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SO‘ZBOSHI
Respublikamizda kadrlar tayyorlash Milliy dasturining birinchi (1997- 

2001 yillar) va ikkinchi bosqichlari (2001 -2005-yillar) yakunlandi. Ó ‘tgan 
vaqt mobaynida Respublika Oliy ta ’limi tizimida katta o ‘zgarishlar bo‘ldi, 
xususan, yangi Davlat ta ’lim standartlari ishlab chiqildi va tasdiqlandi. Hm- 
fan jadal taraqqiy etayotgan, zamonaviy axborot-kom m unikatsiya tizimlari 
vositalari keng joriy  etilgan jam iyatda tud i fan sohalarida bilimlarning tez 
yangilanib borishi, ta i im  oluvchilar oldiga ularni jadal egallash bilan bir 
qatorda, m untazam  va mustaqil ravishda bilim olish vazifasini qo'ym oqda.

Qabul qilingan yangi Davlat ta ’lim standartlarida ilg 'or chet el oliy 
ta ’lim muassasalarida keng qo'llaniladigan va yaxshi samara beradigan mus­
taqil ta ’lim olish usuliga asosiy e ’tibor qaratildi. Talabalarda o ‘quv ada- 
biyotini mustaqil o ‘rganish va undan foydalana bilish malakalarini hosil 
qilish, mantiqiy fikrlashni o ‘stirish va matematikaviy madaniyatning um u- 
miy saviyasini ko ‘tarish, tatbiqiy masalalarni matematikaviy tom ondan tek- 
shirish malakalarini hosil qilish va bu masalalarni matematikaviy tilda ifo- 
dalashga o'rgatish m aqsadida o ‘quv dasturlariga m atem atik analiz fanidan 
mustaqil ishlar kiritildi va o ‘quv rejasida ularga mos soatlar ajratildi.

Ushbu qo ilanm a m atem atik analiz fani chuqur o ‘rganiladigan univer- 
sitetlarning talabalari tom onidan mustaqil ishlarni bajarishga mo'ljallangan 
bo‘lib, u bakalavriatning «Matematika», «Tatbiqiy matematika va informati- 
ka» va «Mexanika» yo‘nalishlari Davlat ta 'lim  standartlariga mos keladi.

Q o‘llanma to 'qqiz paragrafdan iborat bo‘lib, l-§  da matematik analiz fa­
nidan mustaqil ishlarni bajarish jarayonida kerak boiadigan asosiy formula va 
qoidalar keltirilgan. Qolgan paragraflarda esa «Ketma-ketlik va funksiya limi- 
ti», «Funksiya hosilasi va differensiali, ulaming tatbiqlari», «Aniqmas va aniq 
integrallar, ularning tatbiqlari», «Ko‘p o ‘zgaruvchi!i funksiyalar», «Sonli qator- 
lar», «Funksional ketma-ketliklar va qatorlar», «Xosmas va parametrga bog‘liq 
integrallar» va «Karrali va egri chiziqli integrallar, Sirt integrallari va maydon- 
lar nazariyasi elementlari, Furye qatorlari» mavzulari bo‘yicha 8 ta  mustaqil 
ish tavsiya etilgan. H ar bir mustaqil ishni berishdan awal shu mustaqil ishni 
muvaffaqiyatli bajarish uchun lozim boMadigan asosiy tushuncha va tasdiqlar 
keltirilgan (A bo‘lim). B bo'lim da talaba bajarishi va keyin topshirishi lozim 
bo‘lgan 21 ta variantdan iborat mustaqil ish vazifalari tavsiya qilingan. D 
b o iim d a  esa talabaning m ustaqil ishni bajarishini va undagi m aterialni 
o ‘zlashtirishini yengillashtirish maqsadida 1 ta variantdagi (21-variant) barcha 
misol va masalalar to 'liq  yechib ko‘rsatilgan.

Q o‘llanmani tayyorlashda mualliflar tomonidan mavzularning oddiy va 
sodda tilda, tushunarli va ravon bayon etilishiga, faqat zarur, lekin fanni 
malakaü tushunish uchun yetarli m a’lumotlarni berishga, Mirzo U lug‘bek 
nomidagi 0 ‘zbekiston Milliy universiteti M exanika-matematika fakultetida 
matematik analiz fanining o'qitilishi jarayonida yig'ilgan tajribalardan imkon 
darajasida to ‘liq foydalanishga harakat qilindi. Shu munosabat bilan muallif­
lar o ‘quv qo'llanm a talabalarda bilim olishga intilish hissi, mustaqil fikrlash 
malakalarining shakllanishiga xizmat qiladi, deb umid bildiradilar.
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l -§ .  ASOSIY FORMULA VA QOIDALAR 
1°. Qisqa ko‘paytirish formulalari va Nyuton binomi

1. ( a  ±  b y  —c r ±  l a b  + b~ ■

2 . (a ± by  = a3 ± 3a2b + 3ab2 ± b3.

3. (a ± b̂ A = a4 ± 4a3b + 6a~b~ ± 4ab' +bA •

4. a 2 - b 2 =  ( a - b ) ( a  +  b ) .

5 . a 3 ± b 3 = ( a ± b ) ( a 2 + a b  + b 2) .

6. (a  + b j  = £ c ‘, a - ‘b‘ = ± C ‘,a ‘b - ‘
k = 0 <r=0

bu yerda C* = * ! - ( « - * > ! ’ w!-1  2 ' - ’w va 0 ! = 1 '

7 . a" -Z>" =
*=0

•=(a-6)-(a'1"1 +a"~2b + d " 3b2+...+ab"~2+b"~l) bu yerda n e  N ,  n >  1.

8. fl" + A" = ( a  + b ) (a"'1 -  a"-2b + a ^ b 2 -  a'"*b:' +... + b"-]) ,  bu yer­

da « - 1  dan katta b o ‘lgan ixtiyoriy toq  natural son.
2°. Daraja va ildizning xossalari. Logarifralar

1. ¿°=1, c? -av = d c+y, ^  = (a')y = a \  (a-h)* = a x- b \
a x /  U

2- V F - o - .

{ / I / a  = ^[a  , ^  =  V o -

3. 2'd F '= \d = \a' ^  a~° h° ^  Zm+4-a = - 2myfa, agar a >0 bo‘lsa;
1 [-a , agar a < 0 bo'lsa.

’4 a < " 4 b ,  agar o < a < b  bo'lsa.

4 . Ixtiyoriy x  uchun ax > o ;

a* =  ay o  x = y •
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ix > y ,  agar a > 1 bo‘lsa. 
ал > a1 <=> -j

[*<>>, agar 0 < a < l  bo‘lsa.

6. ( x > 0 ,  ö > 0 ,  y > 0 ,  è > 0 ) .  b = a'0Süh’ lo g t x  = \, lo g r l =  (b

______ ________ __________ ^ ________
log* (j-y) =  log ^ H o g y y , -  log , -  -  log , X  -  log , J 7  log,i xm -  —  log , A- ,

у  к

1 lo8 i *  1 t  1 log(JA- = ---------• l0g a 6 = - ------ -
lo g , a ’ log* a

3°. Trigonometrik funksiyalar va trigonometriya formulalari
1, Trigonometrik funksiyalarning ishoralari

sin X cos X t g j f C t g  X

N 
1 f4!

Vr+Vо 
’

+ + + +

К— < Д <  л  
2

+ - - -

З л
/Т <  . г <  —  2

- - + +

3/Т
—  < х  < 2 л  
i

- + - -

2. Trigonometrik funksiyalarning ba’zi bir burchaklardagi
qiymatlari

Radianlar 0 я
7

Я

т
я
У

я
1

я Ъя
~2

2/г

Graduslar 0" 30" 45" 60° 90" 18 О11 210" 360"

sin Д 0 1

2
Æ

2
Ä

2

1 0 - 1 0

cosx 1 Æ
2

А
2

1

2

0 - 1 0 1

tg* 0 Ä
3

1 ч/З - 0 - 0

Ctg X - л/3 1 7з
3

0 - 0 -
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3. Asosiy trigonometrik ayniyatlar

1 . sin x  +  cos x  = l .

COSX / 4
3. ctgX = —— -, [х*лп ).

sm x

5  1 +  tg 2x  = — î j — ,
COS X

яX * ----1-ЯП
2

2. t g x  =  -
sin л:

cosx
я

X *  — I-  Л П  
2

4. tg X • ctg x = 1,
Л П

X *
ч 2

61+ctg2x = — — ( х ф л п ) ,  ( n e Z ) .  
sin 'x

4 . K e ltirish  fo rm u la la ri

У -> * ± x
2

Л  ± X
3 л
—  ± x  
2

2 я  ± x

s in  у COS X + sin  X - c o s x ± s in  X

cos>» + s i n x -  COS X ± s i n x c o s x

tg  V + c t g  x ± t g  X C tg x ± t g x

Ctg у + t g x ±Ctg  X t g x ± c t g  X

5. B u rc h a k  y ig ‘indisi va ay irm asi u ch u n  fo rm u la la r

( , ч t g x t t g y
1. sin(.Y + j )  =  sinX-COSy±COSX-Sin>’. 3. lg \ x ~ y )  1 +  tg  V • t°  V "

Г , c tg x -c tg ;y ± l
2 . c o s (x ±  jy) =  c o s x -c o s y  T  sin x -s in  j  4 . c t g ( x ± j j -  c tov  + c|gY

6. Ik k ila n g a n  va k a rra li b u rc h a k  u ch u n  fo rm u la la r

. _ _ . 2tg x  
1 . s in 2x  =  2s in x -c o s x  = --------;— .

1 +  t g -  X

-  , о • 2 l - t g : X
7 c o s2x = c o s - x - s in " x  =  2c o s ' x - l  =  l - 2sin x  = --------;—

1 +  t g -  X  '

* о 2 t g *3. iB 2 x = i - ■. 4. c tg 2x  =
ctg2x - l  _  c t g x - t g x

1 — tg- X c t g x - t g x ’ "'* “  2ctg x  2

5. s in 3 x  = 3 s in X - 4 sin 3 x . 6 . Co s3 x  = 4 co s3 * - 3 c o s x -
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7. t g 3 , = ^ i l | ! £  8 ctg3,  = f ! g i £ ^ 3 E
l - 3 t g  X J C t g ' . Y - l  '

7. Yarim burchak uchun formulalar

t  s i n -  = ± p — — . 3. sin*  J - c o s x
2  v 2 2 Vl + cosx 1 + cosx  sinx  '

2 . c o s - = ± J — -OSX  . 4  ^ * - ± f 1 +  c o s * -  s i n x  J + « > s x

2 V 2 2 V I-c o s x  1 -c o s x  sinx

Izoh: T engliklardagi “ + ” yoki ishora ^  burchakning qay- 

si chorakda joylashganlig iga qarab tanlanadi.

8. T rigonom etrik  funksiyalarning darajalari uchun form ulalar

-i ,..^2 „ l - c o s 2 x  2 l +  co s2 x  
1. sin X  =  . 2. cos x  =  

2 2
T ^ ;„ 3__ 3 s in x  —sin 3x , 3 3 c o sx  +  cos 3xsin x ------------------------ . 4. cos x  = -------------------—

4 4

9 . T rigonom etrik  funksiyalarning y ig ‘indi va ayirm alari uchun
form ulalar

1. sin x+ sin y= 2s i n ^ - c o s ^ - A  2. s in x -s in .y = 2sin^—^ •c o s :^
2 2 2 2 '

3. cosx+cosy=2cos— —-cos— -  4 o o sx -c o sv = —2 s in ^ i^ - s in ^ —̂
2 2 2 2 ’

5. c o s x ± s i n x  = J 2  sin
f  71 ^ 

—  ± X -  %/2cos
'  n  _  'j

------ H X
U  ) V 4  J

6. ^ - c o s x _ + 5 s i n x  =  \Ia 2 + B 2 s in (x  + >’) ,

A B
b u  y e rd a  A 2 + B 2 * 0 ,  s in .V = / , . . cosy  = - =

yj A~ + B~ J a 2 + B 2
t i • s i n ( x ± > )  s in ( x ±  v)

7. tg x  +  tg .y  = -------------- g c t g x i c t g y  —------------------ i----- ¿-I
c o s x -c o s j ;  sin x  • sin y

9. + = 10. s± l A
c o s x - s in j ;  s i n x - c o s j



10. Trigonometrik funksiyalaming ko‘paytmalari uchun formulalar

1. s in A '-sin ^  =  ^ - [ c o s ( x - y ) - c o s ( x  +  > ') ] .

2. COS A ■ cos у  =  ^  [cos (a  -  y )  + cos (a  +  y ) ] .

3. s in X • c o s 7  =  ^-[ s i n ( x - j )  + s in (x  + y ) ]  .

4 . co sx  • sin у  =  -^[sin ( x  +  y )  -  sin (a  -  y)~\.

tgx + tgy „ , , ctgx +  ctgy
5 . tg x- tgy  = — ------— . 6 . c tg x- c tg y  =  ----------.

Ctgx + Ctgy tgx + tgy

7. sin (x  +  y )  • sin (a  -  y )  =  cos" у  -  COS' X  .

8 . c o s(x  -  y )  ■ cos ( a  +  y )  =  cos2 y  sin “ A .

Izoh: Y u q o rid a  keltirilgan ayniyatlar va form ulalar tenglikning  
har ikkala tom oni m a’noga ega bo ‘lgan qiymatlarida o 'rin li b o ‘ladi.

4°. Teskari trigonometrik funksiyalar
1 . y  =  arcsin x.

D (y) = [ - 1; 1], E (y) =
n  n  
l '~ 2 f  { - * ) = - / ( * ) ■

2. y  = arc cosx.

£)(y ) =  [ - l ;  l], E (y) = [ 0;тг], arc cos ( - x ) = 7 i- a r c  co sx .

3. y  =  a rctgx .

D ^ )  =  ( - « ; + » ) ,  E ( y ) J ~ é \  / ( - * )  =  - / ( * ) .
\ ¿  J

4. y  = a rc  c tg x .

D (y )  = ( —oo;+oo), £ ( j / )  = (0 ; ; r ) ,  a r c c t g ( - x ) = n - a r c c t g x .  .

5°. Trigonometrik tenglamalar

1. sin A =  a
|o |> l= > A 6  0

|a |< l  = > a  = ( - 1 ) A arcsin  a + 7tk,

9



2. C O S X  =  a :
|a |> l = > x e 0

lal < 1 => x = ±  arccos a  + 2nk,
bu yerda 0 <  arccos a < n.

я  w
va a e R -3. tgx=a=>x=arctga+7rk, bu  yerd a  a rc tg a e |^  ^ ^

4. ctgx =  ör=>x = a rc c tg a + лк,  bu  yerda  a r c c tg a e  (0 ;;r )  va a e R -

6°. Eng sodda trigonometrik tenglamalar yechimlari jadvali (je e  Z )

a s in x  = a c o s  x = a

0 X =  л к n i X = — 1- л к
2

1
X =  — + 2;r£ 

2

X =  2л-А"

-1
X = -----+  2лк

2 .
X = л  + 2 л к

1
x =  ( - lV  — + л к  

V 7 6
X = ± — + 2лк  

32

1

2
/ t \ Ar+'l 7Г .

X = ( -1  ) — + л к  
v '  6

2 л  _ , 
х  = ± ------h 2тгл:П

7 з
2

+7r* х  = ± — + 2 л к  
6

- Ä
2

x = ( - l f  ^ X  = ± —  + 2 л к  
6

V2
2

x  = ( - lV  — + лк  
v 1 4

X  =  ± — +  2л к  
4

_ V 2

2

/ ,\*+l Л’ .
x  =  ( - 0  ~  + * k

, 3 л  _ .
X  =  ± ------1-2;г£

4
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a tg x  = a C t g X  =  <2

0 х = лк Л"
Л' = ----h 7 г £

2

1 71 ; 
X  = — + л  к х = — + лк

4 4

-1 л Зтг ,
X  = ------ 1- л  к л: = —  + л  к

4 4

7 з х  = — + лк л  , х  = — + л ко3 6

- Г з ^  / х = -  — + ттк
5л-

Л- = —  -  л  к
j 6

Г з
X  = — + лк X =  — + л  к

J 6 3

J~3 л  i X  = -----+ л  к
2л-

X  = —  + л  к
3 6 3

7o. Giperbolik funksiyalar

1 . sh;c: =  -

sh л: ex -  e x
3 • t h x : = ~ ¡ r = ~ —c h x  e + e

5. ch2 x - s h 2x  =  l .

7 . ch2x  =  ch2x  +  sh 2 x .

2. ch X : =

4. c th x :=

e +e~

c h  X e x +  e

sh X e x -  e

6. sh2x =  2 s h x - c h x .

8 . th x -c th x  =  l .

8o. Arifmetik progressiya
{ a n) \ a ^ a 2 , . . . a n , . . .  ~  a r i f m e t i k  p r o g r e s s i y a  <=> V n e j V  u c h u n

= an+ d  (d  —ayirm a).

1. = a „ + d m

3. a n =  a, +(n - l ) c / .

_ Ctn , + Cl'J /y _ 11 — 1____//+1ь, (i ( / 7 > l ) .

4. an = a k + d - ( n - k )  ( \ < k < n - \ ) .



5. a „ - "~k 2 "+k , ( l < * < n - l ) .  6. an+am=ak +ap, agar 
n + m = k +  p  bo‘lsa.

_ 0 a. +a„ 2 a , + d ( n - \ )7. S „ = a , + a 2 +.. .  + an= 1  ̂ = ̂ ^ .

9°. Geometrik progressiya
b\,b2,...,bn,... ( ¿ , * 0) -  geom etrik progressiya <=> VhgJV 

uchun bn+i=bn -q ( q  — maxraj). *
1' K h =bn-q. 2. b,~ = • 6„+1, n > 1 .

3. bn= b r q"-'. 4. b„=bi -qn-k ( l < k < n - l ) .

5 - bn =f>n. k -qk, { \ < k < n - \ ) .  6. b„+k=b„-qt .

7' fy, =bn_k-bn+k, ( ] < £ < « - ! } .  8. bn •bm=bk -bp, agar n+w=£+p bo‘lsa.

9. ‘S'n +62 = 1 - ?  ^ - l  

bx n, q = 1

10. S=lunS,,=y^, a g a r0<|q|<l bo‘Isa.

10°. Tenglamalar
1. Chiziqli tenglama ax =  b :

a) agar a *  0 bo‘lsa, yagona x  = — yechim ga ega;
a

b) agar a =  0 , b *  0 bo ‘lsa, yechim ga ega emas;
d) agar a =  b =  0 bo‘lsa, cheksiz ko ‘p yechim ga ega. Bu holda  

ixtiyo riy  x  tenglam aning yechim i bo‘ladi.
2. Chiziqli tenglamalar sistemasi

j  a^x +  bxy  =  cx

|ar Y +  b2y  = c2

Aytaylik, A =  a ^  -  a2bt , Ax = b2c ^ - b xc2 va A y =  a ic2 - a 2ci bo‘lsin.

x Ax Av
a) agar a * 0  bo Isa, yagona x  =  —~, y  = —  yechim ga ega;

A A
b) agar a  =  0 bo‘lib, Ax va Ay  lardan birortasi 0 dan farqli 

b o ‘lsa, yechim ga ega emas;
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d) agar A =  Ax = Ajy =  0 b o ‘lsa, cheksiz k o ‘p yechim ga ega.
e) Geometrik talqini: ax + by = c tenglam a tekislikda to‘g‘ri chi- 

ziqni aniqlaydi. A * 0  shart ikkita to ‘g ‘ri ch iziqn ing  kesishishini va 
ularning yagona u m u m iy  nuqtaga ega bo'lish in i bildiradi. b) dagi 
shart ikkita to ‘g ‘ri ch iziq larning parallel bo'lib , ularning um um iy  
nuqtaga ega bo‘lm asligini anglatadi. Va nihoyat, A = Ax =  Ay =  0 shart 
ikkita to ‘g ‘ri ch iz iq n in g  ustma-ust tushishini va ularning cheksiz  
um um iy nuqtaga ega b o ‘lishini bildiradi.

3. Kvadrat tenglama ax2 +bx + c = 0 : D = b2 -  4ac b o ‘lsin.
a) a -  0 b o‘lsa kvadrat tenglam a yuqorida k o‘rilgan chiziqli teng- 

lam aga aylanadi; a *  0 b o ‘lib,
b

b) D  =  0 bo ‘lsa, yagona yechim ga ega;

/. • v / > , : -------
d) D >  0 bo'lsa , ikkita xX2 = — — —  yechim ga ega;

e) D <  0 bo'lsa , yech im ga ega em as.
4. Viyet teoremasi:
a) agar x, va x2 lar x2+px+q = 0 tenglamaning yechimi bo‘lsa, unda

J x ,  + x 2 = - p  

l x , x 2 =  q
bo'ladi;

b) agar x ,, x2 va x3 lar x 3 + px2 +qx + r = 0 tenglam aning yech i­
mi b o ‘lsa, unda

X, + X , +  x 3 =  - p ,

< x, • x2 + x, • x3 + x2x3 =  q 

x, • x2 • x3 =  —r
b o ‘ladi.

5. ax =b  , a >  0 tenglama
a) b>  0 bo'lganda x =  log t,6 yech im ga ega;
b) 6 < 0 b o ig a n d a  yech im ga ega em as.

6. logax = b tenglama a >0 bo‘lganda x = ah yechimga ega.
7. Trigonometrik tenglamalar:
/7 ixtiyoriy butun  son bo'Isin.
a) sin x  =  a ten g la m a  | a |< l  boM ganda x = (- l)" a r c s in a  + rue 

yechim ga ega, ¡ a |> l  bo'lganda esa yech im ga ega em as;

13



b) cos x  — a  te n g la m a  |я| < 1  b o 'lg a n d a  * =  ±  arccos a +  2 n n  
yechim ga ega, |aj >  1 bo ‘lganda esa yechim ga ega emas;

d) tg x =  a  tenglam aning yech im i x  =  arctga + nn  bo ‘ladi.
e) ctg x = a  tenglam aning yech im i x  =  arcctga +  nn  bo'ladi.

11°. Tengsizliklar
1. Tengsizliklarning xossalari:
a) a > b  <=> ixtiyo riy с uchun a + c > b + c \
b) a > b  va c > d  => a + c > b  +  d',
d) a > b  va с >  0  => ас  > be,
e) а > b  va с < 0 => ас < b c  ■
2. Chiziqli tengsizlik a x > b '
a) а = 0 va b >  0 b o lsa , yechim ga ega emas;
b) a - 0  va Ь <  0  bo'lsa, *e(-o o ;+o o ) bo‘ladi;

f b  ) f  b )
- ;+0° va  a < 0  b o ‘ls a , x 6 - o o ; -

) k a )
d) a> 0 b o ‘is a , 

b o 'lad i.
3. ax< b  tengsizlik (—1) ga k o ‘p ay tirilish  y o rd a m id a  ~a x > -b  

tengsiz likka  k e ltir ilad i.
4. Kvadrat tengsizlik ax2 + bx + с > 0 : D = b2 -4 a c  b o ‘lsin.
a) o = 0 b o ‘lsa k v ad ra t tengsiz lik  ch iz iq li tengsiz likka  ay lan ad i;
b) a < O b o ‘lib , D <  0 b o ‘lsa y ech im g a ega em as;

-Ъ + 4 Ъ  -Ь -у [Ъ Лd) à  < и b o 'lib , D >  0 b o ‘lsa, x e

e) a>  0 b o 'l ib , D >  0 b o ‘lsa,
2 a

x e —oo:
■ b -y fo )  f - b  + yfD

2 a
и

\

2 a
-;+oo

2a

b o 'la d i;

b o ‘ladi;

Í) a>  0 va  D > 0  b o ‘lsa, xe(-oo;+oo) b o ‘lad i.

5. ax~ + bx + с <  0 kvadrat tengsizlik (—1) ga k o ‘p ay tirilish  y o r­

d am id a  ~ax2 - b x - c >  0 tengsiz likka  k e ltirilad i.

6. a) a > 1 b o 'lg a n d a  af ^  > agU) tengsiz lik  f ( x ) > g ( x ) te n g ­

sizlikka ten g  k u ch li;
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b) о < a < 1 bo'lganda a f{x) >  a K(x) tengsizlik f ( x ) < g ( x )  teng- 

siz lik ka  teng kuchli.
7 . a) b >  1 b o 'lg a n d a  log* f ( x )  >  log* g ( x )  te n g s iz lik  

/  (.y )  >  g  (a ) > 0 tengsizlikka ekvivalent;
b) 0 < è < l  b o 'lg a n d a  log* f ( x )  >  log* g ( x )  te n g s iz lik  

0 < / ( x ) < g ( A - )  tengsizlikka ekvivalent.
8. Ratsional tengsizliklar intervallar usuli yordam ida yechiladi: 

ratsional kasr surat va m axrajining barcha ild iz la ri butun sonlar 
o ‘qin i intervallarga ajratadi. Н а г b ir intervalda ratsional kasr o ‘z  
ishorasini o ‘zgartirm aydi. K e ra k li intervallar tekshirish yordam ida  

topiladi.
9. Trigonoraetrik tengsizliklar:
a) sin a  >  a  tengsizlik:
1) a > 1 bo‘lsa“ yechim ga ega emas;
2) a < - 1 bo'lsa, A e (-o o ; +  oo) bo‘ladi;
3) - 1 < я < 1  b o 'lg a n d a , a' e (arcsin a + 2n л; n - arcsin а + 2п л )  

b o ‘ladi.
b) s i n x < a  tengsizlik:
1) a < - \  bo'lganda yechim ga ega emas;
2) a >  1 bo‘lsa, a s ( - o o ;  +  c o )  bo'ladi;
3) - l < a < l  b o ' l s a ,  A e ( - ; r - a r c s in a  +  2w r; arcsin a + 2 п л )  

bo‘ladi.
d) cos a  > a  tengsizlik:
1) a  >  1 bo‘lganda yechim ga ega emas;
2 ) a < - 1 bo'lsa, a s  ( -с о ; +  co) bo‘ladi;
3) - l < a < l  b o 'lg a n d a *  A e (-a r c c o s a  + 2w r; arccosa +  2/гл-) 

bo'ladi.
e) cos X < a  tengsizlik:
1) a < - 1 bo‘lganda yechim ga ega emas;
2) a > l  bo'lsa, a s ( - oo; + co) bo'ladi;
3 )  - 1 < я < 1  b o 'l s a ,  a  e  (arccos а + 2пл\ 2 л -  arccos а + 2пл)  

b o 'la d i.
л

f) tgx> a  ten g siz lik  arctga + п л ; — + п л  y ech im g a  ega.

g) tgx< a  ten g siz lik y ech im g a  ega.
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h) ctgx > a tengsizlik  x e (nn\  arctga  +  im )  yechim ga ega.

i)  ctgx <  a  tengsizlik x  e ( arcctga  + nn\ n  +  w r) yechim ga ega.

10. M odul qatnashgan tenglam a va tengsizlikni yechish uchun  
m odul ostida qatnashgan funksiyalam ing barcha nollari topiladi, 
ular yordam rda~sonlar o ‘qi oraliqlarga ajratiladi va har b ir  oraUqda 
m oduldan qutulinadi.

12°. A jo y ib  va m uhim  lim itla r

I . l i m ^  =  0 . 2. lim — =  0 .
»-»*2 „1

77* nn
3. lim —  =  0  ( a > l ) .  4. lim —  =  0 ( V a > 0 ) .

n — ^  n— f '  '

5. iim nq" =  0, \ q \ < \ .  6 . lim Vo =  1 ( a > 0 ) .
n-*r. /7 -» 3 C  V /

7. l i m ^ ^  =  0 ( o > l ) .  8 . l i m V n = l .fl V /  »—>ac

9 - =  1 0 . l im il  +  — 1 = e « 2 , 71828.

.. sinx /gr s/a //EC , sinarx . .
I I .  lim----- = lim—  = lim—  = hm—  = 1. 12. h m ----------- a  a e i ?

,v -* 0  x  r - * l  x  h o  x  x - > 0  x  a - » 0  ’

13. lim (l +  x V = e .  14. lim +  - ] .
.r->0 i_>0 X 

g X  __ |  * 1
15. lim -------- =  1 . 16. l im - ------ =  lno ( a > 0 ) .

x~*0 x  .r->0 X

(l  +  x ) “ - l
17. lim -------- --------= a  ( a e R ) .

x - > 0  x

18. l i m x ° l n *  =  l i m x ' ° l n x =  lim x V *  = 0  ( a > 0 )
-V—>+0 A’—>+<30 X-++T. '  '

13®. D iffe re n sia lla sh n in g  um um iy q o id alari

1. y  =  C = c o n s t , 7 ' =  0 . 2. y  = C-U (c  =  c0775/), y '  =  C-li' .

3. y - u ± v ,  y ' - u ' ± v ' . 4. y  =  u-v ,  y '  =  u'-v + n - v ' .
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5. У = -  ( v ( j c ) * 0) ,  ÿ  = U V 6. y=f{u) (u=u(x)), ÿ=f'„-u'x.
V v

7 . y - f ( x ), x  =  / “' ( y )  8. y  — Il , y '  =  u' -v'-lnM +  M1 ' -v-u'.  

14°. Asosiy elementar funksiyalarning hosilalari

1 . (x" ) 1 — nxn i .

3. (sinx)' = C0SX.

5. (tgx)' = —Д - .
COS X

7. (1пдг)' =  - .
X

9. (е*У = е \  

ц  (a rc s in x ) ' =

13. ( a rc tg x ) ’ =

1

1

1 +  х~ 

15. ( s h x ) ' =  c h x .

17. ( t h x ) ’ =  —V .
ch'x

1 9  (a rcsh x ) 1 =
1

2 1 . (a rcth x )’ —

yjx2 +1 

1

1 - x 2 *

2 . ( x ' ) '  =  ** -(l +  ln x ) .

4 . (co sx )' =  - s i n x .

6 . (c tg x ) ' = ----7
sin2 X

8. = ^  ( o > 0 ’ аф ]У-~

10. (а ' У = ах Inö  ( « > 0 ) .

1
1 2 . (a rcco s)'=  - - т =

14. (arcctgx)' =  -  

16. (ch x)' =  shx.

1

1 + x ‘

1
18. (cth x )' =  — - 7— .

sh' x

20. (a rcch x ) ' = - j= L = '

2 2 . (arccth x)' =  -
1 - j r

15°. Integrallashning umumiy qoidalari

1. «/[J/(x)Â =  f ( x ) d x . 2 . J c / F ( x )  =  i r ( x )  +  c

ISVNOXSniniM !
A f i l V I  )



3. \cf(x)dx = c^f(x)dx [с = const* tí).

4• J\_f{.x) ± s {x ) ] d x = \ f ( x ) d x ±  \g(x)dx.

16°. Aniqmas hitegrallar jadvali

1. Jodx =  n. 2. jdx = x + c.

3. \xad x = —— + c  [ a * - \ ,  a e R ) 4 . f - Í  =  24 x + c  
J a + 1 '  J sjx

- tdx 1 , tdx
5. I— =  —  + c .J V“ V,dx  1 6 . j s = ln

' X~ X  J  V

dx  1

X  +  C ,

7. f— ^ -= - \n \a x + b \+ c  (a * 0 ) .  8 . ïexdx =  ex + c  
Jax+b a  J

QX
9. ¡axdx = ------- he  ( o > 0 ,  a * l ) .  Ю . ísinx¿¿c =  - c o s x  + c

J In a  ’ J

1 1 . jcosxi£t = sinx + c .

13. Í-
i

£¿X
2 tgx + c .

COS X

15. Jch xdx  -  sh x + с .

17. J - ^ - = / / z x + c .  J - ^ = / / n r + c .  18. f-
J ch x  rh~ y J

1 2 . — V =  - c tg x  +  с . 
•'sin- x

14. jsh XC& =  ch x +  с . 

16. f-7 7 —= -cth x  + c.j ch Ys h ' x  

dx
- =  arctgx  +  с .

' l  +  x 2

Г dx 1 x , . r
19. I—----- -= —arctg-+c (a* 0 20. - f =  = arcsm x + с

J t f -+ x-  a  a v ' J y / l - x 2

dx
21 J ;

2 3 .  f

- n = = = =  = arcsin -^ + с ( a > 0 ) .  22 . h ^ j ^ l n  
\ a  —x  о J x - a '  2a

eft 1 x -a
X  +  <2

+ c

¿¿X 1
=  —  In

a 2 -  x 2 2 a

a + x

a - x
+ c ( a  * 0 ) .  l im z  = a

n - * x

18
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24. |  - l n j c  +  V:c2 + a  +c ( a ^ O )
x' + a

f X u X  I 7 ' 2*
25. J / , ' T = ±^a' ±x + c .

\lcr  ± x
_______

26.  U a 2 - x 2dx = — y j a 2 - x 2 + —a r c s in -  +  c  ( a > 0) .
J 9  7 / 7

27. jV x : ± a2dx = -  ± a2 ± —  ln .y +  \Jx2 + a2 + c .

ln
s in x

c£t

* 2
+ c

Oft f------=  ln |sinx | +  eJV. J tg x I I

29. J— = ln
-CQSJC

f - ^ -  = - ln lc o sx l + c
J 1 * Ctg -V ' 1

, x  n  
t g l 2 +J ,

+ c

17°. Aniq integralning tatbiqlari
1. Aniq integral yordamida tekis shaklning yuzasini hisoblash.
a) Dekart koordinatalar sistemasida berilgan shaklning yuzasini 

hisoblash.

Agar f y(x)eC \a ,b \,  / 2( x ) e C [a ,Ä ]  b o ‘lib,

fa < x < b,
D = -

b o ‘lsa, u holda

j[/2 (■*)-/(*)]*
b o ia d i.

b) Qutb koordinatalar sistemasida berilgan shaklning yuzasini 
hisoblash.

Agar
\ a < ( p < ß ,

Io <r<r(<p)
D = -

b o ‘lib, r (< p )e C [a ,/? ]  bo'lsa,
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S = "r2(ç)dç>
b o ‘ladi.

2. Aniq integral yordamida yoy uzunligini hisoblash.
a) Dekart koordinatalar sistemasida berilgan yoy uzunligini hisoblash.
AB'- { ( дг» / ( дг) ) : b o ‘l ib,  f '(x )& C [a ,b \  b o ‘lsa, unda  

XB egri ch iz iq  uzunligi I ushbu

/ = ¡ H A * ) } dx
a  -

form ula yordam ida hisoblanadi.
b) Parametrik ko‘rinishda berilgan egri chiziq yoyining uzun­

ligini hisoblash.
j x  = <p(t),

A gar AB: \ y = (//(t) a < t < ß  b o ' l ib ,  <p'(t)eC[a,ß] va 

e C \a ,ß \  b o ‘Isa,

/ = J ^ W O T + t ^ ’W ] 2dt
bo'Iadi.

d) Qutb koordinatalar sistemasida berilgan egri chiziq yoyining 
uzunligini hisoblash.

\a<cp<ß ,
Agar A B : U. = r (p )  b o ‘lib, r'(<p)&C[a,ß] b o ’lsa, unda

l =  d(P
a

bo'ladi.
3. Aylanma sirtning yuzasi.
A B :{{x ,f{x )):x e [a ,b ^  b o ‘lib , f ( x ) > 0  va f '{x )e C [a ,b ]  

b o ‘lsin. a b  yoyn i OX o ‘qi atrofida aylantirish natijasida hosil 
b o ‘lgan aylanm a sirtning yuzasi ushbu

S = 2 * ) f { x ) j \  + [ f '( x ) J d x
a

form ula yordam ida hisoblanadi.
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4. Aylanma jismning hajmi.

\a< x<b,
U sh b u  D  = | 0 < y < egri ch iz iq li trapetsiyani OX o ‘qi

atrofida aylantirishdan hosil b o 'lgan  aylanm a jism n in g hajm i

v  = * f [ f ( x ) J d x
a

form ula yordam ida hisoblanadi.
5. 0 ‘zgaruvchi kuchning bajargan ishi.
OX o ‘qida shu o ‘q b o ‘ylab biror jism  F  = F(x) kuch ta ’sirida 

harakat qilayotgan bo'lsin . Agar F(x)eC[a,b]  b o is a , F = F (x ) 
kuch ta ’sirida jism ni a nuqtadan b nuqtaga o'tkazishda bajarilgan  
ish ushbu

b
A = ^F(x)dx

a

form ula yordam ida hisoblanadi.
6. Statik moment. Og‘irlik markazi.
Egri ch iziqn ing  OX va OY o ‘qlariga nisbatan statik m o m en t-  

lari M r va M  lar
/ /

Mx = jydl  va My = \xdi

form ulalar yordam ida hisoblanadi. Bu yerda d l  = \j(dx)~ +  (dy)~

yoy  differensiali, /  esa berilgan egri ch iziq  uzunligi.
Berilgan egri chiziq  og'irlik m arkazining koordinatalari esa ushbu

M v M x 
x0 = -p ; yo = —

form ulalar yordam ida hisoblanadi.
7. GeometriK figuralarning statik momentlari va og‘ir!ik markazi.
A gar geom etrik  figura

j a < x < b  

[ 0 < y ^ f ( x )  

egri ch iziq li trapetsiyadan iborat b o ‘lsa, unda
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18°. Matematik belgilar
Fo rm u la , ta r if  va tasdiqlarni yozishda quyidagi m atematik belgi- 

lardan foydalanish qulay b o ‘ lib, yo zu vni ancha ixcham lashtiradi: 
e —tegishli,
£  —tegishli emas, 
t r  - q is m ,

V -ix tiyoriy ,
3 —m avjud,

B !-m a v ju d  va yagona,

=> —kelib chiqadi, “ ...bo‘lsa, ...b o 'lad i” ,
<=>—teng kuchli,
: =  -ta ’rifga ko ‘ra teng, 

shunday, 
л  - v a ,
V -y o k i,
< —isbotning boshlanishi,
> —isbotning oxiri.

bo‘ladi. Bu yerda $ |v(-v)Jx _ trapetsiyaning yuzi._____________



2-§ . 1-M USTAQIL ISH  

Ketma-ketlik va funksiya limiti
Sonli ketma-ketlik va uning limiti.
Cheksiz kichik va cheksiz katta ketma-ketliklar. 
Monoton ketma-ketliklar va ularning limiti. 
Fundamental ketma-ketliklar.
Ketma-ketlikning yuqori va quyi limitlari. 
Funksiyaning limiti.
Funksiyaning uzluksizligi va uzilish nuqtalari. 
Funksiyaning tekis uzluksizligi.

l - t a ’rif. Agar har bir n e N  natura! songa biror qonun yoki qoi- 
daga ko'ra bitta xn haqiqiy son mos qoyilgan bo ‘Isa, x ,, x 2, . . . ,  xn, . . .  
sonli ketm a-ketlik berilgan deyiladi va it {x,,} kabi belgilanadi. 

xn («  =  1 ,2 , . . . )  m iqdorlar {x„} ke tm a-k e tlik n in g  h ad la ri deyiladi. 

{x„} va k e tm a -k e tlik la r  b e r ilg a n  b o ‘lsa,

k e tm a -k e tlik la rg a  m os rav ish d a  {x„} va {y„} k e tm a -k e tlik la rn in g  

yig‘indisi, ayirmasi, ko‘paytmasi va nisbati dey ilad i.

2-ta’rif. Agar 3 /  (3m ) son m avjud b o ‘lsaki, \ fn e  N  uchun 

x„ < M  (xn >i?i) tengsizlik о ‘rinli b o ‘Isa, {x,,} ketm a-ketlik yuqori - 

dan (quyidan) chegaralangan deyilad i. A ks holda esa, y a ’ni 

V M  (V/7j) son olinganda ham  3 n e N  son mavjud b o ‘Isaki, xn > M  

(x„ < m) bo ‘Isa, {x„} ketm a-ketlik yuqoridan (quyidan) chegaralan- 

magan deyiladi.

- A -

Asosiy tushuncha va teoremalar 

1°. Sonli ketma-ketlik va uning limiti

{ * » + л } = { * |+ Л» X2 + y2,...} , 
{x „ -y „ }= {x i - y l, x2 - y 2,...} ,

{Х»-У«} = {Х1 -Л » Х2-У2’-~}’ 
[x , x 2 1
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3-ta’rif. Agar 3M  > 0  son mavjud bo‘lsaki, V « e  N uchun 
\xn\< M  bo‘Isa, { a-/( } ketma-ketlik chegaralangan deyiladi. Aks hol- 
da esa, y a ’ni \/M >  0 son olinganda ham 3n e  N  son topilsaki 
\x„\>M  bo‘Isa, {a,,} chegaralanmagan ketma-ketlik deyiladi.

4-ta’rif. Berilsan {x ,}  ketma-ketlik uchun shunday a son topiiib, 
V e > 0  son olinganda ham 3w0 = n0(s.a) e N son mavjud bo‘lsaki, 
17 > n0 tengsizlikni qanoatlantiruvchi barcha natural sonlar uchun 
|.Y„-a| < s tengsizlik o'rinli bo'lsa, a son {*„} ketma-ketlikning limiti 
deyiladi va }^}]xn=a ko ‘rinishda belgilanadi.

A gar 4 - t a ’rifdagi sh artn i q a n o a tla n tiru v ch i a so n  m avjud  
b o ‘lm asa, {x„} ketm a-ketlik  Iimitga ega emas deyiladi.

5-ta’rif (4-ta’rifning inkori). Agar V/?0 e N son olinganda ham 
3s  > 0, 3n > n0 son topilsaki, |xn -a \> e  bo ‘Isa, a son {x„} ketma- 
ketlikning limiti emas deyiladi va x» ~ a ko ‘rinishda belgilanadi.

6-ta’rif. Agar {.v„} ketma-ketlik chekli Iimitga ega bo‘Isa, bu 
ketma-ketlik yaqinlashuvchi deyiladi. Aks holda bu ketma-ketlik uzoq- 
lashuvchi deyiladi.

2°. Cheksiz kichik va cheksiz katta ketma-kctliklar
1-ta’rif. Agar {x„} ketma-ketlikning limiti nolga teng x„ 

bo‘Isa, {x„} ketma-ketlik cheksiz kichik ketma-ketlik deyiladi.
2-ta’rif. Agar MM > 0 son olinganda ham 3n0 e N  son mavjud 

bo'lsaki, V/? > n0 natural sonlar uchun | xn\> M  tengsizlik o ‘rinli bo‘Isa, 
{*„} ketma-ketlik cheksiz katta ketma-ketlik deyiladi.

A gar c h e k s iz  k a tta  k e tm a -k e t l ik  b o 'ls a , Hmx =a>

ko'rinishda yozilad i. Agar {x„} cheksiz katta ketm a-ketlik  b o ‘lib, 

biror nom erdan  boshlab barcha hadlari musbat (manfiy) b o ‘lsa, 
lim xn=+00 ( l ir a x H= - ° o )  ko'rin ishda yoziladi.

Har qanday cheksiz katta ketm a-ketlik  chegaralanm agan b o ‘ladi, 
lek in  bu tasdiqning teskarisi har d o im  ham  o ‘rinli boMavermaydi.

1-teorema. Chekli sondagi cheksiz kichik ketma-ketliklar yig‘indisi 
cheksiz kichik ketma-ketlik bo‘ladi.

2-teorema. Chegaralangan ketma-ketlik bilan cheksiz kichik ket­
ma-ketlik k o ‘paytmasi cheksiz kichik ketma-ketlik bo‘ladi.
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3 - te o re m a . Agar \ / n e N  uchun xn *  0 bo'lib, [xn] cheksiz

katta (cheksiz kichik) ketma-ketlik b o ‘lsa, u holda cheksiz

kichik (cheksiz katta) ketma-ketlik b o ‘ladi.

4 - te o re m a . Hm xB= o  bo‘lishi uchun \ a \  =  {x„ -  a) ketma-ketlik-n—>0C K J \
ning c h e k s i z  kichik ketma-ketlik b o ‘lishi zarur va yetarlidir.

3°. Yaqinlashuvchi ketma-ketliklarning xossalari
1 -te o re m a . Agar {x„} ketma-ketlik yaqinlashuvchi bo‘lsa, uning

limiti yagon a bo ‘lad i.
2 - te o re m a . Agar {x,,} ketm a-ketlik yaqinlashuvchi bo‘lsa, u che-

garalangan bo ‘ladi.
3 - te o re m a . Agar {.*„} va {>„} k etma-ketliklar yaqinlashuvchi 

bo ‘Isa, u holda { x „ ± y . } ,  { x „ - y n} ketma-ketliklar ham yaqinlashu­
vchi b o ‘ladi va

fo rm u la la r  o ‘rin li b o la d i .

4 - te o re m a . Agar {x„} va {y,,} ketm a-ketliklar yaqinlashuvchi

fo rm u la  o ‘rin li b o ‘ladi.
5 - te o re m a . Agar limx,, = a  bo'lib, biror nomerdan boshlab xn > c°  /i—»00

( x „ < c )  bo'lsa, u holda a > c  (a < c) bo ‘ladi.

6 - te o re m a . ( “Ik k i  mirshab haqidagi leorem a”) . Agar lirnx„ = a  , 

lim y „ - a  bo'lib, biror nomerdan boshlab xn <z n < y n tengsizlik o ‘rinli 

bo‘lsa, u holda I™ z" ~ a bo'ladi.

bo ‘lib, V n e N  uchun ketma-

ketlik ham yaqinlashuvchi bo'ladi va
lim y
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Agär lim xn - 0 ; \\myn- 0  b o ‘lsa, * ga — k o ‘rinishdagi
yn vJ

0°
aniqm aslik  d eyilad i. — , 0 -oo, 00-00 va boshqa k o ‘rin ishdagi 

aniqm asliklar ham  shu kabi ta ’riflanadi._______________ ___________

4°. Monoton ketma-ketliklar va ularning Iimiti

1-ta’rif. Agar {x„} ketma-ketlikning hadlari V n e iV  uchun

x„ < xu+l (xn >x„+1) tengsizlikni qanoatlantirsa {jc„ } oKwvchi (kama- 
yuvchi) ketma-ketlik deyiladi.

2-ta’rif. 0 ‘suvchi va kamayuvchi ketma-ketliklar monoton ket­
ma-ketliklar deb ataladi.

1-teorema. Agar {x„} ketma-ketlik o'suvchi bo‘lib, yuqoridan 
chegaralangan bo‘Isa, u holda u yaqirtlashuvchi bo'ladi.

2-teorema. Agar {xn} ketma-ketlik kamayuvchi bo‘lib, quyidan 
chegaralangan bo‘Isa, u holda u yaqinlashuvchi bo‘ladi.

5°. Fundamental ketma-ketliklar
1-ta’rif. Agar V s > 0  son olinganda ham 3n0 =n0( s ) e N  son 

mavjud bo'lsaki, \/n>n0 va p e N  sonlar uchun \x„+p - xn| < s teng- 
sizlik bajarilsa, {xn j fundamental ketma-ketlik deyiladi.

2-ta’rif. ( 1-ta ’rifning inkori). V«0 e  N son olinganda ham shun- 
day n > n 0, p e N , e  > 0 sonlar mavjud bo‘lib, \xn+p- x n\ > s  tengsiz- 
lik o ‘rin!i bo‘Isa, ketma-ketlik fundamental emas deyilali.

Teorema (Koshi). Ketma-ketlikning yaqinlashuvchi bo‘lishi uchun 
lining fundamental bo ‘lishi zarur va yetarlidir.

6°. Qismiy ketma-ketliklar. Ketma-ketlikning yuqori 
va quyi limitlari

{a,,} k e tm a -k e t l ik  b e r ilg a n  b o ‘lib , kx,k2,...,kn,... ( k „ > n ) 
o ‘suvchi natural sonlar ketm a-ketligi b o ‘lsin. {x„} ketm a-ketlikn ing  
kt,k2,...,kn,... nom erli hadlaridan xk ,xk̂ ,...,xk ,... ketm a-ketlikn i 
tuzam iz. H osil bo'lgan sonli ketm a-ketlik  {*„} k etm a-k etli­
kning qismiy ketma-ketligi deb ataladi.



1-teorema. Agar Jim xn = a ‘Isa, u holda uning har qanday 
qismiy ketma-ketligining limiti ham a ga teng bo‘\adi.

2-teorema. (Bolsano-Veyershtrass). Agar {*„} ketma-ketlik che- 
garalangan bo‘lsa, u holda bu ketma-ketlikdan yaqmlashuvchi bo‘lgan 
qismiy ketma-ketlik ajratish mumkin.

1-ta’rif. {x„} ketma-ketlikning qismiy ketma-ketligi limiti {*„} 
ketma-ketlikning qismiy limiti deb ataladi.

2-ta’rif. Yuqoridan (quyidan) chegaralangan ketma-ketlik qismiy 
limitlarining eng kattasi (eng kichigi) berilgan ketma-ketlikning yuqori

(quyi) limiti deyiladi va Jim koYmishda belgilanadi.

3-teorema. lim x„ = a bo‘lishi uchun l\mxn = hmx„=a ^oTishini&M n->x //-»oc

zarur va yetarli.

7°. Funksiya tushunchasi. Funksiya limiti
Bizga biror l e i  to ‘plam  berilgan b o ‘lib, a- o ‘zgaruvchi m iq- 

dor X  t o ‘p lam dan olingan bo'lsin . Agar har bir x e X  songa biror 

qonun yoki qoidaga ko'ra bitta y  son  m os q o ' y ü s a ,  u holda X  
to 'p lam da funksiya aniqlangan deyiladi va y = f { x )  kabi belgilana­
di, x  o ‘zgaruvchiga erkli o ‘zgaruvchi (yoki funksiyaning argum en- 

ti), X  to 'p lam  / ( a-)  funksiyaning aniqlanish sohasi, a: soniga  

m os keluvchi y  soniga esa funksiyaning x  nuqtadagi xususiy qi- 
ymati deb ataladi. f ( x ) funksiyaning barcha xususiy qiym atlar  

to 'p lam i Y ga / ( a )  funksiyaning qiymatlar to‘plami (yoki o‘zgarish 
sohasi) deyiladi. Shunday qilib,

Y = { y e R :  y = f ( x ) ,  x g X ) .

A gar a ( a e l . e e  o i l  ) n u q tan in g  ix tiyoriy  atrofida x  
to ‘plam ning a dan farqli kam ida bitta nuqtasi b o ‘lsa, u holda ä 
nuqta X  t o ‘p lam ning limit nuqtasi deyiladi.

Bundan keyin butun paragraf davom ida X ~ f ( x) funksiyaning  
aniqlanish  sohasi, a nuqta x  to 'p lam n in g  lim it nuqtasi deb tu s-  
huniladi.
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1-ta’rif. (Koshi). Agar V e > 0  uchun 3 £  = S(s,a) > 0 topilsaki,
0 < I* -  a| < ¿> tengsizlikni qanoatlantiruvchi V x e X  uchun 
\ f { x ) - b \ < e  tengsizlik bajarilsa, u ho/da b soni / ( * )  funksiyaning 
a nuqtadagi limiti deyiladi va I ™ / ( a )  = b kabi belgilanadi.

2-ta’rif. (Geyne). Agar X  to‘plamning nuqtalaridan tuzilgan, a 
ga intiluvchi V {x„} (x„ * a, «  =  1, 2, ...) ketma-ketlik uchun { / ( a , , ) ]  

ketma-kettik hamma vaqt yagona b soniga intilsa, shu b soni f  (x )  

funksiyaning a nuqtadagi limiti deb ataladi.
K eltirilgan ta’riflardan k o‘rinib turibdiki, funksiyaning ä nuq­

tadagi lim iti mavjud b o ‘lishi uchun funksiya ci nuqtada aniqlangan  

b o lish i, ya’ni a e X  b o ‘lish i, m utlaqo shart em as ( a  nuqtaning  

X  t o ‘plam  u ch u n  lim it nuqta b o 'lish i yetarli, y a ’n i, um um an  

olganda, a z X ) -
Endi 1- va 2 -ta ’riflarga teskari ta ’riflarni keltiram iz.

1-ta ’rifning inkori. Agar 3 s  > 0 topilsaki, V S > 0  uchun
0 < | x - a |  < ¿> tengsizlikni qanoatlantiruvchi 3 x e X  mavjud bo ‘lib, 
\ f { x ) - b \ > s  tengsizlik bajarilsa, b soni f ( x )  funksiyaning a nu­
qtadagi limiti emas deyiladi ^lim / (x )  * b j .

2 -ta ’rifning inkori. Agar a nuqtaga intiluvchi 3{x„} 

(xne X,  xn*a,  /2 =  1 ,2 ,  . . . )  ketma-ketlik topilsaki, unga mos 
{ / ( * » ) }  ketma-ketlik b ga intUmasa, u holda b son / ( x )  funksi­
yaning a nuqtadagi limiti emas deyiladi.

1-teorema. Funksiya limitining 1- va 2-ta’riflari ekvivalentdir.
Biz 1-teorem adan quyidagi xu losani chiqaram iz: funksiyaning  

lim itini hisoblayotganda qaysi ta ’rif b o ‘yicha hisoblash oson  va qulay 
b o ‘lsa, shu ta ’rifdan foydalanish kerak.

B a’zi bir hollarda / ( x )  funksiyaning a nuqtadagi lim iti mavjud 

b o ‘lm aydi. A na shunday hollarda funksiyaning nuqtadagi bir to- 
monli (o‘ng va chap) lim itlari to ‘g ‘risida gap yuritiladi.

3 -ta ’rif (Koshi). V s >  0 uchun 3S = S( a, s ) >0 topilsaki, 
a < x < a  + S (a — S < x < a )  tengsizlikni qanoatlantiruvchi V x e X
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uchun |/'(jc) — ¿>| < £• tengsizlik bajarilsa, b son f ( x )  funksiyaning 
a nuqtadagi o‘ng (chap) limiti deb ataladi va

lim f ( x )  = f ( a  + 0) = b ( lim f ( x )  = f ( a - 0 )  = b)
x - + a + 0  \ x —>a—0  /

kabi belgilanadi.
4-ta’rif (Geyne). a nuqtaga intiluvchi V { } ,  xne X ,  x„ >a

(x„<a)  ketma-ketlik olinganda ham unga mos { / ( * „ ) }  ketma-ket- 

lik b soniga intilsa, b soni f ( x )  funksiyaning a nuqtadagi o‘ng 
(chap) limiti deyiladi.

2-teorema. l i m / ( x )  = A bo‘lishi uchun f ( a  + 0 ) - f ( a - 0 )  = b
x - * a

tenglikning bajarilishi zarur va yetarli.
Endi funksiyaning x -» + c o  dagi lim iti ta ’rifini beram iz. / ( x )  

funksiya ( c,+ od) cheksiz oraliqda aniqlangan b o is in .

5-ta’rif. (Koshi). V e > 0 uchun 3 A > 0  ( ^ - c ) topilsaki, Vx > A 
uchun \ f ( x ) - b \ < s  tengsizlik bajarilsa, b son / ( x )  funksiyaning 
x —> +00 dagi limiti deyiladi va J n n / ( x )  = 6 kabi belgilanadi.

6 - t a ’rif. (G ey n e ). +oo ga intiluvchi V{x„} (x„ > c ) ketma-ketlik 

uchun unga mos { / ( * „ ) }  ketma-ketlik b soniga intilsa, b soni f ( x )  

funksiyaning x - » + ° o  dagi limiti deb ataladi.
3_ va 4- ta ’riflar ham da 5 - va 6- ta ’riflar bir-biriga ekvivalent. 

lim f ( x )  = b ning ta’rifi ham yuqoridagiga o ‘xshash aniqlanadi. Agar 

lim f ( x ) =  lim f ( x )  = b b o ‘lsa, u holda U m / ( x )  = Z> deb yozilad i.
,r->-FX v 7 V ’ ’

7-ta’rif. Agar Hm/ ( * )  =  «> ( \ i m f ( x ) = 0 )  bo'lsa, / ( x )  funksiya

a nuqtada cheksiz katta (cheksiz kichik) funksiya deyiladi.
C heksiz katta va cheksiz kichik funksiyalar ham  ch ek siz  katta 

va ch ek siz  k ich ik  k etm a-ketlik lar u ch u n  2°-punktda keltirilgan  
xossalarga ega.

8°. Limitga ega boigan funksiyalarning xossalari
l-ta ’rif. Ushbu Üs (a) = {x e  R: 0 < | x - a | < j }  to'plam a nuqta- 

ning o^ilgan S atrof i deb ataladi.
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1-teorema. / (x )  va g ( x )  funksiyalar a nuqtaning biror o ‘yilgan 
atrofida aniqlangan bo'lib, H m / ( x )  =  ¿  va l im g ( x )  = c  bolsín. U holda

_  x~ > a  N '  x - * n  '

1) lim [ /  ( a) ±  g ( x ) ]  =  lim  f ( x )  ±  lim  g (x )  =  b ± c,

2) i™ IL ( a ) 'g ( * ) l  =  / M 4 ™ S (x X = b-c, .

f ( x )  ü m /( - v )  b
3) agar c *  O bo ‘Isa, l i m— =  = -  b o ‘ladi.

x~*a g ( x )  h m g ( x )  c
x - > a  J

2-teorema. («Ikki mirshab haqidagi teorema»). Agar f  ( x ) ,  g ( x )  

va h(x)  funksiyalar a nuqtaning biror o yilgan atrofida aniqlangan 

boTib, shu atrofda / ( x ) < g ( x ) < / ? ( x )  tengsizlikni qanoatlantirsa va 
lim /  (x )  =  lim /? (x )  =  ¿> tenglik bajarilsa, u holda s { x ) - b  bo‘ladi.

Funksiya lim itin i h isoblashda quyidagi ajoyib lim itlar k a tta  a h a m i- 
yatga ega.

Birinchi ajoyib limit: 

Ikkinchi ajoyib limit:

.. s in x  ,

lim -------=  1 ( i )
.r-»0 X '  7

lim
A-»X

l  +  - j  . .  ( 2 )

9°. Funksiya Iimiti uchun Koshi teoremasi
/ ( x )  fu n k siy a  X  t o ‘p la m d a  b er ilg a n  b o ‘lib , a n u q ta  X  

to 'p lam ning lim it nuqtasi b o ‘lsin.

Ta’rif. Agar V¿- > 0 uchun 3 £ > 0  topilsaki, argument x  ning 

0 < |x ' - o |< £ ,  0 < ¡ x " -a | < S  tengsizlikn i qanoa tlan tiruvch i 

V a', x" ( x ' e l . x ' e l )  qiymatlarida  | / ( x " ) - / ( x ' ) |  < e tengsizlik 

o ‘rinli bo‘lsa, f ( x )  funksiya uchun a nuqtada Koshi sharti bajarila- 

di deyiladi.

Ta’rifning inkori. Agar 3 f > 0  son topilsaki, v<5> 0 son uchun, 

0 < |x ' - o |< £ ,  0 < ¡x " -< 3 |< £  te n g s iz lik n i q a n o a tla n tir u v c h i
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V x ' , x ”e X  la r  m avjud b o 'lib , | / ( x " ) - / ( x ' ) | > £  tengsizlik  bajarilsa , 

f ( x )  funksiya u c h u n  a nuqtada Koshi sharti bajarilmaydi deyiladi.

Teorema. (Koshi). f ( x ) funksiya a nuqtada chekli limitga ega 
bo ‘lishi uchun bu funksiyaning a nuqtada Koshi shartini bajarishi 
zarur va yetarlidir.

10°. Funksiyaning uzluksizligi va uzilishi

f ( x ) funksiya a nuqtaning b iro r to i iq  atrofida an iq langan  b o ‘lsin.

1-ta’rif. Agar

lim f ( x )  = f ( a )  (3)
x:->a

b o i s a , _ / ( x )  funksiya  a nuqtada uzluksiz dey ilad i.

Funksiya uzluksizligi ta ’rifini K oshi va G ey n e  t a r u j a n  y o rd am id a  
h am  b erish  m u m k in . Biz u larga t o ‘x ta lib  o ‘tirm ay m iz .

E n d i f ( x )  funksiya  a n u q ta n in g  b iro r  o ‘ng  (c h a p )  yarim  

a tro fid a , y a ’n i [a, a  + S)  (m o s rav ish d a , ( a - 5,  « ] )  y a rim  in - 

te rv a ld a  a n iq la n g a n  b o is in .
2-ta’rif. Agar

b o ‘lsa, / ( a) funksiya a nuqtada o‘ngdan (chapdan) uzluksiz d e­

yiladi.
Teorema. / ( x) funksiyaning a nuqtada uzluksiz bo‘lishi uchun 

uning shu nuqtada o'ngdan va chapdan uzluksiz bo ‘lishi zarur va 
yetarlidir.

F araz  q ilay lik , / ( x )  funksiya a n u q ta d a  uzluksiz  b o 'ls in . U 

h o ld a  lim  f ( x )  = f ( a )  b o ‘la d i .  => lim [ / ( x ) - / ( o ) ]  =  0 . A g a r
x - > a  x —ci—»0

A x : = x - a  ~  a rg u m e n t o rttirm asi va A y A f  (a)  = f  (x)  -  f  (a) — 
fu n k s iy a n in g  a  n u q ta d a g i  o r t t i r m a s i  b e lg i la s h la r in i  k ir i ts a k , 

x  = a + Ax  va Ay = A f ( a )  = f ( a  + A x ) - f ( a )  b o ia d i .  N a tija d a , biz

j i S o l / i * )  “  = f c W * +^  - / ( * ) ] = I™oA-V = 0
ek an lig in i h o sil q ilam iz . S h u n d ay  q ilib ,
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lim Ay = 0 (4 ï
Дх—>0 '  '

3 - ta ’rif. / (a )  funksiya (c,d) intervalning har bir nuqtasida 
uzluksiz bo‘lsa, funksiya (c,d) interva Ida uzluksiz deyiladi.

/ ( x )  funksiya (c,d) da uzluksiz b o ‘lib, s nuqtada o ‘ngdan, d
nuqtada chapdan uzluksiz bo'lsa , unda u [c,c/] kesm ada uzluksiz  
deyiladi.

X  to 'p lam da uzluksiz funksiyalar sinfi C ( X ) kabi belgilanadi.

4-ta’rif. Agar

l™ f ( x) = b * f ( a) ( 1—hol)

l i m / W - 2  (2—hol)

1 ™ Д Л') =  С0 (3 —hol)

bo‘Isa, unda f  (x )  funksiya a nuqtada uzilishga ega deyiladi.
Funksiyaning a nuqtada uzilishga ega b o ‘ladigan hollarin i a lo -  

h id a-a loh id a  k o ‘rib chiqaylik.

a) lim f ( x )  = b * f ( a )  b o ‘lsin.

B u  h o ld a  lim / ( x )  =  / ( a  + 0) Va lim f ( x )  = f ( a - 0) ja rх-ю+О 4 v '  x^w-0 4 7  v '
jnavjud bo lib , / ( 0  + 0 ) = : / ( a - 0 ) ^ / ( a )  b o ‘ladi. B unday nuqta  

bartaraf qilish mumkin b o ‘lgan uzilish nuqtasi deb ataladi. 
M iso llar .

tenglik bajarilsa, f ( x )  funksiya a nuqtada uzluksiz b o ‘ladi.

/ ( * )  =
[x , àgar X Ф 0 bo‘lsa, 

[ l ,  agar x  = 0 b o‘lsa

funksiya uchun x = 0 nuqta bartaraf qilish m um kin b o ig a n  uzilish  
nuqtasi b o ‘ladi, chunki

ä A * ) = ä / ( * ) = °  va A ° H -

Agar / ( 0 )  = 0 deb qabul qilsak, funksiya uzluksiz b o ‘lib qoladi.
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2. /(* ) =
I - x s in —,àgarx  *  0 bo'lsa, 

x
[2, agar x =  0 bo'lsa 

funksiya uchun ham  x =  0 nuqta bartaraf q ilish  m um kin  b o ‘lgan  
uzilish nuqtasi b o ‘ladi, chunki

lim / ( . v ) =  l im /( j c )  = 1 va / ( 0) = 2 .
. t - * o + 0  V ’  . » - > - 0  V '

b) lim f i x ) - 3 b o ‘lsin .
x -* a +0

Bunda quyidagi uchta hoi b o ‘lishi m um kin.

1) limo/ ( x )  =  / ( o - 0) va limo/ ( A )  = / ( a  + 0)  la r  3 va

f ( a - 0 ) * f ( a  + 0).

Funksiyaning bunday nuqtadagi uzilishi b irinchi tur uzilish va 

| / ( a  + 0) - / ( a - 0)| ayirm aga funksiyaning a nuqtadagi sakrashi

deyiladi.
M asalan,5 *\

1

/ ( * )  =

— ,à g a r x ;£0 bo‘lsa,

1 + 2 T
0, àgar x = 0 bo‘ Isa

funksiya uchun *  =  0 nuqta 1-tur uzilish nuqtasi boMadi va funk­
siyaning bu nuqtadagi sakrashi 1 ga teng:

I f ( a + 0) - / ( «  - 0) 1= | / ( + o )  -  / ( - 0)1 -|0  - i |=1  ;

2) x - + a  da f ( x )  funksiyaning o ‘ng va chap  lim itlaridan h ech  

b o ‘lm aganda biri 3 . Funksiyaning a nuqtadagi bunday uzilish i 

ikkinchi tur uzilish  deyiladi.
M iso llar .

/ ( * )  =
s in —, agar x >0 b o‘lsa,

x
- x ,  agar x <0 bo'lsa  

funksiya jc = o nuqtada ikkinchi tur uzilishga ega, chunki
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K m / (a-) =  lim (- .y )  = O = / ( 0). lekin l¡m / ( a )  =  Iimsin — - 3  .
,r-»-0 '  7 -V—>-0 7 ,v-»+0 '  7 ,v->0 A-

2. D ( * )  =  .
f O, agar a-- irratsional b o‘lsa,

[ l ,  agar a- - ratsional boMsa

funksiya V a e  i? nuqtada ikkinchi tur uzilishga ega, chunki x^>a  
da £ ) (* )  funksiyaning o ‘ng lim iti ham , chap  lim iti ham  3 .

3). at—» a  da / ( * )  funksiyaning o ‘ng va chap lim itlaridan biri

cheksiz yoki o 'n g  va chap lim itlar turli ishorali cheksiz. Funksiya­
ning a nuqtadagi bunday uzilishi ham  ikkinchi tur uzilish deyiladi.

d) /(-'■)=  00 b o is a , / ( a - )  funksiya x = a nuqtada ikkinchi 
tur uzilishga ega deyiladi.

11°. Uzluksiz funksiyalarning xossalari

1-teorema. Agar f { x )  va g(x)  funksiya lar X  czR to‘plamda 

aniqlangan boTib, ulaming har biri a e X  nuqtada uzluksiz bolsa, u holda

0  f ( x ) ± g ( x ) ,

2) / ( * ) • # ( * ) >  

f ( x )
3) g (jc )  uchun g ( x ) ^ O )

funksiyalar ham shu nuqtada uzluksiz bo‘ladi.
Iz o h : 1-teorem an in g  aksi har do im  ham  o ‘rinli b o ‘laverm aydi.

M asalan , f ( x )  = x va

£ ( * ) :
s in —, agar * * 0  bo‘lsa,

X

0, agar a: =  0 bo‘lsa

funksiyalar k o ‘paytm asi / ( x ) - g ( * )  =  A : s i n -  funksiya R da uzluk-
x

siz , lekin g ( x )  funksiya a: = 0  nuqtada uzilishga ega.

A ytaylik , y  = f ( x ) funksiya x  to 'p lam d a, z = cp(y) funksiya
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esa  Y = { y  = f ( x ) : x e  X }  to 'p la m d a  a n iq la n g a n  b o ‘lib , u la r  

y o r d a m id a  x  t o ‘p la m d a  a n iq la n g a n  z = cp\_f(x)\ m u ra k k a b  

funksiya tu zilgan  b o ‘lsin.

2-teorema. Agar y -  f ( x )  funksiya a s  X  nuqtada, z = (p(y) 

funksiya esa, unga mos ya = f ( a )  nuqtada uzluksiz b o ‘lsa,

Bu teorem a lim it h isoblashda juda m u h im  rol o ‘yn ayd i va  
uning yordam ida 1—§ ning 9° —punktidagi m uhim  lim itlar keltirib  
chiqariladi.

3-teorema. Agar \ \mf(x)  = b (¿>>0) va \\mg(x) = c bo'lsa,
r —k/j '  '  '  r —>/7

Biror y = f ( x )  funksiya X  to ‘plam da berilgan b o ‘lsin .

T a ’rif. Agar \ / s >  0 son uchun 3S = S ( e ) > 0  son topilsaki, X  

to'plamning |j t " - jc ’I< 8  tengsizlikni qanoatlantiruvchi V x ’ va x"

( x ’,x " g  X )  nuqtalarida | / ( V ) - / ( . r ’)| < £ tengsizlik bajarilsa, f ( x )

funksiya x  to ‘plamda tekis uzluksiz deb atatadi.
T a ’rifn ing  in k o ri. 3s-'> 0  son top ilsak i, \JS>  0 son  o lin gan d a

ham  |jc " -x ' |< J  ten gsizlik n i qanoatlantiruvchi shunday \ /x'x" e X

nuqtalar m avjjd  b o i ib  | / ( x " ) - / ( x ' ) | > £  tengsizlik  bajarilsa, / ( * )  

funksiya x  to ‘plam da tekis uzluksiz em as deyiladi.

Kantor teoreraasi. Agar f ( x )  funksiya \a,b\ kesmada aniqlangan 

va uzluksiz bo‘Isa, u shu kesmada tekis uzluksiz bo'ladi.

z = ^ [ / ( x ) ]  murakkab funksiya a nuqtada uzluksiz bo‘ladi.

[ / ( x ) ] aW k o ‘rinishdagi funksiyaga darajaIi-ko‘rsatkich!i funk­

siya deb ataladi.

12°. Funksiyaning tekis uzluksizligi
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N A Z O R A T  SA V O L L A R I

1. Sonli ketm a-ketlik  tushunchasi.
2. K etm a-ketlik  lim itining ta ’rifi va uning inkori.
3. Yaqinlashuvchi va uzoqlashuvchi ketm a-ketliklarning ta ’riflari.
4. Cheksiz kichik ketm a-ketliklar va u lam ing  xossalari.
5. Cheksiz katta ketm a-ketliklar va ularning xossalari.
6. Cheksiz kichik va cheksiz katta ketm a-ketliklar orasidagi bog‘lanish.
7. Y aqinlashuvchi ketm a-ketliklarning xossalari.
8. M on o to n  ketm a-ketlikning ta ’rifi.
9. M onoton  ketm a-ketliklar haqidagi Veyershtrass teorem asi.
10. Fundam ental ketm a-ketliklar va Koshi teorem asi.
11. Q ismiy ketm a-ketliklar. K etm a-ketlikning yuqori va quyi limitlari.
12. Funksiya tushunchasi. Funksiyaning aniqlanish sohasi va qiym atlar 

to 'p lam i.
13. Funksiya lim itining Koshi ta ’rifi va uning inkori.
14. Funksiya lim itining G eyne ta ’rifi va uning inkori.
15. Funksiya limiti Koshi va G eyne ta ’riflarining ekvivalentligi.
16. Funksiyaning bir tom onli limitlari.
17. Lim itga ega bo‘lgan funksiyalam ing xossalari.
18. Ikki m irshab haqidagi teorem a.
19. B irinchi ajoyib limit.
20. Ikkinchi ajoyib limit.
21. Funksiya limiti haqidagi Koshi teorem asi.
22. Funksiyaning nuqtadagi va to ‘plam dagi uzluksizligi ta ’riflari.
23. Bir tom onlam a uzluksizlik.
24. B artaraf qilish m um kin bo 'lgan uzilish nuqtasi.
25. B irinchi tu r uzilish nuqtasi.
26. Ikkinchi tu r uzilish nuqtasi.
27. U zluksiz funksiyalam ing xossalari.
28. Funksiyaning tekis uzluksizligi va K an to r teorem asi.

36



- в -
Mustaqil yechish uchun misol

1 -masala. ekanligi ta’rif

к  ( * ) - ’ ) •

va masalalar 

yordamida ko‘rsatilsin

3 / 7 - 2  3 

1 1  X" ~ 2 n - \ ’ 2 '

4n2 +1 4

1 3  х- = з ? 7 2 ’ a = l -

l - 2 n 2 l
—, a = —  

2 + 4« 2

/7 + 1 1

1 ,7  * " _ Г 2 ?  a ~~~2

I - 2 / 7 Z
1.9 x „ = ~ 2 ----- ’ a = "2 -

"  n¿ + 3

4 +  2n 2

1 1 1  ° = ' r

13 - и 2 1

1 1 3  * " ~ l  + 2и 2 ’ a ~ 2 '

1.15 x„ =
3/7-1 3

5/7 + 1’
a = —. 

5

1 +  3/7

6 - / 7  ’
a = - 5 .

3/72 +  2 3
,  a  =  —

4/7' - 1

2/73

4

n - 0
/73 -  2 ’

1.2 x l

1.4 *„ =

1.6 *e =

1 .8  *„ =

1 .10

1.12  *„

1.14 xn 

1.16

1.18 xn

1.20 x„

, a =  2.
4/7 -1  

2/7+1

9 - 0 3 J_

1 + 2/73 ’ °  2 '

5/7

я - И '
, a = -  5 .

2/7 +  1 2
---------, a = — ,
3 / 7 - 5  3

3/7” + 2  3
;— :----- , a  = — .

4/7 - 1  4

, a  =  —5
5/7 +  15 

6 - n

2 / 7 - 1
: ------------,  o  =  -

2 - 3 / 7

5 «  +  l  1
: ---------- , a -  — .

1 0 / 7 - 3  2

2/7 + 3

' /7 +  5

2 —3/7

, a = 2.

_ _ 3  

4 +  5/7"' 5
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2-masala. a soni {x„} ketma-ketlikning limiti emasligi ta’rif 
yordaraida ko‘rsatiIsin.

2 1  + a = 0 .  2.2 x „ = c o s y - , a = ~ .
- _ --- ;—ffn---- 1 7tn2.3 xn = sin ———, o = -  2.4 x„=cos— , o = - 1 .

6 2 100

2.5 x. = 2(-'r ', a = 0- 2.6 x, = n -[ l + ( - l ) ' ] ,  a = 0.

2.7 * „ = ( - l ) \  « = - 1 . 2.8 *, =(-!)■*', a = l .
2  — COS 7П 1 í \ ^

n

2.9  x  = ---------------- , o  = 3 2.10 x  = , a  =  1
2 + COSÆ77 j J ? .

_ „ „ ??2 - 1 2/7 + 3
2 .1 1  x  =  , ö  =  1 . 2 .1 2  x  — 0— , a  =  2 .

n n -

„  1 1 . 7ГП2.13 x„ = — — , a = ~ .  2.14 x„=sin — , o = l .
2л + 1 2 .2

2.15 X, = -  ^ , o = - l .  2.16 x„=sin— , o = 0 . 
n 3

2 ,1 7  X" = 3 - 2/72 ’ 0  =  ~ 2 ‘ 2 ' 18

2.19 x„ = « H)”, o = 0 . 2.20 x„ = 2,1, o = l .
/7 + 1

2 .2 1  x„ =  л/и* +1 - n ,  a =  1.

3-masala.
Yaqinlashuvchi ketma-ketlikning chegaralanganligi haqidagi teo- 

remadan foydaianib {x„} ketma-ketlikning uzoqlashuvchi ekanligi 
ko“rsati!sin.

3.1 3.2 x„=n2s in ~  3.3 x„ = -Jn cos ~

3.4 x„ = ( - 1)" In n 3.5 x„ = (-1)" In -  3.6x„ = -  + wH)”
n n

Cheksiz kichik ketma-ketlikning chegaralangan ketma-ketlikka
ko‘paytmasi haqidagi teoremadan foydaianib {x„} ketma-ketlikning
yaqinlashuvchi ekanligi ko‘rsatilsin.

-, 7  у — sg n (tg /? ) = _____ !_____  -------
" /7 /2(8 + Sin l l ) '  '  ' [ 2 + ( - l ) ']  '
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ЯП

3 . 1 0  х „
COS ЯП s in

л
3 . 1 1  х . = 3 . 1 2  X" =

п~ 1 п ( л  +  1 ) '

Qismiy ketma-ketlikning limiti haqidagi teoremadan foydalanib 
fx,,} ketma-ketlikning uzoqlashuvchi ekanligi ko‘rsatilsin.

3.13 xn=(o,5)H)’". 3.14 x„ = 2 ^ n-

3.X5 JC, = [ 2  + (-l) J . 3.16 I.=sm — .
«Ikki mirshab haqidagi teorema» dan foydalanib {*„} ketma- 

ketlikning yaqinlashuvchiligi ko‘rsatilsin.

3.17 = Í - )
n

3.18
f / 7  + 10^ 

1
n

{ n j \ £ . n - i ;
2"

3.19 X.. =
" (21 ,)!-

3.20 X.=•
' +  sin /?

2/7 +  3 \ n

4-masala. Koshi kriteriyasi, monoton ketma-ketlikning limiti ha­
qidagi teorema yoki limitlar ustidagi amallar haqidagi teoremalardan 
foydalanib {*„} ketma-ketlik yaqinlashishga tekshirilsin.

4 1 4.2 x _ = - ~  2

4.3 x„ — ■
n~ +n

4.5 X.. =

n - n ~

. (  Я71
w-t-sm —

I  4

ti ln (»  +  l)

4.4 *„=(-!)"

' _ » y .  I

V 2,
■.„•I I— '  

2'

yfñ у '

/7 + 1
4-6 » tJ2 .(8 +sin и) '

4 -8  Jc” = ( 1—I g i l j i ’ " I g T ? }  ~ ig ( io + » .) j  '
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4.9 x  —
sin or sin2or
---------1------ —

2 2
1 2

4.11 Xn ~ ^ 2 + ^ 2 + -  +

™  ' - F -

Sin7?QT

2"
4.10 x  =

|s in l| [sin 2| |sin7?| 

_ 2 _ +  22 + ' " +  2"

(» + D ll

4.15 * „ = c o s l  +
cos 2 COS /7

4.17 x = lg/7

4.19 x„ -  0 ,7 7 ...7

4.21 -V — 1 h---- i-...h—
2! «!

4.12 *„=1 + ̂  + ... + - .
-----------------------2----------«---------

/  j v
4.14 = 1 + -

4.16 ^„=l + -7= + ... + - r .V 2 v n
2"4.18
n\
1 1 ( -1 )" '' 

4.20 —  -  —  + -  + n , 
1-2 2 -3  n(n + \)

5-masala. Sonli ketma-ketlikning limiti hisoblansin f Iim jc\n-*tc )

J n ( n - 2 ) - J n 2- 3  . 5.2  *„ = ( n - > / n 3 - 5 ) « V « .

5.3 x„ =^(«2 +l)(»' -4) -V»4 - 9  . 5.4 xn — ■

5-5 xH = y/n2 —3n + 2 -  n ■ 5.6 xn = n + -

5.7 x„ = y]n(n + 2 ) - y / n 2 - 2 n  + 3 . 5.8 xn =J(n+2)(n+l)-J(n-\)(n+3) .

V «3 - 8  - n ^ n (n 2 + 5)

y j 4 - n 2 •

^/i(ii4-l)-V n s-8 . 5.10  x„ =«2^5 + «3 -V 3 + /7’).

5.11 xn =yjn2 + 3« -  2 — V«2 -3 • 5.12 xn = yjn^y/n + 2 —yJn — 3^.

5.13 x„ = J n ( n  + 5) - n  . 5.14 x„ = V«3 +8̂ V«3 +2-V«3 -1 j .

_ \/(»3 + 1)(»2+3) - ^ ( ^  + 2)

2\fn
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6.1 *„

6.3 хп

6.5 Ъ

6.7 *я 

6.9

6.11 :

6.13

6.15

5.17 X

5.19

5.21 л

6.17

= п3 з^«-(/764-4) — л/«3 — 1 . 5.18 х„=у[й \[r? - l ] n ( n - 1) 

н =V « + 2 (Vw + 3 - V « - 4 ) .  5.20 л'„ =« ( V«4 + 3 - n/»4 - 2 j 

•и = и (^ /5  +  8и3 - 2 z i ) .

6-masala lira*,,-?п-*х
1 2 3 и — 1 (2и  + 1)!+(2и + 2)!

=  —г* 4----г I-----4-,..4----- . 6.2 п ¡г* о\|
п 2 Я2 и  п- (2/7 + 3)!

I + 3 + 5+  ... +  (2/7-1) 2/7 + 1 с л v 2 ”+1 + 3
= ^ T í  2 • ' " 2" + 3

1 + 2 + ...+  /7 1 + 3 + 5 + ... + (2 // — I)
-  — i . 6.6 Т  = -------------- -------- .

\¡9nA +1 1 + 2 + 3 + ... + /7

1 + 3 + 5 + ... + (2 /7 -1 ) r n  1 + 4 + 7 + ...+  (3 /7 -2 )
---------------- i-------- 6.8 х » -  г — i----------- 7

И -+• 3  v 5  Ï Ï  4- И 4 -1

_  (»  + 4 ) ! - ( /7 +  2)! (3 /7-1)!+  (3/7 + 1)!

(и + 3)! ’ * л" _ Зп|- (и -1 )

, 1 1 11 + ;  + тт + -  + ^Г
2" -  5"+| ____а = — - — - -------------- —

с =  , - .  6 .1 2  " ,  1 1 1 .
* 2 + 5 5 + 5Г + ’" + 5'Г

n//?3 + 5 - v V + 2 'MI '■sil3 - 2

V" 1 + 3 +  5 +  ... +  (2 /7 -1 )  ‘ 6 1 4  Л" 3"-1 + 2" ’

/7 + 2 2 5 13 3" + 2"

K"= i + 2+3 +T..+ ñ ~ з"* 6Л6 л'" = б + зб+- +~ ^ -

2 -  5 + 4 - 7  + ...+ 2/, —(2// + 3) * 10 v =  ( 2 / /+ l ) ! + (2 /1+_2)!
v- = -----------------^  6 - 18 '  " (2 // +  3 )! -  (2// + 2)! •
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7.1 *„ =

6.19 v„

6.21 x„

____  r „ n 2 +  4 +  ... + 2/?
_ , v .  6.20 x „ = ------- :------n2 + 7 + 12 + ... + (5/7 — 3)

3 5 9 1 + 2"
• — н 1-------1- ...4----------

4 16 64 4"

/7 + 3

7-masaIa. 4mxn~?

3/7 -6/7 + 7 

3/72 + 20/7 -1

7.5 *„ =

7.7 *„ =

7.9 *„ =

7.11 *„ =

7.13 *„ =

7.15 *„ =

7.17 *„ =

7.19 *„ = 

7.21 *„ =

f  2 л ?  +  3

V 2/? +1

Ч Л + 1

' « 2 -3/7 + 6 ^ 2 

/72 +  5/7 + 1 ^

r 6 n —i  V "+2

6/7 +  4

Il +  П + 1

/72 + / 7 - 1

/7-  ;

/7 +  l'y

i r ; r
fêT-

5w
10/7-3

10/7-1

2/7- +21/7-7

2/72 + 18/7 + 9

7.2 *.= / 2/72 + 2 л 

2/72 +  l

V = / 7 - 1 / 71'
v//

U  +  3 j 7.4 *„ =

7.6 *„ =

7.8 x,=

7.10 *„ =

7.12 x„ =

7.14 *„ =

7.16 *„ =

7.18 дг.=

7.20 *„ =

У
f / 7  +  Г "

. я - 1 ,

/7-10 

77 + 1

\ З я + 1

о 2 а 1 \2л+5
3/7 +4/7-1

3 п 1 +  2/7 + 7

^ 2/?2 +  5/7 + 7 

2/72 +5/7 + 3

5/72 +  3/7 — I 

, 5/7“ +3/7+3

У
\л

^2/72 + 7 /7 - Г  

 ̂2/72 + 3 /7 -1  ,

У  + О 2"-"'

v ^ î y
f  -, 2 Г V'+<3/7 -  5/7 

3/72 -5 /7  + 7
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8-masaIa. {x„} ketma-ketUkning yuqori va quyi limitlari topilsin

f l im x „ - ? ,
H—>00 /

8.1 x „ =  cos
\ n ЯП )

B—2 J

ЛП
8.3 x> = (_ „ )" T .

8.2 X

1 . ЯП8.4 x„ = -  + s in —- .  
n 3

8.5 X.. =
- ( - 0 " ■2n +\

________ 2" + 3

8.7 * = 2H)""n.

П ПЯ
8.9 * „= 2  +  —  c o s -

n - 1
8.11 *„ = ----- - c o s  и я .

П + 1

3« -  2 . я и
8.13 * „ = --------sin-— .

n 2

8 .6  *  + 2 -

л

п + 1 

ЯП

8.12 х„ =

-------sin
и +1 4

п1 +1 . „ ЯП
и2 - 1

sin

8.14 хя = 1 ,5 -cos

2 '

2 я п ' '”

8.15
2 • ЯП ,я  s in ---- + 1

X.. =
П + 1

я2 — и + 1 2ян
8 17 X = ----- г------ co s------
Й Л / " 2и - 1  3

«И 1),г- + 3 и _ 1
8.16 = (-1 ) 2 --------- Гv '  1 - и - п

4и2 + З п - 2  . ( я  2яп

8 л 8

8.19 *„ = О т
\ я . я п  п + 2 . я п

( - 1) 8.20

8.21 х_ = sin и0.
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9-masala. y  = f ( x )  funksiyaning aniqlanish sohasi topilsin
( £ ( / ) - ? ) •

0 1  v =  In I Sa + 1 _S  • M. J 1 A  - ’ A  T  I V  1

J- !

/ 4

9 .3  y  = logj.+1(.r2 - 3 x  + 2)  

yjx +  5
9 .5  y = lg ( 9 - 5 a) • 

3 x - x 2
9 .7  y  = lg  .

a - 1

9 .9  y  =  l g ( l 6 - A 2)  +  c /g * \

9 .1 1  y  = J x 2 -  j x j - 2 .

9 . 1 3  y - J 3 - 5 a - 2 a 2 ■

9 .1 5  y  =  -
tgx

cos2x '

9 .1 7  y  = arccos (0 ,5 x  —1).

