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1-Mavzu. Differensial tenglamalar hagida dastlabki tushunchalar.
Reja

1. Differensial tenglama hagida tushuncha

2. Hosilaga nisbatan yechilgan birinchi tartibli differensial tenglama

3. Koshi masalasi.

4. Mavjudlik va yagonalik teoremalari

5. Izoklina

Tayanch tushunchalar: differensial tenglama, tenglamani tartibi, integral chizigi,
oshkormas yechim

1-Reja. Ta’rif. Erkli o’zgaruvchilar, ularning noma’lum funksiyasi (yoki funksiyalari) va
noma’lum funksiyaning hosilasi qatnashgan tenglik differensial tenglama deyiladi. Agar
differensial tenglamada erkli o’zgaruvchi bitta bo’lsa u oddiy differensial tenglama deyiladi. Erkli
o’zgaruvchilar soni ikkita va undan ortiq bo’lsa u hususiy hosilali differensial tenglama deyiladi.
Differensial tenglamada gatnashgan noma’lum funksiya hosilasining eng yuqori tartibi tenglama
tartibini belgilaydi.

Misollar.
y" + y = 0- 2-tartibli oddiy differensial tenglama
u, + u, = 0— 1-tartibli hususiy hosilali differensial tenglama
Uy T Uyy, = 0—2-tartibli hususiy hosilali differensial tenglama

2-Reja. Hosilaga nisbatan yechilgan birinchi tartibli oddiy differensial tenglama quyidagi

korinishga ega:

y=fxy). @
f (x,y)funksiya ' c¢ R?sohada aniglangan bo’lsin.I' sohaning Oxo’qidagi proeksiyasi Iintervaldan
iborat bo’lsin.

Ta’rif. Agar] intervalda aniglangan y = y(x)funksiya (1) tenglamani shu intervalda
ayniyatga aylantirsa, ya'ni y'(x) = f(x,y(x)),x €I ayniyat o’rinli bo’sa, u holda y =
y(x)funksiya Iintervalda (1) tenglamaning yechimi deb ataladi. (1) tenglamaning har bir
yechimining grafigi bu tenglamaning integral chizig’i deyiladi.

Misollar. 1. y' = 2xtenglama uchun T = R2. y = x2funksiya R = (—o0, +00)to’plamda bu
tenglamani yechimi bo’ladi.

2. y' = 1x2tenglama uchun T ={(x,y): —1<x<1,—-0 <y <o} y=arcsinx +

Vi
1funksiya I = (—1, 1)intervalda bu tenglamaning yechimi bo’ladi.

(1) tenglamaning yechimi oshkormas funksiya ko’rinishida bo’lishi ham mumkin. ®(x,y) =
_ ‘Dx (x:Y)

0, oshkormas funksiyadany’ = —— )
y(x,

ni topamiz. Demak

D, )
—3y=f(x,y)()
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ayniyat o’rinli bo’lsa,®(x, y) = 0 funksiya (1) tenglamaning oshkormas yechimi deb ataymiz.

x+y(x2+y?-1)
—y+x(x2+4+y2-1)
koordinatalar boshida bo’lgan radiusi 1 ga teng aylana) yechimi bo’lishini ko’rrsataylik: @, = 2x,
2x _ x+y0

Misol.y’ = tenglamani x? +y?2 —1 =0 oshkormas funksiya (markazi

®,, = 2y. Bularni (2) ga qo’ysak — ayniyatga ega bo’lamiz. Demak berilgan tenglama

2y T —y+x0
x% + y? — 1 = Ooshkormas yechimga ega ekan.
Differensial tenglama yechimi parametrik ko’rinishda hosil bo’lishi ham mumkin.
x =),y =9®)3)

parametrik funksiya uchun
P'(0)
@' (1)
ayniyat intervalda o’rinli bo’lsa (3) funksiyani (1) tenglamaning parametrik yechimi deymiz.

= fle®,¥(®)4)

2
Misol.x = acost,y = b sin tparametrik funksiya (ellips)y’ = —Zz—;differensial
tenglamaning yechimi bo’ladi. Haqigatdan ham

dy bcost b%acost

dx asint  a?bsint
munosabat (4) ayniyat to’g’riligini ko’rsatadi.
3-Reja. (1) tenglamaning

y(x0) = yo(5)

boshlang’ich shartni qanoatlantiruvchi yechimini topish masalasi — Koshi masalasi deyiladi.
Bundax,, y, boshlang’ich berilganlar (qiymatlar) deb ataladi. Koshi masalasining geometrik
ma’nosi — (1) tenglamaning (x,, yo)nuqtadan o’tuvchi integral chizig’ini topishdan iborat. (1)
tenglamaning fagat bitta integral chizig’i otadigan RZtekislikning nuqtalaridan iborat to’plamni
Dorqali belgilaylik.

Ta’rif. Agar birinchidan

y = ¢(x,C)(6)

bir parametrli chiziglar oilasining har bir chizig’i (1) tenglamaning integral chizig’idan iborat
bo’lsa, ikkinchidan ihtiyoriy (x,y) € D nugtada nugtada (6) tenglamani Cga nisbatan bir giymatli
yechish mumkin bo’lIsa, u holda (6) chiziglar oilasi (1) tenglamaning umumiy yechimi deyiladi.

y = @(x, C) chiziglar oilasining differensial tenglamasini tuzish uchin

{y = ¢(x,0),
y' =¢'(x,C)

sistemadanC ni yo’qotish kerak.

Misol. 1. y = sin(x + C)chiziglar oilasining differensial tenglamasini tuzaylik.

{y = sin(x + C),
y' = cos(x + C)

Sistemadany’2 + y? = 1 differensial tenglamani hosil gilamiz.
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2.y = yctgx,y(g) = 2— Koshi masalasini yechamiz. Berilgan tenglamaning umumiy yechimi

y = C sin xchiziglar oilasidan iborat. y(g) = g =2 tenglikdan masalaning yechimini
aniglaymiz:y = 4 sin x.

Ta’rif. Agar (1) tenglamaningy = ¢(x) integral chizigi’ining barcha nugqtalarida Koshi
masalasi yagona yechimga ega bo’lsa y = ¢@(x) funksiya (1) tengla'maning hususiy yechimi
deyiladi.

Agar (1) tenglamaningy = ¢(x) integral chizigi’ining barcha nuqtalarida Koshi masalasi
kamida ikkita yechimga ega bo’lsa y = ¢(x) funksiya (1) tenglamaning mahsus yechimi deyiladi.

Differensial tenglamaning barcha yechimlarini topish masalasi differensial tenglamani
integrallash masalasi deb yuritiladi.

4-Reja. Koshi teoremasi. Agarf(x,y) va %’;”funksisyalarr‘ sohada uzluksiz bo’lsa u
holda har bir (x,, y,) € 'nugta uchun shundayh > 0 son topiladiki (1),(5) Koshi masalasiningl =
{x:|x — xo| < h} intervalda aniglangan yechimi mavjud va yagona bo’ladi.

Ta’rif. Agar I'sohada aniglanganf(x,y) funksiya uchun shundayL > 0 son topilsaki,
I'sohadan ihtiyoriy(x, y,), (x, y,) nugtalar olinganda ham

|f (e, y1) = fo,y2)] < Llyy = yal

tengsizlik bajarilsaf (x, y) funksiya bu sohada ybo’yicha Lipshis shartini ganoatlantiradi deymiz.

Pikar teoremasi. Agar f(x,y)funksiya I'sohada uzluksiz va y bo’yicha Lipshis shartini
ganoatlantirsa u holda har bir(x,, y,) € I' nugta uchun shunday h > 0 son topiladiki (1),(5) Koshi
masalasining I = {x: |x — xy| < h} intervalda aniglangan yechimi mavjud va yagona bo’ladi.

Peano teoremasi. Agar f(x, y)funksiya I'sohada uzluksiz bo’lsa u holda har bir (x,,y,) €

I'nuqta uchun (1),(5) Koshi masalasining kamida bitta yechimi mavjud bo’ladi.

5-Reja.(1) tenglamaning izoklinasi deb tekislikdagi shunday nugtalarning geometrik o’niga
aytiladiki, u nuqtalarda (1) differensial tenglamaning integral chiziqlariga o’tkazilgan urinmalar Ox
0’qining musbat yo’nalishi bilan bir hil burchak tashkil etadi. Ta’rifga ko’ra izoklina
tenglamasif (x,y) = k, k — const, ko’rinishda bo’ladi.

Nazorat savollari
1. Differensial tenglama hagida tushuncha bering
2. Hosilaga nisbatan yechilgan birinchi tartibli differensial tenglama nima?
3. Koshi masalasini yoriting
Foydalanilgan adabiyotlar ro yxati

1. Morris Tenebout, Harry pollard. Ordinary Differential Equations. Birkhhauzer. Germany,
2010.

2. Robinson J.C. An Introduction to Ordinary Differential Equtions, Cambridge University
Press 2013.

3. CrenanoB B.B. Kypc nquddepennnansasix ypapaennii. M., KomKaura/ URSS. 2006. —
472 c.



2-mavzu. O’zgaruvchilari ajraladigan differensial tenglamalar
Reja
1. Birinchi tartibli soda differensial tenglamalarni integrallash
2. O’zgaruvchilari ajraladigan differensial tenglamalar
3. Bir jinsli tenglamalar
4. Bir jinsli tengalamaga keltiriladigan differensial teglamalar

Tayanch tushunchalar: umumiy yechim, o zgaruvchilari ajraladigan differensial tenglama,
bir jinsli tenglamalar

1-Reja. Ushbu
y' = f)(1)

tenglama — noma’lum fuksiya qatnashmagan birinchi tartibli eng sodda differensial tenglama
deyiladi. Agar f(x) funksiya I intervalda uzluksiz bo’lsa, tenglamaning bu intervaldagi umumiy
yechimi

() = f FG)dx +C

formula bilan ifodalanadi.
Ushbu

y' =9 (2)
tenglama — erkli o’zgaruvchi qatnashmagan birinchi tartibli eng soda differensial tenglama
deyiladi. Agar g(y) funksiya y o’zgaruvchining biror I, intervalida uzluksiz va nolga aylanmasa u

holda (2) tenglama
dx 1
—_— = (2
dy g(y)( )

tenglamaga teng kuchli bo’ladi. (2") tenglamani erkli o’zgaruvchi y dan, no’malum funksiya x dan
iborat (1) ko’rinishdagi differensial tenglama deyish mumkin. Va uning I, intervaldagi umumiy
yechimi

dy
x=|—=<+C
J 162,
formula bilan ifodalanadi.
Agar g(y) = 0 tenglama y; = k;, i = 1,2, ... ildizlarga ega bo’lsa, u holda (2) differensial
tenglama (—oo, o) intervalda y; = k;, i = 1,2, ... yechimlarga ega bo’ladi.

2-Reja. Ushbu

f(x)dx = g(y)dy (3)

tenglama o’zgaruvchilari ajralgan differensial tenglama deyiladi. Matematik amallar bajarish
natijasida (3) ko’rinishda yozish mumkin bo’lgan teglamalarni o’zgaruvchilari ajraladigan
differensial tenglamalar deb ataymiz. f(x) va g(y) funksiyalar uzluksiz bo’lgan I' sohada (3)
tenglamaning umumiy yechimi



[ reodx = [ gray+c

formula bilan ifodalanadi.

1
1

dy _ dx
1+y2  1+4x2

2
:zztenglamani (3) ko’rinishda yozish mumkin: Umumiy yechimni

dy dx
f =f rc
1+ y? 1+ x2

arctgy = arctgx + C.

Misol.y’ =

yozamiz:

Yoki

Berilgan teglamani yechish jarayonida 1 + y? ifodaga bo’lish bajarildi. 1 + y? # 0 bo’lgani
uchin bu amalni bajarish mumkin.

Javob:arctgy = arctgx + C.
3-Reja. Ushbu

y =)@

ko’rinishda yozish mumkin bo’lgan tenglamalarni bir jinsli differensial tenglamalar deb ataymiz.
(4) tenglamani integrallash uchun y = ux formula bilan noma’lum funksiyani almashtirish
bajaramiz, bunda u = u(x) — yangi noma’lum funksiya. Natijada

ut+u'x=f(u)
Yoki

du  dx

f)—u x
— o’zgaruvchlari ajralgan differensial tenglama hosil bo’ladi. Bu tenglamaning umumiy yechimi
formulasida u = %almashtirish bajarsak (4) tenglamaning umumiy yechimi topiladi.

Tenglamani yechish jarayonida f(u) —u ifodaga bo’lishni bajardik. Bu ifoda nolga
aylanadigan holatni o’rganib chiqamiz. Agar f(u) = ubo’lsa (4) tenglama y' = % o’zgaruvchilari
ajraladigan tenglamadan iborat bo’ladi va uning umumiy yechimi y = Cx ko’rinishga ega. Agar
f(u) =utenglamau = k;, i = 1,2, ... ildizlarga ega bo’lsa, (4) differensial tenglama y = k;x, i =
1,2, ... yechimlarga ega bo’ladi.

Misol.
xdy = (x + y)dx (4"
tenglamani integrallaymiz. Bu tenglamani (4) ko’rinishga keltirish mumkun:
y
=14+
Y X

demak (4") tenglama bir jinsli ekan. y = ux almashtirish bajaramiz, natijada:

dx
ux+u=1+u = ux=1 =du=— = u=Inlx|+C.
X
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Eski y o’zgaruvchiga qaytamiz:
y = x(In|x| + C).
(4") tenglamani yechish jarayonida x ga bo’lishni bajardik. x = 0 funksiya (4') tenglamani
ganoatlantiradi. Javob: y = x(In|x| + C), x = 0.
4-Reja. Dastlab

ax+by+c
a,x +by+c

y=£( )

ko’rinishdagi differensial tenglamalarni holatlarga ajratib o’rganaylik.
I holat. ¢c; = ¢, = 0 bo’gan hol. Bu holda (5) tenglama

, ax + by
o)
a,x + by

ko’rinishga ega bo’lib u bir jinsli tenglamadan iborat. Chunki tenglamani (4) ko’rinishda yoza

olamiz:
a+b%
y =1 a1x+b1% '

Il holat. ¢, va c, koefitsientlardan kamida bittasi noldan farqli bo’lsin.

A hol.ai = bi bo’lgan hol. Bu holda a; = ka, b; = kb tengliklarga ko’ra (5) tenglama
1 1

, ax + by +c
y'=f ( )

k(ax + by) + ¢,
ko’rinishni oladi. Tenglamada z = ax + by formula bilan noma’lum funksiyani almashtirish
bajaramiz, bunda z = z(x) — yangi noma’lum funksiya. Natijada

_ <z+c>+
Z= sz+c1 4

yoki
z' =g(2)

— erkli o’zgaruvchi qatnashmagan birinchi tartibli eng sodda differensial tenglama hosil bo’ladi. Bu
tenglamaning umumiy yechimi formulasida z = ax + by almashtirish bajarsak (5) tenglamaning
umumiy yechimi hosil boladi.

B hol. & = 2 bo’lgan hol. Bu holda
aq bl
{ ax+by+c=0
ax+byy+c, =0

sistema yagona (x,,y,) Yechimga ega. (5) tenglamada x = u + x,, y = v + y, formulalar bilan
o’zgaruvchilarni almashtirish bajaramiz, bunda u — yangi erkli o’zgaruvchi, v = v(u) — yangi

v,=f(au+bv>

a,u + byv
8
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tenglama hosil bo’ladi. Bunday ko’rinishdagi tenglamani yuqorida I holatda o’rgandik. Bu
tenglamaning umumiy yechimi formulasida u = x — x,, v =y —y, almashtirish bajarsak (5)
tenglamaning umumiy yechimi hosil bo’ladi.

Ba’zan y' = f(x,y) tenglamada y = z% formula bilan noma’lum funksiyani alamashtirish
bajarish bilan bir jinsli differensial tenglama hosil gilinadi, bunda z = z(x) — yangi noma’lum
funksiya.

Misol.
2

XYY =Vx0 =yt +y*(6)

tenglamani bir jinsli tenglamaga Kkeltirib integrallaylik. Tenglamada y = z* alamashtirish
bajaramiz:

2
—xz%qz% 1z = \/x6 — z%® + z2¢, (7)

3

Bu tenglamada o’zgaruvchilarning darajalari teng bo’lsa tenglama bir jinsliga aylanadi, ya’ni 2a =
3 tenglik bajarilishi zarur. (7) tenglamada a« = 1,5 desak u

4

V4

+ —
X

:m+z3: (x)4_(z)2 z

xz2 VA x

ko’rinishni oladi. Bu bir jinsli tenglamada z = ux almashtirish bajaramiz:

e+ 1—u6+ u?du dx
ux+u= u = =— =
ut vi—u® X

d(u3) dx . 3 3
j—=3]—+ln€ =  arcsinu® =1InCx”.
/1 — (u3)2 X
Eski o’zgaruvchilarga qaytamiz:
Z\3 2

) .y
arcsin (—) =1InCx3 = arcsin— = In Cx3.
X X

Shunday qilib garalayotgan tenglamaning umumiy yechimi: arcsin z—: =InCx3.

(6) tenglamani integrlalsh jarayonida x, z2, V1 —u® ifodalarga bo’lish bajarildi. Bu
ifodalar nolga aylangan holatlarni tekshiraylik. x = 0 funksiya (6) tenglamani ganoatlantirmaydi.
z =0 da almashtirish formulasiga ko’ra y = 0 fuksiya hosil bo’ladi. Bu funksiya ham (6)
tenglamani ganoatlantirmaydi. 1 —u® = 0 bo’lgan holni o’rganaylik. Bu holda u =41 o’z
mavbatida z = x, z= —x va bundan = x3/2,(x > 0), y = (—x)3/?,(x < 0) funksiyalar hosil
bo’ladi. Bu funksiyalar berilgan tenglamani qanoatlantiradi va umumiy yechimda € = x~3e™/?,
C = x~3e™™2 bo’lgan holda hosil bo’ladi, ya'ni o’zgarmas parametr x ga bo’g’liq aniglanyapti.
Demak y = x3/2,(x > 0), y = (—x)3/2,(x < 0) funksiyalar (6) tenglamaning mahsus yechimlari
ekan.



2
Javob:arcsinZs = InCx3, y = x3/2,(x > 0), y = (—x)3/2, (x < 0).

.X'3

Eslatma. Differensia tenglamani integrallash vaqtida bo’lish amalidan foydalanilganda
qaralayotgan tenglamaning yechimi yo’qotilishi mumkin. Shu sababli bo’luvchi ifoda nolga
aylangan hollarni tekshirish shart. Bunda, aytaylik y = ¢(x)funksiya hosil bo’lsa, birinchidan bu
funksiya tenglamaning yechimi bo’lishi tekshiriladi, ikkinchidan funksiyani umumiy yechimda y
o’rniga qo’ib Cning giymatini aniglaymiz. Agar Cning giymati bir giymatli va chekli aniglansa
javobda y = ¢(x) funksiya alohida ko’rsatilmaydi. Agar Cning giymati co ga teng bo’lsa y = ¢(x)
funksiya garalayotgan tenglamaning hususiy yechimi bo’ladi va javobda alohida ko’rsatiladi. Agar
Cning giymati xga bog’liq aniglansa, y = ¢@(x) funksiya garalayotgan tenglamaning maxsus
yechimi bo’ladi va javobda alohida ko’rsatiladi.

Nazorat savollari
1. Birinchi tartibli soda differensial tenglamalarni integrallash
2. O’zgaruvchilari ajraladigan differensial tenglamalar
3. Bir jinsli tenglamalar
4. Bir jinsli tengalamaga keltiriladigan differensial teglamalar

Foydalanilgan adabiyotlar ro yxati
1. Canoxutauno M.C., Hacputauaos I'.H. Onnuii nuddepennman renrnamanap. TomkeHT,
V36ekucron”, 1994.

2. bubuxos K0.H. Kypc o0bikHOBEHHBIX T depeHnranbHbIX ypaBaeHuid. M., 1991. 314 c.
3. IlerpoBckuii N.I'. Jlexkuuu mo Teopun OOBIKHOBEHHBIX AU(PepeHInanbHbIX ypaBHEHHH. M.:
n3n-BoMock. YH-Ta. 1984.

3-Mavzu. Birinchi tartibli chizigli differensial tenglama
Reja
1. Chizigli differensial tenglama
2. Bernilli tenglamasi
3. Rikkati tenglamasi

Tayanch tushunchalar: chizigli tenglama, o°zgarmasni variatsiyalash, integrollovchi
ko paytuvchi, Bernulli va Rikkati tenglama

1-reja.Birinchi tartibli chizigli differensial tenglama deb
y' =a(x)y+b(x)(1)
ko’rinishdagi tenglamani aytamiz.

Teorema. Agar a(x) va b(x) funksiyalar biror I intervalda uzluksiz bo’lsa u holda ' =
{(x,y):x € I, —00 < y < o} sohaning ihtiyoriy olingan (x,, y,) nugtasidan (1) tenglamaning fagat
bitta integral chizig’i o’tadi va bu chiziq

X
y =|yo+ fe““(t)b(t)dt et (2)

Xo
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formula bilan ifodalanadi, b yerda

X
eAl) = f a(t)dt.

Xo
Isbot.f (x,y) funksiya I'sohada Koshi teoremasining barcha shartlarini ganoalntiradi, yani
f(x,y) va Z—f/ = a(x) funksiyalar bu sohada uzluksizdir. Demak, Koshi teoremasiga ko’ra
I'sohaning ihtiyoriy olingan (x,, y,) nuqtasidan (1) tenglamaning faqat bitta integral chizig’i o’tadi.
Endi (2) funksiya izlanayotgan yechim ekanini ko’rsatamiz. y(x,) = y,ekani ravshan. (2) funksiyni

hosilasini hisoblaymiz:

P

y =1y, + fe‘A(t)b(t)dt e q(x) + e A®p(x)eA® = a(x)y + b(x).

Xo
Bu tenglik (2) funksiya (1) tenglamani qanoatlantirishini ko’rsatadi. Teorema isbotlandi.

(2) tenglamaning umumiy yechimini hosil gilishning o’zgarmasni variatsiyalash usuli

bilan tanishamiz. y’ = a(x)ytenglama (1)ga mos bir jinsli tenglama deb ataladi. Bu tenglama

o’zgaruvchilari ajraladigan differensial tenglama bo’lib uning umumiy yechini yozaylik: = Ce4™,

(1) tenglamani umumiy yehimini
y = C(x)e*@(3)
ko’rinishda gidiramiz. (3) funksiyani va uning hosilasini (1)ga qo’yamiz:
C'(x)eA™® + C(x)eAa(x) = a(x)C(x)e ™ + b(x).

Bundan

X
C'x)=e*®@p(x) = Ckx)=C+ fe"A(t)b(t)dt
X0
C(X) ning topilgan ifodasini (3) ga qo’ysak (1) tenglamanaing umumiy yechimi hosil bo’ladi:
X
y=|C+ fe‘A(t)b(t)dt eAX), (4)
Xo
(4) umumiy yechim formulasidan y(x,) = y, boshlang’ich shartni ganoatlantiruvchi hususiy
yechini ajrataylik: y(x,) = € munosabatga ko’ra
X
y=|yo+ fe““(t)b(t)dt e4t)
Xo
yoki (2) formulani hosil gildik.

(1) tenglamani umumiy yechimini integallovchi ko’paytuvchi usulida ham hosi qilish
mumkin. u(x) = e 4™ funksiya (1) tenglamaning integrallovchi ko’paytuvchisi deyiladi. (1) ni bu
funksiyaga ko’paytiramiz:

e~ AWy _ =AW g (x)y = e A p(x) = (e‘A(x)y)’ = e 4®p(x)
11



X
= e AWy =C + fe‘A(t)b(t)dt.
Xo

Ohirgi tenglikni e4® ifodaga ko’paytirsak (4) umumy yechim hosil bo’ladi.
Misol. y' — 273/ = xtenglamani o’zgarmasni variatsiyalash usulida umumiy yechimini
topamiz. Unga mos bir jinsli tenglama y’ —273' = 0. Bir jinsli tenglamaning umumiy yechimi y =

Cx?. Berilgan tenglamani umumiy yechimini y = C(x)x? ko’rinishda gidiramiz. Berilgan
tenglamaga y = C(x)x? ni va uning xosilasini qoyaylik:

2 1
C'O)x* +2C(0)x ——-COx* =x = C'()=—

= (C(x) =In|x|+C.
Bundan berilgan tenglamaning umumiy yechimini hosil gilamiz: y = x2(In|x| + C).
Endi tenglamani integrallovchi ko’paytuvchi usulida yechamiz. Uning integrallovchi
ko’paytuvchisi u(x) = e_f% = xiZ funksiyadan iorat. Tenglamani x_12 ifodaga ko’paytiramiz:
1 1\ 1 1

=Y -3=7 = (x—zy) =7 = Fy=ln|x|+C
= y = x2(In|x| + C).
Javob: y = x2(In|x| + ©).
2-reja.Bernulli tenglamasi deb

y' =a()y+bx)y™(5)

ko’rinishdagi tenglamaga aytamiz. Agar m = 0 bo’lsa bu tenglama (1) ko’rinishni oladi. Agar m =
1 bo’lsa (5) tenglama o’zgaruvchilari ajraladigan differensial tenglamadan iborat. Biz m # Ova
m # 1bo’lgan holda (5) tenglamani integrallash ketma-ketligini ko’rib chigamiz. (5)ni y™ga
bo’lamiz:

y Ty =a()y'™™ + b(x).
No’ma’lum funksiyani z = y~™formula bilan almashtiramiz. U holda
zZ'=0-m)yy ™y’ = (A -m)alx)z+ (1 —m)b(x).

Bu tenlama z ga nisbatan birinchi tartibli chizigli differensial tenglamadir va biz uni integralalshni
yuqorida ko’rib o’tdik. Uning umumiy yechim formulasida z = y*~™ almashtrish bilan eski y
o’zgaruvchiga qaytsak (5) tenglamaning umumiy yechimi hosil bo’ladi.

Ta’kidlash joizki m > 0 bo’lgan holda (1) tenglama hamma vaqt y = 0 yechimga ega
bo’ladi. Agar m < 1 bolsa bu yechim mahsus yechimdan, aks holda hususiy yechimdan iborat.

2
Misol. y’ — > = —>- tenglamani qaraylik. Uni y* ga bo’lamiz:
y' 1 1
yz xy @ x



Bu yerda z = %almashtirish bajaramiz, natijada:

VA
z' = —y—2=> z'= ===
y X x
Bu chizigli tenglamani umumiy yechimi z = %(C + x). Bundan = ﬁ . Berilgan tenglamaning bu

umumiy yechimga kirmagan y = 0 hususiy yechimi ham mavjud.

Javob:y = Cx: y =0.

3-reja.Rikkati tenglamasi deb
y' =a(x)y*+b(x)y + c(x)(6)

ko’rinishdagi tenglamaga aytamiz. Agar a(x) = 0 bo’lsa bu tenglama (1) ko’rinishni olai. Agar
c(x) = 0 bo’lsa (6) tenglama Bernulli tenglamasidan iborat bo’ladi.

Teorema. Agar Rikkati tenglamasining bitta hususiy yechimi ma’lum bo’lsa u holda uni
kvadraturalarda integrallash mumkin.

Eslatma. Agar differensial tenglamaning umumiy yechimini anigmas integrallar orgali
ifodalash mumkin bo’lsa, u holda tenglamani kvadraturalarda integrallash mumkin deb aytamiz.

Isbot.(6) tenglamaning y = ¢(x)yechimi ma’lum bo’lsin. U holda
@' (x) = a(x)p?(x) + b(x)p(x) + c(x)(7)
Ayniyatga egamiz. (6) tenglamada y = z + ¢(x) almashtirish bajaramiz:
Z'+¢'(x) = a(x)[z + p(x)]* + b(x) [z + ()] + c(x).
Bu va (7) tenglikdan
z' = [2a(x)p(x) + b(x)]z + a(x)z?

Bernulli tenglamasi hosil bo’ladi va uni kvadraturalara integrallanishi bizga ma’lum. Teorema
isbotlandi.

Teorema isbotida ko’rdikki Rikkati tenglamasi Bernulli tenglamasining m = 2bo’lgan
holiga aylanadi. Misollar yechish vagtida agar birdan y = §+ @ (x) almashtirish bajarilsa Rikkati
tenglamasini yechish chizigli tenglamani integrallashga keladi.

Misollar yechish vaqtida (6) tenglamani hususiy yechimi berilmagan bo’lsa ba’zan uni biror
ko’rinishda izlab topish kerak bo’ladi. Bunda a(x), b(x),c(x) funksiyalarning ko’rinishi hisobga
olinadi.

Misol.y’ = xy? + x%2y — 2x3 + 1 tenglamani garaymiz. Bu erda y = x hususiy ekanligini

tekshirib ko’rish mumkun. y = i + x almashtirish bajaramiz, u holda z’ + 3x%z = —x bundan

3 3 3 3%/ 3
7'e*” 4 3x%ze¥ = —xe*¥ = (zex) = —xe* =

z=e % (C —Jxexsdx).

Berilgan tenglamaning umumiy yechimini yozamiz:
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%3

e

S T ——
Y C— [xeX’dx

3
ex

c—[xeXdx’

Javob: y = x + Yy =x.

Nazorat savollari
1. Chiziqli differensial tenglama ganday yechiladi?
2. Bernilli tenglamasi deb ganday tenglamaga aytiladi?
3. Rikkati tenglamasi deb ganday tenglamaga aytiladi?

Foydalanilgan adabiyotlar
1. CanoxurauaoB M.C., Hacputnunos I'.H. Opnuit nuddepenuman tenrnamanap. TomkeHT,
V36ekucron”, 1994.

4-Mavzu. To’ligdifferensiallitenglama
Reja
1. To’ligdifferensiallitenglama

2. Integrallovchiko’paytuvchi

Tayanch tushunchalar: To'lig differensialli, maxsus yechim
1-reja. Agar
M(x,y)dx + N(x,y)dy =0 (D
tenglamaning chap tomoni I" sohada biror U(x, y) funksiyaning to’liq differensialidan iborat bo’lsa,
y’ani
dU(x,y) = Uydx + Uydy = M(x,y)dx + N(x,y)dy  (2)
tenglik o’rinli bo’lsa (1) tenglama I' sohada to’liq differensialli deyiladi. To’liq differensialli

tenglamani dU(x,y) = 0 ko’rinishda yozish mumkin. Bunga ko’ra uning umumiy yechimi
U(x,y) = C ko’rinihga ega.
Misol. Ushbu (x3 + y)dx + (x — y)dy = 0 tenglamani I' = R? sohada to’liq differensialli

bo’lishini tekshiramiz va umumiy yechimini topamiz. Buning uchun uning chap tomonini
differensial ostiga kiritishga harakat gilamiz:

4

X 2
x3dx +ydx + xdy —ydy =0 = d<Z>+d(xy)—d(y_> =

2
x4 y?
— d<Z+xy—7>=0.
Demak berilgan tenglama R? sohada to’liq differensialli ekan va uning umumiy yechimi:

x4- 2

Yo _
4+xy 2—(,’.

14



y2

Javob: £+xy—— = C.
4 2

Har doim ham berilgan tenglamani to’liq differensialli bo’lishini to’g’ridan to’g’ri tekshirish
oson kechmaydi. Bu ishda bizga quyidagi teorema qo’l keladi.

Teorema. (1) tenglama I' sohada to’liq differensialli bo’lishi uchun

M, = N,(3)

ayniyat I' sohada o’rinli bo’lishi zarur va yetarli.

Isbot.Zarurligi. (1) tenglama to’liq differensialli bo’Isin. U holda (2) ayniyat o’rinli. Ushbu

Up =M(x,y), Uy=N(x,y)(4)
ayniyatlardan birinchisini y bo’yicha ikkinchisini x bo’yicha differensiallaymiz:
Upy = My, Uyx = Ny

Bu tengliklarning chap qismlari aynan tengligidan (3) ayniyat o’rinli bo’lishi kelib chigadi.

Yetarliligi. (3) ayniyat o’rinli bo’lsin. (2) tenglikni ganoatlantiruvchi U(x,y)funksiya
mavjudligini ko’rsatamiz, yanada aniqrog’i bu funksiyani quramiz. Uni quyidagi ko’rinishda
gidiraylik:

Umw=mewm+mn )

X0

bunda ¢@(y) ihtiyoriy differensiallanuvchi funksiya, (x,,y,) € I'. Bu funksiya (4) ayniyatlardan
birinchisini ganoatlantirishi ravshan. ¢ (y) funksiyani shunday tanlaylikki (4) ning ikkinchi ayniyati
ham o’rinli bo’lsin:

X X
d
NGey) = Uy = 5= [ MG y)dx+9'0) = [ Mydx+ /0.
Xo

X0

Bu erda (3) ayniyatdan foydalanamiz:

X

[ Mtx+ 0/ 0) = NG - NG + 0@ =Ny =

y

o' (¥) =N(xe,y) = o) = fN(xo.y)dy+C-
Yo

Buni (5)ga olib borib qo’ysak izlanayotgan U(x,y) funksiya hosil bo’ladi:

X y
Ulx,y) = fM(x,y)dx+ fN(xO,y)dy+C.
X0 Yo

Teorema isbhotlandi.

Isbotlangan teoremaga ko’ra (3) tenglik o’rinli bo’lsa (1) tenglamaning umumiy yechimi
15



x y
J.M(x,y)dx + J. N(xq,y)dy =C
X0 Yo
formula bilan ifodalanadi. Agar teorema isbotida U (x, y) funksiyani
y
UG = [ NGydy + )
Yo

ko’rinishda gidirganimizda (1) tenglamaning umumiy yechimini

X y
fM(x,yO)dx + fN(x,y)dy =C
X0 Yo

formulasiga ega bo’lar edik.
Misol. Yana (x3 + y)dx + (x — y)dy = 0 tenglamani garaymiz. Bu erda
M=x*+y, N=x-y, M,=1, N, =1.

Demak (3) shart o’rinli. Umumiy integralni

x y
ﬂﬁ+wm+feww=c
0 0

2

formuladan foydalanib hosil gilamiz. Javob: % +xy—-L=C.

2
2-reja. Yuqorida ko’rdikki to’liq differensialli tenglamani integrallash juda oson. Bu erda

shunday savol tug’iladi: to’liq differensialli bo’lmagan tenglamani to’liq differensialli tenglamaga
keltirish mumkinmi?

Agar (1) tenglamani u(x, y) funksiyaga ko’paytirsak hosil bo’lgan
u(x, y)M(x,y)dx + u(x,y)N(x,y)dy = 0 (6)

tenglama to’liq differensialli bo’lsa, u(x,y) ni (1) tenglamaning integrallovchi ko’paytuvchisi deb
ataymiz. (6) tenglamaniny umumiy yechimi (1) tenglama uchun ham umumiy yechim bo’ladi.
Demak to’liq differensialli bo’lmagan tenglamani integrallovchi ko’paytuvchisini topa olsak uni
integrallay olamiz. Endi (1) tenlamani fagat X ga bog’liq integrallovchi ko’paytuvchisini gidiramiz.

pEOM(x, y)dx + p(x)N(x, y)dy = 0

o(uM) _ 0(uN)

tenglama to’liq differensialli bo’lishi uchun oy ox tenglik o’rinli bo’lishi zarur va yetarli.
Bunga ko’ra:
oM 0N
oM ON du du 3y " ox
—=Uy—+—N = —=——>:dx.
# dy Hox T dx U N *

Bu tenglikni chap tomoni fagat x ga bog’liq. Demak yuqoridagi tenglik ma’noga ega bo’lishi, ya'ni
(1) tenglama u(x) ko’rinishdagi integraloovchi ko’paytuvchiga ega bo’lishi uchun
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oM  ON

dy dx

N p(x)

kasr fagat x ga bog’liq bo’lishi zarur va yetarli. Bu holda integrallovchi ko’paytuvchi
u(x) = efp(x)dx
formula bilan aniglanadi.

Yugqoridagiga o’xshash mulohazalar yuritib (1) tenglama p(y) ko’rinishdagi integraloovchi
ko’paytuvchiga ega bo’lishi uchun

ON oM

Pl

dy
= q0)

kasr fagat y ga bog’liq bo’lishi zarur va yetarliligini hamda integrallovchi ko’paytuvchi
‘u(y) = efQ(J’)dy
formula bilan topilishini aniglash mumkin.

Takidlash joizki (1) tenglama u(x,y) integrallovchi ko’paytuvchiga ega bo’lsa
tenglamaning mahsus yechimi — =0 tenglikni ganoatlantiruvchi y(x) funksiyalar orasidan

uGy)
gidiriladi.
Misol. (xy? — y)dx + xdy = Otenglamani garaylik. Bu yerda
ON _ oM
dx ay__z(xy_l)__z
M xy?—y y
Demak berilgan tenglama
_r24y 1
uy)=e v =—
y2

integrallovchi ko’paytuvchiga ega. Berilgan tenglamani y—lzga ko’paytiramiz:
( 1)d +Zdy=0
x——|dx+—dy =
y y?

Bu tenglama to’liq differensiallidir. Uning umumiy yechimini yozamiz:

X% x

2y
Berilgan tenglama y = 0 hususiy yechimga ega, chunki bu funksiya ﬁ =y2=0 tenglikni va
tenglamani o’zini qanoatlantiradi. Qolaversa umumiy yechimda C — oo da y = 0 paydo bo’ladi.

2
Javob:%—gzc, y =0.

Nazorat savollari

1. Qachon tenglama to’liq differensialli tenglama bo"ladi?
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2. Integrallovchi ko’paytuvchi ganday topiladi?
Foydalanilgan adabiyotlar

1. CanoxuraunoB M.C., Hacputaunos I'.H. Opmmit nuddepenman rearnamanap. TorikeHrt,
V306ekucron”, 1994.

2. bu6ukos I0.H. Kypc 06bikHOBeHHBIX AuddepeHnnanbubiXx ypapHeHui. M., 1991. 314 c.

3. IlerpoBckuii M.I". JIekuuu nmo Teopun OOBIKHOBEHHBIX AM(QepeHInanbHbIX ypaBHEHUH. M.
n3a-B0 Mock. YH-Ta. 1984.

5-Mavzu. Pikar teoremasining isboti
Reja
1. Koshi masalasiga ekvivalent integral tenglama
2. Yechimga yaginlashuvchi {y, (x)} funksional ketma-ketlikni tuzish
3. {y (x)} ketma-ketlikning hossalari
4. Integral tenglama yechimining mavjudligi va yagonaligi
Tayanch tushunchalar: Ekvivalent integral, Pikar teoremasi
1-reja. Bizga
y' =fxy), y(xo) =yo(1)
Koshi masalasi berilgan bo’lsin. Faraz qilaylik f(x,y) funksiya
R={(x,y): |x—x|l <a, |y—yol <b}
yopiq sohada aniglangan bo’lsin.

Pikar teoremasi. Agar f(x,y) funksiya R sohada uzluksiz (demak R sohada chegaralangan
bo’ladi, ya'ni |f(x,y)| < M, M — musbat 0’zgarmas son) va y o’zgaruvchi bo’icha Lipshis shartini
ganoatlantirsa u holda (1) Koshi masalasi yagona yechimga ega. Bu yechim

I ={x: |x—xo| <h}(2)
intervalda uzliksiz differensiallanuvchi bo’lib x ning bunday giymatlarida R sohadan tashgariga
chigib ketmaydi, bu erda h = min (a, %)

Isbot. (1) Koshi masalasi

Y=o+ f (6 y)dt (3)

integral tenglamaga ekvivalent. Hagigatdan ham, y = ¢(x) funksiya (1) masalani ganoatlantirsin.
U holda

do(x) _
= f(x, 0(x))(4)

ayniyatga va ¢(x,) = y, tenglikka egamiz. Bu ayniyatni [x,, x] oraligda integrallaymiz:
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0(0) — 9(xs) = f £t (D) dt 5)

Bu erda ¢(x,) =y, tenglikni hisobga olsak y = ¢@(x) funksiya (3) integral tenglamani ham
qanoatlanirishi ko’rinadi.

Endi y = @(x) funksiya (3) integral tenglamani yechimi bo’lsin. U holda ¢(x,) = y,
tenglik bajarilishi ravshan. Bundan tashqari (5) ayniyatga ham egamiz. (5) dan hosila olsak (4)
ayniyat kelb chigadi, ya’ni y = ¢(x) funksiya (1) masalani ganoatlantirishi ko’rsatildi.

2-reja. (3) integral tenglama yechimiga yaginlashuvchi funksional ketma-ketlik quramiz.
Birinchi yaqinlashish quyidagicha hisoblanadi:

X
Yi1=Yot ff(t'}’o)dt
Xo
n -yaginlashishni esa quyidagicha hisoblaymiz:

X
Yn =Yoo+ jf(t,yn_l)dt, n = 2.

Xo
Shunday qilib biz {y, (x)} funksional ketma-ketlikni qurib oldik.
3-reja. Qurilgan ketma ketlik quyidagi hossalarga ega.

1% y(x),k =1,2,.. funksiyalar I intervalda uzluksiz, differensiallanuvchi va R
to’rtburchakdan chiqib ketmaydi, ya’ni x € I da

lye(x) =yol < b
tengsizlik bajariladi.

Bu hosssani matematik induksiya usulida isbotlaymiz. Dastlab y;(x) funksiya aytilgan
xossaga egaligini tekshiramiz. f(x,y) funksiya R to’rtburchakda uzluksizligidan f(x,y,)
funksiyaning |x — x,| < a intervalda uzluksizligi kelib chigadi. Bundan esa f(x,y,) funksiyaning
I da usluksizligini ko’ramiz. Uzluksiz f(x,y,) funksiyadan olingan integralning uzluksiz va
differnsiallanuvchi ekanligidan y;(x) funksiyani I da uzluksiz va differensiallanuvchiligi kelib
chigadi. Endi y, (x) funksiyani R to’rtburchakdan chiqib ketmasligini ko’rsatamiz

pe
20 — Yol = ff(t,yo>dt < Mix — x,| < Mh < b.

Xo
Endi y, (x) funksiya keltirilgan xossaga ega deb faraz qilib y,,;(x) funksiya ham xossani
ganoatlantirishini ko’rsatamiz. f(x,y) funksiya R to’rtburchakda uzluksizligidan y,(x) esa R dan
tashgariga chigmaganligidan f(x,yk(x)) funksiyaning I intervalda uzluksizligi kelib chigadi.
Uzluksiz f(x, yk(x)) funksiyadan olingan integralning uzluksiz va differensialanuvchiligidan

Yr+1(x) funksiyani I da uzluksiz va differensialanuvchiligi kelib chigadi. Endi y;,;(x) funksiyani
R to’rtburchakdan chiqib ketmasligini ko’rsatamiz
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X
[Vi+1(x) — ol = ff(t,yk(t))dt < M|x — xo| < Mh < b.

Xo
Xossa isbotlandi.
30, {y, (%)} funksional ketma-ketlik | intervalda tekis yaginlashadi.
Hossani isbotlash uchun

Yo+ i —vol + 2 —vil + o+ [V — Vel + .. (6)

gatorning tekis yaqinlashuvchiligini ko’rsatish zarur va yetarli. Chunki (6) gatorning S, (x) gismiy
yig’indilari aynan y; (x) ga teng. (6) gatorning har bir hadini baholaymiz:

ly1 — ¥ol < Ml|x — xo| < Mh,

X

Y2 =yl = j £t yn) — Fyolde| < L [ 11 - yoldt <

X0 Xo

ML|x — xq|? - MLh?

X
<ML jlt—xoldt= T T

Xo
Shunga o’hshash quyidagi tengsizliklarni ketma-ket hosil gilamiz:
ML?h3
3!

lys —y2l <

A4Ln_1hn

|yn_'yn—1|S n

Bundan ko’rinadiki (6) funksional qatorning har bir hadi musbat hadli
had M Lk— 1 hk
yol + ) ==
k=1

sonli qatorning mos hadidan katta emas. Dalamber alomatiga ko’ra (7) sonli qator yaqinlashuvchi.
Shu sababli Beyershtras teoremasiga ko’ra (6) qator hamda {y;(x)} funksional ketma-ketlik I
intervalda tekis yaqginlashuvchidir.

4-reja. {y, (x)} ketma-ketlikni yaginlashuvchi ekanligi isbotlandi. Uning limitini Y (x)orqali
belgilaylik. ~ Tekis yaginlashuvchi  funksional ketma-ketlikning hadlari  uzluksiz va
differensiallanuvchi bo’lgan I intervalda Y (x) fnksiya ham uzluksiz va differensiallanuvchi bo’ladi.
Ushbu |y, (x) — yo| < btengsizlikda k — oo da limitga o’sak |Y(x) — yo| < b, yani Y (x) funksiya
ham R dan chiqib ketmasligi ko’rinadi.

X
Yn =Yoo+ ff(t. Yn-1)dt
Xo

Tenglikda n — oo da limitga o’tsak
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Y(x) =y + ff(t,Y(t))dt

tenglikka ega bo’lamiz. Demak Y (x) funksiya (3) integral tenglamani ganoatlantiradi.

Endi bu yechim yagonaligini isbotlaymiz. Faraz gilaylik boshga y*(x) # Y(x) funksiya
ham integral tenglamani ganoatlantirsin va I; = {x: |x — xo| < hy} intervalda uzluksiz
differensiallanuvchi bo’lsin, bu erda h; < h. U holda

y'(x) =y, + ff(t,y*(t))dt

ayniyat o’rinli. y,, — y™* ayirmani baholaymiz:

pe
Yo —y°| = jf(t,y*)dt < Mlx — x,|

Xo
Shunga o’hshash quyidagi tengsizliklarni ketma-Kket hosil gilamiz:

. ML|x — x,|?
ly, —y*| < —

MLnlx _ x0|n+1
(n+1)!

lyn —y*l <
Ohirgi tengsizlikni 0’ng qismi n — oo da nolga intiladi. Bundan
lim 3 () = ¥ () = Y ()

ziddiyatli tenglik kelib chigadi. Demak yuqorida (3) integral tenglama yana bir yechimga ega
bo’lsin deb qilingan faraz noto’g’ri. Pikar teoremasi to’la isbotlandi.
Nazorat savollari
1. Koshi masalasiga ekvivalent integral tenglama
2. Integral tenglama yechimining mavjudligi va yagonaligi ganday?
Foydalanilgan adabiyotlar

1. CanoxuraunoB M.C., Hacputaunos I'.H. Opnuit quddepenunan renrnamanap. TOIIKEHT,
V30ekucTon”, 1994.

2. IlerpoBckmii U.I". Jleknuu mo Teopun OOBIKHOBEHHBIX aAH((epeHInaIbHbIX YpaBHEHUH. M.
u3n-soMock. YH-Ta. 1984.

6-Mavzu. Differensial va integral tengsizliklar
Reja

1. Gronoull-Belman tengsizligi
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2. Yagonalik teoremalari
3. Differensial tengsizlik
Tayanch tushunchalar: Gronoull-Belman tengsizligi, Gronoull tengsizligi

1-reja. 1-teorema. Agar y(x) =0, p(x) =0 va q(x) =0 funksiyalar [a,b] oraligda
uzluksiz bo’lib ular uchun

X

() < g0 + f p(©Oy(©)dt (1)

a

munosabat o’rinli bo’lsa, [a, b] oraligda ushbu

P

() < q(0) + f P(D)a(eAtIdt (2)

a

Gronoull-Belman tengsizligi ham o’rinli bo’ladi, bu erda e4®*) = [ p(s)ds .

Isbot.h(x) = f;p(t)y(t)dt belgilash kiritamiz. Bundan:
X
KW(x) =py),  p()h(x) =px) f p(®)y(t)dt
tengliklar kelib chigadi. Ularni ayiramiz:

h'(x) = p(x)h(x) = p(x) [y(x) - J p(®y(®)dt| < p(x)q(x).

Bu tengsizlikni e4®*) ga ko’paytiramiz va [a, x] kesmada integrallaymiz:

x x x
f h'(t)eAtWdt — f p(Oh(t)eAtWqt < f p(t)q(t)e Wt .
a a a

Bu erda

X X
] h'(t)eAtWdt = h(t)eA(t'“)|Z:z + f p(Oh(t)eAtWqt =
a

a

X
= h(x)eA®W — h(a)eA@W 4 f p(t)h(t)eAtWdt
a
tengliklarni va h(a) = 0 ni hisobga olsak quyidagiga ega bo’lamiz:
X
h(x)e4tsw < fp(t)q(t)e“‘(t'”)dt.
a

Bundan:
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X X
hG) < [ PNVt = [ p(Dg@e I de
a a
kelib chigadi. Bu erda h(x) = y(x) — q(x) munosabatni qo’llasak (2) tengsizlik hosil bo’ladi.
Teorema isbotlandi.

2-teorema. Agar [a,b] oraligda uzluksiz (x) =0, p(x) =0 funksiyalar va C =0
0’zgarmas son uchun

X

Y@ < C+ f p(©)y(0)de

a

munosabat o’rinli bo’lsa, [a, b] oraligda ushbu
y(x) < CeAl@®)
Gronoull tengsizligi ham o’rinli bo’ladi

Isbot. 1-teoremani qo’llaymiz:

x
y(x)<C+ Cfp(t)eA(t'x)dt =C— C(eA(t,x))Z’; _
a

=C - C(l - eA(a,x)) = CeAlax)

3-teorema. Agar [a,b] oraliqgda uzluksiz y(x) =0 funksiya a =0, B = 0 o’zgarmas
sonlar uchun

X

y0) < [lay@ + lde @)
a
munosabat o’rinli bo’lsa, [a, b] oraliqgda ushbu
1) ylx) < g(e“("_"‘) -1) (agar @ > 0 bo’lsa)
2) y(x) < f(x —a) (agar @ = 0 bo’lsa)

tengsizliklar ham o’rinli bo’ladi.

Isbot. (4) tengsizlikni o’zgartirib yozamiz:

X

y(x) < Blx—a) + f ay(D)dt

a

Endi 1-teoremani qo’llaymiz:

X

y(x) < Blx—a)+ f aBf(t —a)e®**dt =

a

=pB(x—a)— (ﬁ(t — a)ea(x—t))zz + J ﬁe“(x_t)dt = fﬁea(x_t)dt.
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Bu erda agar a > 0 bo’lsa
1y < om0y < Benow

tengsizlik, agar @« = 0 bo’lsa
y&x) < Bx—a)
tengsizlk hosil bo’ladi. Teorema isbotlandi.
2-reja. Bizga
y' =fy), y(x0) =y,(5)

Koshi masalasi berilgan bo’lsin, bunda f(x,y) funksiya I' ¢ R? sohada aniglangan. I' sohaning Ox
o’qidagi proeksiyasi I intervaldan iborat bo’lsin.

4-Teorema. Agar f(x,y) funksiya I'sohada ybo’yicha Lipshits shartini ganoatlantirsa u
holda (5) masalaning I intervalda aniqlangan yechimi bittadan ortiq bo’Imaydi.

Isbot. (5) masala I intervalda aniglangan ikkita y; (x) va y,(x) yechimga ega bo’lsin. U
holda

y1(x) = yo + ff(s' y1(s))ds,

y2(x) =yo + ff(S, yz(s))ds

integral ayniyatlar o’rinli, x € I. Bundan quyidagiga ega bo’lamiz:

Y1) =y, ()| = j [F(5,7:()) = £(5,72())]ds| < L j Y1(5) = y2(s)lds

Agar z(x) = |y;(x) — y,(x)|, x € I desak va
X
zZ(x) <0+ fLZ(s)ds
Xo
tengsizlikka Gronoull tengsizligini tadbiq etsak z(x) <0, x € I munosabatni olamiz. Bundan
z(x) = 0,ya’ni y;(x) = y,(x), x € I ayniyat kelib chigadi. Teorema isbotlandi.

5-teorema. Agar f(x, y)funksiya uchun (x,, y,) nugtaning biror atrofida

IfCay) — foy)l(x —x0) < kly, —y2l, 0<k<1

tengsizlik o’rinli bo’lsa, u holda (5) masala (x,,y,) nuqtaning aytilgan atrofida ko’pi bilan bitta
yechimga ega.

Isbot. (5) masala biror |x — x,| < h oraligda ikkita y,(x) va y,(x) yechimga ega bo’lsin.
Quydagi funksiyani kiritamiz:

F(x) = J’1(x)__ J’Z(x)’ X% %

0
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Quyidagi limitni Lopital qoidasini qo’llab hisoblaymiz:

lim F(x) = lim 7160 = y2(x)

X=X, X=X 1

= f(x0,¥0) — f(x0,¥0) = 0.

Demak, agar F(x,) = 0 deb hisoblasak F(x) funksiya |x — x,| < h oraliqda uzluksiz funksiyaga
aylanadi. Shu F(x) funksiya |x — x,| < h oraligda aynan nolga teng bo’lishini ko’rsatsak teorema
isbotlangan bo’ladi. Teskarisini faraz qilaylik. U holda |x — x,| < horaligda shunday x,nuqgta
topilaiki unda |F (x)| funksiya o’zining maksimumiga erishadi, uni Q orgali belgilaylik. Bundan

-G 1 |
0<Q= Y1 XX* _ 3;2) X _ pa— f [£(x, y1(x)) = £ (x, y2(x))]dx| <
1 r y1(x) =y, (%) 1 0
Sx*_xo f de Sx*_xole(x)Idx<Q.

Bu ziddiyat teoremani isbotlaydi.
3-reja. Bizga ushbu
y' <a(x)y + b(x)(6)
differensial tengsizlik berilgan bo’lsin, bu erda x € I.
Ta’rif. Agar [ intervalda uzluksiz differensiallanuvchi y = ¢(x) funksiya
¢'(x) < alx)e(x) + b(x)(7)

tengsizlikni ganoatlantirsa, y = ¢(x) funksiyani (6) differensial tengsizlikning [Iintervaldagi
yechimi deb ataymiz.

6-teorema. Agar y = @(x), ¢(xy) <y, funksiya (6) differensial tengsizlikning I
intervaldagi yechimi bo’lsa u holda shu yechim uchun

X
p(x) < | yo+ fb(t)e‘A(t)dt e4()(8)

Xo
tengsizlik o’rinli, bu erda A(x) = f;o a(s)ds .

Isbot. (7) tengsizlikni e =A™ ga ko’paytiramiz va [x,, x] oraliqda integrallaymiz:

X X

j [e=4® ' (t) — e 4O a(t)p(t)]dt < f e~ 4®p(t)dt.

Xo X0

Bu yerda

X

j[e_A(t)q)/(t) _ e‘A(t)a(t)go(t)]dt — q)(t)e—A(t)lzzo = (p(x)e—A(x) — (xg)

Xo

tenglikni hisobga olsak
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X

(p(x)e‘A(x) < @p(xy) + fe‘A(t)b(t)dt

X0

Ohirgi tengsizlikda ¢(x,) < x, ni hisobga olsak va e4® ga ko’paytirsak (8) tengsizlik kelib
chigadi.

Nazorat savollari
1. Gronoull-Belman tengsizligini yozing.
2. Differensial tengsizlik yozing.
Foydalanilgan adabiyotlar
1. CanoxurauaoB M.C., Hacputnunos I'.'H. Opnuit nuddepenunan tenrnamanap. TomkeHT,
V36exncron”, 1994.
2. bubuxos K0.H. Kypc oObikHOBEHHBIX T depeHranbabX ypasHenuid. M., 1991. 314 c.

7-Mavzu. Hosilaga nisbatan yechilmagan birinchi tartibli
oddiy differensial tenglamalar
Reja
1. Yechim tushunchasi
2. Koshi masalasi
3. Umumiy, hususiy va mahsus yechim
4. Kvadraturalarda integrallanuvchi ba’zi tenglamalar

Tayanch tushunchalar: parametrik yechim, yo'nalishlar maydoni, Koshi masalasi,
diskreminant chizig'i, kvadraturalar

1-reja. Hosilaga nisbatan yechilmagan birinchi tartibli oddiy diffensial tenglamalar
Flx,y,y)=0 (1)
ko'rinishda yoziladi. Agar [Iintervalda uzluksiz differensiallanuvchi y = y(x) funksiya (1)

tenglamani shu intervalda ayniyatga aylantirsa, yani F(x, y(x),y’(x)) = 0 tenglik barcha x € I lar
uchun bajarilsa, u holda y = y(x) funksiya (1) tenglamaning I intervaldagi yechimi deyiladi.

Agar parametrik ko’rinishda berilgan x = @(t), y = (t), t € (t,,t;) funksiya uchun

(to, t1) intervalda F ((p(t),l/)(t),zigg) = 0 ayniyat o’rinli bo’lsa bu funksiya (1) tenglamaning
(to, t1) intervaldagi parametrik yechimi deyiladi. (1) tenglamani yechimi oshkormas ko’rinishda
aniglanishi ham mumkin.

(1) tenglama har bir (x, y)nugtada y' ning bitta yoki bir nechta giymatini aniglaydi. Har bir
(x,y) nugtada har bir y' ga mos Ox o’qinini musbat yo’nlishi bilan a (tga = y') burchak tashkil
etuvchi birlik vektor chizamiz. Hatijada yo’nalishlar maydoni hosil bo’ladi.

2-reja. (1) differensial tenglamani y(x,) = y, boshlang’ich shartni qanoatlantiruvchi
yechimini topish masalasi — Koshi masalasi deyiladi. Agar (1) tenglamani y(x,) = y, shartni
ganoatlantiruvchi har ganday ikkita yechimi (x,,y,)nuqtada umumiy urinmaga ega bo’lmasa,
(x0, ¥o) nugtada Koshi masalasi yagona yechimga ega deyiladi. Agar (1) tenglamani y(x,) = v,
shartni qanoatlantiruvchi yechimi mavjud bo’lmasa yoki shu shartni qanoatlantiruvchi har ganday
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ikkita yechimi (x,, y,) nugtada umumiy urinmaga ega bo’lsa, (x,,Yy,) hugtada Koshi masalasi
yechimi yagonaligi busiladi deymiz.
Teorema. Agar F(x,y,y") funksiya quyidagi uchta shartni ganoatlantirsa:

1) F(x,y,y") funksiya (xq,yo, ¥o) nuqtaning biror atrofida o’zinin birinchi tartibli hususiy
hoslilari bilan uzluksiz;

2) F(x0,Y0,Y0) = 0;
3) Fyr(x0,¥0,¥0) # 0,

u holda (1) tenglamaning y(x,) = yo, ¥'(x9) = y, tengliklarni ganoatlantiruvchi x = x, nugtaning
biror atrofida aniglangan y = y(x)yechimi mavjud va yagona.

Isbot. Oshkormas funksiyalar haqgidagi teoremaga ko’ra (xg, Yo, ¥o) nugtaning atrofida (1)
tenglamani y’ga nisbatan bir giymatli yechish mumkin: y’ = f(x,y), bu erda f(x,y) funksiya
(x0,y0) nuqtaning atrofida o’zining birinchi tartibli hususiy hosilalari bilan uzluksiz va y; =
f(x0,¥0). U holda Koshi teoremasiga ko’ra y' = f(x,y), y(xy) = yo Koshi masalasi x = x,
nugtaning biror atrofida yagona y = y(x) yechimga ega. Bu funksiya (1) tenglamani ham
yechimidir. Bu yechim y’(xo) = f(xo, ¥(x0)) = ¥4 tenglikni ham ganoatlantiradi.

3-reja. (1) differensial tenglama y’ ga nisbatan yechilsin:

y' = filx,y), k=1,2,.. (2)

(2) tenglamalarnin umumiy yechimlari to’pami (1) tenglamaning umumiy yechimi deyiladi.
Kiritilgan ta’rif (2) tenglamalar soni ckekli yoki cheksiz bo’lgan hol uchun ham o’rinli.

Misol.
Y2+ -1y —y2=0 3)
tenglamani garaymiz. U ikkita tenglamaga ajraladi: y’ =1, y’ = —y2. Bu tenglamalarning
umumiy yechimini mos ravishda yozamiz:
1
y=x+C, y = T C

Bu yechimlar to’plami (3) tenglamaning umumiy yechimini ifodalaydi. Umumiy yechimni bitta
munosabat bilan quyidagicha yozish mumkin:

0-3-0(r-51g)=0
Javob:(y—x—C)(y—ﬁ)zo.

y = y(x) yechimning har bir nuqtasida Koshi masalasi yagona yechimga ega bo’lsa u (1)
tenglamaning hususiy yechimi deyiladi. y = y(x)yechimning har bir nugtasida Koshi masalasi
yechimi yagonaligi buzilsa u (1) tenglamaning mahsus yechimi deyiladi.

Endi (1) tenglamani mahsus yechimini topish masalasi bilan shug’ulanamiz.

{F&JJD=0
Fy(x,y,y) =0
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sistemadan y’ ni yo’qotib biror y = y(x) funksiyaga ega bo’lamiz. Bu funksiya (1) tenglamaning
diskriminant chizig’i deyiladi. Agar diskriminant chiziq tenglamani qanoatlantirsa, u (1)
tenglamaning mahsus yechimidan iborat bo’ladi.

Misol.
xy'? —2yy +4x =0 (4)
tenglamani garaymiz. Diskriminant chizigni topamiz:
12 ’ — xy? 2y?
XU =2y tax=0, Y B S 0 =
2xy' — 2y =0, X x? X

= y?=4x? = y=+2x.

y =+42x to’g’ri chiziglar (4) tenglamaning diskriminant chiziglari va ular tenglamani
ganoatlantirdi. Demak, y = +2x funksiyalar (4) tenglamaning mahsus yechimlari.

4-reja. Dastlab
F(y')=0 (5)
ko’rinishdagi, ya’ni fagat hosila qatnashgan tenglamalarni o’rganamiz. (5) tenglamani y' ga
nisbatan haqiqiy yechimlari y’ = k;, i = 1,2, ... deylik. U holda y = k;x + C yoki k; = yx;c kelib
chigadi. y' = k;ni hisobga olib buni (5) ga qo’ysak tenglamaning F (yT_C) = Oumumiy yechimi
bo’ladi.
Noma’lum funksiya qatnashmagan tenglamani o’rganamiz:
F(x,y') =0. (6)

Bu tenglamani y’ ga nisbatan yechish mumkin bo’lsin: y' = f;(x), i = 1,2,... . U holda uning
umumiy yechimiy = [ fi(x)dx + C, i = 1,2, ... funksiyalar to’plamidan iborat.

(6) tenglamani x ga nisbatan yechish mumkin bo’lsin: x = ¢(y'). Bu tenglamani
integrallash uchun y’ = p parametr kiritamiz. U holda x = ¢@(p), dy = pdx tengliklardan dy =
p@'(p)dpyoki y = [ pe'(p)dp + C kelib chigadi. Natijada (6) tenglamaning umumiy yechimi
parametrik formada yoziladi:

x=¢P), y= ]pq)’(p)dp +C.

Erkli o’zgaruvchi qatnashmagan tenglamani o’rganamiz:

F(y,y)=0. (7)
Bu tenglamani y’ ga nisbatan yechish mumkin bo’lsin: y' = g;(y), i = 1,2,.... U holda uning
umumiy yechimi f% =x+C, i = 1,2, ... funksiyalar to’plamidan iborat.

(6) tenglamani y ga nisbatan yechish mumkin bo’lsin: y =¥ (y'). Bu tenglamani
integrallash uchun ham y’ = pparametr kiritamiz. U holda = y(p), dx = % tengliklardan dx =

%yb'(p)dp yoki x = f%l[)'(p)dp + C kelib chigadi. Natijada (6) tenglamaning umumiy yechimi
parametrik formada yoziladi:
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1
y=90), x= J.Ezl)’(p)dp +C.

Nazorat savollari
1. Yechim tushunchasi

2. Koshi masalasi
3. Umumiy, hususiy va mahsus yechim
4. Kvadraturalarda integrallanuvchi ba’zi tenglamalar

Foydalanilgan adabiyotlar
1. CanoxurauaoB M.C., Hacputnunos I'.'H. Opnuit nuddepenunan tenrnamanap. TomrkeHT,
V36exncron”, 1994.
2. bubuxos K0.H. Kypc o0bikHOBEHHBIX T depeHmranbabX ypasHenuid. M., 1991. 314 c.

8-Mavzu. Parametr kiritish usuli
Reja
1. Noma’lum funksiyaga nisbatan yechilgan tenglama
2. Erkli o’zgaruvchiga nisbatan yechilgan tenglama
3. Lagranj tenglamasi
4. Klero tenglamasi
Tayanch tushunchalar: Lagranj va Klero tenglama,

1-reja. Hoslilaga nisbatan yechilmagan

F(x,y,y") =0 (1)
tenglamani noma’lum funksiyaga nisbatan yechish mumkin bo’lsin, ya’ni
y=fky)(2)

ko'rinishda yozish mumkin bo’lsin. y" = p deb belgilaymiz. Natijada (2) tenglama
y=fp) ¥y =p
ko’rinishni oladi. Bundan
dy = fydx + fpdp

Bu yerda dy = pdx o’rniga qo’yishni bajaramiz:

dp
pdx :fxdx-l'/‘i)dp = p :fx+fp&(3)

Bu hosilaga nisbatan yechilgan tenglamadir. Uning umumiy yechimi p = w(x,C) bo’lsa (2)
tenglamaning umumiy yechimi y = f(x,a)(x, C)) formula bilan aniglanadi. Agar (3) tenglama
p = y(x) mahsus yechimga ega bo’lsa (2) tenglama y = f(x,y(x))mahsus yechimga ega bo’lishi
mumkin.

2-reja. (1) tenglamani erkli o’zgaruvchiga nisbatan yechish mumkin bo’lsin:

x=fy)4)
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y' = p deb belgilaymiz. Natijada (4) tenglama quyidagi ko’rinishni oladi:
x=fp) ¥y=p = dx = fydy + fpdp =

1d fydy + fpd ! fi +f—dp(5)
—_ e —D—_=
p Y =Jyay T jpap p Iy Thvg,

Ohirgi tenglama hosilaga nisbatan yechilgan differensial tenglamadir. Uning umumiy yechimi p =
w(y, C) bo’lsa (4) tenglamaning umumiy yechimix = f(y, w(y, €)) formula bilan ifodalanadi. (5)
tenglama p = y(y) mahsus yechimga ega bo’lsa (4) tenglama x = f(y,y(y)) mahsus yechimga
ega bo’lishi mumkin.

3-reja. Quyidagi ko’rinishdagi tenglama Lagranj tenglamasi deyiladi:
y =9 )x+ypO). (6)

Lagranj tenglamasini hamma vaqt kvadraturalarda integrallash mumkin. Hagigatdan ham, y' =p
parametr Kiritsak

y=¢@x+y@), y'=p =  pdx=¢@)dx+[p'(P)x+y'(p)ldp
() —pldx +[o'(P)x +y'(P)ldp =0  (7)

dx N @' (p) v Y'(p)

dp o(@)—pr p—oep)
Bu — erkli o’zgaruvchisi pdan nomalum funksiyasi x dan iborat chizigli differensial tenglamadir.
Uning umumiy yechimi x = w(p, C) bo’lsa (6) tenglamaning umumiy yechimi

y=¢@wp@ 0)+¥(), x=w(p0)

parametrik ko’rinishda ifodalanadi.

Yuqorida (7) tenglamani ¢(p) — p ifodaga bo’lishni amalgam oshirdik. Agar p;, i = 1,2, ...
sonlar ¢(p) = p tenglamaning ildizlari bo’lsa Lagranj tenglamasining quyidagi yechimlari ham
kelib chigadi:

y = pix + lp(pl)i L = 1; 21
Bu yechimlar mahsus bo’lishi ham hususiy bo’lishi ham mumkin. Demak Lagranj tenglamasining

mahsus yechimlari faqgat to’g’ri chiziq bo’lishi mumkin.

Misol. Ushbu y = xy'* + y'? tenglamani qaraymiz. y’' =p parametr Kiritamiz.
Natijada:
y =xp? +p?= pdx =pidx+ Qpx+2p)dp =
dx 2 2

(p* —p)dx + 2p(x + 1)dp :>dp+p_1x =7

c
(p—1)2

Demak berilgan tenglamaning umumiy yechimi quyidagicha parametrik ko’rinishda yoziladi

Bu chizigli tenglamani umumiy yechimi: =

— 1. Bu ifodani y = xp? + p? ga qo’yamiz: =

cp?
(p-1)%

C Cp?

R A TRV
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Bu erda p ni yo’qotsak umumiy yechim oshkor ko’rinishni oladi:

2
y = (\/x +1+C ) .
Tenglamani yechish jarayonida p? — p ifodaga bo’lish bajarildi. Bu ifoda p = 0 vap = 1da
nolga aylanadi. Bularni y = xp? + p? ga qo’yib berilgan tenglamaning ikkita yechimini topamiz:
y=0, y=x+1.

Ulardan birinchisi mahsus yechim ikkinchisi hususiy yechimdir.

Javob:y=(Vx+1+C)2, y=0 y=x+1.
4-reja. Agar Lagranj tenglamasida ¢ (y') = y' bo’lsau
y=y'x+9)(8)

ko'rinishni oladi. (8) tenglama Klero tenglamasi deb ataladi. Bu erda ham y’ = p parametr
Kiritamiz. Natijada

y =px+9P([P)9)
= dy=pdx+[x+y'(p)ldp = pdx=pdx+[x+y'(p)ldp
=[x +y'(p)ldp =0
Ohirgi tenglama ikkita tenglamaga ajraladi:

dp =0, x=—y'(p)(10)

Ularning birinchisidan p = Ckelib chigadi va buni (9) ga qo’ysak (8) tenglamaning umumiy
echimini hosil gilamiz: y = Cx + y(C). Berilgan tenglama va umumiy yechim ko’rinishlarini
tagqoslab shunday hulosaga kelamiz: Klero tenglamasining umumiy yechimini yozish uchun
tenglamda y’' = C o’rniga qo’yish bajarish kifoya. (10) ning ikkinchi tenglamasidan Klero
tenglamasining yana bir yechimi paydo bo’ladi:

y=-—pY'®)+v@), x=-¢Y'(p). (11)
Parametrik ko’rinishdagi bu yechim mahsus yechim bo’lishini isbotlaymiz. Avvalgi darsda
ta’kidlanganidek (8) tenglamaning mahsus yechimi diskriminant chizigqlar orasida bo’ladi. Bu
chiziq
{y =y'x+ ),
0=x+¥'O).

Sistemadan y’ ni yo’qotib aniglanadi. Bu sistema va (11) tengliklarni solishtirsak, (11) dan p ni
yo’qotsak ham ayni diskriminant chiziq hosil bo’lishini ko’rish mumkin. Qolaversa (11) funksiya
Klero tenglamasining yechimidan iborat. Demak u mahsus yechimdir.

Misol. Ushbuy = y'x — iy’z tenglamani garaymiz. y’ = C o’rniga qo’yishni bajarib
umumiy yechimni aniglaymiz: y = Cx — icz.

Bu tenglamaning diskriminant chizigini topaylik:
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1

=Cx—-C2,

y=Cx—7
0=x-2¢
=X 5 .

