  
a  =  O ; b =  —6л/3 d a  a  =  ~ s / 3 ;  b =  6 j 3 d a  a  =  yÍ3.  1 5 .2 .

j _ l l ,  i g j .  1 5 .3 . b =  0 .  1 5 .4 . ¿> =  4  d a  a  = - 2 ;  6 =  ^  d a

«  =  1 6 .  1 6 .1 . 2 7 o 4 =  2 5 6 ¿ 3 . 1 6 .2 . 3 1 2 5 6 2 +  1 0 8 я 5 =  0 .
3

1 7 . 1 7 .1 . / ( x )  =  ( x 2 +  x + l) 2( x  +  2 ) .  1 7 .2 . / ( x )  =  ( x  +  /)3( x - 2 / ) 2 .

1 7 .3 . / ( x )  =  ( x  +  2 ) 3( x 2 - x - / ) .

1 8 . 1 8 .1 . / ( x )  =  ( x  -  l ) 2 ( x  -  2 ) ( x  -  3 ) ( x  - 1  -  / ) .

1 8 .2 . / ( x )  =  ( x  — / ) 2( х  +  1 +  O • 1 9 .  1 9 .1 .

1 9 .2 . ( x 2 - x + l ) ( x 4 - x 2 +  l ) .  2 0 .  2 0 .1 .  +
v g(x) 3(x+l) 3(x -2)

2 0 .2 . 4 4  =  - t - +  - Xi — - 2 0 -3 - I TT =  — 5—  +  - í —  g ( x )  2 x  2 (x  - 2 )  2(x -2) 2(x +2)
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20 4 — _L _ * 2 1  211 — x+1 _ x+^
g(x) X x2+1‘ ' ' ' g(x) x2+1 x 2+x+\ '

2 1 2  -  6 __4 i 1 -t 3 213 * x-4
' ‘ Ж*) X3 X2 *+3 (x+3)2' ' ‘ g(x) 8(x2+2x+2) в^-гх+г)'

2 1 4  /(JC) -  ^  ^  i 1
— 1 ' g(x)___8(x-=j2)__ S (x + J l) 7 ( x 2 + 7 )  '___________________________________________

1 + ± Ц 2 - 1 Щ  (  ~ - ~ т + - 3Л \ - - + - П - - ¥ 4
2 1 5  A * ) - ___ 2 2 12 3V [3 12 У  f  2 3 3̂

g(x) 3(x+l) х-У2 X2 +Il2x+\l4

2 1 6  ^ X) -  1 *~2 2 1 7  = — ______ L _  +__ L_
Six) X2 +Х+2 ( ¿ +x+2)2 ' ‘ gix) Six-2) 8ix+2) 2(x2+4) '

218  _ 1 (  x+2_______ x-2
g(x) 8 X2 +2x+2 X2 -2x+2 j

2 2 .  2 2 .1 .  =  1_ _ _ _ _ _ _ —  +  9
g ix ) 12(x-l) 3(x+2) 4(x+3) '

2 2 .2 .  Z i £ l  =  - ± ( J i i -  +  _ !z L _  +  ^ ± L  +  ^ i M
gix) 16 ̂ x - l - i  x - \+ i  x + l—i x+ l+ i J

22 3 —  -  3 4 1_____ 1_____ 2 | 1
£(*) (x-1)3 (x-1)2 X—1 (x+1)2 x+1 x-2 '

2 2  4  f ( x ) — _̂ _ _ _ _ _ _ I 22 5 f i x ) _  _ _ _ _ _ l+ f t—1
g(x) 3(x-/) 3(x+2/) ' ' g(x) x-1 2(x -i) 2{x+i) '

2 2 6  / ( x )  -  ^  ^  i Л ^
g(x) 8(x-V2) 8(x+V2) 8(x—У2/') 8(x+Л/) '

23 = V'___Í___
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