9 .1 9  j  =  a r c t g ^ —  
x- - 9

arcsin (0,5jc — 1)
9 .21  y = -  \

\ x ~  - 3 x  + 1

—- 2 r~‘
5 y

9 .4  y =
yjx2 - 4  

log;, (x2 + 2 x - 2 ) '

9 .6  y  = J log
2a - 3  
x - 1

9 .8  7 = 3 i
x + 2

lg COSA '

9 .1 0  v =  ( 8 - 2 a - a 2) 2 •

9 .1 2  y = J  XI I - x  ■

9 .1 4  y  =

9 .1 6  y  =  .

6 — x

s in x  +  co sx

V sin X — COS X

9 .1 8  y  =  arccosx  -  arcsin (3 -  x ) .

x2 — 1
9 .2 0  y  = arcsin-------- .

10-masala. Quyidagi tengliklar ta’rif yordamida isbotlansin 

(<?(£•) —topilsin).

.. 2x~ + 5 x - 3
10.1 lim ------------------=  -7

A +  3
-  1- 5x2 - 4 a - 1  ,

10.2 lim ----------------- = 6
*-+i x  -1
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Зх2 + 5 х - 2  _ 
1 0 .3  l im ---------- ------ =  - 7 .

дг-»-2 X +  2

6 х 2 + х - 1  ,  
1 0 .5  ¿ mí ----------Г ~ 5 '

” .  * + J

.. 4x2-14x + 6
10.4 lim----------------= 10.

10.6 Hm

x - 3

. 6 x 2 — X - 1
Д 1
r 2 X -----

2

=  5

9x2 - 1
10.7 lim' Г  = _6з x  +

3

3x2- 5 x - 2
10.8 lim ----------------- =  7 .

X-+2 x - 2

1.m 3 £ - 2 f - l =_4
i o .»  „ : i  _ .  i

3 X n----

7 x2+ 8 x  + l ,
10.10 l im ----------------- =  - 6.

*-*-> X + 1

10.11 lim
X2 - A x + 3

*->з x - 3
=  2

.. 2 x 2 + 3 x - 2
1 0 .12  lllT| ----------- i - 5

X - * -  V

2 * ” 2

6 x2- 5 x  +  l

1 0 .1 3  ¡ 2 ~ 1 — 1‘
, 3

10x2+ 9 x - 7 _
10.14 hm7------------7------"  l 9 ‘ДГ—>--- v 1

5 X  +  -

2 x2 + 1 3 x  +  21 1
1 0 .15  л.™7 2x  +  7 2

2 x 2 - 9 x +  10 1

10.16  Í 3  2 , - 5  = 2

6x 2 + x  — 1 _
lim ----------:—  =  -> .

10.17 1
2 X ------

3

2x 2 -  21x - l  1 
10.19 lim ------------—------ = 23

X-*11 X -  1 1

X 2 - 9
10 .21  l i m - j — =  2 .

*-»з X  —3x

10.18
6x 2 - 7 5 x - 3 9  01 

l im -------------:--------=  - o  1
-5 x  +  -

10.20 lim
5x2 -  24x -  5

x-»s X -  5
=  2 6 .
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11-masaIa. Limitlar hisoblansin.

з * _ 1  1

-M -, lim - j - ' ' 9 — ----- . l im .. _У  4—
11.1 11 ,2  х_д  Гу

i n  ,im ^  +  2 x - 5  ^ T f o - 4
113 '™ ~Г Т  . • 11.4 Km-7 = = ----7=

VJT-4 *-»4V4 + jc- Æ

11.5 lim. < J x - 6  +  2  ,  y ¡ 9 x - 311.6 Km ----- ----= .
,_>3 л/3 +  х - л / 2 х

1 t _ л /х - I  l fÄ x - 211.7 um—— -  11.8 lim-
~ ' x 2 - i  ■

n . 9  n  lim  < Æ -1

И n  l i m - 27 + A' ~ ^ j Z ~ ' T i i  1-7 .• ^8 + Зх + х2 - 211*11 .r->0 « эГТ • 11.12 lim------------ -------
x  + 2-<Jx a ------  ,"o X +  X '

t1  .. Vl — 2 x  + x 2 - ( l  + x )  л/9 + 2 x - 511.13 lim----------------- i----- 11.14 lim——==---------------
*->0 Д. *->8 3/д -_ 2

11.15 l i m — — и  l g  H m ^ ~ 6 +  2
-1~*16 л/х -  4  11 ,10  г'™ * 3 + 8  '

.. л/х +  13 - 2 л /х  +  1 .. л/х — 111.17 l i m -------- ----------------------11 18 l im
X - 9  1118  ~ « £ С Г

л / Г ^ х - 3  _____  л/ l  +  2х  - 3

* 2 +  л/х '

л/9 +  2 х  - 5

11*19 Jjm—  *г  . 11.2 0 . lim— r ----.
л-»-8 2 +  л/х дг->4 у/х - 2

11.21  lim — -7=---------
л / х - 2
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12.1 l i m - ------
ln x

x2 -1

12-m asa la . Lim itlar hisoblansin.

\lx2 -  JC + 1 - 1

l +  cos3x  
12 .3  bm  . , -  -  

*-** Sin" IX

12.2  lim
T-»I ln x

l - s i n 2 x  
n  л lim ------------ -
12-4 д._„£ (я--  4 x )‘

4

l +  co s ;rx  
1 7 5  lim  -ц------- .

x > 1 t g ' n x 12.6 - 4  * *  '

s in2x - / g 2x
17 7 lim --------------T—
l L J  ( х - л - ) 4

12.9 Hm
c o s 5 x - c o s 3 x

*-»*• sm" x

I n (5 -2 x )
12 11 lim f -----

л /1 0 -З х  - 2

Vx2 - x  + 1 - 1
12.8 i™ -------;------------ .

*-»i t g n x

s i n 7 x - s i n 3 x
12-10 i S ' e  - e A n

12.12 lim
A"—»1

V x2 - 3 x  + 3 — 1-

sin K X

12.13 lim
X " — 7 C ~  

s inx

S .t-3  —  З 2
12 14 lim r

*-и t g n x

2 " - 1 6  
12.15 l im —-------

*->-4 sin;rx
12.16

1п 2х-1п л- 
l im ----------------

* . 5x 
s in — c o sx  •

2

In/gx
lim

1 2 .1 7  v̂ £ cos2x -
I n (9 -2 x 2)

12.18 lim—V"T---- L
*-*2 sin 2n x

12.19
1-2

4-t- l - 2 c o s x
lim

2 ^ \ Í 2 x  - y ¡ 3 x 2 - 5 x  + 2 j  ' 1 2  2 0  x U  л - -3 х  •

12.21 lim —
e - e

*->*sin5x-sin3x
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13.3

13.5

13.7

13.9

13.11

13.13

13.15

13.17

13.19

13.1

13.21

13-masala. Limitlar hisoblansin.

lim
•Y—>1

limX—>1

lim
.r-*8

/
lim
.r-H

2 x - l

Ííx-2

\  X  J

c t g 2 x / s i n 2 x
lim (cosxY

x - ± 2 n

lim
. v - » 3

x x

' 6 - x V T

lim
a-->3 l 3

l im (2 e r' ‘ - l ) * - ’ .

3.1-1
l im (2e r'' — i)  .

j • / • \ i8sin.v/c7£Y
lim (sin x)

p A ‘ - n

U + i  J
l/x-\

13.2 l im
,Y -» í7

SÍn A" ̂

vS¡n<7 J

( " 2 . Y - 0

< X J

1
«í-i

13.4 l im
( e o s  x  'l

^ c o s 2 )

13.6
\ / c o s ( 3 . r / 4 - x )

.V-*—
4

13.8 lim 2 - -

v l /s in 2 2 x13.10 lim (e o sx )
.x—> 2 .t V J

13.12 l im ( c o s A - p /sin4r.•Y—>4/7 X 7

13.14 lim ( c o s x )5/* Stsin2jrX-+*X V 7

13.16
\6/gX-/g 3.Y

x—>— 
2

\ tg2\  z ,

13.18 1¡m
-Y—>—2

13.20 +
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14-masaIa. Limitlar hisoblansin.

14.1 1¡m 2x — arctgjx

62jr -  T 2* 
14.3 lim —

14.5 I.™

sin 3*  -  2x 
32x - 53r

,v-»o arctgx + x''

л  5.x

14.7 lim

14.9 lim

x->o x  -  sin 9.x:

12 ' -  5“3x

14.11 lim

2 arcsin  x - x

3^  -  21x

14.13 Ijm

x-»o arcsin 2x -  x 

4 ' - 2 lx

14.15 Hm

*-*° tg3x -  x 

1O2'1 -  7"

14.17 [im

A'->0 2 tgx -  arctgx 

73л -  32r

л'->0 tgx + x3

14.19 lim
32x - I х

лг-»о arcsin Зл' — Sx

9х -  23ï

14.2 lim
Зд- -2jtе -  e

х~>° 2 arcsin x  -  sin x

14 .4  lim —
e 5'  - * 3jr

sin 2 x -  sin  x

14.6 Ijm
e2* - e 3jr

,r->o arctgx -  x~

14.8 Ijm
4  л- —2-Ve - e

*-»° 2 arctgx -  sin x

14.10 lim
7 r  —2xe - e

•i-»° sin x  -  2*

14.12 lim
■h o  arcsin x  + x ’

14.14 Ijm
e - e

h °  /g 2 x  — sin x

14.16 lim —
*-»° sin Зд: -  sin 5д-

14.18 üm
4 .Ï  2e - e

x-*° 2tgx -  sin д

14.20 lim
2x - 5 . Te - e

*-*° 2 s in .T - /g x

14 21 Um arctg 2x — l x

15-masala. y  = f { x )  funksiyaning x  = x0 nuqtadagi o‘ng va 
chap limitlari topilsin ( / (л0 + O) -  ?, /  (л'0 -  O) -  ?).

15.1 /(•*) = arc tg ------ , x0 = l .  15.2
1 — x
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15.3 A * )  =  - ¿ ^  x0 =  О .

15.5 / (* )  = V s*, xo = 0 .

15.4 f ( x )  = a r c c o s ( x - l ) ,  x0 = 0  

3(1 — л-2 )— 11 — .V2 1’ 0

15.7 / ( x )  =  s ig n (co sx ),x 0 =  - .  15.8 f ( x )  = a rc tg ( tg x ) ,x 0 =  —
2 2

15.9 / « = —  , x0 =  3 .  
x  + 33_Jr

15.10 / (* )  = — T I . * o = -l.

15.11 / ( x )  X +  [x  J ,x 0 - 1 0 .  15.12 / ( x ) - l i m - ------— x0 = l .
^ J //-»ЭС J Jj. д-" O

12x" — 3
15.13 = , ^0=1. 15.14 f ( x )  = e~ '-\x0 = 0.

-*«  x" — 1

Д \ s in x  
^  =  7 7 , *o = 0 .

w

15.17 / ( A') = f —¡r> *b=l.
M I

15.16 Л * ) = 7------ Г 7Г ’ л"о =  3  .
( x - 3 )

15.18 / ( * )  =

t  г л f\ t í  \ V 1 c o s2 x15.19 / ( x )  = -----------------, x0 = 0 .  15.20

1 > л0 
1 + 2 ^

co sx

xn — 2

Д ч cus л:
x) — I ! X0 — 0 _ 

3 - 2 ^

15.21 /(* )  = •
[x  + 1, x < 2 ,

| - 2 x  +1, x > 2 ’ xo = 2 '

16-masala. y  = f ( x )  funksiya x = x0 nuqtada uzluksiz ekanligi

16.1 / ( * )  = 5 x 2 - 1 ,  x0 = 6 . 16.2 / ( x )  = 4 x 2 - 2 ,  x0 =  5 .
16.3 / «  = 3 x 2 - 3 ,  x0 = 4 . 16.4 f ( x )  ~ 2 x 2 - 4 ,  x0 = 3 .
16.5 / ( * ) = 2 a 5j — 2 . 16.6 /  (x )  =  - 3 x 2 -  6, x0 = 1 .
16.7 / ( * ) = - 4 x 2 -  7, x0 =  1. 16.8 / ( x )  =  - 5 x 2 -8 , x0 =  2 .
16.9 / ( * ) = - 5 x 2 -  9, x0 =  3 . 16.10 / ( x )  =  - 4 x 2 + 9 , x0 =  4
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16.11 / ( а )  =  - З а 2 + 8 ,  a 0 = 5  .

16.13 f  ( a )  = 2x2 + 6,  x0 = l .
16.15 / ( a )  = 4 a 2 + 4 ,  x0 = 9 .

16.17 / ( a )  = 5 a 2 +1, a0 = 7 .

16.19 /  ( x )  =  З а 2 -  2 ,  a 0 =  5 .

16.21 / ( a )  = - 2 a 2 - 4, x0=3.

16.12 / ( a )  = - 2 a 2 + 7 ,  xQ = 6
16.14 / ( a )  = 3 x 2 + 5 ,  * o = 8 .

16.16 / ( a )  = 5 a 2 + 3 ,  x0 =8.
16.18 /  ( a )  = 4 a 2 — 1, x0 = 6.
16.20 / ( a )  =  2 a 2 - 3 ,  a0 = 4 .

17-masala.
Quyidagi funksiyalar я ning qanday qiymatlarida +uzluksiz 

bo‘lishi aniqlansin.

17.1 y  = .
a  c tg  2 a , a * 0 ,

Ö, A =  0

H < f . 17.2 y  = <ax2 + 1 ,  a  >  0,  

- A ,  A < 0

17.3z COSA, A < 0 ,  

a ( A - l ) ,  a  >  0
17.4 y  = [ a 2 + a, a  >  0,  

[ l - A 2, A < 0

17.5 yJ2 \  A > 0 ,  

a ( A - l ) ,  a <  0
17.6 y = ■

~ я  n
n+2x)\gx.-n<x< —, x *~~2'

7Г
я. x = —

2

17.7 y =
(arcs in a )  ctgx, a ^ O ,  

a , a  =  0
17.8 y  =

V  -1 -
--------- , А Ф 0,

A

a,  a  =  0, с > 0,

17.9 у  =

A
- ,  A ;*0

17.10 У ~ 'ln( l  +  2 a )  

a. A =  0

Quyidagi funksiyalar uzluksizlikka tekshiriisin va grafiklari chizilsin.

г •'*, a  *  0,  

a , a  =  0

a 2"  - 1
17.11 / ( а ) - Н ш —5— .4 '  rt—rxi X  -f* I

17.13 / ( a )  =  l i m - — ^
V '  *■*» 1 + A

In (l + e'xl )
17.12 ,5« ]n ]̂ + e'̂  •

n  \  ■ (  117.14 / (x )  = sig^ cos-
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17.15 / ( x )  = limcos2nx . 17.I 6 / ( x )  = [x]smjrx.
y  I _________________________

17.17 / ( x )  =  l im ------17.18 / ( x )  = lim ^ co s2,,x + s in 2,,x ,"-»oc \ +  xe n->*

17.19 f \ x )  =  lim $ + F \  17.20 / ( x )  =  x 2 -  [ x 2 ] .

17.21 / W  = !im-l +  (2 s in x )

18-m asa la .
Q uyidagi funksiyalar berilgan oraliqda tekis uzluksizlikka

tekshirilsin

18 .1  / ( x )  = — -2 t 1 8 .2  / ( x )  =  ln x , 0 < x < l .

18.3  / ( x )  =  ^ £ ,  0 < x < x .  18 .4  / ( x )  =  e* c o s— , 0 < x < l .  
x x

18 .5  / ( x )  =  a rc tg x , - c o < a - < + q o .  18 .6  / ( x )  =  x s in x ,0 < x < + o o .

rt \ \\~x2, —l< x < 0 , (x+l, x<0,
>8 -7 / W = K  0 « < 1 ,  - U X S 1  1 8 '8 [e '1, A->0,

y =  f { x )  funksiya X to ‘plamda tek is uzluksiz em asligi isbotlansin .

18 .9  / ( x )  =  c o s— , X  =  (0, l ) .  18 .10  / ( * )  =  - ,  x  =  (0 , 1) . 
x x

18.11  / ( x )  =  s in x 2, x  = R • 18 .12  / ( x )  =  s i n ^ ,  X  = ( 0 ,  1).

18.13  / ( x )  =  x 2, X  =  R .  18 .14  f ( x )  =  - ~ ,  X  =  ( 2 , 3 ) .

y — f  (x )  funksiya X to ‘plam da tekis uzluksiz ekanligi ta ’rif 
yordam ida k o ‘rsatilsin  ( S  =  5 ( s )  top ilsin ).

18 .15  / ( x )  =  - x  +  l, X =(-^ o,4oo). 18 .16  f ( x )  =  & c ,  X  =  [ 0 ; 2 ] .
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18 .17  / ( * )  =  “ • x  =  [0,1; 1]. 18 .18  / ( a-) = 2x2 + 5, X  = [ - Y , l ] .

18.19  / ( x ) = ; r - 2 x - l ,  X=[ - Z5] .  18.20  / ( . v )  =  x ’ + l, X  =  [ - 2 ; 3 ] .

18.21 / ( x )  =  2 s i n x - c o s x ,  X  = R.

- D -
Nam unaviy variant yechim i 

N am unaviy variant sifatida 21-variantn i olib, shu variantdagi 
m isol va m asalalarning yechim larini keltiram iz.

1.21-m asa la . }}™ x n = a  ekanligi ta ’r if yordam ida k o ‘rsatilsin
(w0 ( s )  - ? ) •

— ---------- — ---------------- ^ W  ii ____
* . = - 3 - T .  0  =  2 n - 2

< ( } }™ x" = a ) <=> (V E > 0  3iio = no(e )£ A ': \/n>n0 |*„-a|<£-).

\x. -  a = 2»3 „ 2/73 — 2n3 + 6 - 6
«3 - 3  “ n3 - 3 1

1

6
< —7=- <

; ( » - « ) ( » = + ^ » + V F )  " ‘ + V 3 »  + </9 Ï 3 »

D em ak, V £ > 0  son olinganda ham  »0~ ITiaxp ’ deb o l-

sak, V « > /70 v ch u n  |x „ - a |< é :  b o ‘ladi. =>*™ -rn - a  >

2 .21 -m asa la .  û soni {*„} ketma-ketlikning limiti emasligi ta ’rif  

yordamida k o ‘rsatilsin.

xn = yin2 +1 - n, a- 1 
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< * a )<=> (v^ evV 3 s>0, 3 n > fi: \xn-<aj>£■) |x„-c\ Jj-Jrf +1 -wj-1

•Jn2 + ! - ( / ?  + 1)| = ir  +1 -  {n + 1)2

>

yjn2 + 1 +77+1 

2n

772 + 1 - 7 7 2 -2w-l|

V /7 2 +  1 + 7 7  +  1 J n 2 + 1  +  17 +  1

L 77 2 /7  1

■y/« 2 +  3/72 +n + n 2/7 + 2« 4/7 2

Demak, — deb olsak, VneN uchun |xn-a|>£- tengsizlik

bajarilar ekan. Bu esa *„ * a ekanligini anglatadi. >

3 .21 -raasa la . “Ikki m irshab haqidagi teorem a”dan foydalanib  

{x„} ketm a-ketlikn ing yaqinlashuvchiligi k o ‘rsatilsin .

 ̂2/1 +  3 vx. =
77 /

2n + 3 2/? + 3/7 _  5/7 5 1

< ag ar ^ 10 bo‘Isa’ 

2/7 + 3 2 + 3 5 1
— — ^ — — = — > —  agar „> io  bo Isa.

71 ti 20

1 1
Agar y„ va zn~^r deb belgilasak, unda V /7>10

uchun y <x <z„ qo‘sh tengsizlik bajariladi. lim.y„ = limz = 0  Va" n->cr. «-»30
“ikki mirshab haqidagi teorema” ga ko‘ra = 0 bo‘ladi. >

4 .2 1 -m a sa la . xn =  1 + — + ... + —  ketm a-ketlik  Koshi kriteriyasi,

m onoton k etm a -k etlik n in g  lim iti haqidagi teorem a yoki lim itlar  
ustidagi am allar haqidagi teorem alardan foydalanib, yaqinlashishga  
tekshirilsin.

< Monoton ketma-ketlikning limiti' haqidagi teoremadan foy­
dalanib, berilgan {x„} ketma-ketlikning yaqinlashuvchi ekanligini 
ko‘rsatamiz.

1

(/7 +  1)!
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Endi bu ketma-ketlikning yuqoridan chegaralanganligini 

ko‘rsatamiz:

, 1 1 1  1 , 1 1 1  1
X n = 1  + ----- h-----i----- ...H------<  1h-------T +  —7--- +  ~ T T <

2! 3! 4! «! 2 22 T  2"
, 1 1 1 1 1 _  1

< + 2 + 2 : + 23 ” ' + 2""1 +  2" j _ l
2

Shunday qilib, {*„} f  va VneN  uchun 
x„<2 => limx„ -3 => { x \  —yaqinlashuvchi >

/!-> 50

5 .2 1 -m a sa la . Son li ketm a-ketlikning lim iti hisoblansin

( H m * , , - ? )
'  M -V Y  '

lim x, -

xn = m|a/5 + 8«3 - 2/7j

«|"(5 + 8/73) - ( 2 r t ) 3]

lim«(V5 + 8/73 -2 « ) ' r  . 2 , 7
n-"“ V / ^ 5  + 8/7 ) +2/7-v5 + 8/7‘, + 4/7'

=  l im-
5/7

JL + g j +2 . ß 7 8+4

6.21-m asala . l im * ,,-?

=  l im-

fc+8) +2'ii^+4
=  0 . >



7.21-masala. limx,,-?

x.. =
2 n 2 + 2 1 /? - 7

2 n2 +  18/7 +  9

\  2h+I

limx,, =  lim
2« + 2 1 / / -7

v 2/7 +18/7+9,
= (r)=  lim

'  • n—̂y'
2̂n2 +18/7+9+3/7-16 v ”+' 

2/;2 +18//+9 ,

=  lim 1 +
3/7-16

\ 2n+ l

2 /7 2 +  18 /7  +  9  

dalanamiz.

Bizning holda oc=-r~i

\ \

3/7-16

2/7- +18/7 + 9

2Í", 18 9) 3.->n2 2+—+— 1=.
\  " n2J _-2  _

N ||m  ( 3 » - l 6 ) ( 2 » + l )

—  g " - » «  2 n 2 + 1 8 » + 9  -

lim
«-»*•

8.21-m a sa la . {x„} k etm a-k etlik n in g  yuqori va kuyi lim itlari

topilsin  lim x„ -  ?, lim x.. - ?  | .
V"-** »-** y

x„ =  sin /7°

< Berilgan ketma-ketlikning qiymatlari to‘plamida

0, ±sinl°, ±sin20,..., ±sin89°, ±1 

sonlari cheksiz ko‘p uchraydi, chunki \ fneN vaVpeN uchun 

keltirish formulasiga ko‘ra sin//0 = sin (360°/? + n°) va 

sin(l80° ±/7°) = +sin»°. Demak, yuqoridagi sonlarning har biri ber­

ilgan ketma-ketlikning qismiy lim iti boMadi. Shu bilan birgalikda 

{x„} ketma-ketlikning yuqorida ko‘rsatilgan 181 ta sondan boshqa 

qismiy lim iti yo‘q. =>limx =1 Va >n-+*

9 .2 1 -m a sa la . y  =  f ( x )  funksiyaning aniqlanish sohasi topilsin

(D ( f  )-•>)■

y =
arcsin(0,5x-l) 

Vx" -3x + l
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<  D { f ) :  

f О < л* < 4

0 < 0 ,5 x < 2
Í-1  < 0 , 5 x - 1 < 1

Í  3 —v/5 f  3 + V s l
[x 2 - 3 x  +  l > 0 X ----------------

2
V /

X ----------------

l  2 )
> 0

х е -0 0  ■
з - л / Л и Г 3+V5

\
- ,+ х

10 .21 -m asa la . Quyidagi

lim

* > (/) = 

x 2 - 9

0;;
3 — y ß  1 Г 3 + -JE-;4 .  >

*->3 X2 -  3x
tenglik  ta ’rif yordam ida isbotlansin ( 8( e )  topilsin).

<, ( i m f ( x )  = ö) о  (Vs >0  3< î(f) > 0 : 0 < |x - a |< 5  => | / ( x ) - ö |< f f ) .

f ( x )  funksiyan i x  = 3 n u q ta n in g  b iro r  a tro f id a T m a sa la n  (2; 4 )“

in te rv a ld a , q aray m iz .
V é :> 0  son  o la m iz  va | / ( x ) - 2 |  ay irm an i x * 3  d a  quy idagi

* 2 - 9  „ x  + 3 3 - x M I  . |x - 3 |
2

Л' - J A '
X.

X X И  ' 2 ’

ch u n k i x e ( 2 ;  4 ) ed i.

O xirgi te n g s iz lik d a n  k o ‘rin ib  tu rib d ik i, agar ö = 2s  d eb  olsak , 

0 < |x - 3 |  < £  ten g siz lik n i q a n o a tla n tiru v c h i V x e ( 2 ;  4 ) u c h u n

, . , Ix —3| S 2s  

X 2 - 9
b o 'la d i. Bu y e rd a n  t a ’rifga k o ‘ra Hm y2~ T ~ =  2 ek an lig im  h o sil 

q ilam iz  >

yj9 + 2x - 5
11.21-n iasala  » m — r  - hisoblansin.

*-»8 л/х -  2

\¡9 + 2x  - 5  ( 0
. lim — ;-p=---------= —

< ДГ-.8 3 / ^ - 2  t o
= lim

.v->S

(9 +  2 x ) - 5 2 V x2 +2-<fx + 22 
X -  23 y/9 + 2x + 5
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= limлг->8

2 ( .v -8 ) ( yjx2 + 2-yfx + 4j

1(x -8 ) |(л/9 + 2х + 5)1
=  2 -  l im

X2 + 2  -y/x  +  4 

V9 + 2x + 5

e'T -  ex
12.21-m a sa la . l im - — -------— — hisoblansin .

— sm 5*— s m f e —

lim — - — -------
s in 5 .\--s in 3 x

Г0 \ f f

0

= lim
'-*0 sm

e” -  e**1

x  = 7i + t almashtirish bajaramiz44

v V X -» л  => t -» 0

. = e’ lim , * ~ g = g* ]im -----L zL
in (5л- + 5i) -  sin (Зл + 3/) /-*> -sm 5t + sm3t ,->o s¡n5t _ sjn3/ 

e ' - l

= e* lim-
'->Qg sin 5/ sin 3/

5t 3t

f r  е ' - , Г Гlim-------= 1
t —>0 l

.. sin а
lim------- =  1

V â-»0 a  J

,  1 e'T= e ----- = — . >
5 - 3  2

1 o  S in X

13 .2 1 -m a sa la . J™ (s in * ) agx hisoblansin .
2

18sinx
lim (sin x) «¡¡г = (j*^ =

л
x  = — +  t 

2

\ \
X ->  — => t ->  0 almashtirish bajaramiz

) )
lOCOSJ 15 COS/ f f  1 \  \

: lim (cosí) -к/ = l im [l+ (c o s r - l) ]  »  = lim(l + ör)^ =e dan foydalanamiz =

1 8 co s // V
- l i m --------- (c o s /—1)0 '-o tgi • l im -

— sin I
- 2 sin —

36cos / sin — 
lim --------- ;------- —  1 im

=  e

18cos / /

= e° = l.  >

1 4 .2 1 -m a sa la . Ushbu lim it h isoblansin .

9* -  23ï
l i m ----------------------
x~>° arctg2x  — I x

lim-
9 v -  2 3

= lim -

9* -  1 23r - 1
______ 3x

2 -
2x

— 7
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ln 9 -  3 ln 2 1. 9
=  ---------------- = — ln —. >

2 - 7  5 8

1 5 .2 1 -m a sa la . y  = f ( x )  funksiyaning x = x0 nuqtadagi o ‘ng va 

chap lím itlari topilsin ( f ( x 0 + 0 ) - ? , f ( x 0 - 0) - ? )

16 .2 1 -m a sa la . y  =  f ( x )  funksiya x  = x0 nuqtada uzluksiz ekan- 

ligi ta ’r if yordamida isbotlansin  ( S ( e )  topilsin).

<i f ( x )  funksiyani x0 =3 nuqtaning biror atrofida, masalan, 
(2; 4) in tervalda  q araym iz. \ f e>  0 so n  o la m iz  va 
| / ( * ) - / ( * 0) Н / ( * ) - Д З ) |  ayirmani baholaymiz:

| / W  - /(3)1 = |-2.r -  4 -  (-22)| = |-2*s + 18| =  2|.r -  9| =
= 2 |jc + 3|-|jc- 3 | < 1 4 - | x -3 ( .

£
Bu te n g l ik d a n  k o ‘r in ib  tu r ib d ik i ,  a g a r  ö  = d e b  o lsa k ,

|a --3 |< < 5  te n g s iz l ik n i  q a n o a t l a n t i r u v c h i  V x e ( 2 ;  4) u c h u n  

| / ( х ) - / ( 3 ) | <  14|дс —3 |с  \ AS = \4-^- = Е b o ‘ladi. ^  f ( x )  = - 2 x 2 - А  

funksiya  ха =3 n u q ta d a  uzluksiz . >

X
17.21-n iasa la . =  1 + ( 2 s in x )2" funksiya uzluksizlikka tek- 

shirilsin va grafigi chizilsin .

< /(x0 + o) =  /  (2  + 0) = Пm / ( x )  =  } i m o{ - 2 x  + 1) =  -3

/ (  r„ ^  n ) -  / (7 -  0 Ц Н U)  =  Д м >

f ( x )  = - 2 x 2 - 4 ,  x0 =3
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f ( x )  = lim
l + (2sinx)'

x, |2sin.\|<l, 

|2sinд-j = 1, 

Q. |2sin~y| >J _

Я  , 7 Г
X , -----+ n k < X <  —  + 7 r k ,

6 6
X  я  ,
- ,  х  =  ± — + л к ,¿ О

0V ~  ±-Л'к < у .< —  -1= даЬ, k-^Z. 
6 6

B u t e n g l ik d a n  k o 'r i n i b  tu r ib d ik i  f { x )  fu n k s iy a  

~6+7r^  va o r a l 'íq la rd a
л

u z lu k s iz  h a m d a  х  = ± — + лк, k e Z  n u q ta la r  fu n k s iy a n in g  ] - t u r

uzilish  n u q ta la ri b o ‘lad i. Y uqoridag i m a ’lu m o tla rd an  foydalan ib  fu n k ­
siyan in g  g ra fig in i ch iz ish  q iy in  em as. >

18 .2 1 -m a sa la . y  =  f ( x )  funksiya x  t o ‘plamda tek is uzluksiz 
ekanligi ta ’r if yordam ida k o ‘rsatilsin  ( S  =  S ( e )  top ilsin ).

/  ( Y) = 2 sin x  -  cos x, x  = R
< ( / ( * )  funksiya X  t o ‘p lam da tek is  u z lu k siz) о  

( V £ > 0  3 S  =  S ( e ) > 0 ,  V x ' , x n e X :  \ x ”- x ' \ < ö  => | / ( x * ) - / ( j r ' ) | < e )  

V s > 0  son olib | / ( x " ) - / ( x ’)| ni baholaymiz: 

| / ( x " ) - / ( x ' ) |  = |(2 sin x" - cos x ") -  (2 sin x ' -  cos x ')| =

=  |2 (s in x " -s in x ") - ( c o s a -" - c o s a - ') |  =  (Tsin a  -  sin ß  =  2 sin ? ~  ^  ■ cos -  + ^
2 .

oc — ß  . (X +  ß
cos a - c o s / ?  = -2  s in — - — s in — - —  fonnulalardan foydalanam iz

va

4 s i n : •co s- - +  2 s i n : •sm -

= 2 sin-
.v - .r _ x "+ л*1 . *"+д-’

2 -C O S -------------+  S111-------------- <2-'-A'-.V] ? . COS-

2 . 

Л' "+  X  '
sin-

X  4- л*
■ 2

< |jc"-jc,| - ( 2  +  l )  =  3 | x " - x ,j

B u te n g lik d a n  k o ‘rin ib  tu rib d ik i s  = deb olsak, |х " - х ' |< £  

ten g siz lik n i q a n o a tla n tiru v c h i V x ’, x " e R  u c h u n  | / ( д - " ) - / ( л - ' ) |<  e 
b o ‘lad i. => f { x )  funksiya r  da  tek is  uzluksiz. >
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3-§. 2-MUSTAQIL ISH
Funksiya hosilasi va differensiali. U larning tatbiqlari. 
Funksiya hosilasi va differensialining ta ’riflari. 
H osilan ing geom etrik va m exanik m a’nolari.
Turli usulda berilgan funksiyalarning hosilalari. 
Yuqori tartibli hosila  va difierensiallar.
D ifferensial hisobning asosiy  teorem alari.
Lopital qoidasi.
O -sim volika.
Teylor form ulasi.
Funksiyani to ‘liq tekshirish.

1°. H osila  va differensial ta ’riflari. H osilaning geom etrik va 
m exanik m a’nolari

y = f (x )  funksiya (a,b) oraliqda aniqlangan bo'lib, xe(a,b) 
bo‘lsin. Bu x nuqtaga shunday Ax orttirma beraylikki, 

x+Axe{a,b)  bo'lsin.

1 va 2-ta’riflardan quyidagilar chiqib keladi:

1) Agar y = f (x )  funksiya x nuqtada / ' ( x )  hosilaga ega bo'lsa, 

u holda / '(x  + 0) va / '( x - 0) lar mavjud va 

/ '(x  + 0) = / '( x - 0) = /'(x ) bo‘ladi.

2) Agar / '(x  + 0) va /'(x- 0 ) lar mavjud bo‘lib, 

/ '(x  + 0) = / '(x - 0) bo'lsa, unda /'(x) ham mavjud va 

/ '(x )q / '(x + 0) = / '(*  — 0) bo'ladi.

-A-
Asosiy tushuncha va teoremalar

(1) — fmksiyci-

nifig x nuqtadagi hosilasi.

- chap hosila.
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1 -te o re m a . Agar x0 nuqtada f ' ( x 0) mavjud b o ‘Isa, u holda 
y  = f { x ) funksiya grafigining (*0, / ( * 0))  nuqtasiga urinma o ‘tkazish 
mumkin va bu urinmaning burchak koeffitsienti / ' ( - Yo) Sa teng bo ‘ladi.

y  = f  i xo) + f  {xo ) ' {x ~ xo)~(2) ~ urinma tenglam asi.

y  ~  f ( x o ) ~   ̂ ' ( x -X o )  _(3) _ norniaj tenglam asi.

A gar S  = f ( t ) m o d d iy  n u q ta n in g  so n la r  o ‘q idagi t vaq tga  m os 

ke luvch i o ‘rn in i b ild irsa , u n d a  A /  = / ( /  +  A / ) ~ / ( / )  - n u q ta n in g

At v aq t o ra lig ‘idagi k o ‘ch ish i, -^ (r + A /) _ 0 ‘r ta c h a  tez lik ,
At

f ' [ t ) esa t m o m en td ag i oniy tezlik  b o ‘ladi.

3 - ta ’rif. Agar Ay ni iislibu
Ay =  f  (.Y +  A y) -  /  ( y )  =  A ( y )  • A y +  a  ( y ,  A y ) • A v , (  4)

bu yerda A v - + 0  da ör(x,A v) ->  0 ko‘rinishda ifodalash m um kin  b o ‘lsa, 
u nda  y  = f ( y )  funksiya x  nuqtada differensiallanuvchi deyiladi.

A(x)  ■ Ax ifoda  funksiya o r ttirm a s in in g  c h i z i q l i  b o s h  q i s m i  yoki 
funksiya d i f f e r e n s i a l i  deb  a ta lad i va dy kabi b e lg ilanad i.

o t(y ,A y) ifoda  funksiya o r ttirm a s in in g  q o l d i q  h a d i  d eb  a ta la d i. 
A g ar O -sim v o lik ad an  fo y d a lan sak , A y - > 0  da Ay - A -  Ax + i  (A y )  

ten g lik n i xosil q ilam iz .

2-teorem a. y  = f ( x )  funksiya x  nuqtada differensiallanuvchi bo'lishi 
uchun shu nuqtada chekli / ' ( y )  mavjud bo'lishi zarur va yetarli.

3-teorem a. Differensiallanuvchi funksiya uzluksiz bo‘ladi.
A gar 2 - te o re m a  shartla ri bajarilsa  d f ( x )  = / ' ( y )-A y  = f ' ( x ) - d x  

b o ‘ladi. D ifferensia llashn ing  asosiy qo id a la ri va e le m e n ta r  funksiyalar 
u c h u n  h o sila la r jadvali l -§  n ing 130 va 140 p u n k tla rid a  keltirilgan .

2°. Turli k o ‘rinishda berilgan funksiyalarning hosilalari
a) M urakkab funksiyaning hosilasi

A y tay lik , y  = f ( u )  va w = j(y )  fu n k siy a la r berilg an  b o ‘lib, u la r 
y o rd am id a  y  = f \ i ( x ) ]  m u rak k ab  funksiya tu z ilgan  b o ‘lsin . A gar 
w =  j ( y )  funksiya  x  n u q ta d a  va y  =  / ( « )  funksiya  x  n u q tag a  m os 
k e luvch i u n u q ta d a  hosilaga  ega b o ‘lsa, u n d a
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y \=y 'uu\  <5 >

ten g lik  o ‘rin li b o 'la d i.
b) T eskari funksiyaning hosilasi
A gar y  = f ( x )  funksiya x  n u q tad a  f ( x ) *  0 hosilaga ega b o ‘lsa, 

b u  f u n k s iy a g a  te s k a r i  x = f ~ ' ( y )  fu n k s iy a  x  n u q ta g a  m o s  
b o ‘lgan  ö n u q ta d a  h osilaga  ega va

.  1

* • - 7 .  <6>
b o 'la d i.

d) Param etrik k o ‘rinishda berilgan funksiyaning hosilasi
F araz  q ilay lik , y  = y ( x )  funksiya p a ra m e tr ik  k o 'r in ish d a .

\ x  =  c p ( t )

« < • < / >  <7 > 

s is tem a  y o rd a m id a  a n iq la n g a n  b o 'ls in . A gar <p(t)  va ^ ( / )  funksi- 
y a la r d iffe ren s ia llan u v ch i b o 'l ib , <p'(t)*0 b o 'ls a , u n d a  (7 )-s is te m a  

d iffe ren sia llan u v ch i >' =  y / [ V ' (x ) ]  fu n k siy an i an iq lay d i va

y '  *  «.■(<) <8)

ten g lik  0 ‘r in li b o 'la d i.
e) O shkorm as funksiyaning h osilasi
A gar b iro r  o ra liq d a  d iffe ren s ia llan u v ch i b o 'lg a n  ^  = j ( x )  fu n ­

ksiya F ( x , y )  = 0 te n g lik  y o rd a m id a  a n iq la n sa , u n d a  o sh k o rm a s  
k o 'r in is h d a  b e rilg an  fu n k siy an in g  y '  =  y ' ( x )  h o sila s in i u sh b u

4 - F { x , y )  =  0  (9 )  
a x

te n g lik d a n  to p ish  m u m k in .
M asa lan , u sh b u  y 5 + y *  + y - x  = 0 ten g lik  y o rd am id a  o sh k o rm as 

k o 'r in ish d a  berilg an  y  =  y ( x )  fu n k siy an in g  y  hosilas in i topaylik . 
<i (9 )- te n g lik k a  k o 'ra

( y + y 3+ y ~ x  ) x =0=>5y*-y '  + 3 v2 ■ y  + / - 1  = 0 = > y ^  + - ^ ,  + -
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3°. D ifferensialn ing taqribiy h isoblashga tatbiqi
Ma’lumki, y - f ( x )  funksiya x0 nuqtada differensiallanuvchi 

bo‘lsa, unda

Af { x 0) = ̂ f{x0) + o(Ax)
tenglik o'rinli bo'ladi. Agar df(xo) * 0  boMsa, bu tcnglikdan yetar- 
licha kichik Ar lar uchun

Af ( x 0)~d/ (x0)
yoki

/  (x0 + Ax) * /  (x0 ) + /'( .x0 ) • A t (10)

taqribiy h isoblash  form ulasini hosil qilamiz.

4°. Yuqori tartibli hosila  va differensiallar

a) y  = f ( x )  funksiyaning yuqori tartibli hosila va differensial- 
lari ushbu

/■ > ( * )  =  { / « >  (* )}' (»  = 2 ,3 ,...);

d - y  =  d ( d - y )  („  =  2,3,...);

tengliklar yordamida aniqlanadi.

b) A sosiy  form ulalar

1) (a*) =ax - In" a (a>0); (e5r)(')-=e'

/  • \(«) ■ (2) (sin x j = sin x + —  1

r n nx-\--
v 2

2 )
/ \(n) (

3) (c o s x )w = c o s

4) = a (a -  - i i  + a e R

5)
X

d) Leybnis form ulasi
Agar u = u(x) va v = v(x) funksiyalar n-tartibli hosilalarga ega 

bo‘lsa, unda y  = u(x) v(x) funksiya ham n-tartibli hosilaga 
ega bo'ladi va



(1 l) - fo rm u la g a  n - ta r tib li  h o s ilan i h isob lash  u c h u n  Leybttis fo r ­
mulas! d ey ilad i.

z / (y ) -v (y )  funksiy an in g  n - ta r tib li  d iffe rensia li d " ( u - v ) u c h u n  
h a m  L ey b n is  fo rm u lasi o 'r in li.

5°. D ifferensial hisobning asosiy  teorem alari

A ytay lik  y  = f ( x ) funksiya [a,b] o ra liq d a  a n iq lan g an  b o 'ls in .

1 -teo rem a . (Ferm a teorem asi). A gar

1 ) f ( x ) e C [ a , b ] ,
2) V x e ( a , b )  u c h u n  chek li f ' ( x ) - 3 ,
3) ich k i c e ( a , b )  n u q ta d a  f ( x )  funksiya en g  k a tta  (yok i en g  

k ich ik ) q iy m a tg a  e rish sa , u n d a  / ' ( c )  = 0 b o ia d i .

2 -teo rem a . (R oll teorem asi). Agar
1) f ( x ) e C [ a , b \ ,
2 ) V x e . ( a , b ) u c h u n  ch ek li / ' ( y ) - 3 ,

3) / ( « )= / (» )
bo ‘Isa, 3y0 e  (a,b) nuqta topiladiki, / ' ( y o) = 0 bo'ladi.

3-teo rem a . (Lagranj teorem asi). Agar
1) f ( x ) e C [ a , b ]
2) V x e ( a , b )  u c h u n  ch ek li / ' ( y ) - 3  

b o 'lsa  3y0 s  (ci,b) n u q ta  to p ilad ik i

f { b ) - f \ a )  = f ( x 0) - ( b - a )  
b o ‘ladi.

1-natija . Agar V x e ( a , b ) uchun / ' ( y ) =  0 bo ‘lsa, unda  ( a,b)da  

f  (.y) =  const bo ‘¡adi.
2-n a tija . A far f ( x )  funksiya ( a,b ) intervalda chegaralangan / ' ( x) 

hosilaga ega bo ‘Isa, u holda f ( x )  (a.b) da tekis uzjuksiz bo‘ladi.
L agran j te o re m a s in i b a ’zi b ir  ten g s iz lik la rn i isb o tla sh d a  q o ‘llash 

m u m k in . M a sa la n , (1 + y )"  >1 + o:y B em u lli tengsiz lig i V y > - 1  va 

a  > 1 d a  o ‘rin li e k a n lig i isbo tlansin .
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<3 l-hol. x > 0  bo4sin. U nda f ( u )  = (l + « )“ , a e [ 0 ,x ]  funksiya  

uchun Lagranj teorem asiga k o ‘ra 3x0e ( 0 ,x )  nuqta topiladiki 

/ ( л‘) - / ( 0) = ( l  + x )“ - 1=or• (l + Xq)17 1 x > c c x  b o ‘ladi => ( \ + x ) a > \+ c c x

2 - h o \ . - l < x < 0  bo‘lsin. U nda / ( h )  = ( l+ w ) ff, и е [ х ,0 ]  funksiya  

u c h u n  L agranj te o r e m a s in i q o ‘ lla y m iz . = >3x0e (x ;D j

/ ( 0 ) - / ( ^ )  = 1-(1 + л) =û' (l+.r„)' 1 (0 -х )= ((1+ хо < ¡))<-ax=>(l+ax)“> ¡ +,ax .

3-hol x = 0  bo‘lsin. U nda (l + x )“ =  l +  a x  =  l b o ‘ladi. Endi 3 ta 

holn i um um lashtirsak, isbot q ilish im iz kerak b o ’lgan B ernulli ten g-  

sizligin i hosil q ilam iz. t>

4-teorema_(Koshi teoremasi). Agar

0  f { x ) , g ( x ) &C[a , b ] ,
2) V xe (a,b)  uchun chekli /'(x)va g ' ( * ) - 3  hamda g ' ( x ) * 0  

bo‘lsa, unda 3x0 e ( a , b )  nuqta topiladiki,

f i b) - f ( a) _ f'(xo) 
g { b ) - g ( a ) g ' ( x 0)

tenglik o 'rin li b o ‘ladi.

6°. Aniqmasliklarni ochish. Lopital qoidalari
2-§  da k o‘rganim izdek funksiya lim itin i hisoblashda b iz - ,  — ,

0 oo
0-co, со -o o , Г , o° va shu kabi aniqm asliklarga duch keldik. Bu 

aniqm asliklarni och ishda L opital qoidalari katta yordam  beradi.

Teorema, / ( x )  va g ( x )  funksiyalar uchun quyidagi shartlar 
o'rinli bo ‘Isin.

1 ) / ( * ) v a  g ( x )  funksiyalar a nuqtaning biror atrofida aniqian- 

gan va chekli hosilaga ega,

2) H m /( x )  = l im g (x )  = 0x-+a 4  '  v -> o  4 '  ’

3) a n u q ta n in g  shu  a tro fid a  [ / ' ( x ) ] 2 + [ g ' ( x ) ] : *  0 ,

,• f ( x )
4) g'(x) "chekli Уо1<1 cheksiz.
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U  h o ld a

/ ( * )  / ' ( * )

H i g W
te n g lik  o 'r in l i  b o 'la d i.

Iz o h : A g ar bu  te o re m a n in g  sh a rtla ri a n u q ta n in g  ch ap  (yoki

/ ( * )  .

o ‘ng) y a r im  a tro fid a  bajarilsa , u n d a  te o re m a  n ing  a n u q ta -

dag i c h a p  (yoki o ‘ng) lim itig a  n isb a tan  o 'r in l i  b o ‘ladi.

Y u q o rid a g i — k o ‘r in ish id a g i a n iq m a s lik la r  u c h u n  k e ltir i lg a n

L o p ita l te o re m a s i — k o 'r in ish id ag i an iq m as lik la r  u c h u n  h a m  o ‘rin li
00 0 °o

b o ‘la d i .  B o s h q a  k o ‘r in i s h d a g i  a n iq m a s l ik l a r  e sa  — va —

k o ‘rin ish id a g i an iq m aslik la rg a  k eltirilad i.

7°. O -sim vo lika
F u n k s iy a  lim itin i h iso b la sh d a  va fu n k siy an in g  a s im p to tik  x a rak - 

te r in i o ‘rg an ish d a  «o -k ich ik»  va « O -k a tta»  tu sh u n c h a la r i  m u h im  
ah a m iy a tg a  ega. B iz ä n u q ta  d eg an d a  ch ek li so n  yoki oo ni tu sh u -  
n am iz . ä ch ek li b o 'lg a n  h o ld a  n u q ta n in g  a tro fi d eg an d a  quy idag i 
t o ‘p la m la rd a n  b iri tu sh u n ilad i: ( a - 8 \ a ) ,  ( ci\a + 8 ) ,  ( a - S ; a  + 8 ) , 
bu  y e rd a  8 > 0 -  A gar a = oo b o ‘lsa, u h o ld a  a n u q ta n in g  a tro fi 
d e g a n d a  q u y id ag i t o ‘p la m la rd a n  b iri n a z a rd a  tu tila d i: ( - o o ; - A ) , 
(A ,+oo) yok i ( -o o ;-A )u (A ,+ o o ) ,  b u  y e rd a  a > 0 .  A ytay lik , b e rilg an  
fu n k siy a la r a n u q ta n in g  b iro r  a tro fid a  a n iq la n g a n  b o ‘lsin.

1 - t a ’r if . A gar sh u n d a y  o ‘zgarm as k  so n  to p ilsak i, a n u q ta ­
n in g  b iro r  a tro fid a

ten g siz lik  b a ja rilsa , u h o ld a  shu  a tro fd a  <p(x) lunk siy a  ga
n isb a ta n  O -k a tta  dey ilad i va (p(x) = 0(cp(x))  k ab i b e lg ilanad i.

2 - t a ’r if . A gar a n u q ta n in g  b iro r  a tro f id a  <p(x) = a ( x )  y/ (x)  
ten g lik  o 'r in l i  b o ‘lib, l im a ( * )  =  0 b o 'lsa , u n d a  x ^ a  d a  <p(x) 
fu n k siy a  ga n isb a tan  o -k ic h ik  d ey ilad i va ^>(x) =  o ( i / / (x ) )

kab i b e lg ilan ad i.
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<p(x )
1-ta’rifdan ko'rinadiki, agar i//(x)*0 bo‘Isa, unda xj  =Q

bo'lganda (p(x) -o{y[x) )  bo'ladi.

Izoh. Quyidagi tengliklar o‘rinli:

T7 « ( / ( * ) ) + * ( / ( * ) )  = « ( / ( * ) ) .
2) K-o(f{x))  = o(f(x)),
3) ° ( / W ) - ° ( / W ) = o ( / W ) ,

4 ) o ( / W ) - 0 ( / W ) = ° ( / W ) ,
5) x —> 0 da xm = o(x" )<=>/»> n
6) x —>oo da xM = o(xn\ o m < n .
3 - t a ’rif. Agar x->a  da i2>(x)-^(x) = o(^/(x)) bo‘lsa, unda 

x-»o da q>(x) va y/(x) funksiyalar ekvivalent deyiladi hamda 

#>(x)~y/(x) kabi belgilanadi.

Bu ta’rifdan ko‘rinadiki, agar ¡//(x)*0 bo‘lsa, unda I™ y/{x) = 1

boMganda <p(x)~t//(x) bo‘ladi.

1-teorem a. Agar ushbu

<p(x) + o(<p(x)) <p(x)
x~*a I// (x) + o(l// (x)) y0ki t-*“ If f (x)

limitlardan birortasi mavjud bo'lsa, unda

<p(x) + o(<p(x)) ^(x)
lim —7 7 ------;  , ,(  =  In n—) - {
■v->° lj/ (x j  + O [l// (x)j x~*a Iff (x)

tenglik o‘rin li bo‘ladi.

1-teoremadan foydalanish samaradorligi Teylor formulasi yor- 
damida yanada oshadi.

2 - t e o r e m a .  Agar / (x ) funksiya a nuqtada f ' ( a ) , 
/"(a ),...,/ (") (a) hosilalarga ega bo‘lsa, u holda a nuqtaning bi­

ror atrofida ushbu

f ( x ) = f  ( a ) +  ̂(x  _ a ) + — + — ^  \ x  -  a)" + o((x -  a)" j .

P e a n o  k o ‘rin ish id ag i qoldiq had li T ey lo r fo rm ulasi o‘rinli bo‘ladi.
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/ \m i n ( t i i  — 1 ) ,  m ( m  -  -  n  +  \ )  ,  л
1 . (1 +  y )  =  1 +  m x  +  — i ---------- —x  + . . .  +  — -̂--------- }— >------------------L x "  +  o  .y" )

v ’ 21 n\ v '

2. ex = 1 + y + —  + ... + —  + o(x")
2! ;?! V '

3 .  l n ( l  + x )  =  x - ^ -  +  . . .  +  ( - l ) n' i • — +  o ( y " )

3 2/1-1Л / i\n -1 Л / ->n\
4 8Ш* =  Х - -  +  ... + ( - 1 )  +  )

5. cos:ï= 1- f r + -  + (“ 1)” ( ^ j T + ° ( J:!” 1)

6. tgY =  Y + ^ Y ;’ + o ( y4)

7. arctgY = y - ^ y3 + o ( y4)

lnCOSY + Y2
Misol. lini : : hisoblansin.-r-»° sin Л" • tgx

In i l  — — .Y2 + o (x 2 + X~
In COSY + x~ . . 1 2  )

<3 lini —lull . i \ \  ( / \ \
»-»° s in X • tgx *-* ^  + 0 ^x2jJ^jc+o(Y2JJ

Natija. y -> 0  da quyidagi tengliklar o'rinli bo‘ladi.

=  lim -
.Y—>0

- - Y 2 +o(y2) j + oi  -  — Y2 + o(x~ ) I + X*

Г  + o ( y2)

----Y2 +o(y2) + Y‘  — XT
1 - 2  *■ '  1 - 2  1 = lim — -— ------- t - ^ t ------ =  l i m - ^ -  =  -  ■>

x + o ( x ' )  ■x->0 X 2

Izo h . L im itn i h iso b la sh  ja ra y o n id a  b iz  n a tijad a  k e ltir ilg an  5 , 4, 
6, 3 ten g lik la rd an  va  1 -te o re m a d an  fo y d a lan d ik .
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8°.Funksiyalarni tekshirish
a) Funksiyaning monotonligi

Faraz qilaylik , y  = /(:x) funksiya (a,b) oraliqda berilgan bo‘lsin.

1 -ta ’rif. x2 > x, tengsizlikni qanoatlantimvcliL Vx,,x-, e(a,b) uchun 
/ (x 2) > / (x ,) (/(x , )< /(* ,)) bo‘Isa, f (x )  funksiya (a,b) oraliq­
da o‘suvchi T (kamayuvchi I) deyi/adi.

Agar funksiya o'suvchi yoki kamayuvchi bo‘lsa, bunday funksi- 

yaga m onoton  funksiya deyiladi.

1-teorem a. f ( x )  funksiya (a,b) intervalda cliekli f ' ( x ) hosilaga 
ega bo‘lsin. Bu funksiya shu inteiyalda o ‘suvchi (kamayuvchi) bo ‘lishi 
uchun (a,b) da f'(x) > 0 (f'(x) < O) bo lishi zarur va yetarli.

b) Funksiyaning ekstrem um lari

y  = / ( x )  funksiya (a,b) intervalda berilgan bo'lib, x0 e(a,b) bo'lsin.

2- ta ’rif. Agar x0nuqtaning 3 U <?(*<>) atrofi mavjud bo‘lsaki, 
Vxg U ,Gvo) uchun

/ ( * ) ^ / ( x „ )  ( / ( x ) > / ( x 0))

tengsizlik o‘rin li bo‘lsa, / ( x )  funksiya x0 nuqtada m aksim um ga  
(m inim um ga) erishadi deyiladi. / ( x 0) qiymat / ( x )  ning maksi- 
mum (minimum) qiymati deyiladi va

/ (x 0)= max {/(x)} 
AeUi(Jr'1)

kabi belgilanadi.
Funksiyani maksimum va minimumi umumiy nom bilan uning 

e k s t r e m u m i  deyiladi.
2 -teo rem a . ( E k s t r e m u m n i n g  z a r u r i y  s h a r t i ) .  Agar / (x )  funksiya 

Xq nuqtada ( x0e(a,b) ) chekli f ' (x0) hosilaga ega bo‘lib, bu nuq­
tada f { x )  funksiya ekstremumga erishsa, u holda f '(x0) = 0 bo‘ladi.

Endi funksiya ekstremumga erishishining yetarli shartlarini kel- 
tiramiz.

Faraz qilaylik, y = f (x )  funksiya x0 nuqtada uzliksiz bo‘lib, 

U i( xo)g‘ {x0} da chekli f ' ( x )  hosilaga ega bo‘lsin.
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3-teo rem a . A g a r  / ' ( x  ) h o s i la  x 0 n u q t a d a n  o  ‘t i s h d a  o ‘z  i s h o -  
r a s in i  m u s b a td a n  ( m a n f i y d a n )  m a n f i y d a n  ( m u s b a td a n )  o ‘z g a r t i r s a ,  u n d a  
f  (x )  f u n k s i y a  x0 n u q t a d a  m a k s i m u m g a  ( m i n i m u m i )  e r i s h a d i .  A g a r  
f ' [ x  ) i s h o r a s in i  o ‘z g a r t i r m a s a , u  h o l d a  f  (x )  f u n k s i y a  x 0 n u q t a d a  
e k s t r e m u m g a  e r i s h m a y d i .

4-teo rem a . / ( x )  f u n k s i y a  x 0 n u q t a d a  . . / (n) h o s i l a la r g a  
e g a  b o ‘l ib ,

f ' { * o) =  r ( x o) = ... =  / (n- ,) (x 0) =  o, f (n) (x0) *  0 
b o ‘lsin. U n d a

1)agar n juft son  b o ‘lib,

/ W(*o)< o ( / (n) (*0) > o )
b o ‘lsa, f ( x )  funksiya x0 nuqtada maksimumga (minimumga) erishadi.

2) agar n toq  son  b o ‘lsa, / ( x )  funksiya x0 nuqtada ekstrem ­
um ga erishm aydi.

F unksiyaning hosilasi nolga aylanadigan yoki h osilasi m avjud  
b o im a g a n  nuqtalariga uning k r i t i k  nuqtalari deyiladi.

Izoh: Funksiya hosilasi mavjud b o ‘lm agan nuqtalarda ham  fu n ­
ksiya ekstrem um ga erishishi m um kin. M asalan, / ( x )  =  |x| funksiya  
u ch u n  / ' ( 0) -  mavjud em as, lekin funksiya * = 0 nuqtada m in i­
m um ga erishadi.

[ a , b ]  kesm ada uzluksiz bo'lgan  / ( x )  funksiya o ‘z in in g  shu  

kesm adagi eng katta (eng kichik) qiym atiga kritik nuqtada yok i 

kesm aning chegaraviy nuqtasida erishadi.
d) Funksiyaning qavariqligi, egilish  nuqtalari
3 - ta ’rif. A g a r  ( a , b ) o r a l iq d a  b e r i lg a n  y  =  f  (x )  f u n k s i y a  g r a f ig i  

V [ x , ,x , ] c : ( a , b )  k e s m a n i n g  c h e t k i  n u q t a l a r i n i  t u t a s h t i r u v c h i  v a t a r d a n  
y u q o r i d a  ( p a s t d a )  y o t s a ,  u n d a  y  =  f [ x )  f u n k s i y a  [a ,6] o r a l i q d a  
q a v a r i q  ( b o t i q )  d e b  a t a la d i .

5-teorem a  y  =  / ( x )  f u n k s i y a  ( a , b ) i n t e r v a l d a  a n i q la n g a n  v a  
b u  i n t e r v a l d a  c h e k l i  / ' ( x )  h o s i la g a  e g a  b o ‘¡s in . / ( x )  f u n k s i y a n i n g  
( a , b )  d a  q a v a r i q  n  ( b o t i q  v j)  b o ‘l i s h i  u c h u n  / ' ( x )  n i n g  ( a , b ) d a  
k a m a y u v c h i  ( o ' s u v c h i )  b o T i s h i  z a r u r  v a  y e t a r l i .

6-teorem a. y - / ( x )  f u n k s i y a  ( a , b )  i n t e r v a l d a  a n i q la n g a n  v a
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bu intervalda ikkinchi tartibli f ( x )  hosilaga ega bo ‘hin. / ( x )  ning 
(a^b) intervalda  n ( u )  bo ‘lishi uchun shu intervalda / " ( x ) < 0 
( f ( x ) > 0 )  tengsizlikning bajarilishi zarur va yetarli.

4 - t a ’r i f. Agar x  = a nuqtadan o ‘tislida y  = f j x ) funksiyaning  
grafigi qovariqligi yoki botiqligini o ‘zgartirsa, u holda x  = a nuqta 
funksiya grafigining e g i l i s h  n u q t a s i  deyiladi.

e) Funksiya grafigining asim ptotalari

5 - ta ’rif. Agar l i m / ( x )  =  oo bo ‘Isa, x - a  to ‘g ‘ri chiziq y - f i x )
X-HJ '

funksiya grafigining v e r t i k a l  a s i m p t o t a s i  deyiladi.

6 - t a ’rif . Agar I i m / ( x )  = Z> b o ‘Isa, y  = b to ‘g ‘ri chiziq y  = f ( x )  

funksiya grafigining h o r i z o n t a l  a s i m p t o t a s i  deyiladi.

7 - ta ’rif. Agar lim [ / ( x )  -  (ax  +  £ ) ]  =  0 bo ‘Isa, y - a x  + b to ‘g ‘ri

chiziq y  = f [ x )  funksiya grafigining o g ^ m a  a s i m p t o t a s i  deyiladi.
7-teorem a. y  = f ( x )  funksiya grafigi x  ->  +00 da y  = ax + b og ‘ma 

asimptotaga ega b o ‘lishi uchun

lim = a, lim  T / ( x )  -  a x l  = b

b o 'lish i z a ru r  va  ye ta rlid ir .
Bu te o re m a  x —> -00 d a  h a m  o ‘rin lid ir .

9°. Funksiyalarni to ‘liq tekshirish va grafiklarini chizish
F u n k siy an i t o ‘la  tek sh irish  va grafig in i yasash  q u y id ag ila rn i a n iq -  

lash  y o rd a m id a  am alg a  o sh irilad i.
1) F u n k s iy a n i a n iq la n ish  so h as in i to p ish .
2) A niqlanish sohasining chegaraviy nuqtalaridagi xarakterini aniqlash.
3) F u n k s iy a n in g  ju ft yoki to q lig in i va , a g a r im k o n  b o ‘lsa, b o sh q a  

m ark az  va s im m e tr iy a  o 'q la r in i an iq lash .
4) D av riy lik k a  tek sh irish .
5) U zilish  n u q ta la r in i to p ish  va u la rn in g  tu rin i an iq lash  (2 -p u n k t-  

n i t o ‘ld irad i).
6) K o o rd in a ta  o ‘q la r i b ilan  kesish ish  n u q ta la r in i to p ish .
7) F u n k s iy a n in g  isho rasi o ‘zg a rm ay d ig an  o ra liq la rn i an iq lash .
8) M o n o to n lik  va ek s trem u m g a  tek sh ir ish .
9) E gilish  n u q ta la r i , q av ariq lik  va b o tiq lik  o ra liq la rin i to p ish .
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10) A sim p tota lam i aniqlash
11) Tekshirish natijalarini y o ‘llari x ,  y , f ( x ) ,  f  ( x ) ,  f ( x )  larga 

m os b o ‘lgan jadval ko'rinishida ifodalash (oxirgi y o ‘lda faqat ish o-  
ra aniqlanadi).

12) Jadvaldagi nuqtalarni tekislikda ifodalash.
13) A sim p tota lam i yasash.
14) Yuqoridagi tekshirish natijalarini hisobga olgan holda  tek is- 

likdagi nuqtalarni ch iziq  yordam ida tutashtirish.
Izoh: Agar funksiya parametrik k o ‘rinishda yoki qutb koordina- 

talar sistem asida berilgan b o ‘lsa ham  u yuqoridagi sxem a yordam ­
ida tekshiriladi.

N azorat savollari
I. Funksiya hosilasining ta ’rifi.
T. Bir tom onli hosilalar.
3. Hosilaning geom etrik m a’nosi.
4. U rinm a tenglam asi.
5. N orm al tenglam asi.
6. H osilaning m exanik m a’nosi.
7. Funksiya differensialining ta ’rifi.
8. D ifferensiallanuvchi va uzluksiz funksiyalar orasidagi bog'lanish.
9. M urakkab funksiyaning hosilasi.
10. Teskari funksiyaning hosilasi.
I I .  Param etrik ko‘rinishda berilgan funksiyaning hosilasi.
12. Oshkorm as ko 'rin ishda berilgan funksiyaning hosilasi.
13. Differensial yordam ida taqribiy hisobiash.
14. Yuqori tartibli hosila va differensiallar.
15. Leybnis formulasi.
16. Ferm a teorem asi.
17. Roll teorem asi.
18. Lagranj teorem asi.
19. Lagranj teorem asining natijalari.
20. Koshi teorem asi.
21. Lopitalning birinchi qoidasi.
22. Lopitalning ikkinchi qoidasi.
23. O  -simvolika.
24. Teylor form ulasi.
25. Funksiyaning m onotonligi.
26. Birinchi tartibli hosila yordam ida funksiyaning ekstremumini topish.
27. Yuqori tartibli hosilalar yordamida funksiyaning ekstremumini topish.
28. Funksiyaning qavariqligi va egilish nuqtalari.
29. Funksiya grafigining asimptotalari.
30. Funksiyani to ‘la tekshirish va grafigini yasash.
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- B -

Mustaqil yechish uchun misol va masalalar

m av jad  h o 4

1.1 / ( x )  =

Isa ) .—

i  3 2 - 0tg X + x  s i n -  L x * 0  r ( \
' V X )  1.2 / W “

0, x  = 0.

sin
<

0 ,-

f  ■ 3>1 x s in  —
l  x )  
t  =  0.

, x  ^  0,

1.3 A * )= '
• [ 2 O  2

arcsin * cos—  + -jr ,x ^ 0 , ,,  > 
l  3 1.4 / W = j  

3, x = 0. 1

), x=0,

M 1+X2sin-
X,

1.5

1.7

/ «  =

/ ( * )  =

t f r a & ^ x c o s j -  | , x * 0 ,  

0, x  =  0.

,x * 0 ,

1.6 / ( x ) =

ln 1—sin
( ,  . lY
x"sin—

_ l  x j-
o, x = 0 .

1.8 / ( * )  =

sin ex ' - 1  + x ,x * 0 ,  
y

0, x  = 0.

ro, x  = 0,

4 * 2 X -c o s—  + — , x * 0 .  
3x 2

1.9 /(* )  =
arcig 

0,x= 0.

f  1  i  N

x3 - x 2 sin---
3x ’x*°’ i.io /(*)=

1.11  / ( x )

1 .1 3 /(x )  =

sin X-COS—,X * 0 , 
X

0, x  =  0.
1.12

x+ arcsin  

0, x  = 0.

/  ,  . 6 \  n 
x" sin — Lx^O ,

1.14

/ ( * )  =

/ 0 0 =

X2 - cos2—  ,X * 0 ,  
x

0, x  = 0.

2 x 2 + x 2 c o s—, x * 0 ,
X

0, x  = 0.

In cos x

X
0, x = 0.

- ,x * 0 ,
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1.15

1.17

/ ( * ) =

/ ( * ) =

' /  , 1 \  2-с.«—
2* -1  + X

V  /

0, x = 0.

,х * 0 .
1.16 / ( * ) =

6x  + x s in  —, x * 0  
X

0 ,x  = 0

a r c t g x  • s in —, x О, 
X

О, x =  0.
1 .18  f ( x ) = •

.VSinSA* — 1, x ^ O ,

1.19
О, X =  0.

O, x =  0.

з" '5Ш" - 1  + 2х, x * 0 ,  

O, x =  0.

1 .21  / ( 4 = ‘

O, x  =  0,

-C O S A "
.V *  0.

X

2 -m a sa la . Funksiya grafigining abssissasi x0 b o‘lgan nuqtasiga  

o ‘tkazilgan normal (2 .1 -2 .1 2  variantlarda) yoki urinma (2 .1 3 -2 .2 1  
variantlarda) tenglam asi topilsin .

2.1 y  = -
4 x - x

■,Xq 2 .

2 .3  y  — X X  y Xq 1 •

2 .5  y  =  X  + y jX  , x 0 — 1 •

1 + л/х _ .
2 .7  У -  f - - xo 4 -

1 - y j x

2 .9  y  = 2x2 - 3 x + l , x 0 =\ -  

2 .1 1  y  — yfx —3l fx, x0 = 64 •

2 .1 3  y  =  2x2 + 3 ,x 0 = - l -

2 .2  y  = 2 x 2 + 3x -  l ,x 0 =  - 2 .

2 .4  y = X2 + 8 \/x  -  32, x0 = 4 .

2.6 y  =  í f 7 -  20 ,x o = - 8 -

2.8  j  =  8 < /x -7 0 ,x o =  1 6 .

x 2 - 3 x  +  6 -  
2 .10  7  = -------- ;------ ,x 0 = 3 .

X

X 3 + 3  _
2 .1 2  7  = ~ i— г>ло = 2  •

X  - 2

x 29 +  6 ,
2 .1 4  y  =  - r - r > x o =  I-

X + 1
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1 2(лс8+ 2)
2 .1 5  у  =  2х +  - , х 0 = 1 .  2.16 У =  —  \ - 4 , V * ° = 1 .

X 3 - ( y +1J

2 -17  J; =  :T + ! ^ 0 = 1 .________________ 2 .1 8  У = —  + 9  X =1 
 y  + 1  ____________________ у  \~5х2 __________

2 .1 9  У = з ( ^ - 2 ^ с ) , х 0 = \ .  2 .2 0  у  =  ^ ~ ^ ’хо = 2 -

2.21 у  — ; -, y 0 = —2 .
Y" +1

3-m asala. D ifferensial yordamida ifodaning taqribiy qiymati hisob- 
lansin .

3-1 y  =  < f x , x  =  l ,16 .  3 .2  j> = -?/y,y =  2 7 , 5 4 .

^ _  Y +  V 5 - Y 2
j . j  ^  _ , y - 0 , 9 8 .  3 .4  7  =  a rc s in y ,y  =  0 ,0 8 .

3-5 y  =  y/x2 + 2 y  + 5 ,y  = 0 ,9 7  • 3 .6  y  = V y2 + y  + 3 , y  = 1,97 •

3 .7  >’ =  y " , y  =  1 ,021 . 3 .8  j  = y 21, y  =  0 ,9 9 8 .

3 .9  >> =  < / ? , х  =  1,03 • 3 .1 0  ^  =  y 6, y  =  2 , 0 1  .

3.11 y  = yJ4 y M , x  = 2 ,5 6 .  3.12 у  = £ г , х  = 1,03

1

' V 2y2 + Y + 1  ’Л 1’016* 3.14 7  = Vl + Y + sinY ,Y  = 0 ,0 1 . 

^ 7 y ’ Y 4 ,1 6 ‘ 3-16  ^  = ^/3y + c o s y ,y  =  0 ,0 1 .

3.17 _y = Y7,Y = 2 ,002  . 3.18 y  = y 2 x  -  sin — , y  = 1,0 2 .

3.19 y  = j 4 ^ 3 , x  = l,7 8 . 3.20 y  = J T ~ H ,x  = l ,97.

3-21  y  = ÿ x 3 + 7 y ,y  = 1,012 •
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4.1 У 

4.3 у  

4.5 У

4.7 у  

4.9 У 

4.11 

4.13

4.15

4.17

4.19

4.21

4-masaIa. Hosila hisoblansin.

З х  + л/х

л/х2 + 2  ‘

(х  + 3 )л /2 х -1  

2х + 1

X 1 +2

2 л Д - х 4 '

Х'л/ X  +  1

х + 7 

6 V X " + 2х + 7

у = 3-

X  + 1

( х - 1 ) 2 •

л /х '  +  X  +  1 

X  +  1

(х  + 2) • л/х2 + 4 х  + 5 

л/х--Т  • (Зх  + 2)
У = 4х

1 + X

>' =  ■

2 -V l + 2 x 2 ’

X6 + х 3 -  2

V l - x 3

4.2 y - 2 - р £ .  
11 + л/х

(2x  +  lW x 2 - X  
4.4 у = ---------- 5---------

X

^  (х 2 + 5 )  л/х2 + 5

х - 1

( 2 х 2 + 3 ) - у/х2 - 3

9 ?

4.10 y  = ( l - x 2) - f 3 + l

л/2х + 3 - ( х - 2 )  
4.12 у = ^ ------ Z

X

4.14 У = -
X6 + 8 х  -1 2 8

л/ 8 -  X7

1 + х 2) 3 . 

I x 3

(х 2 - 2 ) - л /4  + х 2

4.20

24х

4 + Зх3
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5-masaIa. Hosila hisoblansin.
С  1 /  \ —Inarctg.vb .l  у  =  (a rc tg x p

5 .3  у  =  (sin  x )'1 .

5 .5  j  = ( ln x ) -' .

5 .7  y  =  (c tg 3 x )2t .

5.9  у  =  ( ^ ) 4" .

5 .2  y  = (sin 4 ~ x)
lnsin>/r

5 .4  у = Í arcsin xV
5 .6  у  =  л-агс51ПЛГ.

5 .8  y ¡ = x ^ .

5 .1 0  >> =  (c o s5 x y

5.11 /  . \ S ! l l(  .V.Sin.x)7 = (x s m x j 5 .1 2 У =  \(хз + 4 ;Г -
5713 , ,  _  „ s i n * 3 С  1 А i .  —  /(х4 + 5;

c/gx
y  =  x У - \ 1 *

5 .15
5x

y  =  (  s in x )T _ 5 .1 6 У  =  \Iх 2 +{)COS-Y

5.17 У - 1 9 ' " 1 -x I9ei 5 .1 8 у  =  -х3х ■ Г .

5 .19
5.21

у  = 1 sin л/х) . 
у  =  х гх -б1

5 .20 У  =  -
sin.v

х:

6-m asala. Funksiya grafigining abssissasi x0 =  x ( /0) bo‘lgan nuq- 
tasiga o ‘tkazilgan urinma va norm al tenglam alari topilsin .

6.1
x  =  \¡ 3  c o s t

л 6.2

x  = /‘( ? c o s / - 2 s i n i )  

у  =  / ( / s i n /  +  2 c o s / ) , /0 =  —

\ x - 2 t - t 2 

6,3 [ y  =  2 t - t \ t 0 = \

6.5

x = 2 s in 31
Л

y  =  2 c o s3 t , t 0 =  —

6.4

6.6

X  =
3 a t

V+r
3 a t 2

y = T 7 ? ’'°

x  = 2 1 n (c tg /)  + l

n
>> = tg /  +  c tg r ,r0 =  —

6.7

x =  3 ( / - s i n ¿ )

y  = 3 ( l - c o s / ) , / 0 = j 6.8 ‘

x  = a t  c o s t
л

y  = i7/s in /,/0 = —

78



x = sin /

6.9

6.11

я
y  = cos /,/„ = — 

6

X -  arcsin

у  =  arccos

л/l + r  
1

ylî + /

6 .1 3

1 -н ln /
x  =  -

Г

6 .1 5

6 .17

3 +  2 ln / 
y = — -— Л = 1

x  =  -

3 2 , _o
y “ 2 r  + / ’ °

x  =  o s in ' /

я
y  = a  cos / , /0 - —

6.10

6.12

X =

У

t + \ 
t

/ - 1 

/ 5̂ 0 _  ^

6 .1 4

[x  =  l n ( l + r )

[y  =  / - a r c t g / , / 0 =1

[x  = / ( l  - s i n / )

I y  = t-co s t,t0 = 0

x  =  -
-

6 .1 6
/ — 1 

/
/ „ = 2

6 .18

x =  3 c o s / 

y  =  4 s in / , /0 =
Л"

6.19

x =  a ( / s i n /  +  c o s /)

/Г
y  =  ö ( s i n / - / c o s / ) , / 0 =  —

x  — t - t

y  = tn- - t 3,t0 = 16 .2 0  ! . .  л  .3

6.21
I X =  1 —/2

I j> =  / - / 3,/0 = 2

7 -m asa la . Param etrik k o ‘rinishda berilgan funksiyaning ikkinclii 
tartibli h osilasi hisoblansin.

7.1
í X =  cos 2t 

| y  =  2 sec2 /
7.2

[y  = ln f 
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7.4

7.10

7.13

7.16 

7.19 •

8.1 у 

8.3 у 

8.5 у

8.7 У

8.9 у

' = y/t - 1

У = 41

X -  /  +  5 Ш /

у  - 2 - c o s t

fx  = s in /

|.V = ln (c o s /)

f X =  sin t 

[y = sec/

[x  = c o s / + / s in /  

|.y  =  s i n / - / c o s /

\ x  =  y f t

[y=<fFÄ

7.5

7.8

7.11

7.14

7.17

7.20

j x - e  cost 

[y = e' s in /

\ x r = J t^ 3 

[y  =  l n ( / - 2 )

X =  yft

X =  COS' /

1

x  = c o s /

[7  =  In ( s in /)

X =  y / t - 1 

/

y f t ^ î

^x = 2 ( / - s i n / )  

| y  =  4 (2  + c o s /)

7.9

7.12

7.15

7.18

7.21

1
X =  —

У =
1

1 + / 2

[x  = / -  sin / 

[7  = 2 - c o s /

X =  tgt

y  = —
sin  2/

x  = e
I y  -  a rc s in /

I x  = t  +  sin /

I y  = 2 + cost

8-u iasa la . n -tartib li hosila  hisoblansin .

■ sin 2x  + c o s (x  + l ) .

4x  + 7 

’ 2 x  +  3 *

■ 23\

2x  +  5

13(3x +  l)  •

: sin(x + l) + cos2x .

8 .2  y  = i ! 7 ^ -

8.4 y  = lg (5 x  + 2 ) ,

8 ,6  V _ 2 (3 x  +  2 ) -  

8 .8  y  = 43r+5.

8 .1 0  y  =  <l?*+' .
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8.11  У  =  ^ Т -  8 .1 2  у  =  lg (3 x  + l ) .
5 х  + 1

x
8 .13  у  =  1 5* .  8 .1 4  У - 9 ( 4 х  + 9 у

4 5х + 1

8 ,15  8 Л 6  ;  1 3 -(2 х  + 3) *

8 .17  у = 52г+3. 8 .1 8  j> = s¡n(3x + l)  + c o s 5 x .

,____  11 +  12х
8 .19  у  =  у ! 7 ^  ■ 8 .2 0  У  =  -

8.21  у  = lg (2 x  +  7 ) .

6х +  5

9 -m asa la . Quyidagi tengsizlik lar isbotlansin.

9.1 ln ( l  + jc) > у ^ ’л‘ > 0 .  9 .2  ln ( l  +  x) < x , x  > 0 •

9 .3  e * > \  +  x , x e R .  9 .4  e * > e x , x > \ .

9.5 t i 1- d , > t \ b - a ) d ^ , Ç ) < c i < k n & N .  9 . 6  (c i +  b ) p < a p + b p , 0< p < \ .

.2 ]

9.7  c o sx  > 1 ~  > 0 . 9 .8  2л/х ^ ,x  > j .
2 x

x 3 ' X3
9.9  s in x  > х ~ ~ т * х  > 0 -  9 .1 0  a r c t g x  > x -  — , ° < x < l -

6 J

9 11 <?v> l + .\- + —  + ...+ — ,x > 0 . n e N .  9.12 a r c t g x K x - ' —  , 0 < x < \ . 
2 ! и! 6

2 3 Y2

9 .1 3  ln (l + x ) < x  — , x  > 0 .  9 .1 4  ex > \  +  x + ' - — , x > Q .
2 j  ^ •

9 .15  In y  < ^ . 0 < ь < л . 9 .1 6  ел<1 + х + ^ - , х > 0 .  
b  b

9 .1 7  x r - y r ¿ p x p- ' - ( x - y ) , 0 < y < x ,  p>l .  9 .18  ln ( l + x ) > x - y , x ^ 0 .
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9.19

9.21

10.1

10.3

10.5

10.7

10.9

10.11

10.13

10.15

10.17

10.19

10.21

|a r c t g a - a r c t g è |< |a - ¿ > | . 9.20 l n ^ - > - — - , 0 < ¿ , < o . 

b" - a "  < n - ( b -  a )b n~' , 0 < a < b , n e N .

10-masala. Limit hisoblansin.

lim

lim -

..10 •

lim —  .
.Y—>4-0 J£ 10

lim  x loo( 0 . 0 l ) \jr->+x 4 '

.. x 2 +  sin  x  
l i m -------------- .

« « e 1 +  co sx

.. x J + ln X 
lim  —-----------

*->+** + COSX

2 Л-x  +e
lim

jr-»+*, s in x  + e'i

.. x  +  co sx  
l i m ---------------.

*-*«* ex +  sin x

lim ( x -2 -  ctg2x ) ..Y—>0 '  '

lim
x-*0

tgx V
V X J

lim  ( c o s x )  sin*.
V—кП X '

10 .2  lim  l n ( l -x)-ctg7TX'
•Y—>1—0  V 7

10.4 ¡™(2 ~ 2x) .
Л 2

1 0 .6  ^ - O - s i n x ) - ^  

10 .8  lim  V x ln 2 x .

10 .10  üm  x 5’
.Y —> + 0

1 0 .1 2  lim j^ (x -l) ' - l n  « x l .  

10.14 lim (x-2 -sin " 2x) .
.Y - »0  V  /

10.16 lim x ~2,gx.
,r->+0

10.18 Uni•Y—>0 ( e* “ О ' “ X- '

1 0 .2 0
lim (tgx) lg 2 x
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11-m asala . Quyidagi m asalalar yechilsin .
11.1 Y ig ‘indisi o'zgarm as a soniga teng b o ‘lgan 2 ta  m usbat 

sonn ing m va n darajalari (m > 0,n > 0) k o‘paytm asining en g katta 
qiym ati topilsin .

11.2 K o'paytm asi o ‘zgarm as a son iga ten g  b o ‘lgan 2 ta m usbat 
sonn ing m va n darajalari (m > 0,n > 0) y ig ‘indisining eng kichik  
qiym ati topilsin .

11.3 Y uzasi Sga teng  bo'lgan  barcha to ‘g ‘ri t o ‘rtburchaklar 
ich idan  perim etri eng kichik bo'lgan in i aniqlang.

11.4 Kateti va gipotenuzasi yig‘indisi o'zgarm as bo'lgan to ‘g ‘ri 
burchakli uchburchaklar ichida yuzasi eng katta b o ‘lganini aniqlang.

11.5 V hajm li yopiq  silindrik bankaning o ‘lcham lari qanday  
b o ‘lganda u eng kichik to ‘la sirtga ega bo'ladi?

2 2 x  y
11.6 — + = l ellipsga tom onlari ellipsning o ‘qlariga parallel 

a b
bo'lgan  shunday ichki to ‘g ‘ri t o ‘rtburchak ch izingk i, uning yuzasi 
eng katta b o is in .

11.7 R radiusli yarim sharga asosi kvadratdan iborat b o ‘lgan  
shunday ichki to ‘g ‘ri parallelepipedni ch izingk i, uning hajm i eng  
katta b o ‘lsin.

11.8 R radiusli sharga shunday ichki silindr ch izingki, uning  
hajmi eng katta b o is in .

11.9 R radiusli sharga shunday ichki silindr ch izingk i, uning  
t o ia  sirti eng katta b o‘lsin.

11.10 R radiusli sharga shunday tashqi konus ch izingk i, uning  
hajm i eng kichik bo'lsin .

11.11 Yasovchisi / ga teng bo'lgan eng katta hajmli konusning  
hajm ini toping.

11.12 M (p ,p) nuqta va y 2 =2px  parabola orasidagi eng qisqa  

m asofani toping.

11.13 A (2 ,0) nuqta va x 2 + y 2 - \  aylana orasidagi en g  qisqa va 

eng uzun m asofalar topilsin .
2 2

11.14  =  1 (0<ft<c /)  e llip sn in g  B ( 0; - fe )  nuqtasidan  
cr b

o ‘tuvchi eng katta vatarini toping.
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Х ~  у ~

11.15 -  + - 2* = 1 ellipsda shunday М ( х , у) nuqtani topingki, 
a~ o'  '  7

shu nuqtadan ellipsga o‘tkazilgan urinma va koordinata 0 ‘qlari yor- 
damida hosil boMgan uchburchakning yuzasi eng kichik bo‘lsin.

11.16 R radiusli doiraga shunday ichki to‘g‘ri ta‘rtburchak chiz- 
ingki, uning perimetri eng katta bo‘lsin.

11.17 Л(1;2) nuqtadan shunday to‘g‘ri chiziq o'tkazingki, shu

to‘g‘ri chiziq va musbat yarim o'qlar yordamida hosil bo‘lgan uch­
burchakning yuzasi eng kichik bo‘lsin.

11.18 a musbat sonni shunday 2ta musbat qo‘shiluvchiga ajrat- 
ingki, ular kublarining yig‘indisi eng kichik bo'lsin.

11.19 Uzunligi / ga teng bo‘lgan setka bilan bir tomoni devor 
bilan to'silgan shunday to‘g‘ri to‘rtburchak shaklidagi yer uchast- 
kasini o'rash kerakki, uning yuzasi eng katta boMsin.

11.20 Teng yoqli uchburchakni 2 ta teng yuzali uchburchakka 
ajratuvchi eng kichik kesmaning uzunligi topilsin.

11.21 Derazaning perimetri P  ga teng, yuqori qismi yarim 
doiradan iborat bo'lgan to‘g‘ri to‘rtburchak shakiga ega. Deraza­
ning o‘lchamlari qanday bo‘lganda undan eng ko‘p yorug'lik o'tadi?

12-masala. Birinchi tartibli hosiladan foydalariib funksiyaning 
grafigini chizing.

12.1 y  =  x 2 ( x - 2)2 . 12.2 y  =  - ~ x -  +  6 x - 9 .

12.3 y  = 2 - 3 x 2 - x 3 . 12.4 у  = (л- + 1)'г -(x-l)2.

12.5 у  =  2 x *  -  3 x 2 -  4 . 12.6 y  = 3 x 2 -  2 - x 3 .

12.7 j  = -(л'-З)". 12.8 У ~ ——- —-— 5.

12.9 у = 6л -8д-3. 12.10 jv = 1 блг2 -(.Y-l)"/

12.11 y  = 2 x 3 + 3 x 2 - 5 .  12.12 y  =  2 - l 2 x 2 - 8 x \

12.13 у  = (2л‘ + 1)2 -(2.v- 1)2 . 12.14 y  = 2 x '3 + 9 x 2 + \ 2 x .