Bu sistemadan y = x?2 funksiyani aniglaymiz. Bu funksiya berilgan tenglamaning mahsus
yechimidir. Jabob: y = Cx — iCZ, y = x2.
Nazorat savollari
1. Noma’lum funksiyaga nisbatan yechilgan tenglama nima?
2. Erkli o’zgaruvchiga nisbatan yechilgan tenglama qanday yechiladi?
Foydalanilgan adabiyotlar

1. CrenanosB.B. Kypcauddepennmansusixypasuenuii. M., KomKuura/ URSS. 2006. — 472
C.

2. Dnecronsi JLE. luddepeHnnansabie ypaBHEHUS U apUalliOHHOE UCUMICHHE. M.,
KomKnura/ URSS. 2006. — 312 c.

3. @unmunmoB A.D. CoopHUK 33134 110 1uddepeHInaIbHbIM ypaBHEHUAM. VkeBck: M3a-Bo
PXJI. 2000. -175c.

9-Mavzu. n -tartibli oddiy differensial tenglamalar
Reja

1. Yechim tushunchasi. Koshi masalasining qo’yilishi.

2. Koshi masalasi yechimining mavjudligi va yagonaligi

3. Umumiy yechim

4. Oraliq integrallar

Tayanch tushunchalar: oraliqg integral, birinchi integral

1-reja. Ushbu

F(x, v,y ...,y(")) =0 (1)
ko’rinishdagi tenglama mn-tartibli oddiy differensial tenglama deyiladi. Faraz qgilaylik (1)
tenglamani y™ ga nisbatan yechish mumkin bo’lsin:
y® =f(xyy, .,y V)2

Bu tenglama yuqori tartibli hosilaga nisbatan yechilgan n-tartibli oddiy differensial tenglama
deyiladi.

Agar [ intervalda uzluksiz n marta differensiallanuvchi y = y(x) funksiya uchun shu
intervalda F (x,y(x),y’(x), e,y ™ (x)) = 0 ayniyat o’rinli bo’lsa, u holda y = y(x) funksiyani
(1) tenglamaning I intervaldagi yechimi deb ataymiz.

(2) tenglamaning barcha y = y(x) yechimlari orasidan

Y(xo) = Yo, y'(xo) = y(’)' Ce, y(n—l)(xo) — yo(n—1)(3)
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tengliklarni ganoatlantiruvchi yechimni topish masalasi Koshi masalasi deb aytiladi, bu erda (3)

tengliklar boshlang’ich shart, xq, yo, Yo, ---» yén_l) sonlar esa boshlang’ich qiymatlar deyiladi.

(1) tenglama uchun Koshi masalasi ham (2) tenglamaga qo’yilganidek keltiriladi. Lekin (1)
tenglamani (3) boshlang’ich shartni qanoatlantiruvchi har ganday ikkita y; (x) va y,(x) yechimlari

uchun yl(")(xo) + yl(")(xo) munosabat o’rinli bo’lsa Koshi masalasining yechimi mavjud va
yagona hisoblanadi. Agar (1) tenglamaning (3) shartni ganoatlantiruvchi yechimi topilmasa yoki

ikkita y; (x) va y,(x) yechimlari (3) shartni va yl(”) (xo) = 3’1(n) (x,) tenglikni ganoatlantirsa Koshi
masalasi yechimining mavjudligi va yagonaligi buziladi deb aytamiz.

2-reja. Bu erda (2) tenglama uchun Koshi masalasi yechiminning mavjudligi va yagonaligi
hagidagi asosiy teoremani (Pikar teoremasi) isbotsiz keltirib o’tamiz.

Teorema.f(x,y,y’, ..., y®™ 1) funksiya

R:lx—xol <a ly—yol <b, Iy —yjl < b, .., |y D =y V| < b

sohada aniglangan bo’lib quyidagi ikkita shartni qanoatlantirsin:

1) R sohada f (x, vy, .. y(”_l)) funksiya o’zining barcha argumentlari bo’yicha uzluksiz
(demak chegaralangan, ya’ni |f(x, Y,y e, y(”"l))| < M, bunda M o’zgarmas musbat son);

2) o9y, .., y® D) funksiyaning y,y’,..,y® Y argumentlar bo’yicha hususiy

of

m| <K, (I1=01,..,n—1), bu era Ko’zgarmas

hosilalari R sohada chegaralangan, ya’ni
musbat son.

U holda (2) tenglamaning (3) boshlang’ich shartni ganoatlantiruvchi y = y(x) yechimi
mavjud va yagonadir. Bu yechim n-tartibli hosilalari bilan birga biror I = {x: |x — x,| < h}
intervalda uzluksizdir.

Bu teoremaning isboti hosilaga nisbatan yechilgan birinchi tartibli oddiy differensial
tenglamaga keltirilganidek amalgam oshiriladi.

Endi (1) tenglama uchun qo’ilgan Koshi masalasi yechimining mavjudligi va yagonaligi
hagidagi teoremani kltiramiz.

Teorema. Agar F(x, v,y ...,y(")) funksiya quyidagi uchta shartni ganoatlantirsa:
1) F(x,y,y',..,y™) funksiya (xo,yo, Vor ey, Y()(n)) nugtaning biror yopiq atrofida
o’zining barcha hususiy hosilalari bilan birgalikda uzluksiz differensiallanuvchi;

2) F(xo, Yor Vor e yén_l), yo(n)) =0;

3) Fym (xo;J’O»Y(,)» ---'y(gn_l)'yo(n)) #0,

u holda (1) tenglamani (3) boshlangich shartni va y™ (x,) = yén) tenglikni ganoatlantiruvchi y =
y(x) yechimi mavjud va yagona. Bu yechim x = x, nuqgtaning biror atrofida n-tartibli hosilalari
bilan birga uzluksizdir.

Bu teoremaning isbotlash hosilaga nisbatan yechlmagan birinchi tartibli oddiy ifferensial
tenglama uchun keltirilganidek olib boriladi.
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3-reja.Dorgali shunday (x, v,V ., y(n_l)) nugqtalar to’plamini belgilaylikki bu nuqtada (2)
tenglama uchun qo’yilgan Koshi masalasi yagona yechimga ega bo’lsin. Agar 1) Cy,C,,...,C,
parametrlarning ihtiyoriy giymatida ham y = ¢@(x,Cy,C,,...,C,) funksiya (2) tenglamani
ganoatlantirsa; 2) D to’plamdan olingan har bir (x,y,y’, ..., y®~1) nugta uchun

y = (p(x, Cl’ Cz, ...,Cn)
y’ = (p'(x, Cl’ Cz, ...,Cn) (4)

y(n—l) = (p(n_l)(x' Cli CZ' LLLD] Cn)
sistemanini Cy,C,,...,C, larga nisbatan bir qiymatli yechish mumkin bo’lsa u holda y =

¢(x,Cy,Cy, ..., Cy) funksiyani (2) differensial tenglamaning D to’plamdagi umumiy yechimi deb
ataymiz.

Umumiy yechimning bitta muhim hossasini aytib o’tamiz. (4) sistemadan aniqlangan
Cy,Cy, ..., C, parametrlarning giymatlarini y™ = o™ (x,C;,C,,...,C,) tenglikka qo’ysak (2)
tenglama hosil bo’ladi. Bu nparametrli chiziglar oilasining differensial tenglamasini tuzish goidasi
hamdir.

Misol. y"" + y = 0 tenglamani y(0) = 1, y'(0) = 0 boshlang’ich shartni ganoatlantiruvchi
yechimini topaylik. Berilgan tenglamaning umumiy yechimi y = C; cos x + C, sin x formula bilan
ifodalanadi. Bundan Koshi maslasining yechimini aniglash mumkin: y = cos x.

(1) tenglama y™ = fi(x,y,y’, ..,y V), i = 1,2,... tenglamalarga ajratilishi mumkin
bo’lsin. Bu yuqori tartibli hosilaga nisbatan yechilgan tenglamalarning umumiy yechimlari to’plami
(1) tenglamaning umumiy yechimi deyiladi.

Misol. (y')? =x* tenglamani qaraylik. Bu tenglama ikkita y'' =x2, y" = —x?

4

differensial tenglamaga ajraladi. Ularning umumiy yechimlarini mos ravishda yozamiz: y = ’;—2 +
4
Cix+C,, y= ’1‘—2 + C;x + C,. Ular birgalikda berilgan tenglamaning umumiy yechimini beradi.
4-reja. Bizga

(p(x,y;y’,...,y(k), Cll CZ""'Cn—k) = 0 (5)

tenglik berilgan bo’lsin. Bu tenglikni xbo’yicha n — k marta differensiallab hosil bo’lgan n — kta
tenglikdan Cj, Cy, ..., C,_ parametrlarni yo’qotsak natijada (1) tenglama hosil bo’lsa (5)ni (1)
differensial tenglamaning oraliq integrali deb ataymiz. Hususan (5) tenglikda faqat bitta 0’zgarmas
parametr gatnashsa u (1) differensial tenglamaning birinchi integrali deyiladi.

Misol. y"=2\/7 ikkinchi tartibli differensial tenglamaning birinchi integrali y’' =
(x + C,)? tenglik bo’lishini tekshiramiz. Bu tenglikni x bo’yicha differensiallaylik: y" =
2(x + Cy). Bundan: y" = 2\/7, berilgan tenglama hosil bo’1di.

Nazorat savollar
1. Koshi masalasi yechimining mavjudligi va yagonaligi
2. Oraliq integrallar deb nimaga aytiladi?
Foydalanilgan adabiyotlar
1. CanoxuraunoB M.C., Hacputnunos I'.H. Opnuit nuddepenunan renrnamanap. TOIIKEHT,
V36exucron”, 1994.
2. bubukos I0.H. Kypc o0bikHOBeHHBIX nuddepenHnanbubix ypaBaeHuit. M., 1991. 314 c.
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3. IlerpoBckuii M.I'. JIekuuu no Teopun 0OBIKHOBEHHBIX AU(depeHnanbHbIX ypaBHeHUH. M.
n3a-B0 Mock. YH-Ta. 1984.

10-Mavzu. Yugqori tartibli differensial tenglamalarning kvadraturalarda integrallanuvchi
ba’zi turlari

Reja
1. Yugori tartibli differensial tenglamalarning kvadraturalarda integrallanuvchi ba’zi turlari.
2. Tartibi kamayadigan differensial tenglamalar
1-reja.l. Dastlab
y™ = fx®)

ko’rinishdagi tenglamani o’rganaylik. Agar f(x) funksiya biror I intervalda uzluksiz bo’lsa, bu
tenglamani I intervalda kvadraturalarda integrallash mumkin. (1) tenglamani n marta ketma-ket
integrallab, umumiy yechimini topamiz:

x x Cl _ ne1
y(x) = jf jf(x)dxdx...dx+%+ ot
+Cn1(x — xp) + Gy, (2)

bu yerda x,, x € I. Quydagi Direhle formulasini isbotlaymiz:

ff ff(x)dxdx dx— 1)' ff(z)(x—z)” tdz.

Xo Xo
Isbotni matematik induksiya usulida olib boramiz. Dastlab n = 2 uchun isbotlaylik. Belgilash
Kiratimiz

[ reax = .

U holda

fx fxf(x)dx dx = ff1(z)dz = [du _ ]{éi)dz dz z ZZ] —

=zf; :zo — jfzf(z)dz = fxf(z)dz— fxzf(z)dz = f(x —2z)f(z)dz.

n = k uchun Direhle formulasi o’rinli bo’lsin, yani

.ff ff@kﬁ@;ﬁz—w 1yff&Xx 2)*1dz

Xo Xo X0

tenglikka egamiz. Quydagi tenglikni isbotlash kerak
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ff ff(x)dxdx Jdx = !ff(z)(x—z)kdz

Xo Xo

f1(x) funksiya uchun quydagi tenglikni yoza olamiz:

ff fﬂ@wﬁiiﬁ‘w wfﬁ@m%@sz

Xo Xo
Bu tenglikning 0’ng tomonini bo’laklab integrallaylik:

u=fi(z) dv=(x-2)F1dz

Nk-1g. — _ _
J.f1(2)(x z)*'dz = du = f(2)dz v:_(x kz)"

1)'

N Z)"

f1(Z)

fﬂ@@—@WZ—Mfﬂ@&—ﬂmz

=Xo

Direhle formulasi isbotlandi. (2) ni bu formula yordamida soddaroq ko’rinishda yozish mumkin:

o1 Ci(x —xo)™ ™t
y(x) = 1), ff(z)(x—z) dz ﬁ+ e
+Cn-1(x — x0) + Gy, (2)
2. Endi
F(xy™) =0 (3)

ko’rinishdagi tenglamani qaraymiz. Agar F ((p(t),lp(t)) = 0 ayniyat o’rinli bo’lsa, u holda (3)
tenglamani kvadraturalarda integrallash mumkin. Bu erda x = @(t), y™ = (t) tengliklarga
egamiz. Bundan quyidagilaga ega bo’lamiz:

dy®= = yMdx = y()¢' (D)dt,

y(n—l) — j¢(t)¢'(t)dt +C; = 1[11(t, Cy).
O’z navbatida

dy(n_Z) = y(n_l)dx = lpl(t: C1)(P,(t)dt'

y™2) = f’l&(t; Ce'(®)dt + C, = P,(¢,Cq, C).

Shunday mulohazalar yuritib (3) tenglamaning umumiy yechimini parametrik ko’rinishda hosil
gilamiz:

x=¢@), y=9utC, .., G

Misol. e”” +y" = xtenglamada y” =t, x = et +t desak ayniyat hosil bo’ladi. Bu
tengliklarga ko’ra

2

t
dy' =y"dx =t(et + 1)dt =y’ =(t—1et + - +C,=
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2

t
dy =y'dx = ((t —1)et +? + C1> (et +1)=>

t 3 t? t3
y=(———)e2t+ —+C -1 ef+g+cl1:+c2

2 4 2
Javob: x = et +¢t, y = (g—%)e2f+(§+cl— 1)et+§+C1t+C2.
3. Endi
F(y(”‘l),y(n)) =0 (4)

ko’rinishdagi tenglamani garaylik. Bu tenglamani y™ ga nisbatan yechish mumkin bo’lsin: y™ =
fiy@ V). Agar z=y®@ Y almashtirish bajarsak z' = f(z) — o’zgaruvchilari ajraladigan
differensial tenglamaga kelamiz. Uning umumiy yechimi z = w(x,C;) bo’lsa, belgilashimiz
bo’yicha
y U = w(x, C;)

tenglamaga ega bo’lamiz. Bu tenglama (1) ko’rinishga ega va uni integrallashni yuqorida ko’rib
chiqdik.

Agar (4) tenglamani y™ ga nisbatan yechish mumkin bo’Imasa, lekin F ((p(t),ll)(t)) =0
ayniyat o’rinli bo’lsa, u holda ham (4)ni kvadraturalarda integrallay olamiz. Bu yerda y™V =
p(t), y™ = y(t) tengliklarga egamiz. Bundan quyidagilarni ketma-ket hosil gilamiz:

dy™D  o'(t)dt
n-1) — ,,(M — _
dy =yVdx = dx = O RO

_[¢'(®dt

BTG + C1 = P41 (t, Cy).

Shunday qilib (4) tenglama

X = lpl(ti C1); y(n_l) = (P(t)

ko’rinishni oldi. 2-punktda aynan shunday parametrik ko’rinishga ega bo’lgan holda (3) tenglamani
integrallashni ko’rgan edik. Ana shu mulohazalarni takrorlab (4) tenglamani umumiy yechimini
hosil gilish mumkin.

4. Bu punktda
Fly®™2,y™) =0 (5)

ko’rinishdagi tenglamani o’rganamiz. Faraz qilaylik bu tenglamani y™ ga nisbatan yechish
mumkin bo’lsin: y™ = £(y™=2)). Bu erda y™~? = z deb olsak z"" = f(z) tenglamaga kelamiz.
Uni 2z'dx ga ko’paytiramiz:

2z'7"dx = 2f(z)z'dx = d(z’z) = 2f(z)dz =

7% = fo(z)dz + C;.
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Ohirgi hosilaga nisbatan yechilmagan tenglama ikkita o’zgaruvchilari ajraladigan tenglamaga
ajraladi. Uning umumiy yechimi z = ¢(x,C;,C,) bo’lsin. Belgilashimizga kora y™ =
¢(x,C1,C,) tenglamaga kelamiz. Bu tenglama (1) ko’rinishga ega va uni integrallay olamiz.

Agar (5) tenglamani y™ ga nisbatan yechish mumkin bo’lmasa, lekin F ((p(t),l/)(t)) =0
ayniyat o’rinli bo’lsa, u holda ham (5)ni kvadraturalarda integrallay olamiz. Bu erda y ™2 = ¢(t),
y™ = (t) tengliklarga egamiz. Bundan

dy(n_l) — y(n)dx’ dy(n_z) — y(n_l)dx :y(n_l)dy(n_l) — y(n)dy(n_z)

= dly® V]’ = 29D’ ()dt =y®D = jz j YO’ (O)dt =P (t, Cy).

Shunday qilib (5) tenglama

y(n_l) =1(t, Cy), y(n—z) = @(t)

ko’rinishni oldi. 3-punktda bunday tengliklarga ega bo’lgan holda (4) tenglamani integrallashni
ko’rganmiz. Ana shu mulohazalarni yuritib (5) tenglamani integrallash mumkin.

2-reja. 1. Ushbu
F(x,y("),y("“), ___'y(n)) =0

ko’rinishdagi tenglamalarda z = y® almashtirish yordamida yangi z funksiya kiritsak tenglama
tartibi k birlikka kamayadi, ya’ni

F(x,z',z", ...,z("_k)) =0
tenglamaga kelamiz.

2. Erkli o’zgaruvchi qatnashmagan

F(y,y’,...,y(")) =0 (6)
ko’rinishdagi tenglamalarda, y’' = z almashtirish bilan yangi z funksiyani Kkiritsak berilgan
tenglamaning tartibi bir birlikka kamayadi, bu yerda z = z(y), ya’ni z — y o’zgaruvchining
funksiyasi. Hagigatdan ham, y”,y"", ...,y™ hosilalalmi z funksiya va uning hosilalari orgali
ifodalaylik:
_dz dz dy
Cdx  dy dx

d(z'z d(z'z) d
= (dx ) — (dy ) d_ic] = (z”z + Z’Z)y’ = (z”z + Z’Z)Z =7"22 + 7%z

n

y

z'y' =2z,

nr

Hisoblashlar ko’rsatadiki, y® hosilani z funksiya va uning hosilalari orgali ifodasida
z,2',...,z%V lar gatnashadi. (6) tenglamada y",y"", ...,y™ larni o’miga z funksiya va uning
hosilalari orgali ifodalarini qo’ysak, tenglama

F(y, z,z’,...,z(n_l)) =0

ko’rinishni oladi.
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Misol. (1 + y2)yy" = (3y% — 1)y’ tenglamada z = y’ almashtirish bajaraylik, bu yerda
z=1z(y). U holda y” =z'z. Natijada garalayotgan tenglama (1 + y?)yz'z = (3y? — 1)z?
o’zgaruvchilari ajraladigan tenglamaga aylanadi.

3. Agar F(x,y,9',...,y™) = 0 tenglamada F funksiya y,y’,...,y™ larga nisbatan bir
jinsli bo’lsa, ya’ni F(x, ty, ty’,...,ty(”)) = th(x, y,y’,...,y(")) tenglik o’rinli bo’lsa, u holda
y' = zy almashtirish bilan tenglama tartibini bir birlikka kamaytirish mumkin (mustagil isbotlang).

Misol.xyy” + xy'> —yy’ =0 tenglama y,y’,y" larga nisbatan bir jinslidir. y’' = yz

almashtirish bajaraylik. U holda y" = y'z + yz' = y(z? + z'). Bularni berilgan tenglamaga
qo’ysak, xy?(z?+2z') + xy?z? —y?z =0 yoki xz' + 2xz? —z =0 Bernulli tenglamasi hosil
bo’ldi.

D. Agar F(tx,tky, th=ty’, .. tk-y®™) = tmF(x,y,y',...,y™) tenglik o’rinli bo’lsa
F(x,y,y',...,y™) = 0 tenglama umumlashgan bir jinsi deyladi. Bu tenglamada = ef,y = ze**
almashtirish bajarsak erkli o’zgaruvchi t, noma’lum funksiya z dan iborat tartibi n — 1 ga teng
differensial tenglama hosil bo’ladi (mustaqil asoslang).

E. Agar F(x,y,y',...,y™) = 0 tenglamaning chap tomoni biror ®(x,y,y’,...,y™@ ) =
0 funksiyadan x bo’yicha olingan hosilaga teng bo’lsa, ya’ni F(x, v,y',. ..,y(")) =
% CD(x, vy, ..., y("_l)) tenglik o’rinli bo’lsa u holda garalayotgan tenglamaning birinchi integrali
CD(x, v,y,. ..,y("‘l)) = (; dan iborat. Demak bu holda tenglama tartibi bittaga kamayadi.

Misol. —*— = 0 tenglamaning chap tomoni —2— ifodaning to’liq differensialidan
1+y'?) (1+y"%)

iborat. Demak (yw = (, ifoda berilgan tenglamaning birinchi integralidan iborat.
1+y’

Nazorat savollar

1. Yuqori tartibli differensial tenglamalarning kvadraturalarda integrallanuvchi gaysi turlari
bor?

2. Tartibi kamayadigan differensial tenglamalar
Foydalanilgan adabiyotlar

1. CrenanoB B.B. Kypc nuddepenunanbubix ypasaenuit. M., KomKnura/ URSS. 2006. —
472 c.

2. Onscromnsiy JILE. [luddepennmansabie ypaBHEHUS U apyalliOHHOE Ucumienue. M.,
KomKnura/ URSS. 2006. — 312 c.

3. @ununmnoB A.®. CoopHUK 33124 110 1uddepeHIranbHbIM ypaBHeHUsAM. MxeBck: 131-Bo
PX. 2000. -175c.

11-Mavzu. Yugori tartibli chizigli differensial tenglamalar
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Reja
1. Yugqori tartibli chizigli tenglamalarning umumiy hossalari
2. Yuqori tartibli chizigli bir jinsli tenglamalar
3. Funksiyalarning chizigli erkliligi tushunchasi
4. Ostrogradskiy-Liuvill formulasi.
Tayanch tushunchalar: Differensial operator, VVronskiy 40eterminant
1-reja.n-tartibli chiziqgli differensial tenglamalar quyidagi ko’rinishda yoziladi:
Yy 4+ p )y 4 4 P ()Y + pa()y = () (1)

Agar bu tenglamaning p;(x),p,(x), ..., pn(x),q(x) koeffisientlari I intervalda uzluksiz
bo’lsa, u holda boshlang’ich qiymatlar

R: x€l,y,y, ...,y(”‘l) € (—o0, )

to’plamdan ihtiyoriy olinganda ham, (1) tenglamaning

(n-1)

y(x0) = Yo, 7' (x0) = Y6, -, YV (x0) = ¥,

boshlangich shartni ganoatlantiruvchi y = y(x) yechimi mavjud va yagona. Chunki faraz gilingan
shartlar o’rinli bo’Igan vaqtda Pikar teoremasi shartlari bajariladi.

(4) differensial tenglamaning iikita muhim hossasini keltiramiz:

1°. Erkli o’zgaruvchini almashtirish natijasida (1) differensial tenglama yana chiziqli
differensial tenglamaga o’tadi.

Hagigatdan ham, (1) tenglamada x = a(t) almashtirish bajaraylik. y noma’lum funksiyadan
x erkli bo’yicha xosilalarni yangi t erkli o’zgaruvchi bo’yicha hosilalari orqali ifodasini aniqlaylik

by oat _dy 1, 1 _
y _Ea_dt d_x_yt a,(t)_ytﬁ(t)'
dt
bu yerda B(t) = a%(t)
d d 1
' = 0iB®) =2 (iB®) 5z = ('BO +y'B'®) - ) =
dt

=y{'B*(0) + yiB' (OB (D).
Hisoblashlar ko’rsatadiki y',y", ...,y®™ D hosilalar v}, y/, ...,y Y lar orqali chizigli
ifodalanadi. O’z navbatida ularni (1) tenglamaga olib borib qoyish natijasida y, y{, ¥, ..., t(n_l) lar
chizigli gatnashgan yangi n-tartibli chizigli differensial tenglama hosil bo’ladi.

2°. Homa’lum funksiyani y = a(x)z + B(x) — chizigli almashtirish natijasida (1) tenglama
yana chiziqli differensial tenglamaga o’tadi. (mustaqil asoslang)

Bundan 40eterm yozuvlarni qgisqgartirish magsadida quyidagi differensial operatorni
Kiritamiz:

Lyl = y™ + p,()y® D+ .+ 1 ()Y + pp(x)y.
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L[y] operator quyidagi hossalarga ega
1° [ky] = kL[y], k — const.
2°. L[y, + y2] = Lly1] + L[y-].

(hossalarni mustagil asoslang). L[y] operator yordamida (1) tenglama L[y] = q(x) ko’rinishda
yoziladi.

2-reja. Agar (1) tenglamada q(x) = 0, x € I bo’lsa, bunday differensial tenglama chiziqli
bir jinsli tenglama deyiladi va u
YP 4y + A P ()Y ()Y =0 (2)
ko’rinishga ega bo’ladi. L[y] operator yordamida bu tenglama L[y] = 0 ko’rinishda yoziladi.
(2) tenglama yechimlarining hossalari;

1°. Agar y = y;(x) funksiya I intervalda (2) tenglamani yechimi bo’lsa, u y = ky;(x)
funksiya ham (2)ning yechimi bo’ladi.

2°. Agar = y;(x), y = y,(x) funksiyalar I intervalda (2) tenglamaning yechimlari bo’lsa, u
holda ularning y = y; (x) + y,(x) yigindisi ham (2) ning yechimi bo’ladi.

3. Agar y=y,(x), y =y,(x), ...,y = yi(x) funksiyalar (2) tenglamaning yechimlari
bo’lsa, u holda ularning ihtiyoriy chizigli kombinatsiyasidan iborat y = C;y;(x) + C,y,(x) + ...+
Cryi(x) funksiya ham (2)ning yechimi bo’ladi.

(hossalarni mustaqil asoslang)
3-reja. Ta’rif. Agar bir vagtda nolga teng bo’lmagan shunday a4, a,, ..., @, 0’zgarmas
sonlar mavjud bo’lsaki I intervalda
a1y (x) + axy, (X)) + .o+ gy (x) =0

ayniyat o’rinli bo’lsa, u holda y;(x),y,(x), ..., vx(x) funksiyalar I intervalda chiziqli bog’liq
deyiladi. Aks holda y; (x), y,(x), ..., v (x) funksiyalar I intervalda chizigli erkli deyiladi.

Agar y;(x),y,(x), ..., yx(x) funksiyalardan biri I intervalda aynan nolga teng bo’lsa, u
holda bu funksiyar I intervalda chizigli bog’liq bo’ladi. (mustaqil asoslang).

1-Misol. y; =sin?x, y, = cos?x, y; = 2019 funksiyalar (—oo, ) intervalda chizigli
bog’liqdir, chunki @; = @, = 2019,a3 = —1 sonlar uchun a;y, + a,y, + azy; = 0 ayniyat
(—o0, ) intervalda o’rinli.

2-Misol. y; = 1,y, = x,y3 = x2, ..., ¥, = x* funksiyalar ihtiyoriy (a, b) intervalda chizigli
erkli. Hagigatdan ham, agar bu funksiyalar biror (a, b) intervalda chizigli bog’liq deb teskari faraz
yuritsak, u holda

ax® +ap_x¥ T+ L+ agx+ay,=0

ayniyatga ega bo’lamiz, bunda «, @4, ..., a; sonlardan kamida bittasi noldan fargli. Demak (a, b)
intervalga tegishli barcha sonlar cheksizta va ular

apx® +ap_x¥ T+ L+ ayx+a,=0

41etermina tenglamaning ildizlari bo’ladi. Algebra kursidan ma’lumki bu tenglamanin ildizlari soni
k tadan ortmaydi. Bu ziddiyat yuqoridagi teskari faraz noto’g’riligini anglatadi.
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Funksiyalarning chizigli bog’liq yoki erkliligini ta’rif bo’yicha tekshirish hamma vaqt ham
oson emas. Tekshirishni osonlashtirish magsadida Vronskiy 42eterminant tushunchasini kiritamiz.
Y1, V2, -, Vi funksiyalar I intervalda k — 1 tartibli hosilaga ega deb faraz gilaylik va quyidagi
Vronskiy determinantini tuzaylik:

V1Y2 o Yn
wey=| T
(k-1), (k-1) (k-1)

1 2 w Yn

1-teorema. Agar y,,V, .., Vi funksiyalar I intervalda chizigli bog’liq bo’lsa, u holda
ulardan tuzilgan Vronskiy determinant I intervalda aynan nolga teng bo’ladi.

Isbot. Teorema shartiga ko’ra ayy; + ayy, + ...+ ayyx =0, x € [ ayniyat o’rinli va
bunda a4, a,, ..., a; sonlardan kamida bittasi noldan fargli. Bu ayniyatdan k — 1 marta hosila
olamiz va 42etermi tuzamiz:

ay1+azy, + o+ apyr =0

Y1 tayy, + ot apy =0 3)

alyl(k_l) + azyz(k_l) + ...+ aky,gk_l) =

bunda x € I. Bu sistemada a;, a5, ..., @; larga nisbatan chizigli bir jinsli tenglamalar sistemasi
bo’lib, yuqoridagi mulohazalarga ko’ra a; = a, = ... = @, = 0 yechimdan fargli yechimga ham
ega, bu yerda x € I. U holda algebra kursidan ma’lumki (3) sistemaning 42eterminant (u vronskiy
determinatidan iborat) x € I nugtalarda nolga teng. Teorema isbotlandi.

Shuni takidlash kerakki isbotlangan teorema y,,y,, ..., yx funksiyalarning chiziqli bog’liq
bo’lishi uchun faqat zaruriy shartni beradi, ya’nu 42etermin umuman olganda etarli emas. Endi (2)
tenglamaning koeffisientlari I intervalda uzluksiz va y;,ys,,...,¥, funksiyalarning har biri I
intervalda (2) tenglamaning yechimi deb faraz gilaylik.

2-teorema.y;, ya, ..., ¥, funksiyalar I intervalda chiziqli erkli bo’lishi uchun ulardan
tuzilgan Vronskiy 42eterminant/ intervalning birorta nugtasida ham nolga aylanmasligi zarur va
etarli.

Isbot. Zarurligi. y;,¥,, ..., ¥, funksiyalar I intervalda chizigli erkli bo’lsin. W (x) # 0
munosabat barcha x € I lar uchun o’rinli bo’lishini ko’rsatish kerak. Teskarisini faraz qilaylik,
ya’ni xo € I nugtada W (x,) = 0 bo’lsin. a4, a5, ..., @, noma’lumlarga nisbatan chiziqli tenglamalar
sistemasini garaymiz:

a1y1(x0) + a2y2(x0) + oo+ @pyn(xp) =0
a1y1(xo) + azy;(x0) + ...+ apyn(xg) =0 @

ka13’1n_1)(x0) + az)’z(n_l)(xo) + ...+ an}ﬁgn_l) (x0) =0

Bu sistemaning 42eterminant aynan W (x,)dan iborat va nolga teng. Shuning uchun sistemaning

sistemaning a@; = @, = ... = a, = 0 dan farqli yechimlari cheksiz ko’p. Ulardan birini olaylik:
v =a a, =al?, .. a, = a'”. Endi aynan nolga teng bo’lmagan

y=aP; +aPy, + .+ aPy,(5)

funksiyani garaymiz. Bu funksiya (2) tenglamaning
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y(xo) =y'(x0) = ... = y(n_l)(xo)(6)

boshlang’ich shartni qanoatlantiruvchi yechimidan iborat. Boshqa tomondan y = 0 funksiya (2)
tenglamaning (6) boshlang’ich shartni qanoatlantiruvchi yechimidan iborat. Pikar teoremasiga zid
natijaga keldik, ya’ni (2) tenglamaning (6) boshlang’ich shartni qanoatlantiruvchi yechimi yagona
bo’lmayapti. Demak yuqoridagi teskari faraz o’rinli bo’lishi mumkin emas, ya’ni W(x) # 0
munosabat barcha x € I lar uchun o’rinli.

Yetrarliligi. Biror x, € I nugtada W(x,) # 0 munosabat o’rinli bo’lsin. y;,¥5, ..., ¥n
funksiyalar I intervalda chizigli erkli bo’lishini ko’rsatish kerak. Teskarisini faraz qilaylik, ya’ni
Y1, Va2, -, Vn funksiyalar [ intervalda chiziqli bog’liq bo’lsin. U holda 1-teoremaga ko’ra [
intervalda W(x) =0 ayniyat o’rinli. Hususan W(x,) = 0. Bu ziddiyat yuqoridagi faraz
noto’g’riligidan kelib chiqdi. Teorema to’la isbotlandi.

4-reja. 3-teorema. (2) tenglamaning yi,ys, ..., ¥, Yechimlaridan tuzilgan Vronskiy
43eterminant uchun quyidagi formula o’rinli:

W(x) = W(xp)e xoP1O%(7)

Isbot.W (x) determinantning hosilasini hisoblaymiz:

Y1Y2 o n
Y1Y2 o Yn
W’(X) = .(k_zl) (k.—2) ' ' .(k_zl) = —pl(X)W(X)
1 2 N %)
I S

Bu o’zgaruvchilari ajraladigan differensial tenglamaning umumiy yechimi

W(X) — CB_I;O p1(®)dt
formula bilan yoziladi. W (x,) = C munosabatni hisobga olsak (7) formula kelib chigadi.

Agar ikkinchi tartibli chiziqli differensial tenglamani bitta hususiy yechimi ma’lum bo’lsa
(7) formuladan foydalanib uni integrallash mumkin.

Nazorat savollari
1. Yugori tartibli chizigli bir jinsli tenglamalar
2. Funksiyalarning chizigli erkliligi tushunchasi
3. Ostrogradskiy-Liuvill formulasi.
Foydalanilgan adabiyotlar

1. CanoxuraunoB M.C., Hacputnunos I'.H. Opnuit quddepenunan renrnamanap. TOIIKEHT,
V30ekucTon”, 1994.

2. bubukos I0.H. Kypc oObikHOBeHHBIX nuddepeHnanbubix ypaBaenuit. M., 1991. 314 c.

3. IlerpoBckuii M.I'. JIekuuu no Teopun 0OBIKHOBEHHBIX AU(DdepeHInalbHbIX YpaBHeHU. M.
n31-B0 Mock. YH-Ta. 1984.

4. Nemunoud B.I1. Jlekiuun no Matematuueckoil Teopun ycroitunBoctu. M.: Hayka, 1987.

5. ®enoprok M.B. O6sikHOBeHHBIE MU epernmanbabie ypaBHeHus. M.: Hayka.1980.
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12-Mavzu. n-tartibli chizigli bir jinsli differensial tenglamaning
umumiy yechimi
Reja
1. Fundamental yechimlar sistemasi
2. Umumiy yechimni qurish
3. Berilgan fundamental yechimlar sistemasiga ega chizigli bir jinsli tenglamani qurish

4. Chiziqgli erkli hususiy yechimlaridan foydalanib chizigli bir jinsli tenglamaning tartibini
pasaytirish

1-reja. Ta’rif.n-tartibli chizigli bir jinsli differensial tenglamaning n ta yi,y,, ...,V
yechimi I intervalada chiziqli erkli bo’Isa ular fundamental yechimlar sistemasi deb ataladi.

1-Teorema. Agar

Y™ +p )y 4 L+ P ()Y +pp(x)y =0 ¢))

tenglamaning koeffisientlari I intervalda uzluksiz bo’lsa, u holda bu intervalda (1) tenglamaning
fundamental yechimlar sistemsi mavjud.

Isbot.x, € I nuqtani ihtiyoriy tanlab olaylik. Pikar teoremasiga ko’ra (1) tenglamaning

(x0) = 1,9"(x0) = ¥" (%) = ... = y™ D (x,) = 0 boshlang’ich shartni qanoatlantiruvchi yechimi
mavjud va yagona, bu yechimni y; orqgali belgilaymiz. (1) tenglamaning y'(x,) =1, y(xy) =
y" (%) = .. =y® D(x,) =0 boshlang’ich shartni qanoatlantiruvchi yechimi y, orgali

belgilaylik. Shu ketma-ketlikda (1) tenglamaning vy,,ys,,...,, Yechimlarini aniglab olamiz.
Topilgan yy, y,, ..., ¥, Yechimlar I intervalda chizigli erkli bo’lishini ko’rsatsak teorema isbotlangan
bo’ladi. Bu yechimlardan tuzuligan W (x) determinantning x = x, nuqtadagi giymati 1 ga teng.
Oldingi mavzuda isbotlangan 2-teoremaga ko’ra yy, y,, ..., J,, Yechimlar chizigli erklidir.

Teoremani isbotlash usulidan ko’rinadiki (1) tenglama cheksiz ko’p fundamental yechimlar
sistemasiga ega. Chunki boshlang’ich qiymat sifatida birlik matritsaning elementlari, ya’ni 1 va 0
ishlatildi. Aslida giymati noldan fargli bo’lgan ihtiyoriy n-tartibli determinantning elementlaridan
boshlang’ich qiymat sifatida foydalanish mumkin edi.

2-reja. (1) tenglamaning birorta fundamental yechimlar sistemasi ma’lum bo’sa uning
umumiy yechimini qurish mumkin.

2-teorema. Agar y,,y,,...,V, funksiyalar (1) tenglamaning | intervaldagi fundamental
yechimlar sistemasidan iborat bo’lsa, u holda

y=Cy; + Gy, + .+ Gy (2)

formula (1) tenglamaning umumiy yechimini ifodalaydi va barcha yechimlarni 0’z ichiga oladi, bu
erda Cy, C5, ..., C,, — ihtiyoriy o’zgarmaslar.

Isbot. 1) C;,C,, ..., C, o’zgarmaslarning ihtiyoriy qiymatida (2) funksiya (1) tenglamani
ganoatlantiradi

2) ushbu
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y=0Cy:+ Gy, + ..+ Cyy
y' =Gy + Gy, + o+ Cuyn

y(n—l) — Clyl(n—l) + Czyz(n—l) + .+ Cn%En_l)

)

L)
sistemani C;, C,, ..., C,, larga nisbatan bir giymatli yechish mumkin, chunki uning determinanti
V1, V2, -, Yo chizigli erkli yechimlardan tuzilgan Vronskiy determinantining ayni o’zi bo’lib u [
intervalda hech gachon nolga teng bo’lmaydi. (2) formula (1) tenglamaning umumiy yechimini

1fodalashi ko’rsatildi.

Endi (1) tenglamaning barcha yechimlarini (2) formula o’z ichiga olishini ko’rsataylik.
Buning uchun

R:x€l, |yl <oo,|y'| <oo,.., |y V| <o

sohaning ihtiyoriy (xo,yo,y(’), ...,yo(”"l)) nugtasini olamiz va

Y(x0) = Y0, ¥ (%) = ¥y s YV () = y* Y

boshlang’ich shartni qanoatlantiruvchi yechimini (2) formula o’z ichiga olishini ko’rsatish yetarli.
Boshlang’ich berilganlarni (3) sistemaga qo’yamiz:

Yo = C1y1(x0) + C2y2(x0) + ... + Cryn(xo)
Yo = C1y1(x0) + C2y5(x0) + ... + Cuyn(xo)

yén_l) = C1J’1(n_1) (x0) + Cz)’z(n_l) (xo) + ...t CnYr(zn_l)(xo))
Bu sistemani C;, C,, ..., C,, larga nisbatan bir gqiymatlili yechish mumkin:

c,=c9c,=c2, .., c,=cP

Topilganlarni (2) umumiy yechim formulasiga qo’ysak y = Cl(o)yl + Cz(o)yz + ..+ C,(lo)yn

funksiya hosil bo’ladi va bu funksiya izlanayotgan yechimdan iborat. Demak (2) formula barcha
yechimlarni 0’z ichiga oladi. Teorema isbotlandi.

Isbotlangan teoremadan quyidagi natija kelib chigadi.
Natija. (2) tenglamaning chizigli erkli yechimlari soni n dan ortmaydi.

Hagigatdan ham, n + 1 ta y;,y,, ..., ¥n, Yns1 hususiy yechimni olaylik. Agar ulardan dastlabki n
tasi chizigli bog’iliq bo’lsa u holda barchasi, n + 1 tasi ham chiziqli bog’liq bo’ladi, chunki bir
vaqtda nolga teng bo’lmagan a4, @, ..., a, sonlar uchun a;y; + a,y, + ...+ a, Y, +0-y,,1 =0
ayniyat bajariladi. Agar y;,y,, ..., ¥, yechimlar chizigli erkli bo’lsa u holda 2-teoremaga ko’ra, (1)

tenglamaning ihtiyoriy yechimini, hususan y,,; Yyechimni y;,y,,..,y, larning chizigli
kombinatsiyasi orqali ifodalash mumkin:  y,,q = C Py, + €y, + ..+ Cy,. Demak

Y1, V2, - » Y, Yn+1 Yechimlar chizigli bog’liq.

3-reja. 3-teorema. Agar biror I intervalda aniglangan y;, ys, ..., ¥, funksiyalar chizigli erkli
bo’lib, n marta uzluksiz differensiallanuvchi bo’lsa, u holda bu funksiyalar yagona n-tartibli
chiziqli bir jinsli differensial tenglamaning fundamental yechimlar sistemasidan iborat bo’ladi.

Isbot. Berilgan fundamental yechimlar sistemasiga ikkita chizigli bir jinsli differensial
tenglama mos kelsin:
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YW +p ()Y 4+ L+ P ()Y + pa(x)y =0 (4)
Y + )y + ot qu ()Y + ()Y =0 (5)

bu yerda p;(x),q;(x),i =1,...,n funksiyalar I intervalda uzluksiz. Agar p;(x) = q;(x), i =
1, ..., n ekanini isbotlasak (4) va (5) bitta tenglamadan iboratligini ko’rsatgan bo’lamiz. (4) va (5) ni
ayiramiz:

[p1(x) = 1 )YV + L+ [Pro1(6) — g1 OY' + [pn () — g (X)]y = 0

Bu tenglama ham y;,y,, ...,y yechimlarga ega. Agar p;(x) = q;(x), i = 1,...,n munosabatlar
o’rinli bo’lmasa, u holda tartibi n dan kichik bo’lgan chiziqli bir jinsli differensial tenglamaning
Y1, Va2, -, VY Chizigli erkli yechimlari soni n ta bo’lib, bu hulosa 2-teoremaning natijasiga ziddir.
Teorema isbotlandi.

Amaliy misollar yechish vagtida fundamental yechimlar sistemasi berilgan y,,y,, ..., ¥,
funksiyalardan iborat n-tartibli chizigli bir jinsli differensial tenglama yozish uchun quyidagi
determinantni yoyish kerak:

YiVa oo ¥n Y
ERCSEA BT
Oy ™

4-reja. 4-teorema. Agar n-tartibli chizigli bir jinsli differensial tenglamaning r (r < n) ta
chiziqli erkli hususiy yechimlari ma’lum bo’lsa, u holda tenglamaning tartibini r birlikka
kamaytirish mumkin.

Isbot. y;,¥s, ...,y funksiyalar (1) tenglamaning chizigli erkli yechimlari bo’lsin. Yangi

noma’lum u funksiyani y =y, [udx yoki u = (yl) formula bilan kiritamiz. Almashtirish
1

formulasiga ko’ra

y' =y j udx + yju,
y"' =y f udx + 2y;u + y,u',

yur — y{r/ f udx + 3yilu + 3y{u’ +y1u'l'

y™ = yl(n) f udx + nyl(n_l)u + o nyu? 4y D,
Bularni (1) tenglamaga qo’ysak u quyidagi ko’rinishga keladi:
L[y,] j udx + by (X)u® D + b, U™ + .+ b,_, (U + by (XDu=0

bu erda by(x) = y; tenglikni ko’rishimiz mumkin. L[y;] = 0 munosabatga ko’ra bu tenglama
quyidagi, (n — 1)-tartibli chizigli bir jinsli tenglamaga keladi:

u™ D 4 g, (DU D + L+ gy COU F G (DU =0 (7)

46



(1) tenglamada noma’lum funksiyani almashtirirsh formulasiga ko’ra

w=(2) = () s = ()
! v/’ 2 i) Tt V1

funksiyalar (7) tenglamaning yechimlari bo’ladi. Endi uq,u,, ..., u,_; funksiyalarni chizigli erkli
bo’lishini ko’rsataylik. Teskarisi o’rinli bo’lsin, ya’ni @ u; + ayu, + ...+ a,_1u,_; = 0 ayniyat
o’rinli bo’lsin, bu yerda a4, a,,.., a,_; sSonlar bir vaqtda nolga teng emas. Bu ayniyatni
integrallaymiz:

Ci+ a4 f udx + a, f Udx + ...+ a,_q f U_1dx =0

Bundan:
Y2 V3 Vr—1
CGi+a,—4+a,—+ ..4+a,_,——=0
! 13’1 23’1 Tt Y1
yoki
Ciyi + gy, +azys + o+ a1y =0

Ohirgi tenglik y4, y,, ..., y;- funksiyalar chiziqli bog’liq bo’lishini anglatadi. Bu esa teorema shartiga
zid. Demak yuqoridagi teskari faraz o’rinli bo’lishi mumkin emas, ya’ni uy,uy,...,Upr_q
funksiyalarni chizigli erkli.

(7) tenglamada u =wu, [vdx yoki v=(ul) formula bilan nomalum funksiyani

almashtirsak (n — 2)-tartibli chizigli bir jinsli differnsial tenglamaga ega bo’lamiz. Shu ketma-
ketlikda mulohazalarni davom ettirib (n — r)-tartibli chizigli bir jinsli differensial tenglamani hosil
gilamiz. Teorema isbotlandi.
Nazorat savollari
1. Berilgan fundamental yechimlar sistemasiga ega chizigli bir jinsli tenglamani qurish

2. Chizigli erkli hususiy yechimlaridan foydalanib chizigli bir jinsli tenglamaning tartibini
pasaytirish
Foydalanilgan adabiyotlar

3

1. CanoxurauaoB M.C., Hacputnunos I'.'H. Opnuit nuddepennuman tenrnamanap. ToOLIKEHT, ¢
V30ekucron”, 1994.

2. bubuxos FO0.H. Kypc 00ObikHOBEHHBIX U depeHIanbHbIX ypaBHeHuid. M., 1991. 314 c.

3. IerpoBckmii U.I". Jlekuu mo Teopun OOBIKHOBEHHBIX aH(depeHnanbHbIX ypaBHEHUH. M.
n31-B0 Mock. YH-Ta. 1984.

13-Mavzu. N-tartibli bir jinsli bo’Imagan tenglamalar
Reja
1. Umumiy yechim
2. O’zgarmasni variatsiyalash usuli

3. Grin funksiyasi
47



1-reja. Avvalgi darsimizda n-tartibli chiziqli bir jinsli bo’lmagan differensial tenglama
bo’lmagan tenglama quydagi ko’rinishga ega bolishini aytgan edik:
Y+ 01 )YV 4t o (Y + pa(0)y = q(0)(D)

1-teorema. Agar (1) tenglamaning bitta ¢ (x) hususiy yechimi ma’lum bo’lsa, u holda (1)
tenglamaning umumiy yechimi (1) ga mos bir jinsli tenglamaning umumiy yechimi va ¢(x)
funksiya yig’indisidan iborat.

Isbot. (1)tenglamada y = z + ¢(x) almashtirish bajaramiz, bu era z — yangi noma’lum
funksiya. Buni (1) ga qo’ysak L[z + ¢@(x)] = q(x) yoki L[z] + L[p(x)] = q(x). Bu yerda
Llp(x)] = q(x) ayniyatni hisobga olsak L[z] = 0 tenglamani hosil gilamiz. Demak z funksiya

zZ™ 4+ p, ()2 Y + L+ p ()2 +p()z =0 (2)

tenglamani ganoatlantirishi kerak. Bu (1) ga mos chizigli bir jinsli differensial tenglamaning ayni
o’zidir. Agar (2) tenglamanning umumiy yechimi z = C;z; + C,z, + ...+ C,z, formula bilan
aniglansa, u holda (1) ning umumiy yechimi y = ¢(x) + C;z, + C,z, + ...+ C,z, formula bilan
ifodalanadi. Teorema isbotlandi.

Agar y = @(x) funksiya L[y] = q,(x) tenglamani, y = ¥ (x) funksiya esa L[y] = q,(x)
tenglamaning hususiy yechimidan iborat bo’lsa u holda y = ¢ (x) + ¥ (x) funksiya L[y] = q;(x) +
q,(x) tenglamaning hususiy yechimi bo’ladi.

Misol.y" 4+ 2y = 2 4+ 3e* tenglamani gqaraylik. y" 4+ 2y =2 tenglama y =1 hususiy
yechimga ega. y"' + 2y = 3e* tenglama esa y = e* hususiy yechimga ega. Demak y =1 + e*
funksiya berilgan tenglamaning hususiy yechimi bo’ladi.

2-reja. Agar (1) bir jinsli bo’lmagan tenglamaga mos (2) bir jinsli tenglamaning umumiy
yechimi ma’lum bo’lsa (1) tenglamaning umumiy yechimini kvadraturalarda aniglash mumkinligini
ko’rib chigamiz.

(2) tenglamaning umumiy yechimi z = Cyz; + Cyz, + ...+ C,z, bo’lsin, bu erda
71,2 , -, Zn — (2) tenglamaning biror fundamental yechimlar sistemasi. (1) tenglamaning umumiy
yechimini

y=C(x)z; + C,(x)z, + ...+ Cp(x)2,(3)
ko’rinishda gidiramiz. C; (x), C,(x), ..., C,,(x) funksiyalarni quydagi sistemadan aniglaymiz:

Ci(x)zy + C3(x)z, + ...+ C)(x)z, =0
Ci(x)z; + C3(x)zy + ...+ Cp(x)z;, =0

Cl0)zZ" P + )z + L+ (0P =0

Cl)z" ™ + C0)2 D 4 ot Ch(0)28 Y = q(x)
Buni hisobga olib (3) funksiyaning hosilalarini topamiz:
y' =Ci(x)z; + Co(x)zy + ...+ Cp(x)zy,,
y"'=Ci(x)z; + Co(x)zy + ...+ Cr(x)z,,,

y-D = Cl(x)zfn_l) +C, (x)zgn_l) + ..+ Cn(x)z,(qn_l) ,
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y® = Gz + Gz + .t Ca()zy + ().

(3) funksiyani va uning hosilalarini (1) tenglamaga qo’ysak (3) funksiya (1) tenglamani
ganoatlantirishini ko’ramiz. (4) sistemadan C;(x),C;(x), ..., C,(x) larni bir giymatli aniglash
mumkin, chunki sistemaning determinant z,,z,,...,z, chizigli erkli funksiyalardan tuzilgan
Vronskiy determinantidan iborat bo’lib u noldan fargli. Topilgan Cj(x),C;(x), ...,Cy(x) larga
ko’ra C,(X),C,(X),...,C,(X) funksiyalarni aniqlaymiz va (3) formulaga qo’yib (1) tenglamaning
umumiy yechimini hosil gilamiz.

Misol. Ushbu

1
cos x

y'+y'tgx = (5)

tenglamani garaymiz. Bu tenglamaga mos bir jinsli tenglama y"” 4+ y'tgx =0 bo’lib uning
umumiy yechimini topamiz. y' =2z vyangi funksiya Kiritamiz. Natijada z'+ztgx =0
o’zgaruvchilari ajraladigan tenglama xosil bo’ladi. Bundan

dz
7=tgxdx =Inz=Incosx+InC; = z=C;cosx.

Eski o’zgaruvchiga qaytaylik
y'=Cicosx= y=C;sinx+C,.
Berilgan (5) tenglamaning umumiy yechimini
y = Cy(x)sinx + C,(x)
ko’rinishda qidiramiz. (4) sistemani tuzamiz:

Ci(x)sinx + C;(x) =0 1

1 =M = —5) G = -
cos? x

cos x

sin x

Ci{(x)cosx = cos? x

1
Cl(x) =tgx+C1, Cz(X) =_C +C2

0SS X
Demak berilgan tenglamani umumiy yechimi: = C; sinx + C, — cosx .
3-reja. Bir jinsli bo’lmagan (1) tenglamaning hususiy yechimini topishning yana bir usluli —
Koshi usuli bilan tanishamiz. (1) tenglamaning p;(x),i = 1, ..., n koeffisientlari [a, b] intervalda

uzluksiz. (1) ga mos bir jinsli (2) tenlamaning biror fundamental yechimlar sistemasi ma’lum
bo’lsin. Bu fundamental sistemadan foydalanib (2) tenglamaning (a < t < b)

z)=2'{t)= ..=z0D@) =0, zV(@) =1

boshlang’ich shartni ganoatlantiruvchi yechimini z = ¢(x, t) orqgali belgilaylik, chunki u t ga ham
x ga ham bog’lig. Quyidagi funksiyani qaraylik:
X

W) = j (o DDt . ©)

a

Bu funksiya (1) tenglamani hususiy yechimidan iboratligini ko’rsataylik. Dastlab uning hosilalarini
topamiz:
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X X

W' (@) = 0 0q() + f o' (6, (D) dt = f ¢' (6, DDt

w%w=¢%nmﬂm+f¢%moﬂww=f¢%mw«wm
1““”@%=¢“”@wM@T+f¢””@JMGMt=fwm*NmOMOﬁ
wWMo=¢m*kn@mw+jﬁﬂknwmom=qay+f¢mummawt

Chegaralari o’zgaruvchi integrally ifodaning hosilasi quyidagi formuladan topiladi:

b(x) ()
:—x (j) f(x,0)dt = b'(x)f(x,b(x)) — a'(x)f (x, a(x)) + (j) ;_x[f(x’ t)]dt.

(5) funksiani va uning hosilalarini (1) tenglamaning chap tomoniga qo’yamiz:
X
a@) + [ Lo 0la@de = ().
a
Demak (6) funksiya (1) tenglamani ganoatlantiradi.
Endi (1) tenglamaning hususiy yechimini aniq integral ko’rinishida yozish magsadida
quyidagi funksiyani kiritamiz:
0, a<x<t,
Glx,6) = {(p(x, t), t<x<bh.
Bu funksiya quyidagi hossalarga ega
1°.G(¢t,t) = 0;
2°. Bu funksiyadan x bo’yicha olingan n — 2 tartibligacha hosilalarning x = t dagi giymati nolga
teng, ya’ni GOt t)=0i=1,..,n—2.
3°. Bu funksiyadan x = t nugtada x bo’yicha olingan n — 1 tartibli 0’ng hosila 1 ga chap hosila esa
0gateng, yani G D(t+0,t) =1, ™ D(t—-0,t) =0.

[a,t) va (t,b] yarim intervallarda xargumenti bo’yicha chiziqli bir jinsli differensial
tenglamaning yechimidan iborat va yuqorida sanalagan 1°-3° hossalarga ega bo’lgan G(x,t)
funksiya (1) tenglama uchun qo’yilgan Koshi masalasining Grin funksiyasi deyiladi. Grin
funksiyasidan foydalanib (6) formulani aniq integral shaklida yozish mumkin:

b
¥ = [ GGuoqad . ©)

a
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Misol. (5) tenglamani Grin funksiyasi yordamida hususiy yechimini topaylik. Bir jinsli
tenglamani umumiy yechimi y = C; sinx + C, ekanini yuqorida aniglagan edik. Umumiy yechim
orasidan y(t) = 0,y'(t) = 1 boshlang’ich shartni qanoatlantiruvchi yechimni qidiramiz:

Clsint‘l‘Cz:O, _ _
{Clcostzl. Dl_cost’cz_ tgt.

sinx

Demak izlanayotgan yechim (x,t) = —tgt. Endi (5) formula yordamida hususiy yechimni

cost

topamiz, bunda a = 0 deb olish mumkin:

X
e J'[sinx sint]dt _ ) 1 +1=1
x) = — =sinx-tgx — —— =1 — cosx.
cos?t cos?t 5 cos x
0

Nazorat savollari
1. Qanday yechim umumiy yechim bo’ladi?
2. O’zgarmasni variatsiyalash usuli ganday?

Asosiy adabiyotlar
3. CrenanoB B.B. Kypc auddepenunansusix ypasaenuii. M., KomKuaura/ URSS. 2006. —
472 c.
4. Dnecronsi JLE. luddepenunansupie ypaBHEHUS U apUallMOHHOE HcunieHue. M.,
KomKawura/ URSS. 2006. — 312 c.

5. OunmumnmnoB A.®. CoopHuk 3a1ad no auddepeHnnanbHbiM ypaBHeHusM. Mokesck: M31-Bo
PX/1. 2000. -175c.

14-Mavzu. n-tartibli chiziqli bir jinsli 0’zgarmas koeffisientli
differensial tenglamalar
Reja
1. Haqiqiy argumentli kompleks funksiya
2. Bir jinsli tenglamaning harakteristik tenglamasi

1-reja. Ushbu z(x) = u(x) + iv(x) funkisiya haqiqiqy argumentli kompleks funksiya
deyiladi, bunda u(x) va v(x) haqigiy x argumentli haqigiy funksiyalar. u(x) va v(x) mos ravishda
z(x) kompleks funksiyaning haqiqiy va mavhumgqismi deyiladi. Bunday funksiyaga misol
keltiramiz:

e™ = e*(cosbx + isin bx)

bu yerda @ = a + ib. Bu formulani asoslaymiz.

x% x3 x* x5 x® X7

X — I —_ —_ R N R
e¥=l4x+ gttt gt

3 5 7

X X X

smx=x—§+a—ﬁ+...,

x? x* x®
cosx—l—i+z—a+...,
g4 x2 ix® x* x> x%  ix? 3

A TR TR T TR
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x? x* «x , x3 x5 x7 .
=l-—+——-——+ ... |+i|lXxX——=—+———=+ ... |=cosx +isinx,

elatib)x — oax . pibX — A% (cos hx + i sin bx).
e(@+b)x fynksiyaning hagigiy gismi e®* cos bx dan mavhum gismi e sin bx dan iborat.
Ta’rif. Agar u™(x) va v™(x) hosilalar mavjud bo’lsa, u holda z(x) = u(x) + iv(x)
funksiyadan x bo’yicha n-tartibli hosila z™ (x) = u™ (x) + iv™ (x) formula bilan aniglaymiz.

Masalan, ihtiyoriy a o’zgarnas (haqiqiy yoki kompleks) son uchun (e**)’ = ae®formula
o’rinli (musagqil asoslang).

Agar z(x) = u(x) + iv(x) funksiya
z® 4+ p, )z + L 4p,_ 1 (0)z +p,(X)z=0 (1)

tenglamani biror I intervalda ayniyatga aylantirsa, uni (1) chizigli bir jinsli tenglamaning I
intervaldagi kompleks yechimi deb aytamiz. Komleks yechimning bitta muhim hossasini
keltiraylik. Agar z(x) = u(x) + iv(x) funksiya (1) tenglamaning I intervaldagi kompleks yechmi
bo’lsa, u holda u(x) va v(x) funksiyalar (1) tenglamaning haqiqiy yechimlari bo’ladi.

2-reja. Ushbu
Lyl =y™ +p1()y" D + o4 ppa (Y + o0y =0 (2)
tenglama n-tartibli chizigli bir jinsli 0’zgarmas koeffisientli differensial tenglama deyiladi. (2)

tenglamaning hususiy yechimini y = e**ko’rinishda gidiraylik, bu erda A — biror o’zgarmas
(haqiqiy yoki kompleks) son. Buni (2) ning chap qismiga qo’yamiz:

Lyl = [A" + a; A" + ..+ a,_1A + a,]e?™ = P(1)e?*.
Bundan ko’rinadiki y = e** funksiya (2) tenglamaning yechimi bo’lishi uchun A son
y g gy
P ="+a A"+ . +apA+a,=0

algebraik tenglamaning ildizi bo’lishi zarur va yetarli. (3) tenglama (2) bir jinsli chizigli
tenglamaning harakteristik tenglamasi, uning ildizlari esa hos sonlari deyiladi.

Algebra kursidan ma’lumki n-darajali ko’phad n ta (karralilari ham sanalganda) ildizga ega.
Demak (2) tenglamaning xos sonlari ham karralilari ham sanalganda n ta bo’ladi. Faraz qilaylik (2)
tenglamaning hos sonlari 14, 4,, ..., 4,, (haqgiqiy yoki kompleks sonlar) turlicha bo’lsin. U holda biz
(2) tenglamaning n ta hususiy yechimiga ega bo’lamiz:

V1= elleyZ = elzx' o ¥Yn = elnx(4‘)

(4) yechimlar ihtioriy I intervalda chiziqli erkli bo’lishini isbotlaymiz. Teskarisini faraz
gilaylik, ya’ni

a,eM* + ae’2* + L+ et =0 (5)

ayniyat o’inli bo’lsin, bu yerda a4, ay, ..., @, 0’zgarmas sonlardan kamida bittasi noldan farqli x €
I. Umumiylikka ziyon keltirmagan holda a,, # 0 deb olaylik. (5) ni e*** ga bo’lamiz va hosla
olamiz:

ay(Ay — A)eP2=2% 4 qoes=d0x 4 4 g (1, — 1)eWn=2* =
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Bu ayniyatni e*2=41)% g3 bo’lamiz va hosila olamiz:
as(ly — 1) (A3 — A)eP 2% 4+ a, (A, — 1) (A — Ap)ePn=2x = ¢
Ketma-ket shunday amallarni bajarib quydagi ayniyatga kelamiz:
U (A = 2) (A = A2) - oo (A = Aoy )ePn~Mn-0)X =

Bu tenglik to’g’ri bo’lishi mumkin emas. Demak yuqoridagi faraz noto’g’ri va (4) funksiyalar
ihtiyoriy oraligda chizqli erklidir.

Hulosa qgiladigan bo’lsak, agar (2) tenglamaning A4, 4,, ..., 4,,harakteristik sonlari haqiqiy
va turlicha bo’lsa, u holda (4) yechimlar haqiqiy funksiyalar bo’lib, (2) bir jinsli chizigli
tenglamaning umumiy yechimi

y = CieM* + Cre’2* + ..+ Cpe’n*
formula bilan ifodalanadi.

Agar hos sonlar orasida A; = a + ib kompleks son ham bor bo’lsa, u holda, algebra
kursidan ma’lumki A, = a — ibkompleks son ham hos son bo’ladi. O’z navbatida (4) funksiyalar
quiydagi ko’rinishga ega bo’ladi

y, = e(a+ib)x} y, = e(a—ib)x,y3 — e/13x oy Y = elnx_ (6)
vy, va y, funksiyalarning haqiqgiy gismlari aynan bir hil, mavhum gismlari esa ishorasi bilan
farglanadi shu bilan birga ular (2) tenglamani ganoatlantiradi. (6) sistemada y; va y, funksiyalar
o’rniga ularni qoyamiz:
y; = e cosbx,y, = e®*sinbx,y; = e’ ..,y, =eM* . (7)
(6) yechimlarning chizigli erkliligidan (7) funksiyalarning chizigli erkliligi kelib chigadi, chunki
a,e@tibx 4 o ea=ib)x 4 g oelsx 4 4 g en¥ =
= (a; + ay)e™ cos bx + i(a, — a;)e® sin bx + aze’s* + ...+ a,e’n* =

ayniyat o’rinli. Demak, qaralayotgan holatda har bir A haqigiy hos son (2) tenglamaning bitta y =
e** hususiy hagiqgiy yechimini aniglaydi, har bir A, = a + ib, A, = a — ib kompleks hos sonlar
jufti ikkita y; = e** cosbx, y, = e* sin bx hususiy hagiqiy yechimini aniglaydi. Hullas, (2)
tenglamaning hos sonlari turlicha bo’lganda biz hamma vaqt n ta haqiqiy yechimga ega bo’lamiz va
ularning ihtiyoriy chizigli kombinatsiyasi tenglamaning umumiy yechimini aniglaydi.

Misol. y"" —3y" + 9y’ + 13y = 0 tenglamani qaraylik. Uning harakteristik tenglamasi
A3 —322+91+ 13 = 0. Hos sonlar 4; = —1,1, = 2+ 3i,A; = 2 — 3i. Demak, y, = e™*,y, =
e?* cos 3x,y; = e?* sin 3x funksiyalar berilgan tenglamaning fundamental yechimlar sistemasini
tashkil etadi. Umumiy yechim:

y = Cie™™ + C,e?* cos 3x + C3e?* sin 3x .

Endi harakteristik tenglama ildizlari orasida Kkarralilari ham bor deb faraz gilaylik. A,
(haqiqiy yoki kompleks son) — (3) harakteristik tenglamaning k karrali ildizi bo’lIsin, u holda

P() =P'(A4) = ..=PEDQ) =0, PO) %0 (8)
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munosabatlar o’rinli. Ushbu L[e?*] = P(1)e?* ayniyatni A bo’yicha m marta differensiallaymiz,
bunda chap tomondagi operator A ga bog’liq bo’Imaganligi sababli differensiallash amalini operator
belgisi ichiga kiritish mumkin. O’ng tomonda esa ko’paytmanianag differensiali hisoblanadi:

ﬁL[elx] = L[

dm
A
dam ¢

m
T x] — [xmelx] — z Crinp(i) (A)xm—ielx_
i=0

Bu yerda (8) gako’'ram = 0,1, ...,k — 1 larda L[xmelx] = 0 ayniyat hosil bo’ladi, ya’ni
eMx yehX = xk-lehix(9)

funksiyalar (2) chziqli bir jinsli tenglamaning yechimlaridan iboratligi ko’rinadi. Bu yechimlarning
chiziqli erkliligini yuqorida (4) funksiyalarni chiziqli erkliligini ko’rsatgandek ko’rsatish mumkin.

Demak, harakteristik tenglamaning k karrali har ganday A, haqiqiy ildizizi (2) tenglamaning
k ta haqiqiy chizigli erkli hususiy yechimini aniglaydi.
Agar harakteristik tenglama k karrali a + ib ildizga ega bo’lsa, u holda k karrali a —
ibildizga ham ega bo’ladi. (9)ga ko’ra bu ildizlar 2k ta
e(a+ib)x, e(a—ib)x, xe(a+ib)x, xe(a—ib)x' " xk—le(a+ib)x’ xk—le(a—ib)x(lo)

chizigli erkli kompleks yechimni aniglaydi. Ularning hagigiqy va mavhum gismlarini ajratib
olamiz:

e* cos bx,e* sin bx,xe* cos bx ,xe®* sin bx, ...

xk—l ax

e cos bx,x* e sin bx .

(10) funksiyalarning chizigli ekliligidan bu funksialarning ham chizigli erkli ekanligi kelib chigadi.
Demak, harakteristik tenglamaning k karrali har ganday a + ib, a — ib qo’shma kompleks ildizi (2)
tenglamaning 2k ta haqiqiy chizigli erkli hususiy yechimini aniglaydi.

Algebra kursidan ma’lumki n-darajali algebraik chizigli tenglama hamma vaqt n ta ildizga
ega, ya'ni A4, 1,, ..., 4, sonlar (3) tenglamaning mos ravishda k4, k5, ..., k,- karrali ildizlari bo’lsa u
holda k; + k, + ...+ k, = n tenglik o’rinli bo’ladi. Hulosa qilib aytganda, (2) tenglamaning
harakteristik sonlari ganday bo’lmasin biz hamma vaqt n ta haqiqiy yechimga ega bo’lamiz va
ularning ihtiyoriy chizigli kombinatsiyasi korinishida tenglamaning umumiy yechimini aniglaymiz.

Misol. y® —y® 48y —8y" + 16y’ — 16y = 0 tenglamani garaymiz. Harakteristik
tenglama 15— 1* + 8143 — 812 + 164 — 16 = 0. Uning ildizlari: A, =1, 1, = A3 =2i, 1, =
As = —2i. Bu hos sonlarga mos hususiy yechimlar:

v, = e*,y, =cos2x,y; =sin2x,y, = xcos 2x,ys = x sin 2x
Berilgan tenglamaning umumiy yechimi:
y = C;e* + C, cos 2x + C5 sin 2x + C4x cos 2x + Csx sin 2x .
Nazorat savollari
1. Haqiqgiy argumentli kompleks funksiya
2. Bir jinsli tenglamaning harakteristik tenglamasi

Asosiy adabiyotlar
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15-Mavzu. Chiziqli bir jinsli bo’lmagan o’zgarmas koeffisientli tenglamalar
Reja
1. Tenglamaning o’ng qismi ko’phad va ko’rsatkichli funksiya ko’paytmasidan iborat

bo’lganda hususiy yechimni qidirish.

2. Tenglamaning o’ng qismi ko’phad va komleks ko’rsatkichli funksiya ko’paytmasidan
iborat bo’lganda hususiy yechimni qidirish.

1-reja. n-tartibli chizigli bir jinsli bo’lmagan ozgarmas koeffisientli tenglama

Lyl=y™ +ay®V + L +a,,y +ay =)D

korinishga ega, bu yerda a4, a,, ..., a, — 0’zgarmas haqiqiy sonlar. Oldingi darsda biz har qanday n-
tartibli chizigli bir jinsli o’zgarmas koeffisientli tenglamani umumiy yechimini qurishni o’rgandik.
U holda (1) tenglamaning umumiy yechimini o’zgarmasni variatsiyalash usulida kvadraturalarda
topa olamiz. Lekin f(x) funksiyaning ayrim hususiy ko’rinishlarida (1) tenglamaning hususiy
yechimi kvadraturalarsiz aniglanadi. Bunday holatlarda, bir jinsli tenglamaning umumiy yechimiga
bu hususiy yechimni qo’shib (1) tenglamaning umumiy yechimini kvaraturalarsiz hosil gilamiz.

(1) tenglamada f(x) funksiya ko’phad va ko’rsatkichli funksiyaning ko’paytmasidan iborat
bo’lsin, ya’'ni
fQ) = Pox™ + p1x™ oot PoaX + Pr)e™

bu yerda pg, p1, ..., Pm, @ — 0’zgarmas sonlar (ulardan ba’zilari nolga teng bo’lishi ham mumkin).
(1) tenglamaning hususiy yechimini gidirishni 2 ta holatga ajratib olib boramiz.

1-holat.a — tenglamaning hos soni emas, ya’ni P(a) # 0.
1-Tasdiq. 1-holatda (1) tenglamaning
Y =(qox™ + @:x™ 7t + 4 GmoaX + Gin)e ™ (2)

ko’rinishdagi hususiy yechimi mavjud va yagona, bu yerda qq, q, ..., ¢m — (noma’lum) o’zgarmas
sonlar. qq, 44, -, qm O’zgarmaslar (2) funksiya (1) tenglamaga olib borib qoyib noma’lum
koeffitsientlar usulida aniglanadi.

Haqiqatdan ham, (2) funksiyani (1) tenglamaga qo’yamiz:
LI(qox™ 4 q1x™ 1 4+ .+ Gme1X + g)e®™] = qoL[x™e™] + q,L[x™ 1e™] + ...
+Qm—1L[xeax] + qu[eax] = (poxm + plxm_l + ..+ Pm-1X% + pm)eax .

Bu yerda o’tgan darsda hosil gilingan

k
L[e®] = P(a)e®*, L[x*e*] = Z CiP®(a)xkte
i=0
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formulalardan foydalanaylik:
m—1 1

m
90 Z CLPW(a)x™ e 4 q, Z Ch_PO(@)x™ 1™ + 4+ g4 Z CIPW(a)x1 e
i=0 i=0 i=0

+ gnP(a)e™ == (pox™ + p1x™ 1+ .4 ppo1x + Pp)e?r.