12.15 y  = l 2 x 2 - 8 x 3 - 2 .  12.16 y  = (2x- l)2-(2*-3)2.
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2 l ( x 3 - x 2) x • ( 1 2 - x 2)
12.17 y =  12.18 y =  —-----L -

4 o

12.19 v = - (*~~4)- .  12.20 y  = 16x3 - \ 2x2 - 4 .
16

16
12.21 y =

1U

13-m asala. Funksiyaning asimptotalarini toping va grafigini yasang.

x3 - 2xr - 3x  +  2 _  - x  ~ 9
13.1  J— ? --------• 13.2 7

Y2 _  11 2jc3 -  3x2 -  2x  +1
13-3 y  = _  .. ............_  13-4 •> -  , u -------- ■ _

2x2 -1  21 -  a-2

1 3 -5 y = T T r 2 - 1 3 6

x ' + 3 x 1 - 2 x - 2  v _ _ d ± l L
1 3 J  y ‘ -------2 = 3 ? ------- ' 13' 8

3y2 - 7  x2 -  6.v + 4
13 .9  y - ^ — r  • 13-10 y =  ,

2x  + l j x - 2

2 - x 2 x 2 + \
13-11 y - s 7 = f  n -n  y ’ W = r

17 _  y2 4x2 + 9
13.13 13.14 >■=— .

r 3 — 4 r  -y2- 3
» • i s  I 3 - «

4*3 + 3x: - 8 . v - 2  2x3 + 2x- -  3x - 1

1 3 1 7  y ‘ --------5 = 1 ? -------- • 13'18 ^  -------- 2 = 4 ?  '

2 x 2 -  6 x 3 ~ $x
13.19 , - 2 _ .  13.20

4x* -  3x
>3-21 ^ i ? = r -
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14-masaIa. Funksiyani to‘Iiq tekshiring va grafigini yasang.

14.1 y  = л*3 +  4

1 4 -3 — x  + 2 x

14.5 y  = 

14.7 y  = 

14.9 y  =

x 2 -  3 x  + 3 

x  — 1 

x 2 -  4 x  + 1

■Y-l 
.2(x -l)

14.11 y  = 

14.13

XT
(  i V  

1 + 1  .
4 x )

9  +  6 x - 3 x 2

x 2 - 2 x  +  \ 3

14.15 У =
Л' — 1

7+1] -
4 x

14.19 y  = —

14.21 j> =

(л  +  1)2 •

4

л г + 2 x - 3

ДГ2 -  Л' +  1 

Л - 1

14.2 y  = 

14.4 j  =

4л-2

3 + x 2 ’ 

12л- 

9 + л
_2----

4 - л 3 14.6 y  = — Л -
л"

14.8 у  =
2л-3 +1

14.10 У =

14.12 >> =

( л - 1 ) 2

1 2 - З л 2

л 2 +1 2

14.14 у  = -

14.16 у =

8л

л 2 + 4  

З л 4 +1

8 ( л - 1 )  

1 4 Л 8  " = ( ^ i f •

14.20 у ^ 2* ' 1 
Х -  +  2 Х - 3

-D -
Namunaviy variant yechimi

1.21-masala. Hosila ta’rifidan foydalanib, / ' ( 0) topilsin.



/(0)
/• (O + A v W iO Ï  £ l ^ ' - 0  .. е ^ - с с в Д т  ( ^ - 1 ) + ( 1 - « « Д г )

■ =  U m ^ - i -------------- L - ¿ ± 1 -  U m -----------û v ------------------ = l , m ---------------- ---------- =  l i m - -------------------- — ; ---------------------=
Лг-й Д\- ДмО Ay Лмо Дг  ЛмП Д\

ел' -cos Ат -и

л м О  Д т  Д Г  *-'>

-  • 2 Ал/иг . , . 2sin —  , е -1  1 —cos Ат . . .  2 i . J i:m = lim ------;— I- l im --------;—  = 1+ lim------- ;—  = 1 + —• lim
Ду-.п Д у -  iv-»0 Д у -  Лг-»0 Д т ~  2 iv->"

'  . А«Л 
sin —

__2
А т

2 .21 -m asa la . Funksiya grafigining abssissasi y0 b o‘lgan nuqtasiga  

o ‘tkazilgan urinraa tenglam asi topilsin .

y=7 7 ï  ’ *°=_2;
< M a ’lu m k i, u r in m a  teng lam asi

JV =  / ( * „ )  + / ' ( * o M * ~ * o )

-2  2
k o ‘rin ishga  ega. / ( * „ )  =  / ( - 2)=  d ■ =  - -

l - 2 ) + 1

/ ' ( * )  =

r
x  x '  • ( л г  + l)  -  x  • ( л г  + 1) ^  x2 + 1 -  2.T 2 _

x 2 + J [x2 + l)2 ( л'2 + 1)"

1 - 4  3
=  т ^ = - / Ы  =  / ' ( - 2 ) =  , 5  ,5

(дг +1)

2  3
=>_y =  - — -  —  -(jc +  2 )= >  U rin m a  ten g lam asi: З.т + 2 5 y +  16 = 0 >

3 .2 1 -m a sa la . D ifferensial yordam ida ifodaning taqribiy qiym ati 
hisoblansin .

y  = f jx? + I x  ■> x  = 1,012

< T aq rib iy  q iym at

/  (*o + Ax) *  /  (xo ) +  / '  (*o ) • Д* 
fo rm u la  y o rd a m id a  h isob lanad i.

(1)
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B izda

— —  * Г
f ( x ) = ï [ 7 + b c , x 0 = l,  Ax=0,012=>/'(jc)=(^+7x) = (x’ +Tx)

= j - ( x3 + 7 .y|  3 - ( х  + 7л-)— ------ ,ЗЛГ + 7  -?  / ( л - 0 )  =  V Í + 7 = 2 7
3 -Щ х 3 + 7х)"

/ ' f x )  =  i ° -  =  H = 5
3 -4  12 6 ‘

T o p ilg an  ifo d a la rn i (1) ten g lik k a  o lib  b o rib  q o 'y a m iz :

ÿ ( l ,0 1 2 ) 3 + 7 - 1,012 ~ 2 + ^ - 0 ,0 1 2  =  2 + 5 -0 ,0 0 2  = 2 ,01 >

4 .2 1 -m a sa la . H osila  hisoblansin.

x 6 + x 3 - 2
У =  -

< ; ; =
X6 +  X3 -  2  ̂ (x 6 +  X3 -  2 •л/1 - X2 - ( x 6 + X3 -  2 ) ( V . - , = )

V V l - x 2 ,
I * - ' ) 2

(бх  +3x2)- \Jl -x2 — (x6 +Л-3 -  2) — , , „ ,w  ,4 , 6 3 4 
___________________________  2-v/l-x2 _ (6x + x \ - ) ( l - x - )  + x(x  + r - 2 )

*_Y ( l - x 2) - V l- x 2

x (5 x 6 -  6x4 +  2x 3 -  3x  + 2)

(x 2 - 1) • Vi - X '

5 .2 1 -m a sa la . H o sila  hisoblansin.

y  =  x 2x • 5* .
í

to(jr-5*)< / = ( x 2jr-5r ) = = eh(^  Sl) - [ in (x2t • 5’- )]  = л-2г - 5* • [2x In x + x  • ln5]' 

=  x 2x ■ 5X ■ [2 ln X + 2 + ln 5] = x 2r • 51 • (2 + ln 5x2). >



6 .2 1 -m a sa la . Funksiya grafigining ab ssissasi x 0 = x ( t Q)  b o‘lgan  
nuqtasiga o ‘tkazilgan urinma va normal tenglam alari topilsin .

f*  =  I - r ,
\ y  =  t - t \ t 0 = 2 .

< Biz y  =  f ( x 0 )  +  f ' ( x 0 ) - ( x - x 0 ) - ( 2 )  (urinm a tenglam asi),

y  — f  (^o) TiTTT ("̂  — x° ) "(3) (norm al tenglam asi),
J  \ xo)

y

va y ' . x = ~ 7- ( 4) (parametrik ko‘rinishda berilgan funksiyaning hosilasi)
i

form ulalardan foydalanam iz:

x0 = 1 -  22 = -3 ;  / ( a-0) =  2 - 23 =  -6 ;

V V  t / . u l

( l - / 2)  ~ 2 t  ' 4 4 
Topilgan qiym allarni (2)va(3)-ten g lik larga  olib borib qo‘yib urin- 

ma va norm al tenglam alarni topamiz:

V -  6+ ^ ( A‘ + J) Í 4 y - \  l x -9 =  0— u r i n m a

,  4 /  |4;c +  l 1v +  78 =  0 -  n o r m a l  >
> ;  =  _ 6 _ _ ( A r +  3 )  i

7 .2 1 -m a sa la . Param etrik  k o ‘rinishda berilgan funksiyaning ik - 
kinchi tartibli h osilasi hisoblansin.

[ x  =  i  + sin t
[y  =  2 + c o s í

<i Bu m asalani (4)-form uladan ikki marta foydalanish yordam - 
ida yecham iz. t

, _  y \  _  (2  +  c o s í)  _  - c o s í

X I ( í + S Í l 1 í )  1 +  C O S /  

t

, f  - c o s í  ^
„ _ ( .v ' ) ,  _ U  + c o s /J  _ s in í - ( l  + c o s í ) - c o s / s i n í  _  s in í 

x ¡  I + eos í (1 + eos t  )3 (1 + eos t f
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8.21-m asala . n-tartibli hosila  h isoblansin .

y  = ln (2 x  + 7 ).

<  y  = lg(2x + 7) = - n-^~'Y + =  ——  • tn ( 2x + 7 ) 
v  L i n  10 i n  10 V '

y '  = ~ --------- ------[2x + l ) = - 2 11.Л 1 n о v . n v 'In 10 2x + l  v ' '  In 10 2x + l

' 0 
y " = w  =

/ \

\
In 10

/ 4 / )  =

(2JC+7)’ =■ 2" 1
(2 x  + l f  )  In 10 (2.t +  7 ):

23 2 !
In 10 (2л-+ 7)3

B u  jarayo n n i davom  ettirish natijasida V n e N  uchun

_  ( iV '-1 2 " (w ~ 0 -
In 10 ( 2 x +  7)" ten§lik n i llo s^ q ilam iz. >

9 .2 1 -m a sa la . Q uyidagi

b " - a n< n - { b - a ) - b n- \ 0 < a < b , n e N  
ten gsizlik  isbotlansin.

<  Bu  ten g s iz likn i Lagran j teorem asidan foydalanib , isbotlaym iz. 
f ( x )  = x"  fu n ktsiya  u ch u n  [« ,6] kesm ada La g ra n j teorem asin i 
q o 'llaym iz:

f ( b ) - f { a )  = f ' ( x 0) - ( b - a ) ,  

x0 6 (a, b) => b" -  a" = n  • x0"~] • { b - a ) < n { b - a ) - b " ~ l . >

1 0 .2 1 -m a sa la . Limit hisoblansin.

I sinl im (c o sx )  sin
л —»0 4 }

, lim ln(COSJ) Г2)
< lim (cosjc)sin í = ( i iC) =  e'-*« sin.v _ el o J - ( ( L o p i t a l  t e o r e m a s id a n

r _ (in(cos.v)J _____
fo yd alanam iz ) )  =  ilS 'T - v  íim-ssx. i¡m-

g  Vs n -V __ g X —*0 COSX __ g X -^ C O S * X = e u =  I

- s in  л:
sin .V
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11.21-m asala . Derazaning perimetri P  ga  
teng, yuqori qismi yarim doiradan iborat bo‘Igan 
to ‘g ‘ri to ‘riburcbak shaklga cga. D erazaning  
o ‘lchamIari qanday b o‘Iganda undan eng k o‘p 
yorug‘lik o ‘tadi?

< M asala shartiga ko‘ra deraza 1 -ch iz -  
m ada ko'rsatilgan  shaklga ega. C h izm ad an  
k o‘rinadiki,

R = ^ r .  Unda  
2

7IX
P  =  x  +  2 y  + n R  =  x  +  2 y - \------=>

2

Endi derazaning yuzasini topam iz: 
n R 2 Px x

S  =  x -  y  + :
7TX~ UX~

2  4  8

P  x  n x  
2  ~  2  ~ ~ 4 ~

P x  x - 7TX"
(5 )

2 2 2 4 8 2 2 
D erazadan eng k o‘p yorug‘lik o ‘tishi uchun derazaning yuzasi 

eng katta bo'lish i kerak. Buning uchun (5)-funksiyaga m aksim um  
qiym atni beruvchi x ni top ish im iz lozim .

P

S"(jc) =  — 5"( jc) =  0 =>  jc
/

£  +  1 
4

— stat-
+ 1

7T
sionar nuqta. Bu nuqtada 5"(.v0) =  -1  -  — < o=> max • D em ak, de-

2 P
razadan yorug'lik  en g  ko‘p o 'tish i uchun uning asosi x -
b o ‘lishi kerak ekan. Balandligi esa

P  x  n x  P  P  n P  _  P { n  + 4 - 2 - n )  p

n  +  4

2  2  4  2  n  +  4  2 ( n  +  4 )  
b o ‘lar ekan. >

2 (^  + 4) n  +  4

12 .2 1 -m a sa la . B irinchi tartibli hosiladan foydalanib

y = -

funksiyaning grafigini chizing.

■ { x - 4 y
16
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In te rv a lla r u su lid a n  fo y d a lan ib , b u  ifo d an in g  isho rasi saq lan ad ig an  
o ra liq la rn i to p a m iz  va q u y idag i jad v a ln i tu z a m iz .

< Berilgan funksiyaning hosilasini hisoblaymiz:

X ( -® ;0 ) 0 (0 :2 ) 2 (2 ;4 ) 4 (4:+co)

y ’ - 0 + 0 _ 0 +

y min
0 / max

i \ min
n

Jadvaldagi m a ’lu m o tla rd an  foydalanib , berilgan  funksiyaning grafi- 
g in i ch izam iz  (2 -c h iz m a ). >

13.21 masala y  = 

va grafigini yasang.

4x3 - 3 x
4 a-2 - 1

funksiyaning asiuiplotalariiii toping

y =
4x3 - 3 x  a:-(4at2 - 3 )  *

x  + —  
2 
—

( x -------
V 2 j

4 a-2 - 1  (2 jc +  1)(2a- - 1 ) _ f  \ )  x  + -  
{ 2 )

f  n
A'-----

V 2)

a) Vertikal asimptota: x  = - — va *  =  — to ‘g ‘ri c h iz iq la r  v e r­

t ik a l  a s im p to ta  b o 'l a d i ,  c h u n k i l i r n / ( * )  = co ya lhn/(.x) =  oo.



F u n k s iy a n in g  shu  n u q ta d a g i o ‘ng va c h a p  lim itla r in i h a m  h iso b - 
laym iz:

lim  / ( * )  = -<» lim / ( * )  =  +<»
1 -  >.r->—+0 
2

lim f ( x )  = -oo lim / ( * )  =  +oo
->-+0 2

b) G orizontal asim ptota: lim / ( * )  =  lim f  = °° ^  gorizon-

ta l a s im p to ta  y o ‘q.

f i x )  4 x 3 - 3 x  . 
d) O g‘m a asim ptota: a  = Jim—  -  hm 2 - 1 ,

3 -3 x

4a-2 -1
= lim-

v->r. 4X _ i
= 111 11--- ------

X - K  4,v2 - ]

o g 'm a  a s im p to ta .
Bu a s im to ta la r d a n  fo y d a la n ib , fu n k s iy a  g ra f ig in i c h iz a m iz

(3 -c h iz m a ). >

3-chizma.

14 .21-m asa la . y  — - 

gini chizing.

X 2 - X Jr \

x - \
funksiyani to ‘Iiq tekshiring va grafi-
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<1 F u n k siy an i p a rag ra fn in g  A  b o ‘lim i 9 -p u n k tid a  ta k lif  q ilin g an  
sxem a asosida  t o ‘liq tek sh iram iz .

F u n k siy an in g  an iq la n ish  sohasi: ü, (>■)=:{** 1}
F u n k siy a  ju f t  h a m , to q  h a rn , davriy  h am  em as. 
x  = \ n u q ta  fu n k s iy a n in g  2 - t u r  u z il is h~ n u q ta s i ,  e h u n k i  

Ä / ( * )  = -0 ° va vlJ>|ii0/ ( - Y) = +0°  O Y  o ‘qi b ilan  kesish ish  nuq tasi:

7 = f ( 0 )  = - l .

O X  o ‘qi b ilan  kesishish  nuq tasi: >, =  0=i>.Y2 - x  + l =  0 = > jr e O = >  
O X  o ‘q i b ila n  k esish ishm ayd i.

F u n k siy an in g  ishorasi o ‘zg arm ay d ig an  o ra liq lar:

X
( - 00’ 1) (1 ;+ ° ° )

Y -- +

v =
f  1 i .r-.Y +l

Endi funksiyani m onotonlik va ekstrem um ga tekshiram iz:

( 2 y — 1 ) ( . y - 1 ) — ( j r  - j r + l )  - 1 2 x :  - 3 - Y + 1 — a -2 + . r - 1 . r - 2 v  - Y - ( . v - 2 )

(-V-1)2 = (-V-1)2 V » ) ’ M ) 2
In te rv a lla r  u su lid an  fo y d alan ib , bu  ifo d an in g  ishorasi sa q la n a d i-  

gan  o ra liq la rn i to p a m iz  va quy idag i jad v a ln i tu zam iz :

-Y—1

X
(-oo ; 0 ) 0 ( 0 ; l ) 1 (1 ;2 ) 2 (2 :+ co)

/ + 0 - 3 - 0 +

y max
-i

a min
3

Q avariq likka  tek sh irish  u ch u n  y" n i h isob laym iz:

/ = ( / )
x2 -  2x 
( x - f )

1 - -
1

( x - l f ( x - l f >x< \ d a n  va ,v > ]ö i7 u -

F unksiya  a s im p to ta la rin i to p am iz :
a) Vertikal asim ptota: x  = 1 -v e rtik a l a s im p to ta .
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х 2 - х  + \
b) G orizontal asim ptota: lim / ( x )  = lim - ^

tal asimptota y o ‘q.

■ =  oo= >gorizon-

/ ( * ) _ , .  x 2 - x + \  
d) O g ‘m a asim ptota: x  * . ( * - ] )

Z ,= lim [/(x)-ar]= lim
j r - x + l

— Л'
Л' — 1

x r - x + l - x ' + x  .. 1 л 
= lim--------------------- = bin------ =0 => у = л

,v-»r Д - - 1  _r->xx _ l

og‘ma asimptota.
Endi topilgan m a’luraotlardan foydalanib, funktsiya grafigini 

chizam iz (4 -ch izm a ). >

4-chizma.

95



4-§. 3-MUSTAQIL ISH 
Aniqmas va aniq integrallar, ularning tatbiqlari

Boshlang‘ich funksiya.
—Aniqmas integral.—

Aniqmas integralni hisoblash usullari.
Ratsional funksiyalarni integrallash.
Ba’zi irratsional ko‘rinishdagi funksiyalarni integrallash. 
Binomial differensial va trigonometrik funksiyalarni integrallash. 
Aniq integral va uning tatbiqlari.
Elliptik integrallar.

-A -
Asosiy tushuncha va teoremalar 

1°. Aniqmas integral va uni hisoblash usullari
/ ( x )  funksiya  b iro r  ( a ,b ) in te rv a ld a  .an iq lan g an  b o ‘lsin. Q u y - 

idagi m asalan i qaraym iz: 3 F ( x )  funksiyani to p ish  kerakki Vxe(<7,Z>) 
u c h u n  F' ( x )  = f [ x )  b o ‘lsin.

1 - ta ’rif. Agar V x e  ( a ,6 ) uchun F ' ( x )  =  / ( x ) b o ‘Isa u holda 
F ( x )  funksiya  ( a,b ) intervalda f  (x )  funksiyaning boshlang'ich 
funktsiyasi deyUadi.

M a ’lum ki F ( x )  funksiya  b o sh la n g 'ic h  funksiya b o ‘lsa / r ( x ) - f c  
h am  b o sh la n g ‘ich  funksiya  b o 'lad i.

2-ta’rif. (a,b)  in te rv a ld a  b erilg an  / ( x )  funksiya b o sh la n g ‘ich  
funk siy a la rin in g  u m u m iy  ifodasi ^ ( x j  + c shu  / ( x )  fu n k siy an in g  
aniqmas integrali d eb  a ta lad i va

j f ( x ) d x
kabi belgilanadi.

D em ak ,

J f  (x)dx = F(x)  + c (!)
In teg ra lla sh n in g  u m u m iy  q o id a la ri va a n iq m as  in teg ra lla r  ja d v a -  

li l - §  n ing  12° va 13° p u n k tla rid a  k e ltir ilg an . Biz u larga t o ‘x ta lm ay  
an iq m as in teg ra ln i h isob lash  usu llarin i k e ltiram iz .

7-/eo/-e/«fl.(0‘zgaruvchilarni almashtirish). A gar

J f ( t ) d t  = F( t )  + c (2)

b o ‘lsa u n d a
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\ f [ < P { x j \ < P ' { x ) d x  = F \_(p{x)\ + c (3)

bo'ladi ((3)-tenglikda f ( t ) ,<p(x),<p\x)  funksiyalar uzluksiz deb faraz 

qilinadi).
2 - t e o r e m a .  Agar u = u [ x ) va v = v(x) funksiyalar (a , b ) inter- 

valda uzluksiz u'(x) va v'(x) hosilalariga ega bo‘lsa unda shu 

intervalda ushbu

b o ‘laklab integrallash  form ulasi o‘rinli bo‘ladi.
Amaliyot shuni ko‘rsatadiki bo'laklab integrallash usulini qo'llab 

hisoblanadigan integrallarni asosan, uch guruhga ajratish mumkin.
B irinchi guruhga ko'paytuvchining biri ma’lum funktsiyaning 

hosilasi hoMean ikkinchisi esa ushbu

ln (x ) , are sirve, arecosx, are tgx, (are tgx)~, (arcrasxj; ln (p( x ) , ... 

funksiyalardan biriga teng bo‘lgan funksiyalarning integrallari kiriti- 

ladi. Bu holda и(х) deb shu funksiyalar belgilanadi.

Ik k in ch i guruhga J(ax + 6) cos(cx)í£c, J(ar + ¿ )” -sin(cx )í/x  va 

J(ox + ¿)"ecxdx ko‘rinishidagi integrallar k iritilad i. Bu holda 

u(x) = (ax + b)" deb olinib bo‘laklab integrallash formulasi n marta 

qo‘llaniladi.

U c h in c h i gu ru h ga  Je" e o sbxdx, Je" s in bxdx, Jsin (ln x)dx,

Jcos(lnx)(¿v,... ko‘rinishidagi integrallar kiritiladi. Bunda integralni

I deb belgilab bo‘laklab integrallash formulasini ikki marta qo‘llasak,
I ga nisbatan chiziqli tenglamaga kelamiz.

Bu uchta guruhga kirmagan ba’zi bir integrallarni ham bo‘laklab 
integrallash usuli bilan hisoblash mumkin. Masalan

integral yuqondagi uchta guruhga kirmaydi lekin bu integralni ham 
bo‘laklab integrallash usuli bilan rekkurent form ulaga keltirish yor- 
damida hisoblash mumkin:

x 2 /7 - 1  1



r r dx  1 x
h  -  J —------~ - —arctg— + c A g a r  ( 5 ) - t e n g l i k d a  n - \  d e s a k

J x  + car a a
T r dx 1 x  1 jc
2 _  J v \2“_  T T ' 2 ~  + t ~ t arctg — + c  e k a n in i to p a m iz . 

 •, ( v2 .j_<r j  2¿t x  +q- la.' a________________ ____________

Izoh: Ma’lumki, elementar funksiyaning hosilasi yana elementar 
funksiya bo‘lar edi, lekin integral olish uchun bu tasdiq o‘rinli bo‘lishi 
shart emas, ya’ni ba’zi bir elementar funksiyalarning integrallari el­
ementar funksiya bo'lmay qolishi mumkin. Masalan, ushbu

1. je~* d x ; 2 t J c o sx 2í¿y;

3. fs in x 2í¿ t ;  4. f-—  ( x > 0 , x ^ l ) -
J J ln x  ’

fC O S X  ,  ,  A v „ 1-sin X  ,
5. J------- d x  ( x * 0) ;  6. I------- d x .

-V * yc
integrallarning har biri elementar funksiyalar yordamida ifodalan- 

maydi. Bu funksiyalar amaliyotda ko‘p uchraganligi sababli ular- 
ning qiymatlarini hisoblash uchun alohida jadvallar tuzilgan va ular- 
ning grafiklari yasalgan. Shu yo‘l bilan elementar funksiyalarda in- 
tegrallanmaydigan funksiyalar ham to‘la o‘rganilgan.

2°. R atsional funksiyalarni in tegrallash
3 - t a ’r i f  Agar R( x )  fu n ks iy a n i ikk ita  ko 'phadn ing  nisbati 

k o ‘rinishida yozish mumkin bo ‘lsa, u ho!da R{x)  r a t s i o n a l  f u n k s i y ­
a l a r  ( y o k i  r a t s i o n a l  k a s r )  deyiladi, y a ’ni

<6)

Pn ( x ) - n  - ta r t ib l i ,  Qm (* )  -  m  - ta r tib li k o ‘p h a d .

Agar n > m  bo‘lsa kasr n o to ‘g ‘ri kasr; n < m  bo‘lsa t o ‘g ‘ri kasr  
deyiladi.

Ixtiyoriy noto‘g‘ri kasr berilgan bo‘lsa, ko‘phadni ko‘phadga 
bo‘lish yordamida har doim uni ko‘phad va to‘g‘ri kasming yig‘indisi 
shaklida ifodalash mumkin. Ixtiyoriy to‘g‘ri kasrni quyidagi 4ta 
ko‘rinishdagi sodda kasrlarning yig‘indisi kabi ifodalash mumkin.
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l. II. 7 7 ^ 7 (t  = 2'3'4- );.v - a  \ x  a )
M x  +  N  M x  +  N ___ , 2 3 )

III ---------------- » IV /  2 , V" ^x ' + p x  +  q  [ x  +  p x  +  q )

p 2
III va IV da x 2 + p x  +  q *  0 ,  ya ’ni q -  —  > 0 -

I va II ko‘rinishidagi sodda kasrlar t o ‘g ‘ridan to ‘g ‘ri in tegralla- 
nadi. I l l  va IV k o ‘rinishidagi sodda kasrlarni integrallash uchun

esa x  + ~  =  t  alm ashtirish bajarish lozim .

3°. B a ’zi irratsional k o ‘rinishidagi funksiyalarni in tegrallash . 
E yler alm ashtirishlari.

deganda x  va y  o ‘zgaruvchiga nisbatan ratsional boMgan

funksiyani tushunam iz.

r f  l a x  +  b | , l a x  +  b  ,
a) x ’ \ c x  + d  integralni hisoblashda t  -  y  ^  +  ^ alm ash­

tirish bajarilsa, ratsional funksiyani integrallashga kelinadi.

b) J f i i*  , y j a x 2 +  b x  +  c j d x  integralni hisoblashda quyidagi 3ta h o i 

qaraladi.

1-hol. a x 2 + b x  +  c  kvadrad uchhad har xil x, va x 2 haqiqiy  

ildizlarga ega b o ‘lsin . = > a x 2 + 6x  + c  =  f l ( x - x 1) ( x - x , ) .B u n d a

y l a ( x - x ]) ( x - x 2 ) = t ( x - x l )  (7)

alm ashtirish bajaramiz.
2-h o l. f l>0 boMsin. U nda

y ja x 2 + b x  +  c  =  t -  \ [ a x ( y o k i ' J a x 2 +  b x  +  c =  t  +  - f a x )  (g)

alm ashtirish bajaramiz.
3 -h o l. c > 0  b o ‘lsin. U  holda

y j a x 2 + b x  +  c  = t x  +  V c^yoki y j a x 2 + b x  +  c  = t x - y [ c ^  (9)
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alm ashtirishni bajarish yordam ida h isoblanish i kerak b o ‘lgan in te ­
gral ratsional funksiyani integrallashga keltiriladi.

(7)-(9) alm ashtirishlarga Eyler almashtirishlari deb ataladi.

4°. Binomial differensiallami va trigonometrik funksiyalarni
integrallash.

a) 4 -ta ’r i f  U s h b u  x " ' (a + b x " ) ¡  cix k o Y m i s h i d a g i  i fo d a g a  binomi­
a l differensial d e b  a t a la d i .  Bu yerda m , n , p , -lar  ratsional sonlar.

I = \ x m ( a  + b x " ) P d x  ( 10)

integral quyidagi 3 ta holda ratsional funksiyaning integraliga kelar ekan.

1-hol. p-butun son. x - t N alm ashtirish bajariladi. Bu yerda N 
soni m va n ratsional sonlar (ya ’ni kasrlar) maxrajlarning eng kichik  
um um iy karralisi.

2-hol .  butun son. Bu holda a  +  b x "  = Z N, N - p  ratsional
/?

sonn ing  m axaraji, alm ashtirish bajarish kerak.

3-hol. —-— + p -  butun son. B unda - ^  + b = Z N , N  -  p  ning  

maxraji, a lm ashtirish bajarish yetarli.

b) 1=  j/?(sinA-,cos.r)dx-;
integral berilgan b o ‘lsin. Bu integralni ushbu

= t - к < х < л \

universal almashtirish yordam ida har do im  ratsional funksiyani in ­
tegrallashga keltirish m umkin:

21 1- r  , 2 d t  
sin x  — ------- ,  cos л' = ------- d x  — -

1 + Г  l + t 1 + t-
d) A ytaylik ,

/  = Jsin" л- • cos"' x d x ,  ( /7, m e  Z )

integral berilgan b o ‘lsin. Bu integralni h isob lash  uchun quyidagi 
hollar qaraladi.

1-hol. n -to q , m -juft = >cosa: = / alm ashtirish bajariladi.
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2-h o l. n-juft, m -to q  =>sinY  = f alm ashtirish bajariladi
3 -h o l. n va m -toq . Bunda c o s y  = /, sinY =  / yoki t g x  =  t  a l- 

m ashtirishlardan biri bajariladi.
4-hoI. n va m -juft. Bu holda

sin 2 x  =  2 sin y  • c o s x  va c o s2л: =  cos2 .y — sin2 x  
form ulalardan foydalanib, tartib pasaytiriladi va yuqoridagi hollardan  
biriga keltiriladi.

5°. Aniq integral va uning tatbiqlari.

A niq integral tushunchasi va uni hisoblash usullari m aktab kur- 
sida qism an va m a ’ruzalarda batafsil o 'tilish in i hisobga o lib , biz  
aniq  integralni hisoblash usullariga qism an to ‘xtalam iz ham da asosiy  
e ’tiborim izni uning tatbiqlariga qaratamiz.

1. N yuton-L eybnis form ulsi. Agar f (x)  funksiya \a,b\ kesm a- 
da uzluksiz boMsa va F ' ( y )  =  / ( y )  tenglik  bajarilsa, u holda

| / W *  = F ( i ) - F M  =  f W [
a

form ula 0‘rinli b o‘ladi.
Form ulaning isbotida uzluksiz f ( x )  funksiya uchun  ham  ba- 

jariladigan , 4

d JAÔ Wmd x \u

tenglikdan foydalaniladi.
2 . B o ‘laklab in tegrallash  form ulasi. Agar f { x )  va g ( x )  funk- 

siyalar [a ,¿ ] kesm ada uzluksiz differensiallanuvchi b o ‘lsa, u holda
bh

\ f  (* )  g '(* )■ d x  =  /  { x )  ■ g  (.y ) [  -  \ f ' '(y )  g  ( x ) ,d x ;

b o ‘ladi.
3 . 0 ‘zgaruvchini almashtirish. Agar <p(t )  funksiya [« ,/? ]  kesm a­

da uzluksiz differcnsiallanuvchi va c p { t) e  \ a , ß \ F  a  =  c p ( a ) F  b  =  < p (0 )  
b o ‘lib F / ( y) funksiya [cr,¿>] kesmada uzluksiz b o ‘lsa, unda

\ . f  ( x ) d x  =  \ f [ ( p { t j ] ( p ' ( t ) d t \
a  a

b o ia d i.
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4. 0 ‘rta qiym at haqidagi birinchi teorem a.
Agar / ( * )  va g ( x )  funksiyalar [ a , b \  kesm ada chegaralangan va

integrallanuvchi b o ‘lib, g ( x )  funksiya ( a , b )  da ishorasini o ‘zgar-
f  \

tirmasa, shunday ¡j. e  Ym, { / ( * ) } » ^ =sup { / ( x)} nuqta
V 1 M  )

topiladiki,
b b 
\ f { x ) s { x ) d x ~ / . i -  jg (x ) if r ;

a  a

tenglik bajariladi. ________________ _____________________________
a) Aniq integral yordamida tekis shaklning yuzasini hisoblash.
1) D ek art koordinatalar sistem asida berilgan shaklning yuzasini 

hisoblash.
f ( x ) e C [ a , b ]  b o ‘lib \ / x s [ a , b ]  uchun f ( x ) >  0 tengsizlik  ba- 

jarilsin va D  soha quyidagicha aniqlansin:

f a < x < b
D = [ 0< > ' < / ( x )  "egri ch iz iqlj trapetsiya.

U nda b
S = j f ( x ) d x  (11)

tenglik o ‘rinli.

Agar f { x ) e C \ a , b \ , f 2 ( x ) & C [ a , b \  b o ‘lib,

J  a  < x  < b

b o ‘lsa, u  h old a

s = J [ / 2 ( Jf) - / W ] < &  (12)
b o ‘ladi.

2 ) Qutb koordinatalar sistem asida berilgan shaklning yuzasini 
hisoblash.

Agar D  soha qutb koordinatalar sistem asida

( a < ( p <  ß  

D [0 < r  </■($>) 

ko'rinishida berilgan b o ‘lib , r ( q > ) e C [ a , 0 \  bo'lsa,
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form ula o'rin li boMadi.
b) Aniq in tegral yordam ida yoy uzunligini h isoblash.
1) Dekart koordinatalar sistemasida berilgan yoy uzunligini hisoblash.
f ( x )  funksiya kesm ada aniqlangan b o ‘lsin. U n in g  grafigi

quyidagi

{ ( * , / ( * ) )  : * e  [a,ft]}

n u q ta la r  t o 'p la m id a g i  ib o ra t. S h u  g ra fik d a g i A ( a ,  f  ( c i ) )  va  
B ( b , f { b )) nuqtalar orasidagi / ß  egri ch iziq  yoyi uzunligi 1 ni 
topish  talab q ilinsin . Agar / ' ( x )  e  C[a,Z>] b o ‘lsa, unda

/ =  W 1 + [ / ' W ]  dx  ( 14)

b o ‘ladi.

Agar (14) da b  =  x  desak, l ( x )  = J^/l + [ / ' ( * ) ]  d x  b o i ib ,
a

£  =  a /1 +  [ / ' ( - y) T  =>dl = J \  + [ f ' { x ) J d x .

Bu ifodaga yoy  d ifferensiali deb ataladi.
2) Param etrik k o ‘rinishda berilgan egri chiziq yoyining uzunligi 

hisoblash.
Agar

y  j x  = <p(t)
A B -\ , A a  < t < ß \

[y = ¥[*)>

bo'lib , ^ '( / )e C [o r ,/? ]  va y / ' ( t ) & C \ a , ß \  b o ‘lsa,

(15)

b o ‘Iadi.
3) Qutb koordinatalar sistem asida berilgan egri chiziq  yoyining  

uzunligi hisoblash .
Agar



[r = r(q>)

b o ‘lib , r ' [ (p)&C[a,p \  b o ‘lsa, u n d a

l = U r2t y )  + \_r’{<p)fd<p (16)
a

fo rm u la  o ‘r in li  b o 'la d i.
d) A ylanm a sirtning yuzasi.
A ytay lik , / ( x ) e C [ < 7 ,6 ]  b o ‘lib, / ( x ) > 0  b o ‘lsin . ^ y o y n i  O X  

o ‘qi a tro f id a  a y la n tira m iz  va aylanm a sirtn i hosil q ilam iz . A gar 
/ ' ( x ) e C [ a , 6 ]  b o ‘lsa, u n d a  shu  ay lan m a  s ir tn in g  yuzasi u shbu

S  = [ f  (x )  • ^1 + [ f \ x j ] ' d x  ( ly )
a

fo rm u la  y o rd a m id a  h iso b lan ad i.
e ) Aniq in tegra l yordam ida hajm h isob lash .
F a ra z  q ila y lik , b izg a  b iro r  T  j ism  b e r ilg a n  b o ‘lib , u n in g  OY  

o ‘q iga p a ra l le l  b o ‘lg an  k e s im la r in in g  y u zasi m a ’lu m  b o 'ls in . Bu 
yuza  x  o ‘z g a ru v c h in in g  funksiyasi b o 'la d i ,  u n i S  = S ( x ) d e b  b e lg i-  
lay lik . A g a r - S ( x ) e C [ a ,6 ]  b o ‘lsa, u n d a  T  j is m n in g  h a jm i V u sh b u

V =  ¡S (x )d x  ( 18)
a

fo rm u la  y o rd a m id a  h iso b lan ad i.
Natija. (Aylanm a jism ning hajmi). U sh b u

\ a < x < b

[ 0 < y < / ( x )
egri ch iziq li tra p e ts iy a n i OX  o !qi a tro fida  a y la n tir ish d a n  hosil b o 'lg a n  
ay lan m a  j is m n in g  h a jm i

V = n \ f ( x ) J d x  ( 19)
a

fo rm u la  y o rd a m id a  h iso b lan ad i.
f) 0 ‘zgaruvchi kuchning bajargan ish i.
OX  o ‘q ida  sh u  o ‘q b o ‘ylab b iro r jism  F - F ( x )  kuch  ta ’sirida h ar- 

akat q ilayotgan b o ‘lsin. A gar F ( x ) e C [ a , b \  b o ‘lsa, F  =  F ( x )  kuch
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ta’sirida jismni a nuqtadan b nuqtaga o‘tkazishda bajarilgan ish ushbu

formula yordamida hisoblanadi.
g) S ta tik  m om ent. O g ‘irlik markazi.
Aytaylik, m massaga ega bo‘lgan M(x,y)-material nuqta berilgan 

boisin. my va mx ko'paytmalarga mos ravishda berilgan nuqtaning 
OX va OY o ‘qlarga n isb a tan  S tatik  m om entlari deb ataladi.

Egri chiziqning OX va OY o'qlarga nisbatan s ta t ik  m o m en tla ri
M v va M lar ham shu kabi aniqlanadi hamda

* y , i

differensiali, / esa berilgan egri chiziq uzunligi.
Berilgan egri chiziq og‘irlik markazining koordinatalari esa ushbu

formulalar yordamida hisoblanadi.
h) G eom etrik figuralarning statik  momentlari va o g ‘irlik markazi.
Agar geometrik figura

/>
A = jF  (■*)<&■ (20)

formulalar yordamida hisoblanadi. Bu yerda dl = s\(dxf + (dy)~ -yoy

egri chiziqli trapetsiyadan iborat boisa, unda

(23)

va

(24)

h
bo‘ladi. Bu yerda S =  | v ( - v ) < : / a -  -trapetsiyaning yuzi.

a
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5 - t a ’r i f .  Ushbu

Fík> ? } ^ b = = T =  (25)
o V l - K  s i n  X

<p ______________________

E(k,cp)= ^ - J l - k 2 sin2 xdx (26)
o

ko‘rinishdagi integrallar I va II tipdagi elliptik integrallam ing Lejandr 
form asi deb ataladi.

(25) va (26)-integral ostidagi funksiyalarning boshlang'ich funk- 
siyalari elementar funksiyalar yordamida ifodalanmaydi. Shuning 
uchun ham ularning qiymatlarini hisoblash uchun maxsus jadvallar 
yaratilgan.

Agar (25) va (26)-integrallarda q> = — boisa, u holda bunday

integrallar t o ‘liq elliptik integrallar deb ataladi va ular F { k ) , E { k ) 

kabi belgilanadi.

6o. Elliptik integrallar.

Demak,

m-\- T - g r r -  <27>o v i- «  sin x

E(k)= j y / l -k2 sin2 dx (28)

To iiq  elliptik integrallaming qiymatlari ham maxsus jadvallar
yordamida hisoblanadi.

i 2 x~ y
M iso l. U shbu — + - y = l  ellips yoyining uzunligi h isoblansin .

a~ o
f x  =  <r/sin t

Ellipsni parametrik ko‘rinishida \ . A „ _ kabi ifo-[y = bsmt ,  Q < t < 2 n
dalab olamiz.

—  £

Unda l -Alx = 4- - [ / ( O í " - 4 jV a : eos21 + Ir sitr tdi =
o o
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2- '— ------------- ----------------  2- 1 c r - b 2 . „-4aE= 4 J J a 2( 1 - s i n : f) +  6 2sin: /dr =  4a U I — sin2 tdt = 
o ______  o“ ^

ylQ2 _ Jy.
bu yerda s  = - -------------ellipsning ekssentrisiteti.

=4aE(e)

Nazorat savollari

1. Boshlang'ich funksiya tushunchasi.
2. Aniqmas integral va uning xossalari.
3. Aniqmas integralda o‘zgaruvchini almashtirish.
4. Aniqmas integralda boiaklab integrallash formulasi.
5. Ratsional funksiyalarni integrallash.
6 . Ba’zi irratsional ko'rinishdagi funktsiyalarni integrallash.
7. Eyler almashtirishlari.
8 . Binomial difTerensiallarni integrallash.
9. Trigonometrik funksiyalarni integrallash.
10. Aniq integral tushunchasi.
11. Nyuton-Leybnis formulasi.
12. Aniq integralda boiaklab integrallash formulasi.
13. Aniq integralda o'zgaruvchini almashtirish.
14. 0 ‘rta qiymat haqidagi birinchi teorema.
15. Dekart koordinatalar sistemasida berilgan shaklning yuzasini hisob- 

lash.
16. Qutb koordinatalar sistemasida berilgan shaklning yuzasini hisob- 

lash.
17. Dekart koordinatalar sistemasida berilgan yoy uzunligini hisoblash.
18. Parametrik ko‘rinishda berilgan egri chiziq yoyining uzunligini 

hisoblash.
19. Qutb koordinatalar sistemasida berilgan yoy uzunligini hisoblash.
20. Aylanma sirtning yuzasini hisoblash.
21. Aniq integral yordamida hajm hisoblash.
22 . 0 ‘zgaruvchi kuchning bajargan ishi.
23. Egri chiziqning koordinata o‘qlariga nisbatan statik momentlarini 

topish.
24. Egri chiziq ogirlik markazining koordinatalarini topish.
25. Geometrik figuralarning statik momentlari.
26. Geometrik figura og‘irlik markazining koordinatalarini topish.
27. Elliptik integrallar.
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Mustaqil yechish uchun misol va masalalar

1.1

1-masala. Aniqmas integral topilsin.
f xdx ( ■■■>,
1 __. 1.2 1 xsin’ xdx .

1.3
■'sm* X
J( V2 -  8x̂ j sin 3xdx. 1.4

С xdx 
J cos2 X "

1.5 J(4.v + 3)sin 5 xdx. 1.6 J(7x-10)sin4xc¿v.

1.7 |(x + 5)sin3x<±c. 1.8 J(2-3x)sin2x¿/x. 

J(8-3x)cos5xdx.1.9 j(2.v-5)cos 4x<¿*\ 1.10

1.11 j(xy¡2 -  3 ) cos 2xdx . 1.12 J(4x + 7) cos3x£¿v.

1.13 J(5x + 6)cos2xc£y. 1.14 J(3x-2)cos5xrfx.

1.15 jarctgj3x - 1  dx. 1.16 farc/gy/Sx - 1  dx .

1.17 Je~3r (2 -  9x) dx. 1.18 ¡e-2x(4x- 3  )dx.

1.19 Jln(4x2 + \)dx. 1.20 J(2 -  4x) sin 2xdx.

1.21 J(4x -  2)cos 2xdx.

2-masala. Aniqmas integral hisoblansin.

2.1
f dx

2.2 f 1 +  ln 'TA
x'jx2 + 1 ’

a x .
; X

2.3
С dx

2.4
rx2 + lnx2

x\Jx2 - 1
QX ,

1 X

2.5 f xdx
2.6

(•(arccos x) - 1

л/х4 +  X2 + 1 ' V i - . í 1 •

2.7 jtgx- In (cos x) с/х . 

f * 3 Ä

2.8. r « ( * + V•,COS~(x+l) 
f 1 - c o s x2.9. 1 -* и.л

V + ‘)  ■ 2.10 2 ax  
(x  -  sin x ) '
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2.11

2.13 J

s in x - c o s x  

(co sx  + sin x ) 5
-dx 2.12 Í

XCOSX + sillX 

(x s illx )“
dx

■X3 +  X 

X 4 +  1
d x .

r xdx 
2.15. Ь = = Г -

2.17 Í
(x 2 + 1  )c/;fx

(x 3 + 3x + 1) 5

r x 3c/x
2 1 9  Ь т т -

2 . 2 1

x 2 + 4 
r 2 co sx  + 3sin x  , 

( 2 s in x - 3 c o s x ) 3

f XC¿C

2.14 J i 4 -, -
ч/x  - x  + 1

f I + l n ( x - l )

2 , 6  í - n í i

8  , 4 ^ - ,
J 1 + X

x + cosx

c&.

2.20 J-
x 2 + 2 sinx

3-masaIa. Aniqmas integral hisoblansin.

3.1 Я
J  V

A'3 +  1 dx
X  - X

3.2 j

r j X  +  1 i
3.3 J- 1 rdx .

J x - 1

Г x3 - 1 7  ,
3 -5

3.4 Г

x3 — 3x2 -1 2  
( x —4 ) ( x - 3 ) ( x - 2 )

x 3 -  3x2 -1 2

с/х

с/х
( x - 4 ) ( x - 3 ) x

4x3 + x 2 + 2

„ „  f 2x3 + 5  ̂
3.7 I—--------- dx.

Jx - x - 2

3 6  - f x ( x - l ) ( x - 2 ) ^ -  

3.8 t ó f c .
J  Y —  Y

3.9 J
2x 3 - 1  

x 2 + x  -  6
с/х. 3.10 J-

■3x -  2
x 3 -  a:

x 3 - 3 x 2 -1 2 -dx

3x3 + 25r  J X  + .
3.11 K —r - 0 J x + 3x+2

•с/х

( x - 4 ) ( x - 2 ) x  ‘ 

x5 -  x3 + 1

3 ~ 2r x + 2x + J , - ,
3-13 J( * - ! ) ( * - 2 ) (д:-"з) ' 3.14

_  fX  - X  +  I
3.12 — ï------- dx.

J X' -  X 

x 5 + Зх3 - 1

X" + x
d x .
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3.15

3.17

3.19

3.21

4.1

4.3

4.5

4.7

4.9

4.11

4.13

4.15

З а-3 + 2л2 +1 
(л + 2 ) ( л - 2 ) ( л - 1)

с/л- 3.16 j
Зл5 - 1 2 л  - 7

х~ + 2 х
dx.

-dx л3 -  5л* + 5л + 23
(x - l ) ( x + l ) ( x  + 2)" ~ ._ 3.18 J(r _ i ) ( r + l) ( r -5 )

[— ■— - 5 -  —-dx ~ f- * 5 + 9л3 + 4
J л2 + 5л 3.20 J х2+3-х -

г2л5 -  8л3 + 2 J

с/л

4-masala. Aniqmas integral hisoblansin.

л3 + 4л2 + Зл + 2 dx
( л + 1)2 -(л 2 + 1) ' • 

2л3 + 7л 2 + 7л —1 dx

2л3 + 4л2 + 2л -1  

(л + 1)~ ■ (л 2 + 2 л + 2 )
с/л

л*' + 6 л" + 9л + 6

Í;

т / s'd*
(л + l) (х2 + 2 х  + 2)

2xJ + 1 1л2 + 16л+ 10 

(л + 2 ) 2 - (л 2 + 2 л + з)

Зл3 + 6 л2 + 5 л -

с/л

с/л

л3 + 9 л 2 + 2 1л+ 21

( * + з ) ; ( г + з )
dx

л3 + 6 л2 + 8л + dx
(л + 2 ) 2 - (л2 + 4 )  ' •

4.2
-З л 3 +1 Зл2 - 1  Зл +1 dx
( л - 2 )" -(л2 - л  + 1)

л3 + 2 л2 + 10л -dx
(л + 2 ) 2 • (л2 + л  + 1) ' 4 , 4  ( л + l)2 -(л 2 - л + l)

Í
4л3 + 24л2 + 20л -  28

с/л
4 6  (л + З) 2 • (л 2 + 2 л + 2 ) ' •

4 -8  J ( .r + .v  + l ) ( .r  + l ) ‘“ -

4.10

л + л + 1 -dx

Г 2л3 + 4л2 + 2л + 2 , 
J7-3----------^ ^(x2 + x  + 1) (л2 + л + 2 ) 

4л2 + Зл + 4

4Л2  ^(л2 +  1)(л 2 + л  + 1) 

2 л2 -  л + 1

dx

4.14

4.16

f e

í-

, .-dx
(л " -л  +  1)(л  + l )

Л  ̂ +  X  +  1

(л2 - л  + 1 ) . (л 2 + 1)
dx
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4.19

4.21

5Л

5.3

5.5

5.7

5.9

5.11

5 .13

4.17

5.15

í
л'3 + 5 х 2 + 12х + 4 dx
(х  + 2 ) • (х ‘ + 4^

2 х 3 -  Ах2 - 1 6.x - 1 2

р x 5 + 2х2 + x + 1  ,
4 .18 V + * + l ) . ( ¿ T I )  *

2 х3 + 2х2 + 2х + 1r 2х - 4 х  - 1 6 х - 1 2  c2xJ +¿x- +2Х + 1
(je —1)~ -(лг + 4je + 5) ’ *M  1(л=+ ,  + 1 ) ( / - + 1)Л -

f
л*3 + Ax' + Ах + 2 dx

(x  + l ) 2 -(x 2 + x + l) ' •
5-masaIa. Aniqmas integral hisoblansin.

f
■yj\ + -Jx

х-л/х3

x-vx"

Í-
л/ l  + ^X 

xyfx

fÿ i+ V *
9 /  4х-л/х

-d x .

d \ + < [ 7
9 8 

X • У1X
dx

( i + Щ

х-л/х5
dx

x2 - у/х
-dx

J-

1 +

л; • va-5
-übe.

5.2 f.
1 + ^ ) 3

с/х •
Х -л /Х

5.4
f x2 - л/х

-c/v

cV 1+ Vx3"" j  
5.6 , . — .

Л--

5.8 f

X '  - л/х

• V l + Æ с/х .

с/х

5 . 12  J- 

5.14 jV 

5.16 J-

X '  • л /х

i + V 7 )4
' •

л/1+ 3 /7

2-v î
с/х.
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6-masala. Aniq integral hisoblansin.

6.1 J
-  г'1  + 1п ( л ' - 1)

j c - l
dx

Aarctgx -  x dx

Г x 6.5 —J v-
X  +  COS X

x■ + 2 sin x
dx

,  ^ 2f8x -  arctglx
* 1 + 4x2

1
х/8 АГ +  —

6.9 J- AT d x .

6 . 1 1  j
0

s in l

6.13 j

x -  ( arctgx)4
dx

1 + ЛГ

( arcsin x)~ + 1

\ J \ - x 2
dx

Y (aT + 1)í¿C

6 . 2  I T T ^  Л7 -ü ух +3.Y + lj

2r x’dx 
м  ¡ ~ 4 -

—
2 eos .y + 3 sin а:

6 . 6  J
О (2sin A'-3cOSA')J

V xdx
6 .8  Jx  + 1  ‘

S
6.10 J

arcigx + x 
I + x2

dx

6 . 1 2  \ - 4 ~ d x

6.14 J'
x + 1

\-J7x dx
j j x - ( x  + 1)



erX2 + In x~ .
6.17 I------------- <b.J  у 6.18 j  tgx ■ In (cos x ) d x .

V x3 -dx 

6 1 9  J( ^  + l)2 '

0

2n 1 -c o s .v
6 . 2 0 Í —dx

i

6 . 2 1  f
xdx

( x - s in * ) '

0 \]x4 + x 2 + 1

7-masala. Aniq
и

7.1 j V  + 5x + ó)cos2xdx  #
_2
0

7 .3  J( X2 + 4 x  + 3^cosxrfx e
i - r 

0

7 . 5  J ( * 2 + 7jc + 12)cosx<¿Ye
- 4
n

7 7 J(9.v2 +9.Г + 1 l)cos3xdx e
о
2 л

7.9 J(3x2 + 5)cos2.r¿ír e
о

2 x

7 .1 1  í (3 ~  7-v2 ) cos2xdx e
0
0

7.13 J( * 2 + 2 jc + l)sin3xdbc .
-i
Л

7 .15  J(-v2 -3.T + 2)s¡n.xc/A-,
0
0

7.17 K ^2 + + 9)sin  2 xdx #
-3

7 19 J ( 3 x - r ) s i n 2 x £¿v 

7.21 |(д- - 1)3 • In2 (л- -1  )rfv

integral hisoblansin.
0

7.2  } ( ' x2 -4 )co s3 x o 6 t.
-2
0

7.4 J(* + 2 )~ coslxdx

Л

7,6  J(2;r + 4 x  + 7)cos2yí¿x t
0
л

7.8  J(8x2 + 1 6x + 1 7 ) cos 4л-сУл-
0

2/T
7 . 1 0  K 2 * 2 ~ 1 5 )c o s 3 j« 2 * : .

0
2л

7 .12  J 0  ~ 8*2 ) cos 4xdx %
0
3

7 .14  J( * 2 -3x)sin 2xrfx  e
0

7.16  J (* ! -5 jc  + 6)sin3:c£)!x.

7.18 j( l-5 jr )s in jK ¿ r
о
*>

7.20 \ x \n 2x d x %

И З



8.3

8.5

8.7

8.9

8 . 1 1

8.13

8.15

8.17

8.19

8.1

8.21

8-masala. Aniq integral hisoblansin.

%

Í
c o s x d x

0 ( l  +  COSY + s in x)~

у

Í
co s  xdx

x 1 + COSY - S in X .

cosxdx
1 + COS Y +  sill X ’

SA

I t

sin xdx

+  COSY + SinY

cosxdx  
^/1 + sin Y-COSY '

Ÿ1JCOSYdx 
5 + 4 c o s y

dx
2 arc/g  У ,

3 « i x SÍnX*(1“ SÍn^  
Vi 
í

COSY — Sin Y ,
—------------ irdx #

o ( l  +  sin y )"
2arctg2

b
dx

* s in 2 Y -( l  +  COS y )
2

2arctg2
r dx

j /  sin 2 Y - ( l - cosy)

Í ■ ,г sm  xdx
í (1 +  s í i i y ) '

Zorç/g-
( l  -  sin y )  c/y

8 . 2  j

0

8*4 _ l ( l  + COSY-sinY)' •

2arclgj/Ç

8.6 J

£ COSy (] + COSy )

c o s xdx 

- s i l

cos  xdx

0 (1 +  co sy )(1  -S in Y )

2 arc/gĵ
8 .8

1 +  sin Y

/  ( 1 — sin y)
-d x

8.10 J
0

2̂
8.12 J

л/ .
2 (1 + cosy) c¿c

1 +  COS Y + sin.Y ’

1 +  sin Y

8.14

j  1 +  eo s  y +  sin  Y 

%

Í
dx

8.16

?y ( l  +  sin Y -COS x)~ * 

_______dx_______

2arctg2 C°S ‘ ( 1 COS y )  •

2 arcig 

2aretg3

Í

8.18

%J
2 ara g-

co s  xdx 

¿ ( l  - c o s y ) j

%
8.20 J

COS Y dx 
2 + cos Y ’
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9.1 H j A .  9 2
0
/Tr /T
J28 sin8 xdx 9 4  JV  sin4 .ycos4 ;cc¿y .

9-masaIa. Aniq integral hisoblansin.

9.3

9.5 j*24 sin6 — • cos2 —dx . 9.6 j24sin4- -c o s 4-r fv .
0 2  2  0

2 л-
9.7 " f s in V c o s 4^ .  9.8 { s in o c o s 6 « fe .

 ̂ 0 0
[ 2 3 sin4 x -c o s4.rÄ  n m  { 2s sin2 X-cos6

9.9 {  . y iu _£

9 11 [sin2 — -cos6—dx 9.12 j cos ~7dx .
•> 4 4 о

9.15

»

9.21

9 i 3 V - c o s *-dx  9.14 j 2 8sin6x co s2^ .  

Í  2 '0 2/T
J 28sins .æfe 9 1 g Jsin6jtcos2i-<¿Y.

9 17 2fsin*jajEr 9.18 j2 4 sin2 * cose j«fe.
о *  0
¡г 2'P

9 1 9  J 2® sin6 . y c o s 2 xdx 9.20 j sin4 3.Ycos43.Y¿v.

j*2s • sin2 .y • cos6 xdx
>T e

2

10-m asala. Aniq integral hisoblansin.



> x Adx r ct>c
10.3 10.4

0 -J (1 6 -x 2) J •

10.5

>Уз » р ax

1 а/ ( 1+л'2)

10.6 Jx2 - y ¡ 9 - x 2dx e
- 3

7 A’4rf/ -
10.8 г1 ^ ~ 2 и 

1 x' ■10.7 0 (16 —дг2) - V l6-Л '2 •
v 2

5

4,/3 7 Г ШГ 10.10 JV  л/25 -  X2 dx t

10.9
° , / (< * -* = ) ’ •

5 / 10.12
4

Jx2V l6 -  x2dx '

10.11
/ 2  2  j  f X ax

0 л/25 -л :2 ‘ 

4r
10.14

0

2r  x'dx

0 \ J \ 6 - x 2
10.13

o ( l 6 + . ï 2 ) ^ Л л  г  dx

'г xV x
10.16

” / ( 4 — =r •

10.15

ч й /
/ 2  4 F

С л '  ах
10.18

Г *

10.17
• Л 1- ’ )’ '

10.20
У dx

у  dx o(25 + x2)\l25 + x 2
10.19 ° ( 9 + x ' - f -  

2r dx
10.21 o ( 4  + д г  ) л / 4  +  д г  '
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11-masala. Quyidagi chiziqlar bilan chegaralangan shaklning 
yuzasi hisoblansin.

11.1 y  = { x - 2) ;y  = 4 x - S .  11.2 y  = x \ / 9 - x 2;y  = 0 ,(0 < jr < 3 ) .

11.3 y  = 4 - x 2; y  = x - - 2 x .  U 4  у = у / ^ . у  = 0;х = 0-,х = ].

11.5 y = x 1yÍ4^?-,y=0-,(0<x<2). U  6 y  = y[ ^ Z ¡ . y  = о;х = \п2-

1 1 / 7  y = 7 j è ^ ;y ^ 0;x=v,x=e3‘ 1 1 8  y = (x + o v = * + i .
11.9 ^ = arccos *; 7  = 0;x = 0. 11.10 y  = 2 x - x 2 +3;y = x2- 4 x  + 3 •

1 1 . 1 1  у = ху1з6 - х2;у =(У,{0<х <6). 1 1 Л 2  x = arccos y ,x  = b y  = 0.

11.13 y  = xarctgx\y = 0:x = y¡3 . 11.14 y = x14^-X1 ; 0 ̂ .v< 2v2 j ,

11.15 x = \ ley - l ; j c  = 0 ;j  = ln2- 11.16 y = x \ ¡ 4 - x 2;y = 0 ; ( 0 < x < 2 ) .

1 1 1 1  У =  Т 7 ^ ; У  =  0 ’ Х  = К  1 1 * 1 8  *  = ( j - 2 ) 3;x = 4 j > - 8 .

1119 ^ = 7— Ц -г ^  = 0;-х = 1 11-20 x = 4 - y 2;x = y 2-2y .  
( * 2 + l ) '  

11.21 y  =  ( x - \ ) ~  ',y2 =  x - l .

12-masala. Tenglamalari qutb koordinatalar sistemasida berilgan 
chiziqlar bilan chegarlangan shaklning yuzasi hisoblansin.

12.1 r =3sinç>;r = 5sinç>. 12.2 r = 2sin^; r = 4sinç?.

12.3 r = 2cos6tp. 12.4 r = cosç?-sinç?.

12.5 r = cos^ + sin#>. 12.6 r = 2s\n4(p.

12.7 r = s \n 6ç .  12>8 r _ 2cosç;r  = 3cosç?.
3 5

12.9 r = -cos<p;r = -cosç>.  12.10 r = 4cos4^.
5 3

12.11 /* = 1 + V2 sin (p • 12.12 r = ~ sin  <p\r = —s\n cp,
1

12.13 r - ^ + c o s t p .  12.14 v — cos cp\ г — 2 cos cp .
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12.17 /- = ^ + sinç?. 12.18 r = 6sin3<p;r = 3(/->3).

12.19 r = cos3çp. 12.20. r = 3sin3ç?.

12.21 r = 4cos3p;/' = 2.(r > 2 ) .

13-masala. Parametrik ko‘rinishda berilgan egri chiziq 
yoyining uzunligi hisoblansin.

13.1 x = 5(t -  sin t);y = 5(\ -  cost);0 < t < л .

13.2 * = 3(2cosí-cos2/);;y = 3 (2 s in /-s in 2 /);0 < í < 2 n .

13.3 x = 4(cos/ + /sin /);^  = 4 (co s /-/s in i);  0 < i  < 2 - 

13.4x = (r2-2 )s in / + 2rcos/;y = (2 - r ) c o s f  + 2/sm /;0 < /< ; r .

13.5 Ar = 10cos3/;7 = 10sin3/;0 < /<  —
2

13.6 x = e' (eos t + sin /) ; y  = e' (eos t — sin t) ; 0 < t < л .

13.7 x = 3(f — sin/);_y = 3(1 -  соъ{)\л <t  < 2 л .

13.8 x = ̂ ■cos/' - —COS2^^ = —sin t - —sin 2t\— < t <  —
2 4 2 4 2 3 *

13.9 x = 3 (eos/ + / sin /); y  = 3 (sin / - 1 cost) ; 0 < t < £ .

13.10 x — (t~ — 2 )sin t + 2t cost-,y  = (2 — t~)cust + 2/ sin /; 0 < t £^ - ,

13.11 Jc = 6cos3/‘;>> = 6sin3/;0 < i < —
3

13.12 x = e‘ [cost + sin /)-,y = e' (cost-s int ) ; ~ < t  < л .

13.13 x = 2,5(t -  sin t);y  = 2,5 ( ¡ - c o s t ) ;~ < t<  л .

13.14 x = 3 ,5 (2cos/-cos2f);j/ = 3,5(2s in /-s in 2/) ;0 < /<  — .
2

13.15 AT = 6(cos/ + /sin/);j> = 6 (s in /- /s in /);0 < / < л .

13.16 л" = (t2 -  2) sin t + 2t cos t\y  = (2 -  r  ) cos / + 2t sin t; 0 < t < ̂ .

12.15 r  =  s i n <p\r =  2 s i n cp. 12.16 r  = 6cos3^;r = 3 (r>3).
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13.17 x = Seos* t;y  = 8sin3/;0 < / < — .
6

13.18 x = e' (co s/+ sin/);y = e' (c o s /-s in /);0 < / < 2 n .

13.19 x = 4( t - s[nt ) ;y  = 4 ( l - c o s t ) ; ~ < t < ^ .

13.20 x = 2 (2c o s /-c o s 2/);7 = 2 (2s in /-s in 2/);0 < / < £ .

7Г
13.21 jc = 8(cos/ + /sin/);^  = 8(s in /- /c o s /);0< /^  —.

14-masala.Quyidagi sirtlar bilan chegaralangan 
jismning hajmi topilsin.

----- -̂----- _ — - : 1 -
1 4 1  —  + y 2 = ] ; z  = y ; z  -  0 . ( y > 0 ) . I 4 ,2  * = *2 + 4 y ;z  =  2 .

9  2 2 2

x2 v2 , 14.4 —  + ̂ - ~  = - l; z  = 12. 
14.3 —  + 2 r2 = l;z = 0;z = 3 . 9 4 36

14.6 x2 + y 2 = 9;z = y;z  = 0.(>’> 0).
21 4 5  ^ + 1 ‘ + Т - | 1 г - | ; г _ 0 -

, 14.8 ^ - + y 2 - z 2 = l;z = 0;z=3.
14.7 z = x +9y;z  = 3. 4

2 2 2
x 2 y 2 z 2 14.10 — + — = l;r  =  2;z = 0 .

14.9 — + f - -  — =  - l ; z  = 16. 16 9 16
9 16 64 2

, 14.12 — + — - z 2 = l;z = 0 ;z = 2 .
14.11 z = 2x- + 8y-;z = 4 . 81 25

.2 . 2  2
* 2 V2 z2 _  14.14 ^ - + 4 -  + — = l;z = 0;z =  3 .14.13 —- + —  = - l , z  = 1 2 . 4 9 36

14.15 z = x2 +5>,2,z = 5 . 14.16 + ~— z 2 = l; z  = 0;z = 4 .
T -> -7

14.17 —— ----------- = —l;z =  2 0 .  « i i о л" i У . z _  i. —  д . - _ п
9 25 100 l4 A S J¿ + l f + M ~

14.19 z = 4x-+9y2,z = 6.  14.20 z = 2.v2 + 1 8 / - ,z  = 6 .

V2 V2 z 2
14.21 - т + т г + —  = i;

¿r o' C
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15-masala. Quyidagi chiziqlar bilan chegaralangan shaklni
1-16 variantlarda O x o‘q¡ atrofida, 17-21 variantlarda esa OY 

o‘qi atrofida aylantirishdan hosil bo‘lgan jismning hajmi topilsin.

15.1 y  = - x + 5x - 6;y  = 0 . 15.2 2 x- x 2 — y=0;2x2- 4 x + y  = 0.

15.3 y  = 3 sin x ;y  = s in x ;0 < x < & . 15.4 j/ = 5cosx;j> = cosx;x = 0;,y>0.
7Г i

15.5 ^ = sin2x,A- = — , j  = 0 . 15.6 x = \Jy-2 ,x  = \,y = I .

15.7 y  = xe*,y = 0,x = l .  15.8 y  = 2 x - x 2;y = - x  + 2;x = 0-

15.9 y  = 2 x - x 2\y = - x  + 2 . 15.10 y  = e2~x,y  = 0,x = 0,x = \ .

15.11 y  = x2, y 2- x  = 0.  15.12 x2+ ( y - 2)2=1.

15.13 y  = l - x 7,x = y j y - 2 , x  = l .  15.14 y  = x2,y  = \,x = 2.

15.15 y  = x2,y  = yfx . 15.16 y  = s m ^ , y  = x2.

15.17 y  = x2,x = 2,y  — 0 . 15.18 7  = ( * - l ) 2,y  = l .
15.19 y = \nx,x = 2,y = Q. ,

15.20 y = x~ - 2 x + \ , x  = 2,y = 0.
15.21 y  = x2 +\ , y  = x,x = b,x = \ .

16-masala.
Quyidagi chiziqlarni aylantirishdan hosil bo‘lgan aylanma 

sirtlarning yuzalari hisoblansin.
2

16.1 У = —  (0 < jv < 1,5) OY o ‘qi atrofida.

16.2 y 2 = 4 + x (x < 2 ) OX o‘qi atrofida.

16.3 3x2 + 4y2 -12  ellipisni OY o'qi atrofida.
1 , 1

16.4 x = - y ~ -  — lny ( l< y < e )  OX o‘qi atrofida.

16.5 y 2 + 4 x - 2 l n y  (l< jy< 2) OY o‘qi atrofida.
16.6 y = x3 ( 0 < x < l)  OX o ‘qi atrofida.

f  71N
16.7 x = e‘ sint;y = e' cost I 2 ° ‘qi atrofida.
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16.8 x =  2 cos/ -  cos2 /,y  = 2sin / -  sin 2/ ni OX o ‘qi atrofida.
2 2

16.9 + =  1 ellipsning OX o ‘qidan yuqorida joylashgan  
a~ b~ . . . . .

boiagigining koordinata o ‘qlariga nisbatan statik momentlari topilsin.
16.10 x + y  = \,x = 0 ,y  = 0 chiziqlar bilan chegaralangan uchbur- 

chakning OX va OY 0 ‘qlarga nisbatan statik momentlari topilsin.

16.11 y '  = 2 x , ( j '> 0 ,0 < x < 2 )  parabola yoyining OX va OY 

o ‘qlarga nisbatan statik momentlari topilsin.
(  7T ^

16.12 ^ =  cosxl ~—< x < — \ egri chiziq yoyining OX o ‘qiga nis­

batan statik. m om enti topilsin.
x y

16.13 -  + t  = 1 to ‘g‘ri chiziqning koordinata o ‘qlari orasida joy- 
a b

lashgan kesmasining koordinata o ‘qlariga nisbatan statik m om ent­
lari topilsin.

2
16.14 y = ------ -  va y = x2 chiziqlari bilan chegaralangan shakl-

1 + x~
ning OX o ‘qiga nisbatan statik m om enti topilsin.

16.15  x2 + y 2 = a2, y > 0  -yarim  aylanan ing og 'ir lik  markazi 
topilsin.

16.16 x% + y¥} = a2/3, x >0 , y> 0  ~  astroida yoyining og ‘irlik 
markazi topilsin.

t 2

16.17 ~  + ^y < l ( x > 0 , y > 0 ) ning og‘irlik markazi topilsin. 
a~ b~

16.18 x = - y * -^ - ln y  ( l < j ; < 2 ) chiziq yoyining og'irlik markazi
4 2

topilsin.

Quyidagi chiziqlar bilan chegaralangan tckis shaklning og‘irlik 
markazi topilsin.

16.19 a x - y 2, ay = x2 (x:>-0).
2

16.20 y = — x, y  = sinx  ( x > 0 ) .
n V 7

16.21 x2 +4y  -1 6  = 0;;y = 0 .
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- D -
Namunaviy variant yechimi.

1.21-masala. j(4x-2)cos2xdx  aniqmas integral hisoblansin.
< Bu integralni bo'laklab integrallash usulidan foydalanib, hisob- 

laymiz:
du =  4 dx

j(4.r -  2) cos 2xclx =
u = 4x-2

=>, i 
, d r  = c o s lx d x  v = —s in 2 x  

2

4x -2
sin 2x -  2 Jsin 2лdx =

= ( 2 x - l ) s i n  2 ;c + co s2  x + c>

С 2cos.r + 3sinx j
2.21-masala. J(2 s in x - 3 cos v): aniqmas integral hisoblansin.

<iBu integralni o'zgaruvchilarni almashtirish usulidan foydalanib, 
hisoblaymiz:

1
2 cosx + 3sinx

jdx=  ^ 2 s in jc -3 co sjr  = / deb belgilaym iz
(2sinjc-3cosjc)’

(2 s in x -3 c o s .r )  d x - t ' d t  yoki ( 2 coSA- + 3 sinx)c& = cfr) ] = 

dt r . ,  . Г2 1 1f ui Г _з . i i 1
= - r =  / dt = —  + с = ----- ~ + с = --------------------------

1 _2 2Г 2 (2 sin .г- 3  cos .гО*
- + с>

г
3.21-masala. J2х*-8х3+2 

x2 -  2х dx aniqmas integral hisoblansin.

< Biz bu integralni ratsional funksiyani integrallash usulidan 
foydalanib hisoblaymiz. A w al noto‘g ‘ri kasrni to ‘g‘ri kasrga kelti- 
ramiz, so ‘ngra uni sodda kasrlarga yoyamiz:

2

<(^2)x~ -  2x
- = 2x.3 , л 2 , ¿ -, 5 , 2 1 1 (¿X -5.T t Jл +4.V h— ------ z = 2x' + 4x + --------- => ----- -̂--------=

x ( x - 2 )  x —2 x 1 x -  2x

= J 2.V-+4.V3
I I

x - 2  x
dx

x* 4.v3

2 3
+ c>

f .vJ + 4x2 + 4x + 2 ,
4 .21 -m asa la . J/ , , \ 2 ' * ~( x + 1)2 -(r2 + v + l) aniqmas integral hisob­

lansin.
< Bu integral ostida ham ratsional funksiya turibdi. Bu funksi­

yani sodda kasrlarga yoyamiz.
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Х(х) =
X3 +  4 х 2 +  4х +  2 А В Cx+D  

- + - ------- -  + '
(д-+I)' -(л'2 +Х + 1) -*+1 (x  + l) X"+X +  l

Bu tenglikning o ‘ng tomonidagi nom a’lum А, В, С va D larni 
nom a’lum koeffitsientlar usulidan foydalanib topamiz. Buning uchun  
tenglikning o ‘ng tom onini umumiy maxrajga keltiramiz va berilgan 
kasr hamda hosil bo‘lgan kasrlarning suratlarini bir-biriga tenglaymiz: 
A (x  +1 ) + В (x 2 + X + 1) + (Cx + D ) • (x  + 1)" =  x 3 + 4x 2 + 4x + 2

(А+С)х? +(2A+B+2C+D)x: +{2A+B+C+2D)x+(A+B+D) =x' + 4 r  +4x+2

U
'A + C = 1

2 A + В + 2 С + D  = 4
2A + P + C + 1D = 4 Bu sistemani Уес,1*Ь A = 0 va B = C = D =  1 

A + B + D = 2
, 4 1 x + 1

ekanligini topamiz. Demak, Я (х ) - ~ ------ ^  + ~ -------- Г ekan.
(X +  1) * +X+1

X  + 1

(x  +  l) X "  +  X  + 1

I] = Í /  dX,\2 = f(-v + 1) ^('х + 1) - _ “ ТТ + с>;
(x  + 1) x + 1

■ J.r + A+1 J
.x  +  1

.x + -  +
-dx=

x  + -  = t ?

x  = t —  => dx = dt 
2

/ + -

tdt
Л

t2 + -

dt

■ ï i -

rfl r  + -

7 Í -
r  +

dt 1 ------ 5- = —In
S Æ Ÿ  2

-, j  r  + — 
4

1 2 2f
4-------=  arete—,—+ c, --

2 л/J л/3

1 , - 2  1 2x + l= — ln(x" + x + 1) + —j=arctg— j=— + c2.
2 л/3 л/3
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/, va / ,  ning qiymatlarini (*) tenglikka olib borib qo'yib, ush- 
bu natijaga kelamiz.

x’ +4x2 +4x + 2 1 1 , , x 1 2.Г +

4 ^  + 2 ln (-v: + * + + ^ arc,g^ 5i + c >
- i t

5.21-masala.
J ( i + V 7 V

i .  fjQ--------=J— dx aniqmas integral hisoblansin.
J  2  5 / 2  X -Л/Л'

<Integralni difTerensial binomni integrallashdan foydalanib hisob- 
laymiz:

1 + n/.v4

x2-^J7

m + l

f -'-1 Г Л
¡X » . 1+Л-5

\ /

1 L . 12 4 3dx=> a = b = \.m = ----- ,n = —, p = — :
5 5 4

_ 1 2

S 3 7 3 
• + /> = — ^r— + -  = —= - 1  = > - ^  + l =  z 4 -  a lm a s h t ir is h

n 4 4 4 4 x7s4
5

bajarish lozim =>* =  (г 4 - j ) ' 5/4 => dx = -5 z3 - (r4 Bul arni  /  

ga olib borib qo‘yib topamiz:

I - - 5  \z6dz = - ~  + c = - ~   ̂J 7 7

( i + V 7 )7
+  C >

1

6.21-masala. J
xdx

f -  xdx - 1 
< Ых4+х-+\ 3

a  \ l x 4 +  .Y2 +  1

ЛСЙГ

7 Ö T X

aniq integral hisoblansin.

"  ’ 1 л 1 Vx~ + — = t,x = 0=>t  = —
2 2

1 ° 
xdx = —dt ,x=l=>t  = —

VV 2 2 ;;

Л  *
1 r- + *

( ( ! -§  ning 16°-punktidagi 24-formuladan foydalanamiz))

3A
= —ln t+ J r  + — ln - + . I - + -

4 4
1. 3 + V n  1, 3 + 2y/3= - m --------- = —ln---------- .>
2 3 2 3
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7 .2 1-masaIa. J(x-l)3 In2 [x - \)d x  aniq integral hisoblansin.
2

< B u  integralni bo‘lakIab integrallash usulidan foydalanib, hisob- 
laymiz:

J(a* — 1) ’ - In2 (л-- ! ) (&  =

'  л 21п ( л - 1) ^  
/  . 2/ ix d u  — -------------d x

u — ln (Jf-1) JC-1

d v - ( x - \ y  dx v _  (x - l) 4

4  /  j

=  4  ln2 2  -  -  J(.y - 1)3 • ln2 (x  -  \)dx =
2 -»

\ \
Í . 2 / 1 4  du = ------ £¿VW = ln ( л - 1) X - ]

Jv = (x-l)c¿c . _ (a - 1)4
/ /

= 4 1 n 2 2 —
2

=41n22 —-
9

i i n i - i f ï - i )4 g
4  h  -> I O

= 41n22 - 2 l n 2  + — • ( l6 - i )  = 41n22 - 2 l n 2  + — .>
3 2  v  ’  3 2

8 .2 1 -m asala . Í
*A- sin xdx

0 (1 +  sin Л-)"
aniq integral hisoblansin.

<B u  integralni hisoblash uchun ,S ~ ~ t universal almashtirish ba-

n , j  2dt . 21
jaramiz. Unda x = 0=> t = 0 ,x -  — => l - l . v a  d x -  -~ -^ -;sin / -   ̂ . 

Almashtirishdan so‘ng berilgan integral quyidagi ko‘rinishga keladi:
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ж/
"г sin xdx у 2 tdt _ 0 'f/ + 1 - 1  , 0

о (l + s inx ) 2 ~  j (/ + l) 2 ~~o(t+ ~ ï)^

'r dt V dt
J 7 7 T  J (/+ i)2

= 7 = 2 ln 2 - 1  >

9.21-masala.
J2 S • sin2 x • cos6 xdx

aniq integral hisoblansin.

< Integraln i sin 2 or = 2 sin ex • cosctr, cos2 a  = —̂ C-° —^
2

2 ___l - c o s 2 a
~  formulalaridan foydalanib, hisoblaymiz:

va

sin' a  =

- * я
/ = J2s sill2 Л-• cos'1 xdx = 26 j(2siiiA--cos.r)2 ■ cos4 xdx = 24 Jsin2 2.y• (l + cos2.x) 2 dx =

£ я
2 2 7

= 2J J[sin2 2.T + 2sin; 2.Ï ■ cos 2.y + sin2 2.y ■ cos2 2,v]rfv = 2’ • }(l -  cos4л) A  + 2' Jsin 2.W(sin 2.v) +

+2 Jsin 4xdx-2}[ - v - —sin4.r |£ + 2 J -— - —- + 2  J (1-cos8 .v)í /a '  =
z \ ^ J 2 J 2 -

= 4/T + 2 Í x - ^ s in 8.T I |t=5/T .>  

dx
10.21-masala . (4 + .v2)V4 + x2 an'4 ’nte§ral hisoblansin.

< Bu integralni hisoblashda uchun 2-hol uchun Evler almashti- 

rishini bajaramiz, ya’ni J x2 + 4 -  ( + x almashtirish bajaramiz.

= > .Y  = 4- ,: A  = _ i l + l t#=> V--------dx > _ 4,d, =2 > d(f-+4)^
2t  (, ( 4  +  .Y2 ) V 4  +  .Y2 2 ( V 2 - |) ( /2 + 4 ) "  2 (^ -1 )  ( / 2 + 4 ) ’

2/

2  i2 1

+  4 b(V2-i)
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11.21-masala. Quyidagi y  = ( x - l ) 2,y2 = j t - l  chiziqlar bilan che- 
garalangan shaklning yuzasi hisoblansin.

talarini topamiz: M ,(l;0 ) va M2(2;1) Bu chiziqlar bilan chegara- 

langan soha 5-chizmada tasvirlangan.

12.21-masala. Tenglamalari qutb koordinatalari sistemasida ber- 
ilgan chiziqlar bilan chegaralangan shakilning yuzasi hisoblansin.

;■ =4cos3<p; /- = 2 ,(r > 2 )
<B irinchi navbatda bu funksiyaning aniqlanish sohasini topamiz 

va uning chizmasini chizam iz. ,

sistemani yechib, bu chiziqlarning kesishish nuq-

y

X

5-chiztna.

5  = ]  y l x - l - ( x - l )2]i& = ^ y j ( x - l f  - - A

6-chizma.
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6 2 ’ 6 w 6 ’ 2 w 6

Yuzasini hisoblashimiz kerak b o‘]gan soha 6 -chizm ada shtrixlab

r = 4cos3ç? 

r = 2
ko’rsatilgan. i ntegrallash

sistemasidan (p ni topamiz

1 -----------
S = 65, = 6 — Jj^(4cos3<p)' - 2 '  d(p =

%  g  
! 6 J cos* 3(pd<p - 4  ^d(p

= 3
%

8 - ^{\ + cos6(p)d(p~4(p = j 8 | (p + ̂ smdcp Д Ал9 -------lo о

=  J
8ж 4 . 2л Ал
—  + —sin ------------

9 3 3 9
4л  2л/з

= 3 ------i-------
9 3

4л  „ г- 
= —  + 2л/3.> 

3

13.21-masala. Parametrik ko‘rinishda berilgan egri chiziq yoyi- 
ning uzunligi hisoblansin.

71
<  .Y =  8 (cos/ + /s in /); у  = 8 ( s in / - / c o s / ) ;  0 < / < —.

-v'(/) =  8 ( - s in /  + sin/ + /co s / = St cost) 

/ ( / )  = 8 ( c o s /- c o s /  + /s in /)

- /c o s /  = 8/ cos/)] г-------77— ;-------7 7
. x ; = > J (.v '(/))-+  (v '( /) )  = 8-1/s in /)  = 8/ sin / vv V yy v- w ;  i

,=  í>/[-v'(0 T + [ / ( 0 T ^ =  ]*tdt = 4 r  |04 = £ - . >

X "  V “ z “
14.21-masala. Quyidagi — + 7V + — = 1 sirt bilan chegaralan-

a~ a  c~
gan jismning hajmi topilsin.

<H ajim ni (18)-formulaga ko‘ra



A i
V = j  S (x)dx

-v,
formula yordamida hisoblaymiz. Buning uchun .!>(*) ni topish lo -  
zim.

O'zgaruvchi x ni fiksirlasak, ellipsoid kesimida.

2 2 
y~ z x 
7 5 - +  — =  1 — -  yoki Zr c ar

1 2
2

1 v 2, . x 1 Xb j  1---- 2 c J l ---- 2
V a V arV v /

- =  1

ellips hosil

v2 Ï ( v3 ^
f \ l - ~ dx = nbc A

* ------ 7
i l I 3a2 J

y ~  z
b o ia d i. Bizga m aiu m k i, ^  + -=- =  1 ellipsning yuzasi nmn ga teng

mr n
edi. =>

j= >  V =  js< *)efe  = 

- —7rabc.>
- a  3

N atija. Agar a = b = c = R bo‘lsa ellipsoid sharga aylanadi va 
shar hajmini hisoblash ucun

V = —ttR3 ;
3

formulani hosil qilamiz.
15.21-masala. Quyidagi

y  = x2 + 1, y  = x, x -  0 , -V = 1 

chiziqlar bilan chegaralangan shaklni 
OY o‘qi atrofida aylantirishdan hosil 
bo‘lgan jismning hajmi topilsin.

< A w a l OY o ‘qi atrofida aylanti- 
rish kerak b o ig a n  D sohani chizib 
olam iz (7 -chizm a).

7-chizma.
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z ) = 5 , U A = > ^  = ^  + ^ = T r '

y  1- + |U r  y 1" f l  ,  31 1 1/r
2  lo y ~ Y 11

l 3 +  2 J
—— —. > 

6

16.21-masala. Quyidagi

x2 + 4 y - 1 6  =  0,>' = 0 

chiziqlar bilan chegaralangan shakilning og‘irlik markazi topilsin.
< Masala shartidan ko'rinadiki, berilgan chiziqlar bilan chega­

ralangan D sohani ushbu

D =
-4  < x <4

0 < y < 4 -
x~

ko'rinishda ifodalash mumkin. Bu shaklning og ‘irlik markazining 
koordinatalarini (23) va (24)-formulalardan foydalanib, topamiz.

4 f  l \x 
4s =  4 _ T dx =

(  „3 V
4x~-

12

64

I 4f
j)'2dx — ~ /  4 - 7 - ifc = r j [16-2**+ — L* = -  16- —  + —

2 4  2 4 l  4 j  2 ^  16 J 2 l 3 5-

My = Jj5 rfc= J - v | 4 - y ] * =  J

Bu yerdan

512 
15 ‘

4y
4 * - —

, 4 ,
c6r =

'  A'4 ^2jt -  —  
v ^

= 0 .

X M x) /
x, y  \ = X =

l  J ,  ^ s  y V
r ekanligini topam iz. 1
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5-§. 4-M USTAQ IL ISH  
Ko‘p o‘zgaruvchili funksiyalar

R"' fazo

r "‘ fazoda ketma-ketlik va uning limiti.
Ko‘p o‘zgaruvchiIi funksiyaning limiti va uzluksizligi.
Ko‘p o‘zgaruvchili funksiyaning hosila va differensiallari. 
Yo‘nalish bo‘yicha hosila.
Ko‘p o‘zgaruvchili funksiyalarning ekstremumlari.
Shartli ekstremum.
0 ‘zgaruvchilarni almashtirish.

-A-
Asosiy tushuncha va teoremalar

10. R'" fazoda ketma-ketlik va uning limiti
Ushbu

R"' = R X R X... R = | ( xt, .X-,, . . . ,x„, ) : xk e  R,k = l,m |
in—fa

to'plam ga m o‘lchovli Yevklid fazosi deyiladi.
Ixtiyoriy .Y = (.vl,...,.\m) e /? m va y  = (y i,...ym)sR 'n nuqtalarni 

olaylik. Quyidagi

P{x,  v) = л/( V, -a ,) '  - x H)' = (yt - x t y  ( 1 )

miqdor x va y nuqtalar orasidagi masofa deb ataladi.
U quyidagi xossalarga ega:
1 ) /?(;c,y ) > 0  va ( p ( i j )  = 0 o x  =  y );
2 ) p (x ,y )  = p (y ,x );
3 ) p (x ,z )< .p (x ,y )  + p (y ,z ) ;  (uchburchak tengsizligi).

Natural sor.iar to'plami N va R'" fazo berilgan bo‘lib, f  har bir

n e N  ga Rm fazoning biror x(n) = ( х 1(п),...,.\ш("))е/?'" nuqtasini mos 

qo'yuvchi akslantirish boMsin:

f : N - * R m yoki n ->  ;
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/  :N Rm akslantirish obrazlaridan tuzilgan

xw ,x(2\ . . J a).... ( 2 )
to ‘plam ketma-ketlik deb ataladi va u {.v00} kabi belgilanadi.