Ohirgi tenglikni e** ga bo’lamiz va x ning bir hil darajalari oldidagi koefisientlarni
tenglashtiramiz:

qoP(a) = po,
x™ 1 qoChP' (@) + q1P(a) = py,

xl: qoCI~PV(q) + q,C"=2P™ D (@) + ...+ ¢_1P(@) = Pp_1,
x% qoP™ (@) + ¢ P™ V(@) + ...+ Gm-1P' (@) + qmP (@) = P

P(a) # 0 bo’lgani uchun bu tengliklardan qq, q4, ..., g, Koeffisientlarning barchasi ketma-ket va
bir gqiymatli aniglanadi. Tasdiq isbotlandi.

Misol. y'" — 5y’ + 6y = 6x% — 10x + 2tenglamaning umumiy yechimini topaylik.
Bir jinsli tenglama:z” — 5z' + 6z = 0. Uning harakteristik tenglamasi:
/12_51+6:0, :)/11:2, ){2:3
Bir jinsli tenglamaning umumiy yechimi z = C;e?* + C,e3*. Berilgan tenglamaning o’ng tomoni
kvadrat uchhad va e%* ning ko’paytmasiko’rinishida. a = 0 harakteristik tenglamaning ildizi emas.
Tenglamaning hususiy yechimini y = ax? + bx + cko’rinishda gidiramiz: y’' = 2ax + b, y" =
2a. Bularni tenglamaga qo’yamiz:
2a — 5Q2ax + b) + 6(ax?® + bx + ¢) = 6x?> — 10x + 2
xning bir hil darajalari oldidagi koeffisientlarni tenglasak quydagi sistema hosil bo’ladi:

6a = 6,
6b—10a=-10, = a=1, b=0, c=0 = y=x2
6¢c —5b + 2a = 2.

Shunday qilib izlanayotgan hususiy yechim y = x? funksiyadan iborat va berilgan tenglamaning
umumiy yechimi y = C;e?* + C,e3* + x2.

2-holat.a - harakteristik tenglamaning k (k > 1) karrali ildizi bo’lsin. U holda algebra
kursidan ma’lumki

P(@=P(a)= ..=P*V(g) =0
tengliklar bajariladi. Bu holatda hususiy yechimni (2) ko’rinishda qurib bo’lmaydi, chunki (a) = 0.
2-Tasdiq. 2-holatda (1) tenglamaning
y = xk(qox™ + qix™ 1+ .+ Go1X + qm)e*(3)

ko’rinishdagi hususiy yechimi mavjud va yagona, bu yerda qg, q4, ---, @ — (noma’lum) o’zgarmas
sonlar. qq, 41, ---,qm ©’zgarmaslar (3) funksiya (1) tenglamaga olib borib qoyib noma’lum
koeffitsientlar usulida aniglanadi.
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ko’rinishda gidiramiz. (3)funksiyani (1) tenglamaga qo’yamiz:

m m k+m—i m
L [Z qixk+m—ieax] — z q; z CI{',+m—iP(j) (a)xk+m—i—jeax — Z pixm—ieax )
i=0 i=0 j=k i=0
Bundan
m k+m—i m
Z qi Z Cli+m—ip(j)(a)xk+m_i_j =Z pix™ 7t
i=0 j=k i=0

Bu yerda X ning bir hil darajalari oldidagi koefisientlarni tenglashtiramiz:
x™: qoCiiemP® (@) = po,

x™ 1 qoCEPE (@) + q1Cfy 1 PP (@) = py,

xt: CIOCI’&r’;}_lp(ker_l)(a) + CI1CIIc(Irrnn—_12P(k+m_2)(a) + ..t qm—lcllcc+1p(k)(a) = Pm-1:
x%: qoP**™(a) + ¢, P*™ V(@) + ..+ g1 PEV (@) + qnP® (@) = pim.

P® () # 0 bo’lgani uchun bu tengliklardan qo, g4, ..., g, Koeffisientlarning barchasi ketma-ket va
bir gqiymatli aniglanadi. Tasdiq isbotlandi.

Misol. y"” — 5y’ = —5x2 + 2x tenglamani garaymiz. Unga mos bir jinsli tenglama: z'" —
5z' = 0. Bir jinsli tenglamani yechamiz: 22 =54 =0; 1, =0, 1, = 5; z = C; + C,e%*. Berilgan
tenglamaning 0’ng tomoni kvadrat uchhad va e%* funksiya ko’paytmasi ko’rinishiga ega va a = 0
harakteristik tenglamaning oddiy (k =1 karrali) ildizi. Shuning uchun tenglamaning hususiy
yechimini y = x(ax? + bx + ¢) ko’rinishda qidiramiz: y’ = 3ax? + 2bx + ¢, y" = 6ax + 2b.
Bularni berilgan tenglamaga qo’yamiz:

6ax + 2b — 5(3ax? + 2bx + ¢) = —5x2 + 2x.
x ning bir hil darajalari oldidagi koeffitsientlarni tenglaymiz:

x%: —15a = -5 —15a = =5 )
xl: 6a—10b =2=16a—10b =2 = a=§,b=0,c=0.
x% 2b—5¢c=0 2b—5c=0

Berilgan tenglamaning umumiy yechimi:

3

X
y=C1+C265x+?

2-reja. Endi (1) tenglamaning o’ng tomoni
f(x) =e* [P,fll) (x) cos bx + Pn(f) (x) sin bx]
ko'rinishga ega bo’lganda uning hususiy yechimini qidirish usulini ko’rib chigamiz, bu yerda P,Ell)
va P,flz) — m-darajali berilgan ko’phadlar. Buning uchun 2 ta holatni ajratib olamiz.

A-holat. @ = a + bi - harakteristik tenglamaning ildizi emas.
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Bu yerda garalayotgan holat bilan bog’liq 3-tasdigni, keyinroq boshga holatga bog’liq 4-
tasdigni isbotsiz keltiramiz. Tasdiglarning isbotini Salohitdinov M.C., Nasritdinov G’.N. Oddiy
differensial tenglamalar. T. O’zbekiston. 1994. 383b. adabiyotdan topish mumkin.

3-Tasdiqg. A-holatda (1) tenglamaning
y = eax[ ,(nl)(x) cos bx + Q,(,f)(x) sin bx](4)
ko’rinishdagi hususiy yechimi mavjud va yagona, bu yerda Q,(,P va Q,(f) — m darajali koeffisentlari

noma’lum ko’phadlar. Ularning koeffitsientlari (4) funksiya (1) tenglamaga olib borib goyib
noma’lum koeffitsientlar usulida aniqlanadi.

Misol. y"” +y' — 2y = e*(cosx — 7 sinx)tenglamani umumiy yechimini topamiz (bu
yerda a=b =1). Awval chizigli bir jinsli tenglamani yozaylik: z" +2z'—2z=0. Uni
integrallaymiz:

AZ+A_2=0, :511=1,12=_2; = Z=C1€x+C26_2x.

a + ib = 1 + ison harakteristik tenglamaning ildizi eamas. Shuning uchun Berilgan tenglamaning
hususiy yechimini

y = e*(Acosx + Bsinx)
ko’rinishda qidiramiz:
y"'+y' =2y =e*[(—A+3B)cosx — (B + 3A)sinx] = e*(cosx — 7 sinx)
O’xshash hadlar oldidagi koeffitsientlarni tenglashtirib quyidagi sistemani xosil qilamiz:

{—A+SB=1,
B+3A=17.

Shunday qilib izlanayotgan hususiy yechim: y = e*(2cosx + sinx). Berilgan tenglamaning
umumiy yechimi: y = C;e* + Ce™2* + e*(2 cos x + sinx).

A+2,B=1 = y=-e*(2cosx+sinx).

B-holat. @« = a + ib — harakteristik tenglamaning k (k > 1) karrali ildizi.

4-Tasdiq. B-holatda (1) tenglamaning
y = xkeax[Q,(,? (x) cos bx + QT(;) (x) sin bx] (4)
ko’rinishdagi hususiy yechimi mavjud va yagona, bu yerda Q,(,? va Q,Sf) — m darajali koeffisentlari

noma’lum ko’phadlar. Ularning koeffitsientlari (4) funksiya (1) tenglamaga olib borib qoyib
noma’lum koeffitsientlar usulida aniqlanadi.

Misol. y" 4+ y = 2 sin x tenglamani garaymiz (bu yerdaa = 0,b = 1).
z'+z=0; 224+1=0; A, =i, A, =—i; z=C;sinx+C,cosx.

a + ib = ison harakteristik tenglamaning oddiy ildizi (bir karrali) bo’lgani uchun berilgan
tenglamaning hususiy yechimini y = x(A cos x + B sin x) ko’rinishda qidiramiz: A = —1, B = 0.
Shunday qilib izlanayotgan hususiy yechim y = —x cos x. Berilgan tenglamanig umumiy yechimi:
y = (;sinx + €, CcoSXx — X COS X.

Nazorat savollari
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1. Tenglamaning o’ng qismi ko’phad va ko’rsatkichli funksiya ko’paytmasidan iborat
bo’lganda hususiy yechimni qidirish.

2. Tenglamaning o’ng qismi ko’phad va komleks ko’rsatkichli funksiya ko’paytmasidan
iborat bo’lganda hususiy yechimni qidirish.

Asosiyadabiyotlar
1. CrenanoB B.B. Kypc nuddepennnansubix ypasaenuit. M., KomKuura/ URSS. 2006. —
472 c.
2. Dnecronsi JLE. luddepennnansabie ypaBHEHUS U apUallMOHHOE UCUMiIeHHe. M.,
KomKnura/ URSS. 2006. — 312 c.
3. @ununmoB A.®. CoopHUK 33134 110 1udPepeHInanIbHbIM ypaBHeHUAM. VkeBck: M31-Bo
PXJT. 2000. -175c.

16-Mavzu. O’zgarmas koeffisientliga keltiriladigan tenglamalar
Reja

1. O’zgarmas koeffisientliga keltiriladigan tenglamalar

2. Eylerning chizigli tenglamasi

3. Chebishev tenglamasi

Tayanch tushunchalar: Chebishev tenglamasi, Eylerning chizigli tenglamasi, hos sonlar

1-reja. Bizga n-tartibli chiziqli differensial tenglama berilgan:

Y™ +p1 )y + it pr (DY + pa()y = FOO(D)

Avvalgi darslarimizdan ma’lumki erkli o’zgaruvchini almashtirish natijasida (1) tenglama yana
chizigli differensial tenglamaga aylanadi. Bu yerda erkli o’zgaruvchini almashtirish bilan bu
tenglamani o’zgarmas koeffisientli chiziqli tenglamaga olib kelish masalasi bilan shug’ullanamiz.
t = u(x) almashtirish bajaraylik. U holda:
y' = yity = yu' (%),
y" =y W+ yiu" (x),

y® =y QO + ot yiu®™ o),

Bu hisoblashlar ko’rsatadiki yuqoridagi almashtirishdan keyin (1) tenglama

YOI + o pr()y = f(x)
ko'rinishni oladi. Buni [u'(x)]™ ga bo’lamiz:
P ()
e T W

Bu yerda u(x) funksiyani shunday tanlash kerakki Y oldidagi koeffisient o’zgarmas songa
aylansin. % = cindesak, u holda v’ (x) = ¢y/p, (x) yoki u(x) = ¢ [ y/p,(x)dx. Shunday gilib,
agar (1) tenglama erkli o’zgaruvchini almashtirish bilan o’zgarmas koeffisisentli tenglamaga
aylansa u holda almashtirirsh fomulasi

v+ L+
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t = cf Vpa(0)dx (2)

ko'rinishda bo’lishi zarur.
2-reja. Endi Eylerning chizigli tenglamasini garaymiz:
x"y™ +qxmty@D 4 ta,_xy +any = F(x)(3)
bu yerda a4, a,, ...,a, — o’zgarmas haqiqiy sonlar. Bu tenglamani (1) tenglama bilan taqqoslab

pn(x) = z—z ekanligini ko’ramiz. (2) ni hisobga olib (3) tenglamada t = ¢ [ n\/Z:Z yoki ¢ = deb

1

olib, t = In x almashtirish bajaramiz. U holda:

1

1
wo_ o oo L
Yy =Yt x2 Yt x2!

mo 1

127 T ;1
YU EYe w3 w2y

1 ;1
y® =y St L+ (CDO-Dy o

Bu hisoblashlar ko’rsatadiki x'y® ifoda . y/, ..,y hosilalarning chizigli
kombinatsiyasidan iborat va (3) tenglamaga ularni mos ravishda olib borib qo’ysak o’zgarmas
koeftisientli tenglama hosil bo’ladi.

Misol. x%y" —2xy’'+2y =0 tenglamaning umumiy yechimini topamiz. t=
In xalmashtirish bajarsak:
! ! 1 n 1 1 ! ! 2., 1 !
Y =Y YV =h 'x_z_yt.x_zz Xy =Y XYy =YVt — Y-
Bularni berilgan tenglamaga qo’yamiz:
Ve =ye—2ye+2y=0 =y /—=3y;+2y=0.
Bu 0’zgarmas koeffisientli tenglamaning harakteristik tenglamasi:
/12_3/1"‘2:0, :)11:1,12:2.
Demak y = C;e' + C,e?t. Almashtirish formulasi bo’yicha eski x o’zgaruvchini qaytaramiz: y =
Cyx + Cyx?. Javob: y = Cyx + C,x2.
Endi bir jinsli Eyler tenglamasini garaymiz
Dly] = x™y™ + ax™ 1y D4 ta, xy +a,y=0 (4)
Avvalgi darlarimizda o’zgarmas koeffisientli chiziqli bir jinsli differensial tenglamaning hususiy
yechimlarini e?* ko’rinishida gidirganmiz va harakteristik tenglamasini hosil qilganmiz. (4) Eyler
tenglamasini hususiy yechimlari ko’rinishini aniqlash uchun yuqoridagi t = Inx almastirishdan
foydalanaylik: et = e#!"* = x2, Demak (4) tenglamaning hususiy yechimlari y = x* ko’rinishida
bo’ladi, bu yerda A — haqiqiy yoki kompleks son.

y = x? funksiyaning hosilalarini topamiz
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y® =121 -1)..(A—k+1), k=1,..,n
y = x”* funksiyani va uning hosilalarini (4) tenglamaga olib borib qo’yamiz:
AA-1D.A-n+D+a2A1-1D..A-n+2)+ ..+ a,_A+a,]x*=0.
Bundan ko’rinadiki y = x* funksiya Eyler tenglamasini hususiy yechimi bo’lishi uchun A son
PA)=2A21-1).A—n+1D)+a,A1-1)..A—n+2)+ ..+ a,_4A1+a,=0

n-darajali algebraik tenglamaning ildizi bo’lishi zarur va yetarli. Bu tenglama Eyler
tenglamasining harakteristik tenglamasi, uning idizlari esa hos sonlari deyiladi.

Algebra kursidan ma’lumki n-darajali tenglama har doim n ta ildizga ega bo’ladi (karralilari
sanalganda). Faraz qgilaylik harakteristik tenglamaning 44, 1,, ..., 4,, ildizlari turlicha bo’lsin. u holda
Eyler tenglamasining n ta hususiy yechimiga ega bo’lamiz:

V1= xlllyZ = xlz’ v ¥Yn = xln(S)

Bu yechimlar (0, o) intervalda chizigli erkli (mustaqgil asoslang). Agar barcha 1,,4,, ..., 4,
ildizlar haqiqiy bo’lsa, u holda (5) yechimlar haqiqiy bo’lib Eyler tenglamasining umumiy
yechimiy = C;x*t + C,x*2 + ...+ C,x* formula bilan ifodalanadi.

Agar A4, 1,, ..., A, ildizlar orasida a + ib kompleks son bor bo’lsa, u holda bu hos songa
x®* = x%[cos(bInx) + isin(bInx)] kompleks yechim mos keladi. Demak x® cos(bInx) va
x%sin(bIn x) funksiyalar (4) tenglamaning haqigiy yechimlaridan iborat. Bu vaqtda a — ib ham
harakteristik tenglamaning ildizi bo’lib unga ham aynan yuqoridagi haqiqiy yechimlar mos keladi.
Umumiy yechim formulasida a +ib kompleks sonlar juftligiga mos x%[C; cos(bInx) +
C, sin(b In x)] qo’shiluvchi qatnashadi.

Endi A, son harakteristik tenglamaning k karrali ildizi bo’lsin, ya’'ni
PA) =P'(A) = .= P* D) =0, PPQA)=0. (6)

D[x*] = P(A)x* ayniyatni A bo’yicha m marta differensiallaymiz:
m
D[x*(Inx)™] = Z CLPO)xA(Inx)™ .
i=0

Bunda (6) munosabatlarni hisobga olsak
D[xl(lnx)m] =0, m=1,...,k—1

yani x*(Inx)™, m =1, ...,k — 1 funksiyalar Eyler tenglamasining hususiy yechimlari ekanligi
kelib chigadi. Demak A, — harakteristik tenglamaning haqiqiy k karrali ildizi bo’lsa, Eyler
tenglamasining umumiy yechim formulasida bu ildizga mos [C; + C,;Inx + ...+ C,(In x)*~1]xM
qo’shiluvchi qatnashadi.

Yuqoridagidek mulohazalar yuritib a + ib kompleks sonlar harakteristik tenglamaning k
karrali 1ldizi bo’lsa, Eyler tenglamasining umumiy yechimida bu ildizlarga mos

[C; +CoInx + ...+ C,(Inx)*"1]x* cos(bInx)
+[C;+ Colnx + ...+ C(Inx)*]x* sin(b In x)

qo’shiluvchi gatnashishini ko’rsatish mumkin.
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3-reja. Chebishev tenglamasini garaymiz:
(1—x?)y" —xy' +n?y=0. (7)

Bu tenglama (—o,—1),(—1,1),(1,0) intervallarning har birida mavjudlik va yagonalik
teoremalarini ganoatlantiradi. Biz (7) tenglamaning (—1,1) intervaldagi umumiy yechimini
quramiz. (2) formulaga ko’ra quyidagiga egamiz:

n2
tch 1_xzdx

Bu yerda ¢ = —% deb olsak t = arccosx yoki x = cost almashtirish formulasi hosil bo’ladi.

Bundan
Y=y oy L L
t dx td t sint'’
dx
d 1 dt 1 cost 1 1 cost
II___ I__ = II.__ I._ —_— — II.__ I._
yo= dt(yt sint) dx (yt sint Ve sinzt) sint Ve sin?t Ve sin3t’

Bularni (7) tenglamaga qo’yamiz:

a 2t)< " 1 , cost)_l_ , cost+ ) 0
— cos — ) — . néy = =
Yo snze Yt sinde) T sine y
yi' +n’y =0

o'zgarmas koeffisientli tenglamani hosil gilamiz. Uning umumiy yechimi y = C; cosnt + C, sinnt
formulaga ega. Eski o’zgaruvchiga gaytib Chebishev tenglamasining umumiy yechimini hosil
gilamiz: y = C; cosnarccos x + C, sinn arccos x.

Nazorat savollari
1. O’zgarmas koeffisientliga keltiriladigan tenglamalar
2. Eylerning chiziqli tenglamasi
3. Chebishev tenglamasi

Asosiyadabiyotlar
1. CrenanoB B.B. Kypc muddepennmanpupix ypapaenuit. M., KomKuaura/ URSS. 2006. —
472 c.
2. Onecronsi JLLE. Iuddepennmanbuble ypaBHEHUS U apUAIlMOHHOE UCcUniieHue. M.,
KomKnura/ URSS. 2006. — 312 c.
3. @unmumnmoB A.D. CoopHUK 33134 110 1uddepeHnaTbHBIM ypaBHEHUAM. VkeBck: M31-Bo
PX/. 2000. -175c.

17-mavzu. Ikkinchi tartibli chizigli differensial tenglama ko’rinishini soddalashtirish.
Yechimning nollari.

Reja
1. Tenglama ko’rinishini soddalashtirish
2. O’ziga qo’shma differensial tenglama
3. Tebranuvchi va tebranmas yechimlar
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Tayanch tushunchalar: 0°ziga qo shma tenglamalar, tebranuvchi va tebranmas yechimlar,
invariant

1-reja. Ikkinchi tartibli chizigli tenglamani garaylik:

y'+p@)y +qx)y=0. (1)
Bu tenglamada hamma vaqt birinchi tartibli hosilani yo’qotish mumkinligini ko’rsatamiz. Buning
uchuny = ze ~3/P@ax gmashtirish bajaramiz, bu erda z yangi nomalum funksiya. Bundan:
y' =z'e - Ip(ax _ —p(x)ze” I p(ax
y"'=z"e pr(x)dx p(x)z'e pr(x)dx _ p "(x)ze~ zfp(x)dx _|_ p 2(x)ze~ zfp(x)dx

f p(x)dx

y funksiyani va uning hosilallarini (1) tenglamaga qo’yamiz va e 2 ifodaga bo’lamiz:

1
2+ [-5p ) = 700 + 4] 2= 0

Bu tenglamada Q(x) = —;p’(x) - sz(x) + q(x) funksiya (1) tenglamaning invarianti deyiladi.
Demak (1) tenglamani invariant orqgali
z"+Q(x)z=0 (2)

ko’rinishga yozish mumkin ekan. Agar (2) tenglama kvadraturalarda integrallansa u holda (1)
tenglama ham kvadraturalarda integrallanadi.

Misol. x2y" + xy' + (x? — n?)y = 0Bessel tenglamasini qaraylik. Bu yerda

1 n? 1 1 n? 1 — 4n?
p(x) =, Q(X)—l—— Q) =55zt l-z=1+t—( 3
Agar n = i% bo’lgandagi Bessel tenglamasining hususiy holini garasak, Q(x) = 1 hosil bo’ladi.
Boshgacha aytganda
x%y" +xy' + (xz - %)y =0 (3)

1 pdx
tenglamada y = ze 2l% = \% almashtirish bajarilsa, u

zZ"+z=0
ko’rinishga keladi. Bu differensial tenglamaning umumiy yechimi: = C;sinx + C, cosx.
Almashtirish formulasiga ko’ra (3) tenglamaning umumiy yechimi:
sinx cosx
y =(; N + G, el
O’rni kelganda shuni aytish kerakki

2 CcoSsx

Vx

_ 2 sinx _
]%(x)— ;W ]_%(x)—

ST
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funksiyalar Bessel funksiyalari deb ataladi. (3) tenglamaning umumiy yechimini Bessel
funksiyalari orgali ifodalash mumkin: y = C;J1(x) + C,J 1(x)

2-reja. Ushbu

(p(x)y)' +q(x)y =0 (5)
tenglama ikkinchi tartibli o’ziga qo’shma differensial tenglama deyiladi.

Koeffisientlari I intervalda uzluksiz bo’lgan har qanday (1) ko’rinishdagi bir jinsli
tenglamani p, (x) = e/ P@4x g ko’paytirsak (5) ko’rinishga keladi. Hagiqatdan ham

efp(x)dxyu + efp(x)dxp(x)y' + efp(x)dxq(x)y =0

(el P@axy)' 4 [ PEdxg(x)y = 0
Ohirgi tenglama (5) ko’rinishga ega:
(P1()y") + 1 (x)y = 0,
bu yerda g, (x) = e/ P@axg(x)

Misol. x%y" + xy’' + (x> —n?)y = 0 Bessel tenglamasini o’ziga qo’shma ko’rinishga
keltiramiz. Avvalo tenglamani (1) ko’rinishga keltirish kerak. buning uchun x? bo’lish kerak. Keyin

dx
hosil bo’lgan tenglamani p;(x) = el% =x ga ko’paytirish kerakligini aniqlaymiz. Bunga ko’ra
Bessel tenglamasini 0’ziga qo’shma ko’rinishi quyidaicha bo’ladi:

2

n n?
xy" +y' + X—— y=0 =(xy) + X=— y=0.

3-reja. Oddiy differensial tenglamaning y = 0 yechimi — trivial yechim deyiladi. Aynan
nolga teng bo’lmagan har ganday yechimi esa notrivial yechim deyiladi. Agar tenglamaning y(x)
notrivial yechimi x = x, nugtada nolga aylansa, bu nugta y(x) yechimning noli deb ataladi. Oddiy
differensial tenglamaning I intervalda aniglangan y(x) notrivial yechimi shu intervalda kamida
ikkita nolga ega bo’lsa, u holda y(x) — I intervalda tebranuvchi yechim deyiladi, aks holda
tebranmas yechim deyiladi.

Misol. 1.y" —y =0 tenglamani garaymiz. Uning umumiy yechimi = C;e* + C,e™™".
Tenglamaning ihtiyoriy notrivial yechimi (—oo, c0) intervalda bittadan ortiq nolga ega bo’lmasligini
ko’rsataylik. Tenglamaning biror y(x) yechimi x; # x, nugtalarda nolga aylanadi deb teskari faraz
yuritsak, quyidagi sistemaga ega bo’lamiz:

Cie*t 4+ C,e ™1 =0,
{Cle"2 + Ce ™2 =0,

Bu sistemadan C; = C, = 0 aniglanadi. Demak x;, x, nugtalarda nolga aylangan yechim trivial
yechimdan iborat. Bu ziddiyat yuqoridagi teskari faraz noto’g’riligini ko’rsatadi. Shunday qilib
berilgan tenglamaning ihtiyoriy notrivial yechimi (—oo, ) intervalda tebranmas yechimdan iborat.

2. y"+y=0 tenglamani garaylik. Umumiy yechimi: y = C;sinx+ C,cosx.
Tenglamaning ihtiyoriy notrivial yechimi har ganday 2w uzunlikdagi intervalda kamida ikkita nolga
ega. Demak bunday intervallarda tenglamaning notrivial yechimlari tebranuvchi bo’ladi.
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Lemma. (1) tenglamaning y(x) notrivial yechimining ihtiyoriy x = x, noli izolirlangan
(yakkalangan) bo’ladi, yani shunday & > 0 son mavjudki, (x, —¢, x, + €) intervalda yechim
boshqa nolga ega bo’Imaydi.

Isbot. Teskari faraz o’rinli bo’lsin, yani ihtiyoriy &, > 0 (&, < &,_1) son olinganda ham,
(xo — &n, X0 + &) intervalda y(x) yechimnining x, dan fargli x,, noli mavjud bo’lsin. U holda

lim x,, = x,

n—-oo
limit o’rinli. y’(x,) hosilani ta’rif bo’yicha hisoblaylik:

y() —y(xo) _
Xp—Xo

0.

y'(x0) = lim
n—-oo

Demak (1) tenglamaning garalayotgan y(x) notrivial yechimi y(x,) = 0, y'(x,) = 0 boshlang’ich
shartlarni qanoatlantirar ekan. Pikar teoremasiga ko’ra bu boshlang’ich shartlarni fagatgina y = 0
trivial yechim ganoatlantiradi. Bu ziddiyat lemmani isbotlaydi.

Ikkinchi tartibli chizigli differensial tenglama yechimining tebranuvchanlik hususiyatini
o’rganish uchun (2) ko'rinishdagi
y'+q)y =0 (6)
tenglama yechimlarini o’rganamiz, chunki yuqorida ko’rdikki har qachon (1) tenglamani (2)

ko’rinishga olib kela olamiz.

Teorema. Agar q(x) funksiya I intervalda uzluksiz va (x) <0, x € I tengsizlikni
qanoatlantirsa, u holda (6) tenglamaning yechimlari shu intervalda tebranmas bo’ladi.

Isbot. Teskarisi o’rinli bo’lsin, ya’ni notrivial y = y(x) yechim topilib, x{,x,(x; < x,)
nugtalar bu yechimning I intervaldagi kema-ket kelgan nollari bo’lsin. Demak (x;,x,) intervalda
y = y(x) yechim nolga aylanmaydi. Umumiylikka ziyon keltirmagan holda y(x) > 0 tengsizlik
barcha x € (xy,x,) nuqtalarda o’rinli deb olamiz. U holda x = x; nuqtada y = y(x) funksiya
kamaymaydi, ya'ni y'(x;) = 0. Bu yerda y'(x;) = 0 bo’lishi mumkin emas, chunki y(x;) =0,
y'(x;) = 0 boshlang’ich shartni fagatgina trivial yechim ganoatlantiradi. Demaky’(x;) > 0.

y = y(x) funksiya (6) tenglamani ganoatlantirishidan foydalanamiz:

y'=—qx)y(x) 20, x € [x1,x,]

Demak y'(x) funksiya [x;,x,] kesmada kamaymaydi. Bunga ko’ra barcha x € (xq,x;)
nugtalarda y'(x) = y'(x;) > 0 tengsizlik o’rinli. Chekli orttirmalar haqidagi Lagranj teoremasiga
ko’ra shunday c € (x1,x,) son topiladiki y(x;) —y(x;) = y'(c)(x, — x;) tenglik o’rinli. Bu
tenglik ziddiyatdan iborat, chunki uning chap tomoni nolga teng, 0’ng tomoni esa musbat. Teorema
isbotlandi.

Nazorat savollari
1. Tenglama ko’rinishini soddalashtirish qanday?
2. O’ziga qo’shma differensial tenglamalarni yozing
3. Tebranuvchi va tebranmas yechimlar deb nimaga aytiladi?
Foydalanilgan adabiyotlar

1. CanoxuraunoB M.C., Hacputaunos I'.H. Opmmit nuddepenman rearnamanap. TorkeHT,
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V36ekucron”, 1994.
2. bu6ukos I0.H. Kypc 06pikHOBeHHBIX AuddhepeHnnanbubix ypapHeHui. M., 1991. 314 c.

3. IlerpoBckuii M.I". JIekuuu mo Teopun OOBIKHOBEHHBIX AU(QepeHInanbHbIX ypaBHEHUH. M.
n3a-80 Mock. YH-Ta. 1984.

18-mavzu. Shturm teoremasi. Taqqoslash teoremalari
Reja
1. Shturm teoremasi
2. Tagqqoslash teoremasi
3. Salohitdinov teoremasi
Tayanch tushunchalar: Shturm teoremasi, Salohitdinov teoremasi
1-reja. Ikkinchi tartibli chizigli tenglamani garaylik:
y'+p)y +qx)y=0. D

Shturm teoremasi. (1) tenglama yechimining ketma-ket kelgan ikkita noli orasida bu
yechim bilan chizigli erkli ihtiyoriy boshga yechimning aniq bitta noli bor.

Isbot. Agar quyidagi ikkita tasdiq isbotlansa teorema isbotlanadi

A-tasdig. (1) tenglama yechimining ketma-ket kelgan ikkita noli orasida bu yechim bilan
chizigli erkli ihtiyoriy boshga yechimning kamida bitta noli bor.

B-tasdiq. (1) tenglama yechimining ketma-ket kelgan ikkita noli orasida bu yechim bilan
chizigli erkli ihtiyoriy boshga yechimning ikkita noli mavjud emas.

A-tasdigni isbotlaymiz. y = y;(x) funksiya (1) tenglamaning yechimi bo’lib xq, x,(x; <
X,) nuqgtalar uning ketma-ket kelgan nollari bo’lsin. y = y,(x) funksiya (1) tenglamaning y =
y1(x) yechimi bilan chiziqli erkli bo’lgan ihtiyoriy yechimi bo’lsin.

A-tasdiqqa teskari faraz yuritaylik, ya’ni barcha x € (x4, x,) nuqgtalarda y,(x) # 0 bo’lsin.
v, (x) va y, (x) yechimlarning Vronskiy determinantini tuzamiz:

W) = y:1(0)y2(x) =y (1) y1 (%)

y,(x) yechim [x4,x,] kesmaning chetki nugtasida nolga aylansa, u holda shu nuqgtada Vronskiy
determinanti ham nolga aylanadi. Bu esa y;(x) va y,(x) yechimlarning chizigli erkli ekanligiga
zid. Demak, y,(x;) # 0, y,(x,) # 0. Quyidagi ayniyatni yozamiz:

we _ <y1(x)>’
v (x) y.(x))

Uni [x,, x,] kesmada integrallaylik

X2

fW(x) e _In(x)
y2(x) o

yzz(x) X =

X1

Ohirgi tenglik ziddiyatdan iborat, chunki W (x) determinant [x,, x,] kesmada nolga aylanmaydi va
bunga ko’ra tenglikning chap qismi noldan farqli, 0’ng tomoni esa nolga teng. A-tasdiq isbotlandi.
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Endi B-tasdigni isbotlaymiz, ya’ni y,(x) yechimning (x;,x,) intervalda ikkita nolga ega
bo’la olmasligini ko’rsatamiz. Agar (x;, x,) intervalda y,(x) funksiya ikkita nolga ega bo’lsa, ya’ni
V2(11) = y2(1,) =0, x; <1, <7, <X, bo’lsa, u holda A-tasdigqa ko’ra y,(x) yechimning
ketma-ket kelgan 7,7, € (x4, x,) yechimlari orasida y, (x) yechimning kamida bitta noli topiladi.
Bu esa xq,x, nugtalar y;(x) funksiyaning ketma-ket kelgan ikkita noli ekanligiga zid. B-tasdiq
isbotlandi va 0’z navbatida Shturm teoremasi to’la isbotlandi.

Natija. Agar biror [ intervalda (1) tenglamaning birorta yechimi uchta nolga ega bo’lsa, u
holda tenglamaning barcha yechimlari I intervalda tebranuvchi bo’ladi.

Hagigatdan ham, (1) tenglamaning y;(x) yechimi I intervalning x;, x,, x3(x; < x5, < x3)
nugtalarida nolga aylansin. Tenglamaning boshga y,(x) yechimini olamiz. Agar y,(x),y,(x)
yechimlari chizigli erkli bo’lsa, u holda Shturm teoremasiga ko’ra (x;,x;) va (x3,x3)
intervallarning har birida y, (x) funksiyaning bittadan noli bor. Demak (x;, x3) intervalda, umuman
I intervalada y,(x) yechim tebranadi. Agar y, (x), y,(x) yechimlar chizigli bo’gliq bo’lsa, u holda
I intervalning x;,x,, x5 nugtalarida y,(x) funksiya ham nolga aylanadi, yani I intervalada
tebranadi.

2-reja. Tagqoslash teoremasi. Bizga o’ziga qo’shma ko’rinishdagi quyidagi ikkita
()Y +q:(x)y =0 (2)
(p()z')" + q2(x)z =0 (3)

differensial tenglama berilgan, bu erda p(x) > 0,x € I. Agar q,(x), g,(x) — I intervalda aynan teng
bo’lmagan uzluksiz funksiyalar bo’lib, shu intervalda q,(x) < q,(x) tengsizlik o’rinli bo’lsa, u
holda (2) tenglamaning ihtiyoriy y = y(x) yechimining ketma-ket kelgan ikkita noli orasida (3)
tenglamaning ihtiyoriy z = z(x) yechimining kamida bitta noli yotadi.

Isbot. x;,x,(x; < x,) — nugtalar y = y(x) yechimning ketma-ket kelgan nollari bo’lsin.
Teorema tasdig’iga teskari faraz yuritaylik, yani (xq, x,) intervalda z(x) # 0 munosabat bajarilsin.
Demak y(x), z(x) funksiyalar (x,, x,) intervalda aniq ishoraga ega bo’ladi. Aniglik uchun (x;, x,)
intervalda (x) >0, z(x) >0 deb hisoblaymiz. U holda y'(x;) > 0,y'(x;) <0,z(x;) =
0, z(x,) = 0 tengsizliklar bajariladi. y(x), z(x) funksiyalar mos ravishda (2), (3) tenglamalarning
yechimi ekanligidan quyidagi ayniyatlarga egamiz:

(P@Y' @) + @y =0,  (p()7'(0)) +q()z(x) =0

Birinchi ayniyatni z(x) ga, ikkinchisini y(x) ga ko’paytiramiz va natijalarni ayrimiz:
[7,(x) — G ()]y(0)z(x) = (p(0)y' (1)) 2(x) — (p(V)2' (%)) y(x)
d
= [p() (z(0)y' (x) = 2" ()y ()] (4)

Bu ayniyatni [x;, x,] kesmada integrallaymiz:

X2

fmxﬂ—ﬂﬂ@h&kﬁﬂx=M&MQQVQQ—MMMQJVQJ-

X1

Bu tenglik o’rinli bo’la olmaydi, chunki uning chap tomoni musbat, 0’ng tomoni esa nomusbat. Bu
ziddiyat tagqoslash teoremasini isbotlaydi.
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Isbotlangan teoremadan bevosita quyidagi natija kelib chigadi.

Natija. (2) va (3) tenglamalarning yechimlari mos ravishda y(x) va z(x) funksiyalar
bo’lsin. y(x) va z(x) yechimlarning ketma-ket kelgan nollari mos ravishda x;,x,(x; < x,) va
X3, X4 (x3 < x,) nuqtalar jufligidan iborat bo’lsin. Agar x; = x3 bo’lib, (x;,x,) intervalda aynan
teng bo’lmagan g, (x) va q,(x) uzluksiz funksiyalar uchun g, (x) > q;(x) tengsizlik o’rinli bo’lsa,
u holda x, < x, bo’ladi.

Hagigatdan ham isbotlangan teoremaga ko’ra (x;, x,) intervalda z(x) funksiyaning kamida
bitta noli bor. x; = x; & (xq,x,) munosabatga ko’ra z(x) funksiyaning x; dan keyingi noli
garalayotgan (x4, x,) intervalda yotadi, ya’ni x, < x,.

3-reja. Salohitdinov teoremasi. Agar (1) differensial tenglamaning koeffisientlari I
intervalda uzluksiz va |p(x)| < My, |q(x)| < M, tengsizliklarni ganoatlantirsa, u holda (1)
tenglamaning har bir notrivial yechimining ketma-ket ikkita noli orasidagi masofa h uchun quyidagi
baholashlar o’rinli:

/9M2+12M -3M
1) M; > 0bo’lsah > - — - 1; 2) M, =0b0’lsah2Mi;
2 1
3)M; =0bo’sah = /% 4)M; = M, = 0 bo’lsa h = +oo.
2

Isbot. (1) tenglamaning biror y(x) yechimini olaylik. x =0 va x = h uning ketma-ket
kelgan ikkita noli bo’lsin (agar olingan yechimning noli uchun x = x; # 0 munosabat o’rinli bo’la,
differensial tenglamada erkli o’zgaruvchini t = x — x; formula bilan almashtirib magsadga yetish
mumkin). Quyidagi ifodani soddalashtiraylik:

x h

h h
fty”(t)dt - xf(h —t)y"(t)dt = Of ty" (t)dt — hxfy”(t)dt

0
h

=ty' ()5 - j y'()dt — hy' (O} = hy'(h) — y(h) = y(0) — hy'(h) + hy'(x)
0
= hy'(x)
Demak
x h
hy'(x) = J ty" (t)dt — f(h —t)y"(t)dt
0 x
ayniyat barcha x € [0,h] larda o’rinli. Bu ayniyatda y''(t) o’rniga —p(t)y'(t) — q(t)y(t)
qo’yamiz:

X X h
hy'(x) = — f tp()y' (O)dt — j tq(O)y(©dt + j (h— Op©)y (D)dt
0 N 0 X
4 f (h - 0q@©)y()dt . ©)

Belgilash kirataylik
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Jnax, ly'(x)| =

Chekli orttirmalar haqgidagi Lagranj teoremasiga ko’ra, y(x) funksiya uchun barcha x € [0, h]
nuqtalarda quyidagi tengsizliklar bir vaqtda o’rinli:

ly@®) = ly@®) —y©)| =y’ —-0) <mt, [y(®)|=I]y(h) -y <mch-t).
Bu tengsizliklar va (5) ayniyatdan foydalanib quyidagi hisoblashlarni bajaramiz:

X h h x
Ihy' ()| = |- f tp()y' (©)dt + f (h— Op(@©)y' (Ot + f (h— q@®)y(Odt f tq(Dy(©)dt
<Mm]|| tdt+ | (h—t)dt|+ M, ty(t)dt|+ || (h —t)y(t)dt
o fr- oo |
< Mym x? + %)

h
2 x

0 h

2 2

- h h
2 2

[2
|
M, Ilj( — Oly(©)lde + j(h — Oly(©)ldt + j tly(©)ldt + f tly(©)ldt

X

h
SMlm7+M2m f(h—t)tdt+f(h—t)2dt+jtzdt+Jt(h—t)dt
h

B2 h3 B3 "2 B3 2
=M1m7+M2m 24 24] M1m2 +M2m12

Yugoridagi tengsizlik |y’(x)| ga maksimum qgiymat beradigan nuqtada ham o’rinli. Shuning uchun
quyidagi tengsizlikni yoza olamiz:
hm <M h2+M h M. h2+M h 1>0
mstmo vy =Ty =4
Bundan Salohitdinov teoremasida 1),2) va 3) baholashlar to’g’riligi kelib chiqadi.

Agar M; = M, =0 bo’lsa (1) tenglamada (x) =0, q(x) =0 bo’lib tenglama y"" =0
ko’rinishga ega bo’ladi. Uning umumiy yechimi y = C;x + C,. Tenglamaning barcha yechimlari
to’g’ri chiziqdan iborat va notrivial yechimlar Ox o’qini bir martadan ortiq kesa olmaydi, ya’ni
nollar orasidagi masofa +co ga teng. Teorema isbotlandi.

Nazorat savollari
1. Shturm teoremasi
2. Taqgoslash teoremasi
3. Salohitdinov teoremasi
Foydalanilgan adabiyotlar

1. CanoxurauaoB M.C., Hacputnunos I'.H. Opnuit nuddepenuunan tenrnamanap. TomrkeHT,
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V36ekucron”, 1994.
2. bu6ukos I0.H. Kypc 06pikHOBeHHBIX AuddhepeHnnanbubix ypapHeHui. M., 1991. 314 c.

3. IlerpoBckuii U.I". JIekuuu mo Teopun 0OBIKHOBEHHBIX AU((epeHnanbHbIX YypaBHEHUH. M.
n3a-80 Mock. YH-Ta. 1984.

19-mavzu. Chegaraviy masalalar
Reja
1. Chegaraviy masala hagida tushuncha
2. Grin funksiyasi

1-reja. Awvvalgi darslarimizda Koshi masalasi bilan tanishganmiz. Ma’lumki Koshi
masalasida boshlangich shart argumentning bitta giymati ustida beriladi. Masalan

y'+y=0
tenglamaning y(0) =0, y'(0) =1 (har ikkala tenglikda argument 0 ga teng) shartni
ganoatlantiruvchi yechimini topish masalasi — Koshi masalsidan iborat. Agar ma’lum bir shartlar

argumentning ikkita qiymati ustida berilsa, u holda garalayotgan masala — chegaraviy masala deb
ataladi. Masalan (1) tenglamaning

y@=0, y(3)=2 @

(bunda birichi tenglikda argument 0 ga, ikkinchisida esa g ga teng) shartlarni ganoatlantiruvchi
yechimini topaylik. Bu masala — chegaraviy masala b’lib, (2) shart — chegaraviy shart hisoblanadi.

(1) tenglamaning umumiy yechimi y = C; sinx + C, cosx. (2) shartlardan birinchisiga

T

ko’ra C, = 0, yoki bundan y = C; sinx ni aniglaymiz. y(;) = 2 shartdan C; = 2 aniglanadi.

Demak qaralayotgan chegaraviy masala yagona y = 2sinx yechimga ega ekan. Agar (2) ning
ikkinchi sharti y(m) = 0 bo’lganda, bu masala cheksiz ko’p yechimga ega bo’lar edi, chunki y =
C; sin x chiziglar oilasining barcha funksiyasi y(mr) = 0 shartni ganoatlantiradi.

2-reja. O’ziga qo’shma ko’rinishda berilgan ikkinchi tartibli chiziqli tenglama uchun
goyilgan quyidagi chegaraviy masalani garaylik:

d , _
P Py + q(x)y = f(x), (2)

y(xo) =0, y(x1) =0 (4)

Ta’rif. (3),(4) chegaraviy masalani Grin funksiyasi deb quyidagi to’rtta hossaga ega G (x, s)
funksiyaga aytamiz:

1) G(x, s) funksiya x bo’yicha [x,, x; | kesmada uzluksiz, bunda s € (x,, x;) fiksirlangan.
2) G(x, s) funksiya
d
2 Py +aC)y =0 (5)
X
tenglamaning [x,, s) U (s, x,] to’plamdagi yechimi

3) G(x, s) funksiya G(x,,s) = G(x4,s) = 0 chegaraviy shartni ganoatlantiradi.
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4) G,(x,s) hosila funksiya x = s nuqtada birinchi tur uzilishga ega bo’lib uning bu nuqtadagi

sakrashi % ga teng, ya’'ni

1
G(s+0,s)—G(s—0,s)=m.

Grin funksiyasining ohirgi hossasini shunday tushunish kerak: G,.(x, s) hosila funksiyaning
birinchi argumenti ikkinchisidan katta bo’lib unga intiganda funksiya chekli a(s) ga intiladi,

boshga tomondan Gy (x, s) hosila funksiyaning birinchi argumenti ikkinchisidan kichik bo’lib unga
1

intiganda funksiya chekli b(s) ga intiladi va a(s) — b(s) = &

tenglik o’rinli bo’ladi. Grin
funksiyasining bu hossasini
G'(x,x—0)—G'(x,x+0) = L
p(x)
ko’rinishda yozish ham mumkin va bu ko’rinishdan quyidagi teorema isbotida foydalanamiz.
1-Teorema. Ushbu

X1
v = [ 6 9f()ds (6)
Xo
funksiya (3),(4) chegaraviy masalani yechimidan iborat.

Isbot. Grin funksiyasining 3) hossasiga ko’ra (6) funksiya (4) chegaraviy shartni
qanoatlantirishi kelib chigadi. Bu funksiya (3) tenglamani ganoatlantirishini ko’rsatamiz.

X1 x X1

y'(x) = f Gy(x,s)f(s)ds = fG,’C(x,s)f(s)ds+f Gy(x,s)f(s)ds,
Y00 = Ginx O @)+ [ 6109 $)ds = G + OF @) + [ GX G 9)f()ds
=[Gy (x,x —0) — Gy (x,x + 0)]f(x) + f Gy (x,5)f(s)ds.

Bularni (3) tenglama chap tomonining quyidagi ko’rinishiga keltirib qoyamiz:

p(xX)y" +p' (X)y" + q(x)y

= P60 ¥ = 0) — Gl x + OY W) + [ GG (s
+ f P/ ()G (x, 5)f (s)ds + f 4G (x,5)f (s)ds

=f(x) + J [P()Gy (x,8) +p' () Gy (x,8) + q(x)G (x,$)1f (s)ds = f(x).

Xo
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Ohirgi integral ostidagi ifoda Grin funksiyasining 2) hossasiga ko’ra nolga aylandi. Teorema
isbotlandi.

2-Teorema. Agar (5) tenglamani (4) chegaraviy shartni ganoatlantiruvchi notrivial yechimi
mavjud bo’lmasa, u holda (3),(4) chegaraviy masalaning Grin funksiyasi mavjud va yagona bo’ladi.

Isbot. Teoremani isbotlash usuli Grin funksiyasini qurish usulidan iborat. (5) tenglamani
y(xo) =0, y'(xg) =yo # 0 boshlang’ich shartni ganoatlantiruvchi yechimini y;(x) deb
belgilaylik. Teorema shartiga ko’ra bu yechim (4) chegaraviy sharlardan ikkinchisini, yani
v, (x1) = 0 tenglikni ganoatlantirmaydi.

Tabiiyki c¢;y;(x) funksiya ham (5) tenglamani va y(x,) = 0 shartni ganoatlantiradi, bunda
¢, — ihtiyoriy o’zgarmas son. (5) tenglamani y(x;) =0, y'(x;) = y; # 0 boshlang’ich shartni
ganoatlantiruvchi yechimini y,(x) deb belgilaylik. c,y,(x) funksiyalar oilasi (5) tenglamani va
y(x;) =0 tenglikni qanoatlantiradi. y;(x) va y,(x) yechimlardan tuzilgan Vronskiy
determinantining x = x; nuqtadagi giymati y,(x;) - y; ga teng va noldan fargli. Demak tuzilgan
yechimlar chiziqli erkli bo’ladi.

Grin funksiyasini

_(ayi(x), xg<x<s,
Gxs) = {CZJ’Z(?C): s <X < xy, )
ko'rinishda gidiramiz. Grin funksiyasi x bo’yicha [x, x;] kesmada uzluksiz bo’lishi kerak, hususan
x = s nugtada ham. Bundan c;y;(s) = c,y,(s) shart kelib chigadi. G'(s + 0,s) —G'(s — 0,s) =

ﬁ shart ¢, y5(s) — c1y1(s) = % ko’rinishni oladi. Shunday qilib quyidagi sistemani hosil gildik

C2¥2(s) — c1y1(s) = 0,

/ ‘(o) = ®
C2y2(s) — c1y1(s) = o)

Bu sistemaning determinanati y,(x) va —y;(x) yechimlardan tuzilgan Vronskiy determinantining
x = s nuqtadagi ko’rinishini ayni o’zidan iborat va u noldan farqli. Bu sistemadan ¢; va c,
nomalumlarni bir giymatli aniglaymiz: ¢; = €2, c, = C2. Bularni (7) ga qoysak quyidagi funksiya
hosil bo’ladi:

CPyi1(x), x<x<s,
Cdy,(x), s<x<x.

G(x,s) ={

Bu funksiya (3),(4) chegaraviy masalaning Grin funksiyasi ega bo’lishi kerak bo’lgan 1)-4)
hossalarga ega. Grin funksiyasi mavjudligi ko’rsatildi.

Endi uning yagonaligini ko’rsataylik. Teskarisidan faraz qilaylik, yani (3),(4) chegaraviy
masala ikkita turli G, (x, s) va G,(x, s) Grin funksiyasiga ega bo’lsin. U holda 1-teoremaga ko’ra bu
masalaning ikkita turli y; (x), y,(x) yechimini hosil gilamiz:

i) = f G1Co,9)f(s)ds, ya(x) = f 6> (x, 5)f (s)ds

Bu yechimlarning ayirmasi bir jinsli (5) tenglamaning (4) chegaraviy shartni ganoatlantiruvchi
notrivial yechimidan iborat. Bu esa teorema shartiga zid. Teorema to’la isbotlandi.
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Misol. Quyidagi chegaraviy masalani Grin funksiyasini topaylik

y'+y=f(x), y(0)= O,y(%) =0.

Berilgan tenglamaga mos bir jinsli tenglamaning y(0) = 0 shartni ganoatlantiruvchi yechimlari
y1 = ¢y sinx chiziglar oilasidan iborat. y(g) = 0 shartni ganoatlantiruvchi yechimlari esa y, =
¢, cos x. (8) sistemani tuzamiz:

c,c0ss —cysins =0,
—C,sins — ¢y coss = 1.

Bundan ¢; = —coss, ¢, = —sins. Grin funksiyasi quydagicha aniglandi:
—cosssinx, 0<x<s,

= T
G(x,s) {—sinscosx, s<x SE .

Nazorat savollari

1. Chegaraviy masalalar
2. Grin funksiyasi

Foydalanilgan adabiyotlar

1. Camoxurmuuos M.C., Hacputmuunos [I''H. Ommmii muddepennman TeHrIamanmap.
Tomkenrt, ““ Y30ekucron”, 1994.

2. bubuxos H0.H. Kypc o0pikHOBeHHBIX quddepeHnnanpabx ypapaenuit. M., 1991. 314 c.

3. IlerpoBckmii W.I". Jlekuu 1o Teopuu 0OBIKHOBEHHBIX TU(PepeHIINATBHBIX YPAaBHEHUH .
M.: u3n-Bo Mock. YH-Ta. 1984.

20-mavzu. Oddiy differensial tenglamalar sistemasi
Reja
1. Differensial tenglamalarning normal sistemasi. Yechim tushunchasi.
2. Koshi masalasi
3. Umumiy, hususiy va mahsus yechimlar.

1-reja.Birinchi tartibli differensial tenglamalar sistemasi deb

Fy (6 y1 Y2 o0 Yo Y1, Y2 s Yn) = 0
F (6, Y1 Y2y oos Y Y1 Vo s ¥2) = O 4

Fo(X, Y1, Y2, s Yo Y1, Y20 w00, Yn) = 0

ko’rinishdagi sistemaga aytiladi, bu yerda y;,ys,, ...,V, — erkli o’zgaruvchi x ning izlanayotgan
funksiyalari. Ba’zan (1) sistemani quyidagi ko’rinihga keltirish mumkin bo’ladi:

Y1 = 16 Y1, Y2, 0 Yn)
yg:fz(%)ﬁd’z'---,}’n) (2)

yT,l = fn(xf Y1, Y2, ""yn)
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(2) ko’rinishdagi sistema — differensial tenglamalarning normal sistemasi deyiladi.
Sistemada gatnashgan tenglamalar soni sistemaning tartibi hisoblanadi, ya’ni (2) sistema n-tartibli
sistemadir.

Agar biror [ intervalada differensiallanuvchi
1 =y1(x),¥2 = y2(x), oo, Y = ¥ () (3)
funksiyalar sistemasi shu intervalda (2) sistemaning barcha tenglamalarini ayniyatga aylantirsa,
ya’'ni

y1(x0) = f1(3, y1.(%), Y2 (), oo, Y0 (X))
Y5() = 500,71 (), Y2 (%), e, Y (X))

Vo) = fa(5, 910, Y2 (), s Y )

ayniyatlar o’rinli bo’lsa, (3) funksiyalar sistemasi (2) differensial tenglamalar sistemasining [
intervaladagi yechimi deb ataladi. (3) yechim (x, y4, v, ..., ) nuqtalar fazosida biror egri chizigni
ifodalaydi. Bu egri chizig (2) sistemaning integral chizig’i deyiladi.

Misol. Ikkita birinchi tartibli differensial tenglamaning sistemasi beilgan:

dy

— =5y+4
dx y+4z
Y o ay+s
dx y z

Bu sistemani y = e*, z = —e™* funksiyalar sistemasi (—oo, ) intervaldagi yechimidan iborat.
Berilgan sistemani har ganday y = C,e* + C,e%, z = —C,e™* + C,e%* ko’rinishdagi funksiyalar
sistemasi ganoatlantiradi.

2-reja. (xo,vY,v3, ...,vY) nugada (2) sistema uchun Koshi masalasi quyidagichaqo’yiladi:
sistemaning usbu

v1(x0) = ¥, ¥2(%0) = ¥3, e Y (x0) = y2(4)
boshlang'ich shartni ganoatlantiruvchi yechimi topilsin.

Koshi masalasi yechimining mavjudligi va yagonaligi hagidagi quyidagi teoremani isbotsiz
keltirib o’tamiz.

Pikar teoremasi. (2) sistemada f; (x, y1, Y2, -, ¥n), k =1, ...,n funksiyalar
R: |x — x| < a, |yl- —yl-°| <b, i=1,..,n
sohada aniglangan bo’lib quyidagi shartlarni ganoatlantirsin:

1. fi(x,¥1,¥2, o, Yn), k =1, ...,n funksiyalar barcha arumentlari bo’yicha uzluksiz bo’lsin.
Bu shartdan ularni Ryopiq sohada chegaralanganligi kelib chigadi:

IfeC v y2s syl < M, k=1,..,m;

2. fr(x,y1,Y2, -, V), k=1,...,n funksiyalar y,,y,, ..., y, argumentlar bo’yicha Lipshits
shartini ganoatlantirsin, ya’ni R sohadan olingan ixtiyoriy (x, V11, Y21, > Yn1), (%, Y12, V22, +» Yn2)
nuqgtalarda
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n
|G Y11, Ya1r o Yn1) = [ (6 Y12, Yazs oo Yn2) | < LZ|yi1 — Yizl

i=1
tengsizlik bajariladi, bu yerda L — musbat o’zgarmas son.
U holda (2) sistemaning (4) boshlangich shartni ganoatlantiruvchi (3) yechimi mavjud va
yagona. Shu bilan birga bu yechim (bu yerda y,(x), k = 1, ...,n funksiyalar hagida gap boryapti)

|t — xo| < h intervalda differensiallanuvehi bo’ladi, bu yerda h = min (a,1).

3-reja. D orqali (x,y4,¥,...,¥,) nuqtalarning shunday to’plamini belgilaylikki, bu
to’plamning ihiyoriy nuqtasida (2) sistema uchun qoyilgan Koshi masalasi yagona yechimga ega
bo’lsin.

Ushbu n ta uzluksiz differensiallanuvchi

1= @1(x,Cy, .., Cy)
y2 = ¢2(x; Cl; ey Cn) (5)

Yn = (pn(x; C1; e Cn)
funksiyani olaylik. Agar, birinchidan D sohada (5) sistemani Cy, ..., C,, larga nisbatan bir giymatli
yechish mumkin bo’lsa, ikkinchidan Cj, ..., C,, larning ihtiyoriy o’zgarmas qiymatida (5) funksiyalar
sistemasi (2) sistemani yechimidan iborat bo’lsa u holda, (5) funksiyalar sistemasi (2) sistemaning
umumiy yechimi deyiladi.

Misol. Ushbu
I — Z,
EARNAG

z'=—y

sistemaning umumiy yechimi aniglaylik. Uning birinchi tenglamasini differensiallaymiz: y'' =
z' = —y. Bundan y" + y = 0 ikkinchi tartibli chizigli bir jinsli differensial tenglamaga ega bo’1dik.
Uning umumiy yechimi y = C; cos x + C, sin x. Buni (6)ning birinchi tenglamasiga qo’yamiz: z =
—C; sinx + C, cos x. Endi (6) sistemaning umumiy yechimi

{ y =C;cosx + C,sinx, 7
z=—C;sinx + C,cosx,
funksiyalar sistemasidan iboratligini tekshiramiz.
y'=—-C;sinx +Cycosx =2z, z' =—C,cosx —C,sinx =—y.

Bu hisoblashlar ko’rsatadiki C;, C, larning ihtiyoriy o’zgarmas qiymatida (7) funksiyalar sistemasi
(6) sistemani yechimidan iborat. (7) sistema C;, C, noma’lumlarga nisbatan chizigli tenglamalar
sistemasidan iborat bo’lib uning determinant

cosx sinx -1
—sinx cosx

noldan fargli. Shuning uchun (7) sistemani C,, C,larga nisbatan bir giymatli yechish mumkin.
Agar (3) funksiyalar sistemasi (2) differensial tenglamalar sistemasining Iintervaladagi
yechimidan iborat bo’lib, bu yechimga mos integral chizigning har bir nuqtasida (2) sistema uchun

qo’yilgan Koshi masalasi yagona (3) yechimgagina ega bo’lsa, u holda bu yechimni hususiy
yechim deb aytamiz.
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Agar (3) funksiyalar sistemasi (2) differensial tenglamalar sistemasining I intervaladagi
yechimidan iborat bo’lib, bu yechimga mos integral chizigning har bir nuqtasida (2) sistema uchun
qo’yilgan Koshi masalasi (3) dan boshqa yechimga ham ega bo’lsa, u holda (3)yechimni mahsus
yechim deb aytamiz.

Misol. Quyidagi sistemani garaymiz

2
V=Xt Vi

z' =2z
Uning ikkinchi tenglamasini integrallaymiz: z = (x + C;)?, x > —C;. Buni sistemaning
birinchi tenglamasiga qo’yamiz: y' = %y — C;. Bu birinchi tartibli chizigli tenglamani yechamiz:
y = Cix + C,x2. (8) sistemaning umumiy yechimini yozamiz:

— 2
oy fo> e
Sistemaning ikkinchi tenglamasi z = 0 mahsus yechimga ega. Uni birinchi tenglamaga
qo’yamiz: y' =x+§y. Bu tenglamni yechimi y = x2(C +Inx). Shunday qilib (8) sistema
umumiy yechimdan tashqari yana bir yechimlar oilasiga ega:

y =x2(C +1nx),
z=0, }(10)

Bu oilaning har bir sistemasi (8) differensial tenglamalar sistemasining mahsus yechimi
bo’ladi. Haqiqtdan ham (10) oilaning ihtiyoriy y = x?(C, + Inx), z = 0 sistemasini olaylik. Bu
yechimning ihtiyoriy nugtasini fiksirlab olamiz: y = x5(C, +Inx,), z = 0. (9) umumiy yechim
orasidan shu nuqtadan o’tuvhi yechimni qidiramiz:

Cle + CzX(Z) = Cox(z) + X(Z) In X

=C; = —x5,C, =Cy+1+1nx,.
(x0+C1)2=0 } 1 02 0 %o

Demak (10) oiladan ihtiyoriy tanlangan y= x?(C, +Inx), z=0 sistemanning ihtiyoriy
fiksirlangan y = x3(C, + Inx,), z = 0 nugtasidan (8) sistemaning

y=—-xx+(C+1+In xo)xz}
zZ = (X - x0)2

yechimi o’tadi.
Nazorat savollari
1. Differensial tenglamalarning normal sistemasi. Yechim tushunchasi.
2. Koshi masalasi
3. Umumiy, hususiy va mahsus yechimlar.

Foydalanilgan adabiyotlar

1. CanoxurmunoB M.C., HacpurmuuoB I'.H. Opauit nuddepenuuman TteHriaamanap.
TomxkeHT, “ Y30ekucron”, 1994,

2. bu6buxos H0.H. Kypc o0pikHOBeHHBIX U] depeHnnanbHbx ypaBHeHuit. M., 1991. 314 c.
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3. I[Terporckuit W.I". JIekiuu 1o Teopun 0OBIKHOBEHHBIX AU((epeHITNaTbHBIX YPaBHEHUH.
M.: u3n-Bo Mock. YH-Ta. 1984.

21-mavzu. Boshlang’ich berilganlar va parametrlarning funksiyasi sifatida normal sistema
yechimining uzluksizligi va differensiallanuvchilgi

Reja
1. Yechimning parametrlarga uzluksiz bog’ilqligi
2. Yechimining boshlang’ich giymatlarga uzluksiz bog’ligligi
3. Yechimning boshlang’ich qiymat bo’yicha differensialanuvchiligi

1-reja. Bizga differensial tenglamalarning normal sistemasi berilgan:

y’ =f1(X,y,Z,/1)
@

bunda f;, f, funksiyalar x, y, z argumentlarning funksiyalari sifatida
R:|lx—xol<a, |[y—yol <b, [z—20| <b (2)
sohada, A parametrning funksiyalari sifatida
10 < 2 < 2W(3)
sohada aniglangan.

1-teorema. (1) sistemaning o’ng qismidagi f;, f, funksiyalar quyidagi ikkita shartni
ganoatlantirsin:

1. fi, f, funksiyalar barcha argumentlari bo’yicha (2),(3) sohada uzluksiz. (Bu shartdan
qaralayotgan funksiyalarni (2),(3) yopiq sohada chegaralanganligi kelib chigadi, ya’ni |fi| < M,
k = 1,2, bu yerda M — musbat 0’zgarmas son)

2. f1, f> funksiyalar y, z argumentlarga nisbatan Lipshits shartini qanoatlantiradi, ya’ni

|fk(x:3’1;Z1,/1) - fz(X;J’z:ZZJAN < L(|Y1 - }’2| +lz1—2z,]), k=1,2

bu yerda (x, y4, z1), (x, ¥5, Zz;) — (2) sohaning ihtiyoriy nugtalari, A — (3) sohaning ihtiyoriy nugtasi,
L — A ga bog’liq bo’lmagan o’zgarmas musbat son.

U holda (1) sistemaning
y(x0) = ¥o, 2(X0) = 2o(4)
boshlang’ich shartni ganoatlantiruvchi
y=y(x,4), z=1z(x,4)(5)
yechimi mavjud va yagona. Bu yechim x argumentining I = {x: |x —xy| < h} o’zgarish
intervalida uzluksiz differensiallanuvchi bo’ladi, bu yerda h = min (a, %) Shuningdek (5) yechim
(3) sohada A parametrning uzluksiz funksiyasidan iborat.

Isbot. Dastlab (1),(4) Koshi masalasiga ekvivalent integral tenglamalar sistemasiga o’tib
olaylik:
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N

X
Y=Y+ ffl(x,y,z,l)dx

g * (6)
z=12zy+ ffz(x,y,z,l)dx

Xo J

Bu sistema yechimiga no’linchi yaqinlashish sifatida y,, z, ni olamiz va k-yaqginlashishni
quyidagicha quramiz (k = 1,2, ...):

p \
Yo d) = o+ [ iy (020,706, Dk

X0

X
4@@=%+[ﬁ@mqwﬂamﬂﬁw
)
Xo

Shunday qilib ikkita funksiyalar ketma-ketligiga ega bo’ldik:

yO' yl (x' /1)) yZ(xl /1)) :yn(xﬂ /1): } (7)
20, 21(x, 1), z,(x, 1), ..., Zp(x, 1), ...

Awvalgi darslarimizning birida Pikar teoremasini isbotini ko’rib chiqqan edik va o’sha
mulohazalarni deyarli takrorlab (7) ketma-ketlik bilan bo’gliq quyidagi tasdiglarni isbotlash qiyin
emas:

1. (7) ketma-ketlikning barcha funksiyalari x ning funksiyasi sifatida I intervalda va
Aparametrning funksiyasi sifatida (3) intervalda uzluksiz hamda x va Aning bu giymatlarida R
sohadan chigib ketmaydi.

2. (7) ketma-ketliklar x ga nisbatan I intervalda va A parametrga nisbatan (3) intervalda tekis
yaginlashuvchi bo’ladi.

Bu tasdigdan y(x, A)va z(x, A) limit funksiyalarning x argumentga nisbatan I intervalda va
A parametrga nisbatan (3) intervalda uzluksizligi kelib chigadi.

3. x va A mos ravishda I va (3) intervalda o’zgarganda y(x, A)va z(x, A) limit funksiyalar R
sohadan chigib ketmaydi va (6) integral tenglamalar sistemasini ganoatlantiradi.

Bu tasdiqdan y(x, A)va z(x,A) limit funksiyalarning x argumentga nisbatan I intervalda
uzluksiz differensiallanuvchiligi kelib chigadi.

4. (6) integral tenglamalar sistemasining y = y(x, 1), z = z(x, A) yechimi yagona bo’ladi.

Ta’kidlash joizki (1) sistema n-tartibli bo’lib, u mta parametrga bog’liq bo’lganda ham 1-
teoremaga o’hshash teoremani isbotlash mumkin.

2-reja. Quyidagi sistemani garaymiz:
y' = fl(x'y'z)}
, 8
2 = oGy,
bunda f3, f, funksiyalar (2) sohada, ya’ni R yopiq paralellepipedda aniglangan.

2-teorema. Agar f;, f, funksiyalar R sohada Pikar teoremasining ikkala shartini ham
ganoatlantirsa, u holda (8) sistemaning
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y(x) =y*, z(x*) =2°(9)
boshlang'ich shartni ganoatlantiruvchi y = y(x, x*, y*, z*), z = z(x,x*, y*, z*) yechimi x, x*, y*, z*
argumentlariga nisbatan

h b b
|x—x0|S§—w, |x* — x| < w, |y*—3’o|S§, |Z*_ZO|SE(10)

sohada uzluksiz funksiyadan iborat, bu yerda h = min (a, %) 0<w< %
Isbot. (8) sistemada erkli 0’zgaruvchini va noma’lum funksiyalarni
x—x"=¢§ y—y'=n z—-z"=1
formulalar bilan almashtirsak u quyidagi ko’rinishga keladi:
dn
d§

dr
g = hErxnty ) = gEnnxy’, )

=fi+x n+y,t+z)=9,¢En1,x%y"5,2%)

(9) boshlang’ich shartlar esa quyidagi ko’rinishni oladi:
n(0) =0, 7(0) =0. (12)
Teorema shartiga ko’ra (11) sistemada g, g, funksiyalar &, n, T o’zgaruvchilarga nisbatan
E+x"—xgl <a, In+y" =yl <b, |[t+2"—2)| <b (13)

sohada Pikar teoremasi shartlarini ganoatlantiradi va x*, y*, z* o’zgaruvchilarni parametr sifatida
0’z ichiga oladi. Agar &, n, tozgaruvchilar

R lel < i<l o<l
v Bl=o Inls3 <3

sohada, x*, y*, z* parametrlar esa

a b b
= xol <50 Iy = yol <5, 12— 2l <5(14)

sohada o’zgaradi desak, (13) tengsizliklar ham bajariladi. O’z navbatida (11) sistemaning ong qismi

1-teorema shartlarini gnoatlantiradi. Bundan sistemaning (12) boshlangich shartni ganoatlantiruvchi
yagona

n=nx%y,z"), t=1¢x"y"z")

yechimi & argumentining |¢| S% o’zgarish intervalida uzluksiz differensiallanuvchiligi va (14)

sohada x*, y*, z* parametrlarningning uzluksiz funksiyasidan iboratligi kelib chigadi.

O’zgaruvchilarni  orgaga qaytarib (8) sistemaning (9) boshlang’ich shartlarni
ganoatlantiruvchi yechimini hosil gilamiz:

y=y"+nlx—x"x"y,2z"), z=z"+1(x —x*,x%,y",z")(15)

1€l < %tensizlikdan bu yechimni x ning funksiyasi sifatida
h
lx —x*| < 5(16)
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intervalda aniglanganligi kelib chigadi. (16) tengsizlik
h
lx — x0] Si—a), |x* — x|l < w
tengsizliklar bir vaqtda bajarilganda ham o’rinli bo’ladi. Demak (15) yechim x,x*,y*,z* larga
nisbatan (10) sohada uzluksiz funksiyadan iborat. Teorema isbotlandi.

3-reja. 3-teorema. (8) sistemada f;, f> funksiyalar y va z boyicha hususiy hosilalari bilan R
sohada uzluksiz bo’lsin. U holda sistemaning (9) boshlang’ich shartni qanoatlantiruvchi

y=vy(x,x*v52z%), z=z(xx*y",z")(17)

yechimidan x*, y*, z* bo’yicha olingan hususiy hosilalar x, x*, y*, z* o’zgaruvchilarning funksiyasi
sifatida (10) sohada uzluksiz bo’ladi.

Bu teoremani isbotlash jaroyoni ko’p vaqt talab qilganligi sababli bu ishni chetlab o’tamiz.
Teoremani isbotini Salohitdinov M.C., Nasritdinov G’.N. Oddiy differensial tenglamalar. T.
O’zbekiston. 1994. 383b. adabiyotidan topish mumkin.

Misol.
X =xy +t?
1
S a2
y 2)’

sistemani x(1) = x, = 3, y(1) = y, = 2 boshlangich shartni ganoatlantiruvchi yechimini va ;Tx
0

hususiy hosilani aniglang.
Sistemaning ikkinchi tenglamasi — o’zgaruvchilari ajraladigan differensial tenglamadir. Uni

integrallaymiz: y = P Buni sistemaning birinchi tenlamasiga qo’yamz:
1

.2
Ty g

x + t?

Bu birinchi tertibli chizigli differensial tenglamani integrallaymiz:
x = (t+C)?[t—2CIn(t + C;) + C,] +3C2(t + €,)(18)

Bu yerda t, =1, xo =3, yo = 2 desak C; = 0 kelib chigadi va bundan berilgan boshlang’ich
shartni ganoatlantiruvchi yechimni aniglaymz:

x =t3(t+2),y :%.
Agar y, ni o’zgartirsak, u holda C;, C, lar ham o’zgaradi, ya’'ni aniqlangan yechim y, ga
nisbatan murakkab funksiyadan iborat. Shu sababli aniglanishi talab etilgan :—; hususiy hosila
(xo = 3, yo = 2 nugtadagi giymati) quyidagicha hisoblanadi:
dx _ 0x -6C1+ 0x .66'2
dy, 0C, dy, 0C, 0y,

Dastlab aaTx ni hisoblaymiz. (18) ga ko’ra:
1
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ox
_—= - 2
ac, 2t(t+2) — 2t“Int.

Endi C; = 2 _ 1 munosab-atdan 22 = — % ni aniglaymiz. (18) ga ko’ra ;Tx = t2. Ushbu
1

Yo 0o N

2\? 2 2 2 22
3=(=) 3-2(2-1)m=+ | +3(=-1) =
Yo Yo Yo Yo Yo
Tenglikdan Z% = 3 kelib chigadi. Demak:
0

0x
— =t%Int + 2t% - 2t.
Yo

Nazorat savollari
1. Yechimning parametrlarga uzluksiz bog’ilqligi
2. Yechimining boshlang’ich qiymatlarga uzluksiz bog’ligligi
3. Yechimning boshlang’ich qiymat bo’yicha differensialanuvchiligi

Foydalanilgan adabiyotlar

1. CamoxurmuaoB M.C., Hacpurmuunos [I''H. Ommmii muddepennman TeHrIamanmap.
TomkeHrt, «“ Y30ekucron”, 1994.

2. bubuxos H0.H. Kypc o0pikHOBeHHBIX quddepeHnnanpabx ypapaenuit. M., 1991. 314 c.

3. IlerpoBckmii W.I". Jlekuu 1o Teopuu 0OBIKHOBEHHBIX TU(PepeHIINATbHBIX YPaBHEHUH .
M.: u3n-Bo Mock. Yu-Ta. 1984.

22-mavzu. Normal sistemaning birinchi integrallari
Reja

1. Sistemani bitta yuqori tartibli tenglamaga keltirib integrallash.
2. Normal sistemaning birinchi integrali tushunchasi
3. Birinchi integrallarning bogliqgligi va erkliligi
Tayanch tushunchalar: birinchi integrali, bogligligi va erkliligi
1-reja. Bizga

v1 = 06Y1,Y2, 0 V)

V2 = [2(6, Y1, Y25 s Yn) 1)

Yn = a0 Y1, Y20 0 Yn)
differensial tenglamalarning normal sistemasi berilgan bo’lsin. Ayrim hollada bu sistemaning
tenglamalarini differensialllab, noma’lum funksiyalardan faqat bittasi qatnashgan n-tartibli

differensial tenglama hosil qilish mumkin. Hosil bo’lgan n-tartibli tenglamani integrallasak (1)
sistemaning tartibi bittaga kamayadi.

1-misol.
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i
z' =y
sistemaning birinchi tenglamasini differensiallaylik: y" = z' = y. Bu yerda y"” —y = 0 tenglama
hosil bo’ldi. Uning umumiy yechimi y = C,e* + C,e™*. Buni sistemaning birinchi tenglamasiga
qoysak z =y’ = (Cie* + C,e™™) = C,e* — C,e™*. Demak qaralayotgan sistemaning umumiy
yechimi
{y = Ce* + Cre™
zZ = Clex - Cze_x
2-misol.

{y’=3y—22
z'=2y—z

Dastlab sistemani y va y’ga nisbatan yehib olaylik: y = %z’ + %z, y' =3 Gz’ +%z) z' =2z =

4

zz’ — %z. Endi sistemaning ikkinchi tenglamsini differensiallaymiz:z"’ =2y’ —z' =3z' —z —
2y+z=32z'"—2'—z=2z"—z Bu yerda z'' — 2z' + z = 0 differensial tenglama hosil bo’ldi.

Uning umumiy yechimi z = (C; + C,x)e*. Buniy = %z’ + %z tenglikka qo’ysak:

y= (61 + %Cl + sz) e”* kelib chigadi. Demak garalayotgan sistemaning umumiy yechimi

1
y = (Cl +ECl + sz) ex
z = (C; + Cyx)e”
2-reja. Bizga differensial tenglamalarning (1) normal sistemasi berilgan bo’lsin.

Ta’rif. Agar (1) sistemaning ihtiyoriy y,, v, ..., ¥, Yechimini ¥(x, y;,v,, ..., y,) funksiyga
keltirib qo’yish natijasida, funksiya o’zgarmasga aylansa, u holda ¥ (x,yy,y,, ..., ys) funksiya (1)
sistemaning integrali deb ataladi. ¥ (x,yy,y,,...,y,) = C tenglik esa (1) sistemaning
birinchiintegrali deb ataladi.

1-Teorema. Y(x,yq, Yo, ..., ¥n) funksiya (1) sistemaning integrali bo’lishi uchun

n
41 o _
Fr a—yifi(X:pr’z: V) =0 (2)

i=1
ayniyat o’rinli bo’lishi zarur va yetarli.

Isbot. Zarurligi.y (x, y1, y,, ..., V) funksiya (1) sistemaning integrali bo’lsin. Bu funksiyani
(1) sistemaning ihtiyoriy yechimi ustidagi qiymati o’zgarmas sondan iborat va bunga ko’ra
differensiali aynan 0 ga teng bo’ladi, ya’ni

My~ 0
—¢+Z—¢-yi’50 ©)

Funksiyani (1) sistemani yechimlari ustida garayotganimiz sababli y; = f;(x, y1,¥2, .-, y). Buni
(3) ga olib borib qo’ysak (2) ayniyat hosil bo’ladi.
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Yetarliligi.y(x, y1, v, ..., V) funksiya (2) ayniyatni ganoatlantirsin. (1) sistemaning
ihtiyoriy y;,y,, ..., ¥, yechimini bu ayniyatga olib borib qo’yamiz. Bunda f;(x, ¥y, ¥z, -, Yn) = ¥;
ayniyatni xisobga olsak (3) ayniyatga ega bo’lamiz. (3) tenglik esa Y (x, y1, ¥2, ..., ¥») funksiyaning
to’liq differensialidan iborat. U holda

dl/)(x, Y1, Y25 - 'yn) =0

ayniyatga egamiz. Bundan ¥ (x,y1,¥,, -, ¥n) = C, ya’ni (1) sistemaning ihtiyoriy yi,¥2, .-, ¥n
yechimini ¥(x, y4, V5, ..., ¥,) funksiyaga qo’ysak funksiya o’zgarmasga aylanishi kelib chiqadi.
Teorema isbotlandi.

Bizga (1) sistemaning n ta birinchi integrali berilgan bo’lsin:
Y1(0 Y1, Y2, 0 ¥) = G
lpZ(x'yllyZ' ---;yn) = CZ (4)
lpn(xﬂyllyZ' "'Jyn) = Cn

Agar (4) sistemani y,, Vs, ..., y,, larga nisbatan yechish mumkin bo’lib, natijada (1) sistemaning
umumiy yechimi hosil bo’lsa, u holda (4) ni (1) sistemaning umumiy integrali deb ataymiz.

3-reja. Ta’rif. Agar
lpl(xl Y1 Y2 ""yn)
l/)Z(xl Y1, Y2 "'ﬂyn) (5)
lpn(xﬂyll Y2, ""yn)

funksiyalar uchun shunday F(z,, z, ..., z,) funksiya topilsaki, F (¥, ¥, ..., ) = 0 ayniyat o’rinli
bo’lsa, u holda (5) funksiyalar — bo’liq funksiyalar deb ataladi.Bog’liq bo’lmagan funksiyalar —
erkli funksiyalar deb ataladi.

Masalan, ¥,(x,y) =Inx+Iny va ,(x,y) = xy funksiyalar uchun ¥; —Iny, =0
ayniyat o’rinli. Demak 14,9, funksiyalar bog’liq.

Shu yerda matematik analiz kursidan quyidagi teoremani isbotsiz keltiramiz.
2-Teorema.n o’zgaruvchili m ta (n = m) funksiya berilgan:
U (xll X2y ey xn)

Up (xll X2y s xn)

U, (X1, X5, ooy Xpp)

Uy, Uy, ..., Uy, funksiyalar erkli bo’lishi uchun

du, 0uy Jduy

du, du, du,

0x, 0x, 02y
ou,, 0u,y, ou,,
ax, dx, = 0x,

matritsaning ustunlaridan tuzilgan hech bo’lmaganda bitta determinant aynan nolga aylanmasligi
zarur va yetarli.
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Masalan, ¥;(x,y) =Inx+1Iny va ,(x,y) = xy funksiyalar uchun mos matritsani
tuzaylik:

ox dy | [ —= \_
oy, o |\, %Y, ) T
dx dy

3-Teorema. Agar (1) sistemaning (5) integralari uzluksiz birinchi taribli hususiy hosilalarga
ega bo’lsa, u holda ularning erkli bo’lishi uchun (5) funksiyalarning y,,y,, ..., ¥, 0’zgaruvchilar
bo’yicha Yakobiani deb atalgan, quyidagi determinant aynan nolga aylanmasligi zarur va yetarli:

0y, 0y, Oyn
Dy, pz o tpn) _ (W2 002 O]
D1, Y2 s ¥n)  [0Y1 02 Oy
Py, 0y, 0Py
dy, 0y, " Oy,
Isbot.Yetarliligi. (6) munosabat o’rinli bo’Isin. U holda
0x 0y, 0y, 0Yn
Y
0x 0y 0y, Oyn |(7)
ka% Py, 0y, a’lfn/
Ox 0y, 0y, Oy

matritsaning ohirgi n ta ustunidan tuzilgan determinant aynan nolga teng emas va 2-teoremaga
ko’ra (5) integrallar erkli.

Zarurligi. (5) integrallar erkli bo’lsin. 2-teoremaga ko’ra (7) matritsaning qaysidir n ta
ustunidan tuzilgan determinant aynan nolga teng emas. Ohirgi n ta ustundan tuzilgan determinant
aynan nolga teng emasligini ko’rsatsak teorema isbotlanadi. Shunday M (x,,ys, 3, ..., ¥J) nugta
mavjudki (7) matritsani bu nugta ustida garasak uning rangi n ga teng bo’ladi. Agar M nuqtada (7)
matritsaning birinchi ustuni elementlari nolga teng bo’lsa, u holda aynan qolgan ustunlaridan iborat
minori noldan farqli bo’ladi va teorema isbotlanadi. M nuqtada (7) matritasaning birinchi ustuni
elementlari orasida noldan farqlisi bor bo’lsin. (5) funksiyalar (1) sistemaning integrallari ekanlidan
va 1-teoremaga ko’ra M nuqtada quyidagi tengliklar o’rinli:

0P, 0y, oYy . 0y
oy, Ty T G T T
0y, 0y, 0y, . 0y,
0Yn . 0y 0 . 0Py
aylfl-l'a—yzf2+...+afn——axj

Bu tengliklar ko’rsatadiki u4, u,, ..., u,, noma’lumlarga nisbatan chiziqli birjinsli bo’lmagan
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allil alpl 67,111 alpl\
— U Uyt Uy = ———

Iy, ! 9y 2 0y, ox

0y, 0y, 0, 0y,

ayl uq + ayz U, + ...+ ayn U, = ax > (8)
0Py 0Py oY, OYy

3y, + 7, 2 + ..+ oy = "o )

sistema (f, f2, ..., fn) ychimga ega. Algebra kursidan ma’lumki (8) sistema yechimga ega bo’lsa
uning asosiy matritsasi bilan kengaytirilgan matritsasining rangi teng bo’ladi. (8) sistemaning
kengaytirilgan matritsasi (7) matritsadan iborat va uning rang n ga teng. Sistemaning asosiy
matritsaning determinanti (6) determinantning M nuqtadagi giymatidan iborat va u noldan farqli.
Teorema isbotlandi.

Bizga (1) sistemaning k (k < n) ta integrali berilgan bo’lsin:
V1 (X, Y1, Y20 s V)
Y2 (6, Y1, Y2, s Vi) (9)
l/)k (X, V1, Y25 o0y yn)

4-Teorema. Agar (1) sistemaning (9) integralari uzluksiz birinchi taribli hususiy hosilalarga
ega bo’lsa, u holda ularning erkli bo’lishi uchun

dy; 0y, dyn
| 020y, 0 |
| o, |
k%% o |
dy1 0y, Oyn

matritsaning ustunlarida tuzilgan hech bo’lmaganda bitta determinant aynan nolga aylanmasligi

zarur va yetarli (Teoremani mustaqil isbotlang).

5-teorema. (1) sistemaning erkli integrallari soni n tadan ortmaydi.

Isbot.y,, Y5, ..., Wiy funksiyalar (1) sistemaning birinchi integrallari bo’lsin. U holda 1-

teoremaga ko’ra quyidagi ayniyatlarga egamiz:

0y, 0y, Py . )
W+a—}llf1+...+afn—0
oy, o, oy
W+a—}llf1+...+afn—0 \
0Vnyr  0Ynyq 0nyr .
Ox + 3y, fi+ ..+ oy I _0)

Demak uq, us,, ..

., Un+1 NOmMalumlarga nisbatan chizigli birjinsli
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0P, 0P, 0P, _ )
Wul +a—ylu2+ ...+ﬂun+1—0
0y, 0y 0P,
a—xu1+a—ylu2+ ...+Eun+1 =0 >(10)
Y1 0YPny1 Y41 _
Ox u, + ayl U, + ...+ Wunﬂ = O}

sistema u; = 1,uy, = fi, ..., Uns1 = fn yechimga ega. Algebra kursidan ma’lumki bir jinsli sistema
noldan farqli yechimga ega bo’lsa, sistema matritsasining determinanti nolga teng bo’ladi. (10)
sistemaning determinanti

D(l/)l, lpZ' e lpn: l/)n+1)
D(y1, Y2, s Yo X)

3-teoremaga ko’ra P, Y, ..., Py, P41 integrallar bog’lig. Teorema isbotlandi.

0.

Nazorat savollari
1. Sistemani bitta yuqori tartibli tenglamaga keltirib integrallash.
2. Normal sistemaning birinchi integrali tushunchasi
3. Birinchi integrallarning bogliqgligi va erkliligi
Foydalanilgan adabiyotlar

1. CamoxurnmuuoB M.C., HacputmuuoB [I'.H. Opmnuii auddepeHnuan TeHriamaap.
TomikeHT, ““ Y30ekucron”, 1994.

2. bubukos KO.H. Kypc o0bikHOBeHHBIX nubdepeHransubix ypaBHeHuil. M., 1991. 314 c.

3. IlerpoBckuii M.I". Jlekuu o Teopuu 0OBIKHOBEHHBIX JU(GepeHIINaIbHbIX YPaBHEHUH.
M.: u31-80 Mock. YH-Ta. 1984.

23-mavzu. Inegrallanuvchi kombinatsialar
Reja
1. Birinchi integrallar yordamida sistema tartibini pasaytirish
2. Inegrallanuvchi kombinatsialar

3. Normal sistemaning simmetrik ko’rinishi

1-reja. Matematik analizdan zaruriy teoremani eslab olaylik.
1-Teorema. Bizga m + n o’zgaruvchili m ta funksiya berilgan:
Fi(xq, X0, e, Xy V1, Y20 o Ym) = 0
Fy(x1, X2, ooy X0, Y1, Y20 os Ym) = 0 (1)
F (X1, Xy ey Xy Y1, Y2r ooy Ym) = 0
Agar F;(x1, X2, <o, X, V1, V2, -, Ym), L = 1, ..., m funksiyalar y,,y,, ..., y,, 0’zgaruvchilar bo’yicha

birinchi taritibli uzluksiz hoslilalarga ega va
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9F, OF, oF,
0y10y; T 0ym
OFZ OFZ dF,
Iyi10y, 7 Oym
oF,dF,  OE,
03’1 aJ’Z E

determinant aynan nolga teng bo’lmasa, u holda (1) sistemani yq,y,, ..., V,, 0’zgaruvchilarga
nisbatan bir qiymatli yechish mumkin

1 = f1(x1, %2, s Xp)
V2 = f2(x1, %2, o0, Xy)
m = fm(x1'x2' "'lxn)

2-Teorema. Agar (1) sistemaning k ta erkli birinchi integrali ma’lum bo’lsa, u holda
sistema tartibini k birlikka pasaytirish mumkin.

Isbot. Bizga (1) sistemaning k ta erkli birinchi integrali berilgan bo’lsin:
lpl(xﬂyll Y2y e Jyn) = Cl
l/JZ(X,yl, Y2, "'Jyn) = CZ (2)

l/)k(x,yl;yz, "'Jyn) = Ck
U holda oldingi darsdagi 4-teoremaga ko’ra

0y 09, a2

( dy, 0y, 6yn\
0P, 0, 0P,

| 3y, 0y, 6yz 6yn |

kalpk Oy G /
dy1 0y, Oyn

matritsaning ustunlarida tuzilgan hech bo’lmaganda bitta determinant aynan nolga aylanmaydi.
Aniglik uchun dastlabki k ta ustundan tuzilgan determinant aynan nolga aylanmaydi deb olaylik,

ya’'ni
D@1, 1, .., 20
D(y1,y2, -
1-teoremaga ko’ra, (2) sistemani yi,Vs,..., Vi 0 zgaruvchilarga nisbatan bir qiymatli yechish
mumkin:
y1 = 01 Vrs1s o Cy)
V2 = @2(Vr1) - o Ci) (3)
Vi = P (Vi1 )

Y1, Y2, -, Vi larning (3) giymatlarini (1) sistemaning ohirgi (n — k) ta tenglamasiga qo’yamiz:

Virr = fie+1(X, @1, ...

yrll = fn(x' (pl'

) Qir Vie+ 1 > Yn)

y Pk Yi+1) - ’yn)

(4)



Bu sistema yyy1,...,y, noma’lum funksiyalarga nisbatan differensial tenglamalarning normal
sistemasidir va uning tartibi (n — k) ga teng. Teorema isbotlandi.

Agar (14) sistemaning umumiy yechimi
Vir1 = Prr1(X Cryrs s Cp)
Yn = Pn(x, Ciyyy oes Cp)
sistema bilan ifodalansa, bularni (13) ga qoyamiz va (1) sistemaning umumiy yechimini hosil
gilamiz.
Y1 =01(x,Cq, ..., Cp)

Yk = (ﬁk(xi Cli ey Cn)
Vi+1 = Pr41(X, Crg1s s C)

Yn = (ﬁn(xl Ck+1' LR Cn) /
Bu mulohazalardan va 7-teoremadan quyidagi natijanig to’g’riligi kelib chiqadi:

Natija. Agar (1) sistemaning n ta erkli integrali berilgan bo’lsa:

l)l}l(xi y1;y2: ""yn) = Cl
Y2 (%, Y1, Y20 s V) = G,
Yn (X, Y1, Y20 00 V) = Cy

u holda bu sitemani y,,y,, ...,y larga yechish mumkin va bunda sistemaning umumiy yechimi
hosil bo’ladi.

2-reja. Yugqorida ko’rdikki (1) sistemaning birinchi integrallarini topsak uning tartibini
pasaytirish imkoniyatiga ega bo’lamiz. Birinchi integrallarni (1) sistemaning integrallanuvchi
kombinatsiyalaridan foydalanib hosil gilish mumkin.

Ta’rif. Agar (1) sistemadan
dF(x'yl'yZ' ""yn) =0 (5)
tenglik hosil bo’lsa, (5) tenglikni sistemaning integrallanuvchi kombinatsiyasi deb ataymiz.

(1) sistemaning (5) integrallanuvchi kombinatsiyasidan uning bitta birinchi integrali kelib
chigadi F(x, y1, V3, ., Yn) = Cj.

Misol.
r;
z' =y
sistemaning tenglamalarini qo’shamiz: (y + z)' = y + z. Bundan
diy +z
M =dx, d(In(y +z) —x) =0.
y+z

Bu tenglik sistemaning integrallanuvchi kombinatsiyasidir. Undan sistemaning
Inly+2z)—x=InC;, y+z=Ce*
birinchi integrali hosil bo’ladi.
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Boshga tomondan, agar sistema tenglamalarini ayirsak: (y — z)' = z — y. Bundan

M = —dx, d(In(y —z) +x) = 0.
y—2z

Bu tenglik sistemaning integrallanuvchi kombinatsiyasidir. Undan sistemaning

X

Inly—2z)+x=1InC,, y—z=_Ce”
birinchi integrali hosil bo’ladi. y + z = C;e*, y —z = C,e™* tengliklardan y va z ni aniglaymiz:
y= %Clex + %Cze"x, z= %Clex - %Cze‘x. O’zgarmas parametrlarni  boshqatdan tanlasak
yugorida hosil gilnga umimiy yechim ko’rinishini olamiz:

{y = C;e* + Cre™™
zZ = Clex - Cze_x

Misol.
Vi=Y3— Y2
Y2 =Y1— Y3
Y:=Y2— W

sistema tenglamalarini qo’shamiz (y; + y, + y3)' = 0. Bu integrallanuvchi kombinatsiyadan y; +
¥y, + y3 = C; birinchi integral aniglanadi. Sistema tenglamalarini mos ravishda y;, y, va y; ga
ko’paytiramiz, so’nra qo’shamiz: y,v; + V¥, + V3y5 = 022 +y2 +y2) =0=> y2+y2 +
yi = C,.

Aniglangan birinchi integrallarni erkli bo’lishini tekshiramiz, bu yerda F; =y, +y, +
ys, B = yi +yi +3.

dF, OF, aa\

dy, 0y, 0ys _(1 1 1)
kaFZ 0F, an)_ 2y1 2y; 2y3

dy; 0Jy, 0y;

Bu matritsa ihtiyoriy 2 ta ustunidan tuzilgan determinant aynan nolga teng emas. Demak topilgan
birinchi integrallar erkli. F;, F, integrallardan foydalanib berilgan 3-tartibli sistemani yechishni 1-
tartibli sistemani yechishga, ya’ni 1-tartibli differensial tenglamani integrallashga keltirish mumkin
(Mustaqil bajaring).

3-reja. Normal sistemaning simmetrik ko’rinishi deb ushbu

dx; dx, dx,

T E (g, X, e, Xpy)

Fi(xq1, %2, o) Xp) N Fy (x4, %5, ) Xp) N

sistemaga aytiladi. Ushbu

(dy
d_xl = (YL Y20 0 V)
dy
4 d_xz = 206y, Y2, s Yn)
Kd_; = fn(xf Y1, Y2, ""yn)

normal sitemaga quyidagi simmetrik ko’rinishdagi sstema mos keladi:
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dx dy; dy, dyn

1 106 Y1, Y2, s Vi) B 206,91, Y2, s V) S Ja (6 Y1, Y20 oo Vi)

Simmetrik ko’rinishdagi sistemaning afzal tomoni shundaki, ko’p hollarda undagi
noma’lumlardan ihtiyoriy bittasini erkli o’zgaruvchi, qolgan noma’lumlarni izlanayotgan funksiya
deb hisoblab, uning birinchi integralini topish oson bo’ladi.

Misol.

dx _dy dz
x2 —y2—z2 2xy 2xz

(6)

simmetrik ko’rinishdagi sistemani garaymiz. Uning ohirgi tengligidan
dy dz
y z
o’zgaruvchilari ajraladigan differensial tenglama hosil bo’ladi. Undan %z C, birinchi integral
aniglanadi. (4) sistemada birinchi nisbatning surat mahrajini x ga, ikkinchisini y ga, uchinchisini z
ga ko’paytirib, quyidagi nisbatni olamiz:
xdx +ydy +zdz  dy
x(x2 +y2+22)  2xy

2 2 2
TI¥2 — ¢, ikkinchi integralni olamiz. Aniglangan

Bundan In(x?+ y% +2z%) =1Iny yoki

birinchi integrallar chiziqli erkli bo’lgani uchun ular (6) sistemaning umumiy integralini ifodalaydi:
X=C1; x*+y?+2°
z y

Nazorat savollari

1. Birinchi integrallar yordamida sistema tartibini pasaytirish

2. Inegrallanuvchi kombinatsialar

3. Normal sistemaning simmetrik ko’rinishi qanday?

Foydalanilgan adabiyotlar

1. CanoxurmunoB M.C., HacpurmuuoB I'.H. Opnuit nuddepenuuman TteHriaamanap.
TomxkeHTt, “ Y30ekucron”, 1994,

2. bu6buxos H0.H. Kypc o0pikHOBEHHBIX Ju(depeHnanbHbIX ypaBHeHuit. M., 1991. 314 c.

3. IlerpoBckuii M.I". Jlekuu o Teopuu 0OBIKHOBEHHBIX TU(PepeHIINaTbHBIX YPaBHEHUH.
M.: u3g-80 Mock. YH-Ta. 1984.

24-mavzu. Chizigli differensial tenglamalar sistemasi
Reja
1. Umumiy tushunchalar.
2. Chizigli operator.
3. Chiziqgli bir jinsli sistemalar

4. Vektor funksiyalarning chiziqli bog’ligligi va chiziqli erkliligi
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Tayanch tushunchalar: chizigli erkli, vector funksiya, chizigli bogligligi
1-reja. Ushbu
y1 = a1 (Y1 + az(0)yz+... +a1, () yn + by (x)
Y2 = a1(0)y1 + az(X)y,+... +azn () y, + by (x) (1)
Vi = A1 (X Y1 + an2(0)y2+... +apn ()Y, + bp(x)
sistema n-tartibli chizigli tenglamalar sistemasi deyiladi. Yozuvlarni gisqgartirish uchun quydagi
matritsalarni Kiritamiz:

a;1(x) a;z(x) ... agp(x) b1 (x) y1(x)
A(x) = a1 (x) aza(x) ... azn(x) , B(x) = b, (x) ’ Y(x) = Y2 (x)
an1 (x) an2 (x) .. ann(x) bn(x) yn(x)

Bir ustunli B(x) va Y (x) kabi matrisalarni vektor-funksiya deb ataymiz. Bu matrisalar yordamida
(1) sistema

Y'=Ax)Y + B(x) (2)
ko’rinishda yoziladi.

Agar A(x) va B(x) matritsalarning barcha elementlari biror I intervalada uzluksiz bo’lsa,
A(x) va B(x) matritsalar I intervalada uzluksiz deyiladi.

1-teorema. (chizigli sistema yechimining mavjudligi va yagonaligi haqgida) Agar A(x) va
B(x) matritsalar biror I intervalada uzluksiz bo’lsa, u holda

Xg €I, —o<yl<o, (i=12..,1n) (3)

sohadan olingan ihtiyoriy boshlang’ich qiymatlarga ega bo’lgan (1) (yoki(2)) tenglamaning yechimi
mavjud va yagona.

Isbot. Teorema sharti o’rinli bo’lsa (1) sistema normal sistemalar uchun keltirilgan Koshi

teoremasi shartlarini qanoatlantirishini ko’rsatamiz:

1. Barcha f; =a;;(x)y; +ai1(x)y,+...+a; (x)y, + b;i(x) funksiyalar (3) sohada
uzluksiz; 2. 3—3’:; = a;;(x) hususiy hosilalar (3) sohada uzluksiz. Demak Koshi teoremasiga
ko’ra teorema tasdig’i o’rinli.

2-reja. Ushbu

L(Y) = dy AX)Y 4
tenglik bilan aniglangan operator, chizigli operator deyiladi, bu yerda A(x) — n X n tartibli matrisa,
y —n x 1 tartibli matrisa. Chizigli operator yordamida (2) sistemani
L(Y) = B(x)
ko’rinishda yoza olamiz.
L(Y) operatorning hossalari

1. L(cY) = cL(Y), ¢ — const.
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2.L(Y; +Y,) = L(Y}) + L(Y,).

1 va 2 hossalardan chizigli operator uchun quyidagi tenglik bajalishi kelib chigadi

L (i CiYi> = i c;L(Y)

i=1 i=1
3-reja. Ushbu
Y = A(x)Y (5)
sistema (2) ga mos chizigli bir jinsli sistema deyiladi. Chizigli operator yordamida bu sistemani
L(Y) = 0 ko’rinishda yoza olamiz.

2-teorema. Agar Y(x) vektor-funksiya (5) sistemani yechimi bo’lsa, u holda cY(x),
(¢ — const) vektor-funksiya ham (5) sistemani yechimi bo’ladi.

3-teorema. Agar Y; (x) va Y, (x) vektor-funksiyalar (5) sistemani yechimlari bo’lsa, u holda
Y; (x) + Y, (x) vektor-funksiya ham (5) sistemani yechimi bo’ladi.

4-teorema. Agar Y;(x), Y,(x), ..., Y, (x) vektor-funksiyalar (5) sistemani yechimlari
bo’lsa, u holda c¢;Y;(x) + c,Y5(x)+...+cp, Yo (x) vektor-funksiya ham (5) sistemani yechimi
bo’ladi.

5-teorema. (5) sistema Y (x) = U(x) + iV (x) kompleks yechimga ega bo’lsa, u holda U(x)
va V(x) vektor-funksiyalar (5) sistemani haqiqiy yechimi bo’ladi.
4-reja. Bizga [ intervalda aniglangan va uzluksiz Y;(x), Y»(x), ...,Y,(x) vektor-
funksiyalar berilgan bo’lsin.
Ta’rif. Agar bir vaqtda nolga teng bo’lmagan a4, a5, ..., @, 0’zgarmas sonlar uchun
a Y1 (x) + @Yo (%) + o4 ap Y (x) =0 (6)

ayniyat I intervalda o’rili bo’lsa, u holda Y;(x), Y,(x), ..., Y, (x) vektor-funksiyalar bu interbalda
chiziqli bo’gliq deyiladi. Aks holda, ya’ni (6) ayniyat faqat a; = a, =...= a,, = 0 bo’lgandagina
bajarilsa, Y; (x), Y,(x), ..., Y, (x) vektor-funksiyalar I interbalda chizigli erkli deyiladi.

o T T
Hususan ikkita Y;(x) = (3’11(75)'3’12(75)' ---'Y1n(x)) va Y;(x) = ()’21(95),}’22(35)' ---'yZn(x))
vektor-funksiyalar chiziqli bo’g’liq bo’lishi uchun

3’11(75):3’12(75): :3’1n(x)
Yy21(0)  y2(x) T yan(x)

=k, k— const

nisbatlarning o’zgarmas songa tengligi zarur va yetarli.

Misol. Y, (x) = (e3%,e3%,e3*)T va Y, (x) = (%%, —2e°%, e%*)T vektor-funksiyalar ihtiyoriy
intervalda chizigli erkli.

Tasdig. Agar Y;(x), Y,(x), ..., Y (x) vektor-funksiyalardan birortasi I interbalda aynan
nol vektordan iborat bo’lsa, u holda ular I interbalda chiziqgli bo’gliq bo’ladi.

Ta’rif.
Y1(x), Y2 (%), ., Y () (7)
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vektor-funksiyalar I interbalda aniqlangan bo’lsin, bu yerda Yi(x) =
(2 (0, Y12 (), o, Yin (1)) i = 1,2, ..., . Ushbu
Y11 (%) y21(x) .. yp1(x)
W(x) = Y12(%) Y22 () oo Yn2(x)
Y1) Yan @) . Yan ()
determinant (7) vektor-funksiyalarning Vronskiy determinanti deyiladi.

6-teorema. (n ta vektor-funksiya chiziqli bog’ligligining zaruriy sharti) Agar (7)
vektor-funksiyalar I interbalda chiziqli bo’gliq bo’lsa, u holda I intervalda W (x) = 0 bo’ladi.

Isbot. Teorema shariga ko’ra, bir vaqtda nolga teng bo’lmagan a;, @,, ..., @, 0’zgarmas
sonlar uchun

a1 Y (x) + a,Vo(x) + o+, Y (x) =0
yoki
y11(ay + Y1 (ay + yna (D, =0
Y12(0) a1 + yar () az + yn2 (D, =0
Yin(X)ay + yan(X)az + yuu(x)a, =0
ayniyat I intervalda o’rili

Teorema tasdig’iga teskari faraz yuritaylik, ya’ni biror x, € I nugtada W (x,) # 0 bo’lsin.
U holda

yi1(xp)ay + ya1(xg)az + yu1(xg)a, =0
Viz(xo)ay + ya2(x0)az + yua(xg)a, =0
Vin(Xo) a1 + Yon(Xo)az + Yun(x0)a, =0
sistemaning determinanti W (x,) # 0 bo’lgani uchun u yagona @; = a, =...= a, = 0 yechimga

ega bo’ladi. Bu esa a4,a,, ..,a, o’zgarmaslarning bir vaqtda nolga teng emasligiga ziddir.
Teorema isbotlandi.

Shuni ta’kidlash joizki teoremaga teskari tasdiq har doim ham o’rinli bo’Imaydi. Boshqacha
aytganda Agar (7) vektor-funksiyalarning Vronsky determinanti W (x) = 0 bo’lsa, u holda, bu
vunksiyalar I interbalda chiziqli bo’gliq bo’Imasligi ham mumkin.

Misol. Y;(x) = (x,x)T va Y,(x) = (x2%,x%)T vektor-funksiyalar ihtiyoriy intervalda chizigli
erkli, lekin ularning Vronsky determinanti ihtiyoriy intervalda aynan nolga teng.

Nazorat savollari
1. Chizigli operator nima?
2. Chizigli bir jinsli sistemalar
3. Vektor funksiyalarning chiziqli bog’liqligi va chiziqli erkliligi
Foydalanilgan adabiyotlar

1. CanoxurmunoB M.C., HacpurmunoB I'.H. Opnuii nuddepenuuman TteHriaamanap.
TomxkeHT, “ Y30ekucron”, 1994,
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2. bubuxos KO.H. Kypc o0pikHOBeHHBIX AuddepeHnnanbHbx ypaBaenuit. M., 1991. 314 c.

3. IlerpoBckmii W.I". Jlekuu 1o Teopuu 0OBIKHOBEHHBIX TU(PepeHIINATbHBIX YPAaBHEHUH.
M.: u3x-Bo Mock. YVH-Ta. 1984.

25-mavzu. Chizigli bir jinsli sistema yechimlarining fundamental sistemasi.
Reja
1. Yechimlarning chiziqli bog’ligligi va chiziqli erkliligi.
2. Yechimlarning fundamental sistemasi
3. Umumiy yechim
4. Ostrogradskiy-Liuvill fomulasi
Tayanch tushunchalar: matritsaviy iz, Ostrogradskiy-Liuvill fomulasi
1-reja. Ushbu
Y = A(x)Y (1)

chizigli bir jinsli sistemani gqaraymiz, bun yerda A(x) matritsa Iintervalda uzliksiz.

T .
Yl(x)JYZ(x)! ,Ym(X), Yl(x) = (}’i1(x):3’i2(x), '"ﬂyin(x)) L= 1'2' M (2)
vektor-funksiyalar I interbalda (1) sistemaning yechimlari bo’lIsin.

1-teorema. Agar biror x, € I uchun Y;(xy),Y>(xp), ... ,Ym(xo) vektorlar chizigli bog’liq
bo’lsa, u holda (2) yechimlar I intervalda chiziqli bog’liq bo’ladi.

Isbot. Teorema shartiga ko’ra bir vaqtda nolga teng bo’lmagan a;, a,, ..., Q,, 0’zgarmas
sonlar uchun

a, Y1 (xp) + a2Y2(x0) + am Y (o) = 0
tenglik o’rinli. U holda (1) sistemaning
Y = a,;Y1(x) + Yo (x) + ap, Yo (%)
yechimi
y1(x0) = ¥2(x0) =...= yu(x0) =0

boshlang’ich shartni gqanoatlantiradi. Chiziqli sistema yechimining mavjudligi va yagonaligi
haqgidagi teoremaga ko’ra (1) sistemaning bu boshlang’ich shartni ganoatlantiruvchi yechimi Y = 0
vektor-funksiyadan iborat. Demak bir vaqtda nolga teng bo’lmagan a4, @,, ..., a, 0’zgarmas sonlar
uchun

Y =a,Y1(x) + a, Y5 (%) + a,, Yo (x) =0
ayniyat [ intervalda o’rinli va (2) yechimlar I intervalda chiziqgli bog’lig. Teorema isbotlandi.
(1) Sistemaning I interbaldagi n ta yechimini garaymiz:
Y100, Y2(x), .., ¥ (x) (3)

2-teorema. (3) yechimlar [ intervalda chiziqli erkli bo’lishi uchun ularning W (x) Vronskiy
determinanti I intervalning hech bir nugtasida nolga aylanmasligi zarur va yetarli.
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Isbot. Zarurligi. (3) yechimlar I intervalda chiziqli erkli bo’lsin. Barcha x € I nuqtalarda
W (x) # 0 bo’lishini ko’rsatamiz. Teskari faraz yuritaylik, ya’ni biror x, € I nugtada W (x,) = 0
bo’lsin. U holda Y; (x,), Y2(xg), ... ,Yn(xo) vektorlar chizigli bo’gliq bo’ladi. 1-teoremaga ko’ra [
intervalda (3) yechimlar chizigli bog’liq bo’ladi. Bu ziddiyat teskari faraz noto’g’riligidan hosil
bo’ldi.

Yetarliligi. Barcha x € I nugtalarda W (x) # 0 bo’lsin. (3) yechimlar I intervalda chizigli
erkli bo’lishini ko’rsatamiz. Teskari faraz yuritaylik, ya’ni (3) yechimlar I intervalda chizigli
bog’liq bo’lsin. Avvalgi darsdagi 6-teoremaga ko’ra I intervalda W (x) = 0 ayniyatga egamiz. Bu
ziddiyat teoremani to’la isbotlaydi.

2-reja. Ta’rif. Agar (1) sistemaning (3) yechimlari I intervalda chiziqli erkli bo’lsa, bu
yechimlar sistemaning fundamental yechimlari sistemasi deyiladi.

3-teorema. Agar A(x) matritsa I intervalda uzliksiz bo’lsa, shu intervalda (1) sistemaning
fundamental yechimlari sistemasi mavjud.

Isbot. Ihtiyoriy x, € Inugtani tanlab olamiz. Avvalgi darsdagi chizigli sitema yechimining
mavjudligi va yagonaligi haqidagi teoremaga ko’ra (1) sistemaning
y1(x0) = 1,¥2(x0) = 0,y3(x0) =0, ..., yn(x0) =0
boshlangich shartni ganoatlantiruvchi yechimi mavjud va yagona. Bu yechimni Y;(x) orgali
belgilaymiz. (1) sistemaning
y1(x0) = 0,y2(x0) = 1,¥3(x0) =0, ..., yp(x0) =0
boshlangich shartni ganoatlantiruvchi yechimini Y, (x) orqgali belgilaymiz. Shu tarzda davom etib
y1(x0) = 0,y2(x0) = 0,y3(x0) =0, ..., yn(x0) =1

boshlangich shartni ganoatlantiruvchi yechimini Y,,(x) orqgali belgilaymiz. Bu yechimlar Vronskiy
determinantining x, nugtadagi giymati

Y11(X0) ¥21(x0)  +o Yn1(xo) 1 0 ...0
W(xy) = Y12(%0) ¥22(x0) -+ Yna(xo)|_ [0 1 ... 0 —1
Yin(x0) Y2n(x0) .o Ynn(xo) 00 ... 1

noldan fargli. Demak yuqorida tuzilgan Y; (x), Y,(x), ... ,Y,(x) yechimlar I intervalda chizigli erkli
va ular (1) sistemaning fundamental yechimlari sistemasidan iborat. Teorema isbotlandi.

Teoremani isbotlashda boshlang’ich qiymat sifatida n-tartibli birlik determinant
elementlaridan foydalanildi. Aslida giymati noldan fargli ihtiyoriy n-tartibli determinant
elementlaridan foydalanish mukin edi va bunday determinantlar soni cheksiz ko’p. Demak (1)
sistemaning fundamental yechimlari sistemasi cheksiz ko’p ekan.

3-reja. 4-teorema. Agar (3) yechimlar fundamental sistemani tashkil etsa, u holda (1)
sistemaning umumiy yechimi

Y =CYi(x) + CY,(x) + ...+ C Y (%) (4)
formula bilan ifodalanadi va sistemani barcha yechimlari (4) formuladan aniglanadi.

Isbot. (4) ni quyidagi ko’rinishda yozib olamiz
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Y1 = Cy11(x) + Coy1 () +... +Cpyn1 (%)
V2 = C1y12(x) + Coy22(X)+... +Cpyn2 (x) (5)

Yn = C1Y10 (%) + CoYon () +... +CrYnn ()
(5) sistemani Cy, C,, ..., C,, larga nisbatan bir qiymatli yechish mumkinligini ko’rsatish kerak.
Bu noma’lumlarga nisbatan qaraganda (5) chizigli tenglamalar sistemasidan iborat bo’lib uning
determinanti W (x) dan iborat va u noldan fargli. Avvalgi darsdagi 4-teoremaga ko’ra Cy, Cy, ..., Cy,
larning ihtiyoriy o’zgarmas qimatlarida (5) vektor-funksiya (1) sitestemani ganoatlantiradi. Demak

(4) formula (1) sistemaning umumiy yechimini ifodalar ekan. Endi sistemaning barcha yechimlari
(4) formuladan aniqlanishini ko’rsatamiz. Buning uchun ihtiyoriy tanlangan

Xg €I, —w<yl<o, (i=12,..,1n) (6)

boshlang’ich shartni ganoatlantiruvchi yechimni (4) formuladan aniglash mumkinligini ko’rsatish
kerak. Ushbu

yY = C1y11(x%0) + Cya1(x0)+. .. +Cnyna (x0)
¥3 = C1y12(x%0) + C22(x0) ... +CrYna (x0)

Yo = C1y1n(xo) + C2y2n(x0)+---+cnynn(x0))
sistemani C;, C,, ..., C, larga nisbatan bir giymatli yechish mumkin: ¢, = ¢2,C, = 2, ...,C,, = C2.
Bularni (4) ga qo’ysak, hosil bo’lgan Y = CYY;(x) + CY,(x) + ...+ CJY,(x) yechim (6)
boshlang’ich shartni ganoatlantiradi. Teorema isbotlandi.

4-reja. 5-teorema. (3) vektor-funksiyalar I intervalda (1) sistemaning fundamental
yechimlar sistemasidan iborat bo’lsa, ularning Vronskiy determinanti uchun ushbu

W(X) — CefSpA(x)dx (7)

formula o’rinli, bu yerda SpA(x) = a;1(x) + a,,(x)+... +a,,,(x) funksiya A(x)matritsaning izi
deyiladi. (7) formula — Ostrogradskiy-Liuvill formulasi deyiladi.

Teorema ishotini 3-tartibli sistema uchun keltiramiz. Ushbu

Y, = (3’11:}’12;Y13)T; Y, = (J’21;J’22'}’23)T' Y; = (y31,y32,y33)T
vektor-funksiyalar

y1 = a11(X)y; + a(0)y; + a3(x)ys3
V2 = A1 (0)y1 + az(X)y, + az3(x)y3
vz = az1(0)y; + az (x)y, + azz(x)ys

sitemaning fundamental yechimlar sistemasidan iborat bo’lsin. U holda

I [ —

Y11 = Q11Y11 T Q12Y12 + A13Y13 (V21 = A11Y21 + Q12Y22 + Q13Y23
! r

Yiz = Q21Y11 T A22Y12 T A23Y13 (V22 = A21Y21 T A22Y22 + A23Y23
! r

Y13 = a31Y11 + A32Y12 T A33Y13 \ V23 = A31Y21 T A32Y22 + 3323

Y31 = A11Y31 + Q12Y32 + 13Y33
Y32 = Q2131 + (22Y32 + A23Y33 (8)
V33 = G31Y31 + (32Y32 + A33Y33
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ayniyatlar o’rinli. Bu yerda yozuvlarni qisqartirish maqsadida argumentlarni yozmadik. Y;,Y,,Y;
yechimlarning Vronskiy determinatidan hosila olamiz:

Vi1 Va1 Vi1 Y1 Y21 Y31 Yii Y21 Y31
W'=|y12 Y22 Vao| +[Viz Y22 Ya2| +[Yiz Y22 Va2 =W, + W, +W;  (9)
Y13 Y23 Y33 Y13 Y23 V33 Y13 Y23 V33

(8) ayniyatlardan foydalanib WW; determinantni hisoblaymiz:

a11Y11 T Q12Y12 + A13Y13 A11Y21 + A12YV22 T Q13Y23  A11Y31 T A12Y32 + Q1333
W, = Y12 Y22 Y32
V13 V23 V33
Vi1 Y21 V31 YViz Y22 V32 Vi3 Y23 V33
=aq1 | Y12 Y22 V32|t aqx (V12 Y22 V32| +aq3|Y1i2 V22 Y32 =a W
Vi3 Y23 V33 Y13 Y23 V33 Vi3 Y23 VY33

Shunday hisoblashlardan keyin W, = a,,W, W5 = a;3W tengliklarni hosil gilish mumkin.
Natijada (9) tenglik W' = (ay; + ay; + az3)W yoki W' = SpA(x) - W ko’rinshni oladi. Bundan

aw
W SpA(x)dx, InW =1In Cel SpA()dx

tengliklar yoki (7) formula kelib chigadi. Teorema isbotlandi.
Nazorat savollari
1. Yechimlarning chiziqli bog’ligligi va chiziqli erkliligi.
2. Yechimlarning fundamental sistemasi
3. Ostrogradskiy-Liuvill fomulasi

Foydalanilgan adabiyotlar

1. CamoxurnuuoB M.C., HacputmuuoB [I'.H. Opnuii auddepenuuman TeHriamaiap.
TomkeHT, ““ Y30ekucron”, 1994.

2. bubukos HO.H. Kypc oObikHOBeHHBIX U depeHranbHbix ypaBHeHuil. M., 1991. 314 c.

3. IerpoBckmii W.I". Jlekuu 1o Teopuu 0OBIKHOBEHHBIX TU(PepeHIINATHHBIX YPaBHEHUH .
M.: u3n-Bo Mock. YH-Ta. 1984.

26-mavzu. Chiziqli 0’zgarmas koeffifientli bir jinsli sistemalar
Reja
1. Harakteristik tenglama
2. Hos sonlar karrali bo’lmaganda sistemaning umumiy yechimini qurish
3. Hos sonlar karrali bo’lganda sistemaning umumiy yechimini qurish
Tayanch tushunchalar: hos son, hos vector, harakteristik sonlar, harakteristik tenglama

1-reja. Ushbu
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Y1 = a11y1 +apy,+...ta;my,
Y2 = A21Y1 + QY2 +... oYy (D

sistema n-tartibli chizigli o’zgarmas koeffisientli bir jinsli differensial tenglamalar sistemasi
deyiladi. Bu tenglamaning hususiy yechimini

Y = (ylelx, yzelx, ,yne)‘x) (2)
ko'rinishda gidiramiz. (2) ni (1) ga olib borib goysak, keyin tengliklarni e?* ga gisqartirsak
(a1 = Dyi + a2+ . +ay v, =0
ayy: + (ay, — Dy +...+ay 7, =0 3)
Ap1V1 + QYo+ .+, — Dy =0
sistema hosil bo’ladi.

Bizga bu sistemaning nolmas yechimi kerak. Bunday yechim esa sistemaning determinanti
nolga teng bo’lgandagina mavjud bo’ladi, ya’ni

all_l a12 alTl
P =| %1 G274 - Bmo =0 (4)
An1 An2 v Qup — A

(4) tenglama (1) sistemaning harakteristik tenglamasi, uning ildizlari esa hos sonlari deyiladi.
Ba’zi adabiyotlarda hos sonlar harakteristik sonlar ham deyiladi

2-reja. Faraz qilaylik barcha A4, 4,, ..., 4, hos sonlar turlicha bo’lsin. Bu holda P(1) = 0,
lekin P’(1) # 0. Hos sonlardan ihtiyoriy bittasini, masalan A; ni olib

a1 — 4 a2 S U
a21 aZZ —_ Al' a2n
an1 QAn2 e Qpn — Ai

matritsani garasak, uning rang n — 1ga tengligini ko’ramiz. Haqiqatdan ham, agar teskari faraz
yuritsak

-1 aq, o Qin a;1—4A 0 e Qi
P=|0 d2d e g an T e Gy
0 Anz .. Gpp— A4 An1 0 .. Gpn—4
a;— A a . 0
e
An1 Qn2 v —1

ziddiyatli tenglikka kelamiz. Demak, (3) sistemada A o’rniga A; qo’yilsa, hosil bo’lgan ushbu

(@11 —A)y1 + a¥at...+a¥, =0
azy1 + (A — ADya+...+azy, =0

An1Y1 T Ap2Y2t... +(ann - Ai))/n =0
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sistemaning tenglamalaridan bittasi qolgan tenglamalarining chizigli kombinatsiyasidan iborat
bo’ladi va sitemaning ana shu tenglamasini tashlab yuborish mumkin. Hosil bo’lgan n noma’lumli
n — 1 ta chizigli tenglamalar sistemasining noldan fargli biror (y;1, iz, -, ¥in) YeChimini topamiz
va (2) ga ko’ra (1) sistemaning Y; = (yile’lix, Yigeh®, ...,yine’lix) yechimi aniglanadi.
Vi1, Yiz» > Vin) Vektor (1) sistemaning A; hos soniga mos hos vektor deyiladi.

A1, 45, ..., A, hos sonlarning har biriga mos aniglangan

_ A1x Ax Ax
Y, = (V119 Y1287, L Vine ™t )

Yy = (v21€%2%,v22€7%%, ..., y2ne™?) (5)

Yo = (Ynie®, vnae™*, ..., yane ) )
yechimlar ihtiyoriy I intervalda chiziqli erkli bo’ladi. Bu tasdigni isbotlash uchun
a ¥ + a0t +a,Y, =0 (6)
ayniyat fagat va fagat @; = a, =...= a, = 0 bo’lgandagina bajarilishini ko’rsatamiz. Teskarisini

faraz qilaylik, ya’ni a; koeffisientlardan birortasi noldan farqli bo’lsin. Aniglik uchun a; # 0 deb
olaylik. (6) ayniyat quyidagi n ta ayniyatga teng kuchli

A1x Arx Anx —
A1Y128"" + azyze"?" + -+ apype™ =0

a1y116M* + ayyye’?* + o+ apynet* =0
()

Ax Arx AnXx —
a1Yine’ ™ + ayype?+. . tayyue™* =0

Awvalgi darslarimizning birida A;,1,,...,4,, sonlar turlicha bo’lganda e*%,e?2*, . e#n¥
funksiyalarning ihtiyoriy intervalda chiziqli erkli bo’lishini isbotlagan edik. Demak yuqoridagi (7)
ayniyatlar o’rinli bo’lishi uchun e**, (i = 1,2,...,n) lar oldidagi barcha koeffisientlar nolga teng
bo’lishi kerak. Hususan e?1* oldidagi koeffisientlar a;y;; = @1¥12 =...= a1¥1, = 0. Yugorida
a, # 0 deb faraz qilinganligidan y;; = y12 =...= y1, = 0 tengliklarni hosil gilamiz. Biz
(Y11, Y12,+-+»Y1n) Orgali (3) sistemadaning A o’rniga A; bo’lgandagi noldan farqli yechimini
belgilaganmiz. Hosil gilingan ziddiyat (5) yechimlar ihtiyoriy I intervalda chiziqli erkli bo’lishini
ko’rsatadi.

Demak, agar A4, 45, ..., 4,, hos sonlar har hil va haqiqiqy bo’lsa, u holda (1) chiziqgli bir jinsli
sistemaning (5) ko’rinishdagi n ta haqiqiy chiziqli erkli yechimini hosil gilia olamiz. Boshgacha
aytganda bu holda (5) funksiyalar (1) chizigli sistemaning fundamental yechimlar sistemasidan
iborat. O’tgan darsdagi 4-teoremaga ko’ra, (1) sistemaning (—oo, 00) oraligdagi umumiy yechimi

Y = G, Y, + CYy+... +C,Y,
yoki
Y1 = Cryne™ + Coypre™® + -+ Crypre™
Y2 = Ciy12e™* + Coyppe™™ + -+ Cryppe™*
:;/n = C1.V1ne/11x + C2V2n9i2x+- .- +C‘n)/nne/1"’;
formula bilan ifodalanadi.

Hos sonlar har hil lekin ular orasida a + ib kompleks son ham bor bo’lsa, u holda a — ib
komleks son ham hos son bo’ladi. (2) ga ko’ra a + ib ildizga mos yechimni yozaylik:
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v= (()/11 +iy21)e @I, (v, + iyp)e @D L (v + i)/zn)e(a+ib)x).

bu yerda y; = v11 + iV21, Y2 = V12 + V22, - » ¥n = Yain + V2 KOmpleks sonlar (3) sistemada A
o’rniga a + ib qo’yib aniqlangan. Bu yechimning haqiqiy va mavhum qismalrini ajratib olib (1)
sistemaning ikkita haqiqiy yechimiga ega bo’lamiz:

Yin = €% (¥1n €OS bx — Y55, sin bx),
Y21 = €Y (Y11 Sin bx + y,1 cOS bx), Y55 = % (¥4, sin bx + y;; cos bx), ...,
Yon = € (Y1, Sin bx + y5, cos bx)

Y11 = €% (y11 €0s bx — Y1 sinbx), y1, = e**(y1, c0s bx — y; sin bx), ...,
l (8

Bu yechimlar ihtiyoriy intervalda chizigli erkli. a — ib hos songa mos haqiqiy yechimlar yuqoridagi
iikita yechimga chiziqli bog’liq bo’lishini ko’rsatish qiyin emas.

Shunday qilib, agar (1) sistemaning hos sonlari har hil va ular orasida a + ib kompleks
sonlar bor bo’lsa, u holda ularga mos (1) sistemaning haqiqiy yechimlar soni ham 2ta bo’lishini
ko’rsatdik. Yuqoridagi mulohazalarga ko’ra (1) sistemaning hos sonlari har hil bo’lganda, har doim
n ta chizgli erkli hagiqiy yechimlarini, ular yordamida esa sistemaning umumiy yechimini aniglay
olamiz.

1-misol. Sitemaning umumi yechimini toping:

y' = 5y+4z}

z' =4y + 5z ©

Harakteristik tenglama |5 ;’1 c _4/1| =0 yoki 22—-101+9=0, 4, =1,4, =9. Hos
sonlar haqgiqiy va har hil. 1; = 1 ga mos hos vektorni

{(5 —Dy1+4y,=0
471+ (5 =Dy, =0
4y, +4y, =0
4y, +4y, =0
yuborish mumkin 4y, + 4y, = 0. Bu tenglamaning noldan fargli biror yechimini aniglaymiz: y, =
1,y, = —1. Hos vektor (1; —1). Natijada (9) sistemaning y, = e*, z; = —e* yechimi aniglanadi.
Yugqoridagiga o’hshash hisoblashlar bajarib 1, = 9 hos songa mos (9) sistemaning y, = e%*, z, =
e%* hususiy yechimini aniglaymiz. Shunday gilib

sistemada A o’rniga 1 ni qo’yib topamiz. { sistemaning bitta tenglamasini tashlab

y1 =e%, z; = _ex}
Yy = e9x‘ Zy = e%

fundamental yechimlar sistemasi hosil bo’ldi. (9) sistemaning umumiy yechimi
y = Cie* + C e, z=—Ce* + (e

2-misol. Sitemaning umumi yechimini toping:

y’=2y—z}
z'=y+2z (10)
2—-2

Harakteristik tenglama 2__11| =0 yoki 12 —41+5=0, A, = 2+ i.Hos sonlar

1
kompleks. 1; = 2 + i ga mos hos vektorni
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{(2 —Dy1—v2=0
i+t @2-Dy,=0
iy1—v2=0
Yi+iy2=0
yuborish mumkin iy; —y, = 0. Bu tenglamaning noldan fargli biror yechimini aniglaymiz: y; =
1,¥, = i. Hos vektor (1;i). Natijada (9) sistemaning y = e?+9%, z = je+Dx kompleks yechimi
aniglanadi. Uning aqgiqgiy va mavhum gismlarini ajratamiz:

sistemada A o’rniga 2 + i ni qo’yib topamiz { sistemaning bitta tenglamasini tashlab

y, = e?** cosx, z; = e** sinx }
y, = e**sinx, Z, = —e** cosx

bu yechimlar (10) sistemaning fundamental yechimlri sistemasidan iborat. Umumiy yechim
y = e?*(Cycosx + C,sinx), z=e?*(Cysinx — C, cosx)
3-reja. Agar A, hos son k karrali bo’lsa, u holda (1) sitemaning unga mos yechimi
Vi = (b11x* 7 + bipx® 2 + oo 4 by g )eM ¥y, = (bpyxFTY + bypx* T2 4 o 4 by g )M,
wirVn = (Bpax® ™t 4 bpox® 24 by g )eM* (1)

ko’rinishda bo’ladi, bu yerda b;; koeffisientlardan k tasi ihtiyoriy o’zgarmas, qolganlari esa ular
orqali chiziqli ifodalandi. Bu koeffisientlarni aniglash uchun (11) ni (1) sistemaga olib borib qo’yish
va k tasini parameter deb hisoblab golganlarini ullar orgali ifodalash kerak.

3-misol. Sitemaning umumi yechimini toping:

y'=y-z
zZ'=y+ 32} (12)
Harakteristik tenglama 1 1’1 3__1/1| =0 yoki A2 —41+4 =0, 2= 2. Hos son ikki karrali.
Sistema yechimini
y = (ax + b)e?*, z=(cx +d)e?* (13)

ko’rinishda gidiramiz. (13) ni (12) sistemaga qoyamiz

{ (2ax +2b + a)e** = (ax + b — cx — d)e?*
(2cx + 2d + c)e?* = (ax + b + 3cx + 3d)e?*

Bundan
2a=a—c
2b+a=b—d . a=-—c
2c =a+ 3c yoki {b+a:—d
2d+c=b+3d

sistema hosil bo’lai. Bu yerda ikkita o’zgarmasni, masalan a va b larni parameter deb hisoblamiz,
qolgan o’zgarmaslarni a va b orqgali chizigli ifodalaymiz: ¢ = —a, d = —a — b. Bularni (13) ga
qo’yib izlanayotgan yechimni aniqlaymiz:

y = (ax + b)e?*, z=(—ax—a—b)e*

Bu ikkita ihtiyoriy o’zgarmasni o’z ichiga olgan yechim (12) sistemaning umumiy yechimini
ifodalaydi.
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Nazorat savollari

1. Harakteristik tenglama

2. Hos sonlar karrali bo’lmaganda sistemaning umumiy yechimini qurish

3. Hos sonlar karrali bo’lganda sistemaning umumiy yechimini qurish
Foydalanilgan adabiyotlar

1. CamoxurmuuoB M.C., Hacputmuunos [I''H. Ommmii muddepennman TeHrIamanmap.
TomkeHrt, ““ Y30ekucron”, 1994,

2. bubuxos H0.H. Kypc o0pikHOBeHHBIX quddepeHnnanbabx ypaBaenuit. M., 1991. 314 c.

3. IlerpoBckmii W.I". Jlekuu 1o Teopuu 0OBIKHOBEHHBIX TU(PepeHIINATbHBIX YPAaBHECHHA.
M.: n3a-Bo Mock. YH-Ta. 1984.

27-mavzu. Eksponentsial matritsa
Reja.
1. Eksponentsial matritsa va uning hossalari

2. Chizigli o’zgarmas koeffifientli bir jinsli bo’lmagan sistemalarni o’zgarmasni variatsialash
usulida yechish

1-reja. Chiziqli o’zgarmas koefisientli bir jinsli
yl, =ai1)1 + ai2y2+' e +ainyn' (L = 1121 ey n) (1)

sistema koeffisientlaridan tuzilgan

a11 a12 e aln
A=|%1 a2 - Gon
An1 Apz o Qnn

matritsa yordamida quyidagi cheksiz matritsalar yig’indisini tuzamiz va yig’indi matrisani e4*
orgali belgilaymiz:
A?x? Anx™
E+Ax + +...+ +...= e,
2! n!

bu yerda E — birlik matritsa. e4* — (1) sistemaning eksponentsial matritsasi deb ataladi.

Eksponentsial matritsaning hossalari.

1. (e4®) = Ae?*

2 pAX . oAy _ pA(X+Y)

3. e matritsaning har bir ustuni (1) sistemaning yechimidan iborat
4,e4° =F

5. (1) sistemaning umumiy yechimini y = e4*C formula bilan ifodalash mumkin, bu yerda
C = (Cy,Cy, ..., C,)T ihtiyoriy o’zgarmas vektor.

1-hossaning isboti.
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A?x? A™x™" ' A3x? Antiyn
(eAx)'=<E+Ax+ +...+ +> = A+ A%x +

2! n! TR
A%x? Alx™
=A<E+Ax+ +...+ +...>=AeAx
2! n!
2-hossaning ishoti.
AZXZ Anxn A2y2 Anyn
eAx-eAy=<E+Ax+ + o+ +--->-<E+Ay+ + ot +
2! n! 2! n!

x2 2
=E+A(x+y)+A2<?+xy+%>+---

xn xn—l y xn—k yk yn
+An —_t V- h— )+
<n! (n—-1)! 1 (n—k)! k! n!)

a2 , AN nl )
E A —_— 2 eue —_— e VL cee —
+ (x+y)+2!(x + 2xy +y°) + +n!kio(n_k)!k!x ye+

A% (x + y)? A%(x + y)"
E+A(x+y)+%+...+%+...=eA(x+JI)_

3-hossaning isbotini n = 3 uchun keltiramiz. e4* matritsa

€11 €21 €31
ed¥ =|e ey es
€13 €23 €33

ko’rinishda bo’lsin. 1-hossaga ko’ra

! 1A 1A
€11 €21 €3 a;; A1 Q33 €11 €21 €31
€12 €3 €3, |=(Q21 Q22 A3 |-[€12 €22 €3
! ! !
€13 €33 €33 a3z; 43z Az €13 €23 €33
Bundan

I ! —

€11 = Aq1€11 + Q12812 T Q13613 ) €21 = Aq1€21 T Q12622 + Aq3€23
o [ —

€12 = Q1611 T Axp€13 + Az3€13 [ €2 = G161 + A€, + Q3653
o [ —

€13 = Q31611 t 32813 + A33€13) €33 = A31€1 + A3, + A33€;3

[ —

€31 = Qq11€31 T Aq2€3; + Aq3€33
! —_

€3z = Q1€31 T Apz€3; T Az3€33
! —_

€33 = A31€31 T A3z€3; T d33€33

ayniyatlarga ega bo’lamiz, ya’ni e4* matritsaning har bir ustuni

Y1 = a11y1 + a12y; + as3y3

V2 = Q1)1 + A2Y2 + Ap3Y3

Y3 = A31Y; + a32Y, + A33ys
sistemani echimidan iborat.

4-hossa to’g’riligi e4* matritsa tuzilishidan ko’rinib turibdi.
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5-hossaning isboti. 3-hossaga ko’ra e#* matritsaning har bir ustuni (1) sitemaning
yechimidan iborat. 4-hossaga ko’ra bu n ta yechimning Vronskiy determinanti x = 0 nuqgtada birlik
matritsa determinantidan iborat, yani giymati 1 ga teng. Demak e#* matritsaning ustunlari (1)
sistemaning fundamental yechimlar sitemasidan iborat va sistema umumiy yechimini quyidagicha
ifodalash mumkin:

e11 €21 én1 €11€21 - ©ep1 C1
€12 €22 €n2 €12€22 .. €p2 C

C1+ C2_|_..._|_ an 2 =eAxC.
€1in €rn €nn €1n€an - €nn Cn

1-misol. Sistemaning eksponentsial matritsasini tuzing
b 2o
z'=0

0 1

Bu yerda A = (O 0

). A matritsa darajalarini hisoblaylik:

2_(0 10 1y_(0 O
A% = (0 0) (0 O) - (O 0)
Demak A™ matritsalar n > 2 bo’lganda nol matritsadan iborat. Bundan

=3 96 =G

(1) sistemaning eksponentsial matritsasini gator yordamida tuzish hamma vaqt ham oson
bo’lavermaydi. Agar 3 va 4 hosslardan foydalanadigan bo’lsak, e4* matritsaning birinchi ustuni (1)
sistemaning y;(0) =1,y,(0) =0, ...,y,,(0) = Oshartni ganoatlantiruvchi yechimidan, ikkinchi
ustuni esa y;(0) = 0,y,(0) =1, y3(0) =0 ...,y,(0) = 0 shartni ganoatlantiruvchi yechimidan
va hakazo ohirgi ustuni y;(0)=0,...,y,-,(0) =0,y,(0) =1 shartni ganoatlantiruvchi
yechimidan iborat.

2-misol. Sistemaning eksponentsial matritsasini tuzing

(-7 @

z'=-y

Bu sistemaning umumiy yechimi y = C; sinx + C, cosx, z = C; cos x — C, sin x. (2) sistemaning
y(0) = 1,z(0) = 0 boshlang’ich shartni qanoatlantiruvchi yechimini aniglaymiz:

Yy = CosXx, zZ = —sinx
Demak e“* matritsaning birinchi ustuni (f(s)isnxx) dan iborat. y(0) = 0,z(0) = 1 boshlang’ich
shartni ganoatlantiruvchi yechim y = sinx, z = cosx bo’lgani uchun e#* matritsaning ikkinchi
ustuni (5 *) ko’rinishdadir. Shunday qilib
cos x

eAx_(cosx sinx)
—sinx cosx/’

2-reja. Chiziqli o’zgarmas koefisientli bir jinsli bo’lamagan
Vi = @i1yY1 + QYo+ Fainyn + bi(x), (i=12,..,n)

sistemani garaymiz. Uni matritsalar yordamida yozib olamiz
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Y’ = AY + B(x) (3)
(3) sistemaning yechimini
Y = e?*C(x) (4

ko’rinishda qidiramiz, bu yerda e4*— exponentsial matritsa, C(x) = (C,(x), C2(x), ..., Co(x))T. (4)
ni (3) ga olib borib qo’yamiz:

Y' = Ae?*C(x) + e?*C'(x) = Ae?*C(x) + B(x)
Bundan
ed*C'(x) = B(x)
Bu tenglikni chapdan e~4* ga ko’paytiramiz. Eksponentsial matrisaning 2- va 4-hossalariga ko’ra
e~4% . 4% = ¢A=X+X) = [ Natijada

C'(x) =e*B(x), C(x)= je‘A"B(x)dx +C,

bu yerda C = (Cy,Cy, ..., C,)T — ihtiyoriy o’zgarmas vektor. C(x) ning topilgan ifodasini (4) ga
qo’yib (3) sistemaning umumiy yechimini hosil gilamiz:

Y = e (f e *B(x)dx + C) (5)

Bu umumiy yechim formulasidan foydalanib (3) sistemaning y;(xy) = v?, v,(xo) = y2, ...,
v, (x0) = 2 shartni ganoatlantiruvchi yechimini aniglymiz:

X
Y =e®*| Y, + fe‘AtB(t)dt

Xo

yoki
X
Y = ey, + JeA(x‘t)B(t)dt
Xo

bu yerda Yy = (y9,y9, ...,v))T. Bu formula Koshi formulasi deb ataladi.

3-misol. O’zgarmasni variatsiyalash usulida yeching
{x=y+tg2t—1 ©)
y=-—x+tgt

0 1

Bu yerda A = (_1 0

). Eksponentsial matritsani 2-misolda tuzgan edik:

oAt — ( cost sint)
—sint cost

(5) formulaga ko’ra (6) sistemaning umumiy yechimini aniqlaymiz:

. . 24 _
()= Come sosdl) Gt o) (B Dae+ ()] =
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_ —cost
( cost sin t) f sint | dr + (C1) _
—sint cost (—sint + C;

cos?t
. - Sin t + Cl .
( cost smt) 1 =(C1cost+Cz smt+tgt>
—sint cost/\cost+——+C, —Cysint+ Cycost+2)
cost
Nazorat savollari

1. Eksponentsial matritsa va uning hossalari

2. Chizigli o’zgarmas koeffifientli bir jinsli bo’lmagan sistemalarni o’zgarmasni variatsialash
usulida yechish

Foydalanilgan adabiyotlar

1. Camoxurmuuos M.C., Hacputmuunos [I''H. Ommmii muddepennman TeHrIamanmap.
TomkeHrt, «“ Y30ekucron”, 1994.

2. bubuxos H0.H. Kypc o0pikHOBeHHBIX quddepeHnnanpabx ypapaenuit. M., 1991. 314 c.

3. IlerpoBckmii W.I". Jlekuu 1o Teopuu 0OBIKHOBEHHBIX TU(HEpEHIINATbHBIX YPaBHEHUN.
M.: u3n-Bo Mock. YH-Ta. 1984.

28-mavzu. Chiziqli bir jinsli bo’Imagan sistema
Reja.
1. Umumiy yechimning tuzilishi.

2. Chizigli o’zgarmas koeffisientli bir jinsli bo’lmagan sistema hususiy yechimini noma’lum
koeffisientlar usulida qidirish.

1-reja. Ushbu
y1 = a11(0)y1 + a2 (0)yz+... a1, () yn + by (x)
Y2 = az1(0)y1 + Az (X)yo+... +a2, ()Y, + by (x) 1)
Yn = An1 (Y1 + A2 (Y2 +. .. +apn ()Y, + bp(x)
ko’rinishdagi differensial tenglamalar sistemasi chiziqli chizigli bir jinsli bo’lmagan sistema
deyiladi. Chizigli L operator yordamida (1) sistema

L(Y) = B(x) (2)
ko’rinishda yoziladi.

1-teorema. Agar ¥ (x) vektor-funksiya (2) sistemaning, @(x) vektor-funksiya esa (2) ga
mos bir jinsli

L(Y) =0 (3)

sistemaning yechimi bo’lsa, u holda shu vektor-funksiyalar yig’indisdan iborat ¥(x) + @(x)
vektor-funksiya (2) sistemaning yechimi bo’ladi.

Isbot. L(¥(x) + ¢(x)) = L(¥(x)) + L(@(x)) = B(x)
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2-teorema. Agar ¥(x) vektor-funksiya L(Y) = B;(x) sistemaning, @ (x) vektor-funksiya
esa L(Y) = B,(x) sistemaning yechimi bo’lsa, u holda shu vektor-funksiyalar yig’indisdan iborat
¥(x) + ®(x) vektor-funksiya L(Y) = B;(x) + B,(x) sistemaning yechimi bo’ladi.

Isbot. L(¥(x) + ¢(x)) = L(¥(x)) + L(@(x)) = B1(x) + By(x)
3-teorema. (3) bir jinsli sistemaning umumiy yechimiga (2) sistemaning birorta hususiy
yechiminiqo’shsak, (2) birjinsli bo’lmagan sistemaning umumiy yechimi hosil bo’ladi.
Isbot. Agar ¥(x) = (l/)l(x),ll)z(x),...,ll}n(x))T vektor-funksiya (2) sistemaning hususiy
yechimi bo’lsin. (2) sistemada
y1=91(x) + 274
V2 = 1/’2(") + ) (4)
Yn = Pn(X) + 2y
formulalar yordamida noma’lum funksiyalarni almashtiramiz. Bu larni (2) sistemaga qoyamiz:
LW(x)+Z)=Bx)=LW(x))+L(Z) =B(x)=L(Z) = 0.