Demak, (2)-ketma-ketlikning hadlari R'" fazo nuqtalaridan iborat. 

ketma-ketlikning mos koordinatalaridan tuzilgan 
lar sonli ketma-ketlik bo‘lib, {a(,,)} ketma-ketlikni shu m ta ketma- 
ketlikning birgalikda qaralishi deb hisoblash mumkin.

Aytaylik Rm fazoda ketma-ketlik va a = (a,l ,...,am) e R m
nuqta berilgan b o‘lsin.

1-ta’rif. v s  > o ,3 /i„ (e)e N : v«  > nu => p < s t unda a nu­

qta ketm a-ketlikning limiti deb ataladi va lim jc(,,) = 0 kabi 
belgilanadi.

Limitga quyidagicha ham ta’rif berish mumkin.
2-ta ’r if  Agar a nuqtaning V [J j (c7) = { x e  Rm : p (x ,a ) < e} atrofi 

olinganda ham 3«0 (f f)e  N : V n > n 0 =>x„ unda a nuqta 

{*(,,)} ketm a-ketlikning limiti deb ataladi.
Teorema. R"‘ fazoda {x*"1} = { (x 1("),...,x,„(',))j ketm a-ketlikning  

a = (ai,...,am) e R m nuqtaga yaqinlashishi uchun da bir yo ‘la

x,(,l)->  ö i , . . . , x b o ‘lishi zarur va yetarli.
R"' fazodagi ketm a-ketlik uchun ham sonli ketm a-ketlik uchun 

o ‘rinli bo‘lgan xossalar o'rinli. Riz ularga to ‘xtalmaymiz.

2°. Ko‘p o‘zgaruvchili funksiya limiti va uning uzluksizligi

K o‘p o'zgaruvchili funksiya, funksiyaning aniqlanish sohasi va 
qiymatlar to'plam i, ko‘p o'zgaruvchili murakkab funksiya ta ’riflari 
bir o'zgaruvchili funksiyadagi m os ta’riilar kabi kiritiladi.

M a R ”' to'plam berilgan b o‘lib, a nuqta M  to'plam ning limit 
nuqtasi va y  =  / ( x )  =  / ( x , , . . . ,x m) funksiya M to ‘plamda aniqlangan  
bo‘lsin.

l - t a ’rif. Agar V s > 0  uchun 3S = S ( s , a ) > 0  ushbu
0 < p ( x , a ) < 8  ten g siz lik n i q a n o a tla n tiru v ch i V x e M  u chun  

| / ( x ) ~ 6 | < £  tengsizlik bajarilsa, unda b soni / ( x )  funksiyaning a
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lim f ( x )  = b yoki l i m / ( * )  = £>;
v_i.i > ' ' a‘i —*a i

nuqtadagi limiti (yoki karrali limiti) d e y ila d i va

kabi belgilanadi.
Agar a -o o  yoki ¿ = 00 b o ‘lsa , unda ham shu kabi ta’riflarni 

berish mumkin. K o‘p o ‘zgaruvchili funksiyalar uchun boshqa for- 
madagi limit tushunchasini ham kiritish mumkin. Masalan, bunda 
a w a l bir o ‘zgaruvchi b o ‘yicha lim itga o ‘tilib , qolgan m - 1  ta 
0 ‘zgaruvchini fiksirlangan deb faraz qilinadi. Keyin, qolgan m - 1 

ta o ‘zg a ru v ch in in g  biri b o ‘y ich a  lim itga  o ‘tilib , m -2  ta 
0 ‘zgaruvchini fiksirlangan deb faraz qilinadi. Bu jarayonni m marta 
qaytarish natijasida hosil qilingan limitga f ( x x,...,xm) funksiyaning 
takroriy limiti deyiladi. m 0 ‘zgaruvchili funksiyaning jami m! ta 
takroriy lim itin i qarash m um kin. M asalan, ikki o ‘zgaruvchili

f { x i , x 2) funksiya u ch un  2  ta  Jim lim / ( x , , x , )  va

lim lim /( -v ,,* 2) takroriy limitni ko‘rish mumkin.
.r2 -+a2 .t, ->t/, J

Misol. Ushbu

x + ysin —, x#0,
__x_

0 ,A' = 0
funksiyaning (0,0) nuqtadagi takroriy va karrali limitlari hisoblansin.

< lim lim / (x,y )  = lim x =  0 -  3,
*-»0 j->0 v

lim lim f ( x , y )  = lim
>•->0 .v->0 ' x ;  -^0

,y->0

.. . ry  lim sin —

.v-*0 x lekin

lim /( .x ,y ) -3
.v—>0 
,-♦0

va = 0 • Darhaqiqat,

0 < | / ( . v , y ) - 0 | =
. 1

.Y + ySin — 
X

< w + |y| (x *  0 ) => lim f  (x, y ) = 0 >-T—>0 v-»0

Tabiiy savol tug‘iladi: Qanday shartlar bajarilganda karrali va 
takroriy limitlar bir-biriga teng bo‘ladi?

Bu savolga quyidagi teoremaiar javob beradi.
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Aytaylik, f ( x , y )  funksiya
M = {(a,y)  e  R2 : \ x -x 0\ < a,, \ y - y 0\ < a,} 

to'plam da aniqlangan bo‘lsin.
1-teorema. Agar

d " S S / ( ^ ) = a - 3.
y-+y*

2) Har bir fiksirlangan x da lim f ( x , y )  = <p(x)-3 bo‘lsa, u 

holda f ( x>y) takroriy limit 3  bo‘lib, lim lim f i x ,  y)  = b
*0 > X-M,) .v-».v0 v '

b o‘ladi.
2-teorema. Agar

1)
v—>v0

2) Har bir fiksirlangan y da i i n̂ ( x’^ ) =  ^ 0 ;) - 3  bo'lsa, unda

Ä Ä  A M  - 3  va b ga teng b o ia d i.
Natija. Agar bir vaqtning o'zida 1 va 2-teoremalarning shartlari 

bajarilsa, unda

Jim f ( x , y )  = Urn lim f ( x , y )  _  Ihn lim f ( x , y )  bo.,adi

Endi funksiyaning uzluksizligi ta’rifmi beramiz.
M cz R ’" to ‘plamda f ( x )  = f ( xi,...,xm) funksiya berilgan b o iib ,  

a = (ai,...,am)&M  nuqta M to ‘plam ning limit nuqtasi bo‘lsin. Quy- 
idagi belgilashlarni kiritamiz:

4 / ’(a )  = / ( a 1 +Axi,...,am +Axm) - f ( a l,...,am) funksiyaning a nuq- 
tadagi to ‘liq orttirmasi;

Axtf ( a )  = f ( a l,...,au_l,at +A xk,aL+l,...,a ) - f ( a l,...,a ) — funksi­
yaning a nuqtadagi xk o ‘zgaruvchi bo'yicha xususiy orttirmasi (k = ! ,/« ).

2 - ta ’r i f  Agar lim /(jr )  =  / ( a ) yoki lim A f(a) = 0
ix ,-* 0  V '

Av,„->0

b o ‘lsa,

unda / ( x )  funksiya a nuqtada uzluksiz deb ataladi.
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3 - ta ’r i f  Agar I i m A , / ( a )  = 0 b o ‘lsa, f ( x t,...,xm) funksiya
Ax* —>0 *

nuqtada xk o‘zgaruvchi bo‘yicha uzluksiz deb atala- 
di. Odatda funksiyaning bunday uzluksizligi uning hususiy uzluk- 
sizligi deb ataladi.

3-teorema. Agar funksiya a e M  nuqtada uzluksiz
b o‘lsa, funksiya shu nuqtada har bir o ‘zgaruvchisi bo‘yicha ham  
hususiy uzluksiz bo'ladi.

Izoh: Teorem aning aksi har doim  ham o'rinli bo'lavermaydi. 
Masalan,

funksiya (0 ,0 ) nuqtada har bir o'zgaruvchi bo‘yicha xususiy uzluk­
siz, lekin shu nuqtada bir y o ia  uzluksiz emas, bu nuqtada hatto  
limitga ega emas.

4-ta ’rif. Agar / ( * )  -  2 yoki = oo , yoki (*) -  b * f ( a ) 
bo‘Isa, it holda f [ x )  funksiya a nuqtada uzilishga ega deyiladi.

5 - ta ’r i f  Agar \ / s >  0 uchun 3 ^  = < 5 (f)> 0  M to ‘plamning 
p(x ',x")< 8  tengsizlikni qanoatlantiruvchi \/x' va x" nuqtalarida 
| / ( .v " )- /(-v ')| < e tengsizlik bajarilsa, f ( x )  funktsiya M  to'plamda 
tekis uzluksiz funksiya deb ataladi.

4-teorema. (Kantor teoremasi). Agar f { x )  funksiya chegara- 
langan yopiq M  c  R"’ to'plamda uzluksiz bo‘lsa, u holda funksiya 
shu to'plamda tekis uzluksiz bo'ladi.

3°. Ko‘p o‘zgaruvchiH funksiyaning hosila va differensiallari.

l - ta ’r if  Ushbu

limitga f ( x )  = f { x },...,xm) funksiyaning x° nuqtadagi xk o ‘zgaruvchi

0 , * 2 + / = 0

boyicha xususiy hosilasi deyiladi va u kabi belgilanadi.
dx.
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Xususiy hosilaning geom etrik m a’nosini bilish uchun M c z R 2 
to ‘plamda aniqlangan z = f ( x , y ) funksiyani qaraymiz. Aytaylik

(x0,y0) e M  bo'lib, bu nuqtada va - / ( jar
dx oy

bo‘lsin. z = f ( x , y ) funksiya grafigi da biror sirtni aniqlaydi. =>

z = f { x , y 0) ning grafigi sirt bilan y  = y0 tekislikning kesishishida 
hosil b o ‘lgan T, chiziq bo'ladi. r = / ( x 0,j/)n in g  grafigi T2 chiziq  
bo‘ladi. Agar T, va chiziqlarning (x0, y0, f ( x 0,y0)) nuqtasiga 
o'tkazilgan urinmaning Oxy tekisligi bilan hosil qilgan burchak- 
larini m os ravishda a  va ß  deb belgilasak, unda 

df{x0,y0) s df (x0,y0)
— ^ ‘ fga  va ~ S ^ ~  ,g ß - 

bo‘ladi. Bundan z = f  (x,y ) sirtning (x0,y 0,z0) nuqtasiga o ‘tkazilgan 
urinma tekislik tenglamasi ushbu

_ .  df(x0,y0) df(x0,y0) ,  ,
° ~  äc------ + ^ ------------------O ^ o )  (3)

ko‘rinishda bo'lishi hosil qilamiz.

1-teorem a.__ Agar f ( x )  funksiya x° nuqtada chekli 

df(x°) ____
Qx =  xususiy hosilaga ega bo‘lsa, unda f ( x )  funksiya

shu nuqtada mos xk o ‘zgaruvchi bo‘y  ich a xususiy uzluksiz bo‘ladi.
2 -ta ’r if  Agar f ( x )  funksiya x° nuqtadagi A /(x ° )  orttirmasini

A / ( V  ) = A, • Ax, + ... + Am ■ Axni + a, • Ax, + ... + a m ■ Ax,„ (4)

ko‘rinishda ifodalash mumkin bo'lsa, / ( x )  funksiya x° nuqtada diffe- 

rensiallanuvchi deyiladi. Bu A,,...,Am lar Ax,,...,Ay„, ga bog'iiq bo‘l-

l i m  a k = 0 , ( A -  =  l,77i)
magan o ‘zgarmaslar va Av'-°  v ’ tengliklar bajariladi.

bxm ->0
(4)-tenglik  ushbu

A /(x 0) =  A, ■ Ax, +... + Am ■Axm+ o ( p )  (5)
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2-teorema. Agar f ( .x )  funksiya x° nuqtada differensiallanuvchi 
bo‘Isa, u holda bu funksiya shu nuqtada uzluksiz bo‘ladi.

3-teorema. Agar f ( x )  funksiya x° nuqtada differensiallanuvchi 
bo‘Isa, unda bu funksiyaning shu nuqtadagi barcha hususiy hosilalari

df(x°)  df(x°)
q va —r----- = Ar ,..,— ------ = A tengliklar o'rinli bo'ladi.

dxt dxm
Izoh: Teoremaning aksi bar doim ham o ‘rinli bo‘lavermaydi, 

ya’ni barcha xususiy hosilalari 3  boMgan funksiya differensiallanuvchi 
b o‘lishi shart emas.

tenglikka ekvivalent. Bu yerda P =  yj(A\-,) +... + (A.v„,)' .

Masalan, f ( x , y )  =

xv

■y
0 ,(x ,y )  = (0 ,0 )

funksiyaning (0,0) nuqtada hususiy hosilalari 3 , lekin u bu nuq­
tada differensiallanuvchi emas.

D em ak, xususiy hosilalari 3 b o iish i funksiyaning differensial­
lanuvchi boMishi uchun zaruriy shart ekan.

4-teorema. (Yetarli shart). Agar f ( x )  funksiya x° nuqtaning 
biror atrofida barcha o ‘zgaruvchilari bo‘yicha xususiy hosilalarga ega 
bo‘lib, bu xususiy hosUalar x° nuqtada uzluksiz bo‘Isa, unda f ( x )  
funksiya shu x° nuqtada differensiallanuvchi bo‘ladi.

Ushbu

( n\ ^ ( x 0)df (x  ) =  ’ dx, — ----- dx„
dxt dxm

df(x° )  , — . 
d , J ( x 0) = dxk,[k = l,i»)

dxk
ifodalarga m os ravishda / ( : v) funksiyaning x° nuqtadagi diffcren- 
siali (to ‘Iiq differensiali) va xk o ‘zgaruvchi bo‘yicha xususiy diffe- 
rensiali deyiladi.

Agar f ( x )  funksiya nuqtada differensiallanuvchi b o ‘lib, 
«'/’(x 0) ^  b o‘lsa
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—— -^V, + -  — A y ----- (£)
dxx dx„,

bo'ladi (6)-formuIaga taqribiy hisoblash formulasi deyiladi.
Endi y o ‘nalish bo‘yicha hosila tushunchasini kiritamiz.
Ikki o ‘zgaruvchili z - f ( x , y )  funksiya ochiq M c z R 2 to'plamda 

berilgan bo‘lsin. \/A^(x0,y0)E.M  nuqta olib, bu nuqtadan biror i  
to ‘g ‘ri chiziq o ‘tkazaylik. Bu to ‘g ‘ri chiziqning OX va OY koordi- 
nata o ‘qlari bilan hosil qilgan burchaklari a  va p bo'lsin.

3 -ta ’r if  Agar A nuqta £ to ‘g ‘ri chiziq bo'ylab Aq nuqtaga intil- 
ganda ushbu

,imZ M z № .
*>+ p{Av,A)  ’

limit mavjud bo‘lsa, uning qiymatiga f ( x , y )  = f { A )  funksiyaning
4 ) = ( W o )  nuqtadagi g y o ‘nalish bo‘yicha hosilasi deyiladi va

df ( A )  8f{x0,y0) , ..........................
— ——  yoki ----- —------  kabi belgilanadi.

Oi ot
Demak,

Qf A-*4, p(Ag,A) {/)
5-Teorema. Agar f  (x,y)  funksiya =  (x0,_y0) nuqtada differ- 

ensiallanuvchi bo‘lsa, it holda shu funksiya A0 nuqtada yo'nalish 
boyicha hosilaga ega va

n**-y»)cosa+ dI i ^ A C0S/3 (8)
d(. dx dy w

tenglik o ‘rinIi.
Izoh: Funksiya biror nuqtada differensiallanuvchi bo‘lmasa ham u 

shu nuqtada biror yo'nalish bo‘yicha hosilaga ega bo‘lishi mumkin.
Agar d ifferen sia lla n u v ch i vi> = f [ x , y , z ) va x = cp(it,v), 

y - y / ( u , v ) ,  z = j (z / ,v )  funksiyalar berilgan bo‘lib, ular yorda-
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m ida w = / [^ ( w ,v ) ,^ (w ,v ) ,j (w ,v ) ]  = F (z/,v) murakkab funksiya  
aniqlangan bo‘lsa, unda murakkab funksiya ham differensiallanuv- 

chi bo'ladi va

dvt' 
du 
dw 
dv

tengliklar o ‘rinli bo'ladi.
K o‘p o ‘zgaruvchili funksiyaning ikkinchi tartibli xususiy hosila- 

lari quyidagi tenglik yordamida aniqlanadi:

dw dx dw dy dw dz
dx du dy du dz du ’

dw dx dw dy dw dz
dx dv dy dv dz dv

(9)

f" =Jx,xk

Agar i =  k bo‘lsa,

d2f  d
dx,dxk dxk\ d x j  

d2f  d2f _ „ ,
kabi yoziladi‘

a2/

( 10)

Agar i * k  bo‘lsa qxqx ~ - aralash hosila deb ataladi.

Yuqori tartibli xususiy hosilalar ham shu kabi aniqlanadi.
M to ‘plamda 1,2,3,..., k-tartibli uzluksiz xususiy hosilalarga ega 

bo'lgan funksiyalar sinfi Cm(M;R) yoki Ok)(M) kabi belgilanadi.
4-ta’r if  Agar f ( x ) funksiyaning x  nuqtadagi barcha ikkinchi 

tartibli xususiy hosilalari mavjud boMsa, unda funksiyaning ikkinchi 
tartibli differensiali quyidagi tenglik yordamida aniqlanadi:

— dx. +... + -^—dx 
dx, dx,., / ( * )

Xuddi shunga o ‘xshash

d"f :=d(d"- ' f )  = 9 J 5  , „— dxl +••• + — dxm f  ( i i )
M  d x n, )

b o‘ladi.
6-teorema. (Teylor formulasi). Agar x  va x+h nuqtalarning o ‘zi 

va ularni tu tashtiruvchi kesm a M t o ‘plam ga teg ish li b o 'lib , 
/ ( x ) e C (n)(A /) bo‘lsa, u holda ushbu Peano ko‘rinishidagi qoldiq 
Iiadli Teylor formulasi o'rinli bo'ladi:
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f { x l + h l, . . . , x„ , +hm) - f ( x ¡, . . „  xm) =

4o. Ko‘p o ‘zgaruvchili funksiyaning ekstremunilari

/ ( * )  =  / ( * f unks i ya o c h iq  M  <z R- to 'p la m d a  b er ilg a n  

b o ‘lib , x0 =(x)°,...,x°l) e M  b o 'ls in .

5 - ta ’r i f  A gar x° n u q ta n in g  3 { J ¡y( x ° ) c M  a tr o fi to p ilsa k i,

b o ls a ,  f ( x )  funksiya  x°  nu qtad a  min (max) ga ega  d ey ila d i. / ( * ° )  
q iy m a t esa  f ( x )  fu n k siy a n in g  lok a l (max) min q iy m a ti d e y ila d i va

( ^ " K ^ í/ m i  ) ;
kabi b e lg ila n a d i.

F u n k s iy a n in g  m a x  va  m in  q iym atlar i u n in g  ekstremumlari deb  
a ta lad i.

x°  n u q ta n in g  ( J í ( * ° )  a tr o fid a

A > 0 ( A < 0 )  b o 'ls a , f ( x )  fu n k s iy a  r ° n u q ta d a  min (max) ga  
er ish a d i. A g ar a  a y irm a  Y° n u q ta n in g  v  a tro fid a  h a m  o ‘z  is h o -  
rasin i sa q la m a sa , u n d a  / ( . v )  fu n k siy a  x ° n u q ta d a  e k str e m u m g a  
e g a  b o l a  o lm ay d j.

1-teorema. (Zaruriy shart) f ( x )  fu n k siya  v° n u qtada  ek s­
tremumga erishsa va shu nuqtada  / x' ( x 0 ( x ° )  xususiy hosila- 
lar  3  b o ‘lsa, unda

v * e U M  uchun ( / ( * ) ^ / ( * ° ) )

( 1 2 )
a y irm a n i ko'rayiik .

A gar bu ayirm a  [ J (S( .v ° )d a  o ‘z  ish orasin i saq lasa  y a ’n i h ar d o im

• (13)
b o 'la d i.
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1-izoh. T e o r e m a n in g  aksi har d o im  h a m  o 'r in li b o ‘la v erm a y d i. 
M asa la , f ( x , y )  = x - y  fu nk siya  u ch u n  / t' ( 0 ,0 )  =  /^ '(0 ,0 )  =  0  , lek in  
fu n k siy a  (0 , 0) n u q ta d a  ek stre m u m g a  e r is h m a y d i, c h u n k i u ( 0 ,0) 
n u q ta n in g  v  a tro fid a  har h il ish ora li q iy m a tla r n i qabu l q ila d i.

2-izoh . A g a r  / ( x )  fu n k siy a  x° n u q ta d a  d if fe r e n s ia lla n u v c h i  
b o 'ls a , u h o ld a  fu n k s iy a n in g  e k s tr e m u m g a  e r is h is h in in g  za ru r iy  
sh artin i d f ( x ° )  =  0 k o ‘r in ish d a  y o z ish  m u m k in .

2 -teo rem a .  (Y e ta r li sh a r t .)  f ( x )  fu n ksiya  x° nuqtaning biror

k vadratik  fo r m a  m u sb a t (m a n fiy ) a n iq la n g a n .
U  h o ld a  / ( x )  fu n k siya  _Y° n u q ta d a  m in  (m a x )  g a  er ish a d i. 

A g ar kvad ratik  fo r m a  n o a n iq  b o ‘lsa , u n d a  / ( x )  fu n k siya  x° n u ­
q tad a  e k str e m u m g a  er ish m a y d i.

B u  te o r e m a n i m  =  2  b o ‘lg a n  h o ld a  a lo h id a  k o ‘ram iz:

1) Д  >  0,£7U >  0  b o ‘lsa , m in;
2) A > 0,«7t l < 0  b o ‘lsa , m a x;
3) Д < 0  b o ‘lsa , ek stre m u m  m avjud e m a s .
4 )  A =  0 b o ‘lsa , sh u b h a li h o i b o ‘lad i.
B iz  s h u  v a q t g a c h a  h e c h  q a n d a y  s h a r t  b e r i lm a g a n d a  

У - / ( x | , x 2,...,jcn() fu n k s iy a  e k s tr e m u m in i  to p is h  m a sa la s i b ila n  
sh u g 'u lla n d ik . L e k in  m a te m a tik a n in g  k o ‘p  ta tb iq la r id a  fu n k siy a n in g  
a rgu m en tla ri b a ’z i  b ir  sh artlarn i q a n o a tla n tirg a n d a g i ek strem u m la r in i

Д х и] atrofida  berilgan b o ‘lib quyidagi shartlarni bajarsin:

V  f { x )  fu n k siya  U<>('Y°) da uzluksiz birinchi va ikkinchi tart-

ibli xususiy hosilalarga ega;
2) x° nuqta f  ( x )  funksiyaning sta tsionar nuqtasi;

3) koeffitsientlari aik = / ¡ * r(. ( x ° ) ,  [ i , k  =  l ,w )  bo'lgan.

m
(1 4 ) .

A = a \ ia i i  ~ a n  b o ‘lsin . U n d a
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to p ish  ta la b  q ilin a d i. B iz  sh u n d a y  m a sa la n i e n g  so d d a  h o i  u c h u n  
k e ltira m iz .

A y ta y lik ,
f  k . u = f ( x , y )  (15)

F(x,y)  =  0 (1 6 )
sh artn i q a n o a tla n tir u v c h i e k str e m u m in i to p ish  ta la b  q ilin s in . B u n -  
d ay  ek str e m u m g a  shartli ekstremum d ey ila d i.

A g a r  ( 1 6 ) - t e n g la m a d a n  y  = <p(x) fu n k s iy a n i to p is h  m u m k in  
b o ‘lsa , u  h o ld a  sh artli ek str e m u m n i to p ish  m asa lasi

z/ =  / [ x , p ( x ) ]  =  0 ( x )  (1 7 )
fu n k siy an in g  o d d iy  ek str e m u m in i to p ish  m asa lasiga  k elad i. L ek in  h ar  
d o im  h a m  y ~ ( p ( x )  fu n k siyan i top ish  im k o n i y o ‘q. S h u n in g  u c h u n  
( 1 6 ) - t e n g l a m a n i  y e c h m a y  tu r ib  s h a r t li  e k s t r e m u m n i  t o p i s h n i  
o ‘rgan am iz. B u n d a  Lagranj usu li y ax sh i natijaga o lib  k elad i.

U sh b u
d>(x,y) =  f ( x , y )  + AF(x,y)  (18)

Lagranj funksiyasini olamiz. (1 8 )  d agi x  h o z ir c h a  n o m a ’lu m  
o ‘zg a rm a s k o 'p a y tu v ch i.

^ ( x , y)  fu n k s iy a n in g  o d d iy  e k str e m u m i f ( x , y )  fu n k s iy a n in g  
F(x,y)  =  0 te n g la m a n i q a n o a tla n tir u v c h i sh artli ek s tr e m u m i b ila n  
u s tm a -u s t  tu s h a d i. (& (x,jy) fu n k s iy a n in g  s ta t s io n a r  n u q ta s i  va

u y id ag i

dx

= 0
dy

F ( x , y )  = 0

(1 9 )

shartlardan  to p ila d i. Faraz q ilay lik , M 0(x 0, v 0)  nuqta ® ( x , y )  fu n k ­

s iy a n in g  s ta ts io n a r  n u q ta si b o ‘lsin . A gar d 2<& ^  > 0  b o ‘lsa  min va



0 ‘zgaruvchilari soni ko‘p bo'lgan funksiyalar qaralganda shartli 
ekstremum shu kabi aniqlanadi va Lagranj funksiyasi yordamida 
topiladi.

5°. 0 ‘zgaruvchiIarni almashtirish

a) Oddiy hosilani o‘zida saqlovchi ifodalarda o‘zgaruvchiIarni 
almashtirish

Aytaylik, >’ = j ( x )  funksiya va

A - < H x ,y ,y „ K ,J )  (2 0 )
dilTerensial ifoda berilgan bo‘lib,

x = f ( t ,u) ,  y - g ( t , u )  (2 1 )

va u = u(t)  b o ‘lsin. Differensial ifodada yangi t o ‘zgaruvchiga o ‘tish 

talab qilinsin. Unda (21) ga ko'ra

v' = 2 ± - d t  du ' y x ,x' df  df  , ' —  + —  • u. 
dt du

ekanligini topam iz. Shunga o ‘xshash yuqori tartibli hosilalar
ham topiladi va (2 0 ) ga olib borib q o ‘yib, yangi

A = O, (/, u, u'„ u",...) 
differensial ifoda hosil qilinadi.

b) Xususiy hosilani o‘zida saqlovchi ifodalarda o‘zgaruvchilarni 
almashtirish.

Faraz qilaylik, z  = z(x,y)  funksiya va

B = F dz dz d2z d2z  d2z
(2 2 )’ dx ’ dy ’ dx2 ’ dxdy ’ dy2 ’ 

differensial ifoda berilgan bo‘lib,

x = f ( u , v ) y  = g(u,v)  (23)

bo'Isin. Bu yerda u va v lar yangi erkli o ‘zgaruvchilar. Unda  
dz dz
Hx’^ y ’ " hususiV hosilalar ushbu
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dz _ d z  d f dz dg
du dx du dy du
dz _ d z  df dz dg
dv dx dv dy dv'

tengliklardan topiladi va ular (2 2 ) ga olib borib qo‘yib, yangi

B = F, dz dz d2z d2z d2z 
’ du ’ dv ’ du2 ’ dud\’ ’ dv2 ’

difíerensial ifoda hosil qilinadi.
Umumiy holda (2 2 ) ifodada ushbu

x = f ( u , v , w) ,  y  = g(u,v,w, ) ,  z = h(u,v,w) (24)

almashtirish bajarilgan bo‘lib, u,v lar yangi erkli o'zgaruvchilar va
dz dz

w = w(u,v) yangi funksiya b o‘lsin. Unda xususiy hosila-

larni topish uchun

dx
dz ( d f d f  chi^ dz í  dg dg dw '\_dh dh dw

du dw du J d v du dw du) du dsv du
_ dh dh dw

dv dw d v ’
fc_(df_j_df dw") d z í d g  dg dw. -j—-—------ H-----1 —— -j- -
dx v dv dw dv y dy v dv dw dv

tenglamalar hosil qilinadi. Bu tenglamalar yordamida xususiy hosila- 
lar topiladi va (2 2 ) ga olib borib qo‘yib, yangi

B = F, u,v,w,-dw dw d2w d2w d2w
du ’ dv du2 dudv dv2 

difíerensial ifoda hosil qilinadi.

Nazorat savollari
1. R‘" fazo.
2. R'" fazoda metrika.
3. Rm fazoda ketma-ketlik tushunchasi va uning limiti.
4. Ko‘p o ‘zgaruvchili funksiya (k. o‘. f.) tushunchasi.
5. K.o‘.f. ning karrali limiti tushunchasi.
6 . K.o’.f. ning takroriy limiti tushunchasi.
7. Karrali va takroriy limitlar orasidagi bogianish.
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8. Karrali va takroriy limitlarning tengligi haqidagi teorema.
9 . K.o‘.f. ning uzluksizligi.
10. K.o'.f. ning tekis uzluksizligi va Kantor teoremasi.
11. K.o‘.f. ning xususiy hosilasi ta’rifi.
12. Urinma tekislik tenglamasi.
13. K.o‘.f. ning differensiallanuvchiligi.
14. K.o'.f. differensiallanuvchi va uzluksiz funksiyalar orasidagi 

bog'lanish.
15. Taqribiy hisoblash formulasi.
16. Yo'nalish bo'yicha hosila.
17. K.o'.f. uchun Teylor formulasi.
18. K.o‘.f. ning ekstremumlari.
19. Shartli ekstremum, Lagranj usuli.
20. Oddiy hosilani o'zida saqlovchi ifodalarda o‘zgaruvchilami almashtirish.
21. Xususiy hosilani o‘zida saqlovchi ifodalarda o‘zgaruchilarni almash­

tirish.

-B -
Mustaqil yechish uchun misol va masalalar 

l-m asala.

R2 fazoda quyidagi ketma-ketliklarning limiti a(aeR~)  
ekanligi ta’rif yordamida isbotlansin.

1 . 1  .vw = 

1.3 JCW  =

1 3 - n 2 2 n - 0  
1 + 2n2 ’2 - 3 n

1 2̂ 1 I Зи + 2  2/7

’ fl| 2 ;" f r L 2  ^  ^

3 л

4/7 — 1 ' /I — 2 -I 4 ;2 I-

I /  ̂ i\ ( 4+2n 5/7+15^ ( 2  ,
„-ЧЗ Î . Î 1 4  - [т ^ з» '“б ^ Г )  r r s i-

4 /7 + 1  4 - м .3 \

3«- + 2  3 + 2n’ 1 . 6  r<"> =
1 -2  n2 5 n
2 + 4/?2 n + l y

; a\

1 21.7 > ) =  - ; - c o s w <  ; a ( 0 , 0 ) .
f 3/7-2 4/7-1 \  ( 3 - ,  

1 . 8  *<"> = 1 2rt-\' ln + U  Л 2 ’

2 /7  1 +  /7 Л ( 2  1 ^  (  COS/7 и - l  ^  / „

1 9  1 Л 0

í . i i
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R 2 fazoda quyidagi ketma-ketliklarning Iimiti topilsin.

1.13. vW =

1.14 x(”) =

1 n - 1
+ -  +  ... + - 

n n n
f  2i f  + 2 ^

„Л

1 2 « 2 + 1  J

~( 2 и + 1) !+ (2 и + 2 ) ! / и - 1 \

(2и + 3)! Vn + 3 J

n+2 "\

2n+> + 3"+1 f « 2 - P
1 1 S (w) -------------•1« 1 J> ' — 2" +3" ’

1.16. > )  =

ln )
1.17. * -

1.18. x{n) =

1.19 xw =

1.20 л-(и) =

1 . 2 1  лг(й) =

Г\ + 2 + ... + n f  2и + З чл+|Л

л/9п4 +1 2n + 1

l  + 4 +  7 +  ... + ( 3 « - 2 ) / «  + lY

+  /7 +  1

( / 7 +  4 )!-(77 + 2 ) !  f  w  +  3

( / 7  +  3 ) ! /7 +  5

v /73 - l ,1 + 3 +  5 + ... + (2 /7 -1 ) ’

3  5  9  1 + 2 "  ( l U  о  3 .  V-  +  —  +  —  +  ... + --------- , t i  л/5 +  8/7 — 2 /7 1
4 16 64 4" \ )

1 1 1
------- i----------h ...H---- -------- -
1-2 2 -3  ;?(/? + ])

;V2 -V2 -V 2 2V2

2-masala. Quyidagi funksiyalarning aniqlanish sohalari 
topilsin va chizmada ko‘rsatiIsin.

2 .2 . u = \n(xyz).
. у

2 .4 . и ~ arcsin .

2 . 1 . и = arccos-------
x + y

2.3. и — l n ( —x  — y ) .
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2.5. ii = yjs'm(x2 + y 2) . 2.6. и = ф - ( х 2 + у)  .

I Х~+у - X
¡2х - х 2- у 2 '

2.8. и = yj(x2 + у 2 - 1) • (4 -  лг -  _у2 ) .

X2 + 2х + у 2,----------  i----------- Л i i у
2.9. u = \ l l - x 2 +\Jy2 -1  • 2.10. и ~ ^ х 2 _ 2х + у 2 *

2 1 1  „ = arccos- p L _ _  2.12. + + / - 9 .

y¡4x-у 2
l - и -  2 1 4 - “ = ln

/  2 2 N
£ __ У___ J

l + x 2/  '

2.17. и -  \ J x - j y

2.19. и = -JX cos у  .

2.18. u=y[ys\nx .

-> *> 
Л* +  JT

2.20. и -  arccos:

2  2 1 . » = arcsin Л  + arcsin ( 1 - ^ )

3-masala. Karrali limitlar hisoblansin.

,, limJ . l  .V—>0

sin xy

3.3 iim
x+y

.T-»XV—>3 I

3.5 ] î ^ 7 7 7 .
jHoo •'

3.2 !irn -2

3.4 lim
/  Yv‘ду

x-*+ x
v -> + o c

X "  + >>

.6  й ( ,=+^ Г .3.6 M O
j»-*0
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,TJ

3.7 limfдг->г I ,y-*0 4
3.8 lim 1,Г->+э?J’->+oC

(x2 + / ) < f (jt+v>

ln(* + e v)к™ v / sin^x4̂ 2)
3.9 .t->i I 2 , 2 • 

i

3.10 .*-*0 у—>0( х ‘ + у ’ ) г '

3.11 limx-*0y-*0

e *4+-И
3.12 liml[\+Х2у 2 х̂1+У!

X4 + у* ’ s- 
4 14 о 
о

3.13 lm¿(l + *2+ r ) * W .  3 1 4  l i n Æ _
v->0 x “ + _y'

3.15 j™(^2+ / ) sin^ - j .  ЗЛ6 l i m ^ + Z j l n i l  + s in -j-^ -v
У-+*> " '  v - * *  V A  - h  у

3.17 S ! ( * + ' ) » + ’^ .  3.18 ! i I " r r i T .  }-* =0 + |>’|

>■->0

Iim

( 2  i \H 1 -  co s ( x 2>>2)
i(x  +  J, ) _
1

ч ?n ,im --------- — T1-O.L\) .v_>o /  2 , 2
r- 0  (x  )

In2 (x  +  j )

yjx2 + y 2 - 2 x  + l

4-masala. va J ™ J im /(x ,j> ) takroriy limitlar

hisoblansin.

4.1 / M =sin^ ; ; ^ = ^ 0=oo> 4.2 A M = ^ +£ * = * = o

4.3 / ( *  j>)= l o g , ( x + j ) = \,yQ = o . 4.4 f{x,y)  = ~  + '̂  ;x0 = y0 = 0.
2 x + 3 j

cosx-cos.y_ sin|H —sin jÀ
VLx2 + y
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, X s\r\3x-tgly
4 -7  f (x -y)= б х + ъ  л = * ‘ ■

4.8  / ( M  =  ^ T T T xo = > 'o = 00.
Л  - т у

> _  V

2 2

4.9  У ( у ) = г 7 % = ^ Л ^ .  4Л 0 / M = Í ,gT ^ :"" = 0’>,u=” ' l+ x

4.11 / М  = * +>'

4 .13  f{x,y) =

o, (v,>')= (o, o).-v0=y(l = o ' 4 .12 f (x ,y )=  

x - y + X  + y

/  , v +v 
1+— ,х + > ^ 0

V x+y)  
1,х+з/=Оль=%=оо

-,хФ-у 
x + y

0,x= -> ’-\) =y0 = 0

,  . i X sm ---h.V

smx+sinv „
4 .14 f (x , y ) = ------ :—

4.15 f ( x , y ) = -------2— , * - * - 0 .  4 .16  f { x , y )  =
x + y

x+y

x ^ -Y
H -W

°>N= M ’xo = ^ o = °

ln(x + ev) . u ,
4.17 / ( * ,y )  = ^ r ^ ;x»=1’*' = 0 - 4 .18 / ( x , 7 ) = ------— I* = Л = °

ln(x+y)
4 .19  4-20 j-\i ЪДЬ

00.  Я" (-'■ + >’)
4.21 / ( x , . y ) = sin 2 д- +  3j  ;x° _>;o

5-m asala.

Y"
5 .1  / ( ^ ) - - p p  funksiya 0 (0 ,0 )  nuqtada ch ek siz  k ich ik  

boMishi isbotlansin.
5.2 f ( x , y )  = sin (x  + y )-  ln (x 2 + J 2) funksiya 0 (0 ,0 )  nuqtada chek­

siz kichik boMishi isbotlansin.
x~ y

5.3 f ( x , y ) ~  v4 + y 2 funksiya quyidagi hossalarga ega ekanligi is­

botlansin.
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a) M( x , y )  nuqta 0 ( 0, 0 ) nuqtaga shu 0 ( 0 , 0 ) nuqtadan o'tuvchi
V to ‘g ‘ri ch iziq  b o 'y la b  ¡ntilganda ham funksiya lim iti 0 ga teng.
b) 0 ( 0 , 0 ) nuqtada funksiya limiti mavjud emas. (a-0,% ) nuqtada 
f ( x , y ) funksiyaning karrali va takroriy limitlari mavjudmi?

2 2

5-4 f ( x , y )  = ;x0 = y o =0.  5.5 / ( ^ )  = logr(x+>;);A-0= l,j0=0.

sinx+sinv x  — V
5.6 f(x,y)= ’xo =>o=0. 5.7 f ( x , y ) =  v »3Ce iS 0̂ .

5.8
Jf' y  | |

f ( x > y )  =  x 2y 2 +  ( x - y ) 2 >-xb=>’o=0* 5 -9  f i ^ y ) ~ ( x  + .v )s in -• sin—; ^, = v„=0.

2xy
5.10 / M = 7 ^ T ^ o = } 'o  = 0.

-x3 + y 3

5.11 f ( x , y ) = '

5.12 f ( x , y )  =

x4 + y 2
,(*,.)>)* ( 0 , 0 )

0 ,(x ,j;)  = ( 0 , 0 ). *o = j o = 0

r  ̂ y+j1

i + -------  , x + > ’ ^ 0
l  x + y )
1,x + y -  0.a:0 = = oo

Quyidagi funksiyalarni berilgan nuqtalarda har bir o ‘zgaruvchi 
bo‘yicha xususiy va ikkala o‘zgaruvchi bo‘yicha birgalikda uzluksi- 
zlikka tekshiring.

5.13 f ( x , y ) = '

5.14 f ( x , y )  =  '

~ ^ ~ , x 4 + y 4 ±0, 
x + y

0,x4 + y 4 = 0

x3v 2
—----- T,x4 + y 4 * 0 ,
x + y
0,x4 + y 4 = 0

0(0,0) va ^ ( 1;2).

0(0,0) va 4̂(10-4; 10-5).
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5.15 f { x , y )  = '

2 . 2
x + y  ,x  + y  *  0,
*  + У 0 (0 ,0 ) va i 4 ( - l ; - l ) .
О,л- + у  = 0

5 .16  f { x , y )  = ' X + у

l ,x2+ y 2 =0
0 (0 ,0 ) va J (0 ; l ) .

5.17 f { x , y )  = ‘

sin X +  sin y  n 2 . a -------------- - , x - + y  0,
X  + y  

l ,x  + y  = 0
0 (0 ,0 ) va ^ 1 —;

к

5.18 f { x , y )  =

c o s x - c o s y  л 
---------------—,x - y  * 0 ,

X -y 0 (0 ,0 ) va A
0 , .т -  = 0

5.19 f { x , y )  =

- A ^ { x , y ) * {  0 , 0)
Л + y  0 (0 ,0 ) va Л (1;0).
0 ,(.v ,y ) = ( 0 , 0).

5.20 f { x , y ) = ‘

*'Уту +у-* о,
X4 + )
0 ,.r2 + y 2 = 0

0 (0 ,0 ) va Л (1;0).

5.21 f { x , y )  = '
o,

0 (0 ,0 ) va Л(1;1).x + y"

0,x2 + y 2 = 0

6-m asala.

f ( x , y )  funksiyani M  to ‘plamda chegaralanganlikka tekshiring.

6.1 f ( x , y ) = x 2 - y 2, M  =  { ( x , y ) e R 2 , x 2 + y 2 < 2 5 } .
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6.2 f ( x , y )  = X2 ~ y \  M  = [ (x , y )eR2,x2+ y 2 >25].

2x2 + 3 y2
6.3 f ( x , y ) =  x2 + y 2 ’ М  = {(л-,у)е Л2,х2+ у 2 * 0 } .

cos (x  + у  ) -  cos fjr -  у  )
«•* / ( v ) = — ------- ^  ' , ^  =  { ( ^ ) б Д ; ,д у ^ о } .

sin (л- + V) -  sin f X -  у )
«•5 /(*■>■)= ------- . M  = { ( * ,> .) e ^ , ; ç y * o } .

In л:-In  у ,
6 . 6  f ( x , y ) =  x _ y  > Л/ = {(л ;,у )еЯ 2,д ;* у } .

Quyidagi funksiyalarning ko‘rsatilgan to‘plamda chegaralangan- 
ligini isboilang, uning aniq chegaralarini toping va funksiya shu 
qiymatlarga erishish-erishniasligini aniqlang.

Л 2

6.7 f ( x , y ) = - - J  + yy 2 ’ M  = { (x , y )eR2,x2+ y 2*0} .

X6 + y  6
6 .8  f ( x , y ) =  x2+ y 2 ’ M  — | ( x ,y )  G /?2,0  < ДГ + y 2 < 9 j .

2 2

6.9 f ( x , y ) =  \~ ^ y 4 ’ M  = j ( ^ ) G Ä 2, i 4 + / ^ o | .

6.10 f ( x , y )  = xye~v , A/ = {(x,y)e/î2,;t>0,y>o}.

w  \ 4{x2+ y 2) + 2z2
6 . 1 1  f ( x , y , z ) -  y 2 + + —  М = \[х ,у,г)е1? ,х2 +y2 +z*6] ,

f ( x , y )  funksiyaning M to‘p!amda tekis uzluksiz bo‘lishi 
ta’rif yordamida isbotlansin( £ = ¿ ( s ) - ? ) .

6.12 f ( x , y )  = 2x + 3y + 5, M = R2 -
6.13 f ( x , y )  = x2 + y 2 M = { (x , y )eR2,x2 + y 2 < 4} .

6.14 f ( x , y ) = f i  + y 2 m  = R2-
6.15 f ( x , y ) =  x - 2 y + 3 ,  M = R2 ■
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Quyidagi funksiyalarni ko‘rsatilgan to‘plamda tekis 
uzluksizlikka tckshiring.

6 .1 6  f ( x , y )  =  X* + yv * ' M =  j ( i j ) e Ä 2, 0 < r + y < l ) .
X + y

I 4 4~

6. 17 f ( x , y )  = *2 + p -’ M  = {(x,y) G R2,0 < X2 <  1} .

6 .1 8  / (x ,y )  = * ’sin~  M = {(x,y)eÂ:, 0 < x < l ,0<y< l} .

6 .1 9  f ( x , y )  = xy s 'm ^  M  =  {(x,y)&R2, 0<x<\ ,  0 < y < l} .

6 . 2 0  / ( x , y )  =  y ‘c o s -̂ -,— M  =  { ( x , y ) e Ä 2, 0 < x < 1 , £ < y < i}

6 .2 1  / ( x ,y ) =  x5- /  fu n k siyan in g  A f= {(x ,y )e/Î2, l^ x  <2,0<j><l} 

to'plamda tekis uzluksiz ekanligi ta ’rif yordamida isbotlansin.

7-masala. Quyidagi funksiya 0 (0 ,0 ) nuqtada xususiy 
hosilalarga cgami va bu nuqtada differensiallanuvchimi?

7 .1  u ( x , y )  =  j x 2 +  y 2

7 .3  u ( x , y ) = { [ x ÿ .

7.2 u ( x , y ) = '

x 3 + y 3

H +W
0 , |x| + |>>| = 0

7 .5  u ( x , y ) = l ] x *  +  y 4 •

7 .7  г / ( х ,у ) =  V x s in y  •

7 .4  u ( x , y ) = y [ x ÿ - s in x .

7 .6  u ( x , y ) = l ¡ 7 ~ y t g x .

7 .8  z /(x ,y ) = î]x3 + y 3 •

7 .9  u ( x , y ) =  î ]x* +  y*

7.11 u ( x , y ) =  y]x* + y *

7 .1 0  u ( x , y ) =  y¡2x2 - 3 y 2 • 

7 .1 2  m (x,j>) =  "
0 ,x  + y  = 0
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7.13 u ( x ,y )  = *Jx 2y 2 . 7.14 u ( x , y )  = j x 3 + y 4

x4 + y 4
X +

H + M '
o, H + W  = o

7.15 « ( x ,y ) =  %Jx3 + y 3 . 7.16 z/(x,jy) =

' __1_

7.17 u(x,y) = < ^  7.18 u(x,y) -  ijx y 2 -sin.x.
[o,.r +y~0

7.19 u(x,y)= t fy-tgx. 7.20 u(x,y) -  yjx y  sinx •

M * 0

7.21 u ( x , y )  =

4 3 
X  + y  ,  ,

2 ,  , X  + y -  * 0 ,  
X  +  y

0 , x 2 + y 2 = 0

8-masala.
Sirtga ko‘rsatilgan nuqtada o ‘tkazilgan urinma 

tekislik tenglamasi topilsin.

8 . 1  z  = xy; ¿ ( 1, 0 , 0 ) .

8.3 z — x + y 2; A(0, 1, I ) . 

8.5 z ~ x 3+ y 3; A (  1,-1, 0 ) .

8 . 2  Z = sin(j*y) A

8.4  z  = e**J' , A ( l , l , l ) .
8 . 6  z - x 2+ y 2 A(  1, 2, 5 ) .

8.7 x2 + y 2 + z2 =169; A(3, 4, 12) . 8 . 8  z = arctg—, A
x

8.9 z = y  + \n*;  ¿ (1 ,1 ,1).

z = 0 tekislik 0(0,0,0,) nuqtada quyidagi sirtga urinma tekislik
bo‘ladimi?

8.10 z = x2 + v2;-aylanma paraboloid.

8.11 z = Jx2 + y 2 -konus.

8 . 1 2  z  =  xy,  -giperbolik paraboloid.
Quyidagi miqdorlarning taqribiy qiymatlarini hisoblang. 

8-13. 1,002 - 2 ,0032 -3,0043 • 8 .14  sin 29° •/£46°.
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8.17 7 l , 0 2 3 + 1,973 • 8.18 sin 1,59-Ig3,0 9 .

8.19 z = x3 - 3 x 2y  + 3xy2 + \ funksiya M(3; 1) nuqtada shu nu- 
qtadan (6 ; 5 ) nuqtaga qarab yo‘nalgan yo ‘nalish bo‘yicha hosilasi 
topilsin.
8.20 z = arctg(xy) funksiyaning M ( l; l)  nuqtada birinchi chorakn- 
ing bissektrissasi yo ‘nalishi bo‘yicha hosilasi hisoblansin.
8.21 z = x2y 2 - x y 3 - 3 y - \  funksiyaning M (2;l) nuqtada shu nu- 
qtadan koordinata boshiga qarab yo ‘nalgan yo‘nalish bo‘yicha hosilasi 

hisoblansin.

9-masala.
Quyidagi murakkab funksiyalaming xususiy hosilalarini toping 

(f va g-differensiallanuvchi).

Agar f-ixtiyoriy differensiallanuvchi funksiya bo‘Isa, u(x,y)  funk­
siya mos tenglamani qanoatlantirishini tekshiring.

du du



9.13 « = — \ n x  +  x f rL  £ n5
Z  X

du du du X у
, X — - + V ----- +  Z ------ =  U +  ~

dx dy dz z  '

Funksiya differensialini ko‘rsatilgan nuqtalarda toping.
yz 

X

r n
V i

9.14 11 ~ ~ > M(x,y , z )  va M0 ( 1, 2 , 3 ) .

9.15 M = cos(jçy + xz), M{ x , y , z ) va

9.16 u = xy, M(x,y, )  va M0(2 ,3 ).

9.17 z/ = .Yln(xy), M ( x ,j , )  va Л/0 ( - 1 ,- 1 ) .  

du du_
va öy xususiy hosilalarni hisoblash va f  va g fuksiyalar-

ning hosilalarini (f va g-differensiallanuvchi funksiyalar) yo‘qotish 
yo‘li bilan shunday tenglama tuzingki, г/(лг,у) funksiya uni qanoat- 
lantirsin.

9.18 u = f

9.20 u = xf
( \  

X

9.19 u = f ( x - y , y - z ) .

9.21 u = x + f (xy ) -

10-masala. Ko‘rsatilgan tartibdagi xususiy hosilalar va differ- 
ensiallar hisoblansin.

x + y  dm+"u
1 0 . 1  u = -------X — y  dx dy 1 0 . 2  u = x"'yn-,

d"'+nu 
dx"'dy" ■

10.3 u~e2xsinj' + e 'cos—;
5/H+/Í ,II

2 ’ dx "'dy" ■ 
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10.4 u = e**2
d3u
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10.5 ь

10.7 и

10.9

1 0 . 1 1

10.13
10.15
10.17

10.19
1 0 . 2 1

11 

1 1 . 1  i

I.3 и

II.5

11.7

11.9
1 1 . 1 1

11.13

11.15

11.17

: =  s in  х  ■ co s  2 у;
д'°и д*и

• 1 0 .6  w =  x4 cosj; + y  sinx; .

510и д \  дги
= (x2+y)'0tgx-, дхдуЧ. 10.8 u = smxy, va &

t = yjx2 + у 2 -е” ; Л / .  10.10 « = — :
.У, ¿ V

>" j 2 г/ =  л: ; а и •

и = / ( jçv) • « ( » ) ;  ¿ V
K = f ( x  + y , z 2) ; £ ^

10.12 u =  f ( x  + y,x2+ y 2\,¿¡*u . 

10.14 и = / ( s i n x + c o sy ); ¿¡2u-
10.16 u  =  f ( x y , x 2 + y 2Y d 2u -

u = f ( 2 x - 3 y  + Az);d"u-  S #  u = f (2 x ,3 y ,2 z ) ;d Hu<

dz dz
z = z(x,y)  bo‘Isa, —  va dy lar topilsin.

F(xy,yz,zx) = 0 .  10.20 / Г(луг,л' + у ) - 0  .
F (y  -  zx,x -  zy, z -  xy) = 0 .

-masala. Quyidagi funksiyalar ekstremumga tekshirilsin.
2 2 1 1 * = x  + x y  + y  + —+ —.

X >>
= л-3 + у3 -  3 axy.

i/= .y4 +y4 - 2 x 2 +  4 x y - 2 y 2 •

u = e2* (x + y 2 + 2 y ) .

« = xy + yz  + z x . 
и -  4 -  (x 2 + y 2 . 

u=2 r  + ÿ  +Z2 -2xy+4z -X .

г/ = 1 -  д/л;2 + y 2 •

г; = 2 .Г4 + y 4 -X 2 -  2y 2.

11.2 и = - x 2 - x y - y 2 +x + y  •

11.4 г/ = дг4 + y 4 - 3 6 x y .

1 1 . 6  w = jc2 - 2 xy2 + y 4- y 5.

11.8 u = 3x2y  + yJ - \ S x - 3 0 y .

11.10 u = (x2 + y 2)e  ̂ +} .̂
11.12 u=x:+2)r+zz-2x+4y-6z+l.

11.14 ti=j?+xy+y-2zx+2z?+3y-l.

11.16 « = ( x - y  + l ) ' .

11.18 u =  x 2y 3 - ( 6 - x  — y ) .
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11.19 и = д-4 + у 4-X2 ~ 2ху - у2. 11.20 и = х2- ( у - \ ) 2.

11.21 и = X2 -  2ху + 4у2 + 6z2 + 6yz -  6 z .

1 2 -ma s ala.—
Berilgan funksiyaning ko‘rsatilgan to‘plamdagi eng katta va eng 

kichik qiymatlari topilsin.

12.1 « = x y - x 2y - ^ ~ ,  0 < x < l , 0 < y  <2  .

12.2  u = x2 +3y2 — лг-н 18>> — 4 0 < .y < 1 ,0 < j> < 1 .

12.3 и = X3 + 3y 2 - 3xy, 0 < x < 2 , 0 < y  <1.

12.4 u = ^ - ^ - ? £ - , x Z 0 , y > 0 , -  + 2 -< i
2 6 8 3 4

12.5 и = X 6 + y b—3x2 + 6xy-3y2, 0 < y < x < 2 .

12.6 z/ =  c o s ;r -c o s .y -c o s ( ; t  +  >’) ,  0 < х < л , 0 < у < л .

12.7  u = ( x - y 2) - t ] ( \ -x)2, y 2 < x <2.

12.8  u = x3 + y 3 -9xy  + 21, 0 < .Y < 6 ,0 < jy  < 6 .

12.9 u = x4 + y 4 - 2x2 + 4 x y - 2y 2,, 0 < x < 2 , 0 < y < 2  .

12.10 u - x y  + yz + zx, x2+ y 2+ z 2 < 9.

12.11 u = x + y  + z, X2 + y 2 <z  < 1.

12.12 il = 2sinX + 2siny + sin(jc + y),  0 < x ^ ^ - , 0 < y < ~ ,

Oshkormas ko‘rinishda berilgan y = .y (.y) funksiyaning ekstrem-
umlari topilsin.

12.13 y 2 - 2 y - s ' mx  = 0,0<x<27T. 12.14 ( y - x f  +x  + 6 = 0 .

12.15 (y  .y") = x 5,x2 + y~ ^ 0 .  12.16 x2+ y 2+xy = 21.
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Oshkormas ko‘rinishda berilgan z  = z(x,y) funksiyaning 
ekstremumlari topilsin.

12.17 2x2 +2y1 + z2 + 8 y z - z  + 8 = 0 .

12.18 x4+ y 4+ z4 =2(x2+ y 2+ z 2) .

12.19 5x2 + 5y 2 + 5 z2 -  2xy -  2xz -  2yz -  72 = 0 .

12.20 z2 +xyz -xy2 - x 3 = 0 .

12.21 5z2 + 4zy + y 2 - 2 y  + 3x2 — 6x + 4 = 0.

13-masala.
13.1 a tom oni va uning qarshisidagi A burchagiga ko'ra ber­

ilgan uchburchakning eng katta yuzini toping.
13.2 Uchburchakning a,v tom onlri va ular orasidagi S burchak 

ma’lum. Bu uchburchakning a va v tomonlaridan shunday kesma 
bilan teng ikkiga (yuzaga nisbatan) b o ‘lingki, natijada kesma uzun- 
ligi eng kichik bo‘lsin.

13.3 y  = x2 parabola va x - > > - 2  =  0 to ‘g‘ri chiziq orasidagi eng 
kichik masofani toping.

13.4 (.x0,y0,z0) nuqta bilan Ax+By + Cz + D tekislik orasidagi 
eng kichik masofani toping.

2 2 J2 X  V Z
13.5 '—  + :Lt  + —  = * ellipsoidga ichki chizilgan eng katta hajmli 

a~ o' c-
to ‘g ‘ri burchakli paralepepipedning o ‘lchamlarini toping.

13.6 0 ‘lchamlari qanday bo'lganda ko‘ndalang kesimi yarim 
doira, sirtining yuzasi 3/im2 bo'lgan ochiq  silindrik vanna eng katta 
hajmga ega bo‘ladi?

13.7 0 ‘lchamlari qanday bo'lganda usti ochiq, hajmi 32 sm 3 
bo‘lgan to ‘g‘ri burchakli banka eng kichik sirtga ega bo‘ladi?

13.8 Hajmi 54n bo'lgan silindrik banka, asos diametri d va 
balandligi h ning qanday qiymatlarida eng kichik sirtga ega bo'ladi.

13.9 Musbat a sonini 5 ta shunday musbat sonlarning yig'indisi 
ko'rinishida ifodalangki ularning ko'paytmasi eng katta b o ‘lsin.

13.10 Qirralari uzunliklarining yig'indisi a ga teng bo'lgan to ‘g‘ri 
burchakli parallelepipedning o'lcham lari qanday boMganda uning 
hajmi eng katta bo'ladi?
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13.11 Hajmi V ga teng bo‘lgan to ‘g‘ri burchakli parallelepipedn- 
ing o ‘lchamlari qanday bo‘lganda uning to ‘la sirti eng kichik bo‘ladi?

Lagranj usulidan foydalanib и = u(x,y)  (yoki u = u(x,y,z))  
funksiyaning berilgan shartni qanoatlantiruvchi ekstremumlari

13.14 u = x - 2 y + z  X + y 2- z 2 = 1.

13.15 u = xy2z 3, X + 2у  + 3z = 6  (x>0,  y > 0 ,  z > 0 ) .

13.16 u = x* + y  - z 3 +5, x + y  — z = 0 .

13.17 и = X2 + у 2 + 2z2 x - y + z  = 1.

13.18 u = xy x2+ y 2= \ .

13.21 n  = X -  2y + 2z, x2 + y 2 + z2 = 1.

14-masala. u va v lami yangi erkli o‘zgaruvchi sifatida qabul 
qilib, quyidagi tenglamalarda o‘zgaruvchilarni almashtiring.

topilsin.
13.12 u = xyz, x2+ y 2+ z 2 = 3.

2 2 2
13.13 w = — + + — , x2+ y 2+ z 2 = 1 ( a > b > c >  0 ).

a" b~ c~ v 1

Уu = xy, V = —.

u = y 2+ e x, v = y 2 - e r.

x ■ V = yx .

x
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- dz dz л 4 + V2

1 4 4  2 y  тх + ъ  y  ’ y = v ' x ‘ ~ -

dz dz i—  / ч 2

1 4 -5  ^  з Г ^ ’ x = ^  y = { « - vT-

, y. dz , ч dz y  + z
14.6 ( * + ‘ ) & + ( > + * ) * - ° .  * = * •

3 z  3 z  V
> 4 -7  х 5 + ^ = г > “ = *  v = ? -

3 z  3z , 2+v2
14.8  , u = x2+y*, У = У.

d dz
14.9 (x + y ) ^ - ( x ~ y ) - ^  = 0 , и = \пл]х2 + y 2, v = arctg ~ .

d z \  dz 2
+ ^z ^T = 2z » м = 1пх, v = ln y .  dy14.10 I

dz dz
14.11 -v ^ - ^  = 0 , w = * v = x2+ y 2,

3z 3z „ v
1 4 1 2  * S  + ^  =  Z - v = 8  - ,

32z 3 2z
14.13 ^ Т _ ^  = 0’ и = х ~У> v = x + y .

d2z d2z 1 dz r
1 4 1 4  d S + y d /  + 2 ^  { У > 0 )’ M = * ’ ^

_ 3'z 3 2z 3 2z 3z n 1 , x 1 / •>
1 4 1 5  2 а Г 2 а ^ Г + 5 ^ ' г Г ° >  ^ t 2^ ) -

dz dz
14.16 X'fa+ y ~fy = > x = «cosv, j  = MSinv.
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dz
14.17 y ~fa~x~fy~ » * = mcosv, y  = usinv.

14.18
dz

d2z d1z

\ W j
X  — M CGSV,— y  -  W S in  V .

14.19 Qx2 + Qy2 x - u  cosv, y = wsinv.

d2z d2z 
dx2 dy214.20 a.,2 + a.,2 + ^z 0 , x = e4 cosv, }> = e4-sinv,

- D -
Namunaviy variant yechimi

1.21-masala. r 2 fazoda ushbu

(fl)} = 1 1 1
------ 1-------- 1- ... H----- 7------ —
1 - 2  2 -3  » • («  + !)

ketma-ketlikning limiti topilsin.

< -,' - = r i + i 15 + - + ^ 7 ö  va deb
belgilasak.

lim yn = lim
n-*-r> n-*r.

. 1 1 1  1 1
1 - -  + ------- + ... + ----------

2 2 3 n n + 1

\

i > - 1 1
= lim

»->00/ l  n + l )
= 1 va

1

-+—+ 1 — 
lim zn = lim 2 2 22 23 2” = 2 * 2 = 2
W—> oo /1—>oo

bo‘lib, limx(n) =(l;2) ekanligini

hosil qilamiz. >

2.21-masala. Quyidagi w = arcsin —  + arcsin (l -  y)  funksiyaning
. ,  , . y  aniqlanish sohasi topilsin va chizmada ko‘rsatilsin.
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<

Bu

8-chizma.

3.21-masala. Ushbu

ln2(* + J>)
karrali Umlt his»blansin-

l i m - p Ü ü i L  =  (( ln ( i  + r )  = ln [ l  + ( i  - 1  +  > )]  ~  д: - 1  + >■)) =  
vío yjx2 + y 2 -  2x + \ vv

. ( x - l  + j ) 2 _[Yfjr- l  = rcosp х - > Г

v-»0 - У

-  iim r (cos ̂  + s‘n = (coscp + sin cp) lim r = 0 >
r—>0 f  r-*0

4.21-masala. lÍ“ j™ /(* » * ) va J™ takroriy limit-

lar hisoblansiri.
. . . л ( х + у )f { x , y )  = s m - ^ - ^ ; x 0 = y 0 =co

4 . л ( х + у )  . Л л/3 
. lim lim f ( x , y ) =  lim lim sin—------—  = lim sin — = —-  va

o x-+x0 >-*>■„ J v '  > x-w> ?->» 2x + 3y *-** 3 2
163

< 1  = j  y  ~ x < y  = | ( x , j ) g ä 2 : 0 < у < 2 , - у 2£ х й у 2} 
' 0 < y < 2  1

D{u) = < y
> - l | < l

soha 8-chizmada tasvirlangan. >



lim lim / ( х , И  = lim limsin ^ *  + — = lim sin — =  1 .
У~*Уо x~*xo »co jr—>00 2x + 3y y—*<x¡ 2

5.21-masala. Quyidagi funksiyani berilgan nuqtalarda har bir 
o‘zgaruvchi bo‘yicha xususiy va ikkala o ‘zgaruvchi bo‘yicha birga- 
likda uzluksizlikka tekshiring.

f { x , y )  =

2 xy ,x2 + y 2 * 0
x2 + y 2 ’ , 0(0,0)  v a ¿ ( 1, 1)

0 ,x 2 + y 2 = 0  

< Ma’lumki, agar
1 ) J * b f (x ,y 0) = f ( x 0,y0),

2) j ™ / ( w )  = / ( W o ) .

У-+У0
bo'lsa, unda f ( x , y )  funksiya (x0,_y0) nuqtada

1 )  X  o ‘zgaruvchi bo'yicha xususiy,
2) y  0 ‘zgaruvchi bo‘yicha xususiy
3) X va y  o ‘zgaruvchilar b o‘yicha birgalikda uzluksiz b o ‘ladi. 
Shular asosida masalani yecham iz.
a) 0 ( 0 ,0 )  nuqtada teksh iram iz. Shartga k o ‘ra / ( 0 , 0 )  = 0 

/  (x, 0 ) =  / ( 0 , у)  = 0 => lim f ( x ,  0 ) = lim /  ( 0 , y)  = f  (° , 0 ) => ikkala  

o ‘zgaruvchi b o ‘yicha xususiy uzluksiz

\ т / ( х , у 0) Ъ т ^ У _  =
U l  Г + У  { { y  = r  sin <p JJ
birgalikda uzluksiz emas.

b) A ( l , l )  nuqtada tekshiramiz. Shartga ko‘ra / (  1, l)  =  l funk­
siya bu nuqtada ham xususiy, ham birgalikda uzluksiz ekanligini 
ko'rish qiyin emas. >

6.21-masala. f ( x , y ) = x 3- y 3 funksiya M = |(x ,^ )ei? 2: l< x < 2,0 <>’<lJ 
to‘pIamda tekis uzluksiz ekanligi ta’rif yordamida isbotlansin.

< Ve  > 0 olib, quyidagi ayirmani baholaymiz:

I f ( x2>y2) - / ( w , ) | = | ^  -y¡  - t f )  I=|(^ -*?) -  W  ~y¡)\¿ \x¡ ~^\+\у1 -у ! \=
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Demak, V*r > 0 uchun S = —  deb olsak , M to ‘plamning ushbu 

|x ,—x, | < S  va \y2 - y x\ < S  tengsizliklami qanoatlantiruvchi 

va (x2, y2) nuqtalari uchun \ f {x2,y2) - f { x x, yx) \ < s  tengsizlik bajar- 

iladi => f ( x , y )  funksiya M to‘plamda tekis uzluksiz. >
7.21-masala. Quyidagi

u(x,y) =
X + y  2 2 a 

x~ +y~
— 0r x 2 + y 2 = 0

funksiya 0 (0 ,0 )  nuqtada xususiy hosilalarga egami va bu nuqtada 
differensiallanuvchimi?

< M g j ) » m - o .
Öx 4»-»o Ax to-»°(Ax' + 0JAx

im  » (M > )-» (0 .0 )  = |imAy = o, Demak, xususiy
Qx Av-»0 Ay- »0

hosilalar 3 . Endi differensiallanuvchilikka tekshiram iz. D iffe -  
rensiallanuvchi bo'lishi uchun

Am (0 ,0 ) = . Ax + -Ay + 0 ( p )
dx oy

yoki

Ax4 +A v4 nt 7"T\
——------- -  =  0k /A x + A_y bo'lishi kerak.:
A y z +  Av V >Ax + Ay

0 = lim
Ax->C
Av-*0

= lim •Ax-+0 
A>-*> 0 \

Ax4 + A /

to_>0 p  aHo (Ax2 + Ay2) • 7  Ax2 + Ay- \v A y  =  r s i n ( Z >

= (cos4 (p + sin4 (p) lim r = 0 : 

differensiallanuvchi. >
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8.21-masala. z = x2y 2 - x y 3 - 3 y - l  funksiyaning M (2;l) nuqta­
da shu nuqtadan koordinata boshiga qarab yo‘na!gan yo‘naIish 
bo‘yicha hosilasi hisoblansin.

<  Y o ‘n a lish  b o 'y ic h a  h o s ila n i

d f ( M)  d f ( M ) df (M)
--------- -  =  — -— -- c o s a  + — -— --cosß

de dx dY
form u la  y o r d a m id a  h iso b la y m iz . M ( 2 ; l )  n u q ta  v a  k o o r d in a ta  b o sh in i
tu tash tir ib  p t o ‘g ‘ri c h iz iq l i  h o s i l  q ila m iz  ( 9 -c h iz m a ) .

\OM\ = V2 2 + 12 = yß  9-chizm adan cosar = cos(;r + <p) = -cosip = ~-y=-

f n =  c o s  —
V 2 + <P = -smcp = —cosß

d f ( M )

dx v ’ ’>>=i dx
T o p ilg a n  q iy m a t la m i y u q o r id a g i fo r m u la g a  o lib  b o r ib  q o ‘y am iz :

df{M)  , f  - N

e k a n ü g in i to p a m iz .

=  ( 2x y ' - - Z )  | „ f  = 3 ;  i M = ( 2 r ,  - 3 V - 3 )  =  - l

dx
- =  3

_2_

V s.

1 - ^ 5 ,
V5 V?

3« 3«
9.21-raasala. —  va ^  xususiy hosilalarni hisoblash va f va

g funksiyalarning hosilalarini yo‘qotish yo‘li bilan shunday tengla- 
ma tuzingki, u(x,y)  funksiya uni qanoatlantirsin.

u = x + f ( x y )
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а,, а ,=> X----- у —  = х.  >
^ x f ( x y )  &  ^

Эг &
10.21-masala. z = z ( x , y ) bo‘lsa —  va ^  lar topilsin.

F ( y - z x , x - z y , z - x y )  = 0 

<<n = y - z x ,  Ti = x - z y ,  Ç = z - x y  deb belgilab, berilgan teng- 
lamani differensiallash yordamida topamiz:

f a "\
1 d z \ l - x —

4 dy) + Fñ
f dz - z - y —

ôy)
+ f;- - X = 0

~ ( - x F 4 -  yF'n + Ff' ) = z • f ï  -  F,' + V • F ’

• ( - x F ;  -  y F ' n  + F ’ )  =  - F ¡  +  z - F ’ + x - F ç .

dz -z-Fç+Fg-y-Fç
dx x-FÏ + y F ’-F'ç ^

&  f ( - z - f ; - x - f *(

[dy x-F¡ + y-F ;-F '

11.21-masala. u  =  x 2 - 2 x y  +  4 y z +  6 z 2 + 6 y z - 6 z  funksiya eks- 
tremumga tekshirilsin.

du

dx 
du
dy

du-  = 2 x - 2  y, 
dx

—  = -2x  + 8^ + 6z, 
dy

—  = \2z + 6 y - 6  
dz

- = 0 

■ = 0

* 1 = 0  
l dz

s is te m a n i y e c h ib , M 0( - 1, - 1, l )  n u q ta  s ta ts io n a r  n u q ta  e k a n lig in i
to p a m iz . E n d i ik k in c h i tartib li x u su s iy  h o s i la la m i h is o b la b , d 2u 
n in g  ish o r a s in i a n iq la y m iz .

m.

d2u d2u du n d2u d2u" ------------------- ---------- = - 2 s aij=Û3i=_ _  = _ _ _  = 0,a,11 = - г -  = 2 , ai2 -  ai\ -
dx2 dxdy dydx 
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_ д2и 0 д2и _  д2и ,  д2и
°22~ду2 ~ ’ a23=a32 := ^ ¡ ' _ 5z^  “ Ö3 3= ä ? ’ = 12

а . = 2 > 0;
аиа\2 
«21 «22

2 , - 2

- 2,8
= 12 > 0;

«.Г «12 «13
_2_

- 2 0 1 - I 0

«21 «22 «23 = - 2 8 6 = 24- - 1 4 3 =

«31 «32 «33 0 6 12 0 1 2

= 48 > 0 => d2u |Мо > 0 => «mn = и(-1;-1; 1) = -3 . >

12.21-masala. Oshkormas ko‘rinishda berilgan z = z (x , y )  funkt- 
siyaning ekstremumlari topilsin.

5z2 + 4zy + y 2 -  2y + 3x2 -  6x + 4 = 0 .
<  Birinchi navbatda oshkormas funksiyaning xususiy hosila- 

larini va ular yordamida statsionar nuqtalarni topamiz:
i _  3 -3 *

[lOz • z' + 4yz' + 6x -  6 = 0 

[lOz• z' + 4z + 4z^ -y + 2 y - 2  = 0
5 z + 2y

sistema va berilgan tenglamani x, y, z  o ‘zgaruvchilarga nisbatan 
yechib M ,( 1; 1; 0) va M 2 (l; 9; - 4 )  statsionar nuqtalarini topam iz. 
Funksiyaning bu nuqtalarida ekstremumga erishishini tekshirish  
uchun ikkinchi tartibli xususiy hosilalarni hisoblaymiz:

-3  • (5z + 2y)  -  5z' • (3 -  3x)

z„ =

z, =

5z + 2y 
1 -  y  ~2z

K = o

k = o

^5z + 2 j

<■ = ( < ) , =  

/ l - ^ - 2z 4

f  3 — Здг 4

(5z + 2y)2

( 3 - 3 x ) - ( 5 z ; + 2 )  

(5z + 2y)25z + 2y t

(-1  -  2z; )-{5z + 2 у ) - { - 1 - у  -  2z) ■ (5z; + 2) 

(5z + 2^ ) 25z + 2y

a) M ,(l; 1; 0) nuqtada ekstremumga tekshiramiz.

=2v  L, = - 9 > ai2 = L ,= °  an =z/  L,

168



=>1м[{ап -с$2 = ^ .  D em ak o , ,< 0  va Д > O => max => zmax =  z ( l ,  l)  =  O 

b) M 2 (l;  9; —4) nuqtada ekstrem um ga tekshiram iz.

Shunday qilib zmix= z (  1, l )  = 0 va zmin= z (  1, 9 ) — 4 >

13 .21-m asaIa . Lagranj usulidan foydalanib u = x - 2 y  + 2z  funk- 
siyaning X2 + y 2 + z 2 = 1 shartn i qanoatlantiruvch i ekstrem um lari 

topilsín.
< <&(x,y,z) = x - 2 y  + 2z + A.(x2 + y 2 + z 2 -1J  

Lagranj funksiyasini o lam iz  va bu funksiyaning ekstrem um larini 
qidiramiz:

dx

dy

1 + 2Áx = 0 

- 2  +  2  Л у  = 0

2 + 2Áz -  0

X2 + y 2 + z2 -1  =  0

2

3

2

3

^2ф
— -  = 2 Л  va aralash hosilalar nolga teng.
dz



3 '  з ’ з .
14.21-m asala. u va v larni yangi erkli o ‘zgaruvchi sifatida qabul 

qilib, quyidagi tenglamalardan o ‘zgaruvchilam i almashtiring.

2  d'Z 2  d2z x
X - —  - y 2~  = 0, u = xy, v - ~ -

ax  ----- д у ------------  — У ----------------- _

,  ч ,  4 d z  _  d z  \  d z  d z  d z  x  ô z
< z = z ( x ,y ) - + z  = z { u , v ) ^ - ^ - y - ^  + y ^

d u dv

d2z _ d f  dz 1 dz' f d2z  1 d2z '
dx2 dx

у —  + —
. У dv J -  У У

к *1
 + 

 ̂
1

dudv j +

f  d 2 z  d 2z  11
y  [dudv dv2 y

2 d 2z  0  d 2 z  
= У - —  + 2 -т -^  +

_______ 1 d 2 z

du2 dudv y 2 dv2

va
d 2 z _ d

/
d z  x d z  ' j

f ' d 2z X d 2 z  }

d y 2 d y
X  '

\ d u  y 2 d v  J
X j

К du2 ~ 7 d u d v  J

X ( *то z X d 2 .z 2x i _ d z

7 Kd u d v
2

У dv' V d v

- x 2 d 2 d 2z Л d ' z  2x d z

d u 2 y 2 d u d v V d v 2 y 3 d v

- ,  d 2z  d 2 z
T opilgan r r  va ^ 7  ifodalam ing qiym atlarini berilgan ten g-

lam aga olib  borib qo'yam iz.

4xл  d 2z

dudv y  dv
. z .

2 x

2 xy d 2z  d z  d 2z
— •— = 0  => 2m-- d z

d u d v  d v  d u d v  d v

D em ak, berilgan tenglam a alm ashtirishdan so ‘ng ushbu

k o ‘rinishga kelar ekan. >

0  d 2z  &2 и -------= —
d u d v  d v



6 - § .  5 -M U S T A Q I L  I S H  
S o n li q atorlar

Sonli qatorlar va ularning yaqinlashishi.
M u sb at hadli qatorlar va ularning yaqinlashish alom atlari. 
Ishorasi o ‘zgaruvchi qatorlar va ularning yaqinlashish alom atlari. 
C heksiz k o‘paytm alar.

-A -
A sosiy  tushuncha va teorem alar

I o. Yaqinlashuvchi qatorlar va ularning xossa lari.

U shbu

haqiqiy sonlar ketm a-ketlig i berilgan b o ‘lsin.
1 - t a ’r i f  Quyidagi

a, + a 2 + .. .  +  a„ + ... (1)
00

ifodaga qator (son li qator) deyiladi va u X a» kabi belgilanadi.
n =1

Shunday qilib,
op

X a» := a i +  a 2 +  — + a n + ... (2)
/1=1

ekan. {a,,} ketm a-ketliknirg a {, a 2 , . . . , a n , . . .  elementlari qatorning had-
lari deyiladi, a ¡t esa qatorning umumiy hadi deb ataladi. U shbu

;;
S n = '^L ,a k , «  =  1,2,.... (3)

*=i
yig'indilar esa (2 )-qatorning qism iy y ig ‘indilari deyiladi.

2 - t a ’r i f  Agar {5„} k etm ?-k etlik  chekli lim itga ega, y a ’ni

b o ‘lsa, unda qator yaqinlashuvchi deyiladi va bu lim itn ing qiym ati 
S (2 )-qatorning y ig ‘indisi deb ataladi ham da u

QO
S  = a, + a2 +... + an =

kabi yoziladi.
«=i
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Agar {£„} ketm a-ketlik  yaqin lashuvchi bo'lm asa , u holda uzoq-  
lashuvchi deyiladi.

3 - t a ’r i f .  U shbu
oo

^  a n  —  a m + 1 a m + 2  ■*" " •  ( 4 )

n= m + \

qator (2 )-q a to m in g  (m -had idan  keyingi) qoldig‘i deyiladi.
1 - t e o r e m a .  Agar (2 )-q ator yaqinlashuvchi b o ‘lsa, un ing istalgan  

(4 )-q o ld ig ‘i ham  yaqinlashuvchi bo'lad i va aksincha, (4 )-q o ld iq -  
ning yaqinlashuvchi bo'lish idan  berilgan (2 )-q a to m in g  yaqinlashuv­
ch i b o ‘lish i kelib chiqadi.

1 - n a t i j a .  Agar (2 )-q a tor  yaqin lashuvchi b o ‘lsa, un ing qold ig 'i

r n  I =  a m + 1 +  a m + 2  +  • • •

oo da nolga intiladi.
2 - t e o r e m a .  Agar (2 )-qator yaqinlashuvchi b o ‘lib, un ing y ig ‘indisi

cc
S b o ‘Isa, u holda ^ c a n qator h am  yaqinlashuvchi b o ‘lib , uning

/7=1

yig‘indisi c - S  b o ‘ladi, ya’ni
a o  oo

/ ; = ]  n = 1

tenglik  bajariladi.

3 - t e o r e m a .  Agar X X  va qatorlar yaqin lashuvchi b o ‘lsa,
o c  n = 1 /7= 1

unda X X Ö" + ^") qator h am  yaqinlashuvchi b o ‘lib,

± { a n +bn) = ± a n + ± b n
n =  1 /7 = 1  » = (

bo'ladi.
2 va 3-teorem alardan quyidagi natija kelib chiqadi.

30 oo

2 - n a t i j a .  Agar 2 X  va Z A  qatorlar ya q in la sh u v ch i b o 'lsa ,
« = 1  /»= 1

oc

X ( can + d A ) ( c , d -co n st)  qator ham  yaqinlashuvchi b o ‘lib,
/7=1

f j(c-a,l +d-bn) = c - f ja„ + d - f jb„
/7= 1  / /= 1  /7 = ]

bo'ladi.
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4 - t e o r e m a .  (Q ator  yaqinlashishining zaruriy sharti).
A g a r  ( 2 ) - q a t o r  y a q i n l a s h u v c h i  b o ‘l s a ,  u  h o l d a

lim a,, = 0  (5)
//-»oo

b o  ‘la d i .
Izoh. 4 -teo rem a n in g  aksi har d o im  ham  o ‘rinli bo'laverm aydi.

c o  i  J

M asalan, u ch u n  lim an = l i m -  =  0, lek in  bu qator yaq in lashu-
"  n  »->«> *-**> n

vch i emas.
5-teorem a. (K oshi kriteriyasi) ( 2 ) - q a t o m i n g  y a q in l a s h u v c h i  b o ' l i s h i  

u c h u n  q u y i d a g i  s h a r t n i n g  b a j a r i l i s h i  z a r u r  v a  y e ta r l i :  \ f e >  0 s o n

n+p

X a * ~  | a n +  ° n + l  + -  +  a n+p \ < £ ( 6 )
k=n

t e n g s i z l i k  b a ja r i la d i .
2 o. M usbat hadli qatorlar va u lam ing yaqinlashishi

A ytaylik,
■30

£ a t t = a l + a 2 + . . .  +  a n + . . .  (7)
W=1

qator berilgan bo'lsin . Agar \ f n e N  u ch u n  a n >  0 b o ‘lsa, unda (7 )-  
qatorga m usbat hadli qator yoki q isqacha m usbat qator deb ataladi.

Bu punktda b iz m usbat hadli qatorlar uchun yaqinlashish a lo -  
m atlarini keltiram iz.

1-teorem a. (V eyershtrass k riteriyasi) ( 7 ) - q a t o r  y a q i n l a s h u v c h i  
b o ' l i s h i  u c h u n  u n i n g  q i s m i y  y i g ' i n d i l a r i  k e t m a - k e t l i g i  {5,,} y u q o r i d a n  
c h e g a r a la n g a n  b o ' l i s h i  z a r u r  v a  y e t a r l i d i r .

M iso l. U shbu

Y  — =  1 + — + —  +  ... +  - V  + -  (8)
Í - ¡ n a  2 a 3 a n a 

um um lashgan garm onik  q atom in g  a  > 1 da yaqinlashuvchi ekanligi 

isbotlansin.

*  5  =  Y  —  = 1 + — + ... +  —  va S n+i = S „  +  T - ^ - r = > { S n } ^ .
4  " h k a 2 a n a va («  + 1)
E ndi uning yuqoridan chegaralanganligin i ko'rsatam iz:
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= > S n < ^ ~ ¡— J (»  =  1,2,...) =̂ > {-S'n} ketm a-ketlik  yuqoridan c h e -
ce |

garalangan. 1-teorem aga k o‘ra um um lashgan garm onik  qa-
n=l n

tor a > \  da yaq in lashad i.>
Faraz qilaylik , (7)-qator va ushbu

x
= A  + b 2 + . . . + b n + ... (9)

n=1
qatorlar berilgan b o ‘lsin. U nda quyidagi taqqoslash teorem alari o ‘rinli 
b o ‘ladi.

2 - t e o r e m a .  ( B i r i n c h i  t a q q o s l a s h  a l o m a t i ) .  Agar n n in g  biror 
n 0 ( n Q >  l) q iym atidan boshlab barcha n  >  n 0 lar uchun

a„ < b „n n
tengsizlik o ‘rinli bo'lsa, unda (9)-qatorning yaqinlashuvchi b o ‘hshidan  
(7) q atom in g  yaqinlashuvchi b o'lish i va (7)-qatorn ing u zoq lash u -  
vehi b o ‘lish idan (9)-qatorning uzoqlashuvchi b o ‘lish i kelib  chiqadi.

3 - t e o r e m a .  Agar

l t f ‘ k  ( O í * s « )
b o ‘lsa,

a )  k <  oo b o ‘lganda, (9 )-q atorn in g  yaqinlashuvchi b o ‘lish idan  
(7 )-q atorn in g  yaqinlashuvchi b o ‘lishi;

b )  k >  O b o ‘lganda, (9)-qatorning uzoqlashuvchi b o iish id a n  (7 )-  
qatorning uzoqlashuvchi bo'lish i kelib  chiqadi.
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N a t i j a .  Agar / / - >  oo da a n =  0* ( b n) bo'lsa  ( y ' n i  0 < £ < ° o  bo'lsa) 
unda (7 )-q atorn in g  yaqinlashishi (9 )-q a to m in g  yaqinlashishiga ek -  
vivalent b o 'lad i.

4 -teo rem a . (Ikkinchi taqqoslash  a lom ati). A g a r  n  n i n g  b i r o r  
n 0 («0 >  l) q i y m a t i d a n  b o s h l a b  b a r c h a  n > n 0 l a r  u c h u n

a «+l < ^2±L 
a bn - n

te n g s iz .U k  b a j a r i l s a ,  u n d a
1 ) ( 9 ) - q a t o r  y a q i n l a s h u v c h i  b o ‘l s a ,  ( 7 ) - q a t o r  y a q i n l a s h u v c h i ;
2 ) ( 7 ) - q a t o r  u z o q l a s h u v c h i  b o ‘ls a ,  ( 9 ) - q a t o r  u z o q l a s h u v c h i  b o ‘la d i .  
E ndi m usbat hadli (7 )-q ator uchun  yaqinlashish alom atlarini

keltiram iz.

5 -teo rem a . (D alam ber alom ati). A g a r  ( 7 ) - q a t o r  u c h u n

n—>co a
b o  ‘l ib ,

1 ) d  < 1 b o  ‘Isa , q a t o r  y a q i n l a s h u v c h i ;
2 )  d >  1 b o ‘Isa , q a t o r  u z o q l a s h u v c h i  b o ' l a d i .

6-teorem a. (K oshi a lom ati). A g a r  ( 7 ) - q a t o r  u c h u n

lim ' 4 ^ n = q
n ->  sc

b o  ‘l ib ,
1 )  q  < 1 b o  ‘I sa , q a t o r  y a q i n l a s h u v c h i ;
3 )  q > \  b o ' l s a ,  q a t o r  i z o q l a s h u v c h i  b o ' l a d i .
Izoh . 5 va 6-teorem alardagi d va  q  =  1 b o ‘lsa, qator uzoq -

oo J

lashuvchi ham , yaqinlashuvchi ham  b o ‘lish i m um kin. M asalan, X “7
n=1 n 

» j

garm onik  qator u ch u n  d - - q  =  1 va qator uzoqlashuvchi; X t tn=\ •*
um um lashgan garm onik  qator u ch u n  ham  d  =  q  =  1, lek in  qator  
yaqinlashuvchi.

7 -teo rem a . (R aabe a lom ati). A g a r  ( 7 ) - q a t o r  u c h u n



1 )  p >  1 b o  ‘I s a ,  q a t o r  y a q i n l a s h u v c h i ;
2 )  p < \  b o  ‘I s a ,  q a t o r  u z o q l a s h u v c h i  b o  ‘l a d i .