Ohirgi hosil bo’lgan bir jinsli sistama aynan (3) sisemaning o’zi. Demak (2) sistemani integrallash
uchun (4) almashtirish bajarsak (2) ga mos bir jinsli L(Z) = 0 sistema hosil bo’ladi va uming
umumiy yechimi

Z=0CZ+CZy +--+CpZ,
formula bilan ifodalansa, u holda (4) ga ko’ra (2) bir jinsli bo’lmagan sistemaning umumiy yechimi
Y=CZ,+CZy + -+ CZ, +¥(x)
formula bilan ifodal;anadi.

2-reja. Ushbu

Vi = a11Y1 + Aot A Yn + (D™ + -+ byyx + byg)et™
Y2 = Aa1y1 + AgoYate .+ Y + (bomx™ + -+ byyx + byo)e™™ (5)
ky,’l = a1 + @Yot FanVn + Bpmx™ + -+ by x + bpgle™®

ko’rinishdagi  sistemaninng hususiy yechimini qidirishni  ko’rib chigamiz, bu yerda
bim, bom, -, bpm Koeffisientlardan kamida bittasi noldan fargli.

1-hol. Agar A soni (5) ga mos bir jinsli sistemaning hos soni bo’lmasa, u holda (5)
sistemaning hususiy yechimi

y1 = (P1mx™ + -+ + p11X + pro)et”
Y2 = DamX™ + -+ + parX + pyo)e™ (6)
kyn = (pnmxm + o+ ppax + pno)elx
ko’rinishda izlaymiz, bu yerda p;;, (i=1,..,n, j=0,..,m) no’ma’lum ko’efisientlar. (6)

funksiyalarni (5) sistemaga olib borib qo’yib, noma’lum koeffisientlar usulida p;; koeffisientlar
aniglanadi.
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2-hol. Agar A soni (5) ga mos bir jinsli sistemaning k karrali hos soni bo’lsa, u holda (5)
sistemaning hususiy yechimi

(y1= PimrX ™ + o 4 prax + pro)et™
i)’z = (PamereX ™ + o+ parx + pyo)et (7)

Yn = (pnm+kxm+k t ot puax + pno)elx
ko’rinishda izlaymiz, bu yerda p;;, (i=1,..,n, j=0,..,m+k) no’'ma’lum ko’efisientlar. (7)
funksiyalarni (5) sistemaga olib borib qo’yib, noma’lum koeffisientlar usulida p;; koeffisientlar
aniglanadi.
Endi ushbu
yi=anuy + -+ apyn + )

F+[(bypx™ + -+ + byg) cos bx + (cypx™ + -+ + €10) Sin bx]e®*
V2 = Ap1Y1 t ot Ay t+

F[(Dbyyx™ + -+ + byg) cOSs bx + (Comx™ + =+ + ) Sin bx]e®* ¢ (8)
Yn = An1Y1 + o+ Qunn +
FH[ (B x™ + -+ + byg) cos bx + (CpmXx™ + =+ + Cpo) sin bx]e** )

ko’rinishdagi sistemaninng hususiy yechimini qidirishni ko’rib chigamiz, bu yerda
bim» boms - » Bms C1ms Comy -+ » Cnm KOEFTisientlardan kamida bittasi noldan fargli.

1-hol. Agar A = a + bi kompleks son (8) ga mos bir jinsli sistemaning hos soni bo’lmasa, u
holda (5) sistemaning hususiy yechimi

}’1 = [(plmxm + + plO) COS bx + (dlmxm + + le) Sin bX]eax

y2 = [(pmem + + pzo) COS bx + (dmem + + dzo) Sin bx]eax

Vi = [Prmx™ + -+ + Pno) cos bx + (dpyx™ + -+ + d,0) sin bx]e®
ko’rinishda izlaymiz, bu yerda Dijs dij (i=1,..,n j=0,..,m)no’ma’lum ko’efisientlar.

2-hol. Agar A = a + bi kompleks son (8) ga mos bir jinsli sistemaning k karrali hos soni
bo’lsa, u holda (5) sistemaning hususiy yechimi

V1 = [(PrmerXx™ + -+ + p1g) cos bx + (dypmerx™* + -+ + dyp) sin bx]e™
Vo = [DPamarX™ T + -+ + pao) cos bx + (damsxx™ 1 + -+ + dyg) sin bx]e“xl
= ™45 3 & G 4+ ) i )

ko’rinishda izlaymiz, bu yerda p;;, d;j(i = 1, ...,n, j =0, ...,m + k) no’ma’lum ko’efisientlar.

Nazorat savollari
1. Umumiy yechimning tuzilishi.

2. Chizigli o’zgarmas koeffisientli bir jinsli bo’lmagan sistema hususiy yechimini noma’lum
koeffisientlar usulida gidirish.

Foydalanilgan adabiyotlar

1. CanoxurmunoB M.C., HacpurmuunoB I'.H. Opnuit nuddepenuuman TteHriaamanap.
TomxkeHT, “ Y30ekucron”, 1994,
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2. bubuxos KO.H. Kypc o0pikHOBeHHBIX AuddepeHnnanbHbx ypaBaenuit. M., 1991. 314 c.

3. IlerpoBckmii W.I". Jlekuu 1o Teopuu 0OBIKHOBEHHBIX TU(PepeHIINATbHBIX YPAaBHEHUH.
M.: u3x-Bo Mock. YVH-Ta. 1984.

29-mavzu. Differensial tenglamalarning avtonom (muhtor) sistemasi
Reja
1. Avtonom (muhtor) sistemalar.
2. Normal avtonom sistemaning muvozanat nugtasi.
3. Mahsus nugta.
Tayanch tushunchalar: muvozanat nuqtasi, muhtor Sistema, maxsus nuqgta

1-reja. Agar oddiy differensial tenglamalar sistemasida erkli o’zgaruvchi oshkor holda
gatnashmasa, bunday sistema avtonom sistema deyiladi.

Normal avtonom sistema
%1 = f1(x1, %2, oy Xp)
Xy = fo(xy, %2, ) X)) (1)
Xn = fu(X1, X2, 0, Xp)
ko'rinishda yoki
x = f(x) (2)

vektorli ko’rinishda yoziladi, bu yerda t erkli o’zgaruvchi. (1) sistema garalayotgan sohada
mavjudlik va yagonalik hagidagi Pikar teoremasi shartlarini ganoatlantirsin.

1-teorema. Agar x = @(t) vektor funksiya (2) avtonom sistemaning yechimi bo’lsa, u
holda ihtiyoriy o’zgarmas C lar uchun x = @(t + C) vektor funksiya ham (2) sistemaning yechimi
bo’ladi.

a
d(t+C)

Isbot. %(p(t) = f((p(t)) ayniyat barcha t lar uchun o’rinli. Bundan p(t+C) =

d
d(t+C)
f(@(t + C)) ayniyatga ega bo’lamiz. Teorema isbotlandi.

f(@(t + €)) hosil bo’ladi. o(t+C) = %(p(t + C) tenglikni hisobga olsak %(p(t +C) =

2-teorema. Agar x = @(t) va x =(t) vektor funksiyalar (2) avtonom sistemaning
yechimi bo’lsa, u holda bu yechimlar yo birorta nuqtada ham kesishmaydi yo butunlay ustma ust
tushadi.

Isbot. Faraz qgilaylik ¢(t) va ¥(t) vektor funksiyalar kesishsin, yani ¢(t;) = ¥(t,), bu
yerda t; # t,. Agar t; = t, bol’sa yagonalik teoremasiga zid hulosaga ega bolamiz. Agar barcha t
lar uchun @(t) = Y(t + t, — t;) ayniyat bajarilishini ko’rsatsak, ¢ (t) va y(t) yechimlar ustma-ust
tushishini ko’rsatgan bo’lamiz. ¢(t) va Y(t+t, —t;) yechimlar (2) sistemaning ayni bitta
¢(t;) = Y(t,) nuqtasidan chiqadi. Yagonalik teoremasiga ko’ra ¢(t) = Y(t +t, —t;) ayniyat
o’rinli. Teorema isbotlandi.

2-reja. Ushbu
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fl(xl,xz, ...,xn) = 0
fz(xl,xz, ...,xn) = 0
fn(x1:x2: ""xn) = 0
sistemaning yecimi bo’lgan (a4, a,,...,a,) nugta (1) normal sistemaning muvozanat nugtasi
deyiladi.
Misol. Differensial tenglamalar sistemasining muvozanat nugtalarini aniglang.
X=xy—=6 }
y=x*+y%-13
Yechish.
xy—6=0 }
x2+y2—-13=0
sistemani yechamiz: x = +2, y = +3. Javob. (—2; —3),(2;3)
Hususan

X =ax+ by} 3)

y=cx+dy

chiziqli o’zgarmas koeffisientli bir jinsli sistema uchun (0; 0) nugta hamma vagt muvozanat nugta
bo’ladi. Koordinatalar boshi atrofida (3) sistemaning integral chiziqlari hosil qilgan shaklga ko’ra,
(0; 0) muvozanat nugta turlarga ajratiladi.

Agar (3) sistemaning hos sonlari, ya’ni

a—A b | _
c d—/l_O

tenglamaning ildizlari haqgiqiy, har-hil va musbat bo’lsa, u holda (0;0) muvozanat nuqta turi
noturg’un tugun hisoblanadi.

Agar (3) sistemaning hos sonlari hagiqiy, har-hil va manfiy bo’lsa, u holda (0; 0) muvozanat
nuqta turi turg’un tugun hisoblanadi.

Agar (3) sistemaning hos sonlari haqiqiy va turli ishorali bo’lsa, u holda (0; 0) muvozanat
nuqta turi egar hisoblanadi.

Agar (3) sistemaning hos sonlari p + i kompleks sonlar bo’lib 4 > 0 bo’lsa, u holda (0; 0)
muvozanat nugta turi noturg’un fokus hisoblanadi.

Agar (3) sistemaning hos sonlari p + i kompleks sonlar bo’lib 4 < 0 bo’lsa, u holda (0; 0)
muvozanat nuqta turi turg’un fokus hisoblanadi.

Agar (3) sistemaning hos sonlari sof mavhum +i sonlar bo’lsa, u holda (0; 0) muvozanat
nuqta turi markaz hisoblanadi.

Agar (3) sistemaning hos sonlari haqiqiy, karrali va musbat bo’lsa, u holda (0; 0) muvozanat
nuqta turi turg’un tugilma (dikritik, aynigan) tugun hisoblanadi.

Agar (3) sistemaning hos sonlari haqiqiy, karrali va manfiy bo’lsa, u holda (0; 0) muvozanat
nugta turi noturg’un tugilma (dikritik, aynigan) tugun hisoblanadi.
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Agar (3) sistemaning hos sonlaridan kamida bittasi nolga teng bo’lgan holda (0;0)
muvozanat nugta turi nomlanmagan.

Mvozanat nuqta atrofida (3) sitema integral chiziglari hosil gilgan shakllar chizmasini
Salohitdinov M.C., Nasritdinov G’.N. Oddiy differensial tenglamalar. T. O’zbekiston. 1994. 383b.
kitobidan topish mumkin.

Misol. Sistemaning (0; 0) muvozanat holati turini aniglang

X=x—2y }
y=2y—3x
Yechish. Harakteristik tenglamani tuzamiz:
1-24 =2 |_ 12 a5 4_
==

Bundan A, = —1, 4, = 4. Hos sonlar sonlar haqiqiqy va turli ishorali. Demak muvozanat nugta
egar tipga mansub.

3-reja. Hosilaga nisbatan yechilgan brinchi tartibli ushbu

) P(x,y)
Y T 0@y

differensial tenglamani garaylik.

{P(x,y) =0
Q(x,y)=0

sistemaning (x,; ¥o) yechimi bu differensial tenglamaning mahsus nuqtasi deyiladi.

Misol. differensial tenglamaning mahsus nugtasini toping

. x—3
Y =2y —3x-3
Yechish.
{ x—3=0
2y —3x—-3=0
sistemani yechamiz: x = 3, y = 6. Javob: (3; 6).
Hususan
ax + by
! — 4
Y cx +dy )

bir jinsli differensial tenglama uchun (0;0) nuqta mahsus nuqta bo’ladi. Koordinatalar boshi
atrofida (4) differensial tenglamaning integral chiziglari hosil gilgan shaklga ko’ra, (0; 0) mahsus
nuqta turlarga ajratiladi. Shuni ta’kidlash joizki (3) sistemaning (0; 0) muvozanat nuqtasi gaysi
turga mansub bo’lsa, (4) differensial tenglamaning (0;0) mahsus nuqtasi ham ayni shu turga
mansub hisoblanadi.

Misol. Differensial tenglamaning (0; 0) mahsus nuqtasi turini aniglang
_xty

=y
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Yechish. Harakteristik tenglamani tuzamiz
|1 -1 1
1 -1-1

Bundan 4, , = +i+/2. Hos sonlar sof mavhum. Demak mahsus nugta turi fokus.

=2-2=0

Nazorat savollari
1. Avtonom (muhtor) sistemalar.
2. Normal avtonom sistemaning muvozanat nugtasi.
3. Mahsus nugta.
Foydalanilgan adabiyotlar

1. CamoxurmuuoB M.C., Hacputmunos [I''H. Ommmii muddepennman TeHrIamanap.
TomkeHrt, ““ Y30ekucron”, 1994.

2. bubuxos H0.H. Kypc o0pikHOBeHHBIX quddepeHnnanpabx ypapaenuit. M., 1991. 314 c.

3. IlerpoBckmii W.I". Jlekuu 1o Teopuu 0OBIKHOBEHHBIX UG GEpEeHIINATbHBIX YPaBHEHHUH.
M.: u3n-Bo Mock. YH-Ta. 1984.

30-Mavzu. Turg’un ko’phadlar.
Reja
1. Turg’un ko’phad tushunchasi
2. Kvadrat uchhad turg’unligi.
3. Yugqori darajali ko’phadlarning turg’unligi uchun zaruriy va yetarli shartlar.
Tayanch tushunchalar: turg un ko phad, kvadrat uchhad
1-reja. Ta’rif. Agar koeffisientlari haqiqiy bo’lgan
L(A) = 2"+ a A" + @, A" 2+ 4a,_ 1A + ay (1)
ko'phadning barcha nollari, ya’ni L(1) = 0 tenglamaning ildizlari musbat hagigiqy gismga ega
bo’lsa, u holda (1) ko’phad turg’un ko’phad deyiladi.
1-misol. Ko’phadni turg’unlikka tekshiring
LA =23+512+81+6
Yechish. 23 + 54% + 81 + 6 = 0 tenglamaning ildizlarini topamiz: 1, = —3,1,3 = -1 %+ i.
Barcha nollarning haqiqiqy gismi {—3; —1} manfiy son. Demak yuqoridagi ko’phad turg’un.
2-misol. Ko’phadni turg’unlikka tekshiring
LA =22+31—-4
Yechish. 22+ 31 —4 =0 tenglamaning ildizlarini topamiz: 1, = 1,4, = —3. Bunda

ko’phadning bitta nolining haqiqiy qismi 1 bo’lib musbat sondir. Demak yuqoridagi ko’phad
turg’un emas.

(1) ko’phad n = 1 bo’lsa L(A1) = A + a ko’rinishni oladi va u yagona A = —a nolga ega.
Demak birinchi tartibli ko’phad turg’un bo’lishi uchun a > 0 bo’lishi zarur va yetarli.

2-reja. Endi kvadrat uchhadni tur’gunligi masalasini o’rganamiz.
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1-teorema. Ushbu
P(A) =2 +pi+gq (2)
kvadrat uchhad turg’un bo’lishi uchun p va g koeftisientlar musbat bo’lishi zarur va yetarli.

Isbot. Zarurligi. (2) uchhad turg’un bo’lsin. U holda quyidagi holatlardan biri yuz berishi
mumkin:

1-hol. Uchhadning nollari haqgiqiy, manfiy va har-hil: 1, # A,;

2-hol. Uchhadning nollari haqigiy, manfiy va teng: 2, = 1,;

3-hol. Uchhadning nollari kompleks, hagiqiy gismi manfiy: 4, , = u + i, pu <0.
Ucchala holda ham p va g koeffisientlar musbat bo’lishini ko’rsatamiz.

1-holda Viet teoremasiga ko’'rap = —(4; + 1) >0, q = 434, > 0.

2-holdap = =24, >0, g =12 > 0.

3-holdap = —2u >0, q=pu?+9%>0.

Yetarliligi. p >0, ¢ >0 bo’lsin. Bu yerda (2) uchhad nollarning haqigiy gqismi
manfiyligini ko rsatish kerak. Agar D = p? — 4q > 0 bo’lsa uchhadning nollari

1
Az = 5(—19 +Vp? - 4q)
ko’rinishda aniqlanadi. Bu nollardan kattasi bo’lgan
1
5(—19 +Vp* - 4q)
sonni manfiyligini ko’rsatsak har ikkala nolning manfiyligi kelib chigadi.
Vp? —4q <p*=p
tengsizlikka ko’ra g (—p +./p? — 4q) sonning manfiyligi ko’rinadi.
Agar D = 0 bo’lsa uchhad karrali
Aip = ! <0
12775 p

manfiy no'lga ega. Agar D < 0 bo’lsa uchhadning nollari

1 .
Aip = P (—p T iy |D|)
kompleks sonlardan iborat bo’lib, haqiqiy qismi — %p < 0 manfiydir. Teorema isbotlandi.

3-reja. 2-teorema. (1) ko’phad turg’un bo’lsa uning barcha koeffisientlari musbat bo’ladi.

Isbot. (1) ko’phad n ta nolga ega. Aytaylik ulardan 2k tasi komleks (bu yerda = 0,1, ..., E]

A2 = p1 £ 101,434 = Uy £10;, ., Aog—1,2k = i T 10y, pj<0,j=1,..k

golganlari esa haqiqiy sonlar
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Azk+1 = b1,12k+2 = bz, ...,ﬂ,n = bn_zk, bl < O,I = 1, e, = Zk

bo’lsin. Algebra kursidan ma’lumki (1) ko’phadni uning nollari yordamida n ta ko’paytmaga
ajratish mumkin

P(AD) =@ —p —i9)(A — g +19) (A — up — i9,)(A — pp +19,) ...
(A — e — 10 )(A = by + i, )(A = by )(A = b3) ... (A — bp_3y) =
= (A2 = 2uy A + i + 0D (A2 = 2p A + i3 + 03) oo (A2 — 24 + i} + 0D (A — b)) (A — by)
e (A= bp_2p)
Ohirgi ko’paytmada qatnashgan bacha birinchi va ikkinchi darajali ko’phadlarning koeffisientlari
musbat, chunki uj<0,j=1,..,k b <0,l=1,..,n—2k. Bundan (1) ko’phad musbat
koeffisientli haqiqiy ko’phadlarning ko’paytmasidan iboratligini ko’ramiz. Bunday ko’phadlarni
ko’aytirib chigsak koeffisientlari musbat bo’lgan ko’ phad chiqishi tayin.

Endi uchinchi va undan darajali ko’phadning turg’un bo’lishi uchun zarury va yetarli
shartlarga ega bo’lgan quyidagi teoremalarni isbotsiz keltirib o’tamiz. Teoremalar isbotini
Salohitdinov M.C., Nasritdinov G’.N. Oddiy differensial tenglamalar. T. O’zbekiston. 1994. 383b.
kitobidan topish mumkin.

3-Teorema. Koeffisientlari haqiqiy bo’lgan
L) =23+ar2+bl+c
ko'phad tur’g’un bo’lishi uchun a, b, ¢ koeffisientlar musbat bo’lishi bilan birga
ab > c
tengsizlik bajarilishi zarur va yetarli.
Misol. a ning qanday qiymatlarida quyidagi ko’phad turg’un bo’lishini aniqlang
LA =2B4+ar?+21+1
Yechish. 3-teoremaga ko’ra a parametr

{ac-l2>>01

. . C e s . 1
sistemani ganoatlantirishi zarur va yetarli. Bundan a > >

4-Teorema. (Raus-Gurvis belgisi) Koeffisientlari haqiqiy bo’lgan ushbu
L(A) = agA™ + ¢, A"t + aA" 2+ +a,_ A+ a,, ay >0

ko'phad tur’g’un bo’lishi uchun ushbu

a,asas 0
apgaa, ... 0
0 aa; .. O 3)
0 0 0 .. ay

n-tartibli matritsaning barcha bosh minorlari musbat bo’lishi zarur va yetarli.

Misol. a ning ganday giymatlarida quyidagi ko’phad turg’un bo’lishini aniqlang
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LA =2 +3283+al?+221+1 (4)

Yechish. Bu ko’phad uchun (3) matritsani tuzamiz:

0
0
0 5
1

1 a 1
0 3 2
0 1 a
4-teoremaga ko’ra (5) matritsaning bosh minorlari musbat bo’lishi zarur va yetarli, ya’ni

|i i|=3a—2>0

3 2 0
1 a 1|=6a—-13>0
0 3 2
3 2 0 O
1 a 1 0__.
0 3 2 0—6a 13>0
0 1 a 1

Bu uchta tengsizlikni birgalikda yechib a parametr uchun a > %3 tengsizlikni aniglaymiz.

Nazorat savollari
1. Turg’un ko’phad tushunchasi
2. Kvadrat uchhad turg’unligi.
3. Yugqori darajali ko’phadlarning turg’unligi uchun zaruriy va yetarli shartlar.

Foydalanilgan adabiyotlar

1. CamoxurnuuoB M.C., HacputmuuoB [I'.H. Opnuii auddepenuman TeHriamanap.
TomkeHT, ““ Y30ekucron”, 1994.

2. bubukos FO.H. Kypc o0pikHOBeHHBIX U hepeHnnanbHbeIx ypaBHeHun. M., 1991. 314 c.

3. IlerpoBckmii W.I". Jlekuu 1o Teopuu 0OBIKHOBEHHBIX TU(PepeHIINATHHBIX YPaBHEHUH .
M.: u3n-Bo Mock. Yu-Ta. 1984.

31-mavzu. Normal sistema yechimining turg’unligi
Reja
1. Yechimning turg’unligi
2. Birinchi yaqinlashish usulida turg’unlikka tekshirish
Tayanch tushunchalar: turg un, noturg un, asimtotik turg un
1-reja. Differensial tenglamalarning normal sistemasini garaylik
%1 = f1(t, %1, X2, oo, Xp)

X'Z =f2(t,x1,x2,...,xn) (1)

Xn = fn(t,xq, X0, o) Xp)
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Bu sistemada barcha f; va % funksiyalar biror D sohada uzluksiz deb hisoblaymiz. U holda D

J
sohaning ihtiyoriy nuqtasidan (1) sistemaning bitta va faqat bitta integral chizig’i oo’tadi. (1)
sistemani vektorli ko’rinishda yozib olaylik

x = f(t,x)(2)
(2) sistemaning x(t,) =x, va x(t,) = ¢(ty) boshlang’ich shartlarni ganoatlantiruvchi
yechimlarini mos ravishda x(t) va ¢(t) orqali orgali belgilaylik.

Ta’rif. Agar ihtiyoriy € > 0 son uchun shunday § > 0 son topilsaki

lp(to) — x0l <& 3)
tengsizlikni ganoatlantiruvchi har ganday x, ga mos aniglangan x(t) yechim barcha t > t, larda
lp() —x(®)| <e (4)

tengsizlikni ganoatlantirsa, u holda x = ¢(t) yechim turg’un deyiladi. Boshgacha aytganda t,
vaqtda boshlang’ich shartlar ¢(t,) vektorga yetarlicha yaqin tanlanganda, hosil bo’lgan yechimlar
barcha t > t, nuqtalarda ¢(t) yechimga istalgancha yaqin bo’lsa, sistemaning ¢(t) yechimi
turg’un deyiladi. Sistemaning turg’un bo’lmagan yechimi notur’un yechim deyiladi.

@(t) yechim turg’un bo’lsin. (2) sistemaning (3) va (4) tengsizliklarni ganoatlantiruvchi
ihtiyoriy x(t) yechimi uchun

lim ((£) — x(t)) = 0
limit o’rinli bo’lsa, ¢ (t) yechim asimptotik turg’un deyiladi.

1-misol. Differensial tenglamaning berilgan boshlang’ich shartni qanoatlantiruvchi
yechimini turg’unlikka tekshiring

y'=-a*y, y(x) =y, (5)

Yechish. (5) Koshi maslasining yechimi ¢(t) = y,e~* =% funksiyadan iborat. y, ga § =
€ yaqinlikda bo’lgan, ya’ni |y, —y;| < § = & tengsizlikni ganoatlantiruvchi y; boshlang’ich
giymatni ihtoyoriy tanlaylik. (5) tenglamaning y(x,) = y; shartni ganoatlantiruvchi yechimi

y(t) = y,e~4" (=) funksiyadan iborat. t > ¢, bolganda quyidagi ayirmani baholaymiz:

() = (O] = |yoe™® 00 — y,em@ 00| = |y — yy|le™ ) < e,

Demak (5) differensial tenglamaning ¢(t) yechimi turg’un ekan. Boshlang’ich shart ihtiyoriyligiga
ko’ra sistemaning ihtiyoriy yechimi turg’un bo’ladi. Shu bilan birga

; _ — i _ —a?(t—tg) | —
lim(¢() = y(©) = lim (o = 31)e™ ") = 0
limitga ko’ra (5) sistemaning barcha yechimlari asimptotik turg’unligini ko’ramiz.

2-misol. Differensial tenglamaning berilgan boshlang’ich shartni qanoatlantiruvchi
yechimini turg’unlikka tekshiring

y' =a*y, y(x) =y, (6)
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Yechish. (6) Koshi maslasining yechimi ¢(t) = y,e® ¢~% funksiyadan iborat.
Tenglamaning y(x,) = y; shartni ganoatlantiruvchi yechimi esa y(t) = yleaz(t‘to) funksiyadan
iborat, bu yerda y, (# y,) ihtiyoriy chekli son. Ushbu

lim e® (t=t0) = o0

t—oo

limitga
lp(t) — y(©)| = |yoe® Et0) — y, @ Ct)| = |y, — y,|e® 10,

ayirmaning giymati istalgan sondan katta bo’la oladi. Demak (6) differensial tenglamaning ihtiyoriy
yechimi noturg’un ekan.

2-reja. (2) sistemaning x = @(t) yechimini turg’unlikka tekshirish masalasini hamma vaqt
biror sistemaning nol yechimini turg’unlikka tekshirish masalasiga aylantirish mumkin. Buning
uchun (2) sistemada z = x — ¢(t) almashtirish bajarish kifoya. Natijada hosil bo’ladigan z =
g(t,z) sitemaning nol yechimini turg’unlikka tekshirish masalasi yuzaga keladi. Shu sababli
umumiylikka ziyon keltirmagan holda (1) sistema nol yechimga ega deb hisoblaymiz va bu
yechimni turg’unlikka tekshirish masalasi bilan shug’ulanamiz.

(1) sistemadagi f;(t, xq, x5, ..., X,), i = 1,...,n funksiyalarni x; = x, = -+ = x,, = 0 nugta
atrofida Teylor gatoriga yoyish bilan (1) sistemani

).Cl = aq1X1 + a12x2+. o +a1nxn + gl(t' X1, X2, auey xn)
J'CZ = a21x1 + a22x2+. ‘e +a2nxn + gz(t, xl, xZ, ey xn) (7)
Xp = Ap1X1 + AQpaXo+. .. FapnXn + gn(t, X1, X2, 0, Xp)

ko'rinishga keltirib olamiz, bu yerda g;(t,xy, x5, ...,x,), i =1,..,n funksiyalar darajasi birdan
katta bo’lgan cheksiz kichik miqdorlar, yani

|g:l \/
im —=0, |x|= [x?+x2+ -+ x2.
lx|-0 |x]| x| 172 n

(7) sistemadagi a;;, i,j = 1, ...,n koeffisientlar yordamida tuzilgan ushbu

a11 - A a12 aln
az1 A3 —4 @don (=
anq Ap2 v Qop — A

n-darajali tenglamaning ildizlari (1) sistemaning hos sonlari hisoblanadi.

Lyapunov teoremasi. Agar (1) sistemaning barcha hos sonlarining hagiqiy gismi manfiy
bo’lsa, u holda sistemaning nol yechimi asimptotik turg’un bo’ladi. Agar (1) sistemaning birorta
hos sonining haqiqiy qismi musbat bo’lsa, u holda sistemaning nol yechimi noturg’un bo’ladi.

Teorema isbotini Salohitdinov M.C., Nasritdinov G’.N. Oddiy differensial tenglamalar. T.
O’zbekiston. 1994. 383b. kitobidan topish mumkin.

Misol. Sistemaning nol yechimini turg’unlikka tekshiring
{ % = J4 + 4y — 2e**Y

y = sinax + In(1 — 4y)
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Yechish. Sistemaning o’ng gismidagi funksiyalarni ushbu
fC;y) =£(0;0) + f(0; 0)x + £,,(0; 0)y + ¢(x, y)

Teylor formulasi yordamida birinchi darajali gismini ajiratib olamiz:

Jad+ 4y —2e*Y = 2x —y + @,(x,y); sinax+In(1—4y) = ax — 4y + @,(x,y).
Natijada (8) sistema
{x =—2x—y+¢:(x,y)
y=ax =4y + @x(x,y)
ko'rinishni oladi. Sistemaning hos sonlarini aniglaylik
—2—-1 -1 | _
a —4 -1
Agar a > 1 bo’lsa sistemaning hos sonlari kompleks bo’lib haqiqiy qismi —3 ga teng. Agar —8 <
a < 1 bo’lsa hos sonlar haqiqiy va manfiy bo’ladi. Demak sanab o’tilgan hollarda (8) sistemaning

A+61+84+a=0 4,=-3+Vl—-a

nol yechimi asimptotik turg’un bo’ladi. Agar a < —8 bo’lsa hos sonlardan kamida bittasi, aniqrog’i

A1 = =3 + V1 — a ildizi musbat bo’ladi va teoremaga ko’ra nol yechim noturg’un bo’ladi. Agar
a = —8 bo’lsa hos sonlar 1; =0, A, = —6 bo’lib Lyapunov teoremasi yordamida nol yechimni
turg’unlikka tekshira olmaymiz.

Nazorat savollari
1. Yechimning turg’unligi
2. Birinchi yaqinlashish usulida turg’unlikka tekshirish
Foydalanilgan adabiyotlar

1. CamoxurnuuoB M.C., HacputmuuoB [I'.H. Opnuii auddepenuuman TeHriamanap.
TomkeHT, ““ Y30ekucron”, 1994.

2. bubukos HO.H. Kypc oObikHOBeHHBIX U dhepeHranbHbix ypaBHeHuil. M., 1991. 314 c.

3. IlerpoBckmii W.I". Jlekuu 1o Teopun 0OBIKHOBEHHBIX TU(PepeHIINATBHBIX YPaBHEHHIA.
M.: u3n-Bo Mock. Yu-Ta. 1984.

32-Mavzu. Birinchi tartibli hususiy xosilali differensial tenglamalar
Reja
1. Asosiy tushunchalar.
2. Koshi masalasi.
3. Koshi maslasining geometrik interpretatsiyasi.
Tayanch tushunchalar: analitik funksiya, geometrik interpretatsiyasi

1-reja. Differensial tenglamada erkli o’zgaruvchilar soni ikkita va undan ortigbo’lsa, uni
xususiy xosilali differensial tenglama deb ataymiz. Bunday tenglamalar umuman olganda

ou odu ou 0°u 0%u o™u
w 0x; 0xy" " 0xy " 0x2 " 0x10x," T Ox

F <x1,x2, ey X, ) =0 (D

118



ko’rinishga ega, bu yerda xq,x,,..,x, — erkli o’zgaruvchilar, u — noma’lum funksiya. (1)
tenglamada qatnashgan nomalum funksiyaning eng yuqori tartibi — tenglamaning tartibi
xisoblanadi. Agar xq,xy,..,x, erkli o’zgaruvchilarning biror D sohasida aniglangan
u(xq, x5, ..., x,) funksiya D sohada (1) tenglamani ayniyatga aylantirsa u holda bu funksiya (1)
tenglamaning D sohadagi yechimi deb ataymiz. Tushunarliki (1) tenglamaning D sohadagi
u(xq, x5, ..., ) yechimi (1) tenglamada gatnashuvchi barcha xususiy xosilalarga ham ega bo’lishi
kerak.

Birinchi tartibli xususiy xosilali differensial tenglamalar

Ju Jdu ou
):0 )

F (xl,xz, e X, U, ox, 9%, Ox
ko’rinishga ega.
1-misol. Tenglamani yeching
0z
d0x

bu yerda z(x, y) ikki o’zgaruvchili noma’lum funksiya.

0,

Yechish. Ravshanki z(x,y) funksiya x ga bog’liq emas, ya’ni z = ¢@(y), bu yerda ¢(y) —
ihtiyoriy differensiallanuvchi funksiya.
2-misol. Tenglamani yeching

0z 02_

=0
dx 0dy
bu yerda z(x, y) ikki o’zgaruvchili noma’lum funksiya.
Yechish. Tenglamada erkli o’zgaruvchilarni
x+ty=§, x—-y=n
formulalar yordamida almashtiramiz. Natijada
dz 0z 6E+E)Z 6n_az+az 0z 0z 6€+az on 0z 0z
dx 09& dx on dx 09&  an’ dy 0& dy o0n 9y 09¢& 0n
tengliklarga ega bo’lamiz. Bularni tenglamaga qoyamiz va
0z
on
tenglamaga kelamiz. Ohirgi tenglama z(§,n) = @(§) yechimga ega, bu yerda ¢ — ¢
o’zgaruvchining ihtiyoriy differensiallanuvchi funksiyasi. Yuqoridagi almashtirish bo’yicha eski (x

va y) erkli o’zgaruvchilarga qaytamiz: z(x,y) = ¢(x +y), ¢ — ihtiyoriy differensiallanuvchi
funksiya.

0

3-misol. Tenglamani yeching

0z 0z _

(Xa-i'ﬁ@—o

bu yerda z(x, y) ikki o’zgaruvchili noma’lum funksiya.
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Yechish. Tenglamada erkli o’zgaruvchilarni
Bx+tay=¢,  Px—ay=n
formulalar yordamida almashtiramiz. Natijada
0z 0z 0§ 0z On 0z 0z
—=—= - =+——=Ff—=+a=,
dx 0¢& dx o0n Ox a¢ an
dz 0z ag+az on 0z 0z
oy 9§ ay on oy "o¢ “on

tengliklarga ega bo’lamiz. Bularni tenglamaga qoyamiz va
2052 = 0
apf o

tenglamaga kelamiz. bundan z(¢,n) = @(¢é), bu yerda ¢ — ¢ o’zgaruvchining ihtiyoriy
differensiallanuvchi funksiyasi. Yuqoridagi almashtirish bo’yicha eski (x va y)  erkli
o’zgaruvchilarga qaytamiz: z(x,y) = @(Bx + ay), ¢ — ihtiyoriy differensiallanuvchi funksiya.

4-misol. Tenglamani yeching

0%z — 0
dxdy
bu yerda z(x, y) ikki o’zgaruvchili noma’lum funksiya.
Yechish. Tenglamani ko’rinishini o’zgartirib yozamiz: aa—x (g—;) = 0. Bu tenglikni x bo’yicha
integrallaymiz: g—)z/ = ¢@,(y), bu yerda ¢; — y o’zgaruvchining ihtiyoriy differensiallanuvchi

funksiyasi. Ohirgi tenglikni esa y bo’yicha integrallaylik:

z(x,y) = ¥(x) + o),
bu yerda ¥ (x) va ¢(y) 0’z argumentlarining ihtiyoriy ikki marta differensiallanuvchi funksiyalari,
o' = ¢1(y).

Yuqorida ko’rilgan birinchi tartibli xususiy xosilali tenglamalarning barcha yechimlari
formulasi, ya’ni umumiy yechimi bitta ihtiyoriy funksiyaga, ikkinchi tartibliniki esa ikkita ihtiyoriy
funksiyaga ega bog’liq bo’ldi. Ta’kidlash joizki m-tartibli xususiy xosilali tenglamaning umumiy
yechimi m ta ihtiyoriy funksiyaga bog’liq bo’ladi.

2-reja. Bizga m-tartibli xususiy xosilali va yuqori xosilalardan biriga nisbatan yechilgan
quyidagi tenglama berilgan bo’lsin:
0™u ou o™y ou d*u 09%u 0™u 3)
ax™ fF0 e X 0x,” 7 0xm1 Ox, 0x2 0x, 0%, T Oxpyt

(3) tenglama uchun Koshi masalasi quyidagicha qo’yiladi:
Koshi masalasi. (3) tenglamaning x; = x? da

ou om 1y
-1

— = gol(xz, ...,Xn), ,W

§ axl = (pm—l(xZ: :xn)(4)

u = @o(xy, ..., Xn)
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tengliklarni ganoatlantiruvchi yechimini toping. Bu yerda ¢;(x,...,x,),i =0,1,...,m—1
funksiyalar boshlang’ich qiymatlar (yoki boshlang’ich funksiyalar) deb ataladi. (4) shart esa
boshlang’ich shart deyiladi.

Qo’yilgan Koshi masalasi yechimining mavjudligi va yagonaligi haqidagi Kovalevskaya
teoremasini keltirishdan avval analitik funksiya tushunchasini kiritib olaylik. Agar f(xq, ..., x,)
funksiya D sohada ihtiyoriy marta differensiallanyvchi bo’lsa bu funksiya D sohada analitik
funksiya deb ataladi.

Kovalevskaya teoremasi. Agar (4) boshlang’ich shartda berilgan ¢;(x5,...,x,), i =
0,1,..,m—1 funksiyalar (x,...,x0) nuqtaning biror atrofida analitik funksiyalar bo’lsa,

f(x X, 1,22 o™ Tu oudtu o%u amu) funksiya esa 0’zi aniqlangan to’plamnin
Lo B0 G T 9x T Bxy 0x2 Bx10x, " T 0xIT Y qiang p g
ou
0 _ 0 _ 0
x5, o, x3, Uy = @o(x3, ..., x2), (6_> = @(xd, ..., x0), .
x1/,
-1 0 0
gm-1y o () ) <au) ou(xy, ..., xpn)
1 = —1Xp, =
oxpt), T rome ax,/ dx, ’
2 2, (0 0 0 0
(6 u> _0%u(xy, ..., xp) <6mu) _0Mu(xy, .., xp)
2 - 2 ’ R m)] m
dx1/, 0x;i 0xy) 0xy

nuqtasining biror atrofida analitik bo’lsa, u holda (x?, ..., x2) nugtaning shunday atrofi topiladiki bu
atrofda (3), (4) Koshi maslasining u = h(x4, ..., x,) yechimi mavjud va yagona. Shuningdek u =
h(xy, ..., x,,) yechim ta’kidlangan atrofda analitik funksiyadan iborat.

Keltirilgan teoremaning isboti analitik funksiyalar nazariyasiga asoslangan bo’lgani uchun
uni keltirmaymiz.

3-reja. Erkli o’zgaruvchilari soni ikkita bo’lgan birinchi tartibli xususiy xosilali
differensiallash masalasi hamda Koshi masalasining geometrik talqinini ko’rib chigamiz. Bunday
tenglama xususiy xosilalardan biriga nisbatan yechilgan bo’lsin:

dz _ ( 62) )
ox oYz oy

(5) tenglamaning yechimi

z = ®(x,y)(6)

ko’rinishga ega. (6) funksiya (x,y,z) nuqgtalar fazosida biror sirtni ifodalaydi. Bu sirtni (5)
differensial tenglamanin integral sirti deb ataymiz. Demak xususiy xosilali differensial
tenglamalarni yechish masalasi integral sirtlarni topish masalasidan iboratdir.

Agar (6) formula sirt tenglamasidan iborat bo’lsa, bu sirtga (xg, ¥, Zo) nuqtada o’tkazilgan
urinma tekislik tenglamasi

0P (x0,¥0) 0D (x9,¥0)
T(x — Xo) +T(}’_3’o)

Z — Zy =

yoki

z—2y=p(x—x0) +q(y — o)
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ko’rinishga ega bo’ladi, bu yerda p =% va q 2%;3/0) urinma tekislikning burchak
koeffisietlaridir.

Shunday qilib (5) xususiy xosilali tenglama izlanayotgan sirt nugtasining (x,y,z)
koordinatalari bilan bu sirtga shu nuqtada o’tkazilgan urinma tekislikning p va g burchak
koeffisientlari orasidagi bog’lanishni ifodalaydi.

(5) tenglama uchun qo’yilgan Koshi masalasi ham sodda geometrik interpretatsiyaga ega.
(5) tenglama uchun Koshi maslasi. (5) tenglamaning x =x, da 2z = ¢@(y) tenglikni
ganoatlantiruvchi z(x, y) yechimini toping. Bu shart gisgacha

x=x5 z=¢)7)

boshlang’ich shart ko’rinishida beriladi. (7) tenglama (x, y, z) nuqtalar fazosida biror egri chizigni
ifodalaydi. Demak (5), (7) Koshi masalasi (7) egri chiziq ustidan o’tuvchi sirtni topish masalasidan
iboratdir.

Nazorat savollari
1. Hususiy hosilali differensial tenglamalar hagida tushunchalar.
2. Koshi masalasi.
3. Koshi maslasining geometrik interpretatsiyasi.

Foydalanilgan adabiyotlar

1. Camoxurmuuos M.C., Hacputmuunos I''H. Ommmii muddepennman TeHrIamanmap.
TomkeHrt, «“ Y30ekucron”, 1994.

2. bubukos KO.H. Kypc oObikHOBeHHBIX U depeHinanbbix ypaBHenuil. M., 1991. 314 c.

3. IerpoBckmii W.I". Jlekuu 1o Teopun 0OBIKHOBEHHBIX TU(PepeHIINATHHBIX YPaBHEHUH.
M.: u3a-Bo Mock. YH-Ta. 1984.

33-mavzu. Birinchi tartibli hususiy hosilali chizigli bir jinsli tenglama
Reja
1. Birinchi tartibli hususiy hosilali chizigli bir jinsli tenglama va simmetrik formadagi oddiy
differensial tenglamalar sistemasi orasidagi bog’liglik.
2. Umumiy yechimni qurish.
3. Koshi masalasi

1-reja. Ushbu tenglama

ou ou ou
X1(x1, X5, )y Xn) E + X, (X1, X5, ooy Xp) EPN + o+ X (%1, X, 0, ) P =0(1)
1 2 n

birinchi tartibli hususiy hosilali chizigli bir jinsli tenglama deyiladi.
(1) tenglama bilan birga ushbu

dx, dx, dx,
X1(x1, %0, vy %) Xp(xq, X5, o) Xp) X (x4, X9, n)y X))

(2)
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simmetrik ko’rinishdagi oddiy differensial teglamlar sistemasini garaymiz.

1-teorema. Agar Y (x4, x5, ...,x,) = C; ifoda (2) sistemaning birinchi integrali bo’lsa, u
holda u = ¥ (xy, x5, ..., x,) funsiya (1) tenglamaning yechimidan iborat.

Isbot. (2) tengliklarni biror A parametrga tenglab olaylik, ya’ni

dx, dx,

X1 (%1, X9, ey Xn) X, (X1, X5, oon) Xp)

Bundan (2) sistemaga teng kuchli quyidagi sistemga ega bo’lamiz
dx; = A-X,(x1, X5, i, Xp), v ,dxy, = A - X, (xq, %5, 00, X)) (3)
Y(xq, x5, ..., xy) = C; ifodaning to’liq diffrensilini hsoblaymiz:

oy 0 o
+a—xzdx2+ "'+den:()
Y funksiya (2) sistemaning birinchi integrali ekanligidan, ¥ funksiya differensialiga (3) sistemadan

dx; larning ifodasini qo’ysak ayniyat hosil bo’ladi, ya’ni

0 0y
a_xlA X1 (g, X0, ey Xp) ot EA - Xp(x1, %9, oo, x) = 0.
Bundan
oY oY
X7 (%1, %3, ...,xn)a—x1 + 4 X (%, Xy, ...,xn)a =0

ayniyatga ega bo’lamiz. Bu ayniyat u = (x4, %3, ...,Xx,) funksiya (1) tenglamani yechimi
ekanligini ko’rsatadi. Teorema isbotlandi.

2-teorema. Agar u = Y (x4, x5, ..., x,) funksiya (1) tenglamaning yechimi bo’lsa, u holda
Y(xq, x5, ..., xy) = C; ifoda (2) sistemaning birinchi integralidan iborat bo’ladi.

Isbot. Agar (xq,x5,...,x,) funksiyani (2) sistema yechimlari ustida o’zgarmasga
aylanishini ko’rsatsak teorema isbotlanadi. Buning uchun 1 funksiyaning to’liq differensiali (2)
sistema yechimlari ustida aynan nolga aylanishini ko’rsatish yetarli. 1 funksiyani to’liq
diffrensiallaymiz va (2) ga teng kuchli (3) sistema yechimlari ustida hisoblaymiz:

P P Y P
T e — ==—A4A-X wt—A-X
ox, dx; + ..+ ox. dx, ox, 11, X9y ey X)) + ox. (X1, X9, o, X0)
P P
= A|X;(xq, Xy, ...,xn)a—x1 + o+ X, (%, Xy, ...,xn)a =0

Teorema isbotlandi.

2-reja. 3-teorema. ;(xq,%y,...,x,) = C;,i =1,...,k ifodalar (2) sistemaning birinchi
integrallari bo’lsa, u holda

u= (D(ll)l, lpZ' 'lpk)(‘l')

funksiya (1) tenglamaning yechimi bo’ladi, bu yerda @ barcha argumentlari bo’yicha uzluksiz
differensiallanuvchi ihtiyoriy funksiya.

Isbot. (4) funksiyani (1) tenglamaga qo’yamiz:
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X a(D+X aq)+ + X 0P
Yox, “fox, T "Mox,

(0d 0 a0 d 00 Yy
=X, 1 00 0¥, 9P O
0y, 0x; O0Y, 0Jx4 0y, 0xq |
(0D 0 o0 0 00 Yy
+ X, i i —l/)k + ..

50, 9%, " av, ox, T T oy, )
00 oy, 00 oy, 9D oy

X aws ox, T, ax, T awn ax,
= ;lz :Xl ?;511 + X, Zle + ...+Xn3—;/:;

+ :l/i :Xl ?;512 + X, ?;3/:22 + .t X, g—l)/:j] + ..
+ :Z :Xl glﬁf +X, aaf;‘ F o+ X, gf:] = 0.

Teorema isbotlandi.

Ta’rif. Agary;(x,,x,,...,x,) = C;,i =1,..,n—1 ifodalar (2) sistemaning erkli birinchi
integrallari bo’lsa, u holda

u = 0Oy, P2, o, P-1)(5)

funksiya (1) tenglamaning umumiy yechimi deb ataladi, bu yerda ® barcha argumentlari bo’yicha
uzluksiz differensiallanuvchi ihtiyoriy funksiya.

Misol. Tenglamaning umumiy yechimini toping
Ju Ju du

* 0x Y dy z 0z
Yechish. Bu tenglamaga mos simmetrik formadagi sistemani yozamiz
dx dy dz
x =2y -z

Sistemaning ‘;—x = _d—zyy tenglamasidan In x\/§ =1InC; yoki Y, = xﬁ = C; birinchi integralini

topamiz. ‘;—x = ‘_i—z tenglamadan esa ¥, = xz = C, birinchi integralni topamiz. Topilgan birinchi
integrallarni erkliligini tekshiramiz

oY; Yy awl\ .
ax dy 0z | _ [y 25
\awz ap, 0, ) Oy

0

ox 0dy 0z z x

Bu matritsa ustunlaridan tuzilgan hech bir determinant nolga teng emas. Demak x\/; =(C,vaxz =
C, birinchi integrallar erkli. 3-teoremaga ko’ra, berilgan tenglamaning umumiy yechimi

u = ®0(xz,x,/y)

formula bilan ifodalanadi.
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3-reja. (1)tenglama uchun Koshi masalasi. Tenglamaning barcha u = u(xq, x5, ..., X,)
yechimlari orasidan u(xl,xz, v X x0 )) @ (x1, X5, ..., Xn—1) boshlang’ich shartni ganoatlantiruvchi
yechimni toping, bu yerda ¢ (x4, x5, ..., x,—1) berilgan funksiya.

Koshi masalasini umuman olganda shunday tushunish kerak: (1) tenglamaning barcha u =
u(xq, %2, ..., x,) Yyechimlari orasidan argumentlardan birining fiksirlangan giymatida qolgan

argumentlarning berilgan funksiyasiga teng bo’ladigan yechimni toping. Xususan, yuqorida

qo’yilgan Koshi masalasida x, argumentning fiksirlangan x(o) giymatida x4, x5, ..., Xp—1
argumentlarning berilgan (x4, x5, ..., X,—1) funksiyasiga teng bo’lgan yechimni topish talab

gilingan.

Koshi masalasini yechimini umumiy yechim formulasidan xosil qilish jarayonini ko’rib
chigamiz. (1) tenglamaning (5) umumiy yechimi formulasida @ funksiyani shunday aniglashimiz
kerakki u

PW1, Y2, owrs Pr-1)l

tenglikni ganoatlantirsin.

= @(xq, %3, e, Xp—1)(6)

Xn=Xn

Belgilashlar kiritaylik:
=1,

(0)

lpl(xlixZ)-- Xpn—1,X
(0)
lpZ(xlixZ;-- xn 1 X

1/’n—1(x1:x2:-- Xpn-1,X (O)) 1/Jn 1)

Bu sistemani x4, x,, ..., X, larga nisbatan yechish mumkin bo’lsin:

X1 = w1(1/;1'1/jz, - 'l/zn—l)
Xy = wz(lpplpz, v Pn_1)

Xn-1 = Wn- 1(1/J1'1/12' T ,1/311—1)}
Agar @ funksiyani

o = ‘P(w1(1/)1: Yoy s Wno1), W2 (W1, P2, v, Yno1), oo, W (W1, 3, . rlpn—1))
ko’rinishida tanlasak (6) shart bajariladi. Hagigatdan ham

‘P(‘U1(¢1’1/)2: wrWno1), W2 (1,2, e, Yn_1),s e, W (W1, Y2, s P 1))|x _x
=@ (w1(§[_}1,'ﬁz’ Ty ll_Jn—l): w3 (1/_)1,'152’ ey ll_}n—l)' ey wn—l(‘l’plpz' ey 1/_’n—1))

= (X1, X2, o) Xn—1)

0z

1-Misol. y— Xy = 0 tenglamaning z(0,y) = cosy boshlang’ich shartni

ganoatlantiruvchi yechimini topaylik. Berilgan tenglamaga mos simmetrik sistemani yozamiz: % =

2 By sistemaning ¥, (x,y) = x? + y? birinchi integralini topamiz. Demak berilgan sistemaning

umumiy yechimi: z = ®(x? + y2). ,(0,y) = y? = ¢, tenglamani y nisbatan yechib y = /v,
tenglikni olamiz. Demak Koshi masalasining yechimi z = cos./Y; Yyoki z = cos/x? + y?

funksiyadan iborat.
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2-Misol. yzz—z + sz—Z + xyg_z =0 tenglamaning u(x,y,z) yechimlari orasidan
u(x,0,z) = sin(x + z) boshlang’ich shartni qanoatlantiruvchi yechimni topaylik. Berilgan
tenglamaga mos simmetrik sistemani yozaylik:
dx dy dz
yz Xz Xy

d d
= = Z tenglamadan
vz  xz

dx dy
_—— = 2 _ 2:
y X X y 1/’1(90}’,2)

birinchi integralni topamiz. i—i’z j—; tenglamadan esa z? —y? =, (x,y,z) birinchi integralni
topamiz. Topilgan birinchi integrallar erkli. Demak berilgan tenglamaning umumiy yechimi
<D(x2 _ y2,22 _ yz)

formula bilan aniglanadi.

ll)l(x, O,Z) = x2 = ll__]l}

l,lJZ(X, O;Z) = Zz = lpZ
sistemani x,z larga nisbtan yechamiz: x =+/1,, z = /1,. Demak izlanayotgan yechim u =
sin(y/{; + /1) yoki u = sin(y/x2 — y2 + /22 — y2) funksiyadan iborat.

Nazorat savollari

1. Birinchi tartibli hususiy hosilali chizigli bir jinsli tenglama va simmetrik formadagi oddiy
differensial tenglamalar sistemasi orasidagi bog’liglik.

2. Umumiy yechimni qurish.

Foydalanilgan adabiyotlar

1. CanoxurmunoB M.C., HacpurmuuoB I'.H. Opouit nuddepenuuman TteHriaamanap.
TomxkeHTt, “ Y30ekucron”, 1994,

2. bubuxos HO0.H. Kypc o0pikHOBeHHBIX qu(depeHnanbHbIX ypaBHeHui. M., 1991. 314 c.

3. IlerpoBckuii M.I". Jlekiuu o Teopuu 0OBIKHOBEHHBIX (P PepeHIINaIbHbIX YPaBHEHUH.
M.: m3n-Bo Mock. YH-Ta. 1984.

34-Mavzu. Birinchi tartibli xususiy hesilali chiziqli bir jinsli bo’Imagan tenglama
Reja
1. Bir jinsli bo’lmagan tenglamaning umumiy yechimi
2. Koshi masalasi

1-reja. Quyidagi ko’rinishdagi tenglamani birinchi tartibli xususiy hosilali chizigli bir
jinsli bo’lmagan tenglama deb ataymiz:

u u
X, (xq, x5, oy X, ) EP + X5 (xq, x5, ey Xy, U) EPN + ..+
1 2
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u
I R(xl,xz, ---,xn; u)(l)

+X,, (%1, X9, wn) X, U) I
n

Bu tenglama noma’lum u funksiyaga nisbatan chizigli emas, ammo uning birinchi tartibli hususiy
hosilalariga nisbatan chizigli. Shu sababdan (1) tenglama kvazichizigli tenglama deb ham ataladi.
(1) tenglamaning yechimini

v(xq, Xg, e, Xp,u) =0 (2)
oshkormas ko’rinishda qidiraylik, bunda v funksiya barcha birinchi tartibli xususiy hosilalarga ega
va Z_Z # 0 tenglikni ganoatlantiradi deb xisoblaymiz. (2) tenglikdan x;, (i =1, ...,n) o’zgaruvchi

bo’yicha xususiy hosila olamiz

ov
v +6v ou 0 ou ax; . 1 3)
—t——=0 > —=- =1,..,
dx; Oou 0x; 0x; v LT T

u

Bu tengliklarni (1) tenglamaga qo’yamiz va natijaviy tenglikni — Z—Z ga ko’paytiramiz:

v v
X1 (xq, x5, ... xn,u) +X2(x1,x2,.. ,xn,u)ﬁ+ et
2

v v
+X,, (%1, X9, wr) X, U) E = —R(x1, X3, .0, Xp, U) M

yoki

Jdv v
X, (xq, x5, ... xn,u) +X2(x1,x2,.. ,xn,u)ﬁ+ .t
2

v av
—+R(x1,x2,...,xn,u)£= 0 (4)

+X, (%1, %5, .., X, U
n(l 2 n )axn

(4) tenglama v(xq, x5, ..., X, u) noma’lum funksiyaga nisbatan bir jinsli tenglamadan iborat. (4)
tenglamaga mos simmetrik sistemani yozaylik

dxy dx, du
X1(x1, X9, on)y Xy, U) X (x4, %9, vy X, ) R(Xq, X, wn)y Xp, U)

(5)

Ta’rif. Agary; (x4, X3, ..., xp, u) = C;, i = 1, ...,n ifodalar (4) oddiy differensial tenglamalar
sistemaning erkli birinchi integrallari bo’lsa, u holda
(D(ll)l, lpZ' ""lpn) = 0

funksiya (1) tenglamaning umumiy yechimi deb ataladi, bu yerda ® barcha argumentlari bo’yicha
uzluksiz differensiallanuvchi ihtiyoriy funksiya.

Misol. Tenglamani yeching
6 a
(1 +.Jz—x— Z ‘_ (6)
Mos simmetrik sistemani yozib olamiz
dx dy dz

====0
1+ Jz—x—-y 1 -
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Bu sistemaning dTyz% tenglamasidan vy, = 2y —z = C; birinchi integralni topamiz. (7)

tengliklarni ayrimiz
dz dy dx _dz-y—-x) dy

2 T_1+,/z—x—y_—,/z—x—y_ 1

Bundan ¢, =2,/z—x—vy+vy=C, yana bitta birinchi integralni topamiz. Topilgan 4,1,
birinchi integrallar erkli. Demak garalayotgan tenglamaning umumiy yechimi

CD(Z,/Z—x—y+y,2y—z) =0
formula bilan ifodalanadi, bu yerda ® barcha argumentlari bo’yicha uzluksiz differensiallanuvchi
ihtiyoriy funksiya. (6) xususiy xosilali tenglama z — x — y = 0 sirt ustida aniglangan, ammo, (7)
sistema bu sirt ustida aniglanmagan. z = x + y funksiya (6) tenglamani ganoatlantiradi va umumiy
yechimdan hosil bo’Imaydi.

Javob:CD(Z,/z —x—=y+y2y —Z) =0,z=x+Yy.

2-reja. (1) tenglama uchun Koshi masalasi: (1) tenglamaning u = u(xy, x5, ..., X,)
yechimlari orasidan

u(xl,xz, ...,xn_l,x,(lo)) = @(xq, X5, o, Xp-1)(8)
boshlang’ich shartni ganoatlantiuvchi yechimni toping.

Koshi masalasini yechimini umumiy yechim formulasidan xosil qilish jarayonini ko’rib
chigamiz. (1) tenglamaning ® (4, Y5, ..., ¥,) = 0 umumiy yechimi formulasida @ funksiyani
shunday aniglashimiz kerakki u

Oy, P2, s Y © =uU—@(x1,X2, 00, Xp—1) =0 9)

Xn=Xp
tenglikni ganoatlantirsin.

Belgilashlar kiritaylik:

tpl(xl,xz, ...,xn_l,x,(lo),u) =)
l/)z(xl,xz, ...,xn_l,x,(lo),u) =1, L

(0) T
djn(xllei v Xp—1,Xp 'u) - lan
Bu sistemani x4, x5, ..., X,_; Va u larga nisbatan yechish mumkin bo’lsin:

X1 = wl(llzlfl/EZ' ""llzn)
X, = W (Y1, Y2, oo, Pp)

Xn-1 = wn—_l(.ll_il' 1152' _'l/_)n)J
u= w(d)l’ ¢2' ""11[}11)

Agar @ funksiyani

D =w@y, Pz, .., Pp) — §0(w1(¢1:¢2: e ), W2 (W1, P2, e, Pp), ey, Wy (P4, P2, e, ¢n))
ko’rinishida tanlasak (9) shart bajariladi. Haqiqatdan ham

128



0= _ o=@y, )l _ o
- fﬂ(w1(¢1»¢z» s Pn), W2 (W1, P2, e, W), v, W (P4, P2, "-ll/)n))|
= 01,2 ., Py)
- (w1(l/;1’1l_’2’ s ), W (Y1, Way e, W), oy W (Y1, 'l/;n))
=u— @(x1, Xy, n) Xp_1)

Misol. (6) tenglamaning z(x,y) yechimlari orasidan z(x,0) = 2x boshlang’ich shartni
ganoatlantiruvchi yechimni toping. Bu tenglamaning birinchi integrallari: ¥, (x,y,z) = z — 2y,

Yo (x,y,2) =2\Jz—x—y +y.

Bu integrallarda y = 0 deb quyidagi sistemani xosil gilamiz:
z=1

2\/Z — X = 11_}2

Demak izlanayotgan yechim

xn=x,(10)

_ _ 1_
} = z=1y, x:¢1—zl/)§

1
bi-2(bi-5u3)=0 = 2 -vi=0 =
2z—4y—(2Jz—x—y+y) =0.

Nazorat savollari
1. Bir jinsli bo’lmagan tenglamaning umumiy yechimi
2. Koshi masalasi

Foydalanilgan adabiyotlar

1. CamoxurnuuoB M.C., HacputmuuoB [I'.H. Opnuii auddepenuunan TeHriamaiap.
TomkeHT, ““ Y30ekucron”, 1994.

2. bubukos HO.H. Kypc oObikHOBeHHBIX U depeHranbbix ypaBHeHuil. M., 1991. 314 c.

3. IlerpoBckmii W.I". Jlekuu 1o Teopuu 0OBIKHOBEHHBIX TU(PEepeHIINATHHBIX YPAaBHECHHA.
M.: u3n-Bo Mock. YH-Ta. 1984.
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AMALIY MASHG ULOTLAR

1-Mavzu. Berilganegrichiziglaroilasiningdifferensialtenglamalarinituzish. 1zoklinalar.
Umumiytushunchalar.

%= f(xy) (1)

ko’rinishdagitenglamahosilaganisbatan yechilganbirinchitartiblidifferensialtenglamadeyiladi. Bu
yerdax — erklio’zgaruvchi, y=y(X)—XargumentningnOma’lumfunksiyasi; f(x,u) esa (xu)
tekislikningbirorDsohasida (cohadeganda, bizbog’ligliochigto’plamninazardatutayapmiz)
aniglanganvauzluksizfunksiya.

(a,b) oraligdaaniglangan, uzluksizdifferensiallanuvchi y:go(x)funksiya (1) tenglamaning

yechimideyiladi, agaru (a,b) oraliqda 1) tenglikniayniyatgaaylantirsa:
doy
Vil f(xy), xe(a,b).
y=9¢(x), xe(a,b) )
echim (x,u) fazodachizignianiglaydi, shuchizig (1) tenglamaningintegralchizig’ideyiladi.

(1) tenglamaning y, = go(xo), (XO, yo) € D shartniganoatlantiruvchi y = go(x)
yechiminitopishmasalasiKoshimasalasideyiladi. Bunday yechimko’pincha (Xo, Uo)
nugtadano’tuvchi yechimyokiintegralchizigdebhamyuritiladi.

y=¢(x,C), CeR - o’zgarmasson, (3)
funksiyalarsinfiDsohada (1) tenglamaningumumiy yechimideyiladi,

agaruquyidagishartlarniganoatlanirsa:

1) BarchaC € R larda (3) sistema (1) ning yechiminiberadi;

2) Snitanlabolishyordamida Q) ningDdano’tuvchiixtiyoriy yechimini (3)
sistamadanhosilgilishmumkin.

Agarbizga (1) tenglamaning  (3)  Kko’rinishdagiumumiy  yechimma’lumbo’lsa,

undaKoshimasalasining yechiminiajratibolishmumkin. Buninguchun (3) tenglikda X = X,, Y=Y,
debSningshutenglikniganoatlantiruvchi Coqiymatinitopishvauni (3) tenglikkaolibboribqo’yishkerak.
Natijaviy Y = (p(x, CO ) funksiyaistalgan yechimniberadi.

Misol. y = (x—C )3 funksiyalarsinfiharbir C € Rda Y’ = 33/ y* tenglaning

yechimibo’lishini, lekinbutenglamauchunumumiy yechimbo’laolmasliginiisbotlang.
Echimi.Funksiyaninghosilasinihisoblabtenglamagaqo’yamiz:

y’:[(x—Cﬂ’ =3(X—C)2,

3(x—cy =& [(x-C)'] =3(x-CY.

BepilganfunksiyaixtiyoriySlardatenglikniayniyatgaaylantirayapti, demak, uharbirSda
yechimbo’ladi. Lekiny =(x—CY’
funksiyalarsinfidagiSnitanlashhisobigaberilgantenglamaningbarcha
yechimlarinihosilgilibbo’Imaydi, masalan, Y = C yechimni.

Demak, berilganfunksiyalarsinfitenglamauchunumumiy yechimbo’laolmaydi.

Misol. y =X+ C (1+ X’ ), C e R funksiyalarsinfi
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(2xy —x* +1)dx—(1+x*)dy =0
tenglamaningumumiy yechimibo’lishiniisbotlang.
Echimi.Funksiyanitenglamagaqo’yibquyidaginiolamiz:

dy = y'(x)dx =1+ 2Cx,
{2x[x+C(1+ xz)]—x2 +1} dx—(1+ xz)(1+ 2Cx)dx =

(2% +2Cx+2Cx* — x* +1)dx — (1+ 2Cx + X* + 2Cx* Jdx =0, CeR.
BerilganfunksiyatengliknibarchaC € R lardaayniyatgaaylantirdi.
Endibiztenglamaningixtiyoriy Y = (o(x)
yechiminiberilganfunksiyalarsinfigategishliekanliginiko’rsatamiz.  Hagigatdanham, Yy = go(x)
yechimbo’lganiuchuntenglamaniganoatlantiradi.

(ZX(p(x)— X +1)dx—(l+ Xz)d(p(X) =0

yoki
do(x)
2 —x*+1-(1+x? =0.
Xp(X)—Xx* + (+x) ™
F (X) = gD(X—)_ZXfunksiyaningxosiIasinolgatengliginiko’rsatamiz:

1+X
F(x) = (1+ xz)(d(p(x)/dx—l)z—(go(x)—x)2x _
(1+x7)
2xp(X) - X? +1—(1+ xz)dgo(x)/dx
) (1+x) )
Bundaesa F (X) =C,, C, € Rekanligikelibchigadivademak,

0.

F(x):M:CO, (p(x):x+CO(1+x2).

1+X°
SHundayaqilib, berilganfunksiyalarsinfitenglamauchunumumiy yechimekan.
Izoklinalar. y’ = f (X, y)tenglamaning(x, y) nugtadano’tgan yechimishunugtada

f (X, y)gatengbo’lgan y' hosilagaegabo’ladi, ya’ni yechimOXo’gibilanc = arctg f (X, y)

burchaktashkilgiluvchito’g’richiziggaurinibo’tishikerak.
Agarto’g’richizigOXo’qgibilanaburchaktashkilgilsa, ato’g’richizigningog ‘maligideyiladi.

y'= f (X, y)tenglama

yechimlarigaurinmalarningog’maligibirxilbo’lgannuqgtalarninggeometriko’rniizoklinalardeyiladi.

Bundankelibchigadiki, izoklinalartenglamasi f (X, y) =8, bu yerdak -
0’zgarmasko’rinishdabo’ladi.

y' = f (X, y)tenglamaningtaqribiy yechiminiqurishuchun
yetarlisondagiizoklinalarchizibolib, keyinbularyordamida yechimnio’tkazishkerak, ular
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f (X, y) = él, f (X, y) = éz, ...1zoklinalarbilankesishishnugtasidaburchakkoeffitsientlari
é,, €,, ...bo’lganurinmalargaegabo’ladi.

Misollar. a) Izoklinalaryordamida y’ = X/2
differensialtenglamaningintegralchiziglariniquring.

Echimi. Berilgantenglamaningizoklinalartenglamasi X/2 = K yoki X = 2 ko’rinishdabo’lib,
OYo’qqaparallelbo’lganto’g’richiziglardaniborat (12-rasmgagarang).

y A
0
‘ X
12-rasm
k = 0 deb X = Oizoklinanihosilgilamiz, uningbarchanugtala-
ridamaydonyo’nalishiOXo’qqaparallel. k =1daX = 2 izoklinaniolamiz,
uningbarchanugtalaridamaydonOXo’qbilan  45° liburchaktashkiletadi; Kk =—1deb, X=-2
izoklinaniolamiz, uningbarchanugtalaridamaydonyo’nalishOXo’gbilan —45°
liburchaktashkiletishiniko’ramizvah.k.  Agarbirortanuqta, masalan, M(-1,2) nuqgtaniolsak,
uholdabunugtaorgalio’tuvchi yechimnitagribanyasashmumekin,
buninguchunegrichiziggaharbirnugtadao’tkazilganurinmamaydonining
6unuqgtadagiyo’nalishibirxildabo’lishidanfoydalanishkerak. CHizmadanko’rinibturibdiki,
integralegrichiziglarparabolanieslatadi.  Hagigatanham y’ = X/2 tenglamaningumumiy  yechimi
y = X?/4 + C parabolalaroilasidaniborat, y(—l) =2
boshlang’ichshartesabuparabolalardanbirinianiglaydi.
d
b) &y =X+ y2 differensialtenglamaningintegralchizigla-

dx

riniizoklinalaryordamidaquring.
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y A dy

Yechimi. Butenglamauchun—= =K,
dx

JX2+y? =Kyokix? + y? =k?

aylanalarizoklinalarbo’ladi. Ularningmarkaz-

larikoordinataboshibo’lib,
izlanayotganintegralchizigningurin-
/ X masiburchakkoeffitsientiaylanalarradiusigateng.

\

Endikgama’-
lumgiymatlarberibyo’nalishlarmaydoninichizamiz
(13-
rasmgagarang)vaizlanayotganintegralchizignitax-
minano’tkazishimizmumkin.

13-rasm

Misollar.

1.Quyidagichiziglaroilasigaortogonalbo’lgantraektoriyalarnitoping: a) y= CXZ; b)
y>=x+C;v) y=Ce”.

2.Koordinataboshidano’tuvchi,
0’qiOYo’qigaparallelbo’lganbarchaparabolalarningdifferensialtenglamasinituzing.

3.SHundaychiziglarnitopingki,
ulardaixtiyoriyurinmalarningabstsissao’qibilankesishishnugtasiningabstsissasiurinishnugtasiningabs
tsissasidanikkimartakatabo’lsin.

4.SHundaychiziglarnitopingki,
ulardaixtiyoriyurinmaningabstsissalaro’qibilankesishishnugtasiningabstsissasi,
urinishnugtasiningabstsissasivaordinatasiayirmasigatengbo’lsin.

5.Quyidagixossagaegabo’lganchiziglarnitoping:
chiziqgaixtiyoriynuqgtasidano’tkazilganurinmavanormalarningabstsissao’qidanajratgankesmasi
2agateng.
Izoklinalarmetodibilanberilgandifferensialtenglamaningintegralegrichizig’iniquring.

1L X —y*+2yy'=0, M(-21) a.y'=x-y, M(2;3/2)
2.y'=y-%x, M(21) 5. yy'=—x, M(2;3)
3.y=y-X, M(42) 6. y'=(y—-3x)/(x+3y), M(13)

2-Mavzu. O’zgaruvchilariajraladiganva
ungakeltiriladigantenglamalar

2.0’zgaruvchilariniajratibyokiboshgachagilibaytganda,
harikkalatomoninibirxilfunksiyagako’paytiribyokibo’lib, birtomo-
nidafagatxikkinchitomonidayishtiroketadiganko’rinishgakeltirishmumkinbo’lgandifferensialtenglam
ao’zgaruvchilariajraladigantenglamadeyiladi. Xususan,

y'=1(x)-9(x), (4)
M (x)N(y)dx+P(x)-Q(y)dy =0, (5)
ko’rinishidagitenglamalaro’zgaruvchilariajraladigantenglamalardir. Bundaytenglamalarni

yechishuchuno’zgaruvchilariniajratishvahosilbo’lgantenglikniintegrallashkerak.
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Tenglamaningharikalatomoninixvaularishtiroketganifodagabo’linayotgandashuifodaninolgaay
lantiriladigan yechimlariniyo’qotibqo’yishdanehtiyotbo’lishkerak.

Misol. 2X° Yy’ + y* = 2tenglamani yeching.
Echimi.Tenglamaniquyidagiko’rinishgakeltiribolamiz:

2x%yy' =2 —y? [2xPydy = (2— yz)dx.
Hosilbo’Igantenglikningharikkalagismini X2 (2 —y? ) # 0bo’lib,
2ydy dx
1-y*  X°
ko’rinishdagio’zgaruvchilariajralgantenglamaniolamizvaintegrallab:

J'lz_y(j/{ = %; In|y? -2|=1/x+InC,, C, >0;

y*-2/=Ce", C, >0,
y?—2=+Ce"*, C,>0.

echimlarto’plamigaegabo’lamiz.
L2 2 , _ 2 _ _—
Tenglikni X (2 -y )gabo lganda X =O0vay“ —2 =0yoki y = £+/2
yechimlaryo’qotilganbo’lishimumkin. Tushunarliki, X = Otenglamaning yechimiemas, Y = +2

esa Yyechim. Lekinbu yechimlarni (6) yechimlarto’plamigabirlashtirishmumkin, buninguchun
C, = Odebolishkifoyavademak,

y>—2=Ce"*, CeR.
3.y'=f (ax+by+c)tenglamaz =ax+by +c

almashtirishyordamidao’zgaruvchilariajraladigantenglamagakeltirib yechiladi.
Misol. Y’ =y + 2X — 3tenglamani yeching .

Echimi. z(X) = y + 2X — 3almashtirinibajarib, ’=y'+2,y=7'+2

vatenglamagaqo’yib Z' = z + 2 o’zgaruvchilariajraladigantenglamagaegabo’lamiz.
Butenglamanio’zgaruvchilariniajratibintegrallaymiz:

dz dz dz
— =742, ——=dXx, z#2; I—zjdx;
dx Z+2 Z+2
In|z+2|=x+InC,, C,>0; z+2=+Ce*, C, >0.
Bu yerdahamoldindagipunktdagidek Z + 2 = O yoki Z = —2
yechimyo’qotilganbo’lishimumkin. Hagigatdanham z = —2 tenglamaning yechimivabuni
yechimlarto’plamigaqo’shibqo’yishiuchun C1 = O debolishkifoya. SHundayqilib,

z=Ce* -2, C e Rifodaniolamiz, eskio’zgaruvchilargaqaytib, tugalnatijagaegabo’lamiz:

y+2x—-3=Ce"—-2; y=Ce*—2x+1.

Misollar.
1. Jydx+x*dy =0 2. (1+ yz)dx = xdy
3. cos’ ydx—(x* +1)dy =0 4. (1+x°)y' =3x"y, y(0)=2
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5. y':§/2x—y+2

7. %1+ Y2 +yy'V1+x* =0

9. 4xdx —3ydy = 3x°ydy — 2xy*dx
2 3/2

11, y' =5x(1-x*)

13. \/4+ y?dx — ydy = xydy
_y2
15. ﬂ:e—x COH X, Yy >0
dx

17. y'+1:y\/m

19. y'(x+y) =1

21. y'=e"7 -1

23. y'=cos(y—x-1)

25. y' =tg(y —2x)

27. Y =y* /X* +4y/x+2
29. Y =(x+y)/(x-y)
3L XY =X =y’ 4y

33. 2y = Y2 /x* +6y/x+3

3 2
%.m/:§lgtﬂg;
2Y° + 2X
37. ’:4y_—2X_6
X+y—-3
39.y,:x+y+2
X+1
41. ’:M
IX—y—6
13, (X*y? -1)y' +xy* =0
452y+x=4J§

47. X°y'* =3xyy' +2y* =0

6. dx—xdy =2ydy, y(0)=-1

8. tg xsin® ydx+cos® xctgydy =0
10. y' =sin® X

12. Y +1/y? =1

14. 3e*tg ydx +(1—e”*)sec’ ydy =0

16. 2'=2""*, z(0)=-1

18. y' =cos(y —x)

20. y'+ysin2x =0, y(z/4)=1
22. y' =-2,J|y|

24, y’:%/(4x—y+l)2

26. y'=sin(y —x—1)

28. xy'cos(y/x)=ycos(y/x)-1
30. xy' =y (1+In(y/x))

32. (xy'—y)In(y/x)=y

34. xy' = ylIn(y/x)

36. (x—ycos(y/x))dx+xcos(y/x)dy =0

, Sy +5
38 Y=
4x+3y -1
, 2X+y-3
40. Y =——
2X—2

42, y’:z( y+2 )
X+y-1

a4. (y* =3x* ) dy + xydx =0
46. ye’dx+2(x2 —xyz)dy =0
48. 2X°y' =y + xy

3-Mavzu. Differensialtenglamagakeltiriladigangeometrikvafizikmasalalar.

Fizikmasalalar.Fizikmasalalarni

gaysinisiniizlanayotganfunksiyasifatidaolishnianiglashlozim.

yechishdaavvalogaysimigdornierklio’zgaruvchi,
Keyinesaxmigdorga A X

135



orttirmaberilgandamasaladaaytilayotganumigdorganchagao’zgarishini (ya’ni AX orgali
y(x + AX) — y(x) ni) aniglashkerak. Olingantenglikniikkalagismini AX gabo’lib, AX—0

dalimitgao’tsak, differensialtenglamagaegabo’lamiz, uni yechib,
izlanayotganfunksiyanitopibolamiz. Ba’zihollardahosilaningfizikma’nosidanfoydalanib

(agarterklio’zgaruvchibo’lsa, dy/dx umigdorningo’zgarishtezligi),

differentsiyaltenglamanigiyinchiliksiztuzishmumkinbo’ladi.

Misollar.

Dlchida 20 1. Suvibo’lganidishgaharlitrda 0,2 kgtuzbulgangorishmaminutiga 5 |.
Tezlikbilanuzulksizquyilayapti. Idishdagorishmasuvbilanaralashib, xudishutezlikdachigibketayapti.
4 minutdankeyinidishdagituzmiqdoriganchabo’ladi?

Echimi. y (t) orgalitminutdankeyingiidishdagituzningmigdorinibelgilaymiz. [t, t+ At]

oraligdaidishdagiidishdagituzningmigdoriganchagao’zgarishinihisoblaylik. At vagtidishga 5 At
migdorgorishmatushadi. BugorishmaningtarkibidaO, 2 -5- At = At kgtuzbor.
SHuvagtningichidaidishdan 5 lgorishmachigibketadi. tmomentdaidishdagituzningmiqgdori

y (t) kgedi, agar At vagtdaidishdagituzningmiqdorio’zgarmasa, 5 At Ichigibketayotganaralashma
y(t)/20-5-At=0,25y(t)At kr

tuzbor. Umumanolgandaidishdagituzningmigdorigandaydir o gao’zgaradi (At — 0 ma o — 0),
shuninguchunidishdan At vagtdaogibchiggantuzningmigdori O, 25( y (t) + ,B) At kgbo’ladi, bu
yerdaO < < .

SHundayaqilib [t, t+ At] vagqtoralig’idaidishga At kgtuztushadi, 0, 25( y (t) + ,B) At
kgtuzidishdanogibchigadi. Bundan

y(t,t+At)—y(t)=At—0,25(y(t)+ B)At
tenglikniolamiz.  Tenglikniharikkalatomoni At gabo’lib, ~ At — Odalimitgao’tamiz.  Agarbiz
At — 0da # — Oekanliginie tiborgaolsak, y’(t) =1-0, 25y(t)
differentsiyaltenglamaniolamiz. Butenglamaningumumiyintegrali Y (t) =4+Ce ™"
ko’rinishdabo’ladi. t = Odaidishdagituzningmigdori y(O) = 0 bo’lganligiuchun
y(0)=4+Ce’ =4+C =0,
demak, C = —4. SHundayqilib, idishdagituzningmiqdori
y(t)=4(1-e")

gonunbilano’zgaradi. T = 4 momentdagituzningmiqdori y(t) = 4(1— e‘l) kggatengbo’ladi.

2)UzunligiLvadiametriDbo’lgantemirtemiryo’ltsisternasikerosinbilanto’ldirilgan.
Kerosintsisternaostidajoylashganvakesimyuziwbo’lgangisgachigishnaychasiorgaliogizibyuborilgand
atsisternaganchavaqtdabo’shashinianiglang.

Echimi. AvvalbundayumumlyholdaqandayhalqlI|n|sh|n|tushunt|ram|z Farazqilaylik,
ko’ndalangkesimyuziSbalandlikhningma’lum$S S (h)
funksiyasibo’lganidishHsathgachasuyuglikbilanto’ldirilganbo’ Ism
Idishtubidayuzi®bo’lganteshikbo’lib, undansuyuglikogibchigadi.

SuyugliksathidastlabkiHholatdanistalganhgachapasayishvaqgtitnivaidishningto’labo’shashvaqtiTnian
iglaymiz. Bizidishdagisuyugliksathiningma’lumv = v (h) funksiyasidebfarazgilamiz.
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Birortmomentdaidishdagisuyuglikbalandligihgatengbo’lsin. [t, t+ At]
vagtoralig’idaidishdanogibchigadigansuyuglikmigdoriAVnitopaylik: AV = a)v(h) AL,
ikkinchitomondan AV = —S (h)At (pasayganligiuchunmanfiyishorabilanolindi) bo’lganiuchun

a)V(h)At =—S(h)At tenglikniolamiz. Tenglikniharikkitomoni At gabo’lib, At —0
dalimitgao’tsak, quyidagidifferensialtenglamaniolamiz:

S(h
at=— 1) gy
wv(h)
Butenglamaniintegrallab,
1 %S(h 14S(h
t:__jﬂdh:_fﬁdh
w H (h) w h U(h)
echimniolamiz.
Idishto’labo’shagandah = 0 bo’lganiuchununingto’labo’shashpaytiTquyidagichatopiladi:

T =—£}wdh.

g v(h)
Agarsuyuglikkichikteshikdanyokigisqanaychadanogibchigayotganbo’lsa,
TorrichelquonunigamuvofiqUzw/Zgh,u,bu yerdag —  og’irlikkuchitezlanishi, u -

empirikkoeffitsient (sarfbo’lishkoeffitsienti). Uholdahosilgilinganifodalarquyidagiko’rinishnioladi:

1 +s(h) 1 +s(h)
t=— dh, T= dh.
aw\/Zgl Jh aw\/Zgl Jh
Bizningkonkretmisolimizda

S(h)=2xL=2L,/R* ~(h—R)’ =2L,f(D—h)h

bo’lganiuchun

1 T(D—h)hdh_ 4L.D\/D

Tona) A daag

3)Massasim  bo’lganD  yukAnugtada U, boshlang’ichtezlikolibABCbukilgantrubada  (1-

rasmgagarang) harakatqilyapti. ABbo’lakkayukkaog’irlikkuchidantashgariyukning
tezligigabog’ligbo’lganRqarshilikkuchita’siretadi. Bnugtadanyuko’ztezliginio’zgartirmas-
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dantrubaningBCbo’lagigao’tadi, bu

A yerdayukkaog’irlikkuchidantashgariFo’zgaruvchikuchhamta’sirg
R iladi. ABvaF, (F, - Fkuchningxo’qdagiproektsiyasi)
FT ma’lumbo’lsa, yukningBCbo’lakdagiharakatqonuninitoping.
Berilgan:m = 2 kg, R = 10%,bu yerda 2z =0,4 Kr/M™m,
B v, =5M/c,1 =2,5m, F, =16sin4t.
Topishkerak: X = f (t)
C  yukningBCbo’lakdagiharakatqonuni.
> =
1-rasm.

Echimi.a)Yuknimaterialnugtadebgarab, = ABbo’lakdagiharakatiniko’ribchigamiz.  Yukka
(ixtiyoriyholatda) ta’sirgiluvchi P = mJ vaRkuchlarchizmadatasvirlangan. Azo’qnio’tkazib,
yukningharakatinishuo’qqaproektsiyasidifferentsiyaltenglamasinituzamiz:

dov . do, dov, do do
m—==2F, éku —-=— =—=0,
dt dt dz dt dz
bo’lganiuchun
d
: 1)

v
mo, =P +R,.

—,uz)z, v, = v ekanliginie’tiborgaolsak, quyidagitenglikniolamiz:

R,=P=mg, R, =—R=
mU@mg —,uz)2 E€KH U—Uzﬁ m—1)2 . (2)
d dz m\ u
Yozuvni yengillatishuchun
k=x/m=0,72m", n=mg/u=50 m?>/c? 3)

belgilashlarnikiritamiz (bu yerda g ~10Mm?/c? debolindi). Uholda

(2) tenglamani
do )
ZUE:—ZK(U —n) (4)

ko’rinishdayozishmumkin.
O’zgaruvchilarniajratib, harikkalatomoniniintegrallab, quyidagiifodaniolamiz:

vi-n
z = 0dab = U,bolganiuchun (5) tenglikkako'raC, = In (uj - n). Buni (5) tenglikkaqo’yib,

In(v” —n)=-2kz+In(v5 —n)yokiln(v” —n)—In(vf —n)=-2kz

tenglikniolamiz. Buniesa

3% =n+(u§—n)e*” ©6)
tenglikdaz =1 =2,5m, Kk, nlar

tenglikniolamiz. (6)
tenglikorgaliifodalanganekanliginihisobgaolib, yukningVnugtadagi U tezliknitopamiz:
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v =50-25/e; v, =/50—25/e ~6,4 m/c. (7
b)EndiyukningBCbo’lakdagiharakatinio’rganamiz: topilgan vy
tezlikyukningyangibo’ lakdagiboshlangichtezligi ( U, = Ug ) bo’ladi.

Yukningixtiyoriyholatidata’siretuvchikuchlarni P= mg, N, Fbilganholda,
BnugtadanBxo’qnio’tkazib, uningharakatinishuo’qqaproektsiyasidifferentsifltenglamasinituzamiz:

dov
tx =P +N, +F. (8)
P, =Psin30°=0,5mg, N, =0, F, =165sin 4t bo’lganiuchun (8)
tenglamaquyidagiko’rinishnioladi
do :
m tx =0,5mg +16sin4t. 9)
m=2xr, g= IOM/C2 ekanliginie’tiborgaolib, tenglamaniintegrallasak
v, =5t—2c0s4t +C, (10)
gaegabo’lamiz. t = 0 dav, = U, = Ug bo’lganiuchun (10) tenglikdanquyidaginiolamiz
C,=v,+2c0s0+6,4+2=8,4. (11)
Buni (10) gaqo’yib, harikkalatomoninidtgako’paytiribintegrallasak
dx :

O, :E =5t—2cos4t+8,4; x=2,5t*—0,5sin4t+8,4t+C,
kelibchigadi. 't = 0 dax = 0  bo’lganiuchunC, =0bo’ladi.  Demak,
yukningBCbo’lakdagiharakatqonuni

X = 2,5t* —0,5sin 4t + 8, 4t (12)
ko’rinishdabo’ladi (bu yerdaxmateriallarda, tesasekundlardao’lchangan).
9.Geometrikmasalalarni yechishda, avvalchizmanichizibolishkerak.

Keyinizlanayotganfunksiyaniy = y (x) orqalibelgilabmasalashartinimigdorlarnix, y vay’ (Y’

urinmaningburchakkoeffitsientiekanligidanfoydalanishkerak)larorgaliifodalansa,
hosilbo’lgantenglikdifferensialtenglamabo’ladi.  Differensialtenglamani  yechib, y = y (X)
izlanayotganfunksiyanitopamiz.

Misol. F (X, Y, Cl)egrichiziqlar (C1 — parametr) oilasiningizogonaltraektoriyalarinitoping
(shuoilaegrichiziglaribilanbirxil ¢
burchakostidakesishuvchiboshgabiroilaizogonaltraektoriyalarideyiladi)

Echimi.Berilganchiziglaroilasiningdifferensialoilasinituzamiz.
BuninguchunquyidagisistemadanC parametrniyo’qotamiz:

F(x,y,C)=0
oF oF , (1)
—+—y'=0.
oX oY
Natijadaberilganchiziglaroilasining

y'=f(xy)
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ko’rinishdagitenglamasiniolamiz (bu yerdaumumanolganda g (X, Y, y’) =0

ko’rinishdagitenglamahosilbo’ladi, bizuni Y’ ganisbatan yechibolishmumkindebfarazgilamiz).

Ma’lumki, M (X, y) nuqtadakesishuvchiikkiegrichiziqorasidagiburchakdeb,
egrichiziglargabunuqgtalardao’tkazilganurinmalarorasidagiburchakkaaytiladi. Biribirinchi (berilgan),
ikkinchisiikkinchi (topishkerakbo’lgan) chiziglaroilasigategishlibo’lgan M (X, y)

nuqtadao’zarokesishuvchiixtiyoriyikkitachizigni | va Il debbelgilabolaylik (2-rasmgagarang). | va
Il chiziglargaMnugtadao’tkazilganurinmalarningOXo’qgibilanhosilgilganburchaklarnimosravishda

o Ba Shilanbelgilasak, 1 va 1 chiziglarorasidagiburchak ¢ = i(ﬂ — a) bo’ladi. Bundan

tga £t
g 9atige 2
1+tgptga
tenglikniolamiz. Tushunarliki, 1@ - ma’lum (¢
burchakberilgan),
tga=f(xy), tgB=Y
( y’ chiziggaberilgannugtadano’tkazil-
ganurinmaningburchakkoeffitsientiniberadi).
Demak, (2) munosabat
,  T(xy)*tge
y = 3)
1+tge f (X, Y)
2-rasm.
ko’rinishidabo’ladi.
Buumumiyintegraliberilganegrichiziglaroilasiuchunizogonaltraektoriyalarbo’ladi,
ularberilganegrichiziglarnibirxil ¢ burchakostidakesibo’tadi. Agartraektoriyalarortogonalbo’lsa,
uholda
p=r/2, f=a+r/2,tgf=—ctga =-1/tga=-1/f (X,y)
bo’lib, ortogonaltraektoriyalaroilasiningdifferensialtenglamasiushbuko’rinishdabo’ladi:
1
Y =——. (4)
f(xy)
Xususan, y= C1X4 chiziglaroilasigaortogonalbo’lgan (chiziglaroilasini)
traektoriyalarinitopishkerakbo’lsin.
Awvalo, Y = Cx* chiziglaroilasiningdifferensialtenglamasinituzibolamiz:
=C,x*
Y= — Y =4y/x.
' 3
y'=4C X
Demak, berilganchiziglaroilasiningdifferensialtenglamasi y' = 4y/Xekan. 4
tenglikkako’raizlanayotgantraektoriyalarningdifferensialtenglamasi
y'=—x/4y 5)

ko’rinishdabo’ladi. Budifferensialtenglamani yechamiz

Aydy = —xdx; j4ydy:—jxdx; 2y* =—x*/2+C,.
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Demak, izlanayotganchiziglaroilasiningtenglamasi 2y* = — X2/2 + C, bo’ladi.
Misol.SHundaychizignitopingki, uningixtiyoriynuqtasidano’tkazilganurinma,

urinishnugtasiordinatasivaabstsissalaro’gixosilgilganuchburchakyuzio’zgarmas azgatengbo’lsin.

y Echimi.lzlanayotganchizigningixtiyoriy M (X, y)

nugtasiniolaylik (3-rasmgagarang). Tushunarliki, chiziqga

M M (X, y) nugtadano’tka-

\ zilganurinmabilanOXo’qiorasidagiburchak ¢ uchuntga = y'
tengliko’rinli. Bizquyidagilargaegamiz:
: y _ Y.
MK=y;, NK=—=—=;

3-rasm.

2
s=1mk|NK|=1 Y.
2 21y

Ikkinchitomondan S = a° , demak, quyidagidifferensialtenglamagaegabo’lamiz:
2

=Y 18 & y' == %+C.

2y 2a
Butenglamanio’zgaruvchilariniajratib yechamiz:
d 1 d 1 1 X
—Z:J_r—zdx; I—¥:1—2 dx; ——=+—+C.
y 2a y 2a y 2a
1 X
SHundayqilib, bizmasalaning yechiminioldik, izlanganchizig—— ==+ F +C
a

ko’rinishidabo’larekan.
Masalani yeching
7.1.Pivoachitgisinitayyorlashdaishlatiladiganta’sirgiluvchifermentmiqdorinio’sishtezligiunin
gshupaytdagixmigdorigaproportsional. Fermentniboshlang’ichmiqdori & gateng.
Birsoatdanso’nguikkimartako’payganbo’lsa, uchsoatdankeyinnechamartako’payadi?
7.2.Ma’lumbalandlikdanmassasimbo’lganjismvertikalyo’nalishdapastgatashlabyuborildi.
Agarbujismgaog’irlikkuchivahavoningjismtezligigaproportsional ~ (proportsionallikkoeffitsientiR)
bo’lgangarshilikkuchita’sirgilayotganbo’lsa, uning  tushishtezliginingo’zgarishqonuninitoping.
7.3.Uchuvchiningparashyutbilanbirgalikdagiog’irligi 80 kg. Havoninggarshiligiuningtezligi
L ningkvadratigaproportsional (proportsionallikkoeffitsientik = 400).
Vaqgtgabog’ligravishdatushishtezliginivatushishdagiengkattatezliknitoping.
7.4.SHamolo’rmonorqalio’tayotib,
daraxtlargarshiligigauchrashnatijasidao’ztezliginingbirgisminiyo’gotadi.
Bosibo’tilganyo’lcheksizkichikbo’lsa,
buyo’qotishboshlang’ichtezlikkavayo’luzunligigato’g’riproportsionalbo’ladi.

Agarshamolningboshlang’ichtezligi v, =12m/so’rmondaS = 1 myo’Ibosibo’tgandankeyingitezligi

U =11,8mi/sbo’lsa, o’rmonda 150 myo’Ibosibo’tganshamolningtezliginitoping.

7.5.Massasimbo’lganjism 250
mbalandlikdanog’irlikkuchihavoninggarshilikkuchita’siridatushayotganbo’lsin.
Qarshilikkuchinitezlikkaproportsional (proportsionallikkoeffitsentiR) debolib,
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jismningharakatqonunin = f (t)  nivajismtushaboshlagandannechaminutkeyin  yerga
yetibkelishinianiglang.

7.6.0’Ichamlari 60X 75 sm, balandligi 80
smbo’lganto’g’riburchakliparallelepipedshaklidagiidishgaharsekunda 1,8 Isuvtushayotganbo’lsin.
Uningostkigismidayuzi 2,5 cm? bo’lganteshikbor. Idishganchavaqtdato’ladi?
Natijanixuddishunday, lekinteshigibo’lmaganidishningto’lishvagtibilansolishtiring.

(Suvningsathiteshikdanhbalandlikdabo’lganda, ogibchigayotgansuvningtezligiv = 0, 64/2gh
bo’ladi, debhisoblansin).

7.7.Diametri 2R = 1,8 mvabalandligiH = 2,45
mbo’lgantsilindrshaklidagiidishdagisuvuningostkigismidagi 2r = 6
diametrliteshikdanganchavagtdaogibtushadi? TSilindro’gigorizontaljoylashgan,

suvningsathiteshikdanhbalandlikdabo’Igandauningtezligi 0, 6./ 2gh bo’ladi, debhisoblansin.

7.8.Motorligayiquningtezligigaproportsionalbo’lgansuvninggarshiligita’siridao’ztezliginipas
aytiradi. Qayigningboshlang’ichtezligi 1,5 m/sbo’lib, 4 sekunddankeyinuningtezligi 1 m/sho’ladi.
Qachongayigningtezligi 1 sm/sgatengbo’ladi? Qayigto’xtagunchaganchayo’lbosibo’tadi?

7.9.1dishkonusshaklidabo’lib,  asosiningradiusiR = 6 sm, balandligiH = 10
smuchiesapastgaqaratilgan. Agaridishninguchida 0,5 smdiametrliteshikbo’lsa,
undagito’lasuvganchavaqtdaoqgibbo’ladi? Suvningsatxiteshikdanhbalandlikdabo’lgandauningtezligi

0, 64/2gh bo’ladi, debhisoblansin.

7.10.0stkigismidateshigiborbo’lgantsilindrshaklidagiidishvertikalravishdago’yilgan.
Idishdagito’lasuvningyarmiteshikdan 5 minutdaogibtushadi. Qanchavagtdahammasuvoqibbo’ladi?

Suvningsathiteshikdanhbalandlikdabo’lganda, uningtezligi 0, 64/ 2gh bo’ladi, debhisoblansin.

7.11.Diametri 2R = 1,8 mvabalandligiH = 2,45
mbo’lgantsilindrshaklidagiidishdagisuvuningostkigismidagi 2r = 6
diametrliteshikdanganchavaqtdaogibtushadi? TSilindro’qgivertikaljoylashgan,
suvningsathiteshikdanhbalandlikdabo’lgandauningtezligi 0, 6/ 2gh bo’ladi, debhisoblansin.

7.12.Massasim = 2  kgbo’lganDyukAnugtada 12  m/sboshlang’ichtezlikolib,
bukilganABCtrubada (5-rasmgaqgarang) harakatqilayotganbo’lsin.

ABbo’lakdayukkaog’irlikkuchidantashgariQ = 5 no’zgarmaskuch (yo’nalishichizmadako’rsatilgan)
vayukning v tezligigabog’ligbo’lgan (yo’nalishiyukharakatigagarshi) R= 0,81)2
garshilikkuchita’siretadi. Bnuqgtadayuko’ztezliginio’zgartirmasdantrubaningBCbo’lagigao’tadi, bu
yerdayukkaog’irlikkuchidantashgariFo’zgaruvchikuchta’sirgiladi. AB = 1,5 mhamda F, = 4sin 4t
(F, — F kuchningxo’qdagiproektsiyasi)
ekaninibilganholdayukningBCbo’lakdagiharakatgonuninitoping.

B DQ A
D T
cC
[
X T 300 Y/ 300
6-rasm.
S-rasm.
7.13.Massasim = 1,8 Kkgbo’lganDyukAnuqgtada 24  m/sekboshlang’ichtezlikolib,
bukilganABCtrubada (6-rasmgagarang) harakatqilayotganbo’lsin.

ABbo’lakdayukkaog’irlikkuchidantashgariQ = 5 no’zgarmaskuch (yo’nalishichizmadako’rsatilgan)
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vayukning v tezligigabog’ligbo’lgan (yo’nalishiyukharakatigagarshi) R=0,3v
garshilikkuchita’siretadi. Bnuqgtadayuko’ztezliginio’zgartirmasdantrubaningBCbo’lagigao’tadi, bu
yerdayukkaog’irlikkuchidantashgariFo’zgaruvchikuchta’sirgiladi. A nguqtadanBnugtagao’tishvaqti
t, = 2sekhamda F, = —2c0s 2t (F, — F kuchningxo’qdagiproektsiyasi)

ekaninibilganholdayukningBCbo’lakdagiharakatgonuninitoping.
7.14.Tajribalargako’raharbirgrammradiydanbiryilda 44 milligramm yemiriladi.

Nechayildankeyinradiyningyarmi yemiriladi? Radioaktivmoddaningbirlikvaqtichida
yemirilishmigdorimavjudmoddamiqgdorigaproportsionaldebhisoblansin.

7.15. 30 kundaradioaktivmoddaning 50 foizi yemiriladi.
Qanchavagtdanso’ngradioaktivmoddaningboshlang’ichmiqgdorining 1 foizigoladi?

Radioaktivmoddaningbirlikvaqgtichida
yemirilishmigdorimavjudmoddamiqdorigaproportsionaldebhisoblansin.

7.16.Jism 10 minutda 100° dan 60° gachasoviydi. Atrof-muhitningtemperaturasi 20°
daushlabturilsa, gachonjismningtemperaturasi 25° bo’ladi? Jismningsovishtezligijismvaatrof-
muhittemperaturalariayirmasigaproportsionaldebhisoblansin.

7.17Jism 10 minutda 100° dan 60° gachasoviydi. Atrof-muhitningtemperaturasi 20°
daushlabturilsa, gachonjismningtemperaturasi 25° bo’ladi? Jismningsovishtezligijismvaatrof-
muhittemperaturalariayirmasigaproportsionaldebhisoblansin.

7.18.Massasim = 8 Kkgbo’lganDyukAnugtada 10  m/sekboshlang’ichtezlikolib,
bukilganABCtrubada (7-rasmgagarang) harakatqilayotganbo’lsin.
ABbo’lakdayukkaog’irlikkuchidantashgariQ = 16 no’zgarmaskuch
(yo’nalishichizmadako’rsatilgan) vayukning v tezligigabog’ligbo’lgan
(yo’nalishiyukharakatigagarshi) R = 0,5 v°H qarshilikkuchita’siretadi.
Bnugtadayuko’ztezliginio’zgartirmasdantrubaningBChbo’lagigao’tadi, bu

yerdayukkaog’irlikkuchidantashgariFo’zgaruvchikuchta’sirgiladi. AB = 4 mvalF, = 6t° (F —F
kuchningxo’qdagiproektsiyasi) ekanligima’lumbo’lsa, yukningBCbo’lakdagiharakatgonuninitoping.

X C (j B
A C
30 T I0o 30 X
7-rasm. 8-rasm.

7.19. 20 lidishdahavobilanto’ldirilgan (80% azot, 20% kislorod). Idishgasekundiga 0,1
lazotkiritilib, tinimsizaralashtirilibturilibdivaxuddishundaytezlikbilanaralashmachigibketayapti.
Qanchavagtdankeyinidishda 99% azotbo’ladi?

7.20.Massasim = 3  kgbo’lganDyukAnuqgtada 22  m/sekboshlang’ichtezlikolib,
bukilganABCtrubada (8-rasmgaqgarang) harakatqilayotganbo’lsin.
ABbo’lakdayukkaog’irlikkuchidantashgariQ = 9 no’zgarmaskuch (yo’nalishichizmadako’rsatilgan)
vayukning L tezligigabog’ligbo’lgan (yo’nalishiyukharakatigagarshi) R=0,50v
garshilikkuchita’siretadi. Bnugtadayuko’ztezliginio’zgartirmasdantrubaningBCbo’lagigao’tadi, bu
yerdayukkaog’irlikkuchidantashgariFo’zgaruvchikuchta’sirgiladi. A nugtadan B nuqgtagao’tishvaqti
t, = 3sekhamda F, = 4sin 2t (F, — F kuchningxo’qdagiproektsiyasi)ekanligima’lumbo’lsa,
yukningBCbo’lakdagiharakatgonuninitoping.
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4-Mavzu. Birjinslitenglamalar.
Agarixtiyoriy K > Ouchun F (kX, ky) =k"F (X, y)tengliko’rinlibo’lsa, F (X, y) gan-
darajalibirjinslifunksiyadeyiladi. Masalan,

x2 yz x5 + xy*

2 2 A
——, —— X +y =5xy, X"+x"y +y"
X +y X +Yy
funksiyalarmosravishda 0, 1, 2, n-darajalibirjinslidir.
Agar f (X, y) 0-darajalibirjinslifunksiyabo’lsa,
y'="1(xy)
birjinslitenglamadeyiladi. Xususan, y'=f (y/X)vaagarM (X, y), N (X, y)

larbirxildarajalibirjinslifunksiyalarbo’lsa, M (X, y)dx+ N (X, y)dy = Otenglamalarbirjinslidir.
Bundaytenglamalar y = XU(X)aImashtirishyordamidao’zgaruvchi-

lariajraladigantenglamagakeltirilib yechiladi.

Misol. Xy’ = y — xe”’*tenglamani yeching.

Echimi.Tenglamaningharikalatomonix, X # 0 gabo’lib, y =y/x—e"
ko’rinishdagibirjinslitenglamaniolamiz. Endiyugoridaaytilganidek, y= XU(X)
almashtirishniqo’llaymiz, uholda

dy =Udx+xdU, y'=dy/dx=U +xdU /dx=U +xU".
y' =U + XU nitenglamagagqo’yib, quyidaginiolamiz:
U+xU'=U-¢e"; xU'=-¢".
Hosilbo’lgantenglamaningo’zgaruvchilariniajratib yechamiz:
eVdU =—dx/x; [eVdU=-Jdx/x; e =In|x|+C.
Bundaneskio’zgaruvchilargagaytib
e’ =—In|x+C
ifodaniolamiz. Tengliknixgabo’lganimizda X =0 yechimniyo’qotishimizmumkinedi, tushunarliki,
X = Otenglamani yechimiemas, hattoaniglashsohasigahamkirmaydi.

X+ +C
5.y = f | AXERY+G
a,x+b,y+c,
aXx+by+c =0vaa,x+b,y+c, =0
to’g’richiziglarkesishadigannugtagako’chirishbilanbirjinslitenglamagakeltiriladi.
Agarbuto’g’richiziglarkesishmasa, a,x+by =k(a,x+b,y)tengliko'rinlibo’ladivademak,

] tenglamakoordinataboshini

berilgantenglama y' =F (a1X + bly) ko’rinishdaekan. Bundaytenglamalar 3 punkt)
Z=aqX+ bly almashtirishyordamidao’zgaruvchilariajraladigantenglamagakeltiriladi.
Misol. (2X -4y + 6) dx + (X +y- 3) dy = O tenglamani yeching.
Echimi.Tenglamanibirjinsliholgakeltirishuchun
2X—4y+6=0vax+y—-3=0
to’g’richiziglarningkesishishnugtasinitopibkoordinataboshinishunugtagako’chiramiz.

Buninguchunquyidagisistemani yechib
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2X—4y+6=0
X+y-3=0,
X =1, y =2lariolamiz.  EndiU = X —1vaV = Yy — 2 almashtirishnibajaramiz,  tushunarliki,

bualmashtirishdakoordinataboshi X =1, Y = 2 nugtagako’chadi.
du=dx, dv=dy;

(2(u+1)—4(v+2)+6)du+(u+1+v+2-3)dv=0;
(2u—4v)du+(u+v)dv=0.

Natijada, bizbirjinslitenglamanioldik, uni yechishuchunV = U - Z almashtirishnibajaramiz:
dv = zdu +udz;

(2u—4uz)du+(u+uz)(zdu+udz)=0 éku
(2—32+22)du +u(1l+z)dz=0.

Butenglamanio’zgaruvchilariniajratib yechamiz:

d_u:_l;zzdz, uz0, 2-3z+2*#0;
u 2—-32+12
d_u: 2 3 dz: d_u:IZdZ_JSdZ;
u z-1 z-2 u z-1 Jz2-2
-2
|n|u|:—|n >+InC,, C, >0;

Eskio’zgaruvchilargagaytib
(viu- 2)3 u=+C,(v/u —1)2 , C,>0;
(v—2u)’=+C,(v—-u)’, C,>0;
(y-2x)’=+C,(y-x-1)°, C,>0.
Tenglikni 2 —3z + 2° = (Z —1)(2 — Z)gabo’lganimizda Z =1, Z = 2yokixvauo’zgaruvchilarda
y=X+1, y=2X yechimlarniyo’qotganbo’lishimizmumkin. Yy =2X  yechimnitopilgan

yechimlarto’plamigaqo’shibqo’yishmumkinbuninguchun C1 = O debolishkifoya. Yy =X+1lesa
yechimvaunihagigatdanhamyo’qotganmiz. SHundayqilib,

(y—2x)3 :C(Y—X—l)z, CeR, y=x+1

echimlarto’plamigaegabo’lamiz.
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6.y =y/X+g (X) f (y/x). Butenglamani Y = XV(X)aImashtirishyordamida

Xu' =g(X)- f (u)ko’rinishgakeltirishmumkin. Bundaytenglamalarnibizyugoridao’rgandik.
9 g yuq
Misollar.

X+2Y

3.1a) y' = X7y

b) xIn%dy—ydx=O

32.a) Xy =24X*+y* -y
b) y'=y/x+1g(y/x)
33.a) 3y’ = y?/x* +8y/x+4
b) y'=y/x+sin(y/x)

3 2
3.4, a) xy':w
2y° +3X
b) X(y'+e”*)=y
2 2
35.2) y’=X erxy+y
X —2Xy

b) xdy —ycosIn(y/x)dx=0
36.a) Xy =/2X*+y* +V
b) (1+€”)dx+e*” (1-x/y)dy =0

3 2
3.7. a) xy’:w
2y° +4xX
b) y' =y/x+e"*
2 2
38.a) y' = X +22xy+y
2X° —2Xy
b) y' =y/x+e"*
3 2
3.9. a) xy’:w
2y° +5x
b) xy' = xe"* +y+X
2 2
310.2) y' =2 +23xy Y
3X° —2xy

b) Xy’ +xcos(y/x)—y+x=0

3.11.8) Xy =3\2x° +y’ +y
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b) xy'ch(y/x)+2xsh(y/x)—ych(y/x)=0
3.12.3) 2y' = y*/x* +8y/x+8
b) (xy'—y)cos® (y/x)=xy’

3 2
3.13. a) xy’=—3y 2+12y>2<
2y° +6X
b) (ysin(y/x)—xcos(y/x))=xy’
2 2
3.14.9) y' == +2xy—3y
X* —4xy
b) dy/dx =cos® (y/x)+y/x
3 2
3.15.a) Xy’ :M
2y +X

b) (x—ysin(y/x))dx+xsin(y/x)dy =0

3.16.2) Xy’ =2/3x° +y* +y
b) Y’ =y/x+cos(y/x)
3y® +14yx?
2y? +7x°
b) ydx =x(1+Inx—Iny)dy

3.18.a) Xy =4/X + Y2 +y
b) dx:(sinz(x/y)+(x/y))dy
X* +2xy —5y°
2X% —6Xy
b) y(X +e")=x

3.17.a) Xy’ =

3.19.a) ' =

3.20.a) 3y’ = y?/x* +10y/x +10
b) X' =X/y+ctg(x/y)

4. Diferensialtenglamani yeching

, X+2y-3 , X+y-3

41y =—— 42. Yy =
2X—2 2X—2
4.3.y’:M 44,y = 2y=2
3X+3 X+y—2
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15 ,:§x+y—§ 16 ,:x+y13
X—Yy— X —
47 ,_g+7y—: L8 ,_x;3y24
X—Yy— X —
sg.y =—Y+3 410y%:x+2y_3
2X+y-1 4x—-y—-3
411y,__x—2y+3 4.12y,::x+8y—9
—2X+2 10x—-y-9
4.13 “‘21:2255 4.14 '_3 4%;8_7
X — X+2y—
, X+3y-4 , Y—2X+3
415y::5x_y_4 4.16.y' = 1
, X+2y-3 , 3X+2y-1
417y =——— 418y =" "2 —
x—1 X+1
a0y =—Y¥3 420,y = XAV =0
4x+3y -1 6X—y—5

5- Mavzu. Umumlashganbirjinslitenglamalar.
Umumlashganbirjinslitenglama. Agar P (U,V, W) funksiyako’phadyokiumumiyrogholda

au*v“w ko’rinishdagihadlaryig’indisidaniboratbo’lib,
rvaklarningmosravishdatanlabolinganqiymatlarida|r + |k| >0

ninghammahadlaribirxildarajalibo’lsa, P(X, Y, y’) = 0 tenglamaumumlashganbirjinslideyiladi.

Bundaytenglamalar y = 2™ almashtirishyordamidabirjinslitenglamagakeltiriladi.

Odatdamnoma’lumbo’ladi, unitopishuchuntenglamada y = z™ (y’ = Zm_lz')
almashtirishnibajarishkerak. Hosilbo’lgantenglamanibirjirslidebfarazqilib, mnitopiladi,
agarbundaymnitopishmumkinbo’Imasa,

berilgantenglamanibuusulbilanbirjinslitenglamagakeltiribbo’Imaydi. Uholdaboshgacha-

rogalmashtirishlargilishgaharakatqilibko’rishkerak, masalan,
r¢0bdmmmay(xyzhrn(§), &=In|x;
r =0Obo’lganda Y’ = U(X) y vahokazo.
Misol. y' = y? — 2/x*tenglamani yeching.
Echimi.Tenglamada y = Z" almashtirishbajaramiz: y’ =m- Zm_lz'bo’lganiuchun

m-z"'z' =z"" —2x7°.
Butenglamanibirjinslifarazqilib,
m-1=2m=-2; m=-1
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tenglikniolamiz. Demak, yugoridagitenglamani y = zt =1z, y=#0
almashtirishiyordamidabirjinslitenglamagakeltirishmumkinekan. SHualmashtirishnibajaraylik:
y' = —21/22.Bunitenglamagaqo’yibquyidaginiolamiz:

7' =2-7'Ix* -1.
Butenglamabirjinslitenglamabo’lganiuchunendi z/X = U yoki Z = XU (X) almashtirishnibajaramiz.
Uholda

dz =xdx+udx, z'=u+u’x, z= xu(x)
bo’ladi. Bunitenglamagaqo’yib,
U+u'x=2u°-1 xu'=2u®-u-1
du dx

- =—; 2U°-u-1=0
(2u*-u-1) x
tenglikkaegabo’lamiz. Oxirgitenglikniintegrallabvaeskio’zgaruvchilargagaytibquyidagilarniolamiz:
J' du _rox, EJ' du _rx,
(20 -u-1) ¢ x" 3 (u-1)(u+v2) 7 x’
13
L=t ‘:In|x|+lln2C1, C,>0; u-t i 11,3:|x|;
3 |u+1/2 3 u+1/2 (2C))
-1 1[° Uxy -1
2 =x; Y2 420K, C, >0,
zIx+1/2 2C, 1xy +1/2

1-xy=+Cx’(2+xy), C,>0.
Yugoridaalmashtirishbajarganimizda y = Otenglikniikkalagismini
2u° —u-1= (u —1)(2u +1) gabo’lganimizdal =1, 2U = —1yokieskio’zgaruvchilarda
Xy =1, Xy =—2 yechimlarniyo’qotganbo’lishimizmumkin. Yy = Otenglamani yechimiemas,
Xy = 1tenglamaning yechimivauniyugoridaolingan
yechimlarto’plamigabirlashtiribyuborilsabo’ladi, buninguchun C1 = O debolishkifoya. Xy =—2

tenglamani yechimivauniyugoridagito’plamifodasigakiritibbo’Imaydi.
SHundayqilib, quyidagi yechimlarto’plaminioldik:

1-xy=Cx’(2+xy), CeR; xy=-2.
Tenglamani yeching

v.2xy' (x—y?)+y® = vy =y?-2/x
v.3.(x+ y?’)+3(y3 —x)

Vs X (Y +y)=xy-1
v.7.(y4+3x2)y’+xy:0 V8. y'(xe—y4):x5y

0
y’y'=0 v yldx—2(x+xy*)dy =0
V.6. 2y+(x2y+1)xy’:0
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V9. y*dx+2(x* —xy? )dy =0 V.10, 2y +y2 —1/x? =0

VAL XYY +2y* =X V.12, 4y° + x® =6xy°y’

v.13. X y?dy + yxdx =0 V.14 Xy (xy' +y)=1

V.5 yy + Y =1/%3 V.16. y(1+»\/x2y4—1)dx+2xdy=0
Va7 xy’y' -y =1/3.x* V.18, XYy +y =1/x

V.10, Xyy' +2y* = X2 V.20, (x—2y°)dx+3y* (2x—y)dy =0

6. Tenglamaniberilganshartniganoatlantiruvchi
echiminitoping

6.1y /x—cos2y=1 X-—>+w mgay—>37z/2
6.2.c0s2y —2y'/3x* =0, x—0 nma y - /2
6.3.X°y' +C0s2y =1, X—+o0 ma y —>9x/4
6.4.(xy* +x)dx+(Xy-y)dy =0, x=0 ma y=1
6.5.(a2+y2)dx+2xx/ax—x2dy:0, X=a ma y=0
6.6 Xy/1— y’dx+yv1-x’dy=0, x=0 ma y=1
6.7.X\/1+ y? +yy1+x° dy/dx=0, x=0 ma y=1
6.8.(xy'—y)arctg(y/x)=x, x=0 may=I
6.9.(y* —3x*)dy+2xydx=0, x=0 &a y=1
6.10.(M—x)dy+ydx:0, x=1 nma y=1
611y +xy =6(1+x°y'), x=1 ga y=I

6.12.(1—x2)y'—2>Q/2 =xy, x=1 nmay=1
6.13.y+xy'=a(l+xy), x=1a nay=a
6.14.(Xx+1)y'=y—-1 X—>+w0 na y dyerapamaHran
6.15.y' =2X(7+Yy), X—>+4o0 1a y derapaiaHraH
6.16.X°y'+sin2y =1, X—>+wo ma y—>1lz/4
6.17.y’X°siny =1, X—>+0o ma y— /2
6.18.y'X'siny=4, Xx—+o ma y— /2
6.19.y'x’cosy=2, X—+oo may—0
6.20.y'=—4/(x" cosy), Xx—>+o may—0

Sinovuchunsavolvatopshiriglar
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1.0’zgaruvchilariajraladigandifferensialtenglamaanday yechiladi?
2.0’zgaruvchilarnialmashtirishyordamidagandaydifferensialtenglamalarnikeltirishmumkin?
3.Birinchitartiblibirjinslidifferensialtenglamaganday yechiladi?

4.Ushbuy’ = f ( AX+BYy+C ]
a,X+b,y+c,

ko’rinishdagitenglamagandayusulbilanbirjinslitenglamagakeltiriladi?
5.Umumlashganbirjinslitenglamalarvaularnibirjinslitenglamagakeltirishusullari.

, y+2
6y =—2
y+2x—-4
7.(X2 y’ —1) y' + 2xy® = Otenglamani yeching.

tenglamani yeching.

1. Differensialtenglamani yeching

1.1.8) Xy/3+ y?dx + yv2+x*dy =0

b) y*sin xdx +cos” xIn ydy =0
1-x?
1-y?

b) y' =(sinInx+cosinx+a)y
1.3. a) xﬂdx+ ymdyzo

b) 3y’sinxsiny +5cosxcos® y =0
14.3) V4 — X2y + xy?> + x=0

b) y’+cost2y _cos2—Y

2
15.a) \/5+ > +Yyv1-x* =0
b) sec’ xtgy dx +sec’ ytgxdy =0

1.6. a) 6xdx — ydy = yx*dy — 3xy*dx
b) Y’ +sin(x—y)=sin(x+y)
1.7.a) V1= X2y +xy* +x=0
b) sin(Inx)dx—cos(Iny)dy =0

1.8.a) \/3+ y? +1-x2yy' =0
b) sinxdx—ylInydx=0

+1=0

1.2.a) Yy

1.9.2) \/5+ Y dx+4(x*y+y)dy =0
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b) y’+sinxL2y:sinu

1.10.2) 3(X*y +y)dy +/2+ y*dx =0

b) y'+cos(x—y)=cos(x+y)
111 2) 2x+ 2xy2 +4/2— X2y =0

b) Sin y + cos xdy =cos y sin x dx
1.12.a) 20xdx — 3y dy = 3x*y dy —5xy°dx

b) (1+y)(e*dx—e®dy)+(1+y?)dy =0
1.13.2) y(4+e*)dy—e*dx =0

b) y'sinycosX+cosysinx =0
1.14.2) (e* +8)dy — ye*dx =0

XSin x

y COS Y
1.15.9) (3+¢€*)yy' =€’

b) Xy/1—y?dx+ yy1-x*dy =0
1.16. a) xz(y+1)dx+(x3 —1)(y—1)dy:0
b) ye**dx—(1+e* )dy =0

117.a) Y(1+Iny)+xy'=0
b) tg ydx —ctg xdy =0

1.18.a) (xy —x)dx+(y+xy) =

b) 1+x+(1+x )( )
119.a) Y —y° -3y +4=0

b) (1+x2)dy+ y\/1+7dx—xydx=0
1.20.8) (1= X% ) y'—xy = xy?

b) (1+y*)(e*dx —e’dy) - (1+y)dy =0

b) y'+ =0

2. Differensialtenglamanio’zgaruvchinialmashtirish
yo’libilan yeching

2.1. (2x+3y—1)dx+(4x+6y—5)dy =0
2.2. (2x—y)dx+(4x—2y+3)dy =0
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2.3. (X2 + yz)dx = Xydy (qutbkoordinatalargao’ting)

NN
24.y' = X+ X(
y

25.y' =(8x+2y +1)2

qutbkoordinatalargao’ting)

26. Y =(4x+y+1)

27. (x+2y+1)y'=(2x+4y+3)
28. Y +2y=3x+5
29.e7y"' =1

210.(x+y) y'=a?

211y =
2X+Y
, 1-3x-3y
212y =———=
1+X+y

2.13.(2x+2y-1)dy+(x+y—2)dy=0
2.14.(X—y+2)dx+(x—y+3)dy=0
2.15.y" = (4x+ y—3)2

2.16.y' —1=¢""?
2.17.y'=cos(ay+bx), a=0
21&yVEI;:§:x+y—1
3Xx—4y—-2

3x—4y -3

2.20.y" =sin(x—y)

2.19.y' =

8. Masalani yeching

8.1. SHundaychiziglarnitopingki,
ulardaixtiyoriyurinmaningabstsissalaro’qibilankesishishnugtasiningabstsissasiurinishnugtasiningabs
tsissasidanuchmartakattabo’lsin.

8.2. SHundaychiziglarnitopingki,
ulardaurinmaostiurinishnugtasiningikkilanganabstsissavaordinatalariayirmasigatengbo’lsin.

8.3. SHundaychiziglarnitopingki,
ulardaurinmaostiurinishnugtasiningobstsissavaordinatalariayirmasigatengbo’lsin.

8.4.
CHizigningixtiyoriynugtasidano’tkazilganurinmaningordinatalaro’qidanajratgankesmasiurinishnuqt
asiordinatasininguchlanganigatengekanliginibilganholda, uningtenglamasinituzing.

8.5.
Markazikoordinataboshidabo’lganto’g’richiziglardastasigaquyidagiburchaklarbilanizogonalbo’lgant
raektoriyalarnitoping:

A) 30°; B) 45°;C) 60°;D) 90°;
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8.6. Quyidagixossagaegabo’lganchiziglarnitoping:
agarchizigningixtiyoriynugtasidankoordinatao’qlarigaularbilankesishgunchaparallelto’g’richiziglaro
"tkazilsa, hosilbo’lganto’rtburchakyuzinishuchizigga 1:4 nisbatdabo’ladi.

8.7.y= ax’ parabolalaroilasigaortogonaltraektoriyalarnitoping.

8.8. SHundaychiziglarnitopingki, ularningixtiyoriynuqtasi-
dano’tkazilganurinmaningabstsissao’qibilankesishishnugtasi,
urinishnugtasidanvakoordinataboshidanbaravaruzoglikdabo’lsin.

8.9. SHundaychiziglarnitopingki, uningixtiyoriynuqtasi-
dano’tkazilganurinmaningkoordinataboshigachabo’lganmasofa,
urinishnugtasiningabstsissasigatengbo’lsin.

8.10.SHundaychiziglarnitopingki, uningixtiyoriynugtasidano’tkazilganurinma,
urinishnugtasiordinatasivaabstsissalaro’qihosilgilganuchburchakdakatetlaryig’indisio’zgarmas 0
songatengbo’lsin.

8.11.SHundaychiziglarnitopingki, ulardaixtiyoriyurinma-
ningabstsissalaro’qibilankesishishnugtasiningabstsissasiurinishnugtasiningabstsissasidanikkimartaki
chikbo’lsin.

8.12.SHundaychiziglarnitopingki, ulardaharbirnugtasi-
dao’tkazilganurinmaqutbradiusvaqutbo’qlarbilanbirxilburchaktashkilgilsin.

8.13.SHundaychiziglarnitopingki, ulardaixtiyoriyurinma-
ningabstsissalaro’qibilankesishishnugtasiningabstsissasiurinishnugtasiabstsissasining 2/3
gismigatengbo’lsin.

8.14.SHundaychiziglarnitopingki, uningixtiyoriynuqtasi-

dano’tkazilganurinmadankoordinataboshigachabo’lganmasofauri-
nishnuqtasiabstsissasiningmoduligatengbo’lIsin.
8.15.CHizigningixtiyoriynugtasidano’tkazilganurinmaordinatalaro’qidaurinishnugtasiningikk
ilanganordinatasigatengbo’lgankesmaajratishnibilganholdauningtenglamasinituzing.
8.16.SHundaychiziglarnitopingki,
ulardaurinmaostiurinishnuqtasiabstsissavaordinatalaryig’indisigatengbo’lsin.
8.17.Quyidagixossagaegabo’lganchiziglarnitoping:
agarkesishgunchaqgadarparallelchiziglaro’tkazilsa,  hosilbo’lganto’rtburchakyuzishuchiziq — 1:2
nisbatdabo’ladi.
8.18.Quyidagixossagaegabo’lganchiziglarnitoping:
agarchizigningixtiyoriynugtasidankoordinatao’qlarigaularbilankesishgunchaparallelchiziglaro’tkazil
sa, hosilbo’lganto’rtburchakyuzinishuchizig 1:3 nisbatdabo’ladi.

8.19.Markazlariy = 2xchiziqdayotganradiusi 1 gateng.
Aylanalarningdifferensialtenglamasinituzing.
8.20.0’qglariOYo’qigaparallelvabirpaytday = 0 hamda y = X

chiziglargaurinadiganparabolalaroilasiningdifferensialtenglamasinituzing.

6-Mavzu. CHiziglidifferensialtenglamalar.

Ly'+f(x)y=9(x)

ko’rinishdagitenglamabirinchitartiblichiziglidifferensialtenglamadeyiladi. Butenglamani
yechishuchunavvalungamosbirjinsli (ya’ni ¢ (X) = Obo’lgan) tenglamani yechibolinadi
y'+f(x)y=0 1)

Buo’zgaruvchilariajraladigantenglamabo’lganiuchun, uniintegrallabquyidaginiolamiz:
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dy _ Cdy dy _ .
&_—f(x)y, y#0; 7_—f(x)dx, J'—_—J'f(x)dx,

In|y| —I x)dx+InC,, C,>0; y=Cle_Jf(X)dX, C,>0.
y= Ce_j , C e Rlarda (1) tenglamaningumumiy yechimibo’ladi. Endibiz
y'+f(x)y=9(x) )

—[ f(x)d
tenglamaning yechiminiyzC(X)e I ) Xko’rinishdaqidiribko’ramiz, bu yerdaC(X) -
hozirchanoma’lumbo’lganfunksiya. C (X) nomalumfunksiyanitopibolishuchun y’
hosilanihisoblaylik:

y :%[C(X)e_jf(x)dx} —cr(x)ed " e (x)  (x)ed

Endi Y’ ni (2) gaqo’ysakquyidagigaegabo’lamiz:
c'(x)e ™ —c(x) f(x)e T e (x) £ (x)e T =g (x),

, —| f(x)dx
C'(x)=g(x)e Jria
Oxirgitenglikniintegrallab

X) = _[ g (x)ejf(x)dxdx +C,

ifodaniolamiz. TopilganC (X) nio’rnigaolibboribgo’ysak, (2) ningumumiy yechimiuchun
—[ f(x)d f(x)d
()XUG(X)EI . XdHQ} ®3)
formulagaegabo’lamiz.

Agarbiz (2) tenglamaning ( X1 Yo ) nugtadano’tuvchiintegralchizig’initopmoqchibo’lsak, (3)
danfoydalanib, uningko’rinishi

X X

J 100
ye*° fg ©dx+Y, @

ekanligigagiyinchiliksizishonchhosilgilishimizmumkin.
Demak, 2 tenglamaning(xo, Yo ) nugtadano’tuvchiintegralchizig’i 4
ko’rinishdavaumumiy yechimi (3) ko’rinishdaekan.
Misol. y’ — yctg X = 2XSin X tenglamaningumumiy yechiminitoping.
Echimi.Birjinslitenglamaningumumiy yechiminitopibolaylik
ﬂ—yctgx:o, ﬂ_ cosxoI Idy '[cosx
y sin x SIn X

In|y|=In[sinx|+InC,, C,>0, y=Csinx, CeR.
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Endio’zgarmasnivariatsiyalaymiz, ya’niberilgantenglamaning yechiminiy = C(x)sin X

ko’rinishidaizlaymiz, bu yerdaC (X) hozirchanoma’lumfunksiya.
y =C(x)sinx"y"=C’(x)sinx+C(x)cosx
tenglamaniqo’yibquyidaginiolamiz
C'(x)sinx+C(x)cosx —C(x)cosx = 2xsinXx,

C'(x)=2x, C(x)=x*+C,, y:(x2 +C2)sin X.

Demak, berilgantenglamaningumumiy yechimi y = X% sin X + C2 Sin X ko’rinishdaekan.

Albatta, oxirgiifodani (3) formulanigo’llabhamolishmumkinedi.

Lekinjudako’pmisolllardabizgao’xshab
formulaniolishuchungilinganbarchaishnibajaribchigganma’qulrog.
Tenglamani yeching

63. y+y=e" 64. Y +3y/X=X
65. y’+2xy=2xe‘X2 66. Y’ — ytgx =2sinx
67. X' — X =sint 68. dx+(x—y)dy=0
69. X°y'+2xy =Inx 70. 2xy' —y+x=0
71. y'sinx—y =1-cos X 72. y'(1+x2)—xy:\}1+x2
' Xy _ 1 2 _
73. y_l—xz_ — 74.(y+xy )dx—dy—O
75. Y +2y = y’e* 76. y' = y* cos x + ytgx
7. X' +y=y?Inx 78. Y +2xy =2xy°
79. X' = xy + X2y 80. (2°yIny—x)y' =y
, 3 3 dx 1 1 )
8Ly ——y=—x3[y 82, — — X=— X
ox’ 2 dy Jy-y  Jy-v
83. [ xydx=x"+y 8. y = [ ydt+x+1
0 0

X X

o5 X[ (x—1)y(t)dt =2x+ [y(t)dt 6. [(x—t)y(t)dt=2x+ [ y(t)act

0 0
Koshimasalasining yechiminitoping

87. y’+X=X—+1eX, y(1)=e
X X
1
88. y' = , 0)=-1
y XCOSY +Sin2y X()
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89. y’=l—m, y(1)=1

X X
90. (2xy+\/§)dy+2y2dx:0, y(-y2)=1
,y 12
y=d_2% y@)=4
oy ="~ ¥y

92. dx+(2x+sin2y —2cos’ y)dy =0, y(-1)=0

93. y’—lixzz =1+x*, y(1)=3

9. (2y-xtgy—y’tgy)dy=dx, y(0)
9. (1-x*)y' +xy=1, y(0)=1

9. ydx+(2x—2sin’ y—ysin2y)dy =0, y(3/2)=x/4
07. 2xy'—3y =—(5x* +3)y°, y(1)=1/2

98. y'—ytgx=2/3-y*sinx, y(0)=1

T

99. 2y’ —3ycosx =—e*(2+2cosx)y", y(0)=1
100. 2y'Inx+y/x=y*cosx, y(1)=1

, 3x%y .
101 y'+ Tl yz(x3+1)sm x, y(0)=1

7-Mavzu. BernullivaRikkatitenglamalari.

2.y'+ f(x)y—9g(x)y", n=1-Bernullitenglamasi.

Butenglamani Z = yl_n almashtirishyordamidachiziglitenglamagakeltirishmumkin.

Hagigatdanhamavvaltenglamaniharikkalatomoni y”, y # 0 gabo’lib, uni
y"y'+ f (x)y"™" =d (X)ko’rinishgakeltiribolib, Z’=(1-n)y"y'
ekanliginie’tiborgaolinsa,

z'+(1-n) f(x)z=9g(x)(1-n)

ko’rinishdagichiziglitenglamaxosilbo’ladi.

Misol. = y’ +2y = yzextenglamaningumumiy yechiminitoping.

Echimi.
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%+E=ex, y#0, n=2, z=y"=y",
y |y
z’=—1-y‘2y’=%, —7'+271=¢%, 7'-27=¢€%
7' —27=0, g—Z=22, %=2dx, In|z|=2x+In|C,|, C,=0,
X z

z=C*=0, CeR; z=C(x)e™, z'=C'(x)e”+2C(x)e*,
C'(x)e” +2C(x)e™ —2C(x)e” =e*, C'(x)=-e7",

. _ 1 _
C(x)=e*+C,, z=(C,+e7)e”, ==(C,+e™)e™,
y
1
y= , y=0.
(C,+e7)e”
Oxirgiy =0 yechimnitenglamaningharikkalagismini y2gabo’Iingandayo’qotilgan,

shuniqo’shibqo’ydik.

3.y + p(X) y+ q(x) y>=f (X) — Rikkatitenglamasi.

Umumiyholdabutenglamakvadraturalardaintegrallanmaydi, ammoagaruningbirortaxususiy
yechimi Y, (X)ma’lumbo’lsa, y=Y,+2(x)
almashtirishyordamidauniBernullitenglamasigakeltirishmumkin.  Hagigatanhamy =Y, + Z (X)
nitenglamagaqo’yib

2
yi+2'+p(X)(y, +2)+a(x)(y, +z) = f(x)

tenglikniolamiz. Y, (X) Rikkatitenglamasining yechimiekanligidan
yl' + p(X) y, +q (X) yl2 =f (X)ayniytengliko’rinliekanliginie’tiborgaolsak,

Bernullitenglamasiniolamiz:

z'+| p(x)+2q(x)y, |z=—q(x)z%.

. r 2 2 . .
Misol. 3y’ + Y +— = Otenglamani yeching.
X

1
Echimi. Y, = —butenglamaning yechimiekanligigaishonchhosilgilishgiyinemas.
X
1
Y, =—+ Z deb,
X

X X X X
Bernullitenglamasiniolamiz.

2
A :iz+z’va3(—i2+z'j+(i2+zj +%:Oyoki32’+2£:—z2
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32—2 gl:—1, z#0, u—l, u':—z—z, —3u’+gu:—1,

2> X1 Z z X

3u’—gu=1, 3d—u:§dx, 3Inju|=2In|x|+In|C,|, C, =0,
X u x

u’=Cx* CeR, u=C(x)x*", u’:C'(x)x2’3+C(x)§x‘l’3,

3C'(x)x** +2C(x)x ™" —%C(x)xz’?’ =1, C'(x):%xm,

C(x)=x"+C,; u= xz’?’(x”3 +C2), %:x+02x2’30,

- = X+C,x*"?, y—1=#2,3,
y—1/x X X+C,x
P S S |
X X+C,x* X

Bernullitenglamasiningberilganshartni
ganoatlantiruvchi yechiminitoping

3.1 y+xy=(1+x)e™y?, y(0)=1

32. xy'+y=2y’Inx, y(1)=1/2

3.3. y’+4x3y:4(x3+1)e*4xy2, y(0)=1
34.xy'=—y*(Inx+2)Inx, y(1)=1

35. 2(y' +xy)=(1+x)ey*, y(0)=2
36.3(xy’+y)=Yy’Inx, y(1)=3

3.7. 2y'+ycosx =y cosx(l+sinx), y(0)=1
38,y +4x°y =4y’ (1-x°), y(0)=-1

3.9. 3y’ +2xy = 2xy 262X, y(0)=-1

3.10. 2y’ +3ycosx =e”(2+3cosx)y™, y(0)=1
3.11. 2y'+3ycosx =(8+12cosx)ye”, y(0)=2
3.12. xy'+y=Yy’Inx, y(1)=1
313.2(xy'+Yy)=y’Inx, y(1)=2

3.14. y'+2ycthx=y’chx, y(1)=1/sh1

3.15. 2(y'+xy)=(x-1)e*y*, y(0)=2
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3.16. 4y’+x3y:(x3+8)efzxy2, y(0)=1
317. y'+y=e"%Jy, y(0)=9/4

3.18. 4xy'+3y =e*x'y°, y(0)=1
3.19. y' - ytgx+y*cos’x=0, y(0)=1

3.20. y'—ytgx+y“sin®x=0, y(0)=1

4. Rikkatitenglamasini yeching

41 y'e ™ +y’ —2ye* =1-e¥, y, =¢€*

42.y' +y?—2ysinx+sin®x—cosx =0, Yy, =sinx
43. Xy =y  +(2x+1)y =x*+2X, Yy, =X

44. X%y =xX°y* +xy -1, vy, =-1/x

45.y' +2ye* —y? =e®* +e*, y, =¢€*

46. Y +y? =2x7

47. 4y +y* —4x7? =0

4.8. 2y'+(xy—2)2 =0

49. Y =y* —xy —X

410. y' +y? =-1/4x?

411y =y +1/x* +y/x

412. y'—y? +ysinx—cosx=0, Yy, =sinx

413. y' +2y* =6/x°

414. y'+ay(y—-x)=1 vy, =x

415 X (y'+y*)+4xy+2=0, y,=-2/x

416. y'+y*sinx =2sinx/cos’ x, y, =1/cosx
417. X(2x-1)y'+y* —(4x+1)y +4x=0, y, =1
4.18. y' =1/3y* +2/3%?

419. Yy + Yy +y/x—4/x* =0

4.20. Xy' =3y +y* =4x* —4x

Rikkatitenglamasini yeching
102. y' —y? +(x2 +1)y—2x:0, y, =X +1
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103. y'+xy? —x’y —2x=0, vy, =x°
104.(x2—1)y’+y2—2xy+1:0, Y, = X
105. Y —2xXy+ Yy’ =5-X°, Y, =X+2
106. '+ Y% = X* + 2X

8- Mavzu. To’ligdifferensiallitenglamalar.
To’ligdifferensialtenglama.
Agar

M (X, y)dx+N(x,y)dy=0 (5)
tenglamaningchaptomonibirorta F (X, y) funksiyaningto’ligdifferensiali, ya’ni

M (x,y)dx+N(x,y)dy =dF(x,y)
bo’lsa, (5) tenglamato’ligdifferensialtenglamadeyiladi. Uholda (5) tenglamaningumumiy yechimini
F (X, y) = C ko’rinishdayozishmumkin, bu yerda C — ixtiyoiyo’zgarmas.  SHu

yerdanko’rinibturibdiki, (5) tenglamani yechish F (X, y) funksiyanitopabilishekvivalentekan.
Qachon (5) tenglamato’liqdifferensial dF (X, y) = O tenglamabo’ladiva F (X, y)

gandayqilibtopiladi, degansavolgaEylernomibilanyuritiluvchiquyidagiteoremajavobberadi.
Teorema. M (X, y), N (X, y)

oM (x,Y)

—V

funksiyalarxOytekislikningDsohasidaaniglanganvauzluksizbo’lib, uzluksiz a

ON (x,y)

OX
funksiyaningto’ligdifferensialibo’lishuchunDsohaningbarchanuqtalari
M (x,y) ON(x,y) ©
oy OX

tengliko’rinlibo’lishizarurva yetarlidir.
Bizbuteoremaningisbotigato’xtalmaymiz. F (X, y)

xususiyhosilalargaegabo’lsin.  Uholda (5) tenglamaningchaptomonibirorF(X,y)

funksiyaninggandaytopilishinimisollardatushuntiramiz.
Misol.

a) (X + y)dx +(X — y)dy = Otenglamani yeching.
Echimi.(6) tengliknitekshiribko’ramiz:
oM (x,y) 1 N (x,Y)

M(xy)=x+y, N(x,y)=x-y, Tz, Tzl.
oM

N
Demak, —— =a—shartbajariladi, ya’niberilgantenglamato’ligdifferensialtenglamaekan.
X

Endi F (X, y ) funksiyanitopishgaharakatgilaylik. Tushunarliki,
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dF (x, y):a—Fdx+%:dy:(x+ y)dx+(x—y)dy

OX
tengliko’rinli. Bundanesaquyidagiifodalarniolamiz:
aF_X+y 8F_X y @
OX Y '

Butenglamalarningbirinchisixbo’yichaintegrallab,
2

F(xy)=](x+ y)dX+(p(y)=X3+xy+(p(y) t)

oF
tenglikniolamizvao’znavbatidabundany bo’yichadifferensiallab— = X + go'( y) gaegabo’lamiz.

oF '
Ikkinchitenglikdanma’lumki, —— = X — Y, shuninguchun X + ¢ (y) =X—Y.Bu yerdan

2

@' (y)=—yvap(y)= _y7+ C. ¢( y)ni (8) ifodao’migago’yib,

2 2

F(x, y):X?+xy—y7+C
2 2

y

X
niolamiz. Demak, tenglamaning yechimi 7 + Xy — 7 = Clko’rinishdabo’ladi.

b) (l+ y’sin ZX) dx2y cos® xdy = 0 tenglamani yeching.
Echimi. (6) tengliknitekshiribko’ramiz:
M(x,y)=1+y*sin2x, N(x,y)=-2ycos’x,

M (X, Y) ON(X,Y)

=2Vsin 2x,
Y OX

= 2Yysin 2x.
oM

M
Demak, — = a—shartbajariladi, ya’niberilgantenglamato’ligdifferensialtenglamaekan.
X

F (X, y) nitopishgaharakatgilaylik. Yuqoridako’rganimizdek,

oF oF .
dF (X,y)=—dx+—dy =(1+ y?sin2x)dx—2ycos’ xd
tengliko’rinlibo’lganiuchun

F 14 y®sin 2x; oF _ —2ycos’ X.
X oy

Butenglamalarniikkinchisiniybo’yichaintegrallab,

F(x,y)=—]2ycos’ xdy =—y* cos’ x+¢(x)

tenglikniolamiz (e’tiborbering, (D(X) — bu

yerdaanigmasintegralhosilbo’ladiganixtiyoriyo’zgarmasCo’rnidakelayapti,
xningfunksiyasibo’libgoldi, chunkiintegralostidaikkio’zgaruvchilifunksiya) vao’znavbatidabundan
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oF i : oF :
vl y?sin2xX+ ¢ (X)niolamiz. Ma’lumki, birinchitenglikkaasosan — =1+ y?sin 2x,
X

shuninguchun Y Sin 2X + (p'(X) =1+ y?sin 2x, bu yerdan go'(X) =1vaq0(X) =Xx+C.
go(X) nio’rnigaqo’yib, F (X, y) = —y2 cos’ X + X + C niolamiz. Demak, tenglamaning yechimi
y’ €os” X — X = C ko’rinishdabo’ladi.

To’ligdifferensialtenglamani yeching

5.1, 3x y+2y+3)dx+(x +2X+3y? dy 0

+=— +— dx + i izdy 0
«/x+y X x+y y

53. (sin2x—2cos x+y))dx 2cos(x dy
5.4. (xy? +x/y?)dx+( Xy —x*/y® )dy:

55. (1/x* +3y*/x*)dx—2y/x’ dy =0

5.6. y/x? cos(y/x)dx—(1/xcos(y/x)+2y)dy =0

5.7. L+y dx+| X+ Y dy=0

1+xyd 1- xydy 0

X2y y2X

5.9. (xe* +y/x*)dx—1/xdy =0

5.10. (10xy —1/sin y)dx+(5x* + xcos y/sin® y — y*sin y* )dy =0

5.11.( Y 2+exjdx— ZXdyZ:O

X*+y X +y

5.8

5.12. €'dx+(cos y + xe’ Jdy =0

5.13. (y* +cosx)dx+(3xy” +e’ )dy =0

5.14. xeyzdx+(x2yey2 +tg2y)dy =0

5.15. (cos(x+ y?)+sin x)dx+ 2y cos(x+y*)dy =0

5.16. (siny + ysinx+1/x)dx+(xcosy +cosx+1/y)dy =0
5.17. (1+],/yex/y)dx+(1—x/y2 ex/y)dyzo
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(x—y)dx+(x+y)dy
x>+ y?
xdy —ydx _ 0
X° +y°
5.20. 2xc0s° ydx +(2y — x*sin2y)dy =0

5.18. -0

5.19. Xdx + ydy +

9-Mavzu. Integrallovchike’paytuvchivaunitopish.
1. Integrallovchiko’paytiruvchi.