8-teo rem a . (G au ss a lom ati). A g a r  ( 7 ) - q a t o r  u c h u n

e■
n '+* (1 2 )

\9 „ |< c  v a  s > 0 b o ‘Ub
V  A >  1 b o  ‘I s a ,  q a t o r  y a q i n l a s h u v c h i ;
2 )  X  =  1 v a  p >  1 b o  ‘I sa , q a t o r  y a q i n l a s h u v c h i ;
3 )  X  =  1 v a  p .<  1 b o  ‘I sa , q a t o r  u z o q l a s h u v c h i ;
4 )  X < \  b o ‘l s a ,  q a t o r  u z o q l a s h u v c h i  b o ' i a a ’i.

9-teo rem a . (K oshining integral a lom ati). F a r a z  q i l a y l i k ,  f  ( x )  
f u n k s i y a  [l;+co) o r o l i q d a  a n i q la n g a n  b o ‘! ib ,  f ( x ) > 0  v a  m o n o t o n  
k a m a y u v c h i  b o ‘l s in .  U  h o l d a

Z  f ( n )
/7=1

q a t o r n i n g  y a q i n l a s h u v c h i  b o ‘l i s h i  u c h u n
+00
\ f ( x ) d x
I

in te g r a ln in g  y a q i n l a s h u v c h i  b o  ‘l i s h i  z a r u r  v a  y e t a r l i .

3° Ix tiyoriy  hadli qatorlar va u lam in g yaqin lash ish i

Bizga biror
x

( i3 )
/7=1

q a to r  b e r i lg a n  b o ‘l s in .  A g a r  b u  q a to r n in g  h a d l a r i  v  i s h o r a n i  q a b u l  
q i l i s h i  m u m k i n  b o ‘l s a ,  b u n d a y  q a to r g a  ix tiyoriy  hadli q a to r  (yoki 
ixtiyoriy  qator) deyiladi.

1 - t a ’r i f .  A g a r
30

2 k l  (i4 )
77=1

q a to r  y a q i n l a s h u v c h i  b o ‘l s a ,  u  h o l d a  ( 1 3 ) ~ q a t o r  a b s o l u t  y a q i n l a s h u v c h i  
q a to r  d e y i l a d i .
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1-teo rem a . A g a r  ( 1 4 ) - q a t o r  y a q i n l a s h u v c h i  b o ‘I s a ,  u n d a  ( 1 3 ) -  
q a t o r  h a m  y a q i n l a s h a d i ,  y a ’n i  a b s o l u t  y a q i n l a s h u v c h i  q a t o r  o d d i y  
m a ’n o d a  h a m  y a q i n l a s h u v c h i  b o ' l a d i .

2 - ta ’rif. A g a r  ( 1 3 ) - q a t o r  y a q i n l a s h u v c h i  b o ‘l ib ,  ( 1 4 ) - q a t o r  u z o -  
q l a s h s a ,  u n d a  ( 1 3 ) - q a t o r  s h a r t l i  y a q i n l a s h u v c h i  q a t o r  d e y i la d i .

03 +1 F“
Agar son li qator 2 ( _ 0  yoki Z ( -0  a n k o ‘rinishda b o ‘lib ,

n=) )!=]
a n >  0 b o ‘lsa, u h o ld a  bunday qatorga hadlarining ishoralari a l-  

m ashinib keluvchi qator deyiladi.

2 -teo rem a . (L eybnis a lom ati). Agar

Z H r 1^  (15)
»=1

qator berilgan b o ‘lib,
-------n  va’n i a  > g  . > 0  (»  =  1 .2 ..A _________________________

2) l im a „ = 0
'  CO

b o ‘lsa, u h o ld a  (1 5 )-q a to r  yaqin lashuvchi bo'lad i.

V (-1)”+1 , 1 1 1
M iS° ‘- J i ~ T ~  2 +V 4 * -

qator Leybnis alom atiga k o ‘ra yaqinlashuvchi b o ‘ladi va uning shartli 
yaqinlashuvchi ekanlig in i k o ‘rish q iyin  em as.

3 -teorem a. (D ir ix le  a lom ati). A g a r
30

Z aA  (16)
n ~\

q a t o r  b e r i tg a n  b o ‘l ib ,
1 )  {a,,} k e t m a - k e t l i k  m o n o t o n  b o  ‘l ib  n o lg a  in t i l s a ;

n

2 )  A, =  X X  ( n  =  \ , 2 , 3 ) K . . . ,  c h e g a r a la n g a n  b o ' l s a ,  u  h o l d a  ( 1 6 ) -  

q a t o r  y a q i n l a s h u v c h i  b o ‘la d i .

4-teorem a. (Abel a lom ati). A g a r  ( 1 6 ) - q a t o r  b e r i lg a n  b o ' l ib ,

1 ) {on} k e t m a - k e t l i k  m o n o t o n  v a  c h e g a r a la n g a n ,
n

2 )  B n = Y , b k q a t o r  y a q i n l a s h u v c h i
k=1

b o ‘Isa , u n d a  ( 1 6 ) - q a t o r  y a q i n l a s h u v c h i  b o ‘la d i .
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B izga v  had li (13)-q ator berilgan b o 'lsin . B u  qator hadlarini 
guruhlab q u yid agi q a tom i tuzam iz:

(a, + a 2 + . . .  +  a n i) +  ( a nM  + a n M + . . . + a n2)  +  . . . ,  (17)

bu yerda « , < « , < . . .  va k  - » °o da
5 -teo rem a . A g a r  ( 1 3 ) - q a t o r  y a q i n l a s h u v c h i  b o  T ib , y i g ‘i n d i s i  S  s o -  

n i g a  t e n g  b o ‘l s a ,  u n d a  ( 1 7 )  - q a t o r  h a m  y a q i n l a s h u v c h i  v a  u n i n g  
y i g ' i n d i s i  h a m  S  s o n ig a  t e n g  b o  ‘la d i .

Izoh . 5 -teo rem a n in g  aksi har doim  ham  o ‘rin!i b o‘laverm aydi. 
M a sa la n ,

¿ ( _ i ) ' ' +1= i - I  +  i - i  +  ...
n=1

qator u zoq lash u vch i, lek in  bu qatorni guruhlash  natijasida h osil 
bo'lgan

( l - l )  + ( l - l )  + ( l - ! )  + ... =  0 + 0 +  ... + 0 + ... 
qator yaqin lashuvchi.

Endi

Y ja '„  = a [  +  a'2 +  ... +  a'n + . . .  (18)
n=1

yordam ida (1 3 )-q a to r  hadlarining o ‘rinlarini a lm ashtirishdan h osil 
bo'lgan  yan gi q a to m i belgilaym iz.

6 -teo rem a . A g a r  ( 1 3 ) - q a t o r  a b s o l u t  y a q i n l a s h u v c h i  b o ‘l ib ,  y i g ' i n d i s i
S  s o n ig a  t e n g  b o ‘l s a ,  u  h o l d a  ( 1 8 ) - q a t o r  h a m  y a q i n l a s h u v c h i  v a  u n i n g  
y i g ' i n d i s i  h a m  S  s o n ig a  t e n g  b o ‘la d i .

I z o h .  6 -teorem ad ag i (13 )-q a to m in g  absolut yaq in lash ish i sharti 
m u h im  shartdir. Aks holda teorem aning o 'r in li b o 'lish i shart em as.

<  M asalan ,

-  ( -1 )" +I , 1 1 1  i  lV,+i 1
^ —  =  1 —  + ------- +  ... +  ( - 1 )  • -  +  ...

n  2 3 4 K J n
qator shartli yaqinlashuvchi va 5, =  ln 2 -  D arhaqiqat,

ln ( l  +  x )  =  * - y  +  y - y  +  ... +  ( - l ) n+' “  +  *•„(*), x > - \  (19)

yoyilm ada x  =  1 desak,

i n 2  =  1 - I + I - I + . . . + ( - I ) ” ' . i + r . ( l ) = S . + r . ( l )  v a
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Shunday qilib
77 + 1

bo'ladi. > S  =  lim  S„ =  In 2

2 / - ^ — =  ln2.
n-1 »

ekan. => B u  qatom ing q ism iy  yig'indilari

'  i  n

*=l 2 / t - l  2 k ’ ^2n+l ~  *̂ 2/i +
1

2n +  l
ch ek li S lim itga ega:

lim S 2 =  lim  S’. . .  =  S  =  In 2
/ 7 -> X  /7—>co “

E ndi berilgan qatorda hadlarin ing o ‘rinlarini alm ashtirish yor-  
dam ida quyidagi

, 1 1 , 1 1 1 ,  1 1 1 
1 ------------1---------------- (•... H---------------------------------1-...

2 4 3 6 8 2 n - l  4 t7 - 2  4 n
(20)

qatorni h o sil qilam iz. (2 0 )-q a to m in g  y ig ‘indisin i h isob laym iz.

n (  1 1 1
s i  = U — ----------- 1--------- Lt i \ 2 k - \  4 k - 2  4 k qism iy y ig 'ind in i olam iz.

1 1 1 1

2 k - l  4 k - 2  4 k  2 \ 2 k - \  2 k )
11 " f  1

> lim S L  =  lim —V ----------------
n -ri n^  2 fri ̂  2 k  - 1  2 k

=  ^-liraS 2n lim S3'B+1 =  lim
2 n-r* 2 ;/->« /7->oO S ' +  -

1
-  t - S  va lira S'3n+2 -  2

= lim I S3'„ +
1

2» +1 4« + 2
= - S = >  

2

277 + 1,

(2 0 ) -q a to r n in g  y i g ‘in d is i

S' =  ̂ S  = | l n 2  ekan. > 
2 2

7-teorem zi. (R im an teo rem a si). ¿ g a r  2 ° »  q a t o r  s h a r t l i  y a q i n -
/7=1

l a s h u v c h i  b o ‘I sa , u  h o l d a  \ / a  ( c h e k l i  y o k i  c h e k s i z )  s o n  o l in g a n d a  
h a m  b e r i lg a n  q a to r  h a d l a r i n i n g  o ' r i n l a r i n i  s h u n d a y  a l m a s h t i r i s h  m u m -  
k i n k i ,  h o s i l  b o 'l g a n  q a t o m i n g  y i g ' i n d i s i  x u d d i  s h u  A  g a  t e n g  b o ' l a d i .
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4°. Cheksiz ko‘paytmalar
B izga

son lar  ketm a-k etlig i berilgan b o ‘lsin. U lardan  tuzilgan

Pi - P 2 - - - P n - -  = Y \P n (2 1 )

sim volga  ch ek siz  k o ‘paytm a deyiladi. U shbu
n

Pn = T lP k  («  =  1,2,...) 
k=i

k o ‘paytm alarga xu su siy  k o ‘paytm alar deb ataladi.

T a ’rif. A g a r  Pn x u s u s i y  k o  ‘p a y t m a l a r  n  ->  oo d a  c h e k l i  y o k i  c h e k ­
s i z  P  l im i t g a  e g a  b o ‘Isa

k a b i  y o z i l a d i .  A g a r  p *  0 v a  c h e k l i  b o ‘I s a ,  u  h o l d a  k o  ‘p a y t m a  y a -  
q i n l a s h u v c h i ,  a k s  h o l d a  u z o q l a s h u v c h i  d e y i l a d i .

B u n d a n  b u y o n  ch ek siz  k o ‘p aytm alarn i tek sh ira y o tg a n im izd a

p n *  0 deb faraz qilam iz.

C h ek siz  k o 'paytm alam ing birinch i m  ta hadin i tashlab yuborib

qoldiq k o ‘paytm ani h osil q ilam iz.
1 -teo rem a . A g a r  ( 2 l ) - k o  ‘p a y t m a  y a q i n l a s h s a ,  ( 2 2 ) - k o ‘p a y t m a  y a -  

q i n l a s h a d i  v a  a k s i n c h a ,  ( 2 2 ) - k o ‘p a y t m a n i n g  y a q i n l a s h i d a n  ( 2 1 ) -  
k o ‘p a y t m a n i n g  y a q i n l a s h i s h i  k e l i b  c h iq a d i .

2-teorem a. A g a r  ( 2 1 ) - c h e k s i z  k o ‘p a y tm a  y a q in la s h u v c h i  b o ‘Isa , u n d a

lim  P „ = P ,

b u  l i m i t n i  ( 2 1 ) - k o ‘p a y t m a n i n g  q i y m a t i  d e b  a t a l a d i  v a

^m  1 J P n  Pm+\ ' Pni+2 (22)

b o  ‘l a d i .
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3 -teo rem a . (C heksiz k o ‘paytm a yaqinlashishining zaruriy sh arti).
A g a r  ( 2 1 ) - k o ‘p a y t m a  y a q i n l a s h u v c h i  b o ‘I s a  u  h o l d a

lim p „  =  1

b o  ‘la d i .
Y aqinlashuvchi ch ek siz  ko'paytm alar u ch u n  3-teorem aga ko'ra  

lim /?„ = 1 => Biror nom erdan boshlab ham m a p„ lar •> 0 b o 'lad i. 

D em a k , um um iylikka z iy o n  keltirm asdan, barcha p n lar u ch u n

p n >  0 deb  faraz q ilish im iz m um kin.
4 -teo rem a . (21)-cheksiz ko'paytma yaqinlashuvchi bo'lishi uchun

*P„ (23)
«=1

qatorning yaqinlashuvchi bo'lishi zarur va yetarlidir. Agar bu shart 
bajarilsa va (23)-qatorning yig'indisi S  bo ‘Isa, unda

P  = es
bo ‘ladi.

■tt ao

Agar p „ = \  + an b o ‘lsa, unda = 1T I0+ a») b o 'lib , 4 -te o r e -
«=1 /1=1

m aga k o‘ra (2 1 )-k o ‘paytm aning yaqinlashuvchi b o ‘lish i uchun  u sh -
cc r-—-----

bu X * n 0  + °") qatorning yaqinlashuvchi b o ‘lish i zarur va yetarli
//=1

ekanligini hosil qilamiz.

5-teorem a. Agar biror n0 e N  nomerdan boshlab, barcha n > n 0

lar uchun a„>  0 (yoki a„< 0 )  bo ‘Isa, (21)-cheksiz ko'paytmaning 
yaqinlashuvchi bo‘lishi uchun

| > n (24)
»-i

qatorning yaqinlashuvchi bo'lishi zarur va yetarlidir.
U m um iy holda, ya’ni onlar ishorani saqlamagan va (24)-qator  

yaqinlashgan holda, (21 )-ch ek siz  ko'paytm aning yaqinlashuvchi 
bo'lishi uchun
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CO

X X 2
/2=1 (25)

qatorning yaqinlashuvchi b o 'lish i zarur va yetarlidir.
Agar (23)-qator absolut yoki shartli yaqinlashsa, unda (2 1 )-ch ek -  

siz  k o ‘paytm a absolut yoki shartli yaqinlashuvchi deyilad i.= >  (21 )-  
k o ‘paytm aning absolut yaqinlashuvchi b o ‘Iishi u ch u n  (2 4 )-q a to m -  
ing absolut yaqinlashuvchi b o ‘lish i zarur va yetarli.

Nazorat savollari

3. Sonli qator tushunchasi.
2. Sonli qator yaqinlashishining ta’rifi.
3. Qator yaqinlashishining zaruriy sharti.
4. Qator yaqinlashishi uchun Koshi kriteriyasi.
5. Musbat qatorlar uchun Veyershtrass kriteriyasi.
6. Birinchi taqqoslash alomati.
7. Ikkinchi taqqoslash alomati.
8. Dalamber alomati.
9. Koshi alomati.
10. Raabe alomati.
11. Gauss alomati.
12. Koshining integral alomati.
13. Ixtiyoriy hadli qatorlar va ulaming yaqinlashishi.
14. Leybnis alomati.
15. Dirixle alomati.
16. Abel alomati.
17. Absolut yaqinlashuvchi qatorlaming xossalari.
18. Shartli yaqinlashuvchi qatorlar.
19. Riman teoremasi.
20. Cheksiz ko‘paytmalar va ulaming yaqinlashishi.
21. Cheksiz ko'paytma yaqinlashishining zaruriy sharti.

22. Cheksiz ko'paytma yaqinlashishining zaruriy va yetarli shartlari.
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- B -
M u sta q il y e c h ish  uchun m iso l va  m a sa la la r

1 -m a sa la . Q a to r  y ig ‘in d isin i top in g .

A  6 f  24
1 ,1  9 « 2 + 1 2 « - 5  1 2  ¿ 9 « 2 - l 2 « - 5

6 -A 9

/j=2

1.21  Z£ i 9 « 2 - 3 n - 2

1 3  | i 9 « 2 + 6 » - 8 '  1 4  § 9 n 2 + 2 1 « - 8  

A  2 ^  14

1 ,5  ¿ 4 « 2 + 8« + 3 1 ,6  ¿ 4 9 k2 - 2 8 « - 4 5

3 y ______ 7______

1,7  £ ? 9 k2 + 3 « - 2 ‘ 1 ,8  ~ i 4 9 » 2 - 7 « - 1 2

1 y " 14_____
1-9 L n2 + n _ ^ -----------------------------L 1 °  tT 4 9 « 2 - 1 4 « - 4 8 '

f ,  6 ^  14

1,11  t i 3 6 « 2 - 2 4 « - 5 '  1 ,12  ¿ i 4 9 « 2 - 8 4 « - 1 3 '  

* 4 v 1 n
i . i 3  i - i 4  2 - :4 « 2 + 4 « - 3  49«2 + 3 5 n - 6

A  9 y  8

1 ,1 5  “ i 9 « 2 + 3« -  20  1 ,16  ¿T 16«2 - 8 / 7 - 1 5 *

1,17 49 « 2 —21/7 — 10* 1 ,18  4«2 - 9
» 7 » 12

1*19 Z , io „ 2  1-20 Z -~ ^ 4 9 « 2 - 3 5 « - 6  * t i 3 6 « 2 + 1 2 « - 3 5

2-raasala . Q ator y ig ‘indisini toping.

£ i « ( «  + l ) ( n  + 2 ) ’ • n (n  +  l ) ( n  +  2 )
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2 .3
y 3-72

£ / ( t 2  +•3)(/2 + l)/7

2 .5
y 4

Z ^n {n - 0 ( 1 7 - 2 ) *

2 .7

CO

у 3/2 +  1

l)w(w + l)

2 .9

ao 4 - / 2

£ f/7 (/7  + l)(/7 +  2)

у I
2 .1 1 Ä t2-|( » = - ! ) •

2 .1 3

00 1-/7

^ / 7 ( / 2 + l ) ( / 2  + 3)

2 .1 5

•X- /7 + 6

“ Í «(/2 + l)(/2 + 2 ) '
CO

у / 2 - 2
2 .1 7 ¿ ( и - -l)/2(/7 + l ) '

2 .1 9

00 
•V «  \ ' 3/7 +  4

^ « ( / 2 + l ) ( / 2  + 2)
GO

y 5 /2 - 2
2 .2 1

« = 2  (/2 " - 1)/7 (/2 + 2 )

у  п  — 1

2 4  ¿ t » ( n  +  l ) ( n  +  2 ) '  

П - 4
2 .6  X

2.8 X

и=3 и ( и - 1 ) ( и - 2 ) '

5и + 9

2.10 X

„=1 /7 (и + 1 ) (и  +  3 ) ’ 

8 /7 -1 0

/1=3 (л -1 ) (и  +  1 ) (л -2 )

3/2-1
2 .1 2  L :

2 .1 4  X

я=3 /7 ■ (и 2 -  l)

Зи +  2

„=1 /7(/7 + 1)(/7 +  2 )  

^  /7 + 5 

2 Л 6  è ( / 2  +  2 ) ( / 7 2 - l ) '  

/2 +  2

3 я(/7 —1)(/7 — 2) '2 .1 8  X

2.20 X„_1 (/2 + 2) (/7 + l)  ■ /2

3-m a sa la . Q atom ing qism iy y ig ‘indisi S n va y ig ‘indisi S  ni

•эр

3 .1  X '
/7 = 1

3 .3  X :
«==1 •

<x?

3 .5  X -
72=1

1

toping.

3 .2
00

у 1

16/22 - 8 / 7 - 3 ' t í 2 5 / T +  5 /7 - 6

1
3 .4

00
у 1

36/72 - 2 4 / 2 - 5 t l '4 9 /2 2 +  7 /7 -1 2

1
3 .6
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3.7 I
2/7 -ь 1

3 .9  X

Я=1 36/72 + 1 2 /2 -3 5  

n

3 .8  2 /  , i \ 2 '/1=1 и • (n + 1)

3 .1 0  Z j  Г Г  " л
Я=1 у  и (и + 1)

00

3 .1 3  É ta 1_ 77(77 +  1)
3 .1 4  Z l n

и3 - 1

50 1 3 
3 .1 5  Z s in ^ c o s^ r-

n=l Z Z
» 1

3 .1 7
л=1

^ 2 я - 1  
3 .1 9  Л ~ ^ Г -

n=l ¿

3 .1 6  X ln

n=2 П +1 
1

Zo « !•(«  + 2 ) ‘

3 .1 8  Е Й ) "
/7 = 1

V"1 ^
3 .2 0

n=i ^

Ml—I ’

ao

3 .2 1  X si
a  . 3 asin— r sin

n=I

4-m asa la .

K oshi kriteriyasidan foydalanib um um iy hadi a n ga teng  

bo‘lgan X a« qatorning yaqinlashuvchi ekanligioi isbotlang.

cos na
3"

1

4 .2  a n =  

4 .4  a „ =

sm  na  
/7-(/7 +  1)

c o s a "

4 .5  a„ =
cos n a - cos (/7 + 1) oc

n
4 . 6  an -¿>o +-^+...+-^+...( |¿>„|<10).

4.7 a„
s in « «

2"
4.8 a„ =

sm  na  
(n  +  l ) ( n  + 3)
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4 .9  а п — -, /— •
п~ - yin 

4.11 а = —  sin —.

4 .1 0  @ii з
/7 -1

4 .1 2  2

л +1 

1

я л  " п + л +1
Koshi kriteriyasidan foydalanib, umumiy hadi a tt ga  teng b o ig a n

00
X a« qatorning uzoqlashuvchi ekanligini isbotlang.

n - 1
4 .13

1

2/3 + 1'

4 .1 7  a „ = 1° ' i + l '  
V n

1

4 .1 4  «„ =  

4 .1 6  o„ =  

4 .1 8  a » =

4 .2 0  a„ =

n2 + 1 

arctgn 
n 
1

V 7 + T

1

З л + 2*

a =

cc

5.1 £
n=1

л /« ‘(»  +  1)

5-m a sa la . Q atorning yaqinlashisbga tekshiring.

^  • 2 +  ( - ! ) ”
5 .2  ] T / i s m -------3----- •

sin2 Ял/w 

Ял/л

5 .3  X
W=1

PC

5.5 £

COS'
. ЛЯ

£ ; л ( п  +  1 )(л  +  2 )  

2 +  ( - ! ) "

>7=]

/1=1 л - 1 п я

1 + ( - ! ) *
*  ö / r / g — V ^ " w

5 .6  £ -------------- 2--------
Л=1 я 3 + 2

л  (2  + cos п я )  

5 Л  ? * ? = . ■
5 .8  £ .

я=2

. л - 1
a rc s in -------
_______я

^л3-Зл
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5 .9  Z
sin2 «

( - 1  y - n
x arccos-—------

5 .1 1  V ______ и + 1

t í « 2 +1

ce

In=\

X
5 .1 3  Z

л=1 П2 +2

« ln «
/7=1 n2-  3

V  1 • 2 + H "
5 .1 5  Z ^ r 7 s in  —

n=2 y¡n3

лпx 1 + sin
5 .1 7  У ------------ 1

о  . ЛП
30 2 + sm—  ,

5 .1 9  2 --------
^  “  V««=1 n

2_________ + cos— 1 л/й
5 .2 1  y v _____ 2  ) —

t í  * ¡ ¿ 7 1

5 .1 0  Z
n=2

ln \Jn2 +3 « 
■Jn2 - n

Z

rl *
—
n  ■ COS' «

„=1 n +5

«  +3
5 .1 4 B=1 « M  2 + sin —

5 .1 6  Z
ln«

n=i «  + «  +1

2 ЛП
ю cos ——

5 .1 8  У ______ 3 _

5 .2 0  Z

t í  3” +2 

ln«
n=l + «

6. 1 Xw гл-1t í  5я” + « - 1

V 1, " 2 + 5
6 .3  Z I n ^ ~ 7 - t í  n-+4

6-m asa la . Yaqinlashishga tekshiring.

V ’ 1 1
6 .2 t í «  \ln

6 .7  Z
« + 2

„=, «5 +sin2"

vp 1 . 1
6 .4  2 - ~ s m ~ -n=i Vw n

* 1 1 »
6 .5  Z ------7arctS l r = T -  6 .6  X

£ í « - l  1 t í
("Ч з)г 

^  « 5 + ln4 «

6 .8  Z
2" + cos«

„=I 3" + sin «
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1

6 .11  Î l T r arctS j J =  1 Цп 4V«

\  ' I i
6 .1 3  2 , ^ — sin -

6 .9  Z  ; л" и -cos bn W=1 vW +1 Vtf 

1

* i  i
6 .1 0

6.12 Z
л=1 n2 —Inn'

4 -
yln + 5 n — 1

_______ I Л
Ь 'л /й + З

6 Л 4

6 .16  Ê ln -  " î + 1

* 1
6.17 Y ^ narcîë ~ -

n=1 f t

3 5 ^
6.19 L n (g -t í  «

6.21 Z Í I-C0S~]-

/i +  lТП i /T l

7 Л  ¿ 2 " - ( / i - l ) ! *

-  2 л+ ,-(/73 + 1)
7.3 Z  • / -  • t í  (n + 1)!

* ( 2 я  +  2 ) |  j _

t í  3/7 + 5 2 " ’ 
5

„ a r c tg -
7.7 y _____ «

t í  »!
* 6"-(>72 - l )

7.9 Z ----- ,----- •t í  »!  

y  w!
7.11 n=i («!)

t í  n +И + 2

X w3
6 18 T i n - i — . 
0,10 t í  « +1

■̂ 1 . yfñ
6.20 Z sm~/ T ~ "

/7=1 yj n +2,

7 -m a sa la . Y aqinlashishga tekshiring.

(«O2
7-2 Z '

/»=1

^ 10” -2/2!

7,4  t í  (2«)! '

■A и + 5 . 2
7 6 /  ------ sin— .

t í  «! 3"

-

7 Л 0  § ( / 7  +  2 ) ! '

7 .1 2  Zt í  (2/7-1)! '
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а 1-3-5-...-(2я-1) 
7 Л З  t í  у  •(« + !)!

у  И *
7 ,1 5  ¿ ? ( з " + 1) - ( 2и )! '

7.17
«=1

Ä  п\
7 .14  Z ^ T -

Л=1 “

Ä  Я-
7 .16  Z " - SUV

/»=1 Z

А  5"-л/л2"
7 .18  Z

л=1

Зл

7 ,1 9  5 ( л +  2 ) И * '
7 .20  Z

(и  + 1)! 

£ ,3 - 5 - 7 - . . . - ( 2 и  +  1)

2 - 5 - 8 - . . . - ( З и - 1 )

и! 1
7 .21

Z rii 1
ТпЛ \ tg 5"t í  { 2 и)! °5 ’

8 -m asa la . Y aqinlashishga tekshiring.

8 .1  £
IT 1 

1 + -  T„=1V n /

Tj

8 .3  Z

8 .2  Z
w=l V

£ , Î 2 n  +  2
3/7 + 1 ( /7  +  l ) 3

(  2 « 2 +  l V

/ 7 + 1
8.4 Z

4/i -  3 Y

8.5  Z " 4
Г 2/7 V

»=1 V

50 /
8.7  Z

2/7 + 1

3/7 + 5
Ч"2

t f V 3 « - 2

8.9  £
/ 7 - 1 N"

я=1 V И У 
ж *̂ n+l

/7

5^

8 .1 1  Z ~ r

t i \5 n  + 4J

8 .6  2 , " arcsin
я=1

и + 2 Y* 

8 -8 f c j  • 

/;5 • 3” 
8Л0 è  (2/7 + 1)" ■

8.12 t 2"'
n=l n

Z 2 • n  Я
/7 Sin — .

n~\

V f 3/7-1 V"
8.14 > « ---------

t í  ч4/7 + 2,,
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00 __3 00 -МЛ + -

Е и ^  ÏÏ
!\ \" ' 8  Id  " ,  .я /  'п=2 (ill и ) б -10 „=1 (¿.fl +  l )

8 , 7  f c f  8 , 8  I M t -

8 .19  ^ ■ a r c t g " ^ - .  8 i20 | y . a r c , g 2" f .
i n  Art

8-21 Z ¿  r ”

—n

n = I  3  V  и  +  1

9 -m asa la . Yaqinlashishga tekshiring.
00 1y _____ i * i

9,1 л=2л1п-(Зя + 1) 9-2 Z wln2^2„ + i y
°o i

V  J
9 , 3  „ =1 ( 2 и  +  3 )  l n 2 ( 2 и  + 1 )  9 . 4  ; § ( 3 „ _ 5 ) i n 2 ( 4 w _ 7 ) -

Д0 1 X- 1

9.5 ¿ Т Г Г.Тч. 2 / c_ , . 4 - Q.(¡ Éя=, (Зя + 4) ln2 (5«  + 2 )  9 .6  t í  ( 2 « +  1)ln2 (ллУ? + 2 ) ’

9-7 5 ( и л /2 + 1 ) 1 п 2( и 7 з + 2 ) '  9 .8  § ( „ _ 2) ln  ( и _ 3) '

Y  1 » 1
9 ,9  „=I( 2 « - l ) l n  (2 « )  9 .1 0  Z ^  + 1̂ ln ( 2wy

со ̂  j  • ^

9 1 1  § ( 3 « - 1 ) 1 п и  ' 9 .1 2  | ф и - 1 ) 1 п  («  + ! ) '
ас i

Y  1

9 1 3  ( 2 « - 3 ) ln (Зи + 1) 9 .1 4  Z ( „  + 2 ) i n V
oc 1

9 ,1 5  "=2 ( /? + 3 ) ln 22«  9 .1 6  £ ( 2и + 3) 1п2 ( ,7 + ]y

V — î—  V  1
9 ‘17 - î » l n  ( « “ О 9 1 8  £ ^ 2 « - л/1 п (З я -1 ) '

190



V"1 1 y

9 1 9  § ( „ - 2 ) . > ( » - 3 ) '  9 M  й ( 3 Л- 1 ) - > ( я - 1 ) '

0° J

^ ( я  +  5)1п2(и  + 1)-

1 0 -m a sa la . Q uyidagi tengliklarni isbotlang. K o‘rsatm a. Q ator  
yaqinlasbisb ining zaruriy shartidan foydalaning.

10 .1  Um ~ T  =  0 .

10 -i Н т т — r- =  0
и -» о о  ( 2 / ? ) !  *

(2/7)!! л
10.5 lim -—

n -*c c  y ]

(2nX
10 7 lim  V  =  0 ,"->=°(2и — l)!

10.9 lim —— -̂ =  0

10 .11  И т

4 » 0 2
(2/?)!! л 

im -— l —  - 0 .

(Зи)! л
10 .2  1'т У -  = ° .

n
- - ¿ ( и ! ) 310 .4  lirn7 ^ T  =  0

.• (и  +  2)! л
ю -s

и"
10 .8  1 ™ (2 и -1 ) !  °*

. .  (2/7 + 1)!! л

10 .10  11 т  ------ ¡Н~- =  ° .
п У1

(4 « )!
10 .12  Ит:!Т ^  = 0 ./»-»«■ О

1 0 .1 3  lim —  =  § ,Л->00 !

Г/7 + 1)! 
1 0 .1 5  lim --------L -==  0,

10 .14  Ë S* [ ( «  + l ) f f
- = 0

(/7 +  3)! 
1 0 .1 6  lim -------- =  0



11-m asala . X a" qator a  ning qanday qiym atlarida yaqin lash-
ishini aniqlang.

O "
11.1 an =1 1 — n sin — 11.2 an = n “ ^ln(«2 + l) -2 1 n « ]..

11.3 an =
1 ,arctg —  ln 1 + 1 ] ^ 2+ l - V » 2- l11.4 a  = ------------------------.n l  n ) \ n an

/  i V  
e * - 1

4 J
11 .6 a.. =

1
— - - e o s — 

. 1  nи -sin —
ч n

i i —eos—
1 1.7  an=\e"  " - 1 —

11.9 an = eos
1 л/л2 - n  

*Jñ n

11.11 an ~ n ' sm

11.13 an =

11.15 a„ = 1пл + ln| s in —- 
n )

11.8  ая = ln arctg— - l n

11 .10  a„ =

n j  к n , 

2 \ a
I -  sin

ЛГГ
2n2 +1 У

(  1 l \
1 - í 1 1—  arctg— . 11.12 a» = eos—

{n  n ) L n )

11.14 a"~

11.16 an =

e - 1 +  -
V, «

11 -  e o s— 
n

11.17 a„ = ln
/7 + 1 2

n—1 И-1 ’« - 2 -  11.18 = 
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. • 1 111 .19  а п = |  « s in — c o s— j= 
» ил/ 3

1 1 .2 0  an =
л  л п

- -CO S
2 я  + 2  2 и  + 2 ,

11 .21  « . - ( Л Г Г T - Æ ) * - t o g ± l

12-m asaIa. Yaqinlashishga tekshiring.

и л  I H )
11=1

Л+1 2и +1 

и -(и  +  l)

я+1
V ’ ( - 1)

1 2 .3  л , 7  ~ ; v  t í l n ( n  + l)

^ ( - 1 ) Л-2и2
1 2 .5  S  4 -2 , •^ и  - и  + 1

12 .7  £
( - 1 ) ”

л=3 и -1 п (и  + 1)

12 .9  -------------- 2 V »

12 .11  Z

л=| л/Зи +  1 

( -1 )"

Z í  и -1 п (2 и )

1 2 1 3  y J z i T L
1 2 Л З  ¿ ' ( и  + 1 )-2 2" ‘

у  Н Г
Au /« ч л  1

1 2 1 5  -  ( » + о { | )

1 2 Л 7  h  In  ( и +  4 )

12 .2  Z i “ 1)
/1=1

V  И
12 .4  L ------- —

//=3 

00
12 .6  Z

п
\ 2 и  "Ví /

^ и - (1 п 1 п и ) -1 п и  

( - 1 ) ”

/1=3 (и  + 1) • In и

1 2 8  у  ( - Г  ' 
12‘8 hn-ijbt7з

1 2 .10  ¿ 0  ~ ) " ‘c o s¿ -

12 .12  Е ( " 1)Л- ^ - -  

( - 1 )

/1=1

1 2 .1 4  л=1 cos _ ^ = . 5/зи 4- |п и 
Зл/и

1 2 .1 6  Ё Н )
/7=1

л 2 и - 1  

Зи

1 2 .1 8  Z
//=0

( - 0 я 
(2и  + 1 )-2 2я+2 *
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12.19  S Н Г - т г
n=l y jn

/  л \ n  71
„  ( - 1 )  - tg— r

12.21  V ____ _ _ 4 >L»
________S  V 5 ÏT -Î

s in

1 2 .2 0  X i “ 1) " ------ Ц г
"  «v«

13-m asaIa. Q uyidagi qatorlarning absolut 
yaqinlashuvchi ekanligini isbotlang.

^ , ( «  + 1 )c o s 2 m

13 .1  L ) i  7 ■ -
n=i V и +  3w + 4

1 3 .3 £ ?1 п 2(и  +  1)
1 — e o s—\=

л/и.

00

1 3 .5  Z

1 3 .7  Z

arctg(-n)"  

y¡2n6 +  3w +  l

( - l ) " + 1 In2 «

/1=1 2"
со

1 3 .9  Z ^ n a r c t g
/7=1

/7 +  1 

»3 + 2 '

13 .11  Z t ^ ñí

1 3 .1 3  Z

Ù  (2 л )!

( - 1 Г - И 2 ( И + 1)

/7=1 Ич/т2 + 1

* ^  2" +«2
1 3 .1 5  Z ( _ 1 ) 2

/7=1 ' 3n + n 3

<r,

1 3 .2  Z ln
/7 * 1

í l  1 1 1 4— ;=-
s. л/Й>

■arctg
Sin /7

13 .4
sin 2«  + — 

y  l  4
~ í  n-lJn + 2

лп

1 3 .6  Z
cos-

£  (w + 2 )  ̂ /ln3 ( / ? + ! ) '

Л

4 л  '

ä ( - 1 ) "  . лг 
1 3 .8  Z V ^  ••arcsin

"  л/и

^  i—

13 .10  Z " 3sin w 'e_ "•

1 3 .1 2  Z
(и  + 1)"

13 .14 n -s in — 
V И

1 1— - - c o s — 
. 1 n

•cos;zn.

1 3 .1 6  § ( - ■ )■

194



13.17 £

13 .19  Z
/7=1

( - 1 ) "  - s in 3 «

n - ln («  +  l) - ln 2 («  +  2)

s m n
,— - - s in  —=  

№  №

f  ■ W  sin n

13 .1 8  L i l = ^ a r c t ë — - tí Un 2n
Г)

13.20  Z " 2 ‘c o s " *

13 .21  ¿ \ « 3 + 4 и
и + 3

•ln 1 +
( - 1 ) "

и

1 4 .3  Z

1 4 .5  Z

14-m asaIa . Q uyidagi qatorlarni yaqinlashishga teksh iring.

Ä  sin «
14 .2  Z I r p

n=I Vfl

cos3n

ОС1 /7-(/7-l) 1

1 4 .1
»=1 v n

cos 2«

“ З Г -

sin  2« 

y¡2n

1 4 4  3/иn=l Vil

cos ( « +  —
I 4  J1 4 .6  ^

¿ í  In ( и  +  1)

XT’’/  i \ n cos 2«
1 4 .7  Z H - г - '

/7=1 V H 14-8 S H ) ’ '7 7
и=1 V ¡

• 2 » sin —
2

«  + 1

//•(/?—l)
(-1 )"

14 .9  Z H  2 —г— ■ ! +  “  • 1 4 .1 0  Z tH t -
/7=1 \ И  +  1 V w y /7=1 vW +  1

( - l ) ’,+1 • ln ln («  +  2 )А ( - 1 Г ‘ -1пи 
14 .11  Z — --------

0-1 V«
14 .1 2  Z ln («  +  l)

14.13 Z
H " - ”

(« + 2)-V« +  l
14 .14  Z cos Т  + я77 -sin-- 

/1=1 ч ^  J ft
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1 4 .1 5  Е Й ) " 1-cos
л

T n ,
1 4 .1 6  Z H )

я+1 1

Vn2 + l '

X"41 /  i \ rt w +  Z ЯГ sin^ и
1 4 .1 7  Z H )  • — j a r c t g - j ^ .  14>18 2 ^ — r -  

 n=i \Jn~ + 4 V« „=i V «

1 4 .1 9  ¿ 7 -Sinrt- • 14 .20  X > in M « 2 + 1 )- .  
»=i V « + s i n n  я=1 '  7

A  sin2w  1

1 4 -21  c o s ; -

15-m asa la . Q uyidagi qatorlar a  ning qanday qiym atlarida
a ) absolut yaqinlashuvchi,
b) shartli yaqinlashuvchi b o ‘lishini aniqlang.

15 .1  £
( - ! ) ” • sin2" а

15 .2  £ ( - ! )
- i  2" • cos2" «

Л=1 4~n

15 .3  £
sin 2n -ln2 n ( - 1  )■

1 5 .5  £ ( - 1 ) "
( 2 » - l ) ü

(2n)l\

15.4

15 .6

"=1 [л /и  +  1 + ( - 1 ) ” ]

у  (-1 )"  

"“2 ^ л / я + ( - 1 ) лр

h  П\ ' - 1 [и  1пи+ ( - ! )" ]
. п

sin  —
1 5 .9  У ---------2-^  » ln«  it í n  ln“ (w + l)

A ,  lV, 2 +  ( —1)”
15.10  Z i ' 1) - , а .  Л - и  • In (л  +  1)

15 .11  Z ^ r
Я

Sin i
1 5 .1 2  Z ~

s in n

„=1 na

196



t í « “ «
1 5 .1 3 15 .1 4  -  (-I)"  n + - — —

л“

1 5 .1 5
< ( - О л

ûr+- 
1 л  я

^ « ( а - 1 ) ( а - 2 ) - . . . - ( а - 2 я )  

1 5 ,1 6  S '  (2и+2)!!

00

1 5 .1 7  2 >
/1=1

1 + ( - O '
. я—1

1 5 .1 9

( « + 1 Г .

у  ( -1 )"

¿ Г [ 2 „ + ( - 1 у ] *

15.18 ¿ И ”

15 .20

и=1

■Jrf+n-l-Jrf-n+l

( - 0 я

я=2 |^й2 ln «  + ( - l ) ” j

c o s«Z cos
— I  

//=1 n
16-m asala. 

Tengliklar isbotlansin.

00

16.1 П
/1=0

\-n

со
1 6 .3  П

2

7 t

= 2. * ”3 ~ ] - 2 
„ i « 3 + l  _ 3'

1—
_1_

Y

X sin *  
1 6 .5  П с0 8 г = - ~ -

и—1 z  л

я  2

16.2  П
/1=2

со

1 6 4  Q [ i _ « - ( « + i )

16.6  П ( 1+л2" )= т ~ - ( И <1)' 
/1=0 1 л

Я- 2 2 ¿ 3« 3«  ̂ 2л-

1 6 .7  2 >/2 y¡2 + y¡2 y j2 + ^ 2  + y¡2 4 J \ 3 w - l  3« + lJ  Зл/З

> «  | - П ^ 1  Ä )  « ■ «  О (2и  +  1)‘



Q uyidagi cheksiz k o‘paytm aIam ing yaqinlashuvchiligini isbotlang  
va ularning qiym atlarini toping.

TV 2 ' 4
16 .13  П - Г - Т -

n=T> П ~~ 1

1 6 .1 5  П 1+
n(n + 2)

п (2 я 4 -1 )(2 п -ь 7 )  

и - i (2rt + 3 )(2 и  +  5)

=o (-1)"
16.16 n ^ n

1 6 .1 7  П

Q uyidagi ch ek siz  k o ‘paytm alam i absolut va shartli 
yaq in lash ish ga tekshiring

( -1  r '
1+-

16 .19  П
л £

1 6 .1 8  П
Я=1
00

16 .20  П

u t o :
л/и

(-1 )"
1 + ̂ —<- 

In и

16 .21  П
(-1)"

1 + ^

-D -
N am unaviy variant yechim i 

1 .2 1 -m a sa la . U shbu
3

qator y ig ‘indisini toping.

3 3

У —
=\9n2 - З я - 2

=-
1 1

«  ■ 9я 2 - З л - 2  9 [ Л + 1 У  (Зи +  1 ) . ( З я - 2 )  З я - 2  Зи +  1

= > s„ = Z  а* = Х
1 1

t \ 3 k - 2 3k  + l )  4 4 7 7 10 З п - 2  Зя + 1 Зя + 1

1
D em ak , S : = l i m S „  = lim  1 - - ----- - = 1 .>

/,->* я-»* ( 2n + \ ;

2 .2 1 -m a sa la . U shbu

qator y ig ‘indisini toping.

5 и - 2

^(и-1)и(и + 2) ’
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< B ir in ch i navbatda bu qatom in g  u m u m iy  hadini n o m a ’lum  
koeffitsientlar u su lid an  foydalanib, sodda kasrlarga yoyam iz:

5 n - 2  1 1 2 
a. = ----- - + - - -

" ( n - \ ) n ( n  +  2 )  n - 1 n  n  + 2
Í — — - )  
\ n - \  n )

+ 2-1 ----- l—  \ = b„+c„-n  n  +  2 .

í . = £ » , = I f e ^ O = & + S ^ = I [ - r T - r > 2Í í í -  ‘
k=2 k-2 k=2 k=2 k=2 VK  1 K . k% \ k  к + 2

'’, 1 1 1 1 1  1 П  J l  1 1 1 1 1 1 1 , . 1 _  1 "I
v 2 + 2 3 + 3 4 + ‘"+ w -l n } + [ г  4 + 3 5 + 4 6 5 7 n  n  + 2 )

' , _ f U l + i - I ---------L 1 . L I J -------
1 2 3 n  + \  n  + 2  3 n  n  + \ n  + 2  3 3

3 .2 1 -m a sa la . Q uyidagi
c i . .  a  . 3a  > sin— --sin---- -
' 1 2P 2/7=1

q a t o m i n g  q i s m i y  y i g ' i n d i s i  S n v a  y i g ' i n d i s i  S  n i  t o p i n g .
< Bu m asa lan i yech ishda

s in jc - s in ^  =  l [ c o s ( A : - 7 ) - c o s ( x  +  > ')] ; 

form uladan foyd alan am iz.

1

. a . 3 a
4 ¿ (

а  а  Л 
c o s ^ - c o s - ^  =j sin  1■sin j  1

-i ± 2 2 2  )

a  a  a  a  «  , «  __ cc
COS----- COS AT +  COS—г— COS-----1- COS —-—  COS—r- + ... +  cos— COS — r  =2 2 2 2 2 2" 2" 1 1

1 f  a
— COS-------COS or
2 l  2”

1 / ч . (X
S  =  limS,, = - ( 1 - c o s a )  = sin *— .>

n-+* " 2 V 2

4 .2 1 -m a sa la . K osbi kriteriyasidan foydalanib, umumiy hadi

s i "  ( n  +  l )
00

bo‘lgan X a« q a to m in g  uzoqlashuvcbi ekanligini isb ctlan g .
/»=1

< M a’lum ki, 3 e  > 0 son  top ilsak i , Vw0 e  N  o lin gan d a  h am  
3 n > n 0 va butun p > 0  sonlar mavjud b o ‘lib,
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z *к=п

п+р

tengsizlik  bajarilsa, unda X a" qator uzoqlashuvchi bo'ladi.
w=l

A gar e  =  l  va p  =  n  deb olsak, unda Vh0 g  N  o linganda ham  
З л > и 0 to p ila d ik i va

" fa  . 1 1 i 1 i + ________1________ >
*-» *-» y ] k - ( k  + 1) J n - ( n + l )  y](n + i ) - ( n  + 2 )  /̂( и+  p)(w  + p  + l)

> _______ £ ________ p p p™ n _  _1 _  *
J (n + p )(n + p + 1) w + p + l - 2«+/7 2n+n 3 b o  ladi qa­

tor u zoq lash u vch i. >

5 .2 1 -m a s a la . ^
n=I

shiring.

2 + cos
ля-

V + 5
qatorn i y a q in lash ish ga  tek -

< =! 2 + co s— ) \ /й
2 Г < ( 2 ф й  3 Ь о .ц ь  j > , = 3  ¿ - L  

< /7  „Я  -

qator yaqinlashuvchi, chunki — > 1. Unda taqqoslash alomatiga ko‘ra 

berilgan qator ham  yaqinlashuvchi. >

1 -  c o s —< 6 .2 1 -m a sa la . X  1 - c o s ~  qatorni yaqinlashishga tekshiring.n=14 n J
a" = 1 - c o s ~  =  2 -sin2 Agar bn=~I desak, *0 da a„= 0 '(b„ )  

bo‘ladi. Darhaqiqat, M  (M c z R )

ДО  ̂ oo I

X ^« = X ~ - y a q i n l a s h u v c h i  = > ta q q o s!a sh  a lo m a tig a  k o ‘ra
п=1 n=1 n

00 CO /  4

X o» =  j n  l - C O S -
/7=1 /1=1

qator ham yaqinlashuvchi. >
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V  17.21-masala. ^ ( 2и)!^5" 4aíorn* yaqinlashishga tekshiring.
< D alam ber a lom atidan  foydalanib, tekshiram iz.

n! 1 .

° n ~ (2 n )\t8 5n '’

(и  + 1)! 1 и!-(и + 1) f 1

a " "  ~  (2 n  + 2 ) ! 5 ^  _  (2w) !• ( i n  + 1) • [2n  + 2] g 5"+1

1
I ^  r/I+ l 1 1

л  = i;m _  lim — ;----------— = —  l im - ------ -  =  0 < 1 = >
I™  n  " - * * 2 -(2/7 + 1) 1 10»-»*2n + l 

n

Berilgan qator yaqinlashuvchi. >
8.21-masala. |/(je)-/„(jc)|<e qatorni yaqinlashishga tekshiring.
o K o s h i a lom atidan  foydalanib , tekshiramiz:

q  = lim !!Ía~  = —lim f — = —lim
3 /7->qo

1 \"  1 n + [] 1 ..
=  - l i m

3 n~*-r

( \ \"  
1 +  -  

n
= - < l = >

3

Berilgan qator yaqin lashuvchi. >
30 j

9.21-masala. ^ 2 (̂ n  +  s ) [ n  ( n  +  \) qatorni yaqinlashishga tek­
shiring.

< B u  qatorni yaqinlashishga taqqoslash va K osh in ing integral 
alom atlaridan foydalanib, tekshiram iz: ^

(77+ 5) In2 (/7+ 1) ( n  + l) ln ” ( n  + 1) n  • In- n

*} dx
j f ( x )  b o ‘lgani u ch u n  K oshining integral alom atiga

k o ‘ra qator yaq in lash u vch i va taqqoslash alom atiga k o ‘ra
/ 7 = 2

berilgan qator ham  yaqinlashuvchi. >

10.21-masala. Q uyidag i
(2 и -1 ) ! !  л 

lim --------- ¿ -  =  0
n-*e n
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tenglikni qator yaqinlashishining zaruriy shartidan foydalanib , is -  
botlang.

T T . . . .  (2 /2 -1 )!!  V
o U m u m iy  hadi a n = - ----- -  b o ‘lgan 2 _ ,a n q a tom i yaq in lash-

n ». 1
ishga tekshiram iz. Bunda D alam ber alom atidan foydalanam iz:

d = lim - 2 ^  = lim
/!—>«• Q  П - * Х

"

(2n+  l )ü  n"
= lim

Я—»X

In  +1  1
( » + l ) n+1 (2 /7 -1 ) ! ! ; +1 HiJ

7  *

- т < 1=» 2 4

yaq in lashuvch i => Q ator yaq in lash ish in ing  zaruriy sharti, y a ’n i

——  ( 2 » - l ) ! !
Im  a n -  l im ------------- =  0 tenglik  bajariladi. >П-* ao ос Yi" G J

CO

11 .2 1 -m a sa la . X a» qator a  ning qanday qiym atlarida yaqin-
«=1

lashishini aniqlang.

a„ = (-Jn +1 -  -JnY  • In — —  
2 n - \

Æ T 7 - Æ = - ^ - . " r  =  , - J
л/и + 1 + v «  v «  + l + v «  W  n

va

In
2n + 1 

2 « - l
=  In 1 + -

2 n - \
= 0* I => a„ =  O’

i+- 
V n  2 )

1 CC Ct
Agar bn = ------- deb belgilasak, X * »  qator 1 + — >1, y a ’n i « > o

1+2. „=] 2 
и 2

30

b o ‘lganda yaqinlashadi. qator ham  « g AT da yaq in lashad i.>

.  Н Г ^ т г12.21-masaIa.  l 4V« qatom i yaqinlashishga teksh iring.
\ j 5 n - l

<  Bu qator ishorasi alm ashinuvchi qator b o ‘lib , u n in g  yaq in -  
lash ish in i Leybnis alom atidan foydalanib, ko'rsatish m um kin .
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tg
a = -

4%/й deb belgilasak
y ¡5 n -\

00
1) V n e N  uchun a n > a n+ i>  0 , ya ’ni Z M» (X) va

0=1
Я

tg
4 \fñ

2} lim a„ =  lim -----------------p — г  —
'  и-»® »-*•« я  4л/лг - V 5та — 1

4  л/й
bo'ladi => Leybnis alomatiga ko‘ra berilgan qator yaqinlashuvchi. >  

1 3 .2 1 -m asa la . Quyidagi

t  In [ n ( - l ) 1
z ¡ \ n  + 4  n n

qatorning absolut yaqinlashuvchi ekanligini isbotlang.

( -1 )"
a. =

n1 + 3  

n*  + 4  n
■ In I+ - deb belgilaym iz. U n d a  quyidagi

m unosabatlar o ‘rinli b o ‘ladi.

k ,  < l " < * I  ^ i , + i ]
/ 7 + 4 « I  n )

n  + 3  г г  1
■ - = ̂  = bn 

n  n

= S ~  qator yaqinlashuvchi => taqqoslash alom atiga k o‘ra
„ = 1  n = l  n  CO

x0 e X  yaqinlashuvchi, ya’ni berilgan Z * 3« qator absolut yaqinlashu-
n—1

vch i. >
14 .21 -m asa la . Quyidagi

sin 2 n 1
•co s—

Z Í  In In ( и +  2 ) n

qatorni yaqinlashishga tekshiring.
< B u  qatorning yaqinlashish ini A bel a lom ati yordam ida an i-

I L _  sin 2/7 
qlaym iz: a n = c o s ~  va " _  In In («  + 2 ) deb b elSilab’ A bel teore'  
m asin in g  shartlari bajarilishini tekshiram iz:
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gan

1 x0 ketma-ketlik monoton (monoton o‘suvchi) va chegaralan-
0 < c o s —<1 | :  

n
s in 2 nZ . am

: ] n ~  ¿-f ^  in («  + 2) qa to r  D irix le  a lom atiga k o ‘ra  yaq in lashu -

vcfri1x5‘lädi.~ D arhaqiqat, agar
l

=
" In ln (n  + 2 ) va -  sin 2 n  

deb belgilasak,

a) a „ U  va Vx0 6 ^ /
, v J V l ' • -,7 Sin (n  + l) - s in n  , „
b) B n =  y , b k ~  > s in 2 £  -------------------------  chegaralangan bo ladi

N*=l *=t srnl
f  l I 00

^  Dirixle alomatiga ko‘ra 2 X ( x ) qator yaqinlashuvchi.V Sin 1 y „=1
Shunday qilib, berilgan qator uchun  A bel teorem asin in g  shart-

lari bajarilar ekan => Y a nbn =  Y — — c os — qator yaq in la ­
shuvchi. >  "=1 "=1 ,n ln ( /7 + 2 ) n

Izoh . Bu m iso ln i y ech ish d a  elem en tar  m atem atika  kursidan  
m a’lum  bo'lgan ushbu

. (n  + \)x  . n x  
„ s in -----— 'Sin —

S ( x )  =  ' £ j s 'm k x  = ----------2 _ _ ------- 2 _ f x * 2 m n ,  m & Z
*=i sin-

2
form uladan foydalanildi.

1 5 .2 1 -m asala . Ushbu
A  co s«

i s  na
qator a  ning qanday qiym atlarida

a) absolut yaqinlashuvchi,
b) shartli yaqinlashuvchi b o‘lishini aniqlang.

< B irinchi navbatda berilgan qator a  ning qanday qiym atlar­
ida yaqinlashuvchi b o'lish in i aniqlaym iz. Bunda D irix le  a lom atidan  
foydalanam iz. Agar

1
a n ~ r 7 va b  = c o s«  deb belgilasak

n 1
l ) a > 0  bo'lganda ( a l  i  va lim a  =  lim —  =  0, ̂ } n-*oo n->yj fja
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л + 1 n 
„ cos------- COS — 1

2 ) B n - ^ J t>k = -  - va И « |-  i b o  ladi. D irix le
ы  s in -  s in ~

2 2

'ST'
alom atiga k o ‘ra ¿ j aA = 2-r í-  qator «  > 0  b o ‘lganda yaqinlasha-

/>=1 //=1
di. « < 0  b o 'lg a n d a  esa  bu q ator  u zo q la sh a d i, ch u n k i a < 0  
b o ‘lganda qator yaqinlashish ining zaruriy sharti bajarilmaydi.

co s«
Endi q a to m i absolut yaqinlashishga tekshiram iz. n a- —  va

V  1 um um lashgan garm onik qatorning «>1 da yaqinlashuvchi 
nM П A  Icos ni

b o ‘lishidan a  >  1 da ¿_,— ~  qatorning yaqinlashish ini h osil q il-
-i-i n

am iz.

Endi 0 <  a  < 1 bo'lganda berilgan qatorning absolut yaqinlashu- 
Ä  Icosnl

vch i em asligin i, ya’ni — ~  qatorning uzoqlashishini k o ‘rsatamiz.
я=1 n

Icosnl eo s2 n  l + c o s2  n  1 eos 2 n  J------ L>-------- = ------------- = ------+ .
2  n a 2  n a 2  n a 

•A eos 2 n
tengsizlik ham da 2_¿ ~~a ' qatorning D irixle alom atiga k o ‘ra yaqin-

n=i
lashuvehi b o ‘lishi va x 0 qatorning uzoqlashuvchi ekanligidan {-S',, (a-)} : 

qatorning ham  uzoqlashuvchi ekanligini, taqqoslash alom atiga ko‘ra 

S n (x )  =  qatorning uzoqlashuvchiligin i hosil qilam iz.
A  eos и

Shunday qilib , — T ~  qator
n=1 n

a) a  >  1 da absolut yaqinlashuvchi,

b) 0 < a < l  da shartli yaqinlashuvchi bo'lar ekan.t>

16 .2 1 -m a sa la . Quyidagi

П//=1
H )

1 + M :
n
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P  = i  + i l Ü _  =  1 + a  - s a  _ ( ~ 0  4° punktga k o ‘ra berilgan
n p n p

cheksiz ko'paytm a absolut yaqinlashuvchi b o 'lish i uchun Z “3* qa-
t ____ ________________________________/2=1-------------

torning absolut yaqinîashuvchi b o'lish i zarur va  yetarli.

00 00 

Ê k l = £

cheksiz ko‘paytmani absolut va shartli yaqinlashishga tekshiring.

( _ ! ) -

n p t i « "  1

C heksiz k o ‘paytm ani shartli yaqinlashishga tekshirishda 4° — 
punktdagi 5-teorem ad an  foydalanam iz.

U nga ko'ra cheksiz ko'paytm a yaqin lashuvchi b o 'lish i uchun

£ j a n qator yaqinlashuvchi bo'lgan holda q atom in g  yaq in -
/>=1 _ n=|

lashuvchi b o'lish i zarur va yetarli edi.

V  ^  H ) "L a n = Z , — t ~ qator p >  0 b o ‘lganda L eybnis a lom atiga ko'ra
n=1 n=t Tl

yaqinlashadi.
1 W 

<3„ > 0  qator esa P > —  da yaqinlashadi, X “» (* )  da esa u zoq -
2 n=i

lashadi.

Shunday q ilib , berilgan

cheksiz k o ‘paytm a

a) p  >  1 da absolut va 

1

n
/1=1

1 + (-1 )
k/7+1

n y

b) 2 < p ~ 1 sbart^ yaq in lashad i.>
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7 - § .  6 - M U S T A Q I L  I S H  
F unksional k e tm a -k etlik la r  va  q atorlar

Funksional ketm a-ketlik  tushunchasi.
F unksional ketm a-ketliklarning yaqinlashishi va tekis 
yaqinlashish i.
Funksional qator tushunchasi.
Funksional qatorlarning yaqinlashishi va tek is yaqinlashishi. 
Funksional qator y ig ‘indisi va funksional ketm a-ketlik  
lim itining xossa lari.
Darajali qatorlar.
Teylor qatori. E lem entar funksiyalarni Teylor qatoriga yoyish. 
D arajali qatorlarning tatbiqlari.

-A -
A so siy  tu sh u n ch a  v a  teo rem a la r  

1°. F u n k sion a l k e tm a -k e tlik la r , u larning yaq in lash ish i 
va tek is  yaq in lash ish i.

X  c  R  to 'p lam  berilgan bo'Iib , unda

funksiyalar aniqlangan b o ‘lsin. A na shu funksiyalardan tuzilgan k et- 
m a-ketlikka X  to'p lam da berilgan funksional ketm a-ketlik  deyiladi 
va u {/„(■*)} kabi belgilanadi:

{ f *  (* )}  •' f \  i x ) J i  ( x)>-  ( ! )
f n (a )  ga funksional ketm a-ketlikn ing umumiy hadi deyiladi. 

Ixtiyoriy jc0 g  X  nuqta olib , ushbu

son li ketm a-ketlikn i qaraym iz. Agar bu sonli ketm a-ketlik  yaqin- 
lashuvchi (uzoqlashuvchi) b o ‘lsa, { /„  (a )} funksional ketm a-ketlik  
x 0 nuqtada yaqinlashuvchi (uzoqlashuvchi) deyiladi, x 0 nuqta esa  
funksional ketm a-ketlikning yaqinlashish (uzoqlashish) nuqtasi deb  
ataladi.

{ /« (* ) }  funksional ketm a-ketlikn ing barcha yaqinlashish nuqta- 
laridan iborat M  ( M c z R )  t o ‘plam  {/„  (x )}  funksional k etm a-ket- 
lik n in g  y a q in la sh ish  so h a s i d ey ila d i. = > V x e M  u c h u n  ushbu
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Jim/„ ( x ) - 3  b o 'la d i. A gar V x e M  u ch u n  u n ga  m o s k e lu vch i 

l im /n(x )  n i m os q0 ‘ysak, ya ’ni

f  ( x )
/7->00

b o ‘lsa, unda M  to ‘plam da aniqlangan / ( x )  funksiya hosil b o ‘ladi. 
Bu f ( x )  funksiya { f „  (x )}  ketm a-ketlikning lim it funksiyasi deyila- 
di. D em ak,

/ » ( * ) = / ( * )  { x e M )  (3)

T a ’r i f .  Agar V s > 0  son  olinganda ham  3 n 0 = n 0 ( s ) e N : V n > n 0 

va Vx e  А / uchun

\ f { x ) - f n { x ) \ < £  (4)
tengsizlik bajarilsa, { f n (x )}  funksional ketm a-ketlik  M  t o ‘plam da  

/  (x )  lim it funksiyaga tekis yaqinlashadi deyiladi va f n (x )  ^ /  (x )  

(x  e  M )  kabi belgilandi. Aks holda, y a ’n i 3 z 0 >  0 V n e N  o lin gan ­

da ham  3 m  > n  va 3 x 0 e M  lar mavjud b o ‘lsaki

\ f { X o ) - f , n  ( * o ) |^ 0

tengsizlik  bajarilsa, { / , ( * ) }  funksional ketm a-ketlik  M  to 'p lam da  
/ ( x )  lim it funksiyaga tekis yaqinlashmaydi yok i notekis yaqin- 
lashadi deyiladi.

1 - t e o r e m a .  { /„ (x ) }  funksional ketm a-k etlik n in g  M  top lam da  

/ ( x )  g a  t e k i s  y a q i n l a s h i s h i  u c h u n

^ S u p \ f ( x ) - f n ( x ) \  =  0  ( 5 )

tenglikning bajarilishi zarur va yetarli.
2 - t e o r e m a .  ( K o s h i  k r i t e r i y a s i ) .  {f„ (x )} funksional ketm a-ketlik ­

ning M  to ‘p lam da / ( x )  ga tekis yaqin lash ish i u ch u n  quyidagi 
sh a r tn in g  b a ja r ilish i zaru r va y e ta r lid ir :  V e > o  u c h u n  
3n0 = n0 ( e )  g  N :  Vn >  n0 va v  butun p >  0 sonlari ham da barcha  
х е Л / l a r  uchun

|/„ +P ( * ) - / „ ( * ) ! < *  (6 )
tengsizlik  bajariladi.
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3 - t e o r e m a .  ( V e y e r s h t r a s s  a l o m a t i ) .  Agar 3{a„} son lar ketm a-  

ketlig i m avjud b o ‘lib ,

1) \/n<E N  uchun  a„ > 0 va Hmon = 0 ;'• /1—>00
2) V x e  M  va barcha « e T / la r  uchun

\ f n+P{X) - f n { X) \ ^ an

b o ‘lsa, unda M  to ‘p lam da f n ^  / ( x )  b o ‘ladi.

2®. Funksional qatorlarning yaqinlashishi va tekis yaqinlashishi.
Biror X  c  R  to 'p lam da |w„ (x )}  funksional k etm a-k etlik  b e -  

rilgan b o ‘lsin . Q uyidagi

U\ (* )  + w2 (x )  +  ... +  w„(x) +  ...
rr.

ifodaga funksional qator deyiladi va u  S 11 n ( * )  kabi belgilanadi.
0=1

x

Z M« ( xo ) =  w, (x )  +  w2 (x )  +  ... +  z/„(x) + ... (7)
W=1

M,(x ),w 2 (x ) ,.. . ,w „ (x ) ,.. .  larga funksional qatom in g  hadlari, un(x )  

ga esa funksional q a tom in g  umumiy hadi deyilad i.

Ixtiyoriy x 0 e X  nuqta o lib , ushbu

co

£ " » ( * )  =  w1(x0)  +  w2 (x0) +  ...+ tt„ (x 0)  +  ... (8)
0=1

son li qatorni qaraym iz. Agar bu sonli qator yaqinlashuvchi (uzoq-
oc

lashuvchi) b o ‘lsa, funksional qator x 0 nuqtada yaqinla-
0=1

shuvchi (uzoqlashuvchi) deyiladi, x0 nuqta esa  funksional qatorn-

ing yaqinlashish (uzoqlashish) nuqtasi deb ataladi.
00

funksional qatom ing barcha yaqinlashish nuqtalaridan
0=1

iborat M  ( M d R )  to 'p lam  bu funksional q a tom in g  yaqinlashish
oc

sohasi deyiladi. => Vx0 e M  nuqta olib , (* ° )  so n li qatorni
0=1

k o ‘rsak, u yaqin lashuvchi b o ‘Iadi. U n in g  y ig ‘in d isin i *S(x0) deb
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belgilaym iz. X u d d i shunga o ‘xshash V x e  A / o lib , unga X u » ( x )
w=l

q atom ing y ig ‘in d isin i m o s qo'ysak, u ho ld a  M  to ‘plam da aniq lan- 

gan S(jc) funksiya h osil b o ‘ladi. B u S ( x )  funksiya (7 )-fu n k sion a l 
q atom ing y ig ‘indisi d ey ilad i:

£ ( * )  =  m, ( x) + u, ( x)  +  ... +  w„ ( x) +  ...

U shbu
n

_ _ _ _ _ _ _  S „ ( x ) = Z M* ( 4  «  =  1 , 2 , . . .JiH M ~
yig‘indilarga (7 )-fu n k sion a l q a tom in g  qismiy yig‘indilar deyiladi. 

Shunday q ilib , (7 )-q atorga  m o s keluvchi

{ 5 „ ( x ) } : 5 , ( x ) ,5 2 (x ) , . . . ,5 n(x ) ,. . .  (9)

fu n k sion a l k e tm a -k e tlik n i h o s il q ild ik  va ak sin ch a , ( 9 ) -q ism iy  
yig'indilari k etm a-k etlig i berilgan h o ld a  har d o im  hadlari (7 )-fu n k -  
sional q a to m in g  hadlariga teng  b o 'lgan  quyidagi

( x )  +  [ S 2 ( x ) - S l ( x ) ]  + .. .  +  [s„ (x )  -  S„_x ( x ) ]  + ...

funksional q a to m i hosil qilish m um kin. => Agar (9 )-k etm a-ketlik  
x 0 nuqtada yaqinlashuvchi (uzoqlashuvchi) b o ‘lsa, u ho ld a  (7 )-qator  
ham  x0 nuqtada yaqinlashuvchi (uzoqlashuvchi) b o ‘ladi va

5 ( x )  =  lim 5 B(x )

tenglik bajariladi.
D em ak , funksional qator yok i funksional k etm a-ketlikdan  bir- 

in ing xossalarin i batafsil o ‘igan ish  yetarlidir.
T a ’r i f  A gar (7 )-funksional q a tom in g  q ism iy yig 'ind ilaridan  tu z-  

ilgan  { -^ (x ) }  fu n k sio n a l k e tm a -k e tlik  M  to 'p la m d a  q a to m in g  

yig'ind isi ¿ '(x ) ga  tekis yaqinlashsa, unda (7 )-fu n k sion a l qator M  

to ‘plam da tekis yaqinlashadi deyiladi.
oo

rn S  " * (* ) deb belgilaym iz.
k=n+\

1 - t e o r e m a .  (7 ) -funksional q a tom in g  M  to ‘plam da tek is  yaq in ­
lashuvchi b o ‘lish i uchun
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Iim5w/?|rn(x ) | =  0 ( 10)
xeM

tenglikning bajarilishi zarur va  yetarli.
2 - te o r e m a . (K osh i k r ite r iy a s i) . ( 7 ) - f u n k s i o n a l  q a t o r n i n g  M  

t o ‘p l a m d a  t e k i s  y a q i n l a s h u v c h i  b o ‘l i s h i  u c h u n  q u y id a g i  s h a r t n i n g  
b a j a r i l i s h i  z a r u r  v a  y e t a r l i :  V s > 0  u c h u n  3w0 = n 0 (e)<= N  : V n ^ n 0 
v a  v  b u t u n  p > 0 h a m d a  b a r c h a  x e M  la r  u c h u n

n+ p

! > * ( * )
k=n

< s (11)

b o  ‘la d i .
N a t i j a .  ( F u n k s i o n a l  q a t o r  y a q i n l a s h i s h i n i n g  z a r u r i y  s h a r t i ) .  Agar  

(7 )-fu n k sion a l qator M  to 'p lam da tek is yaqinlashsa, u  h o ld a  shu  

to 'p lam da m„ ( x) ^ 0 b o ‘ladi.
oe-

3-teorem a. (Veyershtrass alomati). B iz g a  ( v) f u n k s i o n a l  v a
n=\

f l„ > 0  (12)
n-1

s o n l i  q a t o r  b e r i lg a n  b o ls in .  A g a r  Vx e  M  u c h u n
n = \ , 2 , -

00
t e n g s i z l i k  b a j a r i t s a  v a  ( 1 2 ) - s o n l i  q a t o r  y a q i n l a s h s a ,  u n d a

/1=1
f u n k s i o n a l  q a t o r  M  t o ‘p l a m d a  a b s o l u t  v a  t e k i s  y a q i n l a s h a d i .  

A ytaylik, ushbu
r.

( i3 )
/1=1

funksional qator berilgan b o is in .
4 -teo rem a . (D ir ix le  a lom ati). A g a r
1 ) h a r  b i r  x ^ M  u c h u n  {« „ (* )}  m o n o t o n  v a  M  t o ‘p l a m d a  a n (x )

0  g a  t e k i s  y a q i n l a s h s a ;
2 )  (* )  -  ¿J>k (x )  q i s m i y  y i g ' i n d i l a r  M  to  ‘p l a m d a  b i r g a l i k d a  e h e -

k=\ I .
g a r a l a n g a n  y a ’n i  s x  V x e M  \B„ (* ) | -  K  b o ‘I s a ,  u  h o l d a  ( 1 3 ) -
q a t o r  M  t o ‘p l a m d a  t e k i s  y a q i n l a s h a d i .

5-teorem a. (Abel a lom ati). A g a r
1 )  h a r  b i r  x e M  u c h u n  \ a n (x)}  m o n o t o n  v a  { a fl (x ) ]  k e t m a -
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k e t l i k  M  t o ‘p l a m d a  c h e g a r a la n g a n ;
■30

2 )  X A  ( x )  f u n k s i o n a l  q a t o r  M  t o ‘p l a m d a  t e k i s  y a q i n l a s h u v c h i  
b o ‘I s a ,  u n d a  ( 1 3 ) - q a t o r  M  to  ‘p l a m d a  t e k i s  y a q i n l a s h a d i .

3°. Tekis yaqinlashuvchi funksional ketma-ketlik 
va qatorlarning xossalari

Funksional qatorlarda (ketma-ketliklarda) shuni ta’kidlash lozim ki, 
ularning har bir hadi uzluksiz bo'lgan taqdirda ham  qatom ing yig‘indisi 
(ketm a-ketlikning lim it funksiyasi) uzluksiz b o ‘lishi shait em as.

oo „ 2

Misol. 2 \" funksional qator berilgan b o 'lsin . B u funk-«=0 ( l +  X2)

X2
s io n a l qatord a  u , X x ) - ~ , -------7 7 ï e C { ~ co’ + co) . B erilgan  q a to m in g

(1 + JC )y ig ‘ind isi topam iz:

- = x
1+ l + xJ + - + (i + ̂ ) "

•S(x) = limS„(x) =
0.x = 0. 
x2 + I ,x * 0

К 1+*2)* u . . .

B u te n g lik d a n  k o ‘r in a d ik i H m S (x) =  lim (x 2 +  l)  =  l  va  

iS'(O) =  0 = > 5 , (x )  funksiya *  =  0 nuqtada uzluksiz em as. BeriJgan  

qator u ch u n  ushbu
oo oo

Н т 2 > Д х ) * Х И т Мя(х )
/1=0

m unosabat o ‘rinli. >
Tabiiy savol tug'iladi: qanday shartlar bajarilganda funksional 

qatorlarda hadlab lim itga o ‘tish , u lam i hadlab d ifferensiallash  va 
integrallash m um kin?

Bu savollarga quyidagi teorem alar javob beradi.
Bizga M  to ‘p lam da yaqinlashuvchi (7 )-fu n k sion a l qator berilgan  

b o ‘lib, bu q a to m in g  yig'ind isi S ( x )  b o ‘lsin.
1-teorem a. A g a r  V n e jV  u c h u n  « „ ( x ) e C ( A f )  b o ‘l i b ,  ( 7 ) - q a t o r  

M  t o ‘p l a m d a  t e k i s  y a q i n l a s h s a ,  S '(x) e  С (M ) b o ‘l a d i ,  y a ’n i  
Vx0 e  M  u c h u n

oo * *
U m S ( x ) =  lim X  w „W  =  S ! ™ M« W  = Z Mn( xo) =  5 (^ o )  

t e n g l i k  b a j a r i l a d i .
2 1 2



Agar M  to 'p lam da yaqinlashuvchi ( l)-fu n k s io n a l k etm a-ketlik  
berilgan b o ‘lib , /  (x )  funksiya uning lim it funksiyasi b o ‘lsa, unda  
quyidagi teo rem a  o'rin li b o ‘ladi.

2-teorem a. Agar / „ ( x ) e C ( M ) ,  «  =  1,2,.. b o ‘lib, M  to ‘plamda

f „ ( x) Z f ( x ) bo ‘lsa> f { x) & c {M ) bo‘Iadi.
3-teorem a. Agar (7)-funksional qator M  to ‘plamda tekis yaqin-

’i
lashuvchi va x0 nuqta M  to ‘plamning limit nuqtasi b o ‘lib,

lim un (* ) = c„ (n = 1,2,...)
x - * x 0

b o ‘Isa, u holda
00

Z C™=Cl +C2 + -  +  Cn + -
m=1

qator ham yaqinlashuvchi, uning yig ‘indisi C esa 5 ( x )  ning x - > x 0 
dagi limitiga teng bo‘ladi:

—  ' j j g  g ( * )  ~  g g  £  * .  ( * ) = Z l y f o )X~*X« X~*X0 „=1 n-I ^  n=l
Faraz qilaylik, [cr,Z>] kesmada yaqinlashuvchi (7)-ftm ksional qator 

berilgan b o ‘lib , u n ing  y ig ‘indisi 5 ( x )  b o ‘lsin.
4-teorem a. Agar (7 )-qator [a , 6] kesm ada tek is yaqin lashuvchi 

b o ‘lib, u „ ( x ) ^ C [ a , b ]  («  =  1,2,..) b o ‘lsa, u  h o ld a  quyidagi

h b b
Jw, ( x ) d x +  Jw2 (x)í¿c + . . .+  |m „(x)í¿c
a  a  a b

qator ham  yaqinlashuvchi va uning y ig ‘indisi ga teng

b o ‘ladi:

js(x)í¿r = J Z « „ ( x )  dx = Y  \u„(x)dX'
a  a  L J W=1 a

Izoh. 4-teorem adagi (7 )-q atom in g  tekis yaqinlashuvchanligi sharti 
yetarli shart bo “lib , u zaruriy shart em as, ya’ni ba’zan tekis yaqin- 
lashm aydigan qatorlam i ham  hadlab integrallash m um kin.

“ (  —  — 1
M isol. Z  r * 2”* ' ( 0 ^ x < l )  fu n k sion al qator berilgan  

bo'lsin .
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*=1
\ / [ l - x , 0 < x < l

* ( * )  [0-1] da S ( x )  ga tekis yaqin lashm aydi, lekin  

j s ( x ) r f x =  J ( l - x ) r f *  =  l  va Y J \ u „ ( x ) d x  =

“ I

1/ I 1
X 2n+l — jc2"-1 I dtx i .=I y f l __L ) =I limy f i __L

2 ^ w (/7  + l)  2 t ? U  w + l j  2 » ™ ^ [ a ¿  + 1 

2 '
= —lim f 1-----—

2 »-»«I /7 + 1

D em ak , Js^xjifc =  ]T  J«„(x)<ix: =  - ,  lek in  £ » « ( * )  qator [0 ,l]
0 "=1 0 2 /1=1

kesm ada tek is yaqinlashm aydi. >
5 -teo rem a . /Igor ( 7 ) - f u n k s i o n a l  q a t o r n i n g  h a r  b i r  u n (x )  h a d i  

[ a , b ]  k e s m a d a  u z l u k s i z  u n (x) h o s i l a g a  e g a  b o ' l i b ,
60 t f t f

(X) =  u I ( * )  +  W2 (jf) + ... + «„ (x) + ...
«=1

(14)

f u n k s i o n a l  q a t o r  \ a , b \  d a  t e k i s  y a q in l a s h u v c h i  b o ‘Isa , u  h o ld a  b e r i lg a n  
( 7 ) - q a to r n in g  y i g ' i n d i s i  S ( x )  s h u  [ a , b ]  d a  S ' ( x )  h o s i la g a  e g a  v a

s ' W - £ » . w«=1
t e n g l i k  o ‘r i n l i  b o ‘la d i .

I z o h .  Bu teorem ad a ham  (1 4 )-fu n k sion a l qatorning tek is yaqin- 
lashuvchanlik  sharti yetarli shart b o ‘lib , zaruriy shart em as.

1 - t a ’r i f .  Q u y i d a g i
4°. D arajali qatorlar

(15)

k o  ‘r i n i s h d a g i  f u n k s i o n a l  q a to r g a  d a r a j a l i  q a t o r  d e y i l a d i .  Bu yer- 
da a l , a 2 , . . . , a n , . . . , x 0 lar o'zgarm as haq iq iy  sonlar.

Agar (15) da £  =  x - x 0 deb belgilash  kiritsak,



i > „ < r  (16)
/7=0

darajali qatorga kelam iz. D em ak  (1 6 )-k o ‘rinishdagi darajali qator- 
la m i o 'rgan ish  kifoyadir.

1 -teorem a. ( A b e l n i n g  b i r i n c h i  t e o r e m a s i ) .  A g a r

j r  anx n =a0 + a,x + a2x 2 +... + a„x"+ -  (17)
n—0

d a r a j a l i  q a t o r  x  =  x0 ^  0 n u q t a d a  y a q in lQ s h s a ,  u  h o l d a  q a t o r  x  n i n g  
|x| < |x 0| t e n g s i z l i k n i  q a n o a t la n t i r u v c h i  b a r c h a  q i y m a t l a r i d a  a b s o l u t  y a -  
q i n l a s h u v c h i  b o  ‘l a d i .

N a t i j a .  Agar (1 7 )-q a to r  x = x 0 nuqtada uzoqlashuvchi b o ‘lsa, u

hold a  bu qator j|x| > |x0|] da ham  uzoqlashuvchi b o'lad i.

'’ t t t ’r i f  A j a r  y a a ,x " d a r w l i  {M < i? } d a  y a q i n l a s h i b ,
n~0

{|x| > ä }  d a  u z o q l a s h s a ,  u  h o l d a  s h u  R >  0 s o n ig a  d a r a j a l i  q a t o r n i n g  

y a q i n l a s h i s h  r a d i u s i ,  ( - R ,  R )  o r a l iq q a  e s a  y a q i n l a s h i s h  i n t e r v a l i
d e y i l a d i .

2 -teo rem a . I x t i y o r i y  d a r a j a l i  q a t o r n i n g  y a q i n l a s h i s h  r a d i u s i  R  
m a v j u d  b o ‘l ib ,  b u  q a t o r  { |x [< ä }  d a  a b s o l u t  v a  Vr < R u c h u n  j|x| ^ >'} 

d a  t e k i s  y a q i n l a s h a d i .
Izoh. Darajali qator yaqinlashish oralig'in ing chegaraviy x  =  ± R  

nuqtalarida yaqin lash ish i h am , uzoqlash ish i ham  m um kin . Darajali 
qatorni bu nuqtalarda aloh ida tekshirish lozim .

Darajali qatorning yaqin lash ish  radiusini quyidagi teorem alard an  
foydalanib , top ish  m um kin .

an
3-teorem a. ( D a l a m b e r ) .  A g a r  ~

R  = lim
a„

m a v j u d  b o ‘l s a ,  u  h o l d a  

(18)

b o  ‘la d i .
4-teorem a. ( K o s h i ) .  A g a r  m a v j u d  b d ' l s a ,  u  h o l d a
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b o  ‘la d i .
5-teorem a. (K osh i-A dam ar) A g a r  R  s o n i  ( 1 7 ) - d a r a j a l i  q a t o m i n g  

y a q in l a s h i s h  r a d i u s i  b o ‘l s a ,  u  h o l d a

R =__L _
J i m ^ l  (20)

form ula (K oshi-A dam ar form ulasi) o ‘rinli b o ‘ladi.
D a r a ja l i  q a t o r l a r  q u y i d a g i  x o s s a l a r g a  e g a .

6 -te o r e m a . D a r a j a l i  q a t o m i n g  y i g ‘i n d i s i  ¿ '(x) y a q i n l a s h i s h  

o r a l i g ‘ig a  t e g i s h l i  b o ' l g a n  v  n u q t a d a  u z l u k s i z  b o  ‘la d i.
7 -te o r e m a . ( A b e l n i n g  i k k i n c h i  t e o r e m a s i ) .  A g a r  ( 1 7 ) - q a t o r  

x - R  (x  =  - /? )  n u q t a d a  y a q in l a s h s a ,  u n d a  b u  q a to r  [0;i?] ( [ - /? ;0 ])  

k e s m a d a  t e k i s  y a q i n l a s h u v c h i  b o ‘la d i .

N atija . A g a r  ( 1 7 ) - q a t o r  x  =  R  ( x  =  - R )  n u q t a d a  y a q i n l a s h s a ,  u  

h o l d a  S ( x )  y i g ‘i n d i  [0;/?] k e s m a d a  u z l u k s i z  b o ‘la d i .
ao

Endi Y ^ a » ( x ~ x o )  k o ‘rinishidagi darajali q atom i k o ‘ram iz. Bu
/7=0 X

qatorning yaqinlashish  radiusi £ ö"'v qatom in g  yaqin lash ish  radi- 

usini h isoblash  form ulalari yordam ida top ilad i, faqat bu yerda ya ­

qinlashish oralig'i { | x - x 0| <  ä |  =  (x 0 -  R , x 0 + R )  interval bo*ladi.

8-teorem a. A g a r  R >  o s o n i  q u y id a g i

f ( x ) = ' Z an(x ~ xo)n (21)
//=0

d a r a j a l i  q a t o m i n g  y a q i n l a s h i s h  r a d i u s i  b o ‘I s a ,  u  h o l d a
1 )  f  (x )  f u n k s i y a  (x 0 -  R ,  x 0 + R )  i n t e r v a l d a  i x t i y o r i y  t a r t i b l i  

h o s i la la r g a  e g a  b o  ‘l a d i  v a  u  h o s i l a l a r  ( 2 1 ) - d a r a j a l i  q a t o m i  h a d l a b  
d i f f e r e n s i a l l a s h  y o r d a m i d a  t o p i l a d i ;

2 )  b u  q a t o m i  V[a,Z>] a  ( x 0 - R ,  x 0 +  R )  o r a l i q d a  h a d l a b  i n t e g r a l -  
la s h  m u m k i n .



3 )  ( 2 1 ) - d a r a j a l i  q a t o r n i  h a d l a b  d i f f e r e n s i a l l a s h  y o k i  i n t e g r a l l a s h -  
d a n  h o s i l  b o ‘lg a n  y a n g i  q a t o r l a m i n g  y a q in l a s h i s h  r a d i u s  la r i  h a m  ( 2 1 ) -  
q a t o r n n i n g  y a q i n l a s h i s h  r a d i u s i  R  g a  t e n g  b o ' l a d i .

Izoh. Agar / ( * )  funksiya (21)-ten g lik  yordam ida ifodalanib , 
r >  o b o 'lsa , u  holda  / ( x )  funksiya x 0 nuqtada (aniqrog‘i, x 0 
nuqtaning atroflda) analitik funksiya deyiladi. 8-teorem adan  anali-  
tik  funksiyaning ch ek siz  differensiallanuvchi ekanligi kelib chiqadi. 
Lekin, ixtiyoriy cheksiz differensiallanuvchi funksiya analitik bo'lish i

(  1 >
shart em as. Bunga m iso l tariqasida / ( * )  = exP -  funksiyani\  x  )
olish  m um kin.

9-teorem a. A g a r  f ( x )  f u n k s i y a  x0 n u q ta d a  a n a l i t i k  b o ‘Isa , y a ’n i

/ ( * )  =  2 X ( * “ *o)"

t e n g l i k  x 0 n u q t a n i n g  b i r o r  a t r o f ld a  o ‘r i n l i  b o ‘I sa , u  h o ld a

a„ = ¿ ^ 2 . , / !  =  0,1.2,..
n \

b o ' l a d i ,  y a  m
<*> A") v

/ ( * ) = £  — r ^ - ^ o ) "  n=o n.
t e n g l i k  h a m  x 0 n u q t a n i n g  o ‘s h a  a t r o f ld a  o ‘r i n l i  b o ' l a d i .

5°. T e y lo r  q a tori. E lem en tar  funksiyalarni 
T ey lo r  q a to r ig a  yoy ish

T a ’rif. F a r a z  q i l a y l i k ,  f  (x )  f u n k s i y a  x 0 n u q t a n i n g  b i r o r  a t r o f ld a  
a n i q la n g a n  v a  s h u  n u q t a d a  i x t i y o r i y  t a r t ib d a g i  h o s i la la r g a  e g a  b o  ‘I s in .  
U  h o l d a  q u y id a g i

* A n)Y
E  ^ - r i x - x j  (22)
n = 0 n \

qatorga f ( x )  funksiyaning x0 nuqtadagi T eylor qatori deyiladi.
Izoh. (2 2 )-q a to m in g  y ig ‘indisi har d o im  ham  / ( x )  bilan ust- 

m a-ust tushaverm aydi.