()

tenglamaningchaptomoninibirorfunksiyaningto’ligdifferensialibo’Imasahamba’zanshunday
£4(X, y) # Ofunksiyanigiyinchiliksizko'rsatishmumkinbo’ladiki, (5)

tenglamaningharikkalatomoniniungako’paytirganimizdayangitenglamaningchaptomoninito’ligdiffer
ensialbo’libgoladi:

dF = uNdx + uNdy. 9)
Bunday £¢( X, Y ) funksiyaintegrallovchike paytiruvchideyiladi.

SHunihameslatibo’tishkerakki, integrallovchi £( X, Y)

ko’paytuvchigako’paytirilgandauninolgaaylantiruvchiortiqchaxususiy
yechimlarpaydobo’lishimumkin.  Ularni  (5) tenglamagaqo’yibko’rib,  uniganoatlantirmasa,
chigaribyuborishgato’g’rikeladi.

Misol. ydy —(xdy + ydx)«/1+ y* = Otenglamani yeching.
Echimi.Ko’rishmumkinki, tenglamani 14 zﬁl/ 1+ y2 gako’paytirilsa,

chaptomonidato’ligdifferensialhosilbo’ladi. Hagigatanham ¢ :]/ 1+ y2 gako’paytirib,

ydy/«/1+ y? —(xdy —ydx)=0

tenglikniolamiz, buniintegrallab 4/1+ y2 — Xy = 0 yechiminitopamiz.

2.Albatta,aksariyatko’phollardaintegrallovchiko’paytuvchiyuqgoridagimisoldagidekosontopil
avermaydi. Umumiyholdaintegrallovchiko’paytuvchinitopishuchun

ouM _ ouN
oy OX

xususiyhosilalidifferensialtenglamaningkamidabittanoldanfarglixususiy yechiminitopishkerak.
Agarbiz (10) tenglamaniyoyib,qulayholgakeltirsak,

(10)
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a_’uM +ﬂaﬂza_’uN+a_Nlu’
oy oy  OX OX
Loy LMy _N_M = (xy)=0, (11)

poy o x X oy
oyl ~ olnly , oN oM

M — N="—"-- 0
oy ox ox oy u(xy)#

tenglamaniolamiz. Umumiyholda (11) xususiyhosilalidifferensialtenglamani
yechishberilgandifferensialtenglamani  yechishgagaragandagiyinrogbo’ladi. SHungagaramasdan,
ba’zihollarda (11) tenglamanixususiy yechiminitopibolishgaqiyinchiliksizerishishmumekin.

Undantashqari, agar (1) tenglamada 1 = u ( X, y)
funksiyanifagatbittaargumentiningfunksiyasidebgaralsa, (masalan,

p=p(x+y), y:y(x2+y2), ﬂ=ﬂ[§} p=pu(x), p=u(y)

vahokazo)
unigiyinchiliksizintegrallashmumkinbo’ladivaizlanayotganko’rinishdagiintegrallovchiko’paytuvchi
mavjudbo’lishiuchunshartolinadi. SHundayqilib, ma’lumko’rinishdagiintegral-
lovchiko’paytuvchinitopishmumkinbo’lgantenglamalarsinfiajratiladi.

Bizhozir (5) tenglamauchunfagatygabog’ligbo’lgan £ = ,u(y)

integrallovchiko’paytuvchimavjudbo’lishinita’minlaydiganshartkeltiribchigaramiz.  SHuholuchun
(11) tenglamaniyozaylik

omnluf N _oM

Py > oy u(y)=0,
bundan

oN oM

{a—E}IM, M (x,y)=0.

y ninguzluksizfunksiyadebgarab, quyidaginiolamiz:

In|ﬂ|:J~6N/6xl\—A6M/ay dy+In|C,|, C,=0,

(12)
IaN/axfaM /¥ 4
u(y)=Ce’ M , CeR.
ON/6x — oM /dy _ o
Demak, agar fagatyningfunksiyasibo’lsa, (5)
tenglamauchunfagatygabog’ligbo’lganintegrallovchiko’paytuvchimavjudekanvay (12)
ko’rinishdabo’larekan.
_ OM /By — N /ox _ .
Xudishuningdek, agar N fagatxningfunksiyasibo’lsa, 5)
tenglamauchunfagatxgabog’ligbo’lganintegrallovchiko’paytuvchimavjudvay
J‘GM Joy-oNJox ;.
p(y)=Ce " (13)
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ko’rinishdabo’ladi.
Yugoridagidekmulohazabilan (5) tenglamauchun

p=u(xxy), p=pu(X+y?), u=u(xy), ﬂ=ﬂ£§}

ko’rinishdagiintegrallovchiko’paytiruvchilarmavjudliginita’minlaydiganshartlarolishmumkin.

I\/Iisol.(X— xy)dx+(y— Xz)dy = O tenglamaning x = ,u(xz + y2)
ko’rinishdagiintegrallovchiko’paytiruvchisibormi?

Echimi. X* + y* = Zdebbelgilaylik. Uholda (11) tenglama = y(x2 +y° ) =u(2)
bo’lganda
dinlg oN oM

dz  ox oy

2( My — Nx)

ko’rinishdabo’ladi. Butenglamadan

1 ON/ox— oM /oy
Inli=7 | /My_NX/ dz +1nC,|, C, 0

yoki
1 I ON/ox-0M /3y o,
u=Ce* WN™ = CeR (14)
Demak, u= ,u(XZ + y2 ) ko’rinishdagiintegrallovchiko’paytuvchimavjudbo’lishiuchun
ON/ox— oM /oy
My — NXx

bizningmisolimizda

kasrfagat X* + y2ningfunksiyasibo’Iishikerakekan. SHundayqilib,

oN/ox-oM /oy 3
My — NX X* +y°
bo’lganiuchun £ = ,u(xz + y2 ) ko’rinishdagiintegrallovchiko’paytuvchimavjud.
3pdz
S 1
_ 2~[ 7 _ 5732 _
H=¢e =77 = ( 5 TR
X* +Y°)
Berilgantenglamani = 32 gako’paytirib, uniquyidagiko’rinishgakeltiramiz:
(x*+y?)

xdx + ydy . x(xdy — ydx) _
(x2+y2)3/2 (x2+y2)3/2

Buto’ligdifferensialtenglamaniintegrallab yechiminiolamiz:
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d(x2+y2) ~=xCd(y/x)

2(x2+y2)3/2 _(x2+y2)3/2’ x=0;
d(X +y y/x 1 y/X
= = = C.:
I2(x +y2 j 1+y2/x (x2+y2)]/2 (1+y2/x2)]/2+ '
1 = y +C,; y—1:C1(x2+y2)]/2

(x2 + yz)]/2 (x2 + yz)]/2
x*+y*=C(y-1)°, 1C?=

Tenglamaniintegrallovchiko’paytuvchiusulidan
foydalanib yeching

6.1. ydx—xdy +Inxdx=0

6.2. (X* cosx—y)dx+xdy =0

6.3. ydx—(x+y?)dy=0

6.4. YAJ1— yzdx+(x\/1—7+ y)dy:O
6.5. (y* —2x—2)dx+2ydy =0

6.6. y*dx+(xy—1)dy =0

6.7. 2y+xy3dx+(x+x2y2)dy=0

6.8. (1+x°y)dx+(x+x*y? )dy =0

6.9. (X* +y)dx—xdy =0

6.10. (x2+y2)(xdy—ydx):(a+x)x4dx
Xy’ +y)dx—xdy =0

6.12. (2xy* —y)dx+(y* +x+y)dy=0

6.14. (X* + Yy +2x)dx+2ydy =0

6.13. (1 xy)dx+x y—x)dy=0
.(xcosy—ysiny)dy+(xsiny+ycosy)dx=0

6.16. (x/y +1)dx+(x/y—1)dy =0

6.17. y/xdx+(y*Inx)dy =0

6.18. (Iny+2x-1)y'=2y
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6.19. (X* +y? +x)dx+ ydy =0
6.20. dy/dx = 2xy — X° + X

10-mavzu. Tenglamani yechishdao’zgaruvchilarnialmashtirish.

Tenglamani yeching

7.1 X°y° + y+(x3y2 —x)y’:O
7.2. (y+x*)dy+(x—xy)dx=0

73.| 2y + L > |dX+| 3y + X+ 1 > |dy=0
(x+vY) (x+vY)

74.(2X° +3x7y +y? - y° )dx+(2y° + 3y’ x+x* —x* )dy =0

75.(X* +y? +1)dx—2xydy =0

1 1
76. X| 4 dx—vy| 4-— dy=0
[ +x2+y2j y[ x2+y2j Y

77. (X +y? ) xdx+ e, (x* +y* ) ydy =0

7.8. xdx+ ydy +(X* +y? ) x°dx =0
y

X+ /X + Y

710. (y? +X° +x)y' =y =0

79.y' =

7.11. xdy + ydx —xy* Inxdx =0

712 (2Xy° = x)y' = 2x°y° —y =0

7.13. (2xy‘°’ —x4)y'+ y' +2yx* =0

714 (X +y* +x)y +y=0

7.15. X(Xy —3)y'+xy* —y =0

7.16. X}y’ —y* —x’y =0

747, (XF + X7y +2xy — y* = y* )dx+(y° + y*x+2xy —x* —x* )dy =0
7.18. (2x°y* —y)dx—(2y°x* —x)dy =0

7.19. Xy*dx +(X’y —x)dy =0

7.20. X’y + y+(x3y2 —x) y'=0
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Sinovuchunsavolvatopshiriglar

1. Qandaytenglamanichiziglitenglamadeyiladi? Koshimasalasiningqo’yilishiniifodalang.

2. CHiziglitenglamaerklio’zgaruvchiniixtiyoriy X = ¢(t),
noma’lumfunksiyaniixtiyoriychizigli y = a(X) Z+ ,B(X), (a(x) #* 0)
almashtirishnatijasidatenglamaningchizigliligichaqolishiniisbotlang.

3. CHiziglibirjinslibo’Imagantenglamaningixtiyriy yechimiformulasinikeltiribchigaring.

4. CHiziglibirjinslibo’Imagantenglamaningbitta Y, (X)xususiy yechimiyokiikkita Y, (X)va
Y, (X) xususiy yechimlarima’lumbo’lgandauningumumiy yechimlarinitoping.

5. Bernullitenglamasiganday yechiladi?
6. Rikkatitenglamasigandayko’rinishgaega? AgarRikkatitenglamasiningbittaxususiy
yechimima’lumbo’lsa, uningboshqga yechimlarigandaytopiladi?

7.Qandayshartlarbajarilganda M (X, y)dx + N (X, y)dy =0

tenglamato’ligdifferensialtenglamabo’ladi? Butenglamaganday yechiladi?
8.Integrallovchiko’paytuvchilarusuliningg’oyasinimadaniborat? Qandayshartlarbajarilganda:

a)berilgan a)( X, y) funksiyaga;

b)fagatxga;
v)fagatygabog’ligbo’lganintegrallovchiko’paytuvchimavjudbo’ladi?

9. Xzy' = x* y2 +Xy+1 Yy, =]/X Rikkatitenglamasini yeching.
10.(X2 +y? +1) dx — 2xydy = Qtenglamaningintegrallovchiko’paytuvchisinitoping.

1. Tenglamani yeching

1.1 xy'—2y = x%*
13. xy'+y—e*=0
15y +ycosx =1/2sin 2x
17. Y = y/(x+2)=x* +2x

1.2. y'+ ytgx =secx

1.4. y'—yctgx = 2xsin X

1.6. y' + ytgx = cos® X

18. y' —y/(x+1)=e"(x+1)

19. Y = y/X+ xsinx

1.10. Y'+y/x=sinx

111, y' + 2X y = 2x° 1.12 y’—2X_5y—5
T 1427 14X o X
113 y'+y/x=e"(x+1)/x 1.14. y' = y/x—2Inx/x
115, y' = y/x—12/x’ 1.16. y' — 2xy2 =1+x?
1+X
' ' Xy X
117 (1= x*)y' +xy =1 118 Y +——— ==
(=X +xy y 2(1+x%) 2
1.19. y'—2/(x+1)y=ex(x+1)2 1.20. ' +2xy = xe ¥ sinx
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11-Mavzu. Yechimningmavjudligivayagonaligi.

2.1 dx=(siny +3cos y +3x)dy, y(e”/z)zn/Z
22. 8" (dx—2xydy)=ydy, y(0)=0
23.(xcos’ y—y*)y' =ycosy, y(z)=nx/4

24.2(y —y+xy)dy=dx, y(-2)=0

25. Y (y—1)dx+3xy*(y—1)dy =(
26. 2y\/§dx—(6x\/§+7)dy=o, y(4)=1
27.(2Iny—In® y)dy = ydx—xdy, y(4)=e
28.y'=y/(2ylny+y-x), x(1)=¥2

29. y?(y* +4)dx+2xy(y? +4)dy =2dy, y(z/8)=2
210. 2y’dx+(x+€"’)dy =0, y(1)=1

211 (x+In*y—Iny)y'=y/2, y(2)=1

2.12. 2(cos’ ycos2y - x)y' =sin2y, y(3/2)=57/4

2.13. y'=1/(xcosy+sin2y), x(0)=-1

2.14. (2xy+\/§)dy+2y2dx:0, y(-¥2)=1

2.15. dx+(2x+sin2y —2cos’ y)dy =0, y(-1)=0

216. (2y—xtgy—y’tgy)dy=0, y(0)=

247. ydx+(2x—2sin* y—ysin2y)dy =0, y(3/2)=z/4
218, sin2y dx = (sin® 2y - 2sin” y + 2)dy, y(-1/2)=r/4
2.19. chydx=(1+xshy)dy, y(1)=In2

2.20. 2(x+ y“)y' =y, y(-2)=-1

12-Mavzu. Hosilaganisbatan yechilmagantenglamalar.izoklinalarvaketma-
ketyaginlashishmetodlari

1.Hosilaganisbatan
yechilmaganbirinchitartiblitenglamaningumumiyko’rinishiquyidagichabo’ladi:
F(xy,y)=0 (1)
Butenglamaniquyidagiusullarbilan yechishmumekin.
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I.Agar(1) tenglamani y'ganisbatan yechishgaimkoniyatbo’lsa, y’ = fi (X, y), i=12,...

ko’rinishdagibirnechtatenglamaniolamiz. Butenglamalarningharbirini yechib (1) tenglamaning
yechimlarinitopamiz.

Misol. y'* — 2Xy’ = 8x”tenglamani yeching.
Echimi.Butenglamani Yy’ ganisbatan yechishmumkin.

, 2X+4x* +32x* 22X+ 6X
2 2

bundan y’ =4Xva y' = —2Xtenglamalarniolamiz. Hosilbo’lgantenglamalarni yechaylik:

y=2x*+C, y=—x’+C.Ikkalasibirgalikdaberilgantenglamaning yechiminiberadi.
Tenglamaninghamma yechimlarinitopingvaagarmavjudbo’lsa, maxsus yechimlariniajrating.

123.y"* —x* =0 124,y —y* =0

125. Y2 —x2+x° =0 126. 1/(y? +1) = y*

127. Y —(X+Yy)y +xy =0 128. Yy =y

129. y? —yy+e* =0 130. y° +y* =yy'(y'+1)

131y —y* (€" —1) =2yy’ 132. (xy' - y)" =2xy(1+y")

133. YWY + Yy = x> + xy 134. X°y"? +3xyy’ +2y* =0

135. y"° —yy”? —x?y'+x°y =0 136. y'* +2yy'ctg x—y* =0

137. y2 +y(y—x)y' —xy* =0 138. sin(y' +1)° +ctgy' =0

139. shy” +Iny’ +y' =0 140. log, (y* +1)+(y'+1)siny' =0
141. cos(y' +1)+y? -2y +1=0 142 cos(y' +1) +In(y'+2)+y =0
143. x =¥ —y'? 144. X(1-y")=y"

145. X/y' =1+ y" 146. X/(1+y®)=y'+2

147. y'(x+1)=lgy’ 148. y' = y/(1-y'siny’)

149. y(2-y")=y -1 150. y = y'cosy’ +siny’ —1/y"

151. y=y'(Iny' -1)/2-1/2y" 152. y =y'siny’ +cosy’ +y"

13-Mavzu. Parametrkiritishyo’libilantenglamalarniintegrallash.
LagranjvaKlerotenglamalari.

(1) tenglamaniparametrikko’rinishgao’tkazamiz:
x=p(u,v), y=¢(u,v), y=x(uyv).
dy = y'dX bog’lanishnie’tiborgaolib, quyidagigaegabo’lamiz:

%du +%dv=z(u,v){6—(pdu +a—(pdv},
ou ov ou ov
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butenglamani dv/du ganisbatan yechibolamiz:

op O
2(uv)%2_ %
QX: ou _du @
du O¢ 2(u V)aC”
ou " ov
Natijada, bizhosilaganisbatan yechilgantenglamagaegabo’ldik,
shuilantenglamaavvalko’rilgantenglamalarningbirigakeldi. Lekin (2)
tenglamako’pinchakvadraturalardaintegrallanmaydi.
Quyidagixususiyhollarnialohidako’ribchigaylik.
3. (1) tenglama
F(y')=0 €)

ko’rinishdabo’lib, F (P) = O tenglamaningkamidabittap = kihagigiy yechimimavjudbo’lsin.

(3) tenglamaxvaygabog’ligbo’Imaganiuchunkio’zgarmas. y':kitenglamaniintegrallab,

y =k x+Cni, bundanesak; = Y~* olamiz. k; <> F ( p) = Otenglamaning

X

yechimibo’lganiuchun F ( y ) = O berilgantenglamaningintegralibo’ladi.

X
Misol. y'® — y'* +y’ —1 = Otenglamani yeching.
Echimi. y'? (y' —1) +(y' —1) =0, (y' —1)(y’2 +1) = Obo’lganiuchun p =1

F ( p) =0ning yechimibo’ladi. Bundan p = ltenglamaniolamizvabuni yechiby =X+C

gaegabo’lamiz. Demak,
3 2
55 5
X X X

berilgantenglamaningintegralibo’ladi.
4. (1) tenglama

F(xy')=0 (4)
ko’rinishdabo’lsin. Agarbutenglamani y’ ganisbatan yechibolishgiyinbo’lsa, tparametrkiritishva (4)
tenglamaniikkitatenglamagaalmashtirishma’qul: X= go(t)va y' = gp(t). dy = y'dx
bo’lganiuchunbizningholimizdady = ¢(t) (p’(t) dtbu yerdan'y = jqﬁ(t) (p'(t) dt+C
vademak, yechimparametrikko’rinishdaquyidagichabo’ladi:
x=o(t),

y=[4(t)¢'(t)dt+C.
Agar (4) tenglamanixganisbatan yechishmumkinbo’lsa, X = (p(y'),tparametrsifatidadoim

Yy niolganma’qul: Y’ =t.Uholda

x=gp(t), dy=ydx=tg'(t)dt, y=[ty'(t)dt+C
bo’lib, yechim
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x=p(t), y=[tg'(t)dt+C
ko’rinishdabo’ladi.
Misollar.a) X = y"> + Yy’ tenglamani yeching.
Echimi. y" = t parametrnikiritaylik, uholda

3 t?
=t*+t, dy=vydx=t(3t>+1)dt, y=—t*+—+C.
Y=Y =t (3t +1)dt, y=t'+

Demak, X = t3 +1.
3., t°
y="t'+—+C
4 2
tenglamaningparametrikko’rinishdagiintegralchiziglari.
b) X = Y’y Y'* +Ltenglamani yeching.
Echimi. y" = t parametrkiritamiz. Uholda
x=tJt2 +1, dy=ydx=tJt? +1+t3/t? +1dt
Bundanesaikkinchitenglikniintegrallab,
X =tyt? +1,
y =]7/3-(2t2 —1)4\/t2 +1+C
berilgantenglamaningintegralchiziglariniparametrikko’rinishiniolamiz.

V) y/«}1+ y'* =1tenglamani yeching.

Echimi. Yy’ = sht parametrnikiritamiz. Uholda

y=cht, dx = ¥ _ shtdt
y'  sht

y = chtvax =t + C dantniyo’qotsak, Y = Ch(X — C) yechimniolamiz.

=dt, x=t+C.

5.Agar (1) tenglamaniyganisbatan  yechishqulaybo’lsa,  parametrsifatidaxva Y’
larniolganma’qul. Hagigatanham (1) tenglamaningko’rinishi
y="f(xy') (5)

bo’Isin. Uholdaxvaylarsifatidaxva Yy’ larniolib, quyidagigaegabo’lamiz:
of of

y="f(x,p), dy=—dx+—dp
OX op

yoki
dy of of dp

dx & 6pdx
of afdp

— 6
b= OX 8pdx ©

(6) niintegrallab, CI)(X, p,C) =0, niolamiz.
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®(x,p,C)=0,
y="f(xp)

birgalikdaparametrikko’rinishdagiintegralchiziglaroilasiniberadi.
6.Agar 1) tenglamaxganisbatanoson yechilsa, ya’niX = f (y, y') bo’lsa,

parametrsifatidayva y' = p larniolganma’qul. dy = y'dX ekanliginie’tiborgaolsak,
dy = p{@dyﬁdp}
a -~ op

yoki
1_of ofdp
p oy dpdy
tenglikniolamiz. (7) niintegrallab, CD(X, p,C) = Oniolamiz. CD(X, p,C) =Qvax=f (y, p)
birgalikdaberilgantenglamaningintegralchiziglarioilasiniberadi.
7. Y= X(p(y')+¢(y')— Lagranjtenglamasi. Butenglamanixbo’yichadifferensiallab,

y' = pdesak,

(7)

_ oy 90 o vdp

p—(p(p)+><¢(p)dx+¢(p)dx (8)
yoki

[p—co(p)]%ﬂ(p’(p)w'(p)- ©

dx

Buchiziglidifferensialtenglamavagiyinchiliksizintgrallanadi (3-§, 1 p. gagarang). (9) ningintegrali
CD(X, P, C) =0vay= qu( p) + ¢( p)birgalikdaLagranjtengIamasiniberadi.

®(x,p,C)=0,
y=Xp(p)+a(p).

Fagatbiz (8) dan (9) gao’tayotgandatengliknidp/ngabo’Iishchog’idap= P; 0’zgarmas

(10)

yechimlarni  (agarularmavjudbo’lsa) yo’qotayapmiz, dp/dx = O0.pnio’zgarmasdesak, y (8)
niganoatlantirishiuchunalbatta P — ¢( p) = O tenglamaniganoatlantirishikerak, chunki
dp/dX = (.Demak, agar p— ¢( p) = Otenglamaninghaqigiy p = P, yechimlarimavjudbo’lsa,

(10)  gauningto’ligho’lishiuchun'y = Xgo( P, ) + ¢( P; ) nigo’shibqo’yishkerak.  SHundayqilib,
umumanintegralchiziglar

®(x,p,C)=0,

y=xp(p)+4(p) -

yoki
y=xp(p)+4(p,)

daniboratbo’ladi.
Misol. y = 2Xy’ —4Yy"*tenglamani yeching.

Echimi. y'=p, y=2Xxp—4 p3 deb, oxirgitengliknidifferensiallasak,
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dx d
dp

ifodaniolamizvad—gabo’lib, chiziglitenglamagaegabo’lamiz:
X

p= 2p+2x

P ap +2x=12p°.
dx
Butenglamaniintegrallab, X = 3p2 +C/ p2 niolamiz. Demak, integralchiziglarsinfi
x=3p>+C/p’,
y=2xp-4p°> ,é¢ y=2p>+2C/p.
j—pgabo’lganimizda p— (0( p) = O tenglamaningildizlaribo’lgan p; laruchun p = p,
X

yechimyo’qotiladi. Demak,
x=3p?+C/p?, y=2p*+2C/p, y=0
Lagranjtenglamasining yechiminiberadi.
8. y=Xy'+¢(y') - Klerotenglamasi. y'= pdebolsak, Y =Xp+¢( p)niolamiz.
Differensiallab,

dp, 0P
p= p+xd +¢'(p )dx
yoki
o dp
(x+¢(p»dx—0

d :
tenglikniolamiz. Bundan d—p = Oyoki X+ ¢¢'( p) = Okelibchigadi.
X

Birinchiholda p = C bo’lib, Y = Xp +¢( p)dan

y=Cx+¢(C) (12)
integralchiziglaroilasiniolamiz.
Ikkinchiholda yechim
y=xp+¢(p) 4a x+¢(p)=0 (13)
tenglamalarbilananiglanadi.
Qiyinchiliksizshungaishonchhosilgilishmumkinki, (13)

tengliklarbilananiglanadiganintegralchiziq (12) integralchiziglaroilasiningo’ramasibo’ladi.
Hagigatdanham, qandaydir(D(X, P, C) = Ochiziglaroilasiningo’ramasi
®(x,p,C)=0, 0®/oC=0 (14)
tenglamalarbilananiglanadi. SHuninguchun (12) chiziglaroilasiningo’ramasi
y=xC+¢(C), x+¢'(C)=0
tenglamalarbilananiglanadi, bular (12) danfagatparametribilanfarqqiladi, xolos.
Misol. Y = Xy’ — y'*tenglamani yeching .
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Echimi. Yy’ = pdebolsak, (X -2 p)@ = Oniolamiz. Bundanesa p=C, y = xp — p°

dx
yokiX —2p =0, y = Xp — pifodalarniolamiz.

Demak, Y = XC —C?vay = X2/4 lartenglamaning yechimlaribo’ladi.
Mavjudlikvayagonalikteoremasi.

y'= f(X1 y)’ y(xo):yo- (15)
Koshimasalasiberilganbo’lsin. fvafyfunksiyalaryopiq R(|X — X0| <a, |y — y0| < b)
sohadaaniglanganvauzluksizbo’lsin. Uholda X, — d<x< X, + d oraligda (15) masalaningyagona

: b
yechimimavjud. Bu yerdad = mln{a;— debolishmumkin, avablaryuqoridaberilgankattaliklar,
m

mesa| f | < Mshartniganoatlantiruvchiixtiyoriyson.

X
Y (%)= Yo, yk(x)=y0+jf(8,yk_1(8))d8 (16)

Xo
formulabilananiglanganketma-ketyaqinlashishberilganoraligda (15) masalaning
yechimigatekisyaginlashadi.

Misol. y' =Xx—y?, y(O) = Omasalauchun Yy, Y, Y,, Ysketma-

ketyaginlashishlartopilsin.
Echimi. (16) formulagaasosan: y(O) =0= Yo

X2

Vi =Yo+ [ T(S,¥0(S))dS = [(s-0%)ds =7

X X Sz 2 S
Yo = Yo +;[ f(S,y,(S))ds =;[[S—7Jd8 =X?—;—O;

X x[ Sz S7 Slo)ds X2 X5 X8 Xll

+ e,
4 20 400 2 20 160 4400

Erklio’zgaruvchixganisbatan yechiladigantenglamaniintegrallang.

3.1 X=siny' +Iny’ 32 y?—-2xy'-1=0
13 ’ 12 32
33. xy°?=1+y 34.X(1+y?) " =a
35. arcsin(x/y') =y’ 36.x=2(Iny' -y’
37. x=Y'(1+Y') 38. x=e(2y”? -2y'+1)
39. Xx=Iny' +cosy’ 3.10. X=2y"* -2y’ +2
311 X=y +siny’ 312. x=e"? +siny’
313 x=g€" +cosy’ 3.14. x=€" +C0S Y’
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3.15. xy'* =3y’ +1
3.17. x=y'cosy'+Iny’
3.19. Xxy'=5y'+6

3.16. Xx=Y'Iny"+siny’
3.18. y?x =e"¥
3.20. x=€' —2y'+cosy’

4. Noma’lumfunksiyayganisbatan yechiladigantenglamaniintegrallang.

41. y=Y'Iny
43 y=y"e

45 y/L+y? =a

47, y(1+1/y” )3/2

49. y(1+ y’z)]/2 =y

411. y=y'(1+y'cosy’)
413. y' =eY/

4.15. y=Yy'+siny'+cosy’
417.3y" =y’ +y

419. y'=y(1+Y')

5. Lagranjtenglamasini yeching.

5.1 y=1/2-x(y'+4/y')
53. y=(1+Yy')x+y"”
55.y=(1+y?)/(2y')-x
57. xy'> +y”°

59. y=xy*+y"?

511. yy' =2xy’* +1

5.13. 2y(y' +1)=xy"

5.15. Yy =—Xy'+ Y
5.17. y=2xy’'+siny’

5.19. Xy'* +(y—3x)y'+y=0

42.y=y?+2y"
44.y=y?+2Iny’

46.y' =arctg(y/y”)

48. y=e'(y'-1)

410. y=y'*—y* -2

412. y =arcsiny'+In(1+y?)
414. y=Yy'[2+Iny’

4.16. y=Yy'\1+y"”

418. y=y'\1-y"

4.20. y =arccos y' +In(1+y?)

52. Y= y'+\/1—7
54.y=-1/2-y'(2x+Y')
56. y=2xy' +1/y"
58. y=(xy'+y'Iny’)/2

5.10. y = 2xy' —y"?
5.12. 2y(y'+2)=xy"

5.14. 2yy' = x(y"* +4)

516. y=2xy' +Iny’

5.18. y=3xy’/2+¢€”

5.20. Xy’> +2yy'+a=0, a=0

6. Klerotenglamasiningumumiyvamaxsus yechimlarinitoping.

6.1 Yy=xy +Vy"
6.3. y=Xy' +1/y'
65. y=xy' +y +y’

6.2. =Xy ++/1+Yy"
6.4. y=Xxy' =1y’
6.6. y=xy —e”
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6.7. y =Xy +cosy’ 68. y=Xxy +y —y"”

6.9. y =Xy’ —ayl+y"” 6.10. y =Xy’ +/b? +a’y"”

6.11. y=x(I/x+Yy)+Yy' 6.12. y=xy’+\/1—7

6.13. Xy* —yy' —y' +1=0 6.14. Y —(x+1)y'+y=0

6.15. \/y'T—lery’—y:O 6.16. y'* +(x+1)y' -y =0

6.17. Y +(X+2)y'—y+1=0 6.18. y'* +(ax+b)y' —ay+c=0

Sinovuchunsavolvatopshiriglar

1. Hosilaganisbatan yechiladigan F (X, Y, y’) =0
ko’rinishdagitenglamanigandayintegrallashmumkin?

2. Parametrkiritishmetodinitushuntiribbering.

3. Noma’lumfunksiyaygayokierklio’zgaruvchixganisbatan yechiladigan F (X, Y, y’) =0
ko’rinishdagitenglamanigandayintegrallashmumkin?

4. F (X, Y, y’) = O ko’rinishdagitenglamaningganday yechimimaxsus

yechimdeyiladivamaxsus yechimnigandaytopishmumkin?
5. Klerotenglamasigandayko’rinishdabo’ladivauniganday yechishmumkin?
6. Differensialtenglama yechiminingmavjudligivayagonaligihagidagiteoremaniaytibbering.
7. Differensialtenglama yechiminingberilgankesmadagiketma-
ketyaginlashishformulasiniyozing.

8. y° —2xyy' + (1+ X ) y'? =1tenglamani yeching.

9. y? - 2xy'ﬁ + 4y\/§ = 0 tenglamaningmaxsus yechiminitoping.
10. y'* =% + x® = O tenglamani yeching.

14-Mavzu. Birinchitartibliturlitenglamalar.
1.Hosilaganisbatan yechiladigantenglamaniintegrallang.

L1 Yy +Yy?=x>+xy 1.2. Xy’ =1+ Yy

1.3. X2y +3xyy’ +2y* =0 1.4. Xy”? +2yy' —x=0

15 X2 +y?=x° 16. (xy' - y)2 = 2)@/(1+ y’2)
1.7. X2y’ = 2xyy’ = x*y* —x* 18. (xy'—y)(xy' —2y)+x* =0
1.9. y2y2 —2xyy' +2y2 —x? =0 L10. y* —2yy' = y* (e -1)
111 y"* —2xyy'—8x* =0 1.12. X*y"* —=3xyy'+2y* =0

113 Yy —(2x+y)y' +x*+xy=0 114 yy” —(xy+1)y'+x=0
1.15. y"° —2xy"”? —4yy' +8xy =0 1.16. y'* =4ly|

117. y"* =1/(4|x)) 118, y* (1+y”?)=a’
1.19. y° —y/(4x)=0 1.20. y° —xy"? —4yy' +4xy =0
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2. Tenglamaninghamma yechimlarinitoping.

21. y°?-3y'+1=0 22. Y3 +y? -y -1=0
23y =e’siny’ 2.4.cosy +siny’ +e’ =0
25. e +sin(y'+2)=0 26.tgy +e"1 =0
27.shy +chy +y =0 28.y'?=e’ cosy’

29.y =e’tgy’ 2.10. y* =y’chy”

211 Yy 4y —2y? -2y'=0 212. " +y' =1

2.13.5in(y +1)+cos(y' +1)+y' =0 214 y°+3y?+2y'-1=0
! 2 ! ! 3
2.15.£y2+1j —3(y2+lj+2=0 .16.["}/ +1J +siny'=0

siny’
217.sin* (y? +1)+y“cosy’=0 218 e’ +2siny +1=0

N

2.19. sh(y”? +1)+cosy'=0 2.20. €Y +2tgy' =0
3.
6.19. 2y'* +(x-1)y'-y=0 6.20. Xy’> —yy'+a=0

7.1zoklinalarmetodibilanberilgandifferensialtenglama-
ningMnugtadano’tuvchiintegralegrichizig’iniquring.

7Ly =y-x*, M(L2) 72.yy'=2x, M(0;5)

73. Y =24y, M(L2) 74.y'=2x/(3y), M(L1)

75y =(y-1)x, M(33/2) 76.yy'+x=0, M(-2;-3)

7.7.y' =3+y%, M(L2) 78.xy' =2y, M(2;3)

79y =y/(xX*+2), M(22) 710. X2 —y? +2xyy' =0, M(2;1)
711 y'=y-Xx, M(9/2;1) 712.y'=x* -y, M(L1/2)

718,y =xy, M(0;-1) 7.14.y' =xy, M(0;1)

7.15. y'=—x/2, M(4;2) 7.16. 2(y+Yy')=x+3, M(11/2)
717. y'=x+2y, M(3;0) 7.18. xy' =2y, M(Z 3)

7.19.3yy' =X, M(-3;-2) 7.20. y'=x-y?, M(-3;4)

8.Boshlang’ichshartlarberilgandifferensialtenglamauchun y,, Y;, Y, ketma-
ketyaginlashishlarnitoping.

81 y'=y-x’, y(0)=0 82y =y +3x’ -1, y(1)=
83y =y+e’", y(0)=1 83. y' =1+xsiny, y(z)=2x
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85 y' =x+y*, y(0)=0

Tenglamaningberilganboshlang’ichshartniganoatlantiruvchi
yechimimavjudbo’ladiganbirortakesmaniko’rsating.

86. Yy =x+Yy°, y(0)=0 87.y =2y’ —x, y(1)=1
88. dx/dt=t+e*, x(1)=0 89.y'=In(xy), y(1)=1
8.10. y'=Inx+Iny, y(2)=1
Echimningyagonaliginita’minlaydiganbirorta yetarlishartdanfoydalanib, (X, y)
tekislikdanshundaysohaniajratingki, uningharbirnuqtasidanberilgantenglamaningyagona
yechimio’tsin.
811 Y =2xy+ Yy’ 8.12. V' =2+ 3y —2x
813 (x+2)y =\[y —x 8.14. (y—x)y =yInx
8.15. y' =1+tg x 8.16. Xy' = Y +4/y? — X°
8.17. y' =siny —cos X 8.18. Y =33x—y -1
8.19. Y =X —y —X 8.20. y'=(x+1)/(x-Y)

15-Mavzu. Yugqoritartiblidifferensialtenglamalarnitartibinipasaytirish.

1.Agartenglamadanoma’lumfunksiya, uning(k —l) — tartibligichahosilalariishtiroketmasa,
boshgachagilibaytganda, tenglama

Fxy" .y, y™) =0 )
ko’rinishdabo’lsa, bundaytenglamaningtartibi y k) — Z(X)almashtirishyordamidapasaytiriIadi.
d’y 1d°
Misol. 3/ - ?5/ = Otenglamani yeching.
dx" xdx
o d% dz o
Echimi. —=17 (X) — — =7 = Otenglamaniolamiz. O’zgaruvchilariniajratib,
x° dx X

d°®
|ntegrallab|n|Z| |n|X|+|nClyok|Z—CX r y = C, Xnihosilgilamiz. Bundanesaketma-
X

ketintegrallab,
y=CxX +C,x° +C,x* +C,x* +C.x* +C,x+C,
echimniolamiz.
2.Agartenglamadaerklio’zgaruvchixishtiroketmasa, boshgachagilibaytganda, tenglama

Fy.y\y".y")=0 @
ko’rinishdabo’lsa, uningtartibiniyangierklio’zgaruvchisifatidayni, noma’lumfunksiyasifatidaesa
Y' =P ( y) niolibpasaytirishmumkin.
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Misol. y' 4+ 2yy” = Otenglamani yeching.
Echimi. y' = p(y)deb y' = p’(y)- y' = p’- p gaegabo’lamizvabundan
p® +2ypp’ = Otenglamaniolamiz.
p(p+2yp’)=0, p=0, y=C, p+2yp'=0.

Oxirigitenglamanio’zgaruvchilariniajratib yechamiz:

Inp=-1/2-In|y|+InC,, p=Cl/\/§, y’:Cl/\/y, Jydy =C,dx.

Bundanesao’znavbatidaintegrallab,
2/3-yJy =Cx+C,
niolamiz. Demak, yechim 2/3- y\/y =C,x+C,vay =C larekan.

Tenglamani yeching.

L1 (147 )y +y? +1=0 12.xy"=y'In(y'/x)
13. xy"—y'=0 14,y (1+y?)=ay"
15. 2y'(y"+2)=xy" 16. y"* —2y'y"+1=0
17. xy" =y'+xsin(y'/x) 18. Yy =y?+1

19. y"(2y'+x)=1 1.10. (1-X7 ) y" +xy' =2
111 Yy +y =xy” 112, y"y? =y"

113. y"(2+ X)" =1, y(-1)=112, y'(-1)=-1/4

L14. xy" = (1+2x")y’ 1.15. Xy" =y + X

1.16. xIny" =y’ 117. 2y" = y'/x+ X*/y’
1.18. y" = \/1—7 1.19. xy"—-y"=0

1.20. Y =41-y"

2. Tenglamani yeching.

21y +y?=2e" 22.y' =¢’

23. Yy —yiy'=1 24. yy"=2yy'Iny =y
25. W +y=y"? 26. yy"> =1

2.7. y" = ae’ 28.3y" =y
29.2(2a-y)y"=1+y" 2.10. 1+ Yy =2yy"
211y =(2y-2y")y" 2.12. 2y =(y-1)y"
213. yy"=y"” 2.14. 2yy"+y? +y* =0
2.15. 2yy" —3y'* =4y’ 2.16. 2yy"+y? =0
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217. yy"+y'* =0 2.18. yy" =y +y"”

2.19. yy"=1+y"” 2.20. 2yy" =1+y"
16-Mavzu.
O’zgaruvchilarganisbatanbirjinslivaumumlashganbirjinsliyugoritartiblitenglamalarniintegra
Ilash.
3. Agartenglamayuningxossalariganisbatanbirjinslibo’lsa, boshgachagilibaytganda,

Y, Y. y(n)larnibirpaytda ky,ky',..., ky(n)
largaalmashtirilgandatenglamao’zgarmasauningtartibini y’ =y-z (X)
almashtirishyordamidapasaytirishmumkin, bu yerda Z (X) — yanginoma’lumfunksiya.
Misol. Xyy” = Xy'* = yy' tenglamanitartibinipasaytirib yeching.
Echimi.yniKy, y'niky’, y" niky"” bilanalmashtirsak,
xk?yy” — xk*y"? = k*yy'yoki Xyy" — xy'* = yy
tenglamaningo’ziniolamiz. Demak, tenglamabirjinsliekan. Endi Y’ = Yz almashtirishnibajarib,
y" =Yz + yz' = yz° + yz' ekanligidanfoydalansak,
xy(yz® +yz')-xy’z* =y’z, xy’z'-y’z=0, y*(xz'-z)=0
tenglamaniolamiz. Bundan

y=0, xz'—z=0, dz/z=dx/x, In|z|=In|x|+In|C,|, z=C.x,

!

y'/y=Cx, dy/y=Cxdx, Inly|-Cx*+In|C,|, y=C,e~.
Demak, javob y = C,e*,
Agartenglamaxvayganisbatanumumlashganbirjinsliboshgachagilibaytganda,
birormuchunxnikxga, ynik™yga, Y nik™Yy ga, y nik™?y

gavahokazoalmashtirilgandatenglamao’zgarmasa, uningtartibinipasaytirishmumkin.
Tenglamaningshuma’nodabirjinslibo’lishiyokibo’Imasliginibilishvam

4

nitopishuchunyuqoridagialmashtirishnibajarib, tenglamadagiharbirhaddaishtiroketgank
ningdarajalarinitenglashtiribchigishkerak.
Agarm uchunhosilbo’lgantenglamalarsistemasibirgalikdabo’lsa, mnitopib,

X= et, y= Zemt, Z1=1 (t)aImashtirishnibajarishkerak.

Bualmashtirishdankeyinyangierklio’zgaruvchitishtiroketmagantenglamaniolamiz.
Bundaytenglamaningtartibini 2-§ dako’rsatilganusuldapasaytiriladi. X =¢' , Y= ze™
almashtirishdahosilalarquyidagichahisoblanadi.

y' = z—)t/e‘ = (%em‘ + mze"‘tje‘t =(z'+ mz)e(m‘l)‘,

"_ dy, - ' (m-1)t
y _Ee‘_(z +(2m-1)z'+m(m-1)z)e™ ™V, @)

............................................................



Misol. x4y”+(xy'— y)3 = 0 tenglamani yeching.
Echimi. xnik, ynik™, y' nik™ ™y’ y"nik™?y” gaalmashtiraylik:
3
k4x4km72y”+(kkaflyr_kmy) -0

m+2=3m=m=1.
Bundantushunarliki, tenglamaumumlashganma’nodabirjinsli. Tenglamani yechishuchun

X =e@', y = ze'almashtirishnibajaramiz. Uholday' = 2"+ z, y" = (Z” + z’)e“. Bundan

e* (2" +2')e™ +[et (z'+ z)—zet] -0, 2"+7+7°=0.

Hosilgilingantenglamatgabog’ligemas. z' = p(Z), z"=pp’, pp'+p+p°=0,
bundanesadp/dz = —1— p°yoki p = Oniolamiz.  Ikkinchi p=0danz’ =0, z=C, y = Cx
kelibchiqgadi. Birinchitenglamadanesa

dp/(1+ pz)z—dz, arctg p=C, —z, p=tg(C, — z)kelibchigadi. SHuninguchun
z'=tg(C,—2), ctg(C, —z)dz =dx,
jctg(C1 ~z)dz=z-In|C,|, Infsin(C,—z)|=—x+In|C,|,
sin|C, —z|=C,e™, z=C, +arcsinC,e™".

y = zX, €™ =1/Xalmashtirishnihisobgaolib, Y = X(C1 +arcsin (Cz/x))niolamiz.

5.Agartenglamaningharikkalatomonigandaydirfunksiyaningto’ligdifferensialigakeltirishmu
mkinbo’lsa, uningtartibinipasaytirishmumkin.

Misol. xy"—y' —x’yy' =0, y(l) =0, y’(l) = 2 Koshimasalasining
yechiminitoping.
Echimitenglamaningharikkalatomonini x> # 0 gabo’lsak, to’ligdifferensialholgakeladi:

xy'-y yY (1.,) y 1.,)
oY oo (L] (22| =0, [X-2y2| =0
o= (Y] {r) =0 (53]

bundan - —% y’ =C,.Cni y’(I) =2, Y(I) = Oshartdanfoydalanibtopamiz:
X
C, =2/1-1/2-0=2.Uholda
l——yz +2, Zdy =1xdx, arctglzix2 +C,.
X 2 y +4 2 2 2

C, =arctg(0/2)-1/2=-1/2.

Demak, Koshimasalasining yechimi y = 2tg ko’rinishdabo’larekan.

Tenglamani yeching.
31 XZyyn _ 2X2y12 4 nyr 4 y2 -0 32 X2 (yy”_ yVZ)_l_ nyl =y XZyr2 n y2
33 ny” + Xy12 _ yyr — O 34 ny” . Xy/2 . yy” — 0
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12

35. %y (W' = y?)-yy

4

3.7, yyrr_3yr2 +3yyr_ y2 :O

3.9. X°yy" =(y - xy')’
3.11. 2yy" —3y’? =2y?
313. Yy +yy' =vyy

3.15. Yy —Xx*yy' —xy? =0
317. W' —y?—y?Inx=0
3.19. 2yy" —3y’* =4y’

4. Tenglamani yeching.

41 yy”!+3y!y” O
43. yy"+y"?

nomo__ "2
=2y

45. yy" =
47. Y =xy'+y+1
49. y"=(1+ y’z)s/2
411,y —y' /X + y/x2 =1

",m " 2

4.13. y'y" -3y
4.15. y"ctg 2x+2y =0

4.17. y"thx =y"
219, (147 ) y"+2xy" = x°

5.

ribbirinchitartiblitenglamagakeltiring.

2,3\,

51. 4X°y’y" =x* —y*
2 ’
5.3. %+ y'? :3xy”+2yy

5.5. X (2yy" - y"?) =1-2xyy’
5.7. % (yy'-y?)+xyy' = (2xy' -3y

5.9. X'y +(xy' —y) =

511 X°y" =3xy' + 4y +x* =0

3

36. Yy +y*+ayy +by’ =0

/

" ! yy
38. yy' -y =
1+ %2
3.10. Xyy" —xy"? —yy'=0
3.12. 3y"* =4yy"+y?

3.14. (Y+Y')y"+y?=0
3.16. (xy'— y) y' +4y'’? =

3.18. Xyy" +Xxy"? =2yy’
3.20. 3yy" —5y"? =0

a2.yy'=y'(y'+1)
44. xXy" =2yy' - y’

m2 (A

4.6. 5y"° -3Yy"y

48. xy"—y' =xyy'

4.10. (1+ y/ )ym _ yryNZ
4.12. y"+y'cosx—ysinx=0

"

4.14. y"xInx=y"

"

4.16. (1+sinx)y"” =cosy"
4.18. y"tg x=y"+1

L

4.20. (Xx+1)y"+y"=x+1

Umumlashganbirjinslitenglamanitartibinipasayti-

5.2. XY =(y—xy')(y—xy

-X)
" _ _ y
5.4.y (Zx —jy +4y* -2
X
56. VY —Xyy" —xy"?
5.8. X' (y? —2yy")=4x’yy' +1
5.10. Xyy" +yy' —xy”° =0
512. X4yﬂ_X3yr3+3X2yy12 —

184



5.13. 3xy* +2X°y = 2X°y + y° 5.14. X'y" =(y— xy’)2

5.15. NX*y" = (y —xy')’ 5.16. y* (X°y" = xy' +y) =%’
517. XYY" =3xy’y' +4y° +x° =0 518 X°y"+2xyy' —x°y? —y* =0
519. X*y* + Xy 2 +x%yy" =0 520. X°y" +(xy' - y)2 =0

Sinovuchunsavolvatopshiriglar

1. F(x,y(k),y("”),...,y(”))zo
ko’rinishdagitenglamaningtartibigandaypasaytiriladi?
2. Qandayalmashtirishyordamida F (y, yl,. co y(n)) = Qko’rinish-

dagitenglamaningtartibinipasaytirishmumkin?

3.
Noma’lumfunksiyavauninghosilalariganisbatanjinslibo’lgantenglamaningtartibigandaypasaytiriladi?

4. Ikkalatomonixnisbatanto’laxosiladaniborattenglamaningtartibinipasaytirishmumkinmi

5.
Qandaytenglamagaxvayganisbatanumumlashganbirjinslitenglamadeyiladivauningtartibigandaypasa
ytiriladi?

6. n-tartiblioddiydifferensialtenglamauchunKoshimasalasiningqo’yilishinivauni
yechishusuliniifodalang.

7. y” +sin y = Otenglamaning X — ooda Y —> 77 bo’ladigan
yechimiborekanliginiisbotlang.

2.,m

8. Yy = y'3tenglamaningtartibinipasaytirib, birinchitartiblitenglamagakeltiring.

" ’ " 12 32
176. Y"+y' +2=0 177. 3y" = (1+y"?)
178. 4y' + y"? = 4xy" 179. y'(1+y"?) =ay”
180. ym (1+ yr2)_3yr "2 _ 0 181, yy” _ yr 4 y12
182, yy" =1+y" 183. 2yy" =1+y"
184. y°y"=-1,y(1)=1y'(1)=0 185. yy" —y'* = y*y’
186. nyy" —(n—-1)y”* =0 187. ayy” + by’ W _g
VX% +C?
188. Xyy" +xy'? —yy'=0 189. Xyy” —4xy'* +4yy' =0
190. 2xyy" —xy’* +yy' =0 191. y" + 22X y' = 2X
X*+1
192. X°y" +x*'y" =1 193. Xy" +y"+1/x=0
194. X3y" + x2y" =X 195. X*y" +3xy’y’' —y® =0
196. X*y"+X°y? +y* =0 197. X*y"+x°y"? —2xyy' =0
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198. Xy" +2xyy’ + y* = 199. X*y" + x°y"? +3x°yy"* =0

4..n

200. X*y" +3xy’y’' —y* =0

Koshimasalasini yeching.

201 y*y"=y* ~16, y(0)=2v2, y'(0 )

202, yy"-3y" =0, y(0)=0. y'(0)=1 ”( )=
203. y"=yy"+Yy”?, y(0)=0, y'(0)=1/2, y"(0)=
204.2y" =(y-1)y", y(1)=2 y'(1)=0

205. y"=3yy", y(0)=y'(0)=1 y"(0)=3

6. Koshimasalasining yechiminitoping.

6.1 yy" =2y, y(2)=2, y'(2)=0,5
6.2. 2y"—3y"? =0, y(0)=-3, y'(0)=1, y"(0)=-1
6.3. X°y"—3xy' =6y*/x* -4y, y(1)=1, y'(1)=
6.4. y" =3y’ y() -2, y'(0)=0,
65 y'cosy+Yy?siny=y, y(-1)=7/6, y'(-1)=2
6.6. Yy’ +64=0, y(0)=4, y'(0)=

6.7. y'+2sinycos’ y =0, y( 1
6.8. y'=32sin’ ycosy, y(1)=7/2, y'(1)=4
6.9. Yy’ +49=0, y(3)=-7, y'(3)=-1

6.10. 4y°y" =16y* -1, y(0 )=\/§/2, y'(0)=«/§/2
6.11. y"+8sinycos’y=0, y(0)=0, y'(0)=2
6.12. y"=18sin’ycosy, y(1)=7/2, y'(1)=3

6.13. 4y°y" = y* ~16, y(0)=22, y'(0)=1/2
6.14. y"+18sinycos’y =0, y(0)=0, y’

6.15. y"=8sin’ ycosy, y(1)=x/2, y'(1)=3
6.16. y"+32sinycos’y=0, y(0)=0

6.17. y"=50sin’ ycosy, y(1)=7/2, y'(1)=
6.18. y3y”:4(y4—1), y(O):\/Z y'(0)=+2
6.19. y"+50sinycos’y =0, y(0)=0, y'(0)=5
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6.20. y"=2sin*ycosy, y(1)=7/2, y'(1)=1

17-Mavzu. O’zgarmaskoeffitsientlichiziglitenglamalar

1.0’zgarmaskoeffitsient|ichiziqlibirjinsli

8,y +ay" +...+a,,y" +a,y=0 @
ko’rinishdagitenglamani yech|shuchunun|ngxarakterlstlktenglamasini
ao/i( +a1/1 )+ ..+a ,A+a =0 )
tuzibolishvauningﬂl, 22, e ln|Id|zlar|n|top|shkerak. (1) tenglamaningumumiy yechimi, (2)

tenglamaningoddiy A, ildizigamoskeluvchi CleﬂiX va k _Kkarrali /1. ildizigamoskeluvchi

(C +C__x+C

m+1 m+2 m+2

k -1\ 4
X* 4.4+ Cpppy X )e a

hadlaryig’indisidaniboratbo’ladi, bu yerdabarchaClarixtiyoriyo’zgarmaslardir.

1) tenglamaningkoeffitsientlariva A xarakteristikildizlarihagigiyham,
komplekshambo’laverishimumkin.

Misol. y(s) —12y(4) +56y" —126Yy" +135y' —54y = Otenglamani yeching.
Echimi.Xarakteristitenglamasi
A° =122 +564° —1261% +1354 544 =0
yoki
(A-1)(A-2)(21-3) =0
ko’rinishdabo’ladi. Butenglamaningoddiy 4, =1, A, = 2ildizlargaC,e", C2e2x hadlar, 3 Kkarrali
A=3 iIdizgaesa(C3 +C,X+C.x* )eSX hadmoskeladi. Demak, berilgantenglamaningumumiy

yechimibuhadlarningyig’indisidaniborat:
y=C,e* +C,e” +(C, +C,x+C,x* Je”

Agar 1) tenglamaningbarchakoeffitsientlarihagiqiybo’lsa, uning yechimi /ll
xarakteristikildizlardanbirortasikompleksbo’lgandahamhagigiyko’rinishdayozishmumkin. 1)
tenglamaningumumiy  yechimi  (2) tenglamaning A = & + [l o’zaroqo’shmakompleksildiz-
larigamoskeluvchi

C..7 cos fx+C_ e sin gx

ko’rinishdagivakkarrali A = o + 1 kompleksildizlargamoskeluvchi
P, (x)e™ cos Sx+Q,_, (x)e™ sin Bx )

ko’rinishdagiqo’shiluvchilarningyig’indisidaniboratbo’ladi.  Bu yerdaClixtiyoriyo’zgarmaslar,
P (X)vaQ; (X)lar 3) ifodadagigao’xshash k — L tartibliko’bhadlarbo’lib,
ularningkoeffitsientlariixtiyriyo’zgarmaslardir.

Misol. y" —2y"+ 2y = Otenglamani yeching.

Echimi. Xarakteristiktenglamasi 1> — 21 + 2 = 0bo’lib, A =1=%1oddiyildizlargaega,
shuninguchun yechimningko’rinishiquyidagichabo’ladi:

y=C,e*cosx+C,e*sinx,
Tenglamaningumumiyyechiminitoping.

m+2
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206. y"'+4y'+3y =0 207. y" —=2y"+9y'-18y =0

208. y"—2y'+10y =0 209. Yy +2y"—-8y'+5y=0

210. y" -8y =0 211. Yy =2y"-2y'—y=0

212. YW +4y =0 213. Yy —4y" +8y" -16y'+16y =0
214. YV —y=0215 y" +2y" +3y"+2y'+y=0

18-Mavzu.
O’ngtomonimaxsuske’rinishdabe’lgano’zgarmaskoeffitsentlichiziglidifferensialtenglamalarva
ularningxususiy yechimlarinitopish.

CHiziglibirjinslibo’Imagan, o’zgarmaskoeffitsientlidifferensialtenglamaningo’ngtomoni
b, +bXx+...+b_x", ", cos Sx, sin Sx
funksiyalarningyig’indisivako’paytmasidaniboratbo’lsa, uningxususiy

yechimininoma’lumkoeffitsientlarmetodibilangidirishmumkin.
Agartenglamaningo ngtomoni P, (X)eyx ko’rinishdabo’lsa, (bu yerda
P, (X)=h, +bx+...+b,x™) xususiy yechim
y, =x°Q,, (x)e™
ko’rinishdabo’ladi. BundaQm (X) — koeffitsientlarhozirchanoma’lumbo’lganmtartibliko’phad,
Sesaquyidagichaaniglanadi: agar y (2) tenglamaningildizibo’lmasa, S =0,agary
tenglamaningpkarraliildizibo’lsaS = P.

Qm (X) ko’phadningkoeffitsientlarinitopishuchun (6)

yechimniberilgandifferensialtenglamagaqo’yib,
tenglikningo’ngvachaptomonidagio’xshashhadlarningkoeffitsientlarinitenglashkerak.

Agaro’ngtomonidasinvacoslarishtiroketibqolsa, bizgama’lumeki,
ularEylarformulasiyordamidako’rsatkichlifunksiyalarorgaliifodalashmumkin:
15x -1px 18x -1px
e’ +e . e’ —e
COS fX=———, SInfX=——" (7)
2 21
Uholdamasalahozirko’rilganholgakeladi.
Agartenglamachaptomoniningkoeffitsientlarihagiqiybo’lsa, (7)
kompleksfunksiyalarsizmasalanihalgilishmumkin.
O’ngtomoni
e™ (R, (x)cos Bx+Q (x)sin Bx) 8)
ko’rinishdabo’lgantenglamalardaxususiy yechimni
y, =x%e” (R, (x)cos Bx+T, (x)sin Bx) ©)
ko’rinishdagidirishmumkin. Bu yerda, agara + 1 (2) xarakteristiktenglamaningildizibo’Imasa,
S =0,aksholda S a+ fBlildizningkarraligi, R, (X)vaT,(X) - m-tartibliko’phadlar,

m= max{k,l}, R, (X)vaTm (X)ko’phadIamingkoeffitsientlarinitopiboIishuchun (9) xususiy

yechimiberilgantenglamagaqo’yib,

tenglikningo’ngvachaptomonidagio’xshashhadlarningkoeffitsientlarinitenglashtirishkerak.
SHunihamta’kidlabo’tishkerakki, birjinslibo’lmaganchiziglitenglamaningumumiy yechimi,

shutenglamaningbittaxususiy yechimibilanungamoskelganbirjinslitenglamalariyig’indisigateng.
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Undantashqari, agartenglamaningo’ngtomonibirnechtafunksiyalaryig’indisidaniboratbo’lsa,
uningxususiy
yechimishutenglamachaptomonidagiqo’shiluvchilarningharbirigatenglashtiribolingantenglamalarxu
susiy yechimlariyig’indisidaniboratdebgarashmumkin.

Misollar. a) y” + y = 4xe* tenglamani yeching.

Echimi. I.y" + y = Obirjinslitenglamaningumumiy yechiminitopamiz.
Xarakteristiktenglamasi A2 +1= 0, bundan /11’2 = +1.Demak, birjinslitenglamaningumumiy
yechimi y = C, sin X+ C, €0S X ko’rinishdabo’ladi.

11.Berilgantenglamaningxususiy yechimi

y=x"Q,(x)e”
ko’rinishdagidiramiz. BizningmisolimizdaS = 0, chunkiy =1
xarakteristiktenglamaningildiziemas, Q, (X) =D, +b,X, chunki P, (X) =4X,ya’nim =1,
shuninguchunxususiy yechimi

y; = (b, +bx)e"

ko’rinishdagidiramiz. Buniberilgantenglamagaqo’yib,

y; =(b, +b, +bx)e*; 'y, =(b, +2b, +bx)e’;
2b, +2b, +2bx=4x; 2b, +2b, =0;
(b, +bx)e* +(b, +2b, + b x)e* =4xe*; b+ 2h, o
2b =4, by=-2; b=2
larniolamiz. Demak, xususiy yechim Y, = (2X — 2)eX ko’rinishdaekan.

Berilgantenglamaningumumiy  yechimi,  birjinslitenglamaningumumiy  yechimi (1)
bilanberilgantenglamaningxususiy yechimi (11) ningyig’indisigateng:

y =C;sinx+C,cosx+(2x—2)e".

b)y" + 2y’ —3y = x°e*tenglamani yeching.

Echimi.l. y" + 2y’ — 3y = O birjinslitenglamaningumumiy yechiminitopamiz.
Xarakteristiktenglamasi A + 21 — 3 = 0 ko’rinishdabo’ladi, bundan 4, =1, 4, =-3
ekanliginitopamiz, demak, birjinslitenglamaningumumiy yechimi

y=Ce*+C.e™
ko’rinishdabo’ladi.

I1.Berilgantenglamaningxususiy yechiminioldingimisoldagidek (6) ko’rinishdagidiramiz.
Bizningmisolimizda S =1, chunki ¥ = 1xarakteristiktenglamaningbirkarraliildizi,

Q. (X)=h, +bx+b,x?,
chunki P, (X) = X%, ya’ni M = 2, shuninguchunxususiy yechim
Y, = X(by +bx+b,x* )e”
ko’rinishdagidiriladi. Buniberilgantenglamagaqo’yib,
Yy =] by + (b, + 20 ) X+ (30, +1, ) x* +b,x° |e”,
A :[2+(b0 +h,)+(by +4b, +6b,)x+(6b, +b, )X’ +b2x3]ex,
[2+(b0 +1 )+ (b, +4b, +6b, ) x+(6b, +b, ) x* +b2x3]eX +
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+2[b0 +(by +2b, ) x+(3b, +b, ) x? +b2x3]eX -
—BX[bO +h X+ bzx?’]eX = x%e",
ab, +2b =0, 8 +6b, =0, 12b, =1,
b, =1/12, b =-116, b, =1/32

larniolamiz . Demak, xususiy yechim
y, = x(]/32—]/16- x+],/12-x2)eX
ko’rinishdaekan.

Yugoridagidek, berilgantenglamaningumumiy yechimibirjinslitenglamaningumumiy
yechimi (1) bilanbirjinslibo’Imagan (berilgan) tenglamaningxususiy yechimiyig’indisigateng

Y, =Ce* +Cpe ¥ +x(1/32-1/16- x+1/12- X" )",
v) y" =3y’ + 2y = xe* cos X tenglamani yeching.
Echimi.l. y" — 3y’ + 2y = Obirjinslitenglamaningumumiy yechiminitopamiz.
Butenglamaningxarakteristiktenglamasi
A2 -31+2=0
bo’lib, uningildizlari, 4, =1, A, = 2bo’ladi. Bundanesabirjinslitenglamaningumumiy yechimi
y =C.e*+Ce*

ko’rinishdaekanligikelibchigadi.
I1.Endiberilgantenglamaningxususiy yechimini (9) ko’rinishda, ya’ni

y =xe” (R, (x)cos Bx+T, (x)sin Bx)
holdagidiramiz, chunkitenglamaningo’ngtomoni (8) ko’rinishda, Bizningmisolda
a=1 =1 axpl=1+1, S=0,chunkia+ pl =1+1,S =0,
xarakteristiktenglamaning yechimiemas.

R, (X)=a,+ax, T, (x)=b,+bx,chunki P(x)=xvaQ(x)=0,bo’lib, k =1va

| = 0, shuninguchunm = 1. SHundayqjilib, xususiy yechimni

Y, =€*((a, +a,x)cos x+(h, +bx)sinx)
ko’rinishdagidirishimizkerakekan. Bunitenglamagaqo’yib,

A :[(b1 —a, —a,x)sinx+(a, +b, +b,x)cosx+(a, +a,x)cosx+
+(by +b,x)sinx |e* =[(a0 +by +a, +(a, +b; ) x)cos x +
(by —a, +by + (b, —a,)x)sin x]ex,
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yl”:{[a1+b1+bo—a0+b1+(b1—a1)x]cosx+
+[b1—a1+ao+b0+a1+(a1+b1)x}sinx+
+[ay +h, +a, +(a, +b)x |cosx +
+[by—a, +b, +(b —a, x]sinx}exz
{[2 a, +b, +by)+2b,x]cos x| 2(hb, +b)+2bx]3|nx}e
2[ (a, +b, +by)+bx [cosx+2[ (b, +by ) +bx ]sinx -
—3{[(a0 +h, +a,)+(a, +b,)x |cos x+
+[ (b, —a, +h) (bl—ai)x]sinx}+
+2[ (8, +a,x)cos x + (b, +byx)sinx | = xcosx,

2b —a,-3,-b, =0, —a,-b =1 3a+b-b =0,
1 1

b +3a =0 a =1 a=1/2, b°:_4§’ b1=—1§

larniolamiz. Bundanesaberilgantenglamaningxususiy yechimi

y, =e* ((1+1/2- x)cosx—(4%+l% xjsin x]

ko’rinishdaekanligikelibchigadi.
Demak, berilgantenglamalarningumumiy yechimibirjinslitenglamaningumumiy yechimi (1)
bilanberilgantenglamaningxususiy yechimiyig’indisigateng:

y=C,e* +C,e* +{(1+]/2-x)cosx—(4%+l% xjsin x}ex.

9) Y" =5y’ — 3% + sin 5x tenglamaningumumiy yechiminitoping.
Echimi.Birjinslitenglamaningumumiy yechiminitopibolamiz: y” —5y’ = 0.
Butenglamaningxarakteristiktenglamasi A° —5A4 = Qko’rinishdabo’ladi, bundan 4, =0, 4, =5
larniolamiz. Birjinslitenglamaningumumiy yechimi
y=Ce” +C,e* =y=C,+C,.e™
ko’rinishdabo’ladi.

Yugoridaeslatilganqoidagako’ra,
butenglamaningo’ngtomoniikkitaharxilfunksiyalarningyig’indisibo’lganuchuntenglamaningchapto

moni, uningo’ngtomonidagiqo’shiluvchilarningharbirigatenglashtirib, Xususiy
yechimlartopamizvaberilgantenglamaningxususiy yechimisifatidaularningyig’indisiniolamiz.

11.y” — 5y’ = 3’ tenglamaningxususiy yechimini (6) ko’rinishdaya’ni
y; = X°Q,, (X)e” holdagidiramiz. Bizningmisolda = 0 vademak, S =0chunkiy =0

xarakteristiktenglamaningbirkarraliildizi, Q. (X) =a, +a X+ a2X2 ,  chunki P, (X) = 3x%?,
shundayqilibxususiy yechimni
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Yy =X(2, +a,x+a,x* ) =ax+aX* +a,x°
ko’rishdagidirishkerakekan. Bunitenglamagaqo’yib
y, =a, +2a,x+3a,x*, Y/ =2a +6a,Xx,
2a, +6a,x—5(a, + 28X +3a,x* ) =3x*, 2a, —5a,=0,
6a,—-10a, =0, -15a,=3, a =-3/25, a,=-6/125
larniolamiz. Demak, butenglamaningxususiy yechimi
y, =—6/125-x—3/25.x* —1/5%
ko’rinishdaekan.
1. y" =5y’ =sin5x tenglamaningxususiy ~ yechimi ~ (9)  ko’rinishda,  ya’ni
y, = x’e” (Rm (x)cos Bx+T, (x)sin ﬁx) holdagidiramiz. ~ BizningmisolimizdaS =0,
chunkiax =0, =5, a+ Sl =5l harakteristiktenglamaningildiziemas,
R, (X)=a,, T, (x)=hy,chunki
P(x)=0, Q(x)=1 k=0, 1=0
bo’lib, shundayqilib, xususiy yechimni
Yy, =8, C0S5X + b, sin 5x
ko’rinishdagidirishkerakekan. Bunitenglamagaqo’yib,

Yy, =5b, cos5x —5a, sin5x, y, =—-25b,sin5x —25a, cos5x,
—25D, sin 5X — 25a, cos 5X — 25h, C0s5X + 253, Sin5X = Sin 5x,
25a, —25h, =1, 25a,+25b, =0, a,=1/50, b, =-1/50
larniolamiz. Bundanesao’znavbatidaxususiy yechimning

y, =1/50c0s5x —1/50sin5x

ekanligikelibchigadi.
Yuqoridaaytilganigako’ra, berilgantenglamaningumumiy yechiminitopilgan
yechimlarningyig’indisidaniborat:

y =C, +C,e™ —(6x/125+3x*/25+ x°/5) +1/50c0s5x —1/50sin 5.

3.0’zgarmasnivariatsiyalashusuli.CHiziglibirjinslibo’Imagan

gy +ay"™ +.. .+ay=f(x) (10)
tenglamaning yechishningumumiyusullaridanbirio’zgarmasnivariatsiyalashusulidir.
Farazqilaylik, birjinslichizigli

n n-1
a,y" +ay"™+...+ay=0
tenglamaningumumiy yechimitopilganvau y =C,y, +C, Y, +...+C_ Yy, ko’rinishdabo’Isin. Bu

yerda C1 larixtiyoriyo’zgarmaslar, Y (X) laresabirjinslitenglamaningfundamental
yechimlarsistemasiuholda (10) tenglamaning yechimi,

y=C,(X)y, +C,(X)y, +...+C,(X) Y,
korinishdagidiriladi. Bu yerdaC; ( X ) noma’lumfunksiyalarnitopibolishuchun
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Cly,+Cy,+...+C/y, =0,
Cly,+Cy,+...+C/y, =0,

....................................... (12)
Cy" Py 4+ Clyl™? =0,

Cy oyl 4+ ClyY = f (x)
tenglamanisistemasiniolamiz. BusistemaningC/, C,, ..., C/ yechimlarinitopib,
uIarniintegraIIabCl(X), Cz(X), oo Cn(X)funksiyalariniolamiz. Bularni  (11) gaqo’yib,
birjinslibo’Imagantenglamaningumumiy yechiminiolamiz. (12) sistemaning yechimgaegaekanligi
yl(x), yz(x), ceny yn(X)funksiyalarningfundamental
yechimlarsistemasiekanligidankelibchigadi.

Misol. y” +y= ]/sin Xtenglamanio’zgarmasnivariatsiyalashusulibilan yeching.
Echimi. y” + y = Qbirjinslitenglamaningumumiy yechiminitopibolaylik.

Xarakteristiktenglamasi A2 +1= 0bo’lib, A ==+1bo’ladi. SHuninguchun, birjinslitenglamaning
yechimi

y =C,cosx+C,sinx
ko’rinishdaekanligikelibchigadi.
Endiberilgantenglamaning yechimini

y =C,cosx+C,sinx
ko’rinishdaizlaymiz, bunitenglamagaqo’yib (12) sistemaniolamiz
C/cosx+C,sinx =0,

—C/sinx+C, cosx =1/sinx.
Busistemani yechib, C, =ctg x, C, —Lifodalarni, bularniintegrallabesa
C,(x)=-x+C,, C,(x)=Insinx+C,larniolamiz. Bularniolibboribo’migaqo’yib
y =C, cosx+C,sinx—xcosx+sinxIn|sin x|
berilgantenglamaniumumiy yechiminiolamiz.
216. Y+ 2y -3y = 217. y" -3y’ + 2y = xe*
218. y" -9y’ =e* cos x 219. y" + 4y +4y = xe™
220. y" 4+ 64y =16sin8x —16c0s8x — 64e**
221. y" - 49y’ =14e™ —49(cos7x +sin 7X)
222. y" +81y = 9sin 9x + 3c0os 9x +162¢°
223. y" — 64y’ =128c0s8x — 64e™
224. y" -8y’ =162e” +81sin9x

Tenglamanio’zgarmaslarnivariatsiyalashmetodibilan yeching.
225. Xy" +(2x—1)y' =—4x* 226. y" + y'tg X = COS X Ctg X
227. y"+y=1/cosx 228. y"+4y =2ctg X
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229. y" +y = 2/sin?x 230. y" + Y =Xsinx

19-Mavzu. Eylertenglamalari.
4.Ushbu

a, X"y +ax"ty" M+ +a Wy ="1(x)
yoki
g, (ax+b)" y" +a (ax+b)" y" + . +ay=f(X) (14)
ko’rinishdagitenglamalarEylertenglamasideyiladi. (13) tenglamax=iet almashtirishbilan, (14)

tenglamaesa ax + b = €'
almashtirishbilanchiziglio’zgarmaskoeffitsientlitenglamalargakeltirishmumkin.