M asalan , / ( * )  =  exP | — j )  funksiya u ch u n  barcha hosila lar

y(" )(0 ) = 0 va (22) qatorning yig‘indisi 0 * f ( x )
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L ekin b a ’z i bir shartlar bajarilsa ular orasida ten g lik  o 'm a tish  
m um kin.

T e o re m a . (T ey lo r). F a r a z  q i la y l i k  ( x 0 - h , x 0 +  h )  i n t e r v a l d a  f  (x )  
f u n k s i y a n i n g  o ‘z i  v a  b a r c h a  t a r t ib d a g i  h o s i l a la r i  b i r g a l i k d a  c h e g a r a -  
l a n g a n J i o ' l s i n ,  y a ’n i  3 M  > 0 : V x c  (x0 ~ h , x 0 + h )  u c h u n

\ f (n)( x ) \ < M ,  n =  0 ,1 ,2 ,3 ,... 
tengsizlík  bajarilsin. U  holda ( x 0 - h ,  x 0 +  h )  oraliqda f ( x )  funksi­
ya T eylor qatoriga yoyiladi, ya’ni

/ ( * )  =  £  ~ %)" >1*“ *o |<  h > (23)n=o n •
tenglik  o ‘rin li bo'ladi.

A gar T eylor qatorida x0 = 0  bo'lsa , u holda h osil b o 'lgan  qa- 
torga M ak loren  qatori deyiladi.

-  Endi asosiy  elem entar funksiyalam ing M akloren qatoriga y o y il-  
m alarini keltiram iz.

x  x -1 x  .  X  X  .  v
1 e =  >  —  =  1 +  xh--------1------- h.. .  f —c o < x < + o o ) .

Z S n t  2! 3! 1 '
=0 x 2»+l x3 x 5 x2n*X

2 - l t o = § ( 2 ^ 1 ) i = J Í + I Í + I T + '--+ ( S 7 Ó i + '"  ( - » < « « > ) •

3 - c t a = S ( ^ ) i = 1 + l + i i + ' " + ( ^ ) i + ' '  ( - » < * < « ■ > ) •

»  /  t V r 3” * 1 v 3 v j  i - l V v 2* * 1

4 ' sin” § l i ^ ‘ ^ 1 ? + ^ + '“ + ' P ^ ) r + '' ' ( - » < * < + » ) ■

, x ! x4 ( - 1 ) '* “
5- c o s ,= S i i i r  " ^ < x < w )-

6. ln(1+ ^ ) = £ ( - ir l ^ - = x - f [ + f f - - + ( " ir ‘“ + -  ( - i < x < r ) .

\ ) Lu , 2!«=i "•

+ — 1------- Z!------- ¿.v3 + ... + —Í-------¿------i------------ '-x + . . . ( - 1  < x < l ) .
3! n\
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a) D arajali qatorlar yordamida difierensial tenglam alarni yechish.
A y tay lik ,

y ' + p { x ) y '  +  q ( x ) y  =  f ( x )  (24)
differensial tenglam aning ushbu

y '( xo) = y .  ( 25>
b osh lan g‘ich  shartlam i qanoatlantiruvchi yech im in i top ish  talab q i-  
linsin .

Agar p ( x ) ,  q ( x ) ,  f ( x )  funksiyalam i x 0 nuqtaning biror atrof- 
ida shu funksiyalarga yaqinlashuvchi

¿ c „ ( x - x 0)"

6°. Darajali qatorlarning tatbiqlari

/ 7 = 0

k o ‘rinishida ifodalash m um kin bo'lsa , unda yuqoridagi K osh i m a- 
salasi yagona yechim ga ega b o ‘lib, un i

=  (26)
n=0

ifodalash  m um kin. (26)-qatordagi n o m a ’lum  an koeffitsien tlarn i 
top ish  u ch u n  (24)-tenglam adagi y , y \  y \  p, q, f  lar o ‘rniga u l- 
arning yoyilm alari olib borib qo'y ilad i va nom a’lum  koeffitsientlar  
usulidan foydaniladi.

M iso l.
y ' - x y  =  0  (27)

tenglam aning ushbu
j;(0 ) =  l, y ( 0 )  = 0 (28)

b osh lan g‘ich  shartlarni qanoatlantiruvchi yech im in i top ing.
< (2 7 )-tenglam aning yech im in i

oc

>> =  ! > „ * "  (29)
/ 7 = 0

k o ‘rinishda qidiram iz. U n d a

y  =  Z " ( "  _ 1 K * ' ” 2 =  2 a 2 +  ¿ ( "  + 2)(n + l)a„+2x",
n=2 «=1

xy =  x  • £  anx" =  j r  anxn+l =  j r  a^x"
/1=0 «=0 w=l

b o ‘lib, (27 )-ten g lam a quyidagi ko'rinishga keladi:
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2 a 2 + X ( rc  + 1) ( n  + 2 ) a„+2x" = T ja»->x "- 
/1=1 /1=1 

Bu tenglikdagi x n ing m o s darajalari o ld idagi m os k oeffitsien t-  
lam i tenglash yordam ida

a 2 =  0, ( « + ! ) ( «  +  2 ) a n+2 = a „ ~  n e N  (30)

rekkurent form ulani h osil q ilam iz. a 2 =  0 bo'lgan lig i sababli bu  
rekkurent form uladan cr5 = 0 ,  a g =  0 va um um an

o3n- i= 0 »  «eT V  
ekanligini topam iz. Shu form uladan yana

a -
“  (2 - 3) • (5 ■ 6) ■...-[(3» -1 )3 » ] ’

a’- ' = (3-4).(67)...."[3»-(3n + l) j ’
tengliklar o ‘rinli b o ‘lish i kelib  chiqadi. (28)-shartlar va (2 9 )-te n g -  

likdan =><20 =  1,0, = 0 .
D em a k , (2 7 ) -ten g la m a n in g  (2 8 )-sh artlarn i q an oatlan tiru vch i 

yech im i quyidagi ko'rin ishga ega ekan:

x 3 x 6 _____________ ________________ + >

y ~  + 2- 3  + ( 2 - 3 ) - ( 5 - 6 ) + " '+ ( 2 - 3 ) - ( 5 - 6 ) - . . . - [ ( 3 » - l ) - 3 n ]

b) D arajali qatorlar yordam ida integrallarni h isoblash . 
Integrallarni hisoblashda ham  integral ostidagi funksiyani dara­

jali qatorga yoyish  k o ‘p hollarda yaxshi natija beradi.
M iso l. U shbu

0 *
integral h isoblansin .

< A w a lg i punktdagi ln (l + x )n in g  M akloren qatoriga yoy ilm asi-  
dan foydalanam iz:

i  = vi n( i +x) ^ = — u  = f
n ^  n ^  /1=1 »• A

1
y* (  0  _  V 1 1 1 - y  1 _  n ~ _  7r~ >

t i  n2 z t ( 2 n - l ) 2 4 t i n 2 8 24 12
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Izoh. S o n li qatorlam ing yig‘indilarini hisoblashda k o‘p  hollarda  
quyidagi tenglik lar katta yordam  beradi.

£ L _ i _ = in 2, (31)
n-l n

.2

«=i n~ 6
^  1 71

(33)
,,=i (2 n - 1 ) '  8

=  i  (34 )t i 2 n - l  4
Y uqoridagi m iso ln i yechishda (33) va (32)-tenglik lardan fo y -

dalanildi.

N azorat savollari

1. Funksional ketm a-ketlik tushunchasi.
2. Funksional ketm a-ketlikning limit funksiyasi tushunchasi.
3. Funksional ketm a-ketlikning tekis yaqinlashishi ta ’rifi.
4. Funksional ketma-ketlik tekis yaqinlashishining zaruriy va yetarli sharti.
5. Funksional qator tushunchasi.
6. Funksional qatorning yaqinlashishi tushunchasi.
7. Funksional qa to r tekis yaqinlashishining ta ’rifi.
8. Funksional qa to r tekis yaqinlashishining zaruriy va yetarli sharti.
9. Funksional qa to r tekis yaqinlashishining zaruriy sharti.
10. Funksional qatorning tekis yaqinlashishi haqidagi Veyershtrass alomati.
11. Dirixle alom ati.
12. Abel alom ati.
13. Funksional ketm a-ketlik limit funksiyasining uzluksizligi.
14. Funksional qa to r yig‘indisining uzluksizligi.
15. Funksional qatorlarni hadlab integrallash.
16. Funksional qatorlarni hadlab differensiallash.
17. D arajali qa to r tushunchasi.
18. Abelning b irinchi teoremasi.
19. D arajali qatorn ing  yaqinlashish radiusi va yaqinlashish oralig 'i.
20. Darajali qator yaqinlashish radiusini topish uchun Dalamber formulasi.
21. Darajali qator yaqinlashish formulasini topish uchun Koshi formulasi.
22. K oshi-A dam ar formulasi.
23. Teylor qatori va Teylor teorem asi.
24. E lem entar funksiyalam i Teylor qatoriga yoyish.
25. Darajali qatorlar yordam ida differensial tenglam alarni yechish.
26. Darajali qatorlar yordam ida in tegrallam i hisoblash.
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-B -

1-m asala . { /„ (* ) }  funksional ketm a-ketlikning M  t o ‘plam dagi 

lim it funksiyasini toping.

1.1 f n ( x )  =  x "  -  3 x n+2 +  2 x n+3, M  =  [0; l ] .

Mustaqil yechish uchun misol va masalalar

1.2 / „ ( * )  =
n x

x  +  3 n  +  2
, M  =  [0 ;+ o o ).

T 3  M t f  ’ s J * 2  + ~ J ^ >  M  =  R .

1.4  f n ( x )  =  ( x - \ ) a r c t g x n , M  = (0 ;+ o o ],

1.5 f n ( x )  =  € 7 7 ,  M  =  [0;2],

n x
1 4

1.7 fn  (* )  =  s in ” x , M  = [0;^r],

1.8  / , ( * ) = _ , - , ^  =  (0;-fco).
v '  2\n n  +  x  +  x m n

«•» / ,  M  =  V xsin  x , M  =

7T _ 7C 
2 ’ 21-10 / . ( * )  =  yJcosx,M  ■■

1 .1 1  f n ( x ) =  n 3x 2 • e - '“ , M  =  [0 ;+ o o ).

,A /  =  (0 ; +oo).1-12 / . ( * ) = "
2 1 

Jt + -----X

r I A
i - 13 / » ( * ) = «  X" - 1  , M  = [1;3].

V /

1 1 4  / „ ( * )  =  n a r c t g n x 2, M  =  (0 ; + c o ) .
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1 .1 5  / . ( * ) =  »

f  i  j_N
X "  - x 2 n ,M  =  ( 0;-ko ).

1 .1 6  / „ ( * ) =  f l1 + * " + [ y J  >M = [ ° ; +o0)-

sin Ил/х r„ 4

! • »  / Л * ) = ц ^ й ) ,м = [0 ,+ е < ,) '

1 .1 8  / „ ( * ) =  - ^ — j a r c i g y f m , M  =  [ 0 - ,+ ^ ) -
4 7 X ~  + П

/

1 .1 9  / „ ( * ) =  ln 1 +
cos n x

,M  =  [0;+oo).
4 n + x  /

1.20 f , ( x ) =  п ^ - х - е - ^ , М  =  [0;+oo).

1 .2 1  / , ( * ) =  h

2 x  \n  e
3 + —4----- 27

ч n +e ;
,M  =  [0;-wo).

2 -m asa la . B erilgan funksional ketm a-ketlikni k o ‘rsatilgan  
oraliqda tek is yaqinlashishga tekshiring.

2 .2  f „ { x ) = x " ; 0 < x < ±

2 .4  f „ { x ) =  x n - x n+l; 0 < x < \ .

2-6 f n { x ) =  x ” ; 0 < x  < 1.

2 .1  /  ( * ) =  - l n - ; 0 < x < l .  
n  n

2 .3  f n ( x ) = e - {x- " )2; - l < x < l .  

2 . 5  / , ( х ) = е ^ - |) ; 0 < х < 1 .

2 .7  /„ (* )  =  x a r c tg n x ,0 < x  < +oo. 2 .8  / „ ( * )  =  x " - x 2n; 0 < x < l .

2 .9  / „ ( * )  =  a r c t g n x ; 0 < x < + c o .  2 .1 0  / „ ( x ) =  y ^ ; 0 < * < + °°'

2 .1 1  f , ( x ) =  s in ^ ; -< » < x < + o o .  2 .1 2  /„ ( * )  =

x  +  n  
n x

1 + П + Х

xT

; 0 < x < l .

2 .1 3  / Л( х ) = ^ р ; ^ о < х < ч < ю .  2 .1 4  / Л( х ) = — ;0 < x < !1 -é;ií> 0.
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2 1 5  / « ( * ) =  ” J x + ï - ' f c j ' O K X K - H o .  2 .1 6  f„(x) = j£ p r;l-e<x<l+e,e>0.

/ T ” x n
2 .1 7  f„ (x) = ^ x 2+ - T;-oo< x<  +00. 2 .1 8  / , ( х )  = ^ —р Г;2<х<+со.

2 - !9  f n( x ) = T~ ^ ; l < x < +^. 2 .2 0  / „ ( x )  =  - j - ^ j ; 0 < x < l .

2 .2 1  / » W  =

2nx
1 + тГх 

n + x
1 + и V

И +  Х  + л/ñx
,a)0 < x  < +<x>,b)0 < x  < 1.

3-m asa la . V eyershtrass alom atidan foydalanib, berilgan  
funksional qatorlarni k o ‘rsatilgan oraliqlarda tek is  

yaqinlashishini k o‘rsating.

2 jc
3.1  — T’N <+o°-x  +n  1n = l

” (  
3 .3  Z b  1

n ='\
1+

ч и1п2 л ,  

cos nx

;\x\<3.

3 .2  ' ¿ x 2e-nx;0<x<+co
n=\

sin nx i i
3 .4  Z — т=-;И <+со.

n='l f i v »

Л/Л. i i
— r - ;M < + o o .

n='l "

3 .7  Z ^ M < 2 -

3 .6  Z
sinroc

«='1 %/n4 +  x 4
; | x | < + o o .

1

3 .9  £
nx , ,
- 7 - F ’N < + co-“ П  +  л  x

00 M V
3-11 S ; ^ - 2 < J :< + “ -

30 í - l ) ”"1
3 .1 3  Z  г т ; 0 < х < + с о .

и=1 X + \¡n

•А  ( - 1 ) ” 1 X2"
3 .1 5  Z — --------- ; - 1 < х < 1 .

3 -8 % h ^ n + x n ^ z ~ x ~ 2 '

00 x
з л о  Z t t ^ t ; 0 - ;c<+00-P í l  + n x

СО J

3.12 Z  2 ' -2 ;- ° 0 < X < + ° 0 .
“ Х '+ И

\ w-1
Ä  ( - í )  X" Л

3 .1 4  Z 4 = - ; ° ^ ^ .
tt—1 V«

3.16 Z;~i'(x+2«-l)-(x+2/7+l);0<x<-foci
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—— г ;-00 <х< +со- X +п~
2 х

3 .1 7  Z  sin—j= arctg
п, I VH

ce J

^  ( * - 0 "  п3  19 /  / — г — ; - 1 < х < 3 .  
t í ( 3 ; 7  + l ) - 3 ”

3 .1 8  2 > 1 + их2 \

2 + и3х2
;-оо < X  < ч-co.

Ä  л1п(1 +  «х)
3 .2 0  £ ------Ч ------- ,2 < х <  +00.

3 .2 1  Z ln
п=1

1 +
П ■ 1П2 (/7 + 1)

; 0 < х < 2 .

4 -m a sa la . B erilgan  funksional qatorning k o ‘rsatilgan  oraliqda  
tek is  yoki notek is yaqinlashuvchiligini aniqlang.

4 .1

cc

è

00

V
4 .2

Я=1

4 .3

ОС

s
/г=1

4 .4

О0

S

4 .5
CC

I
Л=1

4 .7
X-

I
п = 0

4 .9
CC

I
w=l

nx

/ I X

0 < x < 1. 

- ; l< x < + o o .

- ;0 < х < + < » .
I

------ ; 0  < X < +CO.

' x *  xn+t л
n 77 +  1

; - l  < x <  1. 4 .6  £ ( l - x ) x " ; 0 < x < l .
n=0

4.8 ± ^ ; - \ < x < l .

sin nx _ it < < 2>л 
~ñ~’~ 2~ X ' ~ 2 '

sin nx
; 0 < л ‘ < 2 л \

n=l

c c  j

4 .1 1  £ 2 "  -s in ——;0 < x < + o o .
n~\ J X

x ( —1)”
4 .1 3  У  V - - ; 0 < х < 2 я .  

n + sin X

« f -1 )"
4 .1 2  Y - — — ;0 < x < + c o .

t í  X + /7

cos-
2?7ЛГ

я=1 V«' +  X
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4.15 |У '"* \0< х< ^ .
л=1

4.16 Z ta' l  ,+ T ^ V-  ;0áx<+oo.

4 .1 7  £ ( _ 0 ” ц р г ^ ;1- лг<^ 0- 4 .1 8  , ;0 <*<+<*>.n=\

ïlyjX л
4 .1 9  Z t— —

1 + n3x3
o

лг

t í  1 + и V
00

4 .2 1  £ ;

4 .2 0  Z r , , y
£ ¡ 4 1  +их) 

; 1 < x < +00.

•; 0 < x < +00.

^ ( l  + 2x2)(l + 4x2)...(l + 2rar)

5-m asaIa . B erilgan  funksional qatorning yaqinlashish sohasini
top ing.

f  И ) "  .

5-1 h ( x + n y % '

» _______1_______

5.3 ¿ /w  + l (3^ + 4* +  2)"

j-'

5 .5  Z

5 .7  Z
t í l + A - 2"

^  1 Л  +  х 4"
5 .9  Z — d i —  

£ í  H + 3 U - *
a  i

5 .1 1  t f ^  +  ̂  +  l p '

5 .1 3  £

5.15 £

- L l L .
„=1 \ / х  + и 

(«  +  x)"

/1=1

( - 1 Г  f l - A -5 2  У  - — — • 
' ¿ Í 2 n - 1 1 + x

>/7 + 3
s
//=1

5-8 Ç / /  + 1

1

5-6 ((=1»  +  1 (27x 2+12x + 2)" 

« • 2 я 1

(З х 2 + 8 x +  б)

« ( x 2 - 6 х  +  12)"

5 ,1 0  ^  4 ” -(/72 + l)

( - 1 ) ”

/1=1

то

5 .1 2  Z

5 .1 4  Z

л=1 (х  + и )3 

( х 2 — 5х +  l l )

5я-(/72+5) '

•эс

5 .1 6  Z“ ?я(и + х)‘
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<x>

5.17 £ ( - 1 ) "

,,=i ( x  +  n )  
V-W7 +  1

5.19  1 ^ 7
n~\ ■* n

2 * 5 1 8  ¿ { r f/7= 1  1  *

V- yfn 
5 .20  I —

h= i /7

5 2 1  t l '2 " - ( « 2 + l )  V '

6-m asaIa . B erilgan  funksional qatorning yaqinlashish sohasini
toping.

*.4*

Z i  n

' 5 '

6 .1
OC Qll

Y --- x 2" • Sin (x  + TtUj.

a  i Y  — x 4" • c o s ix  + xn \.
U *  J

/7= 1  f t

00 O  3/7

6 .5 •4n - s in (3 x  + ^ / j ) .

6 .7
CO r / 7

Y — X2" -COs(x +  ^ / 7 ) .

6.9
oo

E 2"'*
/ /= 1

3 / ,  ■ X• s in —.
11

6 .11 ¿ 2 "
/7=1

n ■ 2x •x -s in — .

/ 7

6 .1 3
00

I 3'-
/7= 1

/ i  3x 
x " - t g — . 

n

6 .1 5 ¿ x 3"
/ /= 1

2 x

■ t g — -

3/7

6 .1 7
CO

S '« -
/7=1

• x 3 "  • arcsin
X

w

6 .1 9 ¿2«.
/ /= 1

2 x

x  - o r c / g - ----------------.

/7 + 1

6.21 1 2 7 "
» —1

• x 3" • a r c t g
3x 

2/7 + 1

6 .2  -x 4" - s i n ( 2 x - ^ « ) .  

1

6 - 4  m k v

6 .6  £ — x 2" - s i n ( 5 x - ;n i ) .

00 9” o
6 . 8  Y  — x 2n- s i n ( 3 x - 7 r ? 7 ) .  

iTr 2 «

V"1 />”’/; ;; • ^6.10 £ 3  X -sin— , 
t *  2/7

6 .1 2  ¿ 3 " - x 2', - s i n ^ .
,1=1 V«

6 .1 4  'X3" -tg -A ^ -  
4V»

6 .1 6  ¿ 2 ”
3 »  • *x -a rcs in — .

3/7

6 .1 8  ¿ 3 2 "  -x 5" -arcsin  *
/7 = 1 T n '

6 .2 0  ¿ 2 " - x 3n- a / r / g
2 -(w + 3)'

227



7-masala. Berilgan funksional qatorning
yaqinlashish sobasini toping.

f  2 V  “

7.1
n=i

1 + -
n )

V

7.3 £
/1=1

7.5 É
/7=1

cc

7.7
//=1

7.9 X  5“

.5  (*+1)2

cc 3 . X2 +1 - / r  sm -------

7.11 £  1 +
t i v  П)

l m • ( x  - 1)

n

3V .

7.13 £
/1=1

7.15 £

oo 2 • *2+I --  /7 Sin----

l n | \  +  — j  + ln ln x

/7=1

CO

z 1Л
7.17 n=1 In" i  x +  —

oo

7.19 £
( _ ! ) -

7.21

In” Г x  + -
7.2 V __L__ L-.

h=i “\Fx ~—~£

7 .4  Z «  v i - 1  •£ x

« § Н У ‘ 3 “ -

7.8 I
1

“ f in "  ( x - l )

CC J

7 Л 0  In" (,v + 2 )

7,12 § i n " ( x  +  e)’ 

7.14 1 ( - 1 Г  ■«
/7=1

7 16 f t f  7 - 1 6  Zu Ш  ■
„ = 1  n

CO

7.18 Z
. „ 77 In П

sm ------- .
"  X - n

, I 30 - tr a r c tg —7-7

7.20 К - 1 Г - 5
/7=1
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+  (п-2)’.(,+зГ f j -  i r . f ' z l l
8 h  2 n  + 3 ' 8 ,2  h  ( n + I ) '5 -

x  (  X —  l V  V  3

8-3 ir ^ r -  84  § 0 ^ ?

o5 f (  [ Г 1̂ -2) o6 V  (X~5)__
8 ’5 ¿ r ( } 2 «  • 8 '6 h  3* + 8 •

8-masala. Berilgan funksional qatorning
yaqinlashish sohasini toping.

V  ^ n \
8 J  Я з Ц х - г ) ! _ _  8 *8 £ ? * " '

V  ( * + 5 f  ’ t  ( ^ - r 1 
8 9  4 " - ( 2 / 7 - 1 ) '  8 Л 0  ¿ Г ( 2 и 2 - 5 и ) - 4 " ‘

( х - 2 ) "  ^ З п - ( х - 2 У "

8 1 1  § ( З и  +  1 ) .2 -*  8 Л 2  t í  ( 5 и - 8 ) 3

8 .1 3  Е ( *  +  5) " ' ^ -  8 .1 4  £ s i n ^ - ( x - 2 ) ”
/7= 1  /7 = ]  W  + 1

00 J X

815 ¿iV 9-(*-lf 8Л6 ^

8.21 £

/7=1

„ 5

8Л 7 Î ^ L .  , , S

8 .1 9  £ (3Г 2^ ) : . 8 .2 »  É ;  (ДГ- 5 )”(«  + 1)2 -2"+l ' t r ( n  + 4 ) - ln ( «  +  4 )

n=i (n +  2 ) • ln [n +  2 )  • (x  -  3 ) '"
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9 -m a sa la  T a ’rifdan foydalanib, berilgan funksional q a tom in g  [0 ;l] 
kesm ada tek is  yaqinlashishini isbotlang n0( f ) - ? .  n ning qanday  

qiym atlarida qatorning qoIdig‘i V .v e [0 ,l]  uchun 0 ,1  dan katta
b o ‘lm aydi?

9 1  S ( 4 )  7 / i - H

00 я

«  Ъ ^ К - ь -

- 9  3  Ш г _____________

9 .4  ¿ ( " ' Г
я=1 vH - 5

CO n

9 5  5 ( - °  4 « - 5

Л Л

«

30 И

9 Л  S ( - l)  З и - 4
9 .8  Ь г Ч ф - г - «=1 <Jn - 2

oo /;

9 9  § ( - . r  6 ; . , , 9 Л »

9  U  | ( 7 . - 1 Ö - 9 1 2  § < - ■ ) ’ б Г - 8 -

9 Л З
9 14 t i  О ” • 

£Г 2 и - 3

9 Л 5  I ' 4 * 8 /1 -1 2

со „я

9 Л 6  Я - Г 6„ % -

9 Л 7  § < - ' ) "  J - s - 9 Л 8  | ( Ч )  6 , - ю -

9 Л 9  5 н г 4 ; . 7 .

00 >1 
§ н - 5; . 7 .

« » 2 Н Г 7 ; . 13 .
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10-masaIa.BeriIgan qator uchun uni majorirlovchi qatorni toping 
va ko‘rsati!gan oraliqda tekis yaqinlashishini isbotlang.

y j  X  +  1 • cos nx

/1=1 ijn5 +1

1 0 .3  ¿ 4  [ -2 ,2 ] .

;[o,2]

10.5 Z * ”'’
\_
2 ’ 2

( x - 3 ) ”

10.2 Z
n=i « •2 "

2 - 3

2 * 2

v 1 n
10-4 I —

3 ^ 
2 ’ 2

10 .6  [ -1 ,6 ] .
;/=] ft 5

cos' nx
,=  [0,^-].

10-9 t - W ] -
»=1 ft J

* n!(x + 3)" r ,
10.10 z- [-5,-1].

*=1 n
re n

1 0 .1 1  ¿ ( - I ) " ’ - ,  [ « I  1 0 .1 2  i h -  H * 4
„=i (” + , J -ln(n+l) n=i «!

n-1 „211-22n- ‘ -x
10.13 t i  (4/7-3)“

i o , s  K - 3 ] ,
/7=1 ft H

10.14 t  t  i • I“2"2]' n • 3 • In n

^ ( x  + 2 )n r ,
10.16 Z  « > [ - 3, - i ] -

10.17 Z
( - i f 1 -*" l r ^ . ( / 7  + 1) -X

10.18 Z  .  ,— >
1 f

__ 2 ’ 2. t o  2/7 + 2 2 .

( x - 2 ) 2 

n10.19 E H )
/7=1

( x - 2 ) -

3 5 
2 ’ 2

^ , ( x  + 5 )n r ,
1 0 .2 0  Z  2~ . t - 6 ’“ 4 }

/7=1

10.21 Zt r ( 2 « - l ) - 2
[ U ] -
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ll-masala. Berilgan funksiyani Makloren qatoriga yoying.
11.1 /(x) = (l + x)-e-1. 11.2 /(x) = sin2x-cos2x.

, ,  V x 2 -3 x  + l , , ,  s. x 1 -x
11.3 f ( * h x , _ 5-x - 6 - n . 4  f ( x ) = a r c « — ._

1 +  X  _ *
11.5 f ( x )  = a r c t g — . 11.6 /0 0  = arcsin-^=

11.7 /(x) = arccos(l-2x2). 11.8 /(x) = cos2x.

v10
11.9 / (x)  — sin3 x. 11.10 / 0 0  = 7— :

I X

/ 0 0  =  / ,  - J J -  1 1 .1 2  / 0 0  =  “ / =

+ x2

11.11

11.13 /(* )»  11.14 / (* )  =
JC

11.15 / (x )  = — r- 11.16 / 0 ' )  =
( x2 + 2 ) 9 + x2

1 1 1 7  J - 4 x ~ 3 ' 11 ,18  / W  =  «*, + 2 « _’ .

*............  ................. , v 12 -  5x
6 - 5 x - x 2 'M  / W  = ( I - , ) ( , - , ■ ) •  n -2 »  / W  =

11.21 / ( x )  = ln(x2 +3x + 2).

12-masala. Berilgan funksiyani ko‘rsatilgan nuqta atrofida Teylor 
qatoriga yoying va bu qatorning yaqinlashish sohasini toping.

12.1 / ( x)  = \ fc ;x0 =4. 12.2 f ( x )  = e r;x0 - - 2 .

71  1
12.3 / ( x )  = cosx;x0 = - .  12.4 / ( x )  = - ; x 0 = -2 .

12.5 / 0 )  = 7 = t= = = = = ;* o = 2- 12.6 / ( * )  = - 5 - 7 -----7 ;xo = l -Vx" -  4 x  +  8 x" -  5x +  6
7T 7 t

12 .7  / (x) =  cos4 x;x0 =  12 .8  / ( x )  =  sin4x;x0 =

12.9 / ( x )  = ^ rr;x„= 3 . 12.10 / ( x )  = e2*;x0 = -1 .
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12.11 f ( x )  = s\nx;x0 = —. 12.12 / ( х )  = л[х;х0 =3.

12.13 f ( x )  = sm2x\x0 = - j .  12.14 f ( x )  = cos2x;x0 = —.

12.15 / ( X) " ^ T Z 3 ^ ;X° = ' L 12,16 f { x ) = y * ’xo= 8-

12.17 / ( x )  =  sin3A:;Xo= ^ -  12.18 /  (x )  =  cos3 r ,  x0 = - .

12.19 / ( * )  = y7 / * o = - L 12-20 f  (■*)= j _ 2x — ~^

12 .21  / ( x )  = cos4 r ,x 0 = - .

13-masala. Quyidagi qatorning yig‘indisini toping.

1 3 1  y H )  ' ln' - .  13.2 ¿ ( 2« + l)xn.
u . i  ^  2 „ . w! я=0

n
n=0
^ ( З и  + 1)*3я „ Â y ___ f ! ___

, 3 -3  ï r ^ T -  1 3 4  * » ( » + 0

13.5 £ « V .  136 Z
H=1

sin  nx
n\

* X2"
13.7 I f  13.8 § - (2„)r

13.9 Î > + ‘K -  13-10 1 ( - Г  •(*- > )*- *■
/7=1

...4/1—3
X

n= I
4/1-1

4 « - 3

* ( - 1 )  v 2 » - i
13.13 Z /9„ a  ^  1 3 1 4  Z  2„ •»=1 (2и  —1)-3 „=t

2//+1

13.15 È é r r -  1 3 “  5 Н Г
2//+1

JC

£ ¿ 2  и + Г  * ^  2и +1

x 2n
13.17 Z ( ^ ) f  13Л 8 x - 4 x 2 + 9x3 -1 6 x 4 + ..
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I3.21 J L . _ L + _ L . J _ + ...
1-2 2-3 3-4 4-5

13.19 1 • 2х + 2 • Зх + 3 • 4x +.... 13.20 1 1
■ H------------h---------- h .

1 - 2 - 3  2 - 3 - 4  3 - 4 - 5

14-masala. Berilgan qatorning yig‘indisini toping.

< 4 .i

14.3 Е Й "

14.5
t o  2/7 +  1

14.7 I
( -1  y - 'x "

n=2 « - ( /7 -1 )

14.9 £t f / J - ( / 7 + l )

14.11 Zt ¿  (2/7 + 1) (2 / /  +  2 ) ‘

14.13 Z H )
/7+1

n=l //(/7 +  1)
ao ,  2/ / -1

14.15 Zt r  2/7 ( 2 / 7 - 1 )

14.17 Z 1 +

14.19 £

Н Г
n

11 ,./7+1
И " *

t£ ( /7  + l)(/7 +  2 )

14.21 £
JÎ/7+1

^  2/7 • (2/7 + l)

14.2 £
t ? ( 2 / 7  -  3 )  ( 2 / 7 - 2 ) '

14.4 Z V( - Г - * 2
t r  4я - ( 2 / / - 2 )  ‘

14.6 £(-!)* V i ]
n ) x ‘

1

14.8 £ ! +  ( - ! ) ” 2/7+1

t o  2/7 + 1

V  ( " O ' *14.10 Z-^T
2/7+ 2

/1=0 1 6 • (2/7 +  l )

14.12 £ (-!) ' 1 1
—+ -
П /7 +  1

X .

14.14 £
n= I «

14.16 £
/7=1

14.18 £

( - i  r + l  

( - 0

77

/7+1

n=1 /7-(/7 + l)x"+1 '

14.20 £
sin X

11=2 /7 • (/7 -  l)
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15-masala. Quyidagi qatorning yig‘indisini toping.

15.1 £ ( 4«2+9" + 5>"+' 15.2 ¿ ( 3 « 2 + 7/7 + 4)xn.

»»0

/7=0

//=0

15.3 £ (< /= +»+1)*". 15.4 i(2 /.=  +4»+3>r".
/1=0 «=°

15.5 ¿ ( « 2 + 5 «  + 3)x". 15.6 ¿ ( 2 h 2 + 5m + 3)x"+i.
n=0

15.7 ¿ ( 3 « 2 +8;? + 5)x"+2. 15.8 ¿ ( 2 « 2 + 8« + 5)x".
»=o «=°

---- 15.9 ]T(2yr-H-7ff+5)g',+-. - 15.10 Z ( 3"’ + 7*+ §)*"•
/7=0

15.11 ¿ » • ( 2« - i y ' +2. 15.12 ¿ ( n 2 - «  + l)x".
n=0 "=°

15.13 ¿ ( 2 « 2 - w - l ) x " .  15.14 t ( 3 « 2 +5« + 4 y

15.15 ¿ ( « 2 +7« + 4 y .  15.16 Z ( 2"2 - » - 2 y ,+‘.
/1=0 "“O

15.17 ¿ ( 2 « 2 +  2«  +  l)x". 15.18 Z (» 2 + 2 « - l ) x ”+1.
/7=0

15.19 Z ( ”2+2n + 2K +2- 15 -20 +4n + 3K +'-
/1=0 «=°

15.21 ¿ ( « 2+5« + 4)x"+2.
/7=0

16-masala.
Integral ostidagi funksiyani qatorga yoyish yordamida berilgan 

integralni hisoblang.
i , 1

16.1 fln----- dx. 16.2 Jln jc-ln(l-x)Ä .
0J l ~ x  0
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16.3 Ы ^ Л .  Н А  Ш .

16.5 М -------------'-dx._____________________
о х

Darajali qatorlar yordamida quyidagi differensial tenglamaning 
berilgan boshlang‘ich shartlami qanoatlantiravchi yechimini toping.

16.6 y ' - y  = 0, j/(0) = l. 16.7 (l + x2) y ~ l  = 0, j ( 0) = 0. 

16.8 у  + Л2у  = 0, >>(0) = 1, у ( 0 )  =  Я . 16.9 / - x y  =  0, j ( 0 )  =  l, y ( 0 )  =  0 ,

16.10 ( l - x 2) y -x y '  = 0, j ( 0) = 0, / ( 0) = 1 .

16.11 { l - x 2) y n- 5 x y ' - 4 y  = 0, ^(0) = 1, У(0) = 0.

16.12 y " - x y  = 0, j ( 0) = 0, y ( 0) = l.
Integral ostidagi funksiyani darajali qatorga yoyish usuli 
yordamida berilgan integralni 0,001 aniqlikda hisoblang.

Vsmx, V,r -  .16.13 J— dx. 16.14 J V X cosxdx.
о x  о

16.15 Jsinx2̂ .  1616 JV dx
ол/l + x4

16.17 У ’Л .  16. 18
2 ¿  X

16.19 16.20 "
o V l - X 2 5

16.21
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- D -
Namunaviy variant yechimi

1.21-masala. Ushbu /-< 00 -  ln 3 + - funksional ketma-

ketlikning M  = [0 ;+oo) to‘plaradagi limit funksiyasini'toping.
2 дг \n e

V
3 + = ln3 + lim ln

/»->•»
1 +

2 Xn e
3 • (и 4 + e2x )

In 1 +
n2ex

= In3 + l im-
/|->X

lim
2 Xn e

■ = In 3 + I • 0 = In 3 > .

3 (n* +e2x)

177  Л _  nrx
2 .2 1-masala. /,ЛЛ7 ~

"-** 3(/74 + e2x)

funksional ketma-ketlikni a)
n + x  + yfñx

0 < x < + o o  b) 0 < x < l  oraliqlarda tekis yaqinlashishga tekshiring.
< Ikkala  o ra liqda  h a m  / „ ( x )  k e tm a-k e tlik  yaqinlashuvchi b o 'lib ,

f ( x ) =  l i m f , ( x ) =  lim- n + X
'  '  II— '  Н-4Г,

1 + Í
= lim

X [7 ’
1-1---- + Д -

n  î n

n + x \fnx
n + x + \!nx

1 -te o re m a d a n  fo y d a lan am iz .

'• „ O O H / O O - X O O b П + Х + л/ nx ...........  ......
d eb  belgilasak, 1 -teo rem ag a  k o ‘ra  [f„ (x)}  k e tm a-k e tlik  M  to ‘p lam d a  
tek is  y aq in lash ish i u c h u n  ushbu

lim Supr  (x )  = 0 ;
x e M

m u n o sa b a tn in g  b a ja rilish i z a ru r va y e ta rli.

a) 0 < x < + ° o  b o ‘lsin.



n + n + yjn-n 3 « 3 * e [ 0, « > )  1 3

b) 0 < x < l  bo‘lsin. Bu oraliqda /; (x )>  0 bo'Igani uchun

{/•„(*)}? => Suprn(x) = r„(\) = — ^  ■ => lim5»p/;(x) = lim— ^  r =0  =>
0S«1 / ! +  1 + V «  "->* (I<r i l IH* /7 + 1  +  a//7

=> f„(x)  funksional ketma-ketlik 1 ga tekis yaqinlashmaydi.
Demak, berilgan funksional ketma-ketlik 0<x<+°o to ‘plamda 

notekis, 0 < x < l  to ‘plamda esa tekis yaqinlashar ekan. >

3.21-masala. Veyershtrass alomatidan foydalanib,

2 >n=i
yaqin

1 +
x

«•ln2(« + l) 
ashishini ko‘rsating.

funksional qatorning 0 < x < 2  oraliqda tekis

u„ (x) = In 1 +
«•In2 ( /7  + 1) Berilgan 0 < x < 2  oraliqda qu-

yidagi tengsizliklar o ‘rinli.

x
In 1 +M * ) |=

Agar a„

H ■ In” (/ 7  + 1 )  

2

= In 1+-
/7 -In2 (/ 7  + 1) •In2 ( / 7  = 1) /7 In2 (/ 7  + 1)

deb belgilasak, Koshining integral alo- 

1

n - \ n  ( /7  + 1)
CO  ̂ x  ^

matiga ko‘ra -  X  + ]j sonli qator yaqinlashuvchi

bo‘ladi. Unda Veyershtras alomatiga ko‘ra berilgan funksional qa­
tor 0 < x < 2 oraliqda tekis yaqinlashuvchi. >

4.21-masala. Berilgan ushbu
oo

Z ;//=i ( l  +  2 x 2 ) - ( l  +  4 x 2 ) - . . . - ( l  +  2 /?x2 ) ,

funksional qatorning l < x < +oo oraliqda tekis yoki notekis yaqin- 
lashuvchiligini aniqlang.

< Bu qatorning tekis yaqinlashishini tekshirish uchun 2°-punkt- 
dagi 1-teoremadan, ya’ni (lO)-tenglikdan foydalanamiz.
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« » ( * ) = (l + 2x2) • (l + 4x2 (l + 2nx2)

l
2x' (i + 2.y2 ) ■ (l + 4-\'2 )■...• (l + 2(» -  I).v’) (l + 2.x2)(l + 4r)-...-(l+2/7.v: )

. n = 2.3....

va

l+2xr
1-

(l+2r)-(l+4r)-...-(l=2/ir)

•V x e [ l ,+ o o )  u c h u n  S ( x ) - M 5 , ( x ) - - T  va ^ (x )= 5 ’(x )-5 „ (x )  =

T ^ s z  k ( * ) |= —
(l + 2x: )-(l + 4x2)-...-(l + 2rar) «[».-H " (l+ 2)(l + 4)-...-(l + 2n)

=> lim Sup |r„(x)| = 0=> Berjigan qator fl,+°o) oraliqda tekis ya-
"->5° L '

qinlashadi. >  ̂ n

5.21-masala. § r # T i ) ' ( 25' 1+ ') funksional qatorning ya-
qinlashish sohasini toping.

< Yaqinlashish sohasini Koshi alomatidan foydalanib, topamiz:

25x2 +1
¡™ ; | r . ( " = + l j - ( 25'T 2 + O '

1 I 1 /
1 n< —  => X < - = > X £ — — ■ —

25 1 5 \ 5 5)bo‘lsa, yaqinlashadi.

qinlashadi. Chegaraviy nuqtada esa u„

<1

da qator ya-

' + r
5 1

bo‘lib,

limw,, ± —
V n j

n~
=  lim

«-**« +1
- = 1 * 0

qator yaqinlashishining zaruriy sharti bajarilmaydi => yaqinlashish

sohasi
H

v 5 * 5 /
interval ekan. >
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6.21-masala. Ushbu

Y l l " -хЪп-arctg-
3 x

n. 1 2 « + 3
funksional qatorning yaqinlashish sohasini toping.

< Bu qatorning yaqinlashish sohasini Dalamber alomatidan foy- 
dalanib, topamiz:_______________________________________________

3.r

limn-*V.
Un . l ( X )

иЛх)
= lim

n—»x

27',+l • X 3"*3 ■ a rctg
2я + 5

2 7 "  • X 3" ■ a rctg
5 2/7 + 3

= 27 Ul"' • lim 3UI 2/7 + 3
2/7 + 5 3-Ы

= 27 • Ы <1;

, 1 '  ] Xbo‘lsa yaqinlashadi. => x \ < -  yoki
V з ’з , da yaqinlashadi.

Chegaraviy nuqtalarda tekshiramiz.

1) л: = Т bo'lsin
' 1 ' = arctg 1

v-v 2n+3
- = 0*

2h+3
1

va t \ 2 n  + 3

uzoqlashuvchi =>beri]gan qator x  = -  nuqtada uzoqlashadi.

2) x  = -------
3

b o ‘lsin
2/7 +  3

va

1
I ( - r  arctS~  r  qator Lebnis alomatiga ko‘ra yaqinlashuvchi
«=1 /и  + J

=> berilgan qator x ~ ~ \> nuqtada yaqinlashuvchi.

Demak, berilgan funksional qatorning yaqinlashish sohasi

1 0
з ’ з ]  ^ a r^m  in terval. >

7.21-masala. Berilgan

£ ( - i ) 3  1
n=1

qatorning yaqinlashish sohasini toping.
< Koshi alomatiga ko‘ra



lim - l i m  ( »  +  2 ) l n O  +  2 H - v - 3 r  _  1

(n  + 3) In (?7 + 3) ■ (.v -  3 ):"+2 ( x - 3 ) 2

bo'lsa, ya’n i x > 0 bo'lganda berilgan qator yaqinlashadi. Chegaraviy
X'

x = 0 nuqtada «„(0) = ( - l ) n bo‘lib, X ( ~ 0  qator uzoqlashadi.
Demak, berilgan qatorning yaqinlashish sohasi (0,+oo) oraliqda 

iborat ekan. >

i 1
8 .2 1-masala. 2^7------7T~, v w  v^T' funksional qatorning

n=i (// + 2) • In («  + 2 ) • (x -  3J
yaqinlashish sohasini toping.

< Qo‘yilgan masalani Dalamber alomatidan foydalanib, ye- 
chamiz. Agar

»«+■ (* )

“ « (* )

b o‘lsa, unda berilgan funksional qa to r yaqin lashad i 
= > (x -3 )2 > l= > |x  —3i>l=>x€(-oo;2)U(4;+oo) to ‘plamda berilgan 
qator yaqinlashadi. Chegaraviy x = 2 va x = 4 nuqtalarda

U" ^  = (n + 2 ) t a ( »  +  2)*
CO J

bo'lib, Z ^ /7 + 7j ]n(/? + 2) son^ Qator Koshining integral alomatiga

ko‘ra uzoqlashadi => Berilgan funksional qatorning yaqinlashish 
sohasi (-oo;2)u(4;+oo) to‘plamdan iborat. >

9.21-masala. Ta’rifdan foydalanib,
* Yn

V ( _ 1  ) " _ £ ------.

t T  '  7 « - 1 3
funksional qatorning [0; l] kesmada tekis yaqinlashishini isbotlang 
(/70 (£■)-?). n ning qanday qiymatlrida qatorning qoldig‘i Vxe[0, l] 
uchun 0 ,1  dan katta bo‘lmaydi?

< Bu m asalani yechish uchun V e > 0  olinganda ham  
3n0 =n0( s ) e N  topishimiz kerakki, \ /n>n0 va barcha x e  [o,i]

sc
uchun M * ) i= 2 X (x) <* tengsizlik bajarilishi lozim. V s > 0 son

olamiz va quyidagi baholashlarni amalga oshiramiz:



olinganda ham »»(«) = deb olsak, ¥/? >  n0 va V x e [0 ,l ]

lar uchun
k=n

<8 tengsizlik bajariladi. Bu esa S ( “ 0
7«  —13

funksional qator [0, 1] kesmada tekis yaqinlashishini anglatadi.
Masalaning i 

foya => /7o i 5-) =

skinchi qismini yechish uchun £ = 0,1 deyish ki-

0,1
■ + 13

23
barcha n >3 lar uchun

|r„(x )|< 0, l  bo'ladi. >

^  ( x - 2 ) "
10.21-masala. 2_, ^7fj _ ^ funksional qator uchun uni [l;3]

kesmada majorirlovchi qatomi toping va ko‘rsatilgan oraliqda tekis 
yaqinlashishini isbotlang.

i /  \| |* ~ 2|" „ 1
< V xe[l,3] uchun \u„ “  (2 n - 1)• 2" (2n - 1)• 2" b o ‘lib ’

a» = (2/7- 1) .? "  desak, S a» = ' ^ ( 2 n - \ ) - 2 " -  sonli qator berilgan

qator uchun uni majorirlovchi qator bo ‘ladi. qator yaqin-
/2=1

lashuvchi bo ‘lgani uchun Veyershtrass alomatiga ko‘ra berilgan
* ( x -2 )"

Z (2lf- 1) 2" qatorning [U 3] kesmada tekis yaqinlashuvchi ekan- 
ligini hosil qilamiz. >

11.21-masala. / ( x )  = ln(x2 + 3x + 2). funksiyani Makloren qa- 
toriga yoying.

< Bu masalani yechish uchun
/  (x )  = ln (x 2 + 3x + 2). = ln [ (x  + l) (x  + 2 )] =

= In (l + x) + In (2 + x) = In (l + x) + In 2 + In I 1 + — j j 
deb olib, 5°-punktda keltirilgan
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ntenglikdan foydalanamiz: n=l

l n ( x 2 + 3 x  +  2 ) .  =  l n 2  +  l n ( l  +  x ) + l n

. ( - O '
V oo

=  la 2  +  £ ( - i r -  +  Z
n=i ft

. ( - 1 )

V

f - T
u ,

=  l n 2  +  £ -
n

1 + —  x " .>
2 " J

it
12.21-masala. /  ( x )  = c o s4 x  funksiyani *0 = — nuqta atrofida Teyior 

qatoriga yoying va bu qatoming yaqinlashish sohasini toping.
— -<j Awalo cos'-y = - ( I  +cos2x) ekanini e’tiborga olib,

f ( x )  =  c o s 4 X =  ( c o s 2 x)2 =  ̂ -(l +  2 c o s 2x  +  c o s 2 2x)  =

, , .  .  1 + cos 4x"] 3 1 1
1 + 2cos 2x + ---- -----  = —+ —cos2x + —cos4x

2 J 8 2 8
71

bo‘lishini topamiz. So'ngra x ~ t + ^  almashtirishni bajaramiz:

w  , 3 I ( n 7l\ \ , , 3 1  1
f \ x ) = f \  1+ T  i o + T C0S 2t + — + —cos(4 / + ; r )  = ------- s in 2 /— cos4/.I 4 J S 9  ̂ ? 8 V ' « -> ^8 8 2 8

Endi sinx hamda cos* laming 5° punktda keltirilgan yoyilma- 
laridan foydalanib, ushbu

* f - l  V'. 92"+i
sin 2 ?  =  y i - i ^ — / 2n+I

Zo (2/7 + 1)!

cos4i = V  --- 1 ,
t i  (2 /7)! 

tengliklarga pya bo‘lamiz. Natijada



I  f  (-О"'2=" 
4  é i  ( 2 и  +  1)!

/
x -----

4 /

\ 2*

h  (2 » )!  I  4 , 
qatorni hosil qilamiz. Bu qatorning yaqinlashish sohasi (-oo,+oo) 
ekanligini ko‘rish qiyin emas. >

13.21-masala. Quyidagi
j ____ L + J ____ L
1 - 2  2 -3 +  3 • 4  4  • 5 +  "" 

qatorning yig‘indisini toping.

(-> )" Н Г -  1 -0*
r n

j  / qalor uchun i n •(/?+!) n //(/7 + 1) «(/7 + 1) U 2J

yig‘indiga ega.

deb belgilaymiz. 
Ushbu

\ /;+!

ÍM и ( я  +  1) ’

s ( * ) = S -£ i« ( / î+ l )  (!) 
yordamchi qatorni kiritamiz. Bu qator |x |< l da absolut va tekis 
yaqinlashadi. Abelning 2-teoremasiga ko‘ra (5° punktdagi 7-teore- 
ma va uning natijasiga qarang)

S  -  lira S(x) -
.v->-I+0

boiadi. ¿'(x) funksiyani topish uchun (l)-tenglikni 2 marta diffe- 
rensiallaymiz. 00 n

/7=1 П

5"(x) = £ х я_1 = l + x + x2 + x3 + ... = ——̂,¡xj < 1 =>
«=1 1 — X

=> S"(x) = ln— - + C, va 5’"(0) = 0=>

=>с, = 0 = > 5(x) = (1 — x) • ln (l — x) + x + c2 va S(0) = 0=>e2 = 0 ; 

Demak, 5,(x )= (l-x )-ln (l-x )+ x  ekan => 5=Jjm )<S(x)=21n2-l.>

14.21-masala. ^ 2 n - ( 2 n  + \ ) '  Qatorning yig‘indisini toping.
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< Bu qatorning yaqinlashish sohasi [-1; l] kesmadan iborat 
bo ‘lib, bu kesmaning ichki nuqtalarida qatorni hadlab, differensial- 
lash mumkin:

x e (—l;l) £ '(* )=  = - ^ ln ( l - x 2) + c, va ¿"(O ^O ^c, =0=>

S(x )=  ^S'(x)dx + c2 J ln (l- x 2)dx + c2 = ((bo‘laklab integral-
X 1 1 V

lash usulidan f o y d a l a n a m iz ) )  =  “ l n ( l - x 2) +  x +  -In-j—̂ - +  c2 va 

S (0) = 0 => c, = 0 .

^  x 2"+1 1 , 1 - x  x ,  fi  n
Demak, X ^ 1f) , g  ~ x+ ^ ln u  r  j K 1 x  Y  ekan. Teng-

lik (-1; 1) intervalda o ‘rinli. >
oo

15.21-masala. Z ( ??~ +5/? + 4)x"'l'~. qatorning yig‘indisini toping.
»=0

< Berilgan qator (-1; l) intervalda absolut va tekis yaqin- 
lashadi va shu intervaldagi v  oraliqda bu qatorni hadlab integral- 
lash mumkin:

•S (x ) =  ] T ( « 2 +5n+ 4)x"*2 = ̂ T(/t+1)(/i+ 4 )x”*2 => xS (.r)= ^ r(/ t+ l)(n + 4)x"*3 =>
n=0 „=() „= 0

=> p -5 (jr )fZ x  =  2 ( n  + l)jf"1'4 +c, = .v4X ( / i  +  l)x ', +  cl =  x* ■ S{ (.r) + c,
n=(I „=()

x = 0 da S (0) = 5, (0 ) = 0 => c, = 0 

Demak,
J x • S(x)dx  = x4 • S, (x) va 5 ,(x) = J ( ; ;  + l)x" => J5 ,(x )î/t =

#1« 0
x

X 1 /j+] ï X
= = X  + X * + X  + ... = ----- + c2 x = 0 da 5,(0) = 0=>c2 =0.

,■=0 1 - *  1V ’ 2

I s ’ (x ) ^ ~  1_ x = > s i ( x ) - [ J Z ^ j  ~  ( 1_  ^  • Bu te n g lik  va
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Jx-5 '(x)iic = x4 ,S'i (x) dan 

= > x S ( x )  = (x 4 ,Sl (x )) =
0 - * ) 4J

2x3 -( 2 - x )  

( 1 - x ) 3

4x3 - ( l - x ) : + 2 x 4 (l —x) 

( 1 - x ) 4

=> S (x )  =
( 1 - x ) 3

Shunday qilib,

Y(>i2+ 5n + 4)x"+2 = 2Ar'(2^ ,  xe(-I; l).>
L (1 -x )3 V 1

16.21-masala. Intégral ostidagi funksiyani darajali qatorga yoyish
Ir 2

usuli yordamida Je A dx ¡ntegralni 0,001 aniqlikda hisoblang.
0

< Agar 5°-punktda ex uchun keltirilgan yoyilmadan foydalansak,
.. /  l n

ekanligini, bu yerdan esa

je x ¿¿v = J ‘V "
w! /1=0

„2/»+l

«¡(2/7 +  1)

x:-

= z -
(-1)"

S/»!-(2/7 + l ) ’

bo‘lishini topamiz. Bu hosil bo'lgan qator Leybnis qatori bo‘lib, 
uning m-hadidan keyingi qoldig‘i

r - zni /  j

uchun
' „ £ , » ! •  (2n + 1 ) ’

k ,  <-
( « 7 +  !)!• (2/77 +  3 )  ’

bo‘lishi bizga m a’lum. |rm|<  0,001 bajarilishi uchun oxirgi tengsiz- 

likdan m>  4 bo‘lishi kifoyaligini aniqlaymiz. Demak,

\ e * d x » l - -  + - - —  +  - i - » 0 , 7 4 7 . >  
i  3 5 42  216
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1-tur xosmas integrallar va ularning yaqinlashishi.
2-tur xosmas integrallar va ularning yaqinlashishi.
Xosmas integralning Koshi ma’nosidagi bosh qiymati. 
Parametrga bog‘liq bo‘Igan xos integrallar va ularning funk-

sional xossalari.
Parametrga bog‘liq bo‘lgan xosmas integrallar va ularning tekis 

yaqinlashishi.
Parametrga bog‘liq bo‘lgan xosmas integrallar va ularning funk- 

sional xossalari.
Eyler integrallari.

-A-
Asosiy tushuncha va teoremalar
в

Biz 1-kursda \ f ( x ) d x  aniq integralni o ‘rganish jarayonida unga
a

2 ta shart qo‘ydik:
1) a va ¿ l a r  chekli sonlar,
2) [a,b\ da berilgan f ( x ) funksiya shu kesmada chegaralangan. 
Endi biz an iq  in tegralni quyidagi um um iyroq  hollarda

o‘rganamiz.
1-hol. Oraliq cheksiz, lekin funksiya chegaralangan,
2-hol. Oraliq chekli, lekin funksiya chegaraJanmagan.
1-holda hosil bo'lgan integralga I-tur xosmas integral, 2-holda

hosil bo‘lgan integralga esa II-tur xosmas integral deyiladi.
Birinchi va ikkinchi tur xosmas integrallar va ularning xossala- 

rini alohida-alohida va batafsilroq o ‘rganamiz.

Io. Chegaralari cheksiz xosmas integrallar 
(I-tur xosmas integrallar)

Integrallash oralig‘i cheksiz bo‘lgan holni ko‘raylik. Bunda 3 ta 
vaziyat yuz berishi mumkin:

1 ) a < x <  +oo;
2) -o o <x<b',
3) -U0<X< +00.

8-§. 7 -M USTAQ IL ISH
Xosmas va parametrga bog‘Iiq integrallar
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Aniqlik uchun 1-vaziyatni to ‘liq ko‘rib chiqaylik.
Faraz qilaylik, / ( x )  funksiya [a, +00) nurda aniqlangan bo‘lib,

A

VA >a  soni uchun j f { x)^x  mavjud bo‘lsin.
“ A

F(A)  = \ f ( x ) d x _.--------------------------------
a

deb belgilaymiz.
l-ta’rif. Agar ushbu

) / ( * ) * ;
A-*+se / i - > + x  « ’_____ a_________________________

limit mavjud va chekli bo‘lsa, uni / ( x )  funksiyaning [¿?,+co) ora- 
liqdagi I- tu r  xosm as integrali deyiladi va u

-foc

(2)

fcaô/ belgilanadi hamda (2)-xosmas integral yaqinlashuvchi, aks hol- 
da esa uzoqlashuvchi deb ataladi.

Shunday qilib,
+*5 A

j f ( x ) d x  := Jim j f ( x ) d x .
a a

Qolgan 2 ta vaziyatda ham I-tur xosmas integral shunga o‘xshash 
ta ’riflanadi:

J / ( x ) dx := Jim J/(x)¿/x ,
- x -  .4

+00 B

J  /  ( x )  ¿ /x  :=  J im  J /  ( x )  î / x ,

a +3C

Agar / / ( * ) *  va J/(x )c /x xosmas integrallar yaqinlashsa, u
-oc 0

+0Ç

holda { /(* )*&  xosmas integral ham yaqinlashadi va
-00

■ho a +oc
J / ( x ) i / x =  J / ( x ) A +  J / ( x ) j x ;

_-r —00 n
bo'ladi.
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Misol. ( a >  0 va  A -  V h a q iq iy  so n ) x osm as in tegra ln i

yaqinlasliishga tekshiring.
< V A >  a olamiz

„i-*

1 -A l - A
,  A *  1,

In x 1̂  = In A -  In a, A =  1.

A > \ b o ‘lsa lim F ( A )  = - — -  bo ‘lib, integral yaqinlashadi. A <  1
A - 1

b o ‘Isa lim F ( A )  = co bo ‘lib, integral uzoqlashadi.
.4-»+x

S h u n d a y  q ilib ,

*}dx  (yaqinlashadi, agar A >  1 bo'lsa,

J x À [uzoq teshaëi, ag ar A <, 1 bo'lsa.

1-teorema. (Koshi kriteriyasi). (2)-xosmas in tegrating yaqin- 
lashuvchi b o ‘lishi uchun quyidagi shartning bajarilishi zarur va yetar- 
lidir: \ / s >  0 uchun 3 B > a : V A l > B va A_>B lar uchun

}/(*)<£» < e :

bo ‘ladi.
K o ‘p h o lla rd a  K o sh i sh a r tin i tek sh irish  q iy in  b o ‘lad i. S h u n in g  

u c h u n  te k sh ir ish  o s o n  b o  lg an  a lo m a tla rn i ke ltiram iz .
A

B u n d an  b u y o n  b iz  h a r  d o im  \JA>a  u c h u n  \ f { x )àx  m avjud
a

d eb  faraz  q ilam iz .
2-teorema. (Umum iy taqqoslash alomati). Faraz qilaylik, [o,+oo) 

nurda
\ f ( x ) \ < g ( x )

+°0 +r
boTib, { ë [ x )dx xosmas intégral yaqinlashsin. Unda j f ( x ) d x  xos-

a # a
mas intégral ham yaqinlashadi.

3-teorema. (Xususiy taqqoslash alomati). Faraz q ilay lik

0 < a  < ;c < +oo nurda  | / ( * ) | ^ p T ’ c'’ ^ ~ const va A>  1 b o ‘lsin. U
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+00

bo‘Hb, X < 1 bo‘lsa, \ f ( x )dx xosmas integral uzoqlashadi.
-------------------------------------- a_________________________________________________

+CC
2 - t a ’r i f .  Agar J | / ( * ) |  dx yaqinlashuvchi b o ‘lsa, u holda  

\ f [ x ) d x xosmas integral absolut yaqinlashuvchi deyiladi.
a

2-teoremaga ko‘ra absolut yaqinlashuvchi integral oddiy m a’noda 
ham yaqinlashuvchi bo'ladi.

3-ta’rif. Agar \ f { x ) d x  yaqinlashib \ \ f { x )\dx uzoqlashsa,
+ x  ° a
\ f  (x)dx xosmas integral shartli yaqinlashuvchi deyiladi.

4-teorema. / ( x )  va funksiyalar [a, +00) oraliqda aniq- 
langan bo ‘Hb, f ( x ) >  0 va g (x )>  0 bo‘lsin.

Agar x - » + o o  da

/ ( * )  =  0 * ( g ( * ) ) ;
+=o • +cc

bo‘lsa, \ f { x ) d x  va j g ( x ) d x  xosmas integrallar yoki bir vaqtda
a a

yaqinlashadi yoki uzoqlashadi.
5-teorema. f ( x )  va g(x )  funksiyalar [a , +co) oraliqda aniq-

langan bo‘!ib, ular quyidagi shartlarni bajarsin:
+00

(Abel alomad) a) J f [ x )dx yaqinlashuvchi,
Q

b) g ( x ) funksiya [a, +oo) da monoton 
va chegaralangan;

\ f ( x ) d x

+00

h o l d a  \ f ( x ) d x  x o sm a s in teg ra l y a q in la sh a d i. A gar  3 c > 0 :

(Dirixle alomati) a) 3 K  VA > a Z K ,

b) g ( * )  funksiya [a,+ oo) da monoton 
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Vfl lim g(x ) = 0.
.r-fr+x

U holda //(•*)<& xosmas integral yaqinlashuvchi boiadi.
a

+JC

Misollar. 1) Jsinx2iit xosmas integral yaqinlashishga tck-
1

shirilsin.
+« +x 1 j

< Jsinx2<fr = Jjcsinx2— ife deb olib, / ( * )  = xsinx2, g (x )  = -
i i x  . . .  x  

deb belgilaymiz va Dirixle alomatining shartlarini tekshiramiz:

1) f ( x) = xs \nx2 eC[l,+oo) va F (x ) = ~ c o s x 2 -  chegaralangan;

2 ) g ( x ) = - U  va Hm g(x) = 0;

+00

+00 +»

1
+00

{ / ( x ) g ^ x ) ^ = - x 2<iv -  yaqinlashuvchi.

2) xosmas integralning shartli yaqinlashuvchi ekanli-
i x  

gi ko‘rsatilsin.
< Agar f  (x) = sin x va g (*) = -  desak, Dirixle alomatiga ko‘ra

yaqinlashuvchi ekanligini hosil qilamiz.
Endi

i  X  f  X

xosmas integralning uzoqlashuvchi ekanligini koVsatamiz.
l-c o s2 x

|sinx|>sin2x = - 

Unda \ /A>]  uchun

■'rl sin x  , 1 Ardx 1 /lrco s2 x
-------d x > - ---------- ------------dx;

|  x  [ 2 J x  2 f  x
b o ‘lad i. M a ’lu m k i,

\ d x  +r dx ,. rco s2 x  +pco s2 x  ,

JüSo Jt -  J v ~ u z o q la sh u v c h i Va x  ”  f x
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Dirixle alomatiga ko‘ra yaqinlashuvchi. Shularga asosan oxirga teng- 

sizlikda a —>+oo da limitga o'tib, J  dx xosmas integralning

uzoqlashuvchiligini topamiz. => f ------dx integral shartli yaqin-
- _________________  i  x  __________________________

lashuvchi. >
Eslatma: Birinchi tur xosmas integrallarda ham m a’lum shart- 

lar bajarilganda aniq integrallarni hisoblashda qo 'llaniladigan 
o'zgaruvchilami almashtirish, Nyuton-Leybnis, bo‘laklab integral- 
lash va shu kabi boshqa formulalar o ‘rinli bo‘ladi. Ularning shart- 
larida va ifodalanishida printsipial farq bo‘lmaganligi sababli biz 
ularga to ‘xtalmaymiz.

2U. Chegaralanmagan funksiyaning xosmas integrali 
(II-tur xosmas integral)

Faraz qilaylik, f ( x )  funksiya [a,b) yarim segmentda berilgan 
bo '¡sin. Agar V a r> 0  soni uchun f ( x )  funksiya [a,b -  a )  a [ a ,b )  
da chegaralangan b o ‘lib, \a,b) da chegaralanmagan b o ‘Isa, u holda 
b nuqta f ( x )  funksiya  uchun maxsus nuqta deyiladi.

Aytaylik b nuqta [a,b) oraliqda berilgan f  (x)  funksiya uchun 
maxsus nuqta bo'lib, / ( . r )  funksiya [a, b - a ] kesmada integral- 
lanuvchi bo‘lsin.

b - a

F (a)=  J  f ( x ) d x ;
a

deb belgilaymiz. Bu funksiya yarim segmentda aniqlan-
gan.

Ta’rif. Agar ushbu
b - a

lim F (a )  = lim i f ( x ) d x \
a-»+0 v ' a->+0 J v J 

a

limit mavjud va chekli bo ‘Isa, uning qiymatiga f ( x )  funksiyaning 
[a,b) dagi I I  tur xosmas integrali deyiladi va

b

¡ f ( x ) d x ;  (3)
a

kabi belgilanadi hamda (3)-xosmas integral yaqinlashuvchi , aks holda 
esa uzoqlashuvchi deb ataladi.
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\ f ( x ) d x : = \ im  J f ( x ) d x  ;

a S \°X uddi yuqoridagidek, a n u q ta  f ( x )  funksiyaning m axsus nuqtasi 
b o ‘lganda (a ,b \  oraliq bo 'y icha  xosm as integral, a va b n u q ta la r funk­
siyaning m axsus nuqtalari b o ‘la n d a  (a,b)  oraliq  b o ‘y icha -xosm as in - 
teg ra lla r quyidagi tengliklar y o rd am id a  aniqlanadi:

] f { x ) d x ^  J im  )  f { x ) d x .
a+ a

S hunday  qilib,

b - ß

J / ( x ) d x : - J i m  J /(* )< &
«-►+0 
ß->+Oa+ct

h l
Misol. J( p _ x f dX (^ >0) xosmas integral Л< 1 bo‘lganda

yaqinlashadi va A>1 boHganda uzoqlashadi.
Ikk inchi tu r  xosm as integrallar u ch u n  ham  birinchi tu r  xosm as in- 

tegrallarda o ‘rinli bo 'lgan  u lam i h isoblash  usullari va yaqinlashish alo- 
m atlari o ‘rinli. U lam ing  ham m asiga to 'x ta lm ay , asosiylarini keltiram iz.

1-teorema. (Koshi kriteriyasi). (3)-xosmas integralning yaqin- 
lashuvchi b o ‘lishi uchun quyidagi shartning bajarilishi zarur va yetar- 
lidir: V e > 0  uchun 3 S > 0 :  0 < a ”< a ' <  S tengsizlikni qanoatlantiru- 
vchi V a ' va a "  lar uchun

J  f ( x ) d x <  E  ■

tengsizlik bajariladi.
2 - te o re m a . f ( x )  va g ( x )  funksiyalar [a,b ) da berilgan bo‘lib, 

b shu funksiyalaming maxsus nuqtasi bo‘lsin. Agar V x e \ a , b )  da
0 < / ( x ) < : g ( x ) ;

b b

b o ‘Isa, и holda /# (* )* &  integralning yaqinlashuvchiligidan \ f { x ) dx
a b a

ning yaqinlashuvchiligi; J f { x )dx integralning uzoqlashuvchiligidan
a

b

J g ( x ) d x  ning uzoqlashuvchiligi kelib chiqadi.
a
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integral yaqinlashadi. Agar / ( * ) £ — °  / , c > 0,b o ‘lib, X > \
( b - x )

bo‘lsa, u holda (3)-xosmas integral uzoqlashadi .

3-teorema. Agar x - > b - 0  da f ( x )  = Q* (g (* )) bo ‘Isa, unda
b b

\ f ( x ) d x  va  j g ( x ) c / x  integrallar bir vaqtda yaqinlashadi yoki uzoq­
lashadi.

4-teorema. /( .v )  va g (x ) funksiyalar [a,£) da berUgan bo‘lib, 
ular quyidagi shartlarni bajarsin:

b

(Abel alomati) a) j f ( x ) d x  integral yaqinlashuvchi,
a

b) g (x )  funksiya \a,b) da monoton va chegaralangan;

Natija. Agar |y(^:)|< c -(Z> — x)~'3 bo'lib, X < \  bo‘lsa (3)-xosmas

J  f { x )dx <K,(Dirixle alomati) a) \ / x  V J > 0

b) g (x ) funksiya  [<7, b) da monoton va 
lim g (x )  = 0x->b-0 v  '

b

U holda \ f  (x)dx xosmas integral yaqinlashuvchi bo ‘ladi.
a

3®. Xosmas integralning bosh qiymati
l- ta ’rif. Aytaylik, f ( x )  funksiya -oo <*<+<» to'g'ri chiziqda aniq- 

langan bo'lib, undagi v  kesmada integrallanuvchi bo'lsin. Agar ushbu

Jim ) f { x ) d x -
-A-A

limit mavjud va chekli bo'Isa, / ( a )  funksiya  ( - 00, + 00)  oraliqda 
Koshi ma'nosida integrallanuvchi deyiladi. Bu Umitning qiymatiga 
esa f ( x )  funksiya xosmas integralining Koshi m a ’nosidagi bosh q i­
ymati deb ataladi va

V-P ] f { x ) d x ;
kabi belgilanadi.
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Demak,
+oc A

V.p lim \ f ( x ) d x .
-A

Teorema. Agar / ( * )  funksiya tog bo'Isa, u holda u Koshi 
ma ’nosida integrallanuvchi va uning bosh qiymati 0 ga teng bo ‘ladi. 

Agar f ( x )  funksiya juft bo‘Isa, u Koshi m a’nosida integrallanuvchi 
bo‘lishi uchun

J f { * ) d x -
0xosmas integrating yaginlashuvchi bo‘lishi zarur va yetarli.

2 -ta’rif. Faraz qilaylik, f ( x )  funksiya  [a,b] kesmaning s 
(a< c  <b) nugtasidan tashgari hamma nugtalarida aniglangan bo ‘lib, 
(a,c) va (c,b) ga qism bo'lgan v  kesmada integralanuvchi bo‘lsin. 
U holda, agar

lim
«-++0

j f ( x ) d x +  j  f ( x ) d x

limit mavjud va chekli bo‘Isa, f ( x )  funksiya \a,b\ kesmada Koshi 
m a ’nosida integrallanuvchi deyiladi va bu limitnmg qiymatiga inte- 
gralning Koshi ma ’nosidagi bosh qiymati deb ataladi hamda u

b
v - p \ f ( x ) d x \

a

kabi belgilanadi.

Misol. / ( * )  = —~  funksiya [l; 5] kesmada xosmas m a ’noda

integrallanuvchi emas, lekin Koshi m a ’nosida integrallanuvchi ekanli- 
gi k o ‘rsatilsin.

< Xosmas ma’noda integrallanuvchi emasligi ravshan. Koshi 
m a’nosida integrallanuvchi bo‘lishini ko‘rsatamiz.

r. 3p dx .. f  dx V dx
V.p ------- =  lim  -------- + --------

, x  -  2 J x -2  J ax -2
- lim ln|a->+0 ¡|,"“ + In |x - 2 | :+

=  lim (lnor + l n 3 - l n a )  = ln 3 .>  
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4°. Parametrga bogiiq xos integrallar va ularning funksional
xossalari

f ( x , y )  funksiya R2 fazodagi biror D = {(x,.y) € R2: a < x < b, 
y e E c z R } aniqlangan va v  fiksirlangan y e E  uchun /(*,_>>) 
funktsiya x o'zgaruvchining funksiyasi sifatida [a,b] oraliqda inte- 
grallanuvchi bo'lsin.

Quyidagi

®(y)=  ¡f{x>y)dx-,  (4)
a

integraiga parametrga bog‘Iiq integral, u o'zgaruvchi esa parametr
deyiladi.

Parametrga bog‘Iiq integrallarda $>(>>) funksiyaning bir qator xos­
salari (limiti, uzluksizligi, difTerensiallanuvchiligi, integrallanuvchiligi 
va hokazo) o ‘igani!adi. Bu xossalarni o'rganishda f ( x , y ) funksiya­
ning u bo‘yicha limiti va unga intilish xarakteri muhim rol o‘naydi.

f ( x , y ) funksiya D  to ‘plamda berilgan, y0 esa E to ‘plamning 
limit nuqtasi bo‘lsin.

1-ta’rif. Agar \ /s>Q olinganda ham (Vx&[a,b\ uchun) shun- 
day S = S ( s , x ) > 0  topilsaki, tengsizlikni qanoatlantiru- 
vchi V y e E  uchun

\f (x,y)-<p(x) \<e,  x z [a ,b] \  
bo‘Isa, u holda (p(x) funksiya f ( x , y )  funksiyaning y  -> y0 dagi 
limit fiinksiyasi deyiladi.

f ( x , y ) funksiya d  to'plamda berilgan bo‘lib, oo nuqta Ye 
to'plamning limit nuqtasi bo'lsin.

2-ta’rif. Agar \ / c> 0  olinganda ham  fV.ve[a,&] uchun)  
3A = A (e ,x )> 0  topilsaki, |v |>A  tengsizlikni qanoatlantiruvchi 
V y e E  uchun

\f(x ,y)-<p(x)\<e,  xe[a ,b] \

bo‘Isa, u holda <p{x) funksiya f ( x , y ) funksiyaning y —>co dagi 
limit funksiyasi deyiladi.

Limit funksiya ta ’rifidagi J  = £(£-,.\-)>0 ning faqat £ > o gagi- 
na bog‘liq qilib tanlanishi mumkin bo‘lgan hoi muhimdir.

3-ta’rif. D to'plamda berilgan f ( x , y ) funksiyaning y —>y0 dagi 
limit funksiyasi <p(:v) bo‘lsin. Agar \ /s  >0 uchun 35  = S ( s ) > 0  topil-
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saki, \ y - y 0\<S tengsizlikni qanoatlantiruvchi V y e E  Ba V xe[a,6] 
lar uchuti

| f{x ,y ) -<p{x) \<e,  
bo‘Isa, f ( x , y ) funksiya o ‘z limit funksiyasi q> (x) ga \a,b\ da tekis 
yaqinlashadi deyiladi.

4-ta’rif. D to'plamda berilgan f ( x , y ) funksiyaning y - > y 0 dagi 
limit fiinksiyasi (p(x) bo'lsin. Agar 3e0 > 0 , \ / S > 0  olinganda ham 
3 i 0 6 [<i,i] va |_y-_y0| <<5 tengsizlikni qanoatlantiruvchi y t <=E topil- 
saki, ushbu

| / ( w . ) - < z > ( * o ) | ^ o ,  
tengsizlik o ‘rinli bo‘Isa, u holda f ( x , y ) funksiya <p(x) ga notekis 
yaqinlashadi deyiladi.

1-teorema. (Koshi kriteriyasi) f ( x , y ) funksiya y - > y 0 da lim­
it funksiya <p(x) ga ega bo‘lib, unga tekis yaqinlashishi uchun quy- 
idagi shartning bajarilishi zarur va yetarlidir: \ / s >  0 uchun 
S = <5(s) > 0 topiladiki, \ y " - y 0\ < S , \y’- y 0\< S  tengsizliklarni 
qanoatlantiruvchi \fy',y" e E hamda Vxe[üf,6] uchun

| f { x , y " ) - f ( x , y ' ) \ < e ,
tengsizlik bajariladi.

Endi parametrga bogiiq  integrallaming funksional xossalarini 
keltiramiz.

2-teorema. Agar
1) v  fiksirlangan y& E  uchun f ( x , y ) e C \ a , b \ ,
2) y - >  y 0 da f ( x , y )  funksiya <p(x) ga tekis yaqinlashsa,
u holda 0 b 

Jim \ f ( x , y )d x = \ (p (x )d x  (5)

bo ‘ladi. ° fl
3-teorema. Agar f ( x , y )  funksiya

= -xz[a ,b \ ,  >>e[c,i/]|

to'plamda uzluksiz bo ‘Isa, u holda

® {y)= ¡ f ( x , y ) d x
a

funksiya [c,d] kesmada uzluksiz bo‘ladi.
257



4-teorema. Aytaylik f ( x , y ) funksiya
D = { ( x , y ) e R 2 :xe[a ,b],  y e [ c , d ]} 

to'plamda aniqlangan va
1) v  fiksirlangan y e E  uchun f ( x , y ) e C [ a , b ]
2 ) f ; ( x , y ) - 3  va e C ( D )

bo ‘Isin. U holda \c ,d \ kesmada mavjud va ushbu

® ( y ) =  \ f y ( x , y ) d x  (6)
a

tenglik o ‘rinli bo‘ladi.

5-teorema. Agar f ( x , y ) funksiya 3-teorema shartlarini qanoat-
d

iantirsa, unda j 3* (>’)<£' integral mavjud vac
d 

Ic
munosabat o ‘rinlidir.

Endi umumiy ko‘rinishda berilgan parametrga bog'Iiq integral- 
lami keltiramiz.

Faraz qilaylik, x = <p(y),x = y/(y)  funksiyalar \c,d~\ da aniqlan- 
gan bo‘lib, V ye[c,i/] uchun

a< <p(y )z t / / ( y ) zb ;  (8)
munosabat bajarilsin.

6-teorema. f ( x , y ) funksiya ushbu

D = {(x,;y)e/?2 :x e [a ,6 ] , y e [ c , d ]} 
to ‘plamda aniqlangan bo‘lib,

1) f ( x , y ) e C ( D ) ;

2) f ( ; ) e C [ c , i / ]  bo'lsin. U holda
v(y)

®(y)=  J  f { x , y ) d x  (9)
p(.v)

funksiya ham \c ,d \ oraliqda uzluksiz bo ‘ladi.
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7-teorema. (Leybnis formulasi). Agar
1) f ( x , y ) e C ( D ) ,
2) f ; ( x , y ) e C ( D ) ,

3) tp'(y) va 4/ \ y ) e C [ c , d ]
bo‘lsa, и holda Ф(^) funksiya ham [c,d] oraliqda hosilaga ega va

v(y)
ф '(^ )=  J fÿ (x,y)dx + i i / ' (y ) - f [¥ (y) ,y]-<p' (y\ f[<p(y) ,y]  (10)

f>(y)
munosabat о ‘rinlidir.

6-teorema shartlari bajarilgan holda Ф(>') funksiyaning [c,c/] 
oraliqda integrallanuvchi ekanligi kelib chiqadi va (9)-ftinksiya uchun 
ham (7)-tenglik kabi tenglik o‘rinli bo'ladi.

5®. Parametrga bog‘liq xosmas integrallar va ularning 
tekis yaqinlashisbi

f ( x , y ) funksiya

Z )  =  | ( x , 7 ) g / î 2  : x g [ û t , + o o ) ,  y e Æ c Æ j  

to'plamda berilgan bo‘lib, v  fiksirlangan y s E  uchun
+cc
j / ( x , y ) d x  ( y e E )
a

mavjud va chekli b o ‘Isin. Bu integral u ning qiymatiga bogTiqdir.
+00

7 0 0  =  J  f ( x > y ) d x  (11)
a

(ll)-integralga parametrga bog‘liq I-tur xosmas integral deyiladi. 
Xuddi shu kabi

° +O0
\ f ( x , y ) d x va \ f ( x , y ) d x

—00 —oc
parametiga bog‘liq bo‘lgan I-tur xosmas integrallaming ta’rifmi berish 
mumkin.

Endi f ( x , y )  funksiya

Z ),= {(x j)eÂ : : j 6 [a,è), y e E c X ]  

to‘plamda berilgan bo‘lib, v  fiksirlangan y e E  da x - b  nuqta
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f ( x , y )  fu n k s iy a n in g  m a x s u s  n u q ta s i b o ' ls in  v a  b u  fu n k siy a  \a,b\
oraliq da  in te g r a lla n u v c h i, y a ’n i

b

J / ( *  , y)dx ( y e E )
a

x o sm a s  in te g r a l m a v ju d  b o 'ls in . U n d a

I x ( y ) = \ f ( x , y ) d x  (12)
a

integralga parametrga bog‘liq bo‘lgan II-tur xosmas integral deyiladi.
X u d di sh u n ga  o ‘x sh a sh  x  = a n u qta  m a xsu s n u q ta  b o ‘lgan  p ara- 

m e tig a  b o g 'liq  b o 'lg a n  II -tu r  x o sm a s  in tegralga  ta ’r if  b er ish  m u m k in .
U m u m iy  h o ld a , p a r a m e trg a  b o g 'liq  c h e g a r a la n m a g a n  fu n k s iy a ­

n in g  ch eg a ra s i c h e k s iz  x o s m a s  in teg ra li tu sh u n c h a s i h a m  y u q o r i-  
d ag id ek  k ir itila d i.

B iz  a so sa n , ( l l ) - x o s m a s  in te g r a ln in g  x o ssa la r in i o ‘ig a n is h  b ila n  
sh u g 'u lla n a m iz .

Aytaylik, f ( x , y )  funksiya D to ‘plamda aniqlangan bo‘lib, V 
fiksirlangan y e E  uchun

4<o
j f ( x , y ) d x - 3

a

bo‘lsin. => V[a,r] a  [a,+co) da
t

F ( t , y ) = \ f ( x , y ) d x  (13)
a

in tegra l m a vju d  va
+00

I ( y ) =  \ f ( . x*y)dx= Hm F(t ,y) .  (14)

(14)-tenglikdan ko'rindiki l ( y )  funksiya F(t ,y )  funksiyaning 
+ oo dagi limit funksiyasi boiadi.
1-ta’rif. Agar t —> +co da F ( t ,y )  funksiya E  to ‘plamda o ‘z limit 

funksiyasi l ( y )  ga tekis yaqinlashsa u holda (11)-integral E  to‘plamda 
tekis yaqinlashuvchi, notekis yaqinlashganda esa notekis yaqinla- 
shuvchi deyiladi.

+»
Shunday qilib, \ f ( x >y)dx integralning Y e  to'plamda tekis ya-

a
qinlashuvchi bo‘lishi quyidagini anglatadi:
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1) Vy<=E uchun \ f { x’y)dx  xosmas integral yaqinlashuvchi;
a

2) V s  > 0 uchun 3<? = <?(£)>0:V/><? va V y e E  uchun
+«
$f(x,y)dx < e ; 
t

tengsizlik bajariladi.
+oc
\ f { x ^y)dx integralning E to ‘plamda notekis yaqinlashuvchi ekan-
a

ligi esa quyidagini anglatadi:
+oo

\ ) V y e E  uchun \ f { x>y)dx xosmas integral yaqinlashuvchi;
a

2) 3 f0 >0 , V S > 0  o linganda ham  3y0 e E  va 3t0 >S,  
t0 e \a, + q o )  topiladiki,

+C0

\ f { x , y 0)dx > s n

bo‘ladi.
+00

Misol. y )=  J  ye~xycbc parametrga bog‘liq integral a)
0

E = ( 0,+oo) va b) E} = [ 2 , ^ ) ^ E  oraliqlarda tekis yaqinlashishga 
tekshirilsin.

<a) )ye -” d x = - ) e ^ d ( - x y ) = I-«"»
0 0

(0 < / < +oo) => Vy e (0, +oo) uchun =
+30

\=]=>l{y)= jy e ^ d x -  yaqinlashuvchi.
0

Endi berilgan integralni tekis yaqinlashuvchanlikka tekshiramiz.
1 _  1

;y e £  = (0,+oo) bo'lsin. Agar V £ > 0  uchun s0 = - , t 0 > S  va -

deb olsak, u holda
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<? 3
bo'ladi. => integral E = (0,+<x>) da notekis yaqinlashadi.

b) Endi integralni E, =[2,+oo)c E  to ‘plamda tekis yaqinlashu- 
vchanlikka tekshiramiz. V s >  0 olamiz.

J  y e~V dx  =  \~e ' v  r  =  = j ^ = ( ( y > 2 , t > S ) ) < - ^  =  e = > S  =  ^ l n ~
f & & £ S

deb olsak, tekis yaqinlashish ta ’rifldagi shartlar bajarilar ekan.
+00

:z>/( ^ )= f y e "dx integral =[2,-k») oraliqda tekis yaqinlashadi. >
0

2 - ta ’rif, Agar \ f s > 0 uchun 3S  = S ( s ) > 0 :  t '> 8 , t " > S  ni 
qanoatlantiruvchi va V y e E  uchun

j f ( x , y ) d x <£

tengsizlik bajarilsa, unda (ll)-xosm as integral Ye to ‘plamda funda­
m enta l integral deyiladi.

+00
1-teorema (Koshi). I ( y )  = J  f ( x ,y)dx  integralning Ye to ‘plamda

a
tekis yaqinlashuvchi bo ‘lishi uchun uning Ye to ‘plamda fundamental 
boTishi zarur va yetarlidir.

Bu teorema nazariy ahamiyatga ega bo‘lib, undan amaliyotda 
foydalanish ancha qiyin.

2-teorema (Veyershtrass). Agar 3<p(x)>0 (x e [a ,+ o o ) )  funksi- 
ya topilsaki

1 )Vxe[a ,+oo) va V y e E  uchun j / (x ,y ) j<(p(x),
+00

2) J V ( * ) ^  yaqinlashuvchi
a

+30
bo ‘Isa, unda I ( y ) ~  \ f { x,y)dx  integral Ye to ‘plamda tekis yaqin-

a

lashuvchi bo‘ladi.



3-teorema (Abel alomati). f ( x , y )  va g ( x , y ) funksiyalar
D = { ( x , y ) e R 2 :.xe[a, + 00), y e E ] ;  

to ‘plamda berilgan bo‘lib,
1) v  fiksirlangan y e E  uchun g ( x , y ) funksiya  +co) da x  

o'zgaruvchi bo ‘yicha monoton va u D toplamda chegaralangan,
+00

2) \ f { x >y)dx integral Ye da tekis yaqinlashuvchi bo‘lsa, u holda
a +00

\ f ( * , y ) g { x , y ) d x ;
a

integral Ye to‘plamda tekis yaqinlashuvchi bo'ladi.
4-teorema (Dirixle alomati). f ( x , y )  va g ( x , y )  funksiyalar £> 

to ‘plamda berilgan bo‘lib,
1) \ / t> a  va M y e E  uchun

j' f ( x , y ) d x ~ c (c = const) ,

2) v  fiksirlangan y e E  uchun funksiya  [ü,-k») da x
o ‘zgaruvchi boyicha monoton va x - > + o o  da g (x ,_ y )  funksiya 0 ga 
tekis yaqinlashsa, u holda

+oc

\ f { x , y ) g ( x , y ) d x f
a

integral E to‘plamda tekis yaqinlashuvchi bo'ladi.

6°. Parametrga bog‘liq xosmas integrallaming 
funksional xossalari

f ( x , y )  funksiya :x e [a ,  + 00), y e E j to'plamda
berilgan bo‘lib, y0 nuqta Ye to ‘plamning limit nuqtasi bo‘lsin.

1-teorema. Agar
1) v  fiksirlangan y e E  uchun f ( x , y ) e C [ a , + 0 0 ) ,

2) y -+  y0 da V [a,/] ( a < t < +co) kesmada f  (x , y)  funksiya  
<p(x) ga teki: yaqinlashsa,

+x>

3) l { y ) ~  \ f ( x^y)dx integral Ye to‘plamda tekis yaqinlashuvchi
a

bo‘lsa, u holda y - > y 0 da l ( y )  funksiya limitga ega va



ä  7 = ä  7 a *.>o& = 7 f e / ( * ^ )  V = 7
a  A u  j  A

2-teorema. 4?^r /(* ,.y )  funksiya
D  =  { (x ,7) e / ? 2 :x e [ ö ,+ o o ) ,  

to ‘plamda berilgan bo'lib,
1 ) f ( x , y ) e C ( D ) ,

+00

^ 0 0 = j / ( x>y)<̂x integral [c,d] da tekis yaqinlashuvchi
fl

bo'lsa, u holda I ( y ) e C \ c , d \  bo ‘ladi.

3-teorema. Agar f ( x , y ) funksiya
D = { ( x , y ) e i c  :xe[a,+oo), j/e [c ,a j}  

to ‘plamda berilgan bo‘lib,
U f ( x , y ) e C ( D ) ,  f ; ( x , y ) s C ( D ) ,

+30
2) v  fiksirlangan y<a[c,d\ uchun l (y )=  j f ( x , y ) d x  yaqinlashuvchi,

a+00
3) \ f y (x ,y )dx  integral [c,c/] da tekis yaqinlashuvchi bo‘lsa, u 

holda “l ( y )  funksiya [c ,J] oraliqda I ’(y)  hosilaga ega bo‘ladi va

/ ' 0 0 = 7 - £ ( x’* )a ;
a

tenglik bajariladi.
4-teorem a. /4gßr f ( x , y )  funksiya

Z> = { (x ,j)e i? 2 :xe[a,+oo), ye[c,i/]}  
to ‘plamda berilgan bo‘lib,

1) f ( x , y ) e C ( D ) ,
+00

2) I ( y ) =  J f ( x , y ) d x  integral [c,d] da tekis yaqinlashuvchi 

bo'lsa, u holda l ( y )  funksiya \c ,d

f l ( y ) d y = l  7 f ( x , y ) d x
C c L  fl

bo‘ladi.

¿>o ‘ladi.

da integrallanuvchi va
+co </

dy= i
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7o. Eyler integrallari 
(Beta va Gamma funksiyalar)

a) Beta fiinksiya (1-tur Eyler integrali) va uning xossalari
1-ta’rif. Quyidagi

B {p ,q )=  \ x p~ ' - ( l - x ) 11' 1 dx (15)
0

integralga Beta fiinksiya  yoki 1-tur Eyler integrali deyiladi.
Beta fünksiya quyidagi xossalarga ega.
1) (15)-integral M  = { ( p , q ) e R 2 : p e ( 0, +co), 9 e ( 0, +oo)j 

to'plamda yaqinlashuvchi, (p0 >0,qQ > 0) to'plamda esa tekis yaqin- 
lashuvchi bo‘ladi.

2) B ( p , q ) e C ( M ) .
3) B ( p , q )  = B ( q ,p ) .

Natija. Agar q = l - p  (0< p< l) bo‘lsa,
+G0 t p~{ n

B ( p , l - p ) =  f—  = - ----- - (16)v ' 1 + 1 sin p n  v ’
tenglik o‘rinli bo'ladi.

(16) dan zz> b [ K - ) — —  =
sin —

2
5) Vp > 0 va q >  1 uchun

= 0  0 7 )

tenglik o'rinli.

v ’ (m + n - 1)!
b) Gamma fünksiya (2-tur Eyler integrali) va uning xossalari.
2-ta’rif. Quyidagi w

r { p ) =  \ xP e

integralga Gamma fiinksiya yoki 2 -tur Eyler integrali deyiladi. 
Gamma fünksiya quyidagi xossalarga ega.
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1 )r (l)  = r ( 2) = l
2) (18)-integral (O,+00) oraliqda yaqinlashuvchi, V[a,¿] c  (0,-ko) 

(0 < a < b < +00) kesmada esa tekis yaqinlashuvchi bo‘Iadi.
3) r ( p ) e C ( 0 , + c o )  va Vn = 1,2,... uchun

+00
~  -T ^  (/> )=  J Xp-'C-* ( ln  * ) " -------- --------

( 19)4) r ( p  + \) = p r ( p )
Natíja. r ( n  + \) = n\
Beta va Gamma funksiyalar orasidagi bog'lanishni quyidagi te­

orema ifodalaydi.
Teorema. Vp > 0, q  >0 uchun

f í  _ \ 7“'/

F ( p  + q)
tenglik o ‘rinli.

Natija. Vp £ (O, l) uchun
r ( P ) r (  i - ^ )  =  _ A _

sin  p n
tenglik 0‘rinli bo‘ladi.

Agar (21)-tenglikda P = ̂  desak

(20)

(21)

(22 )

bo'ladi.
Eyler integrallari yordamida ko‘pgina xosmas integrallami hisob- 

lash ancha osonlashadi.
Misollar.

+<30
1) /  = |  e~x dx -  Eyler-Puasson integrali hisoblansin.

/ =  Je  r É& =
x1 =t=>X = yft 
dx=-t~dt

W

= -  }/ 2e~‘d t= -  J t2'' -e"di = - A - \ =  —  
7  J  7  j  7  [ 7  7

) )
+® cíjc

2) 1=  f - —— xosmas integral hisoblansin.
i  1-! +  *
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1. 1-tur xosmas integral tushunchasi.
2. 1-tur xosmas in te g ra tin g  yaqinlashishi.
3. Koshi kriteriyasi.

5. Xususiy taqqoslash alomati.
6. Absolut va shartli yaqinlashuvchi 1-tur xosmas integrallar.
7. 1-tur xosmas integrallar uchun  Abel alomati.
8. 1-tur xosmas integrallar uchun  Dirixle alomati.
9. 2 -tu r xosmas integral tushunchasi.
10. 2 -tu r xosmas in te g ra tin g  yaqinlashishi.
11. 2 -tu r xosmas integral uchun Koshi kriteriyasi.
12. 2 -tu r xosmas integral taqqoslash alomatlari.
13. 2 -tu r xosmas integral Abel alomati.
14. 2 -tu r xosmas integral Dirixle alomati.
15. Xosmas in te g ra tin g  Koshi m a’nosidagi bosh qiymati.
16. Param etrga bog 'liq  xos integrallar.
17. Param etrga bog 'liq  xos integrallarning tekis yaqinlashishi.
18. Tekis yaqinlashishning inkori.
19. Koshi kriteriyasi.
20. Param etrga bog 'liq  xos in te g ra tin g  uzluksizligi.
21. Param etrga bog‘liq xos integrallam i differensiallash.
22. Param etrga bog 'liq  xos tte g ra lla rn i tteg ra lla sh .
23. Param etrga bog‘liq xosmas integrallar.
24. Param etrga bog 'liq  xosmas integrallarning tekis yaqinlashishi.
25. Koshi kriteriyasi.
26. Veyershtrass alom ati.
27. Abel alomati.
28. Dirixle alom ati.
29. Param etrga bog 'liq  xosmas in teg ra llam tg  uzluksizligi.
30. Param etrga bog‘liq xosmas integrallam i differensiallash.
31. Param etrga bog 'liq  xosmas integrallam i integrallash.
32. Beta funksiya (1 -tu r Eyler integrali) va uning xossalari.
33. Gam m a funksiya (2-tur Eyler integrali) va unrng xossalari.
34. Beta va G am m a funksiyalari orasidagi bog'lanish.
35. Eyler-Puasson integrali va uni hisoblash.

Nazorat savollari
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1.3

1.5

1.7

1.9

1.11

1.13

1.15

1.17

1.19

1 .1

1.21

-B-
Mustaqil yechish uchun misol va masalalar

1-masala. Quyidagi xosmas integrallar hisoblansin.
r dx dx

a? x\lx2 -1 ^  o ex + 4e*
» j  +oc 2 . ir xdx r:

1.4 J-x - \  f :

r dx
L r J T 7 . ,.\2 ' l . i o  J T T J

0
+oc

1 *4 + l

r dx +0°
f / - ’ \ I i 1 6 \e~̂ *dx.f (jc2 +9)Vjc2 +9 1,0 I

X£aMgx "} dx
^ ( i + x a ) - V i + * 5' A ' 1 8

1 ( V j t  +  1 0 (4 x 2 + i)\lx 2 +1

^  x 2 + 1 2  , ■Ks
e “  • sin bxdx.

0
+00 7dx

jx"e~*dx,ne N. 1 .1 4

f dx +r hue ,

i ( 2 x " - l ) > / ? - T '  1 , 6  / W * '

+CC i +W t
r ________________ f x ln x

1 (4 jc2 — i JV jc2 —1 ’ 1 , 1 8  i ( l  +  x 2)2

~{ arctg( l - x )  ~  2 —x  ,
J 3// «\4 1 .20  J — — ¡ = — d x .
0 V ( * - l )  i x  • v x  - 1

1  ¿¿c 

- i ( x 2 4-X + l)
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*A *
2 .1  J ( In c o s x )  • cos Inxdx, n e N .  2 .2  jx ( ln s in x ) £ & . 

o 0
V , , l  +  jc dx

2.3 I In cos m t..

2-masaIa. Quyidagi II-tur xosmas integrallar hisoblansin.

2.5 j
•x a rc s in x

0 V l - X 2
d x .

r , . l +  x  ax
2.4 I* -In-------- 7=— ■

_i l - x  V I - x 2

2 6  I " 51" ? " ! “ 5? ] * '

2.7

1

5 i ___
2 .9  J  yjctgxdx.

’A

arccos x 2 .8  j  yftgxdx.
0

b

2 .1 0  j x - J - — -d x ,b > a .

a

2.11 J
¿¿c

V o2 + b2 -2 b x  

dx

a

, a > 0 ,b > 0 .  2 .1 2  1

b - x

x 4dx

2 ,1 3  1 (1 6  —x 2) V l - x 2

2.15 f
i£c

i x • >/3x2 -  2x -1
2j* (¿X

2 -17  i ( x - i ) . V ? T 2 -

" T
2 ’19 J 5 x - j 2 x  + l '

hr dx ,
2.21 i  ' - ' ' , b > a '

-{(l  + x 2) - y j l - x 2

‘j- dx______

2 1 4  J , ( 4 - x ) - y / l - x 2
rA

2.16 Jlnsinxd!x.
0

dx
2.18 J7¿ ( 2 - x ) - y l \ - x  

1
2 .2 0  j* ln 3xi&.

! s l ( x - a ) ( b ~ x )
3-masala. Quyidagi II-tur xosmas integrallami yaqinlashishga

tekshiring.
1( 1 + v ? )

3.1 j
> In

V x - s i n  4 x
d x . 3 .2  j s in i  —J V ¡’ntc o s x

dx

T x
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rs in x  . 
3 .7  I— — dx.J V"

sm x
*> x '

(x - 2 ) d xf \ x ’3.9 I 3 _ 2 .f x  - 3 x  +4

Tflnsin jc  ,
3 - l l  \ - ^ n r dx-0 t lx  

fl-COSX

' -Je2 + x 2 ~ e cosx

fl-COSX ,
3.13 \ ~ ^ d x .

0
1

3.15 J -dx
x

h -Q A )

0
0 .5  1 a

3.17 J  —^ ¡ "'dx.
0 lS  x
1 ,

3.19 \xa -\nß - d x .J v

*A

3.8 J-
dx

0 Vx + arctgx 

*f j3.10 1-7=7=^-
0 -v/sin X

V ¿fr
arccos x3.12 J

o'

^  gOCOSJt -  y/\ + 2 cos x
3.14 J-------- f=— ---------dx.

0 VCOS5 X
‘¡•ln ( l  + 2x) -  xe~

3.16 J-- ^----- ~a------ dx.
’ 1- c o s  X

3.18 \ x a ( \ - x ) ß \nxdx.
0

3.20 \ x a - ( \ - x ) p dx.

3.21 J"sina x  • cos^ xdx.
0

4-masala. Quyidagi xosmas integrallami yaqinlashishga tekshiring.
+f ln xdx dx4.1 J v“
1 1

4.2 >xa -\nx'e

4.3
*r dx

4.4
+r eaxdx

! x  \na x ' 2 (x -1)* ■ In X

4.5
l a r d g l x

J  r«
0

4.6
+̂ ln(l-t-x~2a)
1 r ------ ’-dx.
0 \ lxa +x~a



r dx
4.7 I. L

r  1 4- X  • S in  X0
+»

1 +  X a  ■ sin' X

T~-*.

4.8 f
ln(l + x2)

( x  +  a r)2
dx.

■ ^ln il +  x  + x“ )
4.10 J— - r - ---- - d x ( a > 0 ) .

0 V*3

^ ln ix“ +ex)
4 .1 1  f  )- - J d x ( a >  0). 

о \ X + X

7  dx 
4.12 h r

r*

4.13 f
X p  + 1 4-M h

x ~  ■ \nß  x  

dx
x  + xß •

+00 • 2rsin X  ,
4.15 J 2 dx. f i  2 il 4.16 I cos— 1 dx.

0 * A  x  j

+r \nxdx
4.17 J

1 x-y jx2 - 1

+00 I ^
4.19 f-7= arete y - á . 

0 VJC 2  +  V x

dx
421 Ы т ?

4.18 j

+0C

4.20 J

. 1
«  sin —

Я-VX -  cos —
x )

dx.

xdx
\ + x  sin x

5-masala. Quyidagi xosraas integrallar absolut 
va shartli yaqinlashishga tekshirilsin.

V i 
5-1 f a

y f x  -1
I Г~~ /—
0W  \ x

-COS ¿¿t. 

f COS ----
5.3 J-----л----

/4 /  .
5 .2  fsin  —

J  \ c mV sinx.

dx
sin x

05-cos3(Injc) 
x ln x

5 .5  / ( l - ^ f s i n ^ - c f r .

V . 1 + x dx
е л  sm-----------------
5 -4  -1 1 - *  ( l —jc2)

I a 4
r  X  . 1 ,

5.6 1-7-7 sin-Л .  
l e  - 1  x
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5 .7  J - £ - t s in - Л .
¿X +1 x

59 H x J z i

5 . 8  J ;
Sin X

dx.

5.10 [

5.11
0

+00
Л - Х  

rsinx  .
5.13 J — r d x .

•cos— dx.
X '

1
+00

sin л:
?

?(x + l)“ -sin*
\ - ------ ----------- '
¡ ln x  

sin (In x)
7 a

5.12 J-
0
+*

5.14 Я Ч

i sm —
■ - ¿ - r d x .  
о ( y f x - x }

V ílz ü ) ls¡nI * .

+C0 Qf •
X  -sin*

5.15 i--------------- dx

r Sill 1 111 Л I .
5.17 J— y - ^ - s m x d x .

.  -dx ,ß> 0.

5.16

jc +1

COSXfifct

j  jc“ + in x

COS’

dx.

+CO

f

5.19 j
+00 /У •-x  -sm x

l + xfi

г COS Va ,
5.18 I -g -, - ■dx.

J  X • \nx
+00

5.20 ¡Xa -sinx^dx.

5-21 ьш dx
~ x

6-masala. Quyidagi xosmas integrallarning Koshi ma’nosidagi 
bosh qiymati topilsin.

ТЛ'

6.1 V.p.jsinxdx. 6 .2
dx

6.3 V-P f
¿¿c

0 . 5 '

+co

¡x ln x

3
6.5 V.p.\arctgxdx.

-35

, ,  1  *
6 7

(* -з )г
+OC-

6.4 Jcosjca&r.
—CO

П
6.6 V.p.jxtgxdx.

0

6 .8  f ( a r c ® r +
1 + x 2
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jr ^  dx \  dx
6.9 V-P- J J ---- — • 6 .10  V-P ) — -

5 - x

.. 7  13 + x ^ T,  dx
6.11 v . p . \ — — dx. 6.12  v -p-J:

0 — sinx 
2

,17 + jt2" ’ w*i '4' r  ¿jt2+ x -6

'A  £
6.13 V.p. f — ^ — . 6.14 V-P- J t

' l-2 s in x  i  *0 — cosx
2

dx ir *}dx
6.15 V.p. \ —r—~---- . 6.16 V-P-\ —

* x ' + x - 2  - *—oo
10

V  f  d x  r  d x
6.17 V P- J7~ T - 6.18 V -P- ]t ~Zy

o o

6.19 6-20

dx
-l
+00

6 .21 J r  —x2 -  3x + 2

7-masala. Quyidagi funksiyalarning berilgan to‘plamda limit 
funksiyalarini toping va tekis yaqinlashishga tekshiring.

7.1 f { * , y )  = 4 y  • s i n - ^ 7= ;D  = { ( x , > ' ) €  R2 : x e / ? , 0 < y < + c o } ,  y 0 = + oo.
y j y

7.2 / ( x , « )  = x 2" ; i )  =  j ( x , y ) e i ? 2 : 0 < x < ^ , « e  i v j ,  «0 = oo.

7.3 /(x ,« )  = — ;Z) =  {(x,n)ei?2 :l<x<+oo,«e AT}, « 0 = o o .

l v r r  ;

7.4 / ( x , n )  = - ^ 4 - r -s:n-^=;D = {(x,«)e/?2 : l < x < + o o ,  «sArj, n0= c o .
1 +  /7 X y]n

7 - 5  f  ( x , n )  =  sm (A ? e " “ ) ; .D  =  j ( x , w ) e  R2 :1 <  x  <  + c o , n e  N j ,n 0 = o o .
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7.6 f ( x , n )  = ̂ ^ - ,D  = { (x , n)eR2: \<x <+* > , ne N \ , n0 =оо.
v ’ WC

(  4Г \
7 .7  f (x ,n)=n^  1 -c o s —  ;/)={(д:,и)е/г:::0<дг<+оо, и е # } ,  «0 =со-

I  п )

7.8 / ( x ,y )  = -V -co s-;D  = { (x ,y )e /? 2:0 < j:< l,0 < 7 < + o o } , Уо =с0-
x  у

7.9 /(x,^)=(jr-l)a?-c/‘gr';Z)={(x,y)eiî2:0<x<+oo,0<y<-K»}, >'0=+00-

7.10 f ( x , y ) = l x 2+ j = - l D  = {(x, y ) e R 2 : x e R , 0 < y <+«>}, у0=+со-

7.11 / (jc,^) =  х; ;D  = {(а%у) е  л 2 :0 < х < 1,0 < у  < l} , у 0 = 0.

7 12 / ( х ,« )  = ̂ ^ ^ ; 0  = {(>:,и)б/г2 :0^дс<+оо,иеЛГ},й0 =+оо. 
y¡n + 2x

7.13 f i x , ti) = yJl + x";D = {(х,и) e  Л2 :0 ^ x < 2 ,«gíV},w0 = co.

7.14 f ( x , n )  = narctg-^-T;D = { ( x , n ) eR2: 0<x <+ c o , ne N] , n 0 = °o.

7.15 /(a%и) = n3x2e~'a-,D = {(x,«) e R2:0<,x<+co,neN} ,n0 =oo.

7.16 f ( x , n )  = y/nsm-^j=-,D = { ( x , n) eR2 : 0<x <+c o , ne N} , n0=™.

7 17 /(x ,« )  = ln il + - ^ ^ \ JD = {(x ,« )€ iî2 :0<x<+oo,«6jV},n0=': 
^ y/n + x j

7.18 / ( * . Я  = i 7 ? 7 ;D = К*’*) s  Ä2 :0 < je < l,jv g /?} ,_y0 = °0-

7.19 /(x ,;v ) = *sin;>/;Z) = {(*,>>) е Д 2 :0< *<3,j> eiî},;y0 =

7.20 / ( x ,y )  = sin^;I> = {(xsy )e /? :! :xG i? ,0< y< + ooj,j0 =+00-

7.21 f { x , y )  = x2 sinjy;.D = {(*,.y) e  R2 :0 < x < 5,0 < y  < л )  , y 0 = y .
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8 .1  F ( û t )  =  COj f ea' ^ d x .  8 .2  F ( c c ) = p ^ ^ - d x .
sino- О *

8.3 F {<*) = l ^ ^ - d x .  8.4 F (a )=  \ f ( x  + c t ,x - a ) d x .
a+ a X  о

O'2 XHX X
8.5 F {*)=  jdc. Isin (x1+y 2-or)dy . 8.6  F ( a )  = \ { x + y ) f ( y ) d y .

8-masala. Quyidagi funksiyalarning bosilalarini toping.

0 x -a

x

8.7 F ( a ) =  J(x+j)/(.y)i/y,/(;y)-differensiallamivchi funksiya;
0

F ' ( . y ) - ?
b

8.8 F ( a ) = \ f ( y ) - \ x - y \ d y ,  a < b  ва/fy )€C [u ,ô ]’. r ,(]c)-?
a

8.9 F ( a ) = \ f ( y ) - ( x - y ) n' ' d y ,  F (n)( x ) - 1  8Л 0  F ( a ) =  f e ^ e f y .
о X

X Sin у ----

8.11 F ( a )= \e ~ x>idy. 8.12 **00  = J dx.
1 cos.v
X

8.13 F ( y ) =  j f ( x  + y , x - y ) d x .  8 Л 4  F ( y ) =  J—^ - - ^ - dx.
?  x

8.15 F ( y ) = * f ^ - d x .  8.16 F ( y )  = y¡ 2 ^ ydx.
I+У X  y 2

y.f x \
8.17 F (y)=  j U 2s in y  + -  U r. 8.18 F (y)= j f( y \( x -y )5

T V У J 0
2

8.19 F ( y ) =  \ f ( y )  V ~ y \ d y , f { y ) e C [ \ , 2 ]  F '(*)-?
y,:
X

8.20 F ( y ) =  J(jc + y ) f ( y ) d y , F ”( x ) - ‘>, f ( y ) ~  differensiallanuvchi
-X

fu n k siy a ;
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8.21 ^(*>>0= S(x -yz ) f ( z )dz ,FZ , (x ,y ) -*? ,  f ( z ) ~  differensialla-
*

nuvchi funksiya?

9-masala. Quyidagi integrallarni ko‘rsatilgan oraliqda tekis 
yaqinlashishga tekshiring.

+» +00
9_1 je~axsinxiic; l< o r< + o o . 9,2  j x ae~xdx; 2 < a  £3 .

0 0

^  cosax , dx A ____ ___
9 3  -------—dx; -co<a<+<x>. 9 4  7--------u s a < + c o .
- I  l + x 2 ™  j l { x - a )  +1

+3C • +OC 1 __ p

9 5 \ ^ ^ - e ~ axdx; 0 ^ a < + o o .  9 5  f 0 <  p  < 10.
0 x  f jcVx

+00 +00
9 7 |  g~gx dx; 0 < a  < +00. 9 8  j y/ae~axldx; 0 < a  < +<x>.

] X 0 
+*: 2 +CO 2

9.9  j V **’“0 <&; 2 < c r < 3 .  9.10  J V (x_ar) rfx; - o o < a < + o o .
-00 - *

* ?  - * W )  . —ocx COS X  .  ~ __
9 .1 1  \e smxdy, -oo< x< + oo . $ .\2  j e — —  dx;0 < a  < +co.

0 1 *

9 .1 3  / 7 ^ 7 * ;  9 .1 4  0 < n < + o o .
0 1 +  X 0 y l  — X

r x adx

■ll(x-1)(* -2)2 

*} r- S r  s i n g *
9 .1 7  J yJa e axdx; 0 < a < + o o .  9#18  J ^ T ^ [

9 .1 9  | e * cos_y<iy; i e i .  9 .2 O JV ’-1 -In — /? > 0 .
0 0 x

■*7 COSX , .  -
9.21 Je —J -d x ’’ 0 < a  < +00,/? > 0 - fiksirlangan.

•V

9.15 ista7 ^ ;  0<«<2. 9.16

^  — ’ V sin a x -dx; 0 < a £ l .

—ax COSX 

JCP
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+a> / (x )
10 .1  Agar f ( x )  e  С  (0, ч-oo) va V A > 0  uchun j ------ dx integral

A X

mavjud bo‘lsa, unda ushbu

y ( « ) - / ( f a ) A . / ( 0 ) . |n * (a> 0>  4 > 0 ) .

10-masala.

x ' a

Frullani formulasini isbotlang.
+O0 • n

r /  \ г _ax  S in  L)X  . /  .4
10.2 l \ a ) = ] e --------(ût^O) integraldan foydalanib, ushbu

x
+CC

. ß

o x  *
Dirixle formulasini isbotlang.

Quyidagi integrallarni hisoblang.

"rsinax-sin&c
1 0 .3  P * “ * *  («>(W >0). 1 0 .4  („ > 0 ,t >0).

0 * o *

+л 6°°^ — ^_ajr —
10.5 J------------ dx (a> 0 ,ß> 0) .  10.6 J------  ----cosmxdx (<ar>0,/?>0).

о X  o x

lrl n ( l - a V )  Ü nil-û r2.*2)
10.7 f  ; / - (H s i ) .  10.8 J \ - - J dx ( 1 Ф 1)-

o x ' - y j \ - x  o v l - x  

*2 In ( a 2 + x" ) arctgax ■ arctgßx
1 0 .9  Г— ^ ------T ^ d x .  1 0 .1 0  J ------i------------- — àx.

0 ß ' + X 2 0 x

-ln (H c rV )-ln (l + ̂ V )
10.11 J— ------------------------ -Ä- 10.12 j e { r )dx(a>  0).

0 X 0

+X g~aX* — 2
1 0 .1 3  J -------- 3-------dx (a>0 ,ß>0) .  1 0 .1 4  J * " "  cosbxdx(a> 0).

o x
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10.15 

10.17 

10.19 

10 .21

1 1 .1

11.3

11.5

1

11.7

11.9

1 1 .1 1

11.13

11.15

+00 +» /  
jxe~ax* sintao!x:(a>0). 10.16 J

sm a x  

X у
dx.

+00 л-***2

J
nr
+00

e - c o s ß x dx. 10.18 J
+30 • 3sin etc

dx.

i r r ]
dx.

"7 sin4 xdx ,
1 0 .2 0  J ------ j— dx-J X

arctgax

I X2-yjx2 -1
dx.

ll-masala. Quyidagi integrallarni hisoblang.

J In (¿г” sin” x  + b2 cos2 x)dx. Ц .2  J ln ( l-2 a c o sx  + a 2)i&.

çarctgx dx
f: y j l - x 2 

•sin4a:.x-sin4 Д*

/ - /
Inx

dx,a>0,b>0.

dx.
a
<30

r cos a x  ,
1 1 .6  h — - a .

nJ 1 +  JT0
+00

ñ
xsinorjc dx.

cos a x
-d x .

+ x

ao * *>
fSin JC .
I - ------- A .
'  1 +  лг

+00
fsinjc2-cos2izeift. 

r cosxy ,
I t —• SI —  Y

—x>
+00

a - X '

1 1 .8  f / .  2 42
О (1 + Х  J

+Л
1 1 .1 0  J s in ^ a r  +bx+cjdx(a*0) .

-CO
+00

1 1 .1 2  Í  c o s* 2 • c o s2axdx.
—30

^ATSinXV ,

11.14 I—---- y * -n a - X0
+00+Ï r fl_1 -  V6"1 ч dx

J * ^  *— A (fl> 0 ,6 > 0 ) . 11.16 j e ' “ “ - s in ( a s ta x ) ^ .
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wt e  ““ cosb x - e~a  • cosIxdx , , пл 11Л7 j -------------------------------- dx ( o ,c > 0 ) .
0

+*
11.18 Je ^ -cos^ -dx . 11.19 j e ** 'Sm—rc&f.

0 X  0 x

*A?, l + ocosx dx /i l
11.20 fin ---------------------( H < 1 -

• l -o c o s x  COS*

1121 fsinfln—!• —— — dx,a>0,b>0.
J V x )  lnx

Ko‘rsatma. 10 va 11-masalalami yechishda xosmas integrallami 
parametr bo'yicha differensiallash yoki integrallash hamda Frullani 
va Dirixle integrallaridan foydalanish yaxshi natija beradi.

12-masala. Eyler integrallaridan foydalanib, quyidagi 
integrallarni hisoblang.

12 .1  7 ^ * .  12 .2
• l +  X o \ x + a )

i „*-1 +r dx+x

12.3 f '  - - ~ - dx (0< a< \) .  12.4 Í ,
n  1— X 0 \0 ( l  +  X2)"

1 x2a-\ \  x 2ndx

n -s  / Т 7 7 л ( 0 < 0 < 1 ) - 1 2 6  • > ■ ( '

12

+°° 4 / + г dx
.7  \ 7 r h ? dx- 1 2 .8  I ;J t ; — V ■ 1 2 -8 h  + s ) 2 'o ( l  + Jf) o ( l  + x )

*4 V dx
12.9 fsin6x-cos4xc?x. 12.10 \  г — - ( n > 0-

0 o V l - X  
+* +oc jp^“l

12.11 jVv^úb^/i-éw/i/« дай) 12.12



, г л 5 1 ^ ( " > 0 ) '

ч1 2 .1 7  J sin” X ■ cos" xdx.
■НО

1 2 .1 8  \ x me-I"dx

12.16 \ e -* d x (n >  0).
0

XÄ
1 2 .1 9  ¡tg"xdx. dx.

12.21 J-
( x - a ) m j b - x ) n 

( x + c)>m+n+2 ■dx (0 < a < b , c >  0).

-D -
Namunaviy variant yechimi

1.21-masa!a. Quyidagi
dx

xosmas integral hisoblansin.

' - ï r r r - ^ - J
dx

>(X +X + HM
fr  1

X+ 2 1
almashtirish
bajaramiz

Bu integralni hisoblash uchun xosmas integralda bo'laklab inte- 
grallash usuüdan foydalanib, quyidagi ishlami bajaramiz.

“  1 -2  tdt Vи = ------— => du =
2 . 3t  + — 

4

[v = dt,v = tЧ Л  7

2 3 r  + -

Л  ** Л  Л  dt 3*7 dt 4л- 3 +r dt
2 J t - t v  Л = 2 1 — “  1—

-®f2 + —

1 dt _ 4n
i ^  + 3 V ~ 3 V 3 '
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Demak,

\n  _ r
> / T J

dt

H I

u = -----------=>dii =----------

H )  H )
dv=dt.v=t H

+* f2 
+ 4 J----------r dt -

+® 1. +w

=  4 - Í 7 - Í V - 3 - /
dt

r  +  -  
4y

16/r

3^3
- 3 /

- ,b>a.

Shunday qilib, berilgan integral I ga nisbatan ushbu
4 Jt 16 7t „r
---- =  — 7= —3 /  -
3 3 ^

tenglamaga keldik. Bu tenglamadan

+? cfr 4;r
~ -1 (x2 + x  + 1)3 3^3  ekanligmi hosil qilamiz. >

2.21-masala. Quyidagi
*f dx 
a \ j { x - a ) ( b - x )

II-tur xosmas integral hisoblansin.
< x - a  vajc - b  nuqtalar integral ostidagi funksiyaning maxsus 

nuqtalari bo‘ladi. Agar integralda
x  = acos2 t + bsm21; 

almashtirish bajarsak, berilgan xosmas integral oddiy xos aniq inte- 
gralga kelib qoladi. Darhaqiqat,

x  = a ^ t  = 0 ]  (x - a = ( b - a ) s m 21
=>dx = 2 ( b -a ) s m tc o s td t .  

[ b - x  = ( b - a ) c o s 2t K ’

Bu ifodalami berilgan integrallarga olib borib qo‘yib topamiz:

dx ^

nx  = b=>t = — 
2

va*

f . -  ■ =2 \d t = jt.>. 
ayj { x - a ) ( b - x )  ¿i
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Ä ^ . U - 0 ^ " 2 ^  UChUn xs/̂ l n ßx <l b° ‘ladi

=>Vx> A da / ( x ) < - ¿ - 7 = (Z>(x) bo'ladi
x +/2

~r dx I■ dx ¡ dx 
j  xa ■ ln* X \ x a -lnßx + \ x a -]rß:-

j  Ç cix
desak, Л -  integral oddiy uzluksiz funksiyaning integrali

bo‘lgani uchun yaqinlashuvchi. 
dxT _ f ax

2 J integral esa taqqoslash alomatiga ko‘ra yaqin­

lashuvchi, chunki \<P(x ) d x -  —г yaqinlashuvchi.
Л Л X

7  А
Shunday qilib, J ^  jn¿ x  integral а  > 1 bo'lganda \ / ß  uchun

yaqinlashuvchi.
2) Endi a  = 1 bo‘lsin.

*r dx _ "l dx _ d (lnx) _  iyaqinlashadi, ß > \ ,  
^x^- l n^x  \  xln' x '  h / x  [uzoqlashadi, ß < \

3) a <  1 boisin. Bunda s  = l - a  deb belgilab, l)-holda bajar- 
gan ishlami bajarsak, berilgan integralning uzoqlashuvchi ekanligi- 
ga ishonch hosil qilamiz.

D em ak, berilgan integral a >  1 b o ‘lganda V ß  va a  = 1 
bo‘lganda, ß > \  lar uchun yaqinlashadi. Qolgan barcha hollarda 
esa uzoqlashadi. >

5.21-masala. Quyidagi

V. f 1 )sin -------
0 U - x j

dx 
1 — x

integral absolut va shartli yaqinlashishga tekshirilsin.
< Berilgan integralning yaqinlashishini Dirixle alomatidan foy-
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d a la n ib , k o 'r sa ta m iz .

/ ( * ) -
( i —* )

-sin
0 - * ,

va g(x) = l - x

d eb  b e lg ila y m iz  v a  D ir ix le  a lo m a tin in g  sh artlar in i te k sh ira m iz :
1) / ( i ) e C [ 0 , l )  v a ' / ( * )  f lm g  b o s h la n g ^ ic h  f tm k s iy a s i

F( x) =- COS
1 —X -c h e g a r a la n g a n ;

2) g ( x )  =  l - x  fu n k siy a  [ 0, 1)  da I  va  l im g ( j c )  =  0
3 ) g ' ( * )  =  ~ l e C [ 0 , l ) .
D ir ix le  a lo m a t in in g  sh artlar i b ajarilayap ti =>

=  Jsin  | j — —J • — -  y a q in la sh u v c h i. 

B er ilg a n  in te g r a l a b so lu t y a q in la sh u v c h i em a s. B u  ta s d iq

te n g s iz lik d a n  va

1 . 1 
•sin-

l - x  l - x l - x  ’

J sin 2

»  1 • Î 1> ------sin
l - x

cLx
l - x l - x ’

in tegraln ing  u zo q la sh ish id a n  k elib  ch iq d i. O x iig i in tegra ln in g  u zo q la sh -  
ish in i l° -p u n k td a  keltir ilgan  2) -m iso ld a n  foyd a lan ib , k o 'rsa tish  q iy in  
em as. S h u n d a y  q ilib , b erilgan  integral shartli y aq in la sh u v ch i. >

6.21-masala. Xosmas integralning Koshi ma’nosidagi bosh qiy- 
m a ti topilsin:

v -p J VJ Y —

dx
x - 3 x  + 2

■ v - p J — 7  ~ ~ r - p ¡ - ,—0J л: ~ З у -*-1 j * v _

, ,  V dx
v 'p 1 7 7 I

i /------- w -------- 7 i-  f  7------- г г ------- г  =  hm
i i ( x - 1 ) ( * - 2 )  з ( x - l ) ( x - 2 )  “-+0
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dx
J ( x - l ) ( x - 2 )  

dx

- v A t 7 Z

dx

о

l-a

( j c - 1 ) ( x - 2 )  

dx



j p r1+* VA

1.5 ¿¿t
( x - l ) ( x - 2)

+  lim
/?->+0

2- p

.1 ( r  —
C&

I ttt
dx

,J5 ( x - l ) ( x - 2)  ¿ ( x - l ) ( x - 2)  

dx- lim  f-----
A-* :c  J j  v  —

f dx t 1 1

■ ' ( x - l ) ( x - 2)  ^ _ x - 2  jt — 1 _A gar

l i g i d a n  f o y d a l a n i b ,  y u q o r id a g i  l im i t la r n i  h i s o b la s a k ,

„ 1  d*
J x 2 _ 3X + 2 ~  te n g lik n i h o s i l  q ila m iz . >

7.21-masala. D = { ( x , y ) e R 2 :0<x<5, 0<>><?r}, to‘plamda
71

berilgan f ( x , y )  = x 2 sinjy funksiyaning % =T nuqtadagi limit funk- 
siyasini toping va tekis yaqinlashishga tekshiring.

V3<  (pix)  =  lim  f  =  l im x 2 s in  v  =  — x 2 -  l im i t  f u n k s iy a .
y-y« „_*£ 2

f ( x , y )  fu n k siy a  cp(x) g a  te k is  y a q in la sh u v c h i e k a n lig in i 4 ° -p u n k t-
d a g i 3 - ta ’r ifd an  fo y d a la n ib , k o 'r sa ta m iz . V i  > 0  va  q u y id a g i a y ir- 
m a n i o la m iz .

/7 _ v _ ^ /  v +
I f{x,y)-<p{x)\ =

2 • >/3 2 . n 2
X  s i n v ----------- X

2
=  x sin y -  Sin y =  x  •

. y - %  y + y 3
2sin----- ¿ -^ c o s-----

< x2 -2- '-"A< x' ■ 8  <  258  =  e  = >  8  =  — .
25

D e m a k , V i > 0  o lin g a r d a  h a m  —  d eb  o lsak ,
;r

te n g s iz lik n i q a n o a tla n tir u v c h i V y e ( 0 , ; r )  va V x e [ 0 ,5 ]  lar  u c h u n

\ f  { x :y ) - <p(x)\ < e  te n g s iz lik  b ajarilad i. B u  e sa  d a  f ( x,y)

fu n k siy a  <p(x)  g a  t e k is  y a q in la sh u v c h i e k a n lig in i a n g la ta d i. >
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8.21-masala. Agar
xy

F (x,y )  =  j ( x - y z ) f ( z ) d z  b0‘lib, /(r)-differensiallanuvchi funk-
£
y

siya boisa, (.ry) ni toping.___________________________
< Bu masalani 4°-punktdagi 7-teorema va (lO)-tenglikdan foy­

dalanib, yechamiz. Teoremaning shartlari bajarilishi ko‘rinib turib- 
di. (lO)-formuladan ikki marta foydalanish natijasida talab qilingan 
hosilani topamiz:

Fi ( x ’y ) =  J f { z )dz  + y - ( x - y - x y ) f ( x y ) - ~
x_ y
y

=  \ f ( z ) d z  + ( x y - x y i ) - f ( x y \ ,

1
f  \  

X
f

( \  
X

— • x - y — — —
y I  y j 1 y j

F xy ( x , y ) =  \ ti -dz  + x - f ( x y ) -------- /  -  + ( x - 3 x y 2) f ( x y )  +
/  \

+ ( x y - x / ) - f ' ( x y ) - x  = x ( 2 - 3 y 2) f ( x y ) + y f \ ^ + x 1y ( \ - y 2)f '{xy) .>

9.21-masala. Quyidagi

| e~ax ~ j i —dx;
i *

in teg ra ln i 0 < o r< + c o , p > 0  -fiksirlangan boiganda tekis yaqinlash­
ish g a  tekshiring.

< B erilg an  in teg ra ln in g  tek is  y aq in la sh ish in i A bel a lo m a tid a n  
( 5° -p u n k td a g i 3 - te o re m a ) fo y d a lan ib , k o ‘rsa tam iz . f { x , a ) - e ~ ax va

COS X
g ( x , a )  = —~  deb belgilab, A bel a lo m atin in g  shartlarin i teksh iram iz .

1) f ( x , a ) - e ~ ax funksiya  h a r  b ir  f ik sirlan g an  o re [0 ,+ co ) u c h u n  

m o n o to n  va  D  = { (* ,« )  e  R 2 : x e  [ l,+ c o ) ,«  e [0 ,+ o o ) j , t o ‘p la m d a  c h e -  

garalangan j / ( x , a ) | < l .
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COSX
2) J—— “X ~integral Dirixle alomatiga ko'ra 0<a<+oo

. *i
to'plamda tekis yaqinlashuvchi. Abel teoremasining shartlari bajaril- 
di. => berilgan intengral 0 < «  < -к» to'plamda tekis yaqinlashadi. >

10.21-masala. Quyidagi

7  arar x  àx.
1 X 2 -y/x2 -1

integral hisoblang.
+00 ., V r arctgax ,

< 1 Va ) = J ~Z— / , —'te -  deb belgilab olib, bu integralni para-
, X W x ' - l

metr bo'yicha diflerensiallash amalidan foydalanib, hisoblaymiz. Bun- 
ing uchun awal xosmas integrallarda parametr bo‘yicha differen- 
siallash mumkinligi haqidagi 6°-punktda keltirilgan 3-teoremaning 
shartlari bajarilishini ko'rsatamiz.

,  ч arctgax , \
f ( x , a )  = —— : n- =  va D  = j(x, a )  e  R~ : l<x< +oo,-oo <a<+oo[ 

X  W x '- l  
deb belgilaymiz.

| / ( x . e ) | . - t S 5 2 Í s --------Ï -------
| v n х2 -ч/Т^ 1  2x2 - y f x ^ - l

\ / ,  \\ 1 „ 1
( X , a  ) = ----;------------------ I -  —  < ------;— .

I ' x(l + ar2x2)-\/x2- l  x \lx 2 - 1  ’

~  *dx J  ~  1 J 
tengsizliklar va \ ~ Г П ==7 > J / Т T  integrallar yaqin-i 2x Vx - 1  i xvx - 1

+<0

lashuvchi ekanligidan Veyershtrass alomatiga ko‘ra j f ( x , a ) d x  Va
1+00

J / . ( *  , a ) i&  integrallarning -co< a r< + oo  to‘plamda tekis yaqin-
làshishini hosil qilamiz. Demak, berilgan integraldan parametr a  
bo'yicha xosila olish mumkin:

r (  \ 1  dx
i x ( l  \-a2x 2) - y [ j ^ - ï  B u in te8ra ld a  x  = cht a lm ash tir ish  
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1 -
a

boiishini topamiz. Bu tenglikdan

I  ( a )  ni topamiz. a > 0  boiganda

' W - f r

/  Ли ------1 da  + с = — (
k \Jl + a 2 , 2 V

/(0 )  = 0 с = — => I (a)  = y (l + a  - yf ï+cë*ya > 0.

X u d d i s h u  k a b i “ S O  b o ' lg a n d a  l ( a )  =  - —[ \ - a - y J \  +  a 2 ) 

e k a n l i g i n i  t o p a m i z .  I k k a la  j a v o b n i  u m u m la s h t i r s a k ,

7 И = у ( Н а 1 - ^  + or2 jsgna , |a|<oo te n g lik n i h o s i l  q ila m iz . >

11.21-masala. Quyidagi
1 (  i  \  J>  _  a

[sin In------------- dx, a > 0, è > 0 ;
0 I x )  In* 

integralni hisoblang.
x h _  x a y

< B u  in te g r a ln i u sh b u  ln x  =  \ x>dy  te n g lik  v a  p a r a m e trg a

b o g ‘liq  in teg r a lla rn i p a ram etr  b o ‘y ic h a  in te g r a lla sh  h a q id a g i t e o r e -  
m a d a n  fo y d a la n ib , h iso b la y m iz :
I /  I \  _  u i Г (  ]ЛЬ 1 л f  I ^
jsinj I n -  * ~ X dx=  j  sin In -  j jx ydy d x -  j  jV  ■ sin| In— dy

V x ) ta x

= J j V -sinfín-*-

0 _ a

dx =

X j
dx 

ь Г +» 

■ j ja 0

dy =
x = e ' => dx -  - e  ' dt 
x  = 0 => t = +oo;x = 1 => t = 0J)

-(l+.v)< , sjn icjt dy =

I -  je  (l+>)'-sin  tdt integralda ikki marta bo‘laklab integralla-
o

288



s a k ,  I g a  n i s b a ta n  c h iz iq l i  t e n g la m a  h o s i l  q i la m iz  v a

/  =
(.y + l f  + l

ekanligini topamiz
J)

■ J
dy

■ = a r c tg (y  + 1)| = arctg(b + 1 ) -

- a r c t g  ( a  + 1 ) =  a r c t g
b - a

l + (a + l ) ( £  + l)
.>

12.21-masala. Eyler integrallaridan foydalanib, quyidagi
( x - a ) m  ■ ( b - x ) "

' - Я
( j c  +  c )

m + n + 2 -d x (0 < a < b ,c > 0 ) ;

integralni hisoblang.
< Berilgan integralni Eyler integraliga keltirish uchun shunday 

almashtirish bajarishimiz kerakki, natijada [a,b] kesma [0,1] kes-
X  —  a  b  —  a

maga o‘tsin. Bulling uchun ------= ~------ 1 almashtirish bajarish
x + c  b + c

kifoya.
Agar berilgan integralda shu almashtirishni bajarsak,

• ( l - / ) "  va
( x - a Y  f b - a j  r f b - x )

n
( b - a \

:  +  c )  K . b  +  c ) ( x  +  c ) I  a  +  c )

d x b - a
- d t

( x  +  c f  ( b  +  c ) - ( a  +  c )  

boiib, u quyidagi ko‘rinishga keladi va oson hisoblanadi:

' - fa (A + C)
« /+ /7 + 2 d x  =  -

( ib - a )
Ш+П+1

(b + c) -(a + c) о
\ t " ' - ( l - t ) "  d t  =

(b -  a)m
-B(m + \,n + \).

(b + c)m+x.(a + c)n

Natija. Ag?r berilgan integrallarda m va n lar natural sonlar 
bo‘lsa, unda

/  =  -
/L \ n 
(b ~ a) ml-nl

(b + c)"'*' -(a + c)"+] (m + n + \)\ 
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9-§. 8 -M USTAQ IL ISH

Karrali va egri chiziqli integrallar. Sirt integrallari va 
maydonlar nazariyasi elementlari. Furye qatorlari

Ikki k a r r a l i  integrallar y e  ularning asosiy xossalari.
Ikki karrali integrallarni hisoblash.
Ikki karrali integrallarda o‘zgaruvchilarni almashtirish.
Silindrik va sferik koordinatalar.
Ikki karrali integrallarning ba’zi tatbiqlari.
1-tur egri chiziqli integral va uni hisoblash.
2-tur egri chiziqli integral va uni hisoblash.
Grin formulasi va uning tatbiqlari.
1-tur sirt integrali va uni hisoblash.
2-tur sirt integrali va uni hisoblash.
Stoks va Gauss-Ostrogradskiy formulalari.
Maydonlar nazariyasi elementlari.
Furye qatorlari.

-A-
Asosiy tushunsha va teoremalar

Io. Ikki karrali integralning ta’rifi va uning asosiy xossalari

Rimanning karrali integrallar nazariyasi R" fazodagi Jordan 
oichoviga asoslangan. Jordan bo‘yicha o'lchovli to ‘plamlaming asosiy 
xossalaridan biri, uning chegaralangan bo‘lishidir. To‘plam chegara- 
sining Jordan olchovi 0 ga teng bo‘lishi zarur va etarlidir. R 2 ( R 1) 
fazoda Jordan bo‘yicha oichovga ega bo‘Igan to'plamga kvadrat- 
lanuvchi (kublanuvchi) soha deyiladi. n>  3 bo'lganda karrali inte­
grallar nazariyasi ikki karrali integrallar nazariyasidan prinsipial ji- 
hatdan farq qilmaganligi va ikki karrali integrallarni tasaw ur qilish 
osonroq boiganligi sababli biz asosan ikki karrali integrallar nazari- 
yasini keltirish bilan kifoyalanamiz. Butun paragraf davomida biz 
qaralayotgan sohani kvadratlanuvchi deb faraz qilamiz.

Aytaylik D c z R 2 sohada f ( x , y )  funksiya aniqlangan bo‘lsin. 
D  sohani V egri chiziqlar to‘ri yordamida n ta Dx,D2,...,D n soha- 
chalarga bo‘lamiz.

DK sohada V ( 4 ,^ .)  nuqta olib, f (%K,r¡k) ni hisoblaymiz ham- 
da quyidagi
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f ( x , y ) funksiyaning D  soha uchun integral yig‘indisini tuzamiz. 
Bu yerda Sk -  DK sohaning yuzasi.

Ta’r í f  Agar (1)-integral yig'indining X -  maxdiam DK 0 ga in-
k»\t n

tilgandagi limiti mavjud bo ‘¡ib, u chekli songa teng bo'lsa hamda uning 
qiymati sohaning bo‘linish usuliga va (£ .,7*) nuqtalaming tanlanishiga 
bog'liq bo‘Imasa, u holda o ‘sha son f ( x , y )  funksiyaning D  soha bo “yicha 
ikk i karrali integrali (Riman m a’nosidagi integrali) deyiladi va u

I=  \ \ f ( x >y)ds yoki 1= j \ f ( x , y ) d x d y  ;
D D

kabi belgilanadi. f ( x , y ) funksiya D sohada integrallanuvchi deyi­
ladi. Aks holda f ( x , y ) funksiya D sohada integrallanuvchi emas, 
deyiladi.

Shunday qilib,

/ =  j j /  (*, j )  dxdy := lim ¿  /  ( £ ,  % ) • S* (2)
D * ” l

Izoh. Karrali integrallar uchun integrallanuvchi funksiya chega- 
ralangan bo‘lishi shart emas. Lekin, biz tasdiqlarning sodda boiishi 
uchun paragraf davomida integrallanuvchi funksiyalardan ulaming 
chegaralangan bo‘lishini talab qilamiz.

Ikki karrali integralni ham bir o'zgaruvchili funksiyaning aniq in- 
tegralidagi kabi Darbu yig‘indilari yordamida ham aniqlash mumkin.

Aytaylik, Mk =Snp\f(x,y)\(x,y)gZ).} va mk - inf{ f ( x , y ) :(x,y)g Dk} 
bo iib , cok = M k - m k - f ( x , y )  funksiyaning DK sohadagi tebranishi 
boisin .

1-teorema. f ( x , y )  funksiya d  sohada integrallanuvchi boiishi 
uchun

°' = E / ( ^ ’77*)-5* (1)

n

tenglikning bajarilishi zarur va etarlidir.
2 - ta ’rif. Agar V s>  0 uchun E <z R2 to ‘plam ni yuzalarining 

yig‘indisi s  dan kichik bo'lgan sanoqli sondagi to ‘g ‘ri to'rtburchaklar 
bilan qoplash mumkin bo'lsa, u holda E  to‘plamning Lebeg o'lchovi 0
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ga teng deyiladi. Agar E  to ‘plamni yuzalarining yig‘indisi etarlicha 
kichik bo'lgan chekli sondagi to‘g ‘ri to ‘rtburchaklar bilan qoplash mum- 
kin bo ‘Isa, unda E  to ‘plamning Jordan o'lchovi 0 ga teng deyiladi.

Ta’rifdan ko'rinadiki, Jordan o'lchovi 0 ga teng to'plamning Lebeg 
o'lchovi ham 0 ga teng bo‘ladi. Teskarisi o'rinli emas lekin Lebeg 
o'lchovi 0 ga teng kompakt to'plamning Jordan o'lchovi ham 0 ga 
teng bo'ladi. Jordan o'lchovi 0 ga teng bo'lgan to'plamlaming chek­
li sondagi yig'indisining Jordan o'lchovi, Lebeg o'lchovi 0 ga teng 
bo'lgan to'plamlaming sanoqli sondagi yig'indisining Lebeg o'lchovi 
0 ga teng bo'ladi.

2-teorema. (Lebeg teoremasi). Agar f ( x , y ) funksiya o ‘Ichovga 
ega bo‘lgan yopiq D sohada chegaralangan va bu sohadagi Lebeg 
o'lchovi 0 ga teng bo‘lgan E  sohada uzilishga ega bo‘lib, qolgan 
barcha nuqtalarda uzluksiz bo‘Isa, u holda f ( x , y ) funksiya D so­
hada integrallanuvchi bo ‘ladi.

Natija. Agar f { x , y )  funksiya o'lchovga ega bo'lgan chegara­
langan yopiq D sohada uzluksiz bo'lsa, u holda f ( x , y )  funksiya 
D sohada integrallanuvchi bo'ladi.

Ikki karrali integrallar ham oddiy bir o'zgaruvchili funksiyaning 
aniq integrali uchun o 'rinli bo'lgan qator xossalarga ega. Biz ul- 
arning barchasini takrorlamay, o 'rta  qiymat haqidagi teoremalarga 
to'xtalamiz, xolos.

f ( x , y )  funksiya D sohada aniqlangan bo'lib, shu sohada che­
garalangan bo'lsin, ya’ni 3m va M  sonlar: V ( x , y ) e D  uchun

m < f ( x , y ) ú M ;
bo'ladi.

3-teorema. f ( x , y )  funksiya D sohada integrallanuvchi bo‘lsa, u 
holda 3 o ‘zgarmas ¡j. (m< /u< M ) son mavjudki,

/ =  j j f ( x , y ) d x d y  = n - S \
D

bo'ladi. Bu yerda S  — D sohaning yuzasi.
Natija. Agar f ( x , y ) e C ( D )  bo 'lib , D yopiq bo 'lsa , unda 

3 ( a , b ) e D  nuqta topiladiki
1= j \ f ( x , y ) d x d y  = f ( a , b ) - S \

bo'ladi.
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4-teorem a. Agar g (x ,y )  funksiya D sohada integrallanuvchi 
bo'lib, u shu sohada o ‘z ishorasini o ‘zgartirmasa va f ( x , y ) e C ( D )  
bo'lsa, u holda 3 (a ,b ) e D  nuqta topiladiki,

\ \ f ( x , y ) g ( x , y ) d x d y  = f ( a , b ) -  jj,g(x,y)dxdy;
D D

bo ‘ladi.

2°. Ikki karrali integrallami hisoblash

Ikki karrali integrallar amaliyotda takroriy integralga keltirish 
yordamida hisoblanadi. Biz D soha to‘g‘ri to‘rtburchakli va egri 
chiziqli trapetsiya bo‘lgan 2 ta holda ikki karrali integralni takroriy 
integralga keltirish haqidagi teoremalami keltiramiz.

1-teoreraa. f ( x , y )  funksiya D = \[x ,y )eR i \a<x<b, c< y< d}  
sohada berilgan va integrallanuvchi bo ‘Isin. Agar har bir fiksirlangan 
x e \a ,b \ da

I (x ) = \ f { x ’y ) dy-,
c

integral mavjud bo'lsa, u holda ushbu
b d

dx ■j  Jf ( x , y ) d y
a  L c

takroriy integral mavjud bo'lib,

j j f ( x , y )d xd y =  J j f ( x , y ) d y dx- (4)

tenglik o'rinli bo'ladi.
2-teorema. f ( x , y )  funksiya D sohada integrallanuvchi bo'lib,

V fiksirlangan y e \ c , d ] da

/(x)= f f  (*>?№; 
a

mavjud bo‘lsa, u holda

J \ f ( x , y ) d x  dy
c L a

integral ham  m avjud b o ‘ladi va
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d Ь
j ¡ f { x ,y ) d x d y =  J ¡ f ( x , y ) d x <fy ( 5 )

te n g lik  b a ja rila d i. 
E n d i soha

D  =  {(x ,y)<zR2 : a < x < b ,  (pl (x )< y < < p 2(x)}

e g ri c h iz iq li tra p e s iy a  k o 'r in is h id a  b e r ilg a n  b o ‘lib , ç? ,(x ) va 

<p2 (x) 6 С  \a, b\ b o ‘ls in .

3-teorema. f ( x , y ) funksiya D  sobada berilgan va integralla- 
nuvchi b o ‘lsin. Agar v  fiksirlangan x e [a ,b ]  uchun

ftW
/ ( * )  =  J f ( x , y ) d y

integral mavjud b o ‘lsa, и holda
Ф )

J J f ( x , y ) d y
«(*)

dx

mavjud bo'ladi va

Я f ( x ,y ) d x d y =  I J f ( x , y ) d y d x . (6)

tenglik bajariladi.
A gar D  so h a

D  = { ( x , y ) e R 1 :y/x( y ) ^ x < y / 2( y ) ,  c < y < d }

k o 'rin ish d a  b o 'lib , i//x ( y )  va i//2( y ) e C [ c ,d ]  b o ‘lsa , unda q u yid agi

teorem a o ‘r in li b o ‘la d i.
4-teorema. f ( x , y )  fu n ksiya  D  sohada in te g ra lla n u vch i b o ‘Ub, 

V  fik s irla n g a n  y e \ c , d ]  uchun

l ( y ) =  J f(x,y)dx;

m avjud b o ‘lsa , u n da

mavjud va

и

i

М у)

vi(y) 

í
yi(y)
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\ \ f { x ,y ) d x d y  = J j f ( x , y ) d x  dy
О с  # л Ы

d Г Vi (у)

(7)
с \_vÂy)

bo‘ladi.

3°. Ikki karrali integrallarda o‘zgaruvchilarni almashtirish. 
Silindrik va sferik koordinatalar sistemasi

D d R 2 soha b e rilg a n  b o ‘lib , f ( x , y ) fu n ksiya  D  da in te g ra l-

deb b e lg ila y m iz. B izd a n  (7) n i h isoblash talab  q ilin s in . R a v sh a n k i, 
f ( x , y )  fu n ksiya  ham da D  soha m urakkab b o ‘lsa , (7)-in te g ra ln i 
h isob lash  q iy in  b o ‘la d i.

K o ‘p h o lla rd a  x  va  и o 'zg a ru v ch ila m i boshqa o 'zg a ru v ch ila rg a  
a lm a sh tirish  n atijasid a  fu n ksiya  ham , soha ham  so d d a lash ib , ik k i 
k a rra li in te g ra ln i h iso b lash  osonlashadi.

A y ta y lik , 2 ta xO u  va uOv  te k is lik la r b e rilga n  b o 'ls in . xOu  te k - 
is lig id a  ch e gara lan gan , chegarasi d D  sodda, b o ‘la k li s illiq  c h iz - 
iqdan  ibo rat b o ‘lgan  D  so han i q araylik . Ik k in c h i u o v te k islig id a  
ham  xu d d i shunga o ‘xshash  A  so hani o lam iz.

<p(u,v) va y /(u ,v )  funksiyalar A  da berilgan shunday funksiy- 
alar b o 'ls in ki, u lar A  sohadagi V ( m, v) nuqtani D  sohadagi (x ,jy) 
nuqtaga akslantirsin, ya ’ni

fu n ksiya la r A  so han i D  sohaga akslan tirad i.
F a ra z q ila y lik , bu akslan tirish  quyidagi sh artlam i qan o atlan tirsin :
1) (8 )-a k s la n tirish  o ‘zaro  b ir  q iym a tli,

2) (p (x ,y ) , 4 / ( x , y ) & C ( D )  bo ‘lib , bu funksiyalarga teskari b o ‘lgan 

funksiyalar (u ,v )  ,y/  ̂(m ,v )  g  C ( a )  va u lam ing barcha b irin ch i ta r- 

tib li xususiy hosilalari 3  bo‘lib , u lar ham  mos sohalarda u zlu ksiz bo‘lsin ,
3) (8 )-siste m a d a gi fu n ksiya la m in g  xu su siy  h o sila la rid a n  tu zilga n  

determ inant (yakobian) uchun

la n u vch i b o ‘ls in . j j f ( x , y ) d x d y - 3

( 7 )
D

(8)

2 9 5



du dv
shart bajarilsin.______________________________

Teorem a. Faraz qilaylik, (8)-sistema yordamida aniqlangan funk- 
siyalar A sohani D sohaga akslantirsin va yuqoridagi l)-3)-shartlar- 
ni qanoatlantirsin. U holda

1 = \ \ f { x>y)dxdy= \ \ f \ jp {u ,v ) ,y / (u ,v ) ] \ l (u ,v ) \d u d v  (10)
__________(» A

bo ‘ladi.
(lO )-form ulaga ikld karrali integrallarda o ‘zgaruvchilami almash- 

tirish formulasi deyiladi.
U c h  karrali integrallarda o ‘zgaruvchilam i alm ashtirish form ula- 

lari ham  shu kabi b o ‘ladi. M asalan,

x  = (p{u,v,w)

• y  = y/{u,v,w)
z = x(u,v,w)

funksiyalar A c i ?3 sohani D c z R 3 sohaga akslantirib, yuqoridagi
l ) - 3 )  shartlarni qanoatlantirsin . A gar D  sohada integrallanuvchi 
f(x,y,z)  funksiya berilgan bo'lsa , u  holda

z)dxdydz = v, w ), y  (u, v, w), % (u, v, w )] • | / (u, v, w)| ■ dudvdw
D A

ten g lik  o ‘rinli b o ‘ladi. Bu yerda

berilgan akslantirishning yakobiani.
Ik k i karrali integrallam i hisoblashda qutb koordinatalar siste- 

m asiga o ‘tish ( x  =  rcoscp,  y  =  rsm<p,  I  =  r ) ,  uch karrali integral­

la m i hisoblashda esa silin d rik  yo k i sferik koordinatalar sistem asiga 

o ‘tish ko ‘p hollarda yaxshi natija beradi.
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Silindrik koordinatalar sistem asida V M  e  R3 nuqta M(<p,r,z) 
kabi beriladi ( 10-ch izm a).

Silindrik koordinatalar sistem asini D ekart koordinatalar siste- 
m asi bilan b og‘lovchi formulalar ( 11 ) va ( 12) tengliklarda keltirilgan.

X = rCOS0> 
y  = r  sin 9?
z  =  z ,  0 < ( p < 2 n ,  0 < r < + o o  

=  ^ x 2 + y 2

V
(p = a r c t g  — 

x
z  =  z

(12)

( l l ) - s is t e m a  uchun yakol)ian

\l(<p,r,z)\ =
D(x,y,z)

— r
D(<p,r,z)

Sferik koordinatalar sistem asida V M s í 3 nuqta M((p,p,y/) kabi



beriladi (11-ch izm a). Sferik koordinatalar sistem asini D ekart koordi- 
natalar sisteraasi bilan bog'lovchi formulalar (13)-tenglikda keltirilgan.

x = pcos<p-smi//

y-psintp-smi// o < tp<2n, 0<p <+co, 0 < y / < x  (13)
z -  p  cost//

(13)-sistem a uchun yakobian

D(x,y,z)
=  p 2 -siny/

D(<p,p,i//)

4°. Ddd karrali integrallarning ba’zi bir tatbiqlari

a) Jismning hajmi. R3 fazoda yuqoridan z = f ( x , y )  sirt b ilan , 
yon  tom onlaridan  yasovchilari OZ o 'q iga  parallel b o ‘lgan silindrik  
sirt ham da pastdan OXY tekisligidagi D soha bilan chegaralangan  
(V) jism ning hajm i V ushbu

V =  \ jf(x,y)dxdy  (14)
D

form ula yordam ida hisoblanadi.
Misol. U shbu

2 2 2 
x y  2---- U-----1---- 'v 1 *t T , 2 2 9a' b c 

ellipsoidn ing hajmi topilsin .
<  Agar j z > 0 }  yarim  fazodagi e llip so id  b o ‘lagining hajm ini Vx 

desak, unda

b o ‘ladi. Bu yerda

,.2

\x-arcoscp a lm a sh tir ish  b a ja r a m iz , u n d a  D so h a  
[y = br sin (p
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А = { (r,<p) : 0  ^ г  < 1,0 <  ç  < 2к\ to ‘g ‘ri to'rtburchakka akslanadi va ya- 
kobian

dx dx
a<x>s(p,-ars\n<p

b o ‘ladi. U n d a

dr dtp 
d y  ôy  

dr d(p
6 sin tp,br cos tp

= abr

____ 1 ___ ¿X 1 ____ .
V = 2c jjVl -  r 2 • abrdrdtp -  2 abc j r -J l- r 1 J dtp dr = An abc jVVl -  r 2 dr = — abc. >

л 0 . 0 J  0 3 

b) Yassi shaklning yuzasi.
Ikki karrali integralning ta ’rifiga k o‘ra, D sohaning yuzasi

S ^ j j & d y  (15)

form ula yordam ida hisoblanadi.
Xususan, soha D = [( x, y) eR 2 : a < x < b ,  0 < ; > < / ( * ) }  egri ch iz-  

iq li trapetsiya b o ‘lsa, u holda

S = \\d x d y = \
'/W

J dy

bizga m a ’lu m  b o ‘lgan form ulaga kelam iz.
d) Sirtning yuzasi. Aytaylik, z = f ( x , y ) e C ' ( D )  b o ‘lib, bu funk- 

siyaning grafigi R3 fazoda (S) sirtdan iborat bo'lsin . U  holda bu  
sirt yuzasi

5= l l f  f*  +[л  (*o0] <***? (16)

form ula yordam ida hisoblanadi.
e) Ikki karrali intégrait ir yordamida mexanikaga oid masala- 

larni yechish.
A ytaylik, D -  xOu tekisligida berilgan z ich lig i p(x,y)  ga teng  

bo'lgan  bir jin sli plastinka b o ‘lsin. U n d a  quyidagi form ulalar o ‘rinli 
b o ‘ladi.

M =  jjp(x,y)dxdy (17)
(17)-plastinkaning massasi.
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M x = JJy p ( x , y ) d x d y ,
D

M y =  j j x  - p ( x , y ) d x d y
D

(18)-plastinkaning OX va OY o'qlariga nisbatan statik m om entlari.

=-

y 0 =

M

M

(19)

(19)-p lastinka o g ‘irlik m arkazining koordinatalari.

4  = JJV2 *p(x,y)dxdy;
D

Iy = \\x2 p(x,y)dxdy (20)

(20)-p lastinkan ing OX va OY o ‘qlariga nisbatan inersiya m o -  
m entlari.

I 0 = I x + I y = \\(x 2 + y 2)-p(x,y)dxdy (21)
D

(21)-p lastinkaning koordinata boshiga nisbatan inersiya m om enti. 
Eslatm a. Ikki karrali integral oddiy bir o'zgaruvchili funksiya aniq

integralining qanday um um lashm asi b o ‘lsa, u ch  karrali integral ham  
ikki karrali in te g r a tin g  shunday um um lashm asi bo'ladi va prinsipial 
jihatdan undan farq qilm aydi. Shu m unosabat bilan uch karrali in -  
tegralning ta ’rifi, un i hisoblash usullari va u lam ing tatbiqlarini o ‘qib, 
o'iganib o lishn i o'quvchin ing o ‘ziga havola qilam iz.

5°. Birinchi tur egri chiziqli integrallar va ularni hisoblash

U shbu x = <p(t), y = t//(t) funksiyalar \a,ß\ kesm ada aniq lan- 
gan va uzluksiz b o ‘lib , ular t ning turli qiym atlariga R 2 da turli 
nuqtalam i m os q o'ysin . Bu holda  [a, 0)  kesm aning

\x = (p(t)

\ y  = y/(t)
funksiyalar yordam ida R2 da hosil b o ‘ladigan aksi y ga  sodda  
egri ch iziq  deyiladi:

y ={(x > y ) = H t ) > y 6 •
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A = y ( a )  ga egri ch iziqning boshlang‘ich nuqtasi B = y ( 0 )  nuq- 
taga esa egri chiziqning oxirgi nuqtasi deb ataladi. B iz  qaralayot- 
gan egri ch iz iq  to ‘g ‘rilanuvchi, ya ’ni chekli uzunlikka ega b o'lsin  
deb faraz q ilam iz.

A ytaylik, xOy tekisligida biror sodda AB egri ch iz iq  yoy i va bu  
yoyda f { x , y )  funksiya berilgan b o ‘lsin. AB egri ch iziqn i A dan V 
ga qarab A 0= A, A¡, A,, ... ,An = B  nuqtalar yordam ida n  ta  AkAk+l 
(k  = 0,n -  l ) yoyga ajratamiz. AkAk+l yoyning uzunligin i ASk va 

^ = k^o î k ^  belgilaym iz. Endi V(¿¡k,Tjk) e  AkAk+l (k = 0 , « - l )  
nuqtalar o lam iz  va quyidagi

*=0
yig'ind in i tuzam iz.

Ta’rif. Agar H m o --3  bo‘Ub, u chekli I  soniga teng bo‘lsa va I  
ning qiymati AB n‘nS bo‘linish usuliga hamda {%k,Vk) nuqtalaming 
tanlanishiga bog'liq bo‘Imasa, u holda shu I  soniga f ( x , y )  funksi- 
yaning AB egri chiziq bo ‘yicha birinchi tur egri chiziqli integrali 
deb ataladi va u

\ f { x , y ) d s
Á B

kabi belgilanadi.
Shunday qilib,

l i m f / ( * , , , ) ■ AS, (22)

ekan.
B irinchi tur egri ch iz iq li integrallar quyidagi xossalarga ega. 

[ f { x , y ) d s = \ f ( x , y ) d s .
ÁB BA

2) AB = Á C u C B = >  [ f { x , y ) d s =  +
AÉ ÁC CB

3) j c f ( x , y )d s = c ■ j f ( x , y ) d s ( c  = const).
ÁB ÁB

4) | [ / ( ^ > ' ) ± g ( ^ j ) ] ^  = j f ( x , y ) d s ±  jg (A ,^ )c? s .
ÁB ÁB ÁB
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5) Agar V ( x , y ) e A B  da / ( * ,y ) > 0  bo‘lsa, u holda
j f ( x , y ) d s >  0.

61 j f ( x , y ) d s  <  \ \ f { x , y ) \ i s .
ÄB AB

7) 3 ( c l t c2) e Ä B  nuq ta  top ilad ik i, ¡ f ( x , y ) d s - f ( c , , c 2) - S
AB

bo‘ladi.
Izoh . Yuqoridagi xossalaming hammasida f { x , y ) e C ( A B )  deb 

faraz qilinadi.
Teorema. Agar AB = { ( x , y ) e R L :x = <p(t),y =  y / ( t ) , t e [ a , 0 §  

sodda egri chiziq va f { x , y ) & c [ Ä B )  bo'lsa,

[ f (x , y ) d s  = J/W O ’V'iOj'-jtyiO]2 + b / '(t) l d t  (23)
ÄB a

bo‘ladi.
Bu teoremadan quyidagi muhim natijalar kelib chiqadi.
1-natija. Agar M ^ [{x ,y )e F ^ \y = y [x ) ,c < x < ^  (y(a)=A,y{b)=B ) 

bo‘lib, y ' ( x ) e C [ a , ß \  bo‘lsa, u holda

AB

bo‘ladi.

b I--------------“
[ f { x , y ) d s =  \ f [ x , y ( x ) ] - ^ l  +  [ y ' ( x ) ] 2d x  (24)

2-natija. Agar A B - \ { r , ( p ) : r  =  r{cp) ,cpx < c p < ( p 2 } b o ‘lib, 
r '( ^ ) e C [ ^ , ,9?2] bo‘lsa, u holda

i-----------------
j f ( x , y ) d s =  j f ( r c o s < p , r s m < p ) - J r 2 + [ r ' ( < p ) J d < p  (25)

AB

bo‘ladi.

Eslatm a. Agar 1-tur egri chiziqli integralda f { x , y )  =  \ desak,

b0<ladÍ5 ya>ni
AB *=°

£ =  j d s  (26)- A B  yoyning uzunligini hisoblash formulasi.
AB
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T ekislikda biror yopiq bo'lm agan  sodda AB egri ch iz iq  beril- 
gan  b o ‘lib, f ( x , y )  funksiya shu ch iziqda aniqlangan bo'lsin . AB 
eg r i c h iz iq n i  Ak (£  =  0 ,n ) n u q ta la r  y o r d a m id a  n ta  
ÁkA t+] (k = 0, « - l )  bo'lakka ajratam iz va ) e  ÁtÁk+l nuqtalar
o lib , quyidagi yig'indini tuzam iz:

cr = Z*=0
B u yerda Axk = x k+l- x k -  ÁkAM  yoyning 0X o 'q idagi proek-

siyasi, ^ = 1 ning uzunlig i, deb belgilaym iz.

T a’rif. Agar =  ̂ mavjud va chekli bo‘lib, I  ning qiymati 
ning bo‘linish usuliga va (^k,rjk) nuqtalaming tanlanishiga bog'liq 

bo‘Imasa, u holda Isoniga f ( x , y ) fimksiyadan AB chiziq botycha 
olingan ikkinchi tur egri chiziqli integral deb ataladi hamda u

I =  ¡ f { x , y ) d x .
ÁB

kabi belgilanadi.
Shunday qilib,

n-1
/ =  \ f { x , y ) d x  =  l m X f ( 4 l¡,rjk ) A x k (27)

ÁB *=o

ekan.
X u d d i shunga o ‘xshash f(<^k,r¡k) la m i Ax*ga em as, Ayk larga 

k o ‘paytirib,

/ ’ = \ f ( x , y ) c f y  =  l } r ¿ f ( ^ , T j k) A y k (28)
ÁB

ni h o sil qilam iz.
2-tur egri chiziqli integral ta’rifidan quyidagi xossalar kelib chiqadi.

1) [ f { x , y ) d x  = - \ f { x , y ) d x  va \ f ( x , y ) d y  = - \ f ( x , y ) d y .
ÁB BÁ ÁB BÁ

2) Agar AB y°y o 'q iga  (0Y  o ‘qiga) perpendikular bo'lgan  
t o ‘g ‘ri ch iziq  kesm asidan iborat b o ‘lsa, u holda

6°. Ikkinchi tur egri chiziqli integrallar va ulami hisoblash

¡ f { x , y ) d x  = 0 |  /  (x,y)dy = 0
AB V. AB

bo‘ladi.
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Endi faraz qilaylik, AB egri chiziqda 2 ta  P(x,y)  va Q(x,y) 
funksiyalar berilgan b o ‘lib,

\P(x,y)dx  ya \<2{x,y)dy ;
AB AB

2-tur egri ch iz iq li integrallar mavjud b o 'lsin . U shbu  

\ p ( x , y ) d x  + J  Q { x ,y )d y ;
AB AB

yig 'ind i 2-tur egri chiziqli integralning umumiy ko‘rinishi deb ata-
ladi va

\P(x,y)dx + Q(x,y)dy-f
-------------- AB
kabi yoziladi. D em ak ,

\p{x,y)dx + Q{x,y)dy= \Q(x,y)dy ^9)
AB AB A B

Aytaylik, AB egri ch iz iq , sodda yop iq  egri ch iz iq  b o ‘lsin , y a ’ni 
A va V nuqtalar ustm a-ust tushsin. Bu yopiq  ch iz iq n i y deb b elg i-  
laym iz. Bu yop iq  ch iziqda ikkita y o ‘nalish b o ‘ladi. U larn ing  birini 
m usbat (soat strelkasiga qaram a-qarshi yo 'n a lgan in i), ikk inchisin i 
m anfiy y o ‘nalish deb qabul qilam iz.

Faraz qilaylik, y da f ( x , y ) funksiya berilgan b o'lsin . B u y 
ch iziqda 2 ta \ /A * B  nuqtalar olam iz. N atijada y yop iq  ch iz iq  2 
ta AàB va ßbA egri chiziqlarga ajraladi (1 2 -ch izm a ).

A gar J  f(x ,v )d x +  J f{x,y)dx  in tég ra l m avju d  b o ' ls a ,  u
AàB BbA

f ( x , y ) funksiyaning y yopiq chiziq bo‘yicha 2-tur egri chiziqli 

integrali deb ataladi va [jj f { x , y ) d x  kabi belgilanadi.

1 2 - c h iz m a .
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\ j  P(x,y)dx + ¡J Q{x,y)dy b o ‘lgan um um iy h o i h am  xuddi sh u n -

ga (/‘xshash  ta ’rifíanadi.
Agar 2 b  egri ch iz iq  fazoviy ch iz iq  b o ‘lib , f (x ,y , z )  funksiya  

shu ch iz iq d a  aniqlangan b o ‘lsa, u ho ld a

\f{x,y,z)dx,  \f(x,y ,z)dy,  \f(x,y,z)dz,  \aT va
AB  ÁB ÁB

j P ( x , y ,  z)dx + Q(x,y,z)dy + R(x,y,z)dz =
AB

= j P ( x , y ,  z)dx + ¡ Q ( x , y ,  z)dy+  J  R(x,y,z)dz
ÁB ÁB AB

lar ham  yuqoridagidek aniqlanadi.
E n d i ik k in c h i tu r  e g r i c h iz iq l i  in te g r a lla r n i h is o b la s h n i  

o ‘rganam iz.
Faraz q ilaylik , AB = {(x,y):x = <p(t),y = i//(t),te[a,fi]j  b o ‘lib , 

<p{t),i[/(t) e  C[a,P],(<p(a),y/(a) )  =  A, (<p{p),i//{p)) = B  b o ‘ls in ,  

h a m d a  t  p a r a m e tr  a  d a n  /? ga  qarab o ‘z g a r g a n d a  

(.Tc,^) =  (p ( / ) ,^ / ( í ) )  nuqta A  dan V  ga qarab o ‘zgarsin.
1-teorema. Agar <p'(t)eC[a,0\ bo'Ub, f ( x , y ) e  c [ A B )  bo‘lsa, 

u holda
p

J f ( x , y ) d x =  \f[(p{t),y/{t)\p'(t)dt  (30)
A B  a

bo ‘ladi.
2-teorema. Agar y/'(t)eC[a,f3] bo'lib, f ( x , y ) e C ( Á B ) bo‘lsa, 

u holda

J f { x ,y ) d y = \f [ q > (t ) ,v { t ) } r ' { t )d t  (31 )

bo‘ladi. AB

1-natija. Agar (p'{t),i//'(t)eC[a,p\ bo‘lib,

P{x,y),Q(x,y)<=c(AB) bo‘lsa, u holda

J P{x,y)dx+Q{x,y)dy=§p{v{t),v(t))(p\t)+Q{(p{t),iis(t))ii/\t))^lt (3 2 )
AB (J
bo'ladi.
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2-natija. Agar ÄB = {(x,y)\y = y { x ) , a < x < b \ , y' (x )e C\ a, b\  
bo'lib, P{x,y),Q{x,y)eC[AB^  bo‘lsa, u holda

J P (x ,y )d x  + Q {x ,y )d y  =  ][>(*, >>(*)) + Q (x ,y (x ))  ■ y' (x)}fr. (33)
ÄB a

bo‘ladi. ---------
Misol. Agar ÖA egri chiziq 0(0,0) va .¿(1,1) nuqtalami tut- 

ashtiruvchi
a) to‘g‘ri chiziq kesmasi.
b) ORA siniq chiziq, /J = (l,0) nuqta;
d) OQA siniq chiziq, 0  = (0,l) nuqta bo‘lsa,

1 = j { x - y 2}cbc + 2xydy ;
ÖA

hisoblansin.
1

<1 a) ÖA : y  = x , 0 < x < \ = >  I  =  J[(x -  x2) +  2x2 =  -
0 6

b) /= J {x-y1)dx + 2xydy= j{x -y1)dx + 2xydy+ j(x -y2)dx + 2xydy = 
opa op pa 

'(OP:y = 0,0<x<l=>dy = 0 \
<̂PA\x = \ ,0<y£\=>dx = 0

d) 1= J (x -y 1)dx + 2xydy = j ( x -y 2)dx + 2xydy + j[x-y2)dx + 2xydy =
oQa oq qa

( ( O e - x . O . O ^ ^ ^ y ,  _ L >

{ { ß . 4 : y  = l , 0 < x £ \ ^ d y  =  0 ) )  > '  '  2

Izoh. Bu misoldan ko'rinib turibdiki, 2-tur egri chiziqli inte- 
gralning qiymati umuman olganda, A va V nuqtalami tutashtiruv- 
chi integrallash yo'liga bog‘liq ekan.

Qanday shartlar bajarilganda uning qiymati integrallash yo‘liga 
bog‘liq bo'imaydi, degan savolga keyingi punktda javob beramiz.

7°. Grin formulasi va uning ba’zi bir tatbiqlari 

a) Grin formulasi.
1-teorema. (Grin). D c zR 2 soha berilgan bo‘lib, uning chegarasi 

dD bo ‘lakli-silliq chiziqdan iborat bo‘Isin. Agar P{x,y) va Q(x,y)
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rxdy-ydx _ ( ( x = rcost,Q<t<,2ir,dx = -rsm tdtX  _ 2f ^ _ 2 ^  > 
^  y" 4- v2 v = rs in í A  = cí'm:í/// I *r„ y  =  r sin  / , dy — r eos tdt 

8o. Birinchi tur sirt integrallari va ularni hisoblash
‘»

B irinchi tur egri ch iz iq li integrallar odd iy  aniq  in tegrallam in g  
qanday um um lashtirilish i b o ‘lsa, birinchi tur sirt integrallari ham  
ikki karrali integrallarin ing shunday tabiiy um um lashtirilishidir.

B izga b o ‘lakli silliq  kontur b ilan  chegaralangan ikki to m o n li 

silliq  (yoki b o ‘lakli s illiq ) ( S )c z R * sirt berilgan b o ‘lib , f(x ,y ,z)  
funksiya shu sirtda aniqlangan b o ‘lsin. (S) sirtni y  tarzda o ‘tkazilgan  

egri ch iziq lar to ‘ri yordam ida (5'1) , ( 5 ,2) , . . . ,(5 ’n) qism larga ajratamiz. 

(S1*) ning yuzasini Sk d eb  b elgilaym iz = 1, Har bir ( Sk) da

V(& ,% ,£*) nuclta olib

k=\

integral y ig ‘ind in i tu zam iz  va A = in&&diam(St)  deb  belgilaym iz.

Ta’rif. Agar j,™0"= I  mavjud va chek li b o 'lib , I n in g  q iym ati 

(S) sirtning b o ‘lin ish  usu li ham da (Zk,ijk,Ck) nuqtalarning tan lan -  

ishiga b o g ‘liq b o ‘lm asa, u ho ld a  1 ga f[x,y,z)  funksiyadan (S ) 

sirt b o ‘y ich a  o lingan  1 -tur sirt integrali deyiladi va

\\f{x,y,z)ds-,
(S)

kabi belgilanadi.

Teorema. Agar sirt ushbu (5 )  = {(x ,> \z) eR3 :z = z(x,y),(x,y) e D\ 

k o ‘rinishda berilgan b o ‘lib, z(x,y),z'x (x,y),z'y(x,y)<zC(D) va 

f ( x , y , z ) e C [ ( S ) ]  bo‘lsa, u holda

\ \ f  (x,v,:)dS = J J / [ x ,y , z ( x , y ) l j  + [ z \  (x, v )] ' + [ z \  {x,y)]' dxdy (40)
(S) D

bo ‘ladi.
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Bizga ikki to m o n li silliq (yoki b o ‘lakli silliq) (S)czR^ sirt ber- 
ilgan b o ‘lib, f(x ,y,z)  funksiya shu  sirtda aniqlangan b o ‘lsin. (S) 
s ir tn i V ta rzd a  o ‘tk a z ilg a n  e g r i c h iz iq la r  t o ‘ri y o r d a m id a  

qismlarg a  ajratamiz. f á y )  (k = 1, nj  n ing §X Y  
tekislikdagi proeksiyasini Dt, Dk n ing yuzasini esa SDj deb belgi- 
laym iz. Har bir (Sk) da V (Çk,TJt,Çk) nuqta o lib  quyidagi

k=1

yig‘indin i tuzam iz va A- = mm.diam{Sk) belgilaym iz

T a’rif. Agar mavjud va chekli bo‘lib, I  ning qiymati (S)
sirtning bo‘linish usuliga hamda [Çk, ijk, Çk ) nuqtalaming tanlanishiga 
bogTiq bo‘Imasa, и holda I  ga f(x ,y,z )  funksiyadan (S) sirtning tan- 
langan tomoni boÿicha olingan ikkinchi tur sirt integrali deyiladi va

jjf(x,y,z)dxdy.
(s)

kabi belgilanadi.
Shunday qilib,

1 =  \\f{x,y,z)dxdy = (41)
(5) fc=i

Shuni aytib o ‘tish  kerakki, funksiyadan (S ) sirtning bir to m o n i 
b o ‘yicha olingan  ikkinchi tur sirt integrali, funksiyadan shu  sirtning  
ikk inchi tom on i b o'y ich a  olingan ikkinchi tur sirt integralidan faqat 
ishorasi b ilangina farq qiladi.

U shbu  j ] / ( x ’y^z)dydz va \^f(x,y,z)dzdx ilckinchi tur sirt in - 
(i-) (¿') 

tegrallari ham  yuqoridagidek ta ’riflanadi.
Ikkinchi tur sirt integralining um um iy k o ‘rinishini keltiram iz. 

Faraz qilaylik , (S) sirtda P(x,y,z), Q(x,y,z) va R[x,y,z)  funksi- 
yalar berilgan b o ‘lib,

U shbu

f\P(x,y,z)dxdy ^Q(x,y,z)dydz ^R(x,y,z)dzdx .
(s) ’ (s) * (̂ )

9o. Ikkinchi tur sirt integrallari va ulami hisoblash
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integrallar m ayjud bo'lsa , u holda u lam in g  y ig ‘ind isi 2-tur sirt in- 
tegralining umumiy ko‘rinishi deb ataladi va

z)dxdy + Q  (x, y ,  z)dydz + R ( x , y , z ) d z d x ;

(s)
kabi belgilanadi.

Endi R3 fazoda biror (V) jism  berilgan b o ‘lsin. Bu jism ni o ‘rab 
tuigan yop iq  sirt silliq sirt b o‘lib, uni (S) deylik. f [ x , y , z )  fimksiya 
(S) da berilgan bo‘lsin. OXY tekislikka parallel b o ‘lgan tekislik bilan  
(V) ni 2  qism ga ajratamiz: (V) = (Vt) u ( V 2). Natijada, uni o ‘rab tur- 
gan (S ) sirt (S ,)  va (5;,) sirtlarga ajraladi. U shbu

\ ¡ f ( x , y , z ) d x d y +  j \ f ( x , y , z ) d x d y

integral (agar u mavjud bo'lsa) f ( x , y , z )  funksiyaning yop iq  sirt 
b o 'y ich a  2-tu r sirt integrali deb ataladi va

[jf f ( x , y , z ) d x d y ;
(s)

kabi belgilanadi. Bu yerda (42)-m unosabatdagi birinchi integral ( 5 , )  
sirtn ing ustki to m o n i, ikkinchi integral esa ( S , )  sirtning pastki 
to m o n i b o ‘yicha o lingan . X uddi shunga o ‘xshash

¡jj f ( x , y , z ) d y d z  |jj f ( x , y , z ) d z d x ;
(s) ’ (s)

ham da u m u m iy  holda

z ) dxdy + 0 ( x , y , z ) d y d z  + R(x ,y ,z )dzdx  .
(•")

integrallar aniqlanadi.
T eorem a. Agar sirt ushbu

( 5 )  =  { (x,y,z) e  tf3 : z  =  z(x,y),(x,y)e  £>}

k o ‘rinishda berilgan b o ‘¡ib, z ( x , y ) ,  z' (x , y ) ,  z'y ( x , y ) e C ( D )  va

/ ( x , 3' , z ) e C [ ( S ) ]  bo'lsa, u holda

S ! ñ * .y ,  z ) d x d y = \ \ f [ x , y , z { x , y ) \ d x d y  (43)
(.?) D

bo ‘ladi.
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Izoh. A g a r (S ) sirtn in g  pastki tom oni qaralsa, unda barcha SDt lar 

m anñy b o ‘lib ,

\ \ f  {x,y,z) dxdy = -  J J / [ x ,  y,z(x,y)~\ dxdy .
( 5)  1)

bo'ladi.
Natija. A g a r (S )  s irt ya so vch ila ri O Z  o 'q ig a  p ara lle l b o ‘lgan 

s ilin d rik  sirt b o ‘lsa , unda

\\f(x,y,z)dxdy = Q;
(s)

b o 'lad i.
D em ak ik k in c h i tu r sirt in te g ra lla ri ik k i k a rra li R im a n  in te gra l- 

la rig a  k e ltir ilib  h iso b lan ar ekan.
A g a r ( S ) - ik k i to m o n li s illiq  sirt b o ‘ lib , P(x,y,z), Q(x,y,z) 

i { ( i j , : ) e C [ ( S ) ]  b o 'lsa  va (S ) sirt n o rm a lin in g  y o ‘n a ltiru vch i ko - 
sin u sila rin i cos a ,  cos/?, cos y  desak, u holda 1 va 2 -tu r sirt in te ­
g ra lla ri orasida q u yid ag i m unosabat o ‘r in li.

j jp(x,y,z) dydz + Q(x, y, z) dzdx + R(x,y,z) dxdy =
(•s)

cos a  +  Q  ( x, y , z )  cos ß  +  R  ( a, y , z ) cos y~^s (44)

(5) / XIzoh. A g a r (S )  sirt z - z [ x , y ) tenglam a yo rd am id a  b erilgan  
b o 'lsa , s irtn in g  (jt0,^ 0,2 0) nuqtadagi n o rm a lin in g  O X , O Y , O Z  

o ‘q la rin in g  m usbat y o ‘n a lish la ri b ila n  ta sh k il q ilg a n  b u rch a kla rin i 
m os ravishda a , ß , y  o rq a li b e lg ilasak,

cos oc
±Jl+ K H ' / f

cos/? =
(45)

COS /  =

4 +K )2+K)~
b o ia .d i va u la r norraalning y o ‘na!tiruvchi kosinuslari d e yilad i.
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Ildiz oldida ma’lum bir ishorani tanlab olish bilan biz sirtning aniq 
bir tom onini tanlab oigan bo‘lamiz. Masalan, ildiz uchun musbat ishora­
ni olsak, eos /  > 0 ,  ya’ni normal OZ o ‘qi bilan y o'tkir buichak tashkil 
etadi va bu holda (S) sirtning “yuqori” tom onini tanlab oigan bo‘lamiz.

10°. Stoks va Gauss-Ostrogradskiy formulalari

(5 )  = { ( x , j , z ) e i ?3 :z = z(x,y),(x,y)eD} bo 'lib , 5 (5' ) - b o ‘lakli sil-  
liq egri ch iziq  va 3 ( 5 ) - n i n g  OXY tekisligiga proyeksiyasi 3 D b o ‘lsin.

Faraz qilaylik, (S) sirtda uzluksiz P{x,y,z), Q(x,y,z) R(x,y,z)  
funksiyalar aniqlangan b o ‘lib, bu funksiyalam ing barcha birinchi 
tartibli xususiy hosilalari (S) sirtda uzluksiz b o ‘lsin.

1-teorem a. (Stoks). Agar yuqoridagi shartlar bajarilsa, u holda ushbu

Stoks formulasi oYinli bo‘ladi.
Shunday qilib, Stoks form ulasi (S) sirt b o'y ich a  olingan 2-tur  

sirt integrali bilan shu sirtning chegarasi b o ‘yicha olingan egri chiziqli 
integralni b o g ‘lovchi formuladir.

Endi Ostrogradskiy form ulasini keltiram iz. R3 fazoda pastdan  
z = cpx[x,y) tenglam a b ilin  aniqlangan silliq (£ ,)  sirt bilan, yu- 
qoridan z = <p2(x,y) tenglam a yordam ida aniqlangan ( S , )  sirt b i­
lan , yon  tom ondan  esa yasovehilari OZ o ‘qiga parallel b V lgan  sil-  
indrik (S 3) sirt bilan chegaralangan ( V ) jism n i qaraylik. Bu jis-  
m ning O X Y  tekisligidagi proeksiyasini £> deb belgilaym iz. Faraz 
qilaylik, ( V) da uzluksiz P(x,y,z), Q(x,y,z), R(x,y,z) funksiya- 

dP dQ dR
lar berilgan b o ‘lib, qx ' d y ’ d z ^  L\ shartlar bajarilsin.

2-teorem a. (O strogradskiy). Agar yuqoridagi shartlar bajarilsa, 
u holda ushbu

1 7 ( * ,y,z]ax +  Q(x,y,z)dy + R(x,y,z)dz=  f j ~  dxdy + 
e(s) (,s')L ° x  ° y  .

(46)

d x d y d z  =  [JJ P d y d z  + Q d z d x  + R d x d y  (a -¡\

Gauss-Ostrogradskiy formulasi oYmli bo‘ladi.
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11°. Maydonlar nazariyasi elementlari

U c h  o 'lch o v li Yevklid fazosi r 3 n i o lib , undagi n u q ta lam i 
(* , y, z) ,  koordinata o'qlari b o ‘ylab y o ‘nalgan birlik vektorlam i esa 
ex, e2, e3 kabi belgüäym iz. A ytaylik , D a R 3 sohadagi h ar bir 
(x, y, z) nuqtaga A(x, y, z) vektor m os q o‘yilgan b o ‘lib, tanlan- 
ga n  k oo rd in a ta la r  s is tem a sid a  u Ax (x, y, z ) , A (x , y, z) ,  
A3(x, y, z) ko‘rinishga ega b o ‘lsin. U  holda D sohada vektor funk- 
siya aniqlangan yoki D da vektorlar m aydoni berilgan deyiladi. Agar 
har bir Ak (* , y, z), k = l, 2, 3, funksiya uzluksiz, differensiallanuvchi 
va hakozo bo'lsa, unda a  vektor m aydon uzluksiz, differensialla- 
nuvchi va hokazo deb ataladi. Agar D sohada U{x, y, z)  funksiya 
aniqlangan bo'isa, u holda D da u  skalyar m aydon berilgan deyiiaui. 
Tanlangan koordinatalar sistemasida qaralayotgan skalyar va vektorlar 
m aydoni kerakli darajada silliq bo'lsin  deb faraz qilamiz.

U shbu

gradU  :=f dU QU d U '
dx ’ dy ’ dz

= e,
dU dU 

• + ■ + e~ dU

■U

^ -:U —>A
dx dy dz

operatorni (gradiyent) aniqlaym iz. U  bilan bir qatorda A v ek tom i 
U skalyar m aydonga akslantiruvchi

8AX dA2 + dA3 
dx dy dz

operatorni (divergensiya) qaraym iz. V ektor m aydon  vek tor m ay­
donga quyidagi

ei ß2 e3 
d d d 
dx dx dz

A\ A2 A}
formula yordamida aniqlanadigan rotor operatori yordamida akslanadi. 

Agar sim volik  nabla differensial operatorini (Gamilton operatori)

rotA - : A - > B

dx " dy
tenglik  yordam ida aniqlasak, u holda

gradU = VU, 

rotA = VxA,

dz

3 1 4



bo'ladi.
Kiritilgan operatorlardan foydalanib, quyidagi tengliklam ing o ‘rinli 

b o ‘lish in i ko'rsatish qiyin emas:
1) rotgradU = Vx VC/ = 0 ,
2) divrotA = V • (V x A) = 0,
3) graddivA = V (V  ■ A),
4) rotrotA =  V x (V x ^ ),
5) divgradU = V ■ V £/
(44)-form uladan  foydalangan holda Stoks form ulasini quyidagi 

ko'rinishda yozish  mumkin:

J P(x,y,z)dx + Q(x,y,z)dy + R(x,y,z) =
<Xs)

d i v A  =  V  • A

co s  a COSp cos y

rr d d d
dS.=  fiJJ

(S) dx d y d z

P Q R
Agar bu tenglikdagi P, Q , R funksiyalar o'rniga A vektor 

m aydonning kom ponentalarini olsak va dS = (dx,dy,dz) deb belgi- 
iasak, tenglikning chap tom onidagi integralostidagi iunksiyani A-dS 
deb yozish  m um kin. Agar n =  ( c o s a ,  cos/3, c o s /) -b ir l ik  norm al 
vektor b o ‘lsa, tenglikning o ‘ng tom onidagi integral ostidagi funksi- 
yani rotA-n deb yozish  m um kin b o'lib , Stoks form ulasin ing vektor  
ko'rin ishi quyidagicha bo'Iadi:

(J A-dS=\\n-rotAdS
£(S) (S) v

(48 )-ten g lik  m aydonlar nazariyasi tilida quyidagicha aytiladi: A 
vektor maydonnning sirtning chegarasi bo‘yicha olingan sirkulyat- 
siyasi rot A maydonning (5) sirt bo‘yicha olingan oqimiga teng.

(44) formuladan foydalanib, Gauss-Ostrogradskiy formulasi vektor 
k o‘rinishida quyidagicha yoziladi:

j j A  • ndS = jjfd tv A d V
dV V

bu yerda dV = dxdydz hajm  elem en ti.
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(48) va (49) formulalar vektorlar maydonidagi rotor va divergensi- 
ya operatorlarining invariant ekanligini ko‘rsatish im koniyatini beradi.

1 -ta ’rif. Agar A vektor maydon uchun shunday skalyar u  may- 
don topilib, gradU =  A tenglik bajarilsa, unda A vektor maydon 
potensial maydon deyiladi. u  funksiya esa A maydonning skalyar 
potensiali deb ataladir

2-ta’rif. Agar A vektor maydon uchun shunday B vektor maydon topilib, 
rotB = A tenglik bajarilsa, u holda A maydon solenoidal maydon deyiladi. 
V vektor maydon esa A maydonning vektor potensiali deb ataladi.

Punktning oxirigacha biz m aydonlar uch o ‘lch ov li fazoda qara- 
layapti, deb faraz qilaraiz.

1-teorem a. A maydon potensial maydon bo‘lishi uchun rotA = 0 

bo'lishi zarur va yetarli.
2-teorem a. A maydon solenoidal bo'lishi uchun divA =  0 bo'lishi 

zarur va yetarli.
(48 )-S tok s form ulasidan va 1-teorem adan quyidagi tasd iq  kelib  

chiqadi: Agar A  potensial m aydon b o‘lsa , u holda m aydonning yopiq  
egri chiziq b o ‘yicha olingan sirkulyatsiyasi 0 ga teng b o ‘ladi.

(49)-G auss-O strogradskiy va 2-teorem adan quyidagi tasdiq  kelib  
chiqadi: agar A  solenoidal maydon bo‘lsa , u holda m aydonning biror 
jismni o ‘rovchi yopiq sirt b o‘yicha olingan oqimi 0 ga ten g  b o‘ladi.

Shuni ta ’kidlash lozim ki, ixtiyoriy vektor m aydonni potensial va 
solenoidal m aydonlarning y ig ‘indisi ko'rinishida ifodalash m um kin.

11°. F urye qatorlari

l - t a ’rif. / ( * )  funksiya [— kesmada absolut integrallanuvchi 
bo ‘Isin. Koeffîsientlari

1 T
an = — j  f ( x ) c o s n x d x ,  n -  0, 1, 2,...

71 -X 
1 *bn = — ff(x)smnxdx, n=  1, 2,... 
i t

formulalar yordamida aniqlangan ushbu

f ( x ) ~ ^  + i ( a „ COSnx+ bnsinnx) (50)
 ̂ W=1

trigonometrïk qator f  (je) funksiyaning Furye qatori, an, bn sonlar 
es a-Furye koeffîsientlari deyiladi.
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Absolut integrallanuvchi funksiyaning Furye koefflsientlari «->00 
da 0 ga intiladi. Agar funksiya juft bo'lsa, Furye qatori faqat kosi-  
nuslam i, to q  bo'lsa faqat sinuslam i o ‘z ichida saqlaydi.

1 -teorema. (Rimanning lokallashtirish prinsipi). f { x )  funksiya 
Furye qatorining jc0 nuqtada yaqinlashishi, ixtiyoriy kichik S > 0 soni 
uchun f ( x )  funksiyaning [jc0 -S ;x 0 + £>] kesmadagi qiymatlarigagina 
bog‘liq bo‘lib, bu kesmadan tashqaridagi qiymatlariga bog ‘Uq emas.

2-teorem a. Agar f { x )  funksiya [-/r;;r] kesm ada b o ‘lak li-uzluk- 
siz b o ‘lib, har x nuqtada ch ek li bir tom on li

¿ (x )=  Km n * + **)-/{*+*)
J+K ’ Ax-*+0 &X

/ »  = lim--------  V ’ Ai'—>-0 ,\v ’
hosilalarga ega bo'lsa, u holda  f { x )  funksiyaning Furye qatori har

bir x nuqtada yaqinlashadi va uning y ig ‘indisi ^ X— -)—
2

ga teng  bo'lad i. X ususan, funksiya uzluksiz bo'lgan  nuqtada Furye  
qatori funksiyaning shu nuqtadagi qiym atiga yaqinlashadi.

Y aqinlashuvchi Furye qatorin ing y ig ‘indisi davri 2k  ga teng  
b o ‘lgan davriy funksiya bo'ladi.

3-teorem a. Agar f { x )  funksiya [ - # ; # ]  kesmada kvadrati bilan 
integrallanuvchi funksiya bo‘lsa, u holda quyidagi Bessel tengsizligi oYinli:

y  + Z(tfn2+ ^ 4 - J /2 (*)<&• (51)
"=• “ -X

Agar funksiya \ - k \ ;r] da uzluksiz va f  ( - n )  -  f { i r) bo‘lsa, unda 
ushbu Parseval tengligi o'rinli:

y  + 'L (an+l>2n) = ̂ ) f 2(x)dx. (52)

Agar f ( x )  funksiya \a, b\ kesmada berilgan bo‘Hb, ma’lum 
shartlarni qanoatlantirsa, unda uni umumiyroq ko Yinishdagi tri-

x —a
gonometrik qatorga yoyish mumkin. Buning uchun t = - jt  + 2n-------

b - a
akslantirish yordamida [a, Z>] kesmani \-7t\ 7t\ kesmaga akslanti- 
ramiz. Natijada,
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/ ( * )  >-> H * ) = f [ ° + (¿ -  «))
b o ‘lib, ( p ( t )  funksiya [-л; л] kesm ada aniqlangan. <p(t ) funksiya  
[-я-; л-] kesm ada Furye qatoriga yoy ilad i va t o'zgaruvchidan x 
o ‘zgaruvchiga qaytsak, f ( x )  funksiyaning [a, Z>] kesm adagi Furye 
qatorini h osil q ilam iz. M asalan, f ( x )  funksiya [ - / ;  /]  kesm ada
2-teorem aning shartlarini qanoatlantirsa va u shu kesm ada uzluksiz

b o ‘lsa, u holda

/ ( * ) = % + £
n n x  , . плхЛ 

a„ co s------ +  h s in -------
J  V / о Ji—J

Z Л-1 1 / l  ) 9

tenglik  o ‘rinli b o ‘lib ,

a „ = -  \ f { x ) c o s ^ - d x ,  n  =  0, 1, 2,...,
-/ ^

bn = l-  \ f ( x ) s m ^ d x ,  n =  1, 2, . . ,

b o ‘ladi.
Agar f ( x )  funksiya [0; 21] oraliqda berilgan holda ham  yu - 

qoridagi tengliklar o ‘rinli b o 'lad i, faqat koeffitsien tlam i h isoblashda  
integrallarni [0; 21] oraliq b o ‘y ich a  o lish  kerak.

Nazorat savollari

1. Ikki karrali integrating ta’rifi.
2. Darbuning yuqori va quyi yig'indilari hamda ulaming xossalari.
3. Lebeg teoremasi.
4. Ikki karrali integralning asosiy xossalari.
5. 0 ‘rta qiymat haqidagi teoremalar.
6. Ikki karrali integrallarni hisoblash.
7. Ikki karrali integrallarda o'zgaruvchilarni almashtirish.
8. Silindrik koordinatalar sistemasi.
9. Sferik koordinatalar sistemasi.
10. Ikki karrali integral yordamida hajm hisoblash.
11. Tekis shaklning yuzasini hisoblash.
12. Sitr yuzasini hisoblash.
13. Ikki karrali integrallaming mexanika masalalariga tatbiqlari.
14. 1-tur egri chiziqli integral tushunchasi.
15. 1-tur egri chiziqli integrallaming xossalari.
16. 1-tur egri chiziqli integrallarni hisoblash.
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17. 2-tur egri chiziqli integral tushunchasi.
18. 2-tur egri chiziqli integrallaming xossalari.
19. 2-tur egri chiziqli integrallami hisoblash.
20. Grin formulasi.
21. Grin formulasining tatbiqlari.
22. 1-tur sirt integrali tushunchasi.
23. 1-tur sirt integralini hisoblash.
24. 2-tur sirt integrali tushunchasi.
25. 2-tur sirt integralini hisoblash.
26. Stoks formulasi.
27. Gauss-Ostrogradskiy formulasi.
28. Maydonlar nazariyasi efementlari.
29. Furye qatorining ta’rifl.
30. Rimanning lokallashtirish prinsipi.
31. Furye qatorining yaqinlashishi.
32. Bessel tengsizligi.
33. Parseval tengligi.

Mustaqil echish uchun misol va masalalar
1-masala. Berilgan egri chiziqlar bilan chegaralangan D soha

keltirilsin va integrallash chegaralari ikki xil tartibda qo‘yilsin.

1.1 y = 0, y  = 3, y = x, y  = x - 6. 1.2j  = l, 2y=x, 2y = 8 - x ,  y  = 0.

1.3 y =x ,y = x+3,y = 2x,y = 2x-3.  1.4 y = x2, x ~ y  + 2 = 0.

1.5 x2 + y 2 >2a2, x2 + y 2 <2ax. 1.6 y = 2 x - x 2, y  = -x.

-B-

uchun karrali integral takroriy integralga
D

1.7 y  =  x r - 4 x ,  y - x . 1.8 x y  =  4, y ^ ~ x 2, y ^ 6 .

1.9 y < : 9 - x 2, y > 2 x r .  1.10 y = x ,  y  =  4x ,  x y > 4, >><8.

1.11 y  =  x ,  y  =  4x ,  x y > 4 ,  y <  6.

1.12 y  =  y j 2 a x ,  x 2 +  y 2 '¿.2ax,  x  =  0,  x  =  2 a ,  y  =  0.



1.15

1.17  

1.19  

1 .21

2 .1

2.3

2.5

2.7

2.9

2 .1 1

2.13

2.15

2.17

ху  =  9, х  + у  =  10, l < j y < 3 .  1.16 у 2 +  8л: =  16, у 2 - 2 4 х  =  48.

у > х 2 + 4 х , у  =  х  + 4.  1.18 у 2 > х 2 - 4х,  у < х ,  х > \ .

у 2 - 3 х  =  4,  у 2 +  4л: =  11. 1-20 у 2 <6 + 3х, у 2 < 8 - 4 х ,  \у\<^2. 

у > х 2 + 2 х ,  у  =  х  +  2~

2 -m a sa la . In te g ra lla sh  tartib in i o ‘z g a rt ir in g .

J dy J fdx+ J dy J fdx. 
-2 -1

1 У -JÎ \l2-y3
jdy j  fdx + \dy j  fdx.
0 0 1 0

0 0
I  dx j  fdy+jdxjfdy.

-J 'Д+У 0 ypy

jdy J fdx +  jdy J fdx.
-2

0 *-y j l - x 2

\dx j  fdy+ jdxjfdy.
■ñ

1 1
-1 0 
f 1

jdx J fdy+ jdx jfdy.
0  l —x 2 1 In .г

* /  к// 4  sin у  / 2  cos V

jdy  J fdx + jdy j  fdx.
0 0  %  0

1 -Jy e l
jdy j  fdx + jdy J fdx.
0 0 
1 0

1 ln̂
л

jdy j  fdx + jd y  J fdx.
0 - y  1

i o  Æ  о

2.2 f o  í  f d x +  Í  f d x -
0  - J ÿ  1 - y ¡ 2 - y 2

1 J)' 2
2 .4  \dy j  fdx + jdy J fdx.

0 0 1 0

Y ß  arcsin у  1 arccos .у

2 .6  J >  J fdx + \ dy Í  fdx.
ХГ2 0

1 0 e - l n y  - ln > -

2.8 f o  \ & х+  Í <*У f №■
0 - b

- s/ 3

1 -1

Гу 2 2 - y

2.12 Jdy J fdx + jdy j  fdx.

2.14

0 0 1 0

jdx J fdy+ jdx jfd y  '
-(2+.r)

1
-1 Tx

0

2 . 1 6  j dy  Í f dx+ j dy  Í f dx-
0 - y [ y  1 - y j l - y

2  2 - y1 У
2.18 jdy j  fdx + jdy j  fdx.

0 0
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I ?  Æ  л/2-x2

2.21 \ d * \ f d y +  \d x  j f d y .
0 0 1 0

3-masala. Ko‘rsatilgan D  soha uchun j j f { x , y ) d x d y  integralda
D

qutb koordinatalariga (* = rcos<p,y = rsin<p) o‘tib, integrallash 
chegaralari ikki xil tartibda qo‘yilsin.

3.1 D = { ( x , y ) \ x 2 + y 2 < 2 y \ .

3.2 D = { (x ,y )  : a2 < x 2 + y 2 < b2,a > 0,b > 0|.

3.3 Л = j(x,■?):(**+ У2)2 = a 2(x2

3.4 D soha x = 0, y  = 0, >> = 1 - х  chiziqlar bilan chegaralangan.

3.5 D soha x2 =ay ,  y  = a (a > 0) chiziqlar bilan chegaralangan.
3.6 D = [ ( x , y ) : Q < x < \ , x 2 £.y<x}.

3.7 D = { ( x , y ) : 0 < y < 2 , y ^ x < y f 3 y } .

3.8 Z> =  {(*,;>>): 0 < x <  2,0

3.9 D = {(r,<p):r>2cos<p,r<4cos<p

3.10 D = \ ( x , y ) \ x 2 + y 2 < 4 ,x  + y > 2 \ .

3.11 £> = {(х,7 ):*2 + y 2 >8,*2 + y 2 <4x \ .

3.12 D = { (x , ÿ ) :x 2 + y 2 >\%,x2 + y 2 < 6y} .

3.13 D -  {(*,/) : + y 2 + 4x > 0, x2 + y 2 + 8* < O].
3.14 D = f ( x , y ) : x > y ,  x + y £ 6 ,  y > 0 ] ,

3.15 D  = { (x ,y ) :x 2 + y 2 < 4x, |y\ <L j*|}.

3.16 D = \^{r,(p):r>2s\n(p,r < 5sinç>,0 5 q> < y j.
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3 .1 7  D = {(х,у):х2 + у 2 <16,х2 + у 2 >4х).

3 .1 8  D = г <2cos3p, г >1(/ va IV  chorakdagi qism i),}.

3 .1 9  D = {(x,y):x2 + y 2>x,x2 + y2 < l x ) .

3 .2 0  D = {(x,y) :x2 + y 2 < 4x,x2 + y 2 > 2y}.

3 .2 1  D = \ [ x , y ) \ 0 < x <\,2x < у < Здг}.

4 -m asa la . H isoblang.

4 .1  \\(\2x2y2 + \(>x3ÿ)dxdy, D :x  = \, y  = x2, y  = -4 x .
D

4 .2  J J (9 ^ у 2 +  48X3y3) dxdy\ D :x  = \,y = yfx, y  =  - x 2.

4 .3  Í \ { ^ x 2y 2 -96x3y 3)dxdy; D : x  = 1, y = l[ x ,y  = - x \
D

4 .4  \ \ { ^ x 2y 2 +32x3y 3)dxdy\ D : x  = l,y = x?,y = -lfx.
D

4 .5  \ \ ( П х 2у 2+4%x3ÿ)dxdy; D : x  = \,y = x2,y = -l]x.
D

4 .6  \\{Wx2y 2+32x3y 3)dxdy\ D : x  = \, y  = lfx, y  = - x 2.
D

4 .7  \\(Wx2y 2 +32x3y 3)dxdy, D : x  = l,y = x3, y  = -4 x .
D

4 8 \\{21x2y 2 +4&x3y 3')dxdy; D : x  = l, y  = *Jx, y  = -x*.
D

4 .9  \\{4xy + 2x2y 2)dxdy, D :x  = 1, y = x2, y  = - J x .
D

4 .1 0  ÍJ(12^  + 9x V ) ^ ;  D :x  = ].,y = Jx, y  = -x 2.
D

4 .1 1  Я(8лу +  9x2y 2)dxdy, D :x  = \,y  = lfx, y = - x 3.
D

4 .1 2  Я i}4xy + \8x2y 2)dxdy, D :x  = \, y = x3, y = -l/x.
D

4 .1 3  Я ( 12^  +  27* У ) ^  D :x  = \, y  = x2, y  = -lix.
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4.14 JJ(8*V+18*V)A*to D : x  = \, у  = Чх, y  = - x 2.
D

4.15 Д^ - x y  + j - ^ y ^ d x d y ;  D : x  = \, y  = x3, y  =  -yfx.

4.16 \ ^ x y + 9 x 2y 2^dxdy, D .x  = \, y  = J x ,  y  = -x*.

4.17 \ p 4 x y - A * x ' ÿ ) d x d y ,  D : x  = 1, y  = x2, y  = ~Jx.
D

4.18 Я (6д9; + 24* У ) сЫУ> D : x  = \, y  = y fx T y  = - x 2.
D

4.19 Я (4*У + 16* У )Л Ф ;  D :x  = \, y  = l /x ,  y  = - x 2.
D

4.20 \ \ (*xy  + \bx'y')dxdy; D : x  = \ , y  = x \ y  = - l /x .
D  -------------------------  ----------------

4.21 j j ( x y ~ 4 x 3y 3)dxdy; D :x  = l, y  = x \  y  = -yfx.
D

5-masala. Hisoblang.
xy

5.1 j j y e 2dxdy; D : y  = \n2, y  = ln3, x  = 2, x = 4.
D

5.2 \ \ y 2s m ^ d x d y ;  D :x  = 0, у  = 4 л ,  y  =  ̂ .
D ¿  ¿

5.3 j j y cosxydxdy; D : = y  = —, у  = л ,  jc = 1, x = 2.
D 2

5.4 ¡ j y 2e~dxdy; D :x  = 0, у  = 2, y  = x .
D

5.5 Я ysinxydxdy; D : y  = ̂ -, у  = л, x  = \, x  = 2.
D 2

5.6 Я l2 ysm2xydxdy; D : y  = ^-, y  = ^-, x  = 2, x  = 3. 
d 4 2

5.7 if/c o s  у  ̂  D :x  = 0, y  = yj ^ ,  y  = ^ .

5.8 ¡¡У2cosxydxdy; D :x  = 0, у  = у[л, y  =  x.
D

5.9 fry e ^ d x d y ; D : y  = \n3, y  = ln 4 , x = -̂, x  =  l .
v> 2
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5.10

5.11

5.12

5.13

5.14

5.15

5.16

5.17

5.18

5.19

5.20

5.21

6 .1

6 .2

6.3

j j y e 4dxdy; D : y  =  ln 2 , y  =  ln3, x = A, *  =  8
D С Г

jjAy1 sm xydxdy; D :x  = 0, y  = yj^> У = х- 

^ 4 y 2 s in 2xydxdy; D :x  = 0, y = -Jbc, y = 2x.
D

jjycos2xydxdy; D : y  = —, y - n ,  x = - ,  x = \.
d 2 2

Jj2yc o s 2xydxdy; D :x  = j ,  y  = j ,  x = l, x = 2 

j j y 2-e 8dxdy; D :x  = 0, y  = 2, y = —.

^ -5?.
j j y : -e 2 dxdy; D :x  = 0, y  = J 2, y  = x.
D {
j j y s in xydxdy; D :y  = n, у = 2л, x = - ,  x = l.

°  1л X
§y-cos2xydxdy; D :x  = 0, y  = J f >  У = ^ -

§ZyeAxydxdy; D : y  = ln3, j  = ln4, x = j ,  x  = \- 
D i----
j j3y2sin^-dxdy; D : x  = 0, y = J У = \ х- 
D 2 V

j j y  cos xydxdy; D :y  = x,y  = Зл,х = - , х  = 1.
l_

2*

6-m asa la . H isoblang.

Ш (dxdydz

F F h ï  ( r ) :

f l 5 ( /  +S)d*dydr,

... fy  = x ,y  = 0,x = l l
jjj(3* + 4y)dxäydr,

3 2 4

£ + £ + £ = 1 ;
3 4 8
x  =  0 , y  =  0 , z  =  0.



6.4

6.5

6 .6

6.7

6 .8

6.9

6 .1 0

6 .1 1

6 .1 2

6.13

6.14

\^(21x + 54ÿ)dxdydz; ( p ) :
(у)

\ y = x , y = o , x = i ;  

l z  =  y ¡ x y , z  =  0.

Ш:
dxdydz

W| 1 + *.+Z+£
16 8 3

2 » ( Г ) :

Д|(3дг2 + y 2)dxdydz; ( р ) ; |
(П I

JJJ(l5x + 30z)dxdydz; ( p ) .
(П

111(4 + Sz^dxdydz;
CO

j]J (l + 2*3 ) dxdydz;

x  у  z  ,
---- 1-----1—  = 1,
16 8 3
*  =  0,j> =  0,z  =  0.

z = l0y,x + y  = \, 

x = 0,y = 0,z = 0.

j z  = x2 + 3y2,z = 0, 
\ y  = x,y = 0,x = l.

(П

y = x,y = 0,x = l; 

z = y[xy,z = 0. 

y - 3 6 x , y - 0 , x  = Y, 

z = y[xy,z =  0.

JJJ2 Ixzdxdydz; i y \ .
(у)

\y = x,y = 0,x = 2;

I -
dxdydz

w  i + * .+ Z + £
10 8 3

z  =  x y ,z  = 0. 

\ « ’ (F)

\jj(60y+90z)dxdydz;
(П

I 0 x + D dxdydz’

1 1 1 (9  +  i  %z ) dxdydz; ( У )

10 8 3 
* = 0,>> = 0,z = 0.

[>> =  * ,y  =  0,*  =  l ;  

j z  =  .t2 +  jy2,z  =  0.

j  = 9.r,j> = 0,;r = l ;  

0.

y = 4x,y = 0,x = l; 

z = yfxy,z =  0.
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6.15

6.16

6.17

6.18

6.19

6 .2 0

dxdydz

2 4 6)

&y+ \2z)  dxdydz-, (p-).

X у  z ..
- + — + - = i ;
2 4  6
X = 0 , y  = 0,z = 0.

[^ = jc ,y = o ,jc = i;

\z = 3x2 + 2 y 2, z  = 0.

X + yz)dxdydz; ( y y  

dxdydz

¡y  = x,y = 0,x = l,

[z = ЗО*2 + 60y2,z = 0.

x у  z  
1 + - + —+ —• 

6 4 16.

\5
’ №

x У z .
-  + —+ —  = 1 
6  4  16
x = 0 ,y  = 0 ,z  = 0.

/d x d yd z ;  +
У ’ [x = 0,j = 0,z = 0.

5x + y j dxdydz-, (F) :

dxdydz

6.21 w  1 + ñ + Z + £
8 3 5

■’ (V):

У = х , у  =  0,лг = 1;
= aT + 1 5 / , z = 0.

x У z  -  + —+ -  = 1 
8 3 5
x = 0 , y  = 0,z  = 0.

7-masaIa. Quyidagi chiziqlar bilan chegaralangan shaklning 
yuzasi hisoblansin.

7.1 У = - ,  У  = 4 е \  y  = 3, y  = 4. 7.2 x = J 3 6 - y 2, x  = 6 - - j 3 6 - y 2. 
x

7.3 x 2 + y 2 = 72, 6y  = - x 2 ( y < 0).7.4 x  = 8 - y 2, x  = -2 y .

7.5 y  = ~ , y  =  Sex, y  = 3, y  = 8. 7.6 У = ̂ ~ ,  У = ̂ ~* х = 16.
X  2 ¿ x

7.7 jc = 5 — >>2, x = -4y. 7.8 y  = ~ ,  y  = 5ex, y  =  2, y  = 5. 
л:
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3 3 3
7 .1 1  y  =  - y f x ,  У =  ~ ,  X =  9. 7 .1 2  У =  з7 * , y  = - ,  Х =  Л.

2 2х X
___  25 , 5
7 .1 3  .y = sinx, J = COSJC, х = 0 (jc> 0). 7 .1 4  y  = —  ~ x - ,  У = х - ~ .

7 .1 5  y  = 2 0 - х 2, y = -8x. 7 .1 6  y = K  У = 7ех, у = 2, у = 1.

7 .9  х 2 + у 1 = \ 2 ,  - у / б у  = х 2 (д > < 0 ). 7 .1 0  х г + у 2 = 3 6 ,  T r j T . y - x 2 (^ ^ O ).

7.17 у = Ъ 2 - х 2, у = -4х. 7.18 х=^72-у, 6х=у*. у=0 (j'àO).

7.19 jy=sin;t, 7 =cosa:, х = 0  (х < 0 ) .  7 .2 0  у  =  8- х 2, у  = - 2 х .

7.21 y = y j6 -x 2, у = у[б-у1б-х2.

8-masala. Quyidagi chiziqlar bilan chegaralangan 
shaklning yuzasi topilsin.

8.1 y 2 ~ 2 y  + x2 =0; y 2 - 4y + X 2 =  0; У = Н^> У = ^ х .

8.2 X2 - 2x + y2 -  0; x2 - 10*  +  y 2 =  0; y - 0, y - \ ß x .

8.3 x2 - 4 x  + y - = 0 ; x2 -  Sx + y 2 = 0; y = 0, y = ~n -̂
VJ

8.4 y 2 - 62y + x2 = 0; j;2 - lO ^  +  x 2 = 0 ;  y = x, x - 0 .

8.5 y 2~6y  + x2 =0; y 2- S y + x 2 =0; y  = y  = y/3x.

8.6 x2- 2 x  + y 2 =0; x2 - 4x + y2 =0; У =  У д ’ y  = ^ x'

8.7 x2 -  2x + y2 = 0; x2 -  4x + y 2 = 0; y =  0, y = x.

8.8 y 2 -  2y + x2 =  0; y2 -  4y +  x2 =  0; y = y/ïx, *  =  0.

8.9 y 2- 8 y  + x2 = 0; y 2- I 0 y  + x2 =0; У - ’Щ* y  = S x .

8.10 x2- 2 x  + y2 =0; x2 - 6 x  + y 2 =0; У = У = ^ х-
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8.11 X 2 - 4 х  + у2 = 0 ;  X 2 — 8лг + у 2 — 0; у = 0, у = х.

8.12 у2- 4 у  + х2 =0; у2 - 6у +  х2 =  0; y = J Зх, х = 0.
8.13 у 2 -  4у + X 2 =  0; у 2 -  6у +  х2 =  0; у = х, х = 0.

8.14 x2 - Zx + y 2 =Q\ X2 - 8х + у 2 = 0; У = ¡ / j у  У = ^ х -

8.15 у2 - 2 у  + х2 =0; у 2- 6 у  + х2 = 0; У =  V ß >  х = 0-

8.16 X2 -  2х + у 1 =  0; х2- 6 х  + у 2 =0; у = 0, У =

8 .1 7  X2- 2 х  + у 2 =0; х2 - 4х + у2 = 0; у = 0, у = * / ß .

8.18 У 2 - 4 у  + х2 =0; у 2 - Ю у  + х2 = 0; У = y / ß ’ у  = 43х.

8.19 У2 ~ 2 у + х2 = 0; у 2 - Ю у  + х2 = 0; y = x / ß ,  У = ^ х .

8.20 X 2 - 2 х  + у 2 X 2 - 6х +  у2 =  0; у = 0, у - х .

8.21 у 2 -  2у + X 2 =  0; у 2 -  4у + х2 = 0; у = х, х = 0.

9-masala. Zichligi р  = р(х,у)  bo‘lgan va quyidagi tengsizliklar 
yordamida berilgan £> plastinkaning massasi topilsin.

- y2
9.1 D : x2 + ^ - <  1; p  = y 2.

4
V2

9.2 D: —  + y 2 <.\\ *>0; y>0, p  = 6x3 -ÿ .
4

9.3 D:  l< £ -  + ̂ -<2; y > 0 ;  y < ^ x ;  p  = y/ x .

9.4 D A < ^ ~  + y 2 < 2 5 ;  * > 0 ;  y A p  = 4 *
4 2 jy

JC2 V2 о
9.5 £>: — +^-<1; y > 0 ;  p  = x~-y.

4 25
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9.9 D : l < ^ -  +  y 2 < 4 ; у > 0 ; у > £ х . р  =  8 ^ / 3.

2
9.10 D : ^ -  + y 2 < \ ;  x > 0 ;  j ; £ 0 ;  p  = 30x3y \

4

9.11 D :x/ g  + y 2 <1; x > 0 ; p  =  7 x y 6.

9 .1 2  Z ) : l < y  +  ^ - < 3 ; 7 > 0 ; y < | x . / ?  =  j / .

9 .13  D : xY 4 + y 2 < \ ; p  =  4 y \

2
9.14  D : x 2 + ^ < l , y > O p  =  l x 4y.

X2 y 2 /
9.15  D : \ <  —  + ^ - < 4 - , x Z 0 - , y > 3 x / 2 . p = V .

2
9.16  D : x 2 + ^ - < l ; y > 0 - , p  =  3 5 x Ay 3.

X 2 у 2 1 /
9.17  D : l <  —  + ^ - < 4 ; x > 0 ; y > x / 2 . p = V .

X2 y 2
9.18  D :  —  + ̂ - < l ; . p  =  x 2.

4 9
X2 у 2

9.19 D :  —  + ^ - ü \ ; x > 0 ; y > 0 . p  = x 3y.
4 9

9.20 D : l < x 2 + ^ < 9 ; у > 0 ; у < 4 х . р  =  У / 2 .

X2 y 2 X
9.21 D : \ <  —  + —  < 2 5 ; x ^ 0 ; y > 2 x ; p  = - .



10-masala.
2 2X y

10.1  — + 7 7  =  1. ch iziq lar b ilan  chegaralangan plastinka- 
a  o

ning og ‘irlik markazi top ilsin  (p  = l) .

10.2 r 2 = a 2 c o s2ç> ( o ‘ng yaproq) egri ch iz iq  b ilan  chegaralan­
gan  plastinkaning og'irlik  m arkazi topilsin . ( p  = l) .

10.3  x2 + y 2 = a 2, x > 0 , y > 0  tengsizliklar b ilan  an iq langan plas­
tinka uchun I x,Iy inersiya m om entlari top ilsin  ( p  =  l) .

10.4  y2 = 4 x + 4 va y2 = - 2 x  + 4 chiziqlar bilan chegaralangan  
plastinkaning o g ‘irlik m arkazi top ilsin  (p  = l).

x 2 y 2
10.5  —  +  7 7  =  1 egri ch iziq  bilan chegaralangan plastinka uchun  

a b

I x,Iy inersiya m om entlari top ilsin  ( p  =  l)-

x y X V
10.6 —+ — = 1 , —+ — =  1, y = 0 chiziqlar b ilan  chegaralangan

9 2 4 2
plastinka uchun  I x,Iy lar top ilsin  (/9 =  1).

10.7 x2+ y 2 < 16, x > l S  tengsizliklar b ilan  an iq langan plas­

tinkaning og'irlik  m arkazi top ilsin  (p  = l) .
10.8 xy = l,xy = 2,y = 2x,x = 2y ch iziq lar b ilan  ch egara lan gan  

plastinka uchun  I x,Iy inersiya m om entlari top ilsin  (/? =  l) .

10.9  Agar \ < x 2+ y 2 <4  doiraviy halqaning har bir nuqtasidagi 

m assa z ich lig i p  = x2y- form ula b ilan  aniqlansa, u n in g  m assasi 

top ilsin .

10.10  Agar y = x2 -  4x\ y = x chiziqlar bilan chegaralangan plas­
tinkaning har bir nuqtasidagi massa zichligi p = x + y  form ula bilan  

aniqlangan bo'lsa, shu plastinka og'irlik markazi topilsin .

1 210.11 xy = 4, y = ~x-, y = 6 f  1 2  ̂y > - x 2 
2  y

chiziqlar b ilan  chegara­

langan plastinkaning og'irlik  m arkazi top ilsin  (/? =  5 x  +  3 ) .

10.12 y* =3x + 4 va y2 + 4x = 11 (y > 0) ch iziq lar b ilan  ch ega­
ralangan plastinka m assasi top ilsin  ( p - y ) -
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10.13 Ikkita <p = 0 va ç> = n nurlar hamda r = a<p (0 <>ç)<>7r) 
Arximed spirali yoyi bilan chegaralangan plastinkaning og'irlik 
markazi topilsin (/? = l).

10.14 y  =  x 3, x  +  y  =  2, x = 0 chiziqlar bilan chegaralangan plas­
tinkaning og'irlik markazi topilsin (¿> = 1).

Quyidagi 10.15-10.19 misollarda plastinkaning chegarasini aniq- 
lovshi chiziqlar berilgan. Har bir plastinkaning og‘irlik markazi 
topilsin (/0 = 1).

10.15 x = a(/-sin/), y = a(l-cosr); 0 < t£ 2 x ,  jy = 0.

x2 v210.16 x 2 + y 2 = a 2; — + — = 1; x = 0, * > 0;
a~ b

10.17 r = i3r(l + sinÇ7).

10.18 r = asm2(p, 0 < ç< ^.

p :  „ . n  3 n10.19 r = yj2, r = 2sm<p, —<(p£— .4 4
10 .20  a y - 2 a x - x 2, y  = 0 ch iziq lar b ilan  chegaralangan plas­

tinkaning / , ,  I y inersiya m om entlari top ilsin  (/9 = 1) .

1 0 .21  r  = a ( l  + cosç>) kardioda bilan chegaralangan plastinka­

ning Ox  va Ou o'qlariga nisbatan I x, I y inersiya m om entlari topilsin

11-masala. Quyida ko‘rsatilgan sirtlarning yuzatari topilsin.
11 .1  y 2 + z 2 = x 2 sirtning x 2 -  y 2 = a2 -  silindr va y  = ± b -  te -  

kisliklar bilan ajratilgan qism i.
11.2 z 2 = 4 x  sirtning y 2 = 4 x -  silindr va jc = 1 — tekisliklar bilan  

ajratilgan qism i.

11.3 ( x 2 + y 2) /2 + z  = 1 sirtning z  = 0 tekislik bilan ajratilgan qismi.

11.4 x L+ y = ± a x  silindrlaming x 2 + y  -t-z2 =<r shar ichidagi qismi.

11.5 ( x  + y ) 2 + 2z2 =  2a2 silindrik  sirtn ing 1-ok tan d agi q ism i 

(* > 0, y  >  0, z ^  0, x 2 +  y 2 +  z 2 * 0 ) .
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11.6 (x+y)2z = x+y siitning I<x2+y2 £4,x>0,y>0 sohadagi qismi.
11.7  az=xy giperbolik paraboloid sirtning (x2+y2) -2a2xy 

silindr ichidagi qismi.

11.8  z2-2xy  konus sirtning ^  + x ZA®’ r = 0>

x2 + y2* 0 a > 0,6 > 0 sohadagi qismi.
11.9  3z = 2(Wx + y,/y) sirtning x = 0,y = 0,jt + y = 1 tekisliklar 

orasidagi joylashgan qismi.

11.10  z = yjx2 +y2 konus sirtining x2+y2=2x silindr ichida
joylashgan qismi.

1 1 . 1 1  x2 + y2 = 2az paraboloid sirtining (x + y f  = 2a2xy(a > 0) 
silindrik sirt ichida joylashgan qismi.

1 1 .12  az = xy giperbolik paraboloid sirtning x2+y2=a2(a> 0) 
sihndr ichida joylashgan qismi.

(  V 2 z11.13 - + t  + — = 1 sirtning x = O.v = 0,z = 0 koordinata tek-ya bj a
isliklari orasida joylashgan qismi.

11.14 z2 =2xy konus sirtning x + y = l,x = 0,y = 0 tekisliklar 
orasida joylashgan qismi.

11.15 z = ~(x2~ y2) giperbolik paraboloid sirtining 

[x2 + y2y  =x2 - y 2 silindr ichida joylashgan qismi.
11.16 z = yjx2 + y  va x + 2z = a  sirtlar bilan chegaralangan jism- 

ning to‘la sirti (o> 0)
X z11.17 -  + y  + -  = 1 {a,b,c>0) sirtning 1-oktantdagi qismi. a b c

11.18 x2+y2+z2=R2 sfera sirtining (x2+y2) = R2 ' (*2 ~ / )  
silindr ichidagi qismi.

11.19 x2+y2= 6z sirtning (x2 + y2)~ = 9 • (x: -  ) silindr ichi­
dagi qismi.

11.20 z2 -  Ax siitning y2 = 4x,x = l sirtlar bilan ajratilgan qismi.
1 1 .2 1  y2+z2=x2 sirtning x2 = ay sirt bilan ajratilgan qismi.
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x2 + y 2 = 2 y  ;

12-masala. Quyidagi sirtlar bilan chegaralangan jismning
hajmi hisoblansin.

12.1

12 .2

12.3

12.4

12.5

Z = y^-X 2, 2 = 0

(x2+y2 = 7x, x2+y2 =lOx, y  = 0 ( ^ ^ 0 ) ;  

[z=y]x2 +y2, 2 = 0.

\x2+y2=y, x2+y2=4y,

[z = yjx2 + y2, Z = 0.

Í x 2 +  v 2 = r J 0 . v ]

[z = x2+y2- 64, 2 = 0 (z>0).

ГX2 + y2 =8\¡2x;
[z = x2+y2-64, 2 = 0 (zZO)'

[x2 + у 2 = 2y-
1 2 .6  i T = M

\x2 + y 2 + 4x =  o;

2 = —— — X2, 2 = 0.
4

12.7

12 .8

12.9

12 .10

[2 = 8- 3; , z = 0.

fx2+y2=3y, x2+y2=6y,

[z = yjx2 +y2 , 2 = 0.

| V + y 2 = 6*, x 2 +  >>2 =  9x; y  =  0 (7 ^ 0); 

z = y¡x2 + y2,z = 0.

x2 + y 2 =6y/2x; 
z = x2+y2-36, 2 = 0 (z^O).
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í x 2 + у 2 = 4 x ,

x2 + у2 =  6y¡2у; 

z = x2 + y 2 -36, z = 0 (z^O).

x2 + y 2 =  2\¡2y; 

z = x2+ y 2-4,  z =  O (z^O).

x2+ y 2 = 2 y ;

z = - - x 2, z = 0 .  1 2 1 4  [z = \ 2 - y 2, z =  0.
4

\x2 + y 2 =2y, x2 + y 2 =5y,

[ z = y/x2 + y2, z = 0.

| У  +  / = 8 х ,  x2 + y2 =Ux, y = 0 ( ;y < 0 );

[z =  yjx2+ y 2, z = 0.

í x2 + y 2 + 2y¡2y = 0;

[.z  =  x 2 + y 2 - 4 , z = 0 (z>0).

¡x2 + y2 =  4y¡2x, 

jz = x 2 + y 2-16, z = 0 (z^O).

í x 2 + y 2 =  4x , ¡x 2 + y2 =4y,

12,19 [z = 1 0 - / ,  z = 0. 12 '2 0  |z = 4 - x 2, z = 0.

12 .12

12.13

12.15

12.16

12.17

12.18

12.11

12 .21
fjc2 + / = 4 y ,  x 2 + y 2 = 7 y ,

I z  =  y j x 2 + y 2 , z = 0.

13-masala. Quyidagi sirtlar bilan chegaralangan jismning 
hajmi hisoblansin.

z = 2 -1 2 (x 2 + y 2)> ^  ^ Jz  = 24(x2+ / )  + 1,
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13.3

13.5

13.7

I z  =  

| z  =

z  =  

z  =

I z =
13.9

13.11

13.13

13.15

=  ю [ ( л г - 1 ) 2 + / ]  +  1,

=  2 1 -20л:.

S(x2+ y 2) + 3, 

l6x + 3.

2-2o[(x + l )2 + r ] ,

-40л:- 3 8 .

4 -1 4 ( ;r  + J 2),

z = - 3 4  -  28*.

[r = 28-[(x + l)2+j/2] + 3, 

[z = 56л:+ 59.

| г  = 3 2 (л г + .у 2)  + 3,

I z  = 3 -  64x.

13.17

13.19

13.21

z  =

z  =

= 4 - б [ ( х - 1 ) 2 + / ] ,  

= 12л: — 8.

2 - 4 ( * 2 + r )  + 3, 

8.x + 2.

2 2 .[ ( x -1 ) 2 + / ] + 3,z =

z = 47 -  44л:.

13.4

13.6

13.8

13.10

13.12

13.14

13.16

13.18

13.20

fz  = 2 - 1 8 [ ( x - l ) 2+ / ] ,  

[ z  = -3 6 a: -3 4 .

\z  = - l 6 ( x 2+ y 2) - l ,

[z = - 3 2 x - h

z  = 30[^(a: + 1)2 + j 2J + 1, 

z = -6 0 x -6 1 .

| г  = 2б(лг2 + / ) - 2 ,

[z = -52л:-2 .

. * = - 2[ ( * - i ) 2+ r ] - i ,

z = 4л:-5 .

\z = - 2 ( x 2 + y 2) - \ ,

[z = 4 y - l .

z =  2 б [ (л  — l ) 2 -h >’2 J — 2, 

г = 50-52л:

z  = 30(at + y 2) + l, 

z = 60 у  +1

г = -1 б [(х  + 1)2 + / ] - 1 ,  

г = -32л:-33.

z =

z =

2 - 18  (x2 + y 2),

2 - 3 6  y.
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14-masala. Quyidagi sirtlar bilan chegaralangan jismning 
hajmini uch karrali integral yordamida hisoblang.

14.1 (x2+y2) + z6 =a3xyz. 14.2 (лг+У+г2) =a,5-(x"+y)

z z
+  V ~ h '14.3 (*“ + / ) ’ + r’ 14.4 \ a i *

14.5 K +^ +' ! ; l;,’ + /+ z ’ " 1‘ '.14.« z . l0 ( ^ +/ ) ! tú - l- 2 O y.
z2=jr2+/(jc>0,yk0,z^0) v

14 .7  —  +  —  = z \ 2 z  = —  + ^~. 14 .8 z =  2 4 ( j r + y ) 2 + l ,z = 4 8 x + l .
4 9 4  9 v

14.9 x2+ y 2 = 3z,x + y = 6. 14.10 z = 2- 20(x2+y2)2,z = 2-40y.

14.11 z = 6 - ^ ÿ , z  = \6-x2 + y2. 14.12 ^ + ]§ +̂ = 1’1’х=0’У=0’г=й

14.13 г =  у]64-х2 -  у 2, z = 1, х 2 + у2 = 60 (silindr tashqarisida).
2 2

14.14 2 z  = 2 x 2 + ^ - , 4 x 2 + ^ -  = l ,z  =  0.

15 ---- 7 17 2 214.15 z = — y j x - + y , z  = — - x  - y .

14.16 у2 л-z2 = а 2,у2 + z 2 = x2,x = b(0<a<b).

/16 i т _ 2 i14.17 г = J — - X - - y - , 2 z  = x + у  .

Í  2
14.18

■>X" V" Z" 
—т ̂ ^ — ~2 L 2 2a b c

{  2 2 \  
( ^ + У -

сг Ъ2
z
с

14.19 z  = 4 - 1 4 ( x 2 + / ) 2 , z  =  4 - 2 8 x .

14.20 х + jy + z = а,х  + j  + z = 2а,х + ;у = z,x + >> = 2z,;y = х,д> = Зх.

14.21 X2 +  у 2 + z 2 = 2 a z , x 2 + у 2 = z2,x2 + /  = - z 2.
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15.1 Jsin>v¿v + sinxí/.y, у:А(0,я) \аВ(л,0) nuqtalarni tutash-
Г

tiruvchi kesma.

15-2 Cf Ш П ' A([' °)> B(°' ')• C(-'; °)> 0-

15-masala. Egri chiziqli integrallar hisoblansin.

A ¡ÍCDA и  "r  Ы

'X* + y )d x - (x -y )d y _
X2 + y 2

15 4 \ i2a~y)dx + xdy; y:x = a(t-smt), y  = a(\-cost), 0<г<2я\

1 5 3  ^ у у ъ - К х - у ф . r : x , + / = a ^

Y У

7

15.5 \\{x+y)dx + (x-y)dy, r - ^ 2 +^T = l-
у  a b

15.6 j(x2+y2)dx + (x2- y 2)dy, y:y  = l - \ l -x \ ,  0<x<2.
7

15.7 \(x2 -2xy)dx + (y2 -2xy)dy, y :y  = x2, - \< x< l.
У

,5.8 J Ä Ä - .  r = ? + j U  * г0’ ^ ° '
у y] l  +  X~ +  у  О b

15.9 o s / s í '
2 ,

Jydx-хф , у :x = acos31, y  = asin3t
r

cydx-xdy 3 . ,
15.10 J—5---- 2 > y:x  = acos t, y  = asin t

у X + у

15.11 ¡Jjcos.r¿¿c + sinxí/v,^:uchlari (l; 0), (0; 2), va (2; 0)
7

nuqtalarda bo'lgan  uchburchak konturi.

15.12 (JIxdx-  (x  + 2 v )dy,y : uchlari (-1 ;  0 ) , (0; 2 ) , va (2; 0)
7

nuqtalarda b o ‘lgan uchburchak konturi.
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15.13 \(x 2 + y ' ) d x  + xydy, у:у  = ех chiziqning (0; l) va (1; e) 
nuqtalari orasidagi yoyi.

15.14 \ xdy’ 7 '~¿ + ~b=X to‘g‘ri chiziqning (a; 0) va (0; b) T _ _
nuqtalar orasidagi kesmasi.

15.15 JW*» Г - {x + У ) =a {x +  ̂ ) -lemniskata yoyi.
Y

15.16 \ { x ^ + y ^ y s ,  y:x% +y% =a% -  astroida.
Y

15.17 J W ) *  Г--Р2=“г-™ЬР _ lemniskata.
Y

1 5 .1 8  J * ’* '  **»■
Y

15.19 j yds, У- У  = 2 X , y:  parabolaning (0; 0) va ( l ’^ )
Y

nuqtalari orasidagi yoy.

15.20 jyjx2+y2 + 4 ^ ’ Г '^0, ^  va (1; 2) nu£ltalarni tutash- 
tiruvchi to‘g‘ri chiziq kesmasi.

15.21 \xyds* r:3H + 4 ^  = 12, j > 0 .
Y

16-masala. Hisoblang.
(2:3) (2;3)

16.1 \  xdy + ydx 16.2 J {x + y)dx + (x -y )dy.
(-1:2) (0;1)

(,'f ydx -  xdy
16.3 J -----2----•

(2:1) Л

^  ydx-xdy
16.4 J ---- 3 ----  -Oy o ‘ qini kesm aydigan ch iziq lar b o ‘ylab.

(2:1) X
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(13)

16.5 \  [4 xy -\5 x2y)dx + (2x2-5x* + l)dy. 
(0.2)

6̂’P xdx + ydy
16.6 J - r ;  ,

(*;o) \ J x - + y  

iqlar bo'ylab.

(';')

koordinata boshini kesib o ‘tm aydigan ch iz-

16.7 J [x - y ) - ( d x - d y ) .
(>;->)
(0;0)

16.8 J (x4 + 4xy3)dx + (6x2y 2- 5 y 4)dy.

(3;-4)

16.9 f X d x  +  y d y .
(0;1)

xdy-ydx
16.10 J 3  y ~ x to'g'ri chiziqni kesmaydigan chiziqlar

(oh)
bo ‘ylab.

(a,h)

16.11 \  f ( x  + y)-(dx + dy),f(u )~ u z lu k s iz  funksiya.
(0:0)

( a .b )

16.12 J cos yd x-  sin ydy)
(o;o)

16.13-16.21 misollardagi ifodalarning biror F(x,y)  funksiya- 
ning to‘Iiq differensiali bo‘Iishi yoki bo‘lmasligini aniqlang. Agar u 
to‘Iiq differenshl bo‘lsa, F(x,y)  funksiyani toping.

16.13 (x2 + 2x -  y 2') dx + (x2 - 2 x y - y 2)dy.

1 6 .1 4
(  . > 

\ 2 x y  + —j , ( .  3 2x'  dx + \ 4x — -
v y  ) I  y J

d y .
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1 6 .1 5

16.16

-dx-
X2 + yJx'+ У 2

•2-yJx2 + y 2
dy.

y - y [ x * + y *  У  

(x2 + 2xy + 5y2)dx + (V -2xy + y2)dy 
( х  +  у У

ydx -  xdy 
1 6 1 7  3x2- 2xy  + 3y2'

16.18 ел • [ey (*  -  y  +  2) + y ]  dx + ex ■ [ey ■ (л- -  y) + 1] dy. 

xdy -  ydx
16.19

16.20

16.21

x 2 +  4 y- 

2 x ( l - e v)
r~dx + --------dy.

l  +  x

J x 2 + ÿ
, + y dx + +  X dx.

17-masala. Quyidagi I-tur sirt integrallari hisoblansin.
______ „2 2

17 1 f ¡J x 2 +  y 2 ds, (S)— г + 2 - т г =0’ ° - 2- 6 konusning yon sirti 
$  ° ' * b'

1 7 .2  Я (*~  + y  )^5’ (^)~ ushbu  y j x 2 +  y 2 < z <  1 jismni chega-
(s)

ralovchi sirt.

1 7 . 3  \\(xy + xz + yz)ds, ( 5 ) - z = yjx2 +  y2 k o n u s  s ir t in in g
(s)

X2 + y 2 = ax sirt b ilan  ajratilgan qism i.

17.4 Ж * 2 + y ' ) zds’ [ S ) ~ x 2+ y 2 + z 2 = a 2, z > 0.

(*>

17 .5  \ \ zd s ' ( ^ ) “ b irin ch i oktantdagi x + y + z = l  tekislik  bilan  

ajratilgan tetraedrning to‘liq  sirti.
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17 .6  j f ( * 2 + r )< * >  ( S ) - x 2 + у 2 + z- = а 2
(•'>)

1 7 .7  Ц(х + У + z)ds, ( S ) - u s h b u  0 < x < a , Q < y < a , 0 < z < a

kubning t o ‘liq sirti.

1 7 .8  jj(6x + 4y + 3z)ds, ( S )- x  + 2y + 3z = 6 t e k is l ik n in g  I -
(s)

oktantdagi qism i.

17.9 jjzds, (S) -  z = yj] 6 -  x~ -  y 2 sirtning х > 0 ,> > 0 ,д г  +  у  < 4  
(5)

sohadagi qism i.

17.10 JJ(x2 +  y2 + z 2}ds, (■S')-*2 + y 2 + 4.v = 0, 2 < z < 4  silindr- 
(S)

n ing to ‘liq  sirti

17.11 JJzófa, (S )- z = xy sirtning x2 + y 2 =4  silindr ichidagi qismi.
(■S)

17.12 j\yds, ( S ) -V = 2y2 +1 (>»>0) sirtning x = y 2+z2,x = 2,x=3 
(ä)

sirtlar orasidagi qism i.

17.13 Д 7 /  ~ x 2ds, (S ) - x '  + y2 =z~ konus sirtining x2+ y 2 = a 2 
(•V)

silindr bilan ajratilgan qism i.
2 2 .2 2

1 7 .1 4  dJV^T + TT + V * .  (5 ) -  ^T + TT + f r =1 (а > Ъ > с >  0).
(  V ) ^  О  и  С  G D C

1 7 .1 5  Ij f 7— ~  ^ + ^ +  ^ < 1 , -r> 0 , ^ > 0 ,  z > 0
( W  + ̂  + O

tetraedrning chegarasi.

1 7 .1 6  [ |[(xy  +  >^ + zx)i/j, ( S ) - z  = y[x2~+ÿ2, X1 + y 2 <2ax .
V )
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17.17 [ jf(*2+/)<fc, ('S1) -  yjx2+ y 2 < z <  1 jism  chegarasi.
(s)

17.18 jjf ís 2+ /  + Z - - W  (5) -  2z = 2 - x 2- y - ,  z > O pa-
(5)t

raboloid qism i

17.19 [Jj*(bx2 + 5y 2 + 3z2 -2)ds, (S ) - y  = yJx2+z2 k o n u sn in g  

y = 0 va y = k tekisliklar orasidagi q ism i.

17.20 jjxyzds, ( S ) -  z2 = 2xy, z > 0 k o n u sn in g  x2+ y 2 = a 2

silindr ich idagi qism i.

17.21 §\xyz\ds, ( S ) - z  = x2 + y 2, sirtn ing z = \ tek islik  bilan  

ajratilgan q ^ m i.

3 4 2



-D-
Naraunaviy variant yechimi

1 .21-masala. Ushbu y > x 2 +  2 x , y  = x  + 2 chiziqlar bilan chegara- 
Iangan D soha uchun \ \ f{ x^y)dxdy karrali integral takroriy in-

D

tegralga keltirilsin va integrallash chegaralari ikki xil tartibda qo‘yilsin.
< Birinchi navbatda y  > .r2 + 2x = (x  + 1)2 - 1  va y  =  x  + 2 c h iz -  

iqlarning kesishish nuqtalari M ,( - 2 ; 0 ) ,  M ,( l ;3 )  larni top am iz  va 
sohan i ch izm ad a tasvirlaym iz (1 4 -ch izm a ).

n i

i y=XJ»2x 3 

\  2
\  A & =--2 y==ri—I

6 i -*■*
-1

14-chizma.

14-ch izm adan ko'rinadiki, D sohan i tengsizliklar yordam ida qu- 
yidagicha ifodalash m umkin:

D  =  { ( . v , y ) : - 2 < x < i ,  x 2 + 2 x < y£ .x + 2 }  = { ( j r ,  v ) : - 1  -  J y + l  <x < - 1  +  j y + T ; - l <  v < o j u

: y  ~ 2 S  -x ^  - 1  +  V  v  + 1 ; 0  <  y  <  s | .

Bu yerdan 2°-punktdagi 3 va 4-teorem alarga k o ‘ra quyidagi 
tengiklarni hosil qilam iz:

2.21-masala. Integrallash tartibini o‘zgartiring.
I r: -J2 -Jl-i- 
j d x  j f d y  + j d x  J f d y .
0 0 1 o

<1 M asala shartiga k o ‘ra

D  =  { (-v ,y ): 0 < . t < 1, 0 < j < ; r ] u  j ( x , j > ) : l< x < V 2 ,  0 < y < y j l - x 2  ̂

D soha 15-chizm ada tasvirlangan.
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о i  V? "  X

15-chizma.

15-ch izm ada ko'rinadiki, D  sohani quyidagicha ham  ifodalash  
m um kin:

~ ____  —r —i—**-------Æ— — i
D  =  U x , y ) : J y < x < y ¡ 2 - y 2, 0 < j ' < l j = >  j d x  | / ф +  jäte J f d y - \ d y  j fd x .>

' ft ft i ft 0 Jy

3 .2 1 -masala. £> = {(x,j>): 0 < .v < l ,  2*<>><3.x} soha uchun
\\f(x,y)dxdy jntegrai,ja qUtb, koordinatalariga x=r<x&<p,y=rs«up

o‘tib, integrallash chegaralari ikki xil tartibda qo‘yilsin.
< Integrallash chegarasini qo'yish uchun aw al D  sohani chiz- 

mada tasvirlab olamiz (16-chizma).

\
3 В

г i

0 с
J i  .

16-chizma.
Ikki karrali integralda o ‘zgaruvchilam i alm ashtirish u ch u n  bir- 

in ch i navbatda akslantirish yakobianini h isoblaym iz.

1  =
D (x ,y )
D(r,<p)

dx dx

dr dtp

dy  dy

8r  d(p

eos (p - r s m c p  

sin#> rcos tp

3 4 4



U n d an  s o ‘ng D sohani qutb koordinatalar sistem asida ifoda- 
layraiz, y a ’n i D sohan ing  akslantirish natijasidagi obrazi A ni 
topam iz va  (lO )-form uladan foydalanam iz.

< A OC = a r c tg l .  < BOC = arctg3. O A = Vl: +22 = Vs, OB = Vi’ + 3: = y[\0: .v = 1 => 

> r c o s tp  = \=> r  = ——  => D = i [r , tp ) :  a r c t g l  < t p <  arc tg3 .  0 </•<
eos tp eos tp

= D, vj D2 = {(''-í») '• «rcfg2 < tp < arctg3,0 < r <  Vsj u  

u | ( r , (p) : a r c t g - < t p <  arctg3,  ^5  < r <  VÍO 1

arctg 3 y¡5 arclg3

JJf ( x , y ) d x d y  =  J dtp \ r f ( r  eos<p,r sin tp)dr =  j d r  J r f  ( r  eo s tp , r s in  tp)dtp-
1) a r c tg l  0  0  a iv tg 2

+ J dr  |  r f  ( r  eos tp,r sin tp)dtp >

4.21-masala. Hisoblang.

I  = ^{xy-táy^dxdy-, D : x =  1, y = x3, y  = - J x .
D

<¡ D sohan ing  shaklini ch izib  o lam iz (1 7 -ch izm a ) va karralí 
integralni takroriy integralga keltirib, uning q iym atin i h isoblaym iz:

/ =  4.YV')rfTí/i'= ( ( ^  ■ {(-v->'): 0 < jr < 1, - \ f x  < v < .y5 J = Jifa j  (.\y-4.v,; ,3)í/j
0 -jx

2
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5.21-masaIa. Hisoblang.

1 =  cos xydxdy, D:y = x, у = 3л, jc = - ,  jc = 1. 
о 2

< Masala shartiga ko‘ra -0 = |(дг,^): ^<x<\, л<у<Ъл 
soha to‘g‘ri to‘rtburchakdan iborat. Unda

1 Зл- 3/T 1 3  я

1 -  \\ycosxydxdy = jdx jycosxydy = jdyjycosxydx = jl y — sinxy  
D  i  i  i t  1 A  J'

V
dy =

3  IT

= jf s ¡n ^ -s in Z j¿ (y  = í - Cosj> + 2cos^-
3 *

= 0. >
At

6.21-masala. Hisoblang.
dxdydz

C> 1 + £ + г + £
8 3 5

X у  z .

• ( n H ï + 3 + 5 - ’
x = 0,^ = 0,z = 0.

< Masala shartidan ko‘rinadiki (V) jism uchburchakli piram- 
ida boiadi va uning shakli 18-chizmada tasvirlangan. (V) jismni 
tengsizliklar yordamida quyidagicha yozlsh mumkin:

(V): l (x,y,z) :  0 < x < 8 ,  0< > > < 3 1 - - L  0 < z < 5  
8 1 8 3

Berilgan u c h  karrali integralni takroriy integralga keltirish y o ‘li 
bilan  hisoblaym iz:

346



8 32 v~ '  8 8 8 8 
Izoh. Agar 6 .2 1 -m iso ld a  o ‘zgaruvchilarni alm ashtirsak, ya ’ni 

x =  8u, y = 3v, z = 5w alm ashtirish bajarsak, integralni hisoblash an ­
ch a  yengillashadi.

D(x,y,v)
Bunda yakobian o(x,y,w) ~ 120 b o ‘lib,

8 0 0 
0 3 0 
0 0 5

( V )  jism  ushbu ( a )  =  { ( a ,  v, w ) : 0 < u < l, 0 < v < l - u ,  0 < w < i - u - v }  
jism ga akslanadi va o ‘zgaruvchilarni alm ashtirish form ulasiga ko‘ra 
quyidagilarga ega b o ‘lam iz.

chv

o (l + i/ + v + w )6 
Bu integraini h isoblab, /  = \ ekanligin i tekshirish q iy in  em as.

7.21-masala. Quyidagi

y  =  y ¡ 6 - x 2 , y  =  V ó - V ó - x 2 ; 

chiziqlar bilan chegaralangan shaklning yuzasi topilsin.
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у  =  7 б  -  X1
^ ----7  sistemani echamiz va bu chiziqlami kes-

ishish nuqtalarini topamiz.

—\ 1 б - Х 2 =л/б—4 б - х 2 =>  JC. Ж----Д-, = - 7 =.
v 2  " V 2

Berilgan chiziqlar bilan chegaralangan sohaning shaklini 
chizamiz (19-chizma) va bu sohaning yuzasini (15)-formula yor- 
damida hisoblaymiz.

У

f f / / X  /1

/ / / / / a / i

Ш .

/ / / / /У а  1 

/ / / / / '
-«■'Ä

19-chizma.

Xß yfcf ?î Æ? %3 ____ .
5 = JJí¿cí(v= J dx  I  d y  =  2 -  J «¿y J ¿v = 2 j  r 2 \ l 6 - x 2 - j 6 j d \ -  =

о  _ L  Jë -y lô -.x2 0 S - J e - x 2 °

_̂____  2
[Va2 - x 2dx = —л/a2 -  .y2 + — arcsin— + с, formuladan foydalanamiz 
J 9 O n

=2 xy¡6-x2 + 6  arcsin -^=-y¡6x 
л/6

r\ '  3 (= 2 •
'  0

= 2 2л--
зл/з

-  4л- Зл/З kv.birl. >

8.21-masala. Quyidagi
у 2-2 .у  +  дг = 0 , _у2 - 4_у + л:2 =  0, у = х, х = 0. 

chiziqlar bilan chegaralangan shaklning yuzasi topilsin.
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< y2 - 4 y  + x2 =0  => x2 + (_y -  2 )2 =  4.
Bu tengliklardan foydalanib, berilgan chiziqlar bilan chegara­

langan D sohaning ch izm asin i osongina ch izam iz (20 -ch izm a).

y 2 - 2 y  + x 2 =0 => x2+ ( y - l ) 2 =l;

D sohani tengsizliklar yordam ida yozib  olam iz:

D = \(x ,y ):  yj2 y - y 2 < x <  y; !< > '< 2 ju  0 < x < y j 4 y - y 2; 2 < ^ < 4 |.

Bu m unosabatdan foydalanib, D sohaning yuzasini hisoblaym iz:

2 y  4 >/4 y - y

S = \\dxdy  = jdy  J dx+ jdy  J dx = JÏ v -  ^ J l y - y 2 j dy + ^ 4 y - y 2dy = 
d i 2 0 1 2

) ( y - ^ - ( y - lŸ ) d y +  JV4 - Cv - 2 )2<dy  = { ^ Y ~ ^ T ^ l ~ ^ V~ ^ 2 -^arcsin^-ll +

+| + 2 arcsin  ̂ )l;= [2 --^arcsinll--j- + 2 arcsinl = -̂ + ̂ -arcsinl =
2 2

3 r . | a -) 3 (2  +  ̂ -) 

v + 2 j  4
kv. birlik. >

9.21-masala. Zichligi P~ bo‘lgan

plastinkaning massasi topilsin.
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< Plastinkaning massasini (17)-formula, ya’ni м  = j j p ( x , y ) d x d y
D

formuladan foydalanib, topamiz. Bu integralni hisoblashni yengil- 
lashtirish uchun umumlashgan qutb koordinatalar sistemasiga o'tamiz:

y  = 4 r s m ip

у=2дг] Í4rsin^ = 4rcos(» 
л = 0 I  [2rcosç?

— P{*>y) 2cos<p -2 r s i n < p _Q-.____________
D(r,<p) 4sin (p 4rcos^> = 8П

я

Г - 1  : 
r . y

Bajarilgan alm ashtirishdan

so‘ng berilgan D  plastinkaga ushbu A = i^ r s 5

plastinka akslanadi => M  =  ^ p ( x , y ) d x d y  =

= \\%rp(2rcos(p, Ars\n(p)drd(p = 8  \dcp fr- 2' C° S 
Д I г 4rs\ncp yAsm(P 2

= 481n|sin#>|^ =48
7

lnsin — -ln s in — 
2 4 )

= 48 - in - 4
s .

dq> =

= 48 • In л/2 = 24 In 2. >

10.2 1-masala. r  = o(l + cos^) kardioda bilan chegaralangan plas­
tinkaning Ox va Oy o‘qlariga nisbatan Ix va Iy inersiya moment- 
lari topilsin. (/? = l)

< Berilgan plastinkaning Ox va Oy o'qlariga nisbatan inersiya  
m om entlari (20)-form ulalarga k o ‘ra

h  = j fp  • y'dxdy =  \\y 2dxdy va Iy =  \\px2dxdy =  [\x2dxdy ten g-
O «  D D

liklar yordam ida topiladi.
Bu formulalar qutb koordinatalar sistem asida quyidagi k o ‘rinishga  

keladi:

l x = JJr3 sin2 (pdrdcp va I y = j j r 3 cos: cpdrdcp,
Д л

bu yerda A = j(r>Ç>): - ^ - < ( p < i z \  0< /-<a(l + cos<pU (21-chizma).



21-chizma.
X  o (l+ cos(u ) „

I x =  JJr3 sin2 (pdrdcp = |s ir r  (pdcp J r ’d r  =  32a4 Jsin2 • cos10 ^~d(p =

sin y  = ;  => ip = 2 arcsin z=> dtp =

tp = 0 => z = 0 
<p = k  =$ z = 1

2d :

= 64a4 '|V ~(l -  z2 d:  =

1 -
N

z2 = t=>dz = —t -dt
2 „

i i
= 32a4 J/2 • (1 - /)S d t  =  32a 4 • JV2~ • (l -  /) 2 d t

= 32a
r ( 7 )  322 2

ÎT o(l+cos?>)
I v = JJ/-3 cos2 <pdrd<p = j j r ’drdp -  7r = J dtp J r 3d r  -  7, =

= 8a: fcos’S L - d ' - I x = 8a 4 -  7, « ̂
0 2 r (5 )  1 32

_ 21 4 r 49 4 
Demak, / ,  = ̂ * a  > I y = ^ 7ra •*

11.21-masala. Quyida ko‘rsatilgan sirtning yuzasi topilsin.
(S): >|2 + z2=x2 sirtning x2=irv sirt bilan ajratilgan qismi.
< Yuzasini topishimiz kerak bo‘lgan sirtning Oxy tekisligidagi 

proyeksiyasi 22-chizmada tasvirlangan.
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22-chizma.
Sirtning yuzasini (16)-formuladan foydalanib, hisoblaymiz. Agar

D  =  { ( x , y ) \  0< y < a ,  y < x < y j â ÿ }  desak, unda S=4- jj^l+(z')2 +(z')2dxdy
D

bo‘ladi, chunki, y  +  z 2 =  x 2 konus sirtning Oxy tekislikka nisbatan 
simmetrik joylashgan z  > 0 va z  < 0 tengsizliklar bilan tasvirlanadi- 
gan qismlari bor, ham D  soha (S ) sirtning Oxy tekislikdagi proyek- 
siyasining yarim bo‘lagi.

-■=sl*2 - y 2 => -T>  / z i =- /- /  , => 'Jl + « ) : + ( K f  = =*
V-v - r  V-T<Jx2- y  

^  xdx
5=4^2 fc/v} =4^2 """ 4 -=4V2 ^ ^ 7 * =

0 y  y j X ' ~  y ~  o.v y  0

ttct

o aV—  ■> v —
2 I 2 a - 2---- - \ l a y - y ~  +— arcsin---- —

2 v 8
ttcT

" V T

Shunday qilib, birl. >

12 .21 -m asa la . Quyidagi

* 2 + >’2 = 4 j ,  x2 + y 2 = l y ,  z  =  y[x2 + y 2, z  =  0 ;
sirtlar biian chegaralangan jism ning hajmi hisoblansin .

< jismning hajmini ikki karrali integral yordamida (14)-for- 
muladan foydalanib, hisoblaymiz:

V = J \ f (x , y )dxdy  = JJV-x2 + y 2dxdy,

3 5 2



hisoblanadi.

bu  yerda D so h a  x2+ y 2 =4 y  va  
x2 + y2 = l y  aylanalar bilan chegaralan- 
gan (23-ch izm a).

H isoblashni yengillashtirish  uchun  
qutb koordinatalar sistem asiga o ‘tamiz: 
x = rcoscp, y = rsmcp.

U n d a  D so h a  ushbu  
A = { (r ,p ) :  0 <<p <n, 4 s in ^ <  r < 7 sin 
soh a g a  akslanadi va hajm  o son g in a

,r 7siny> /"2 7siny> '̂ 2 #3 7siny> ^

V = j f r 2drdp = jdtp J r2dr =  2- jdtp J r2d r=  2 j-^- dtp = \%6 jsm* tpdtp =
A 0 4sin?> 0 4sin^  "  3  -

= 186 J(cos2 < p - 1) ¿/(cos^) = 186-f—------ cos " = 186 —= 124.
o V  J  Jo 3

D em ak, F  = 124 kub. birlik. >

13.21-masala. Quyidagi r = 2-18(jc2+ jy2) va z = 2 - 3 6 y  sirt- 
lar bilan chegaralangan jismning hajmi hisoblansin.

< Bu jism ning hajm ini ham  (14)-form uladan foydalanib, h isob­
laym iz. A w a l jism ning Oxy tekisligidagi proyeksiyasi D ni topamiz:

j  -  8(.r y  ) = > 2 - 1 8 ( x 2 + y 2)  =  2 - 3 6 y = > x 2 + y l - 2 y = 0 = > x ? + ( y - l f  = 1 = >  
[z = 2-36^

£> = { (r.,.):x*+ (,- l), =l}.

D em ak,

l'= }J[2-18(^2 + y2)-(2-36y)}fic4’= -18JJ(.V! +.V2 -2y)dxdy=-l8 | |V  +(>’- l ) 2 - l" U ^ =
/) I) r\

'  x  = rcostp=>\v\ = r, A  = { (r . tp ) :0 < tp < 2 n ,  0 < / - < l |  

^ . y - l  =  r s m $ ! >

4 jV Jg
= _ 1 8 i  T " T  dcp = ~ 2 n = 9 n  kub. birlik. >

o V 4 z /o

I
=  - 1 8  jd tp  J r ( r 2- \ ) d r  =
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14.21-masala. Quyidagi
1 1 1 r\ *> 2 *» "> 9 1 'x + y + z = 2az, x ~ + y = z x ~  + y~ =  —z

sirtlar bilan chegaralangan jismning hajmini uch karrali integral 
yordamida hisoblang.

< Izlangan hajmni topish uchun awal (13)-formulalardan foy­
dalanib,

x = pcostp - sin i//, 
y = p s in  (p ■ sin ty, 
z  = p  cost / / .

akslantirish yordamida sferik koordinatalar sistemasiga o‘tamiz. 
Bunda yakobian

D ( x , y , z )  .
— f ------- '-r =  p  -sinif/.

bo‘lib, ( V )  jism (A) jismga akslanadi. Izlangan hajmni hisoblash uchun

V = \ \ \ d x d y d z = \ \ \ p 2 •sin i ¡ /dpd (pd\ j / .

(y) (A)
formuladan foydalanamiz.

Berilgan sirtlaming tenglamalarini sferik koordinatalarida yozamiz.
|x 2 +  y 2 +  z 2 = 2 a z ]  - > { p  =  2 a c o s t / / j ,

[ x 2 +  y 2 =  z 2} -> {ig:>  = lj => jy / = j  j ,

Demak, (V ) jism quyidagicha bo‘ladi.

(A) =  \^p . (p , i i / ) : § < ( p < 2 n ,  0 < /? < 2 a c o s ^ j

Shunday qilib, izlangan hajmni osongina hisoblaymiz:

=-t A  l6„ a >V*
Í r f "> i I O T T u  f 3 • i ^ i

dtp J sin ipdip J p d p  =  ——  Jcos ^ ■ s i n ^  = — .Tta (kub.birl) > .
12
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jxyds, ^ :3 |x | +  4 |j |  = 12, y > 0 .
Y

< y yoy Oxy tekislikda ABS siniq chiziqni beradi. (24-ch izm a).

15.21-masala. Egri chiziqli integral hisoblansin.

A C '̂ T x +  4 y  =  \ 2 , 0 < x < * r ~  ¿ € : y  = - - x  + 3 , Q < x < 4 .

=> n
B C :-3x  + 4 y  = 1 2 ,-4  < x  < 0; B C : y  = ^-x + 3 , - 4  < x < 0 .

4

Birinchi tur egri ch iziq li integralning q iym atin i (24)-form u la-  
dan foydalanib, hisoblaym iz:

\xyds = \xyds + \xyds = J x - i-J x  + s l -  J l + i - f l  dx+ + jl + i j ]  dx =
AD AC

4

bc a 
0

= f'Y r i * + 3 \ l dx+ H l x + 3

= |(2 4 -1 6 )  + |( l6 - 2 4 )  = 0> 

16 .21 -m asa la . Ushbu

- d x  =  — - 
4 4 2 4

5+ — ■ 
4

3*---- 1-----
4 2

\°

J * 1 + y 2
¥ y dx  + r +  X

+  y
dy.

ifodaning biror F(x,y)  funksiyaning to ‘liq differensiali bo‘lishi yoki 
h o‘Imas!igini aniqlang. A gar u to ‘liq  differensiali bo 'lsa , F(x,y)  
funksiyani toping.

< f’( x , y )  =  - j - = = T + y  va 0 ( x . y )  = - :V_ + x ;
x +y~
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deb belgilasak, Pdx + Qdy ifodaning to ‘liq  differensiali bo'lish i uchun 
(38)-ten glik , ya’ni

d P  =  d Q  

dy— dx * -
munosabat bajarilishi kerak. Shuni tekshiram iz:

dP
dy + У

biror F( x ,y )  funksiyaning to ‘liq d ifferensiali. F(x,y)  funksiyani 
to p ish  u ch u n  (3 9 )-fo r m u la d a n  fo y d a la n a m iz . S o d d a lik  u ch u n  
a-0 = 0 , y0 = 1 deb olam iz.

F (.t. v ) =  j p ( x , y ) d x +  ¡ Q ( 0 , y ) d } ’ =  j  , + У  dx +  j d y  +  c =  yj x 1 +  y  + x y  +  c.
o i о [ y / x ~ + y  J  ,

D em ak, F(x,y)  = s]x2 + y 2 +xy + c. >

17.21-masala. Quyidagi I-tur sirt integrali hisoblansin.
(S )- z = x2 + y 2, ( 5 ) :  z = x2 + y2 sirtning z = 1 tekis-

(5)
lik bilan ajratilgan qismi.

< z  = x2+ y 2 paraboloid aylanm a sirtdir, unda z > 0 .  
D em ak, integral ostidagi funksiya

f(x,y, z)  = \xyz\ = z-\xy\ 
k o 'r in ish d a  y o z il is h i  m u m k in . T o ‘rtta o k ta n td a  o lin g a n  
M {(x,y.z), M 2(-x,y,z) ,  M 3(-x,-y,z),  M A(x,-y,z) nuqtalarda bu 
funksiyaning qiym ati o ‘zaro teng.

Shuning uchun integrallashni I-oktantda (u n d a f ( x ,y , z ) = x y z )  
olib boram iz va natijani 4  ga k o‘paytiram iz.

/  =  4 . =  4 ■ Jjxyzds =  4  - jjxyz J l  + ( z ,  ) +  [z\. )* dxdy,
(Si) о  V

bu yerda (S ,)  sirt (S ) sirtning I-oktantdagi q ism i, D esa (51, )  ning  
Oxu tekisligidagi proyeksiyasi (2 5 -ch izm a ).
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25-chizma.

' _________ ffX = rCOStp => 0<Г<1 У
z '  = 2.x, Z,  = 2 у  => 1 =4Ífxv(.x2 + y 2)yjl + 4x2 +4y*dxdy= ж =

о y  = rsinç> => 0<</>< —\\ 2 Л
I   1 ____  £ 1

= 4 J/-5 ■ \ll + A r  dr I úncp-cosipdq) = 2 ■ j r  - Vi +4r~ - sin2 <p 2 dr = 2 jV5-\ll + 4r2dr -

v/l + 4/-2 = /, desak, r = 0 => i = 1, r: =^(?2- l )  

r = l=>/=\/5, rdr = —tdt

3 5 7
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