Bundaytenglamalarni yechishesaavvaligapunktlardamufassalo’rganildi.

Misol. X*y" — Xy’ + y = 8x° Eylertenglamasini yeching.

Echimi. X = €' almashtirishbajaramiz. Tushunarliki, t = In X, bundan
r dy dy dt ! 1 — yre—t
Cdx  dt dx e

=) e ) () -

d dt ' d dt =2t ,n =2t 1 " ’
= Yy Yo\ € Ve =€ Yy = Ye = Y1)

d ( t)dx dt( )dX it tt ( t t)

Enditenglamagaqo’yib
2t —2t (ytt ytr) t —ty + y 88
ifodaniolamiz, bundanesa
Yo —2y,+y =8¢" (15)
o’zgarmaskoeffitsientlitenglamaniolamiz.
Awvalobirjinsli Yy —2Y, + Y = 0 tenglamaningumumiy yechiminitopibolamiz.

Xarakteristiktenglamasi 4> — 21 +1 = O ko’rinishdabo’Iganiuchun A = Luningikkikarraliildizi.
Demak, birjinslitenglamaningumumiy yechimi y = Clet - Cztet ko’rinshdaekan.
(15)tenglamaningxususiy  yechiminiy, = ’c‘loe?’t ko’rinishdagidiramiz  (2-punktgagarang).

Uholda

y; =3a,e¥, y/=9a.e”, 9a.e™ -6a,e” +ae* =8", 4a,=8, a,=2
kelibchigadi. Bundanesaxususiy yechimy, = 2e™ ko’rinishdaekanligikelibchigadi. Endi (15)
tenglamaningumumiy yechiminiyozaolamiz:
y=Ce' +C,te' +2¢*.
Bundanesat = In Xekanliginihisobgaolib, berilgantenglamaningumumiy yechiminiolamiz.
y =CXx+C,xInx+2x°.
Eylertenglamasini yeching.
2

231. X*y" -2y =cosInx 232. (x+1)"y"-12y' =0

233 X°y" = xy"+x*/(1+%*) =0 234, X2y" —xy' +y =8%°

194



235. X°y" —xy' —y=x"

Harxilusullarnigo’llab, tenglamani yeching.
23. y"~3y'+2y=(3+e™) , y(0)=1+8In2, y'(0)=14In2
237. y'+y/4=Y4-ctg(x/2), y(7)=2, VY'(7x)=Y2
238. y"-3y'+2y=e"/(1+€*), y(0)=0, y'(0)=0
20 y"+y'=e"/(2+€"), y(0)=In27, y'(0)=1-In9
240. y" -9y +18y =9*/(1+e™), y(0)=0, y'(0)=0

oo

20-Mavzu. O’zgaruvchikoeffitsientlichiziglidifferensialtenglamalar.

O’zgaruvchikoeffitsientlichiziglidifferensialtenglamalar. Agarn-
tartiblichiziglibirjinslidifferensialtenglamaning Y, xususiy yechimima’lumbo’lsa,
uningtartibinichizigliliginisaglaganholdapasaytirishmumkin.  Buninguchunavvalo Y =Y, Z vakeyin
Z' = U almashtirishlarnibajarishzarur.

a, (X) y'+a, (X) y'+a, (X) y = Otenglamaninghususiy yechimima’lumbo’lsa,
yuqoridaaytilganusulbilanbutenglamaningtartibinipasaytirishmumkin.
LekinmanashuxususiyholdaOstogradskiy-Liuvillformulasidanfoydalanganma’qulroq:

i Yol ogrlPtom, P(x)= M (16)
A 3 (X)

bu yerda Y, va Y, larberilgantenglamaningixtiyoriychiziglierkli yechimlari.

Misol. X° (x +1) y"—2y =0, y, =141/ Xbo’Isatenglamaningumumiy

yechiminitoping.
Echimi.Ostogradskiy-Liuvillformulasigako’raquyidaginiolamiz:

Yi Y2
i Y
Y, = 1+]/X bo’lganiuchun Y, ganisbatanchiziglidifferensialtenglamaniolamiz,
uniquyidagichausulbilanosonroq yechishmumkin:

(&):W%_ﬂhzgg
Y

—Iﬁdx
=Ce “Y1Y> = V1Y, =C,. (17)

2 2"
Y1 Vi
Yy, = 1+ZI/X nioxirgitenglikkaqo’yibintegrallaymizva

Yo —j( Gy 2+C2:Cfl{x/2—ln|x+]i—2 +C,.

1+1x * (1+1/x) (x+1)
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Y, =(1+1/X) Cl(x/Z—In|x+1|—ﬁ)+C2 _

=C,(1+1/x)+ (XTH—ZL+X—HIn|x+1|j

X X
tengliklargaegabo’lamiz. Demak, berilgantenglamaningumumiy yechimi

y=C,(1+1/x)+C, (XTH—Z— X—+1In|x+]0

ko’rinishdabo’larekan.

6. Tushunarliki, oldingipunktdaberilishitalabgilinganxususiy
yechimdoimhamma’lumbo’lavermaydi, undantashqarixususiy
yechimnitopishninghattoikkinchitartiblichiziglitenglamalaruchunhamumumiyusuliyo’q.
Ba’zihollardatanlabolishyo’libilanxususiy yechimnitopishgaerishishmumkin.
Bundaalbattaberilgantenglamaningo’ngtomonidagiifodagae’tiborberishkerak, masalan,
tenglamaningo’ngtomonipolinombo’lsa, Xususiy yechimnipolinomko’rinishda, ]/X

ningfunksiyasiko’rinishidabo’lsa, xususiy yechimnia/Xyokiuningfunksiyasiko’rinishida, agare””
ningfunksiyasiko’rinishidabo’lsa, a&“* yokiuningfunksiyasiko’rinishidagidirganma’qulvah.k.
Misollar.a) (2X +1) y" +4xy" — 4 = Otenglamaning Y, = ae”*ko’rinishdagi
yechimimavjudbo’lsa, unitoping.
Echimi.y, = e** nitenglamagaqo’yamiz:
(2x+1)a’e™ +4x-ae™ —4e™ =0;
(2x+1)a’ +4xa—-4=0;
(2a2 +4a)x+(a2 —4) =0;
2a°+4a=0, a°-4=0, a=-2
kelibchigadi. Demak, berilgantenglamaning Y, = e_zxxususiy yechimibo’larekan.

b)Xuddishuyugoridagitenglamaning y, = X" +ax" ™ +bx"* +.. .ko’rinishdagi
yechimimavjudbo’lsa, unitoping.
Echimi. y, = X" +ax" " +bx"* +.. .nitenglamagaqo’yib,

avvaloko’phadningtartibinitopibolamiz,
buninguchunhosilbo’lgantenglikdagixningengkattadarajasioldidagakoeffitsientininolgatenglaymiz:

(2x+1)(n(N-1)X"? +...)+4x(nx"* + ) = 4(x" +...) =0,
(4n—-4)x" =0, 4n—-4=0,

bundanesa N = lekanligikelibchigadi. Demak, ko’phadningtartibifagat 1  bo’lishimumkin,
ya’nixususiy yechimni Y, = X+ ako’rinishdagidirishkerak. Tenglamagaqo’yamiz:

(2x+1)-0+4x-1—4(x+a):0

bundanesa @ = O niolamiz. Demak, xususiy yechim Y, = X ko’rinishdaekan.
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Funksiyalarnichiziglibeg’ligyokierkliekanliginitekshiring.
241. e*, %%, e¥ 242. X, €, xe*

243. chx, shx, 2e*—1, 3e*+5 244, X2 —X+3, 2X*+X, 2x—4
245. X* +2X, 3x* -1, x+4

O’zgaruvchikoeffitsientlichiziglibirjinslitenglamaningumumiy yechiminitoping.
246. X(x+4)y"—(2x+4)y'+2y =0
247. X(2x+4)y"+2(x+1)y' =2y =0
248. xy" —(2x+1)y'+(x+1)y =0, y, =€
249. y"+4xy' +(4x° +2)y =0, y, =e*
250. Y'—y'tg x+2y =0, y,=sinX
O’zgaruvchikoeffitsientlichiziglibirjinslibe’lmagantenglamani yeching.
251. X°y"InXx—xy'+y=x’Inx 252. X°y"Inx—xy’+y =xInx
253. Xy" —(2x+1)y'+ 2y = 2xe™ 254. X(X+4)y"—(2x+4)y'+2y =10x
255. X(X+4)y"—(2x+4)y' +2y =x*+1

Ushbutenglamalarning —oo < X < 4+o0 dagichegaralangan
yechiminitopingvauningdavriy yechimiekanliginike’rsating.
256. y"+3y'+2y =sinXx 257. y"+3y'+2y =CosX
258. Y"+5Yy'+6y =sinx 259. y"+5y'+ 6y =C0sX
260. y"+7y"+10y =sin2x

261. Yershariningmarkazidaningichkaquvuro’tkazilganbo’lsin. Ungatashlangantosh
yermarkazigaoradagimasofagaproportsionalbo’lgankuchbilantortiladi.
Toshganchavaqgtdaquvurnibosibo’tadi?

262.Havoningqarshiligijismtezliginingkvadratigaproportsionalvatezliklimitini75
m/sekdebolib, boshlang’ichtezliginolgatengbo’lganerkintushuvchijismharakatqonuninitoping.

263.Jismbirminutda 90 martatebranadiva 15
sekunddavomidatebranishamplitudasiikkimartakamayadi. Tebranmaharakat-
ningdifferensialtenglamasinituzing.

264.Qayigga L = 6 m/sekboshlang’ichtezlikberilgan. Harakatboshlangandan 60
sekundo’tgach, butezlikikkimartakamayada.

Agarsuvninggarshilikkuchigayigtezligigato’g’riproportsionalbo’lsa, uningharakatgonuninitoping.
265.Massasimbo’lganmoddiynuqgtakoordinataboshidanturtilib,

masofagato’g’riproportsionalbo’lgan F (F = 8mx) kuchta’siridaharakatgilmoqda.
Nugtagamuhitning R = 2mo qarshilikkuchita’sirgilayotganbo’lsin. Agart =0

koordinataboshidanmoddiynuqgtagachabo’lganmasofa 3 gatengvatezliknolsbo’lsa,
nugtaningharakatgonuninitoping.

Sinovuchunsavolvatopshiriglar
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1. n-tartiblio’zgarmaskoeffitsientlichiziglibirjinsliteng-
lamaningumumiyko’rinishiniyozingvauni yechishusulinikeltiring.

2. Uningxususiy
yechiminitopishmumkinbo’lishiuchuno’ngtomonigandayko’rinishgaegabo’lishikerak?

3. CHiziglibirjinslibo’Imagantenglamaningbittaxususiy
yechimivabirjinslitenglamaningumumiy yechimima’lumbo’lgandauningumumiy

yechiminigandaytopiladi.
4. n-tartiblitenglamalaruchuno’zgarmasvariatsiyalashmetodinimisollardatushuntiring.

5. Eylertenglamasiningumumiyko’rinishiniyozing. Qandayal-
mashtirishyordamidauo’zgarmaskoeffitsientlichiziglitenglamagakeltiriladi?
6.

Funksiyalarningchiziglibog’ligligivachiziglierkliligita’rifinikeltiringvamisollardako’rsating.

3y,m

7. Eylertenglamasini yeching: 4X°y"” +3xy’—3y =0
8. y'— 2(1+tg2x) y =0, Yy, =tg X tenglamaningumumiy yechiminitoping.

1. Tenglamani yeching.

11 y"-3y"+3y'-y=0, y(0)=2, y'(0)=2, y"(0)=3

1.2. y"+6y"+11y'+6y =0 13. y"-2y'-2y=0

14. y"+2y'+y" =0 15 y"-8y'+5y=0

16. y"=2y"+2y'=0 17.y"+2y"—y'=2y=0
1.8. y"=2y"+2y'=0 19. y¥V—y=0

1.10. y"-3y"-2y'=0 1.11. 2y" -3y"+y'=0
1.12. y' —10y" +9y' =0 1.13. y"+8y =0

1.14. y"V +y=0 1.15. y" +10y"+9y =0
1.16. y" +8y"+16y =0 1.17. y' +8y" +16y' =0

"

1.18. y" +4y" +10y" +12y' +5y =0 1.19. y"V +2y
1.20. y' +4y" +5y" -6y’ -4y =0

+2y"-5y=0

2. Tenglamaningumumiy yechiminitoping.

2.1. y" =2y ' =2ch2x 2.2. y"+Yy =2sinXx—6C0s X + 2e*
2.3. y"—y' =2e" +cosx 2.4, y"—3y'=2ch3x

25. y"—4y'=16ch4x 2.6. y'+2y"=2sh2x

2.7. y"+3y' =2sh3x 2.8. Y'+ Yy =2shx

29. Y +4y =-8sin 2x +32c0s 2X + 4™
2.10. y" —y'=10sin X + 6¢C0Os X + 4€*
2.11. y"+9y = -18sin3x —18¢e>

2.12. Y —4y = 24e** —4c0s 2X + 8sin 2X
2.13. y"+16y =16c0s4x —16e*"
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2.14. y" -9y’ =—-9e* +18sin3x —9cos 3x
2.15. y" + 25y’ = 20c0s5x —10sin 5x + 50>
2.16. " —16Y’ = 48e™ + 64sin 4x — 64 C0S4X
2.17. y"+36Y = 24sin6x —12cos6x + 36>
2.18. y" — 25y' = 25(cos5x +sin5x) —50e™
2.19. y"+49y =14sin 7x +7cos7x —98e"*
2.20. y" —36Y’ = 36" —72(sin6x+CoS6X)

3. Tenglamanio’zgarmaslarnivariatsiyalashmetodibilan yeching.

31 y'+4y=
COS 2X
/4 1
33. y'—y==
X
.o X% +2X+2
35 Y -2y +y=—"7—
X
3.7. y”—y=4x/;+L
X4/ X
" 1
3.9. y +y:_—
sin X
31L Y'+y=—H
C0S” X
3.13. y'-2y'+y=
y yry x*+1
315 y'+y=—
sin® x
m " x-1
317. Y+ Yy =—;
X

3.19. y'—2y'tg x=1

4. Eylertenglamasini yeching.

4.1 Xy +xy' +y=x(6-Inx)
161In x

43. X2y"—xy' -3y =—

3
45. X7y —xXy' = —X+—
X

3.2. Y'+y=tg X
., SInX
34. y"+Yy =—
COS“ X
" ' —X X
36. y' -y =—5¢
X
38. yV'+y= 1
- sin 2x+/cos 2x
1
310. Y'—y=—
e" +1

3.12. y'+y=

1
Jsin® xcos x

3.14. y'+ 2y + 2y =

e*sinx

3.16. y"—y =€ cose”

3.18. xy"—(1+2x°)y' =4x’e*

3.20. (xInx)y"—y'=1In*x

42. X°y" =2y =sinInx

4.4. X°y" —xy' +y=6xInx
46. X°y" -6y =5% +8x°
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4.7. Xy"+xy'+y =2sin(Inx) 48. X°y"+xy' +4y =10x

49. X2y +2xy' +2y =X"—2X+2  4.10. X°Y"+4xy'+2y=2In*x+12
4.11. (x+1) y” 3(x+1)2 y'+(x+1)y=6In(x+1)

(x— )Zy” 3(x— 2) y'+4y =X

. 2x+1) y'—4(2x+1)y'+8y=—8x—4

y -3(x- 2) y'+3y=x+1

N
[N
\‘
N
>
+
[N
<<
N
—~~
N
>
+
|
~
<<
+
N
<
o

(x+2)"y"+3(x+2)y' -3y =0
419 (x+1)"y"—2(x+1)y'+2y =0
4.20. X*y" —3xy’ +5y = 3x

21-Mavzu. CHegaraviymasalalar.
5. Harxilusullarqo’llab, tenglamani yeching.

51. y'+2y +y=coslx 5.2. y"+ 2iy =8e”sin x

5.3. y" -8y’ =c0s2X 54.y"+2y'+y=xe" +—
Xe

2
55 XZy" 2yr: X

56. Yy =2y +y=xe*sin’ix
X+1

5.7. y'+2iy' —y =8c0s X 58. y"— 2y =2In(-x)
X2

X

5.9. 3"""2)"‘i'5)/=(fx(COS2 X +1g X) 510. Xy —xy' +y :Ir17x+ -

5.11. y"+Yy =4xcosx, y(0)=0, y'(0)=1

5.12. y" -4y +5y =2x"*, y(0)=2, y'(0)=3

5.13. y" -6y +9y =16e ™ +9x—6, y(0)=y'(0)=1

5.14. y"—y'=-5e*(sinx+cosx), y(0)=—4, y'(0)=5
5.15. y'—2y'+2y=4e*cosx, Yy(z)=ze", y'(z)=e
516. y"—y'=-2x, y(0)=0, y'(0)=1 y"=(0)=2
517. YV —y=8", y(0)=1 y'(0)=0 1
518. y"—y=2x, y(0)=y'(0)=0, y"(0)=2



519. y' —y=8e*, y(0)=0, y'(0)=2, y"(0)=4, y"(0)=6
9e
3+e*’

5.20. y" -3y = y(0)=4In4, y'(0)=9In4-3

2-
Mavzulkkinchitartiblidifferensialtenglamalarnidarajaligatorlaryordamidaintegrallash.

6. Funksiyalarnichiziglibeg’liqyokierkliekanliginitekshiring.

X

6.1. %, xe*, x%* 6.2. SIN X, COSX, COS2X
6.3.1, sinX, COS2X 6.4. 5, cos®x, sin®x

6.5 CoSX, €os(x+1), cos(x—2)  66.1 sin2x, (cosx—sinx)’

6.7. X, @ (x>0) 6.8. log, X, log, X* (x>0)
6.9. 1, arcsinx, arccos2x 6.10. 5, arctg x, arcctg X
X X
6.11. 27, arctg—, arcctg— 6.12. X, |X|, 2x++/2x?
27 27
6.13. arctg x, arcctg x, 1 6.14. X, Xx+1, /x+2
6.15. sinx, sin(x+2), cos(x—5)  6.16. 2, 3*, 6"
6.17. SIN X, COSX, SIiN2X 6.18. Inx?, In3x, 7
6.19. 1, sin®x, cos2x 6.20. shx, ch x, 2+e*

7. O’zgaruvchikoeffitsientlichiziglibirjinslitenglamaningumumiy yechiminitoping.

, 2, sin X
71 Y'+=y+y=0, y=—
X X

7.2. (sinx—cosx)y"—2sinxy’'+(cosx+sinx)y =0, vy, =e"
7.3. (cosx+sinx)y”—2cosxy’+(cosx—sinx)y =0, 'y, =cosx
74.(1=X°)y"—xy' +1/4y =0, y,=1+x

75.(X* =3x)y"+(6-x*)y'+(3x—6)y =0

76. X*(2Inx=1)y"—x(2Inx-1)y'+4y =0

7.7. "+ 2xy' -2y =0

78. (x-1)y"—(x+1)y'+2y =0

79.(X* ~1)y" =6y

7.10. X*y"+4xy'+2y =0

741 (X* +1)y" -2y =0

7.12. Xy"+(x+1)y'—=2(x-1)y =0
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713 (X’ =1)y"+(x=3)y'—y =0

7.14. X°y"Inx—xy'+y =0

7.15. (3x* —x) y" -2y’ —6xy =0

7.16. X(x+2)y"-2(x+1)y'+2y =0
717. y"+xy'—y=0

7.18. y'+2xy'—2y =0

7.19. 2X(X+2)y"+(2—x)y'+y=0
7.20. X(X* +6)y"—4(X* +3)y'+6xy =0

8. O’zgaruvchikoeffitsientlichiziglibirjinsli, be’lmagantenglamaning yeching.

8.1 (X+1)xy"+(x+2)y —y=x+1/x

8.2. (2x+1)y"+(2x-1)y' -2y = X" +X

83. X°y"—xy'—3y=5x*, y =1/x

84. (x=1)y"—xy'+y=(x-1)"¢*, vy, =¢

85 y'+y +e¥y=e¥, y =cos(e”)

86. (X' —x°)y"+(2¢ —2x* —x)y'—y = (x-1°/x, y,=Yx
87. y" -y —e”y=xe” -1, vy =sin(e™)

88. X(x—1)y"—(2x-1)y'+2y =x*(2x-3), y, =X

89. (1+X°)y"+2xy' =6x*+2, y, =X’

8.10. (l+ xz)y”—2xy’+2y =X



8.20. X°y"Inx—xy'+y =Inx

23-0’zgarmaskoeffitsientlichiziglibirjinslibo’lgan
tenglamalarsistemasi

1.Noma’lumye’qotishusuli.Buusulumumanolgandasistemanitartibiyugorirogbo’lganbirnom
a’lumlitenglamagakeltiradi. Sistemanibuusulbilan yechishfagatsoddasistemalaruchunginayaraydi,
xolos.

y =3y —2X

Echimi.Birinchitenglikdan y = X — X niolib, ikkinchitenglamagaqo’yamizva
y=X-%X X-X=3(X—x)—2x; X—4x+5x=0

X=X . N
Misol. sistemani yeching

birnoma’lumliikkinchitartiblichiziglitenglamaniolamiz. Xarakteristiktenglamasi A* —441—5=0
bo’lib, 212 = 2 +1bo’ladi. Avvalgi9-§, 1-punktdanma’lumki, butenglamaning yechimi
x =e*(C,cost +C,sint)
ko’rinishdabo’ladi. Bundanfoydalanib, birinchitenglikdanunitopibolishmumkin:
y =%—x=(-C,sint+C, cost + 2C, cost + 2C, sint)e” —
—(C,cost+C,sint)e* = (C, +C,)cost—(C, - C, )sint |e*.
SHundayqilib, tenglamaning yechimi
x =e”(C, cost+C,sint),

y =e (C, +C2)COSt -(C, —Cz)sint]

bo’ladi.
2.Bizga
X=a,; X +...+q,X,,
........................ 1)
X, =a,X +...+a X
ko’rinishdagi, yokivektorformada
X = AX, @)
X
. . b e & - &y :
tenglamalarsistemasiberilganbo’lsin. Bu yerda X =| : | —vektor, A= —matritsa.
a,...a,
Xn
Busistemani yechishuchununingxarakteristiktenglamasinituzamiz:
&, — A &, e G
a a,, —A a
21 22 2n ~0. 3)
a, a,, a,—A
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A, i=L..., m — (3)tenglamaningkK. karraliiIdizlaribo’lsin(k1 +...+k, = n).Harbir

i
A g

X (t)=Q'(t)e™, i=1....m (4)
funksiyanimosqo’yamiz. Bu yerdaQi (t)vektorfunksiyabo’lib, harbirkomponentitartibi ki -1
dankattabo’Imagannoma’lumkoeffitsientliko’phaddaniborat. 1) sistemagaﬁ,I gamoskelgan

yechimini ~ (4)  ko’rinishdagidiramiz.  Uni (1)  sistemagaqo’yib, eﬂ*tlargaqisqarti-
rilgandankeyinnoma’lumkoeffitsientlarnitopishuchun nki

gatenglamadaniboratchiziglioddiyalgebraiksistemaniolamiz. Busistemani yechib, 4)
ningkoeffitsientlarinianiglabolamiz. Umumiy yechimesa

m
x=> Cx(t) (5)
i=1
ko’rinishdabo’ladi. BubayongilinganmetodEylermetodidebhamyuritiladi.
Misol.Quyidagisistemani yeching.
X=2X+Yy+1Z,
y=-2X-1,
1=2X+Yy+2L
Echimi.Koeffitsientlardantuzilganmatritsa

2 1 1
A=|-2 0 -1
2 1 1

ko’rinishdabo’lib, uningxossonlari, ya’nixarakteristiktenglamaningildizlari 4, =2, 4, = 4, =1.
Eylermetodibilansistemani yechamiz.
ﬂl = 2 oddiyxossongamoskelgan (4) ko’rinishdagifunksiya (echim) quyidagichabo’ladi:
x=5e", y=S,", z=S¢".
Buniberilgansistemagaqo’yib,
2S5, =25, +S,+S,,
2S, =-2S,-S,,
25, =2S,+S, +25,,
sistemaniolamizvabundan S, =—2S,, S, =2S,, S, -ixtiyotiysonekanliginitopamiz.
A, = A, = likkikarralixossongamoskelgan (4) ko’rinishdagi yechimquyidagichabo’ladi:
x=(a, +a,)e,
y =(b, +b,t)e',
z=(c, +c,t)e'.
Bunitenglamagaqo’yib e' gagisqartirib,
a+a,=2a+b+c () a,=2a,+b,+c, ()
b +b,=-2a —c, (1) b, =-2a —c, (IV)
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C,+C,=2a +b +2c (V) c,=2a,+b,+2c, (v
sistemaniolamiz. Ikkinchivato’rtinchitenglamalardana, =0, b, +¢, =0
birinchivauchinchidanesa @, + b, = 0 vabeshinchisidan ¢, =, — D, ifodalargaegabo’lamiz.
SHundaygilib, A, = A, =1ildizigamoskelgan

X =-h,e',

y=(b,+b,t)e’,
z2=(b, —b, —b,t)e'
echimlarniolamiz.
Topilgan yechimlarningyig’indisiniolsak, sistemaningumumiy yechimi
x=Ce* -C,e,
y=-2Ce* +(C,+C,t)e',
2t t
z=2Ce*" +(C,-C,-C,t)e

ko’rinishdabo’ladi, bu yerdaC,, C,, C,ixtiyoriyo’zgarmaslar.

3.Agar A xarakteristiktenglamaningkompleksildizibo’lsa,
yugoridaberilganEylermetodiorgalitopilgan yechimhamkompleksfunksiyalarorgaliifodalanadi. Agar

1) tenglamaningkoeffitsientlarihagigiysonlardaniboratbo’lsa,
yechimnihamhagigiyfunksiyalarorgaliifodalashmumkin. Buninguchun A = a + ,Bi
kompleksildizgamoskelgankompleks yechimninghagigiyvamavhumgismlarichiziglierkli

yechimlarbo’lishidanfoydalanishkerak.

[ X=Ax=y _—
Misol. sistemani yeching.

y =5X+2y
4-1 -1 )
Echimi. ) =0, A° —64 +13 = 0 xarakteristiktenglamanituzib,

A, =3+ 21ildizlarniolamiz. 4, = 3+ 21ildizgamoskelganxosvektornitopaylik:
(1—21)a—b =0, 5a—(1+ Zl)b =0.
a =1, b=1-—21debolib, quyidagixususiy yechimnitopamiz:
Berilgansistemaningkoeffitsientlarihagigiybo’lganiuchun A, = 3 —21ildizgamoskelgan
yechimnigidiribo’tirishningxojatiyo’q, chunkiutopilgan

yechimbilano’zaroqo’shmakompleksfunksiyabo’ladi. Ikkitahaqiqiy
yechimsifatidatopilgankompleks yechimninghagigiyvamavhumgismlariniolishkerak.

el*2 =™ (cos 2t +isin 2t ) bo’lganiuchun
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x, = Reel*?! = ¢ cos 2t,
y, = Ree(1-21)e®* =¥ (cos2t +2sin 2t),
— Imet®2 —e¥sin2t,

y, = Im(1 21)e*# =™ (sin 2t — 2cos 2t)
ifodalarniolamiz. Bulardanesaberilgansistemaningumumiy yechiminihosilgilamiz:
X =C,x +C,x, =C,e* cos2t +C,e* sin 2t,
y=C,y, +C,y, =C,e* (cos2t +2sin 2t) + C,e* (sin 2t —2cos 2t ).
4.Ushbu
a,X " +a, X" e xrbey ™ by by =0,

azox()+a21x(‘)+...+a2nx+b20y +b21y )+ ..+b, y=0

ko’rinishdaginormalholgakeltirilmagantenglamani yechishuchunxarakteristiktenglamanituzib, uni
yechishkerak:

(6)

a A" +a, A"+ +a, b A"+b A"+ +Db, 0
a A" +a, A" +. . +a, b A"+b, A"+ +b, |

Butenglamaningildizlaritopilgandankeyin, berilgantenglamani yechiminixuddi 2-
punktdagidekqidirilaveradi.

(7)

X—X+y+y=0
Echimi.Xarakteristiktenglamasiquyidagiko’rinishdabo’ladi:

A+1 A )
=0, A°+24+1=0.

_ X+x+y=0 _ _ _
Misol. sistemani yeching.

AP-1 A+

Bundanikkikarrali A = —1ildiznihosilgilamiz.
Endiberilgantenglamaning yechimini 2-punktdagidek

=(a+hbt)e™

y=(c+dt)e™
ko’rinishdagidiramiz. Bunisistemaningbirinchitenglamasigaqo’yib
(b—a—-bt)e™ +(a+bt)e™ +(d—c—dt)e™ =0
ifodani, undanesad =0, b = Cniolamiz.

Sistemaningikkinchitenglamasidanhamxuddishundaymunosabatlarniolamiz,
bunihisoblabko’rishnio’quvchilarningo’zigagoldiramiz.
SHundayqilib, umumiy yechim

=(Ct+C,)e™,
y=Ce™

ko’rinishdabo’larekan, bu yerda C, vaC, ixtiyoriyo’zgarmaslar.

Tenglamalarsistemasiniyo’qotishusulibilan yeching.
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. (%
266. {X = 267.{)_( =y

y=2y-x y=4y-X
(=2y—3 {—5X—3y =
268, X=2y-—3X 260, X—5x—-3y=0
y=y—-2X y+3x+y=0
. . _ t
zm.{%_ y o7, XXV
y=2X+2y y_{_y:)(-|-et

Tenglamalarsistemasini yeching.

X=4y—-27-3X X=X+X-Y
y=2Z+X y=X+Yy—-2

2re Z=6Xx—-6y+5z 2rs 2=2Xx-Y
(4 =1 4,=2 4,=-1) (4 =1 4,=2 4, =-1)
X=2X—-y—-12 X=2X+22-Yy
y=3x—-2y—-3z Y =X+ 212

274. | . 275. |,
2=27—-X+Y 1=y—-2X-12
(4=0, 4, =1, 4, =1) (4 =1 4, ==1)
X=3X-y+12 X=2X—-Yy+2Z
y=X+Yy+12 y=X+2y-12

21e 2=4x-y+4z 21 1=X-y+22
(4 =1 4,=2, 4, =5) (4 =1 4,=2, 4, =3)

24-Mavzu.

O’ngtomonimaxsuskoe’rinishdabo’lganchiziglio’zgarmaskoeffitsientlidifferensialtenglamalarsi
stemasini yechish.

% =ayX +...+a,x, + f;(t), i=1...n ©)
chiziglibirjinslibo’Imagantenglamaningxususiy yechiminiham fi (t)funksiyalar

b, +bt++b t", e*, cospt, sin Bt ko’rinishdagifunksiyalarningyig’indisi,
ko’paytmasivaularningyig’indisidaniboratbo’lsa, noma’lumkoeffitsientlarusulibilangidirishmumkin.
Albatta, bu yerdaham (ayrimo’zgarishlarbilan)

xuddio’zgarmaskoeffitsientlitenglamalardagidekishqilinadi. Agar fi (t) = Pm ('[)(5'7t bo’lib, Pm_ (t) —

m; tartibliko’phadbo’lsa, (8) tenglamaningxususiy yechimi t°Q,, (t)e”*ko’rinshdaemas,
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x =Q..(t)e", i=1...n

m+s
ko’rinishdaqidiriladi, ~ bu  yerda Q,in+s (t) —M+ Startibli,  noma’lumkoeffitsientliko’phad,;

M = MaX M, ; agar y xarakteristiktenglamaningildizibo’Imasa s = 0, agary
xarakteristiktenglamaningildizibo’Imasa, ssifatidabuildizningkarraliginiolishkerak. 9)
daginoma’lumkoeffitsientlar 9 ifodani (8) tenglamagaqo’yib,
o’xshashhadlarkoeffitsientlarinitenglashtirishyordamidatopiladi.

f. (t)funksiya e cos Btvae® sin Bt funksiyalarnio’zichigaolganbo’lib, ¥ =a +if

xarakteristiktenglamaningildizibo’lgandaham €)]
ifodadagiko’phadningtartibiyuqoridagigao’xshashaniglanadi.

~ [X=y+sint o
Misol. sitemani yeching.

y=-x
X=Y
Echimi.< birjinslisistemaningumumiy yechiminitopibolamiz.
y=—x
Butenglamaningxarakteristiktenglamasinituzamiz:
-4 1
=0.
-1 A
Uningildizlariﬂ1 =i va/12 = —I. Demak, birjinslitenglamaningumumiy yechimi

x =C, cost +C,sint,

y =—C,;sint+C, cost
ko’rinishdabo’larekan.
Bizningmisolimizdacr =0, =1, y=a+if =i
xarakteristiktenglamaningbirkarraliildizibo’lganiuchun, berilgantenglamaningxususiy yechimini
x =(a, +a,t)sint+(a, +a,t)cost,

y = (b, +b,t)sint + (b, +b,t)cost

ko’rinishdagidiramiz. Bunitenglamalarsistemasigaqo’yib &, va bi
larnitopishuchuntenglamalargaegabo’lamiz:

a +a,=h,, a,-a,=b+1 b,+a,=0, a,-b,=0, b +b,+a,=0.

Butenglamalardan

& =a,=a,+b, =0, =0, b =-1/2, a,=b, =12
ifodalarniolamiz, shundayqilib, xususiy yechim
X=t/2-sint,
y=-1/2-sint+t/2-cost
ko’rinishda, berilgantenglamalarsistemasiningumumiy yechimiesa
x=C, cost+C,sint+t/2-sint,
y=—C,sint+C, cost—1/2-sint+t/2-cost

bo’larekan.
6.Agarbirjinslitenglamalarsistemaningumumiy yechimima’lumbo’lsa,

% =ay (t)x +...+a, (t)x, + f;(t), i=1...,n (10)
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tenglamalarsistemasiningumumiy yechiminio’zgarmasnivariatsiyalabhamtopishmumkin.

Buninguchunbirjinslitenglamalarsistemasiningumumiy yechimidagi Ci o’zgarmaslarni Ci (t)
funksiyalargaalmashtirishvahosilbo’lganifodani (10) tenglamalarsistemasigaqo’yib,
hosilbo’lgantenglamalarsistemasidan Ci (t) larnitopishkerak.
_x=y . N
Misol.q . sistemani yeching.
y =—x+1/cost
Echimi.Busistemanio’zgarmasnivariatsiyalashusulibilan yechamiz.

Busistemagamosbo’lganbirjinslitenglamalarsistemasiningko’rinishi

X=y
y=—x
bo’lib, buningumumiy yechimini 5-punktdatopganedik. U
X =C, cost+C,sint
y =—C,;sint+C, cost
ko'rinishdaC,, C, o’zgarmaslamivariatsiyalaymiz, ~ ya'niC, (t)vaC, (t)bilanalmashtiramiz,
so’ngraberilgantenglamagaqo’yamiz:
x=C, (t)cost+C, (t)sint
y =—C,(t)sint+C, (t)cost
Cl' (t), C, (t) larganisbatanquyidagisistemahosilbo’ladi:
C/(t)cost+C,(t)sint =0,
—C/(t)sint+C, (t)cost =1/cost.
Bu yerdaC/ (t) =—sint/cost, C; (t)="1topiladi. Demak,
C,(t)=Incost|+C,, C,(t)=t+C,
bunio’rnigaqo’yib B B
x =C, cost+C, sint +costIn|cost|+tsint,

y =-C, sint+C, cost —sintIn|cost|+tcost
umumiy yechimniolamiz.

Birjinslibe’lmagantenglamalarsistemasini yeching.

X=5%x+4y+¢' X =2X+ 4y +cost
278. 279. 1 _

y=4Xx+5y+1 y=—X—-2Yy+sint

X=4Xx—-y-5t+1 X=-5X+2y+40
280. 1 281.

y=X+2y+t-1 y=X—-6y+9"
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X =Yy —cost X=2X-Y
282. 4 _ 283. _
y =—-X+sint y=2y—x-5e'sint

Normalholgakeltirilmagantenglamalarsistemasini yeching.

284. Xry=2y 285. X=x-4y
3X+y=x+9y y=—X+Yy
3V x = T D I
286, X-3y—x=0 27 X+4x—-2Xx—-2y—-y=0
X+3y—-2y=0 X—4x—-y+2y+2y=0
288. ¢ . y. xrey 289. X y y=x
X+2y+x=0 3X—4y=2X-y

Sistemanio’zgarmasnivariatsiyalashusulibilan yeching.

{)‘(+2y=3t {)’(+y—2x=0
290. 291.

y—2x=4 y+X—2y=—e'sint
X =3X+ ‘ X =
292. y=e 293. =y
y=X+3y—e' y =—X+4/cost
X = 2X+ 4y +cost X=3x-2y
294. < _ 295.
y=-X-2y+sint y=2x—y+15e'\t
Vektorformadaberilgan X = AX ko’rinishdagisistemani yeching.
2 0 -1 2 10
206. A={1 -1 O 297. A=|0 1 O
3 -1 -1 0 0 3
2 00
2 -1
208. A={0 2 O 299. A=
4 -2
0 0 3

3 -2 2 1
300. A= 301. A=
4 -1 0 2

Sinovuchunsavolvatopshiriglar
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1. Differensialtenglamalarningnormalsistemasi (DTNS) gandayko’rinishgaega?
Qandaysistemalargachiziqli, birjinslivabirjinslibo’Imagansistemalardeyiladi?

2. DTNSuchunKoshimasalasigandayqo’yiladi?

3. DTNSumumiy yechimi, xususiy yechimi, umumiyintegralitushunchalariniizohlang.

4. Noma’lumlarniyo’qotishusuliningg’oyasinimadaniborat?

5. Nimauchunchiziglisistemamaxsus yechimgaegabo’Imaydi?

6. Yechimlarningfundamentalsistemasidebnimagaaytiladi? VVoronskiydeterminantideb-chi?

7. CHiziglibirjinslibo’lmagansistemaningbittaxususiy
yechimivaungamosbirjinslisistemaningumumiy yechimima’lumbo’lgandauningumumiy
yechimigandaytopiladi?

8. O’zgarmaskoeffitsientlichiziglibirjinslisistema yechim-
lariningfundamentalsistemasinituzishdaEylermetodinimadaniborat?

9. O’zgarmaskoeffitsientlichiziglibirjinslisistemalarni

yechishdamatritsalarmetodinimadaniborat?

10. O’zgarmasvariatsiyalashmetodinimadaniborat?

11. Normalko’rinishgakeltirilmaganchiziglisistemaningumumiyko’rinishiniyozingvauni
yechishusuliniko’rsating.

1. Tenglamalarsistemasini yeching.

X=4x-Yy X=2X-Yy-12
y=3X+Yy—-12 y=2X—-Yy-22
1.1 |,
21=X+12 2=2Z—-X+Y
(4=2“@=2“@=2) ( 1“@=L,@=Q
X=2X+Yy X=y—-2Z—-X
y=2y+4z y=4x+Yy
1.3. |, 14. |,
7=X-12 2=2X+Yy-12
(4=0“@=0“@=3) (%=Lz%=—L/E=—D
X=X—-Yy+12 X=3X—-2y—-1
y=X+Yy-2 y=3x-4y-3z
2=271-Yy L6 7=2x—-4y
(A =1 4 =1 4 =2) (h=2, 4 =2, 4 =-5)
X=Yy—-2X-22
: X=3X—-y—-3z
y=X-2y+22 PPN
1.7. 7 = 3%~ 3y +52 1.8. 4y =—-6X+2y+62
7=06x—-2y—-06z

(=3 4 =-1, 4, =-1)
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X=4X—-Yy+12
y=X+2y-z2
2=X-Yy+22

(/11:2’ A, =3, 23:3)

1.11.

X=2X+Y
y=X+3y-2
2=2X+32+X

(4 =2, 4,,=3+1)

(4 =1 4,,=1%21)

1.15.

1.17.4

1.19.

X=Yy+1Z
y=X+12
Z=X+Yy

(X=3x-y+1z
y=—X+5y-z
1=X-y+3z

X=2X—-Yy—1
y=12x—-4y-12z

| Z=—-4X+Yy+52Z

1.10.

1.12.

1.14.

1.16.<

1.18.1

1.20.

X=10x-3y -9z
y=-18x+7y+18z
2=18x-6y-17z
X=X-12
y=—-6X+2y+62
2=4x-y-4z
X==y+1Z

y=12

71=—X+12Z

(X =5x-y—4z

y=-12x+5y+12z
12=10x-3y+9z

X=3x+12y -4z
y=—X-3y+zZ
2=-x-12y+6z2

X=21x—-8y-19z
y=18x—-7y-15z

|Z=16x-6y-15z

2. Birjinslibo’lmagantenglamalarsistemasini yeching.

X =y +2e'
21{ y

y =X+t

X =Yy -—5cost
23{ y

y=2X+Yy

{)’(=3x+2y+4e5t
2.2,

2a {
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y=X+2y
X =2X—4+4e”
y=2Xx-2Yy



X=4x+y—e” X=2y-x+1
2.5. 2.6.

y=y-—xX y =3y —2x

X =5x—3y + 2™ X=2X+Yy+e'
2.7. 2.8.

y=x+y-5e" y =12x+ 2t

X=X+2y X=2x—-4y
2.9.9 | _ 2.10.

y = X —5sint y=X—3y+3e'

X=2X—-Y X=X+2y+16te'
2.11. 2.12.

y=y-—2x+18t y=2X-2Yy

X=2Xx+4y-8 X=2x-3y
2.13. 2.14.

y =3X+06Yy y=X-—2Yy+2sint

X=X—-Yy+2sint X=2X-Y
2.15. 2.16.

y=2X-Y y =X+ 2¢'

X =4x -3y +sint X=2X+Yy+2e
2.17. 2.18.

=2X—Yy—2cost y =X+2y—3¢'

X=X-Yy+8t X=2X-Y
2.19. 2.20.

y =5X— y y=2y—X-5¢ sint

{X=2x—3y {X 3x+4y
319 2.9
y=x-2y y=-x-y
&3{x=2y &4{x=y
y =-2x =X
4\ _ oy
3.5. yEX 0 3.6. X 2y
y+x=0 y =—2X
31{x:y &&{x—yzo
j =—x j—x=0
X‘ — o
39, [N TXHY=0 3100 %" %Y
y—4x-3y=0 y = 2X
":2 .e .._ —
211" x+3y 3120 Y7 0
y=4x-2y X—X+y+y=0
&B.X=2y—2x 3.l4.x:5x+4y
y =8y —3X Y =4X+5Yy



{X:—Qx—4y
3.15.
y=x+3y

217 X—2y+y+x-3y=0
C 4y -2y —x—-2x+5y=0

210 2X+2X+X+3y+y+y=0
T X+ 4x—x+3y+2y-y=0

X—=X+2y-2y=
&w{ +2y-2y=0
X=X+y+y=0
X+X+y—-2y=
3.18{ y—2y=0
X—y+x=0
. X+5X+2y+y=0
13%+5%x+y+3y=0

4. Berilgansistemanio’zgarmasnivariatsiyalashusulibilan yeching.

41.{%:y+¢g%+l

y =—-X+tgt
(X:—4x—2y+y«é—1)
y=6x+3y-3/(e" -1
X=3Xx—-2Yy
y=2x—y+e'\t

47 X=X+ Yy—cost
|y ==-y—2x+cost+sint

4.3. <

4.5.

Lo X=X+y—t*+t-2
ly=—2x+4y+ 22 —4t-7
X=2X—-Yy+2¢
y——3x 2y + 4e'
X =X+ Y+ cost
4.13.
{y._—2x y +sint —cost
X =2X+Yy+cost
4.15.
y =—y—2x+sint
{x+—y cost

4.17.
y+Xx=sint

4.19.
y=x+e+e’

X=2X—-Y
42'{y:4y—3x+e7(&t+ﬂ

. X=X—Y+sect
y=2x-y

X+2x—y=—e"
4.6.
y +3y —2X = 6e”

X=-2x+y—e”
Y =—3X+2y+6e”
X=X—-Yy+4cos2t

4.14. _

y =3X—2y+8cos2t +5sin2t
':y+1

—x+10/sint

X +5X+Yy=7e" —27

X << X
I

y—2X+3y=-3e"+2

X+5X+y=¢
4.20.
y+3y—-x=e”

25-Mavzu. Eksponentsialmatritsalarnixisoblash.
Matritsalidifferensialtenglamalarniintegrallash.

5. Vektorformadaberilgan X = Ax ko’rinishdagisistemani yeching.
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-3

‘s

|
|
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5.14. A

|
|

4
~3 19

-1

3)
-12 5 12

10

5.16. A

-1
-1 0

-1

-1

3

4
1

12
-3
-12 6

3
= -1
-1

5.18. A

-3 -9
-18 7 18
-6 -17

10
18

515.A=|1

517. A
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5.19. A

o N -
N O O
o N O
N O O

2
520.A=| 0
0

Il
o o N

26-Mavzu. Nochiziglidifferensialtenglamalarsistemasi.

0 0
ai(xi,...,xn,z)éf.ﬁan(xl,...,xn,z)aTZ:b(xl,...,xn,z) (17)

n

xususiyhosilalitenglamaningumumiy yechiminitopishuchunquyi-
dagioddiydifferensialtenglamalarsistemasining (ya’ni (7) tenglamanixarakteristiktenglamaning)
d dx dx. dz
% % (18)
8 a, b

ntaerklibirinchiintegralinitopishkerak:

@ (X, %,,2)=C,,

........................ (19)
@, (X, %,,2) =C,.
Uholda (17) tenglamaningumumiy yechimioshkormasko’rinishdaquyidagichayoziladi:
F(o,@....0,)=0. (20)
Bu yerdaF — ixtiyoriydifferensiallanuvchifunksiya. Xususan @, , @, ..., @,
lardanfaqatbittasizgabog’ligbo’lsa, (20) tenglamanio’shanisiganisbatan yechibolishmumkin.
oz 0z
7. X, Y, Z)—+a,(X,y,z)—=Db(x,y,z (21)
4 (xY.2) 5 2, (01.2) 5 =b(xy.2)
differensialtenglamaniganoatlantiruvchiva
x=u(t), y=v(t), z=w(t)
chizigdano’tuvchi Z = Z(X, y) sirtnitopishuchun (21)
tenglamaningxarakteristiktenglamalarsistemasinituzish:
dx dy dz
=_Z_== (23)
a a b

vauningikkitaerklibirinchiintegralini

o (xy,2)=C, ¢,(xYy,2)=C,
topishkerak. Bubirinchiintegrallardagi X, Y, Z larniqo’yib,

(01(t):C11 ?, (t):C2 (25)
tenglamalarniolamiz. Butenglamalardantparametrniyo’qotib, F (Cl,Cz) = Oifodaniolamiz. Clva

C2 larningo’rniga (24) tengliklarningchapgismlariniqo’yib,
gidirilayotgansirtningtenglamasiniolamiz.

_ oz 0z _ _ o
Misollar.a) y8_ — X— = O tenglamaningumumiy yechiminitoping.
X

Echimi.Xarakteristikalartenglamasinituzib, birinchiintegrallarnitopamiz:
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dx  dy
Yy X
Demak, berilgantenglamaningumumiy yechimi Z = F (X2 + y2 ) ko’rinishdabo’ladi.

ou ou - : T
b)a +U 8_ = 0 Xopftenglamasiningumumiy yechiminitoping.
X

, d(x2+y2):0, X*+y*=C, u=x"+y’.

Echimi. Xarakteristiksistema
_dx dy
u 0
ko’rinishdabo’lib, birinchiintegrallariV, =U, V, = X —1U bo’ladi.
Demak, berilgantenglamaningixtiyoriy yechimi

F(u,x—tu)=0

dt

ko’rinishdabo’ladi.
oz 0z _ _ o
v)(X - a)a— + ( y— b)a = Z — Ctenglamaningumumiy yechiminitoping.
X

Echimi. Xarakteristiklarsistemasidan

%zx—a, ﬂzy—b, ﬁzz—c
dt dt dt

quyidagilarnitopamiz:
x=Cge'+a, y=Ce'+b, z=Cge'+c, C, C,, C,lar
ixtiyoriyo’zgarmaslar.
Birinchiintegrallari:

—b Z—C

ul = y— , u2 = —

X—a X—a

ko’rinishdabo’lib, berilgantenglamaningixtiyoriy yechimi

F(y_—b,z_—f:j:o
X—a X—a

yA
9) Xz 8_ +Vyz 5 = —XY tenglamaningumumiy yechiminiva y = X2, Z=X
X

ifodabilanberiladi.

3

chiziqdano’tuvchi yechiminitoping.
Echimi. Xarakteristiktenglamasinituzib, birinchiintegrallarnitopamiz:

G _du_dz_
dx yz —xy’
5:Cl, 2’ +xy=C,.

y

Demak, berilgantenglamaningumumiy yechimi
X
F(—,22+xy =0,
y
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F — ixtiyoriyfunksiyako’rinishidabo’ladi.
Bizdazbirinchiintegrallarningfagatbittasiishtiroketayotganiuchunumumiy
yechimnioshkorko’rinishdayozisholishmumkin:

2>+ Xy = f(i} =+ f(i)—xy,
y y

bu yerdaf — ixtiyoriyfunksiya.
Endiberilganchizigdano’tuvchi
yechimnitopibolishuchunchizigningtenglamasiniparametrikko’rinishdayozibolamiz:
X=X y=x°, z=Xx.
Bunibirinchiifodasigaqo’yibxniyo’qotibquyidagilargaegabo’lamiz:
1 1 1
==C; X'+x°=C,; =+=
X C, C

ClvaC2 larningo’rnigaintegrallarigaifodalarniqo’yib, izlangan yechimniolamiz:

6 3
X X )
— | +| =] =2°+xy.
(YJ (y]

~C,.

27-Mavzu. Turg’unliknazariyasi. Yechimningturg’unliginita’rifbo’yichatekshirish.
Lyapunovningbirinchimetodi.
1. Quydagidifferensialtenglamalarsistemasiberilganbo’lsin:

dx.

E:fi(t,><1,x2,...,xn), i=1...,n (1)
yokivektorformada
%:f(t,x), X = (X0 X 1ee 0 X ) )

of.
Farazqilaylik, fi va—— funksiyalarbarchaiva klardat, <t < o0 dauzuluksizbo’Isin.
X
Agar X = go(t) (2) tenglamaning yechimiberilganbo’lib, ixtiyoriy& > Quchund >0
ko’rsatishmumkinbo’lIsaki, barcha

X(t) ()] <5, ©
boshlang’ichshartniganoatlantiruvchi (2) tenglamaning X(t) yechimlariuchunixtiyoriyt, <tda
x(t)=e(t) <& @

shartbajarilsa, berilgan X = (o(t) yechimLyapunovma’nosidaturg 'undeyiladi.
Agargandaydir & > 0 uchunshunday & > O topilmasa, go(t) yechimzurg 'unemasdyiladi.
Agar (2) sistemaning go(t) yechimiLyapunovma’nosidaturg’unbo’lib,

yetarlichayaginboshlang’ichshartlarda 2 sistemaning yechimlarit — +ooda@ (t)
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gacheksizyaqginlashsa,  boshgachagilibaytganda,  yetarlichakichik & > QOuchun (3) shartda
lim (X(t) — (o(t)) = Okelibchigsa, (o(t) yechimasimptotikrurg 'undeyiladi.

t—+o0
Yugoridagi (2) tenglamaning X = go(t) yechiminingturg’unliginitekshirishmasalasi, (2)
tenglamaday = X — go(t) almashtirishbajarilgandahosilbo’lgantenglamaning y(t) =0
yechiminiturg unlikkatekshirishgakeltiriladi.
2.Birinchiyaginlashishbo’yichaturg’unlikkatekshirish. X (t)=0(i=1...,n) ()

tenglamaning yechimibo’lsin. SHu yechimniturg’unlikkatekshirishuchun X, =X, =...=X, = 0
nugtaatrofida fi funksiyalarningchizigligisminiajratibolinadi, (masalan, fi
larniTelorformulasiyordamidayoyishbilan). Hosilbo’lgansistemaningnol

yechiminiturg unliginiquyidagiteoremaorgalitekshirishmumkin.
Lyapunovteoremasi.Quyidagisistemaberilganbo’lsin:

%:ailxi+...+ainxn+¢(th11-"1Xn)’ i:]-"”’n ®)

bu yerdad, —o’zgarmaslar¢@ — shundayfunksiyalarki,

X< [X=yx + ol +o ot f
shartbajarilganda

B <y (X)X, i=1...n, y(x)—>0, |x]—>0

o’rinlibo’ladi.
Agar (5) tenglamada
a-ll LR am
anl ann
matritsaninghammaxossonlarimanfiyhaqiqiygismgaegabo’lsa, uningnol
yechimiasimptotikturg’unbo’ladi; birortaxossonninghagigiygismimusbatbo’lsa, nol
yechimturg’unbo’lmaydi.
Misollar.a)
X=—X+y+2x"—y°
y=x-3y+11y*
sistemaning X =0, Yy =0 yechimniturg’unlikkatekshiring.
Echimi.Yugoridagiteoremaniqo’llab yechamiz. Birinchiyaginla-
shishbo’yichaquyidagisistemaning X =0, Y =0 yechiminiturg’unlikkatekshiramiz:
X=—=X+Y
y =Xx-3y.
Tushunarliki, xarakteristiktenglamasi
-1-1 1
=0
1 -3-1

ko’rinishdabo’lib, 4, , =2+ /2.
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Demak, Lyapunovteoremasigako’ra X =0, Yy = Otrivial yechimasimptotikturg’un.
b)
X=.4+4y —2e""7,
y=sinax+In(1-4y), a=const,
sistemaning X = 0, y = Otrivial yechiminiturg’unlikkatekshiring.

Echimi.Teylorformulasiyordamidao’ngtomondagifunksiya-
larningchizigligisminiajratibolamiz.

X==-2X-y+¢(xY),
y=ax—4y+¢,(X,y),
buyerda ¢, va @, funksiyalar C (X2 +y? ) gateng, ya’nicheksizkichik.

Koeffitsientdantuzilganmatritsaningxossonlarinianiglasak,

2-1 1
4|70 AT+61+8+a=0, A,=-3t1-a
8 4 ,

bo’ladi.
Agara > 1bo’lsa, ildizlarkomplekssonlar Re 4, , = -3 < 0,agar—8 <a <1bo’lsa, ildiz-
larhagigiyvamanfiy, demak, buhollarda X =0, Y =0 yechimasimptotikturg’unbo’ladi.

Agara < —8bo’lsa, bittaildizmusbatbo’ladivademak, X=0, y=0  yechimasmp-
totikturg’unemas.

Agara = —8bo’lsa, A4,=0,4,=-6
tengbo’ladivaturg’unlikmasalasiniyugoridaaytilganteoremaorqalihalgilibbo’Imaydi.

3. Lyapunovfunksiyasiyordamidaturg’unlikkatekshirish.

Lyapunovteoremasi.Biror &, > O sonuchunt, <t < 400, |X| < &, shartniganoatlantiruvchi
(t, X) larda  (2)  sistemaningo’ngtomonianiglanganuzuluksizbo’lib, f (t, 0) = Obo’lsin.

Undantashqarishuxlardaaniglangan, fagatkoordinataboshidanolgatengvauzluksizdifferensiallanuvchi
V (X) > 0 Lyapunovfunksiyasimavjudbo’lib, u

oV
> —f,<0 (7
i1 OX;
shartniganoatlantirsin. UholdaX(t) =0 yechimturg’unbo’ladi.
Agar 0 < |X| < &, uchun

5 oV
> —f, <-w(x)<0, (8)
i oy

J=1 MR
(bu vyerda W(O) =0, Xx#0da W(X) > 0 bo’lgangandaydiruzluksizfunksiya) sharthambajarilsa,

nol yechimasimptotikturg’unbo’ladi.
(1) sistemaning yechimima’lumbo’lmasa, Lyapunovfunksiyasiqurishningumumiyusuliyo’q,

lekinba’zihollardabufunksiyanikvadratikformashaklida, ya’niV = Z bi,j X X;
]

ko’rinishigakeltiribolishmumkinbo’ladi.
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Misollar.a)
X=—(x— 2y)(1— X2 —3y2),
: 2 2
y=—(y+ x)(l—x —3y )
sistemaningtrivial yechiminiturg unlikkatekshiring.
Echimi.LyapunovfunksiyasiV (X) sifatidaV (X, y) = X* +2y”niolamiz.  Birinchidan,
V (O, O) =0,V (X, y) > 0, ikkinchidan, yetarlichakichikx, ylaruchun

2, oV v dx v dy ) )
—f, = 2y —x)(1-x* —3y?)-
= ox; xdt oy dt 2x(2y X)( T )

—ay(x+ y)(l—x2 —3y2) = —2(1—x2 —3y2)(x2 + 2y2) <

Demak, yugoridabayonetilganLyapunovteoremasiningbarchashartlaribajariladi,
X =0, Yy =0 yechim — turg’un yechimekan.
b)
X=-5y—-2x°
y =5x—3y°

sistemaningtrivial yechiminiturg’unlikkatekshiring.
Echimi.V (X, y) =X° + y2 funksiyaLyapunovteoremasiningikkinchigismini
(asimptotikturg’unliknita’minlaydiganshartni) ganoatlantiradi. Hagigatdanham,
1)V (0,0)=0, V(x,y)>0;

ovVdx ovd
2) — ™ d)t( o dy x(—5y—2x )+2y(5x 2y ) (4x +6y* )

oV dx 8de —OaaanX oV dy
axdt 8ydtxo ox dt oy dt

SHundayqilib, X=0, y = Oasmptotikturg’unekan.

4. aA"+a A" +...+a _A+a,, a >0 9)
hagigiykoeffitsientliko’phadningbarchaildizlarihagigiygismimanfiybo’lishiuchunshartlar.
9) ko’phadbarchaildizlarininghagigiygismimanfiybo’lishiuchun a, > 0,i=01...,n

bo’lishizarurdir. N < 2bo’lgandabushart yetarlidir.
Raus-Gurvitssharti. 9

ko’phadbarchaildizlarininghaqigiygismimanfiybo’lishiuchunushbuGurvitsmatritsasidebataluvchim
atritsaning

Demak,

<0,x#0,y=0.

a 3 O
a, a, a
aa a, a a, ... 0
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asosiydiagonalminorlarimusbatbo’lishizarurva yetarlidir. Bumatritsaningasosiydiagonalida

&, &,, ..., a larturibdi. Harbirsatrdaelementlarningindeksioldingielementindeksidan 1
birlikkakichik. alelementi > nyokil > 0 lardanolgaalmashtiriladi.
Gurvitsmatritsasiningasosiydiagonalminorlari:
a a 0 a a 0
A =4, Azz‘ ‘ A,=la, a, af, ... (11)
& & 4
a5 a, &
SHuhameslatibgo’yishkerakki, A >0, A, >0, ..., A, > Oshartlardagioxirgiifodauchun

A, =A, ,a tengliko’rinlibo’lganiuchun A > Oshartnia, > Oshartbilanalmashtirishmumkin.
+4y" +10y’ + 3y = O tenglamaningtrivial

"

Misol. y' +yY+7y
yechiminiturg’unlikkatekshiring.
Echimi. Xarakteristiktenglamasinituzamiz:

f(1)=2"+2"+72° +44% +101+3=0.
Buyerdag, =1, &, =1, a,=7, a,=4, a, =10, a, = 3.

Gurvitsmatritsasiningdiagonalminorlariniyozamiz:

11 1 1 0
A, =1>0, A2=‘4 7‘:3>0, A, =14 7 1]=5>0,
3 10 4
1 1 0 O
1 1 O
4 7 1 1
A, = =10A,-3=14 7 l=50—3(49+3—10—28)=8>0,
3 10 4 7
3 10 7
0O 0 3 10
1 0O 0 O
4 1 1 0
A;=|13 10 4 7 1|=3A,=3-8=24>0.
O 0 3 10 4
O 0 0 0 3
SHundayqilib, A >0, A,>0, A; >0, A, >0, A, > 0vademak, y = Otrivial

yechimasimptotikturg’un yechimekan.
v)Lsenar-SHiparsharti. (9) ko’phadbarchaildizlarininghagigiygismimanfiybo’lishiuchun

a, >0, 1=1,...,nvayuqoridaaniglangan A,, 1 =1,..., Nlaruchun
A, >0, A >0, A >0, ...shartlarbajarilishizarurva yetarlidir.
+3y" + 3y’ + y = Otenglamaning Yy = Otrivial

"

Misol. y'"v +2y

yechiminiturg unlikkatekshiring.
Echimi. Leenar-SHiparshartiniyozamiz, buninguchunavvalxarakteristiktenglamaniyozaylik:
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A*+22°+322 +32+1=0;
a,=1>0, 4 =2>0, a,=3>0, a,=3>0, a,=1>0;

2 10
A,=|3 3 2/=6-3-4.1-9=5>0, A, =2>0.
0 1 3
Bu yerdan Yy = Otrivial yechimasimptotikturg’unekanligikelibchigadi.
g)Mixaylovkriteriysi. 9
ko’phadbarchaildizlarininghagiqiygismimanfiybo’lishiuchunkomplekstekislikda f (Ia)) nugta (bu
yerda f (l) (9) ko’phad) @ 0dan+o0

gachao’zgargandakoordinataboshidano’tmasdanmusbatyo’nalishda nﬂ/ 2 burchakkaburilishzarurva
yetarlidir.
Bukriteriyniquyidagichahamta’riflashmumkinedi: a_a_ , > Obo’lib,

n-n-1

p(&)=a,-a,,E+a, & ...

2
q(7)=a,,—a,_m+a,n —...
ko’phadlarningbarchaildizlarimusbat, harxilva fldanboshlabalmashibkelishi, ya’ni
0<& <m, <&, <m, <...bo’lishizarurva yetarli. SHu yerda f (i) = p<w2)+ ia)q(a)z)

ekanliginio’quvchilargaeslatibqo’yishnilozimtopdik.
Misol. y"¥ +2y" +3y" + 2y' + y = Otenglamaning y = Otrivial

yechiminiturg’unlikkatekshiring.
Echimi.Xarakteristiktenglamasinituzamiz:

f(1)=2"+22"+32% +22+1.
Bu yerda
f(iw)= @* —2iw® —3w® + 2iw+1,
u(w)=o0'-30’+1,
V(w)=-2io’+20= 2(0(1— »° ) =20(1-0)(1+ o).
@ ni 0 dan+oogachao’zgartiramizva(u,V)tekislikdahosilbo’lganu = u(a)), Vv zv(a))
chizignio’rganaylik (19-rasmgagarang).

\ 4
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V|0 |3-5]0 —(3—«/5)

19-rasm.
.V T T
lim — = 0, burilishburchagip = 4 — = (n — 2m)—.
o+ | 4 2
Bu yerdan —2m = 4; n = 4, demak, m = 0. SHundayqilib,
xarakteristiktenglamaninghammaildizlarichapyarimtekislikdajoylashadi, ya’ni Y = Otrivial

yechimMixaylovkriteriysigaasosanasimptotikturg’unbo’ladi.
Lyapunovningbirinchiyaginlashishbo’yichaturg’unlikhaqi-
dagiteoremasidanfoydalanib, nol yechimniturg’unlikkatekshiring.

s

>'<=1(ex—1)—9y+x4 Xzi(ex—l)—Qy
4 4
302. < 303. <
y—lx—siny+y4 y—lx—siny
.~ 5 > 5
( 3
x:5x+ycosy—? X=T7x+2siny
304. < . 305.9 3y _1
J =342y +— —yeY y=¢€ -y
12
Xzéx—lsinzy {Xzax—2y+x
306. 2 2 307. § )
y+2x Y =X+Yy+Xy

Raus-GurvitsshartlaridanyokiMixaylovkriteriysidanfoydalanib, nol
yechimniturg’unlikkatekshiring.

308. Yy +7y" +19y" +23y'+10y =0
309. Yy +5y" +18y"+34y'+20y =0
310. " —3y"+12y'+10y =0

311 YV +7y"+17y"+17y'+6y =0
312. YV =2y"+y"+2y' -2y =0

28-Mavzu. Maxsus nugtalar.
Maxsus nugtalar.Bizga

dx

H_p(xy), Y _q(xy) @)

E =
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tenglamalarsistemasiyoki

dx Q(x,y)
—=—= (13)
dt  P(xy)
tenglamaberilganbo’lib, P(X, y)an(x, y)funksiyalaruzluksizdifferensialIanuvchibo’lsin.
Uholda P(X, y) =0, Q (X, y) =0 shartlarniqanoatlantiruvchi(XO, yo) nugtalar (12)
tenglamalarsistemasiningyoki (13) tenglamaningmaxsusnugtalarideyiladi.
dx d
— =ax+hy, —y:cx+yd (14)
dt dt
tenglamalarsistemasiyoki
dy cox+yd dx ax+by
— = — = (15)
dx ax+hy dy cx+vyd
tenglamaningmaxsusnuqtalarinisinflargaajratishuchun
a-4 b
=0
c d-A
xarakteristiktenglamaningildizlarinitopibolishkerak. Agarildizlarharxilhagigiybo’lib,
ishorasiharxilbo’lsa, maxsusnuqta — turg’un (20-arasm), ishorasiharxilbo’lsa, maxsusnugta — egar
(20-brasm), agarildizlarifagatmavhumbo’lsa, maxsusnuqta —markaz (20-grasm),

agarildizlaribirxilvanoldanfargli (ya’ni A, = A, # 0) bo’lsa, maxsusnugta — aynigantugun (20-
drasm) yoki (dy/dX = y/X bo’lganda) dikritiktugun (e-rasm) deyiladi.

Misol. X = 2X, ¥ = X + Y sistemaningmaxsusnugtasinitopib, tipinianiglang.

Echimi.2X =0, X+ y = Ossistemadanmaxsusnugta X = 0, y = Oekanligikelibchigadi.
Endixarakteristiktenglamanituzib, ildizinianiglaymiz.

20-rasm.
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2-4 0
1 1-A

Ildizlarharxilhagigiyvaishorasibirxil, demak, X =0, y = O maxsusnugtatugunbo’ladi.

=0, (2-2)(1-2)=0, A4 =1 A4 =2 (16)

Berilgantenglamayokisistemaningmaxsusnugqtalarnitopingvatekshiring.

3 —_—
, 2y_3X X = Iny—y+1
313. y' = 314. < 3
X_2y © Y2 2
y=x -y
x=In(1-y-y? X=\(x=y) +3-2
315. ( ) 316. < ( y)
y=3-x° +8y y=e""*—¢
2 2 ] 2
317. y’=X+—y2 318. y' = y = N1+2X
X—Y X+y+1
Tenglamaningumumiy yechiminitoping.
319. 2@+5@:7 320. x@+y@:xy+z
OX oy OX oy
oz oz oz oz
321. y® —+xy* — =axz 322. X— + y— = 2xyva’ + X*
y ox y oy o y@y y
323, y2@+xy@:xz 324, (x2+y2)g=y2+z2
OX oy
Berilgan chizigdano’tuvchivaberilgantenglamaniganoatlantiruvchisirtnitoping.
325, xg—yg:x—y, X=2, 7=y +4
ox "oy
326. y%+xg:x2+y2, x=3, z=1+2y+3y’
X
327. yg—xg:yz—xz, y=5 1z=x"-25
oX oy
328. x@+yg=x—y, x=4, z=y*+16
oX oy
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329. y%+x%:x2+y2, x=15 z=1+2y+3y’
X

oL oz
330. xya—+—:x+y, Xx=3, z=y+1
X

Sinov uchun savol va topshiriglar

1. Differensialtenglamalarsistemasi
yechiminingLyapunovma’nosidaturg’unligita’rifinikeltiring.
2. Differensialtenglamalarsistemasi

yechiminingLyapunovma’nosidaasimptotikturg’unligita’rifinikeltiring.
3. Lyapunovturg’unlikhagidagiteoremasinikeltiring.
4. Raus-GuvritsshartivaMixaylovkriteriysinikeltiring.
0oz 0z 0z
5. uShbua1—+a —+...+a,—=0
OX, OX, " OX,
ko’rinishdagibirinchitartiblixususiyhosilalitenglamaganday yechiladi?SHutenglamauchungo’yilgan
Koshi masalasi ganday yechiladi?

1. Lyapunov birinchiy aginlashish be’yicha turg’unlik hagida giteoremasidan nol
yechimni turg’unlikka tekshiring.

X=2Xy—X+Y J)‘(:x2+y2—2x

1L, 124
y=5X"+Yy +2x-3y y =3X"—X+2y

; % =e*?Y —cos3x >'<=|n(4y+e_3x)

1.3. 1.4. 1
|y =4+8x—2¢’ y=2y-1+31-6x

=In(3e’ - 2cosx) x=1g(y-x)

15. 16.4 . _, 4
kyzzex_3/8_‘_12y y=2 —2COS(§—XJ
x=tg(z—y)-2x x=g' -

17. 4y =9+12x — 3¢’ 1.8. 1y =4z-3sin(x+y)

7=-3y 2=In(1+2z-3x)
X=Xx+2y-siny* X=—X+3y+xsiny

19.9 2/ 1.10 2

y:—x—3y+x(e —1) y=—-x—-4y+1l-cosy
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1.12.<

" X=-2X+8sin’y X=3x-22siny+ x> —y
[y=x-3y+4x° [y =sinx—5y+e* -1

(x=7x+2siny—y*

X =—-10x+4e’ —4cosy’

1.13. 1.14.4 5 ,
y=2e"-2-y+x* y:ex—3y—1+§y
X:—§x+£sin2y—x3y X=-2X—X

1.15.1 2 2 116.4 :
y=—y-2x+x' =y’ y=2x-y
(. 5, . :

X=—=xe" —3y+sinx X=5X+Yycosy

1174 2 1.18.94 3y 42 sy
[y =2x+ye V2 —y*cosx y=oxtoy—ye

(. 4 . Y3 3 . 3
X=—SINX-7Vy(1- + X X=4y—-X
1.19. 3 y( y) 1.20{ y

y=-3x-y’

|y=2/3-x—3ycosy-11y°

2.Raus-Gurvits shartlaridan yoki Mixaylov kriteriysidan foydalanib nol yechimni
turg’unlikka tekshiring.

21 Y"+y"+y' +2y=0
22. Y"+2y"+y' +3y=0

mn

23. YV +2y"+4y"+3y' +2y =0

24. YV +2y"+3y"+7y' +2y=0

25. Yy +2y" +6y"+5y'+6y =0

26. YV +8y" +14y" +36y'+45y =0

2.7. Yy +13y" +16y" + 55y’ + 76y =0

28. Yy +3y"+26y"+74y'+85y =0

29. Yy +3,1y"+5,2y"+9,8y'+5,8y =0
210y +2y" +4y" +6y"+5y'+4y =0
211.yY +2y"Y +5y"+6y"+5y'+2y =0
212.yY +4y" +6y" +7y"+4y +4y =0
213,y +4y"Y +9y" +16y" +19y'+13y =0
2.14.y" +4y" +16y" +25y"+13y"'+9y =0

"

"

m

"
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215y +3y" +10y" +22y"+23y'+12y =0
2.16.y" +5y" +15y" +48y" +44y'+ 74y =0
217y +2y" +14y" +36y" + 23y’ +68y =0
218.y' +7y" +33y" +88y" +122y’' +60y =0

"

2.19.y" +3y" +5y

+15y"+4y'+12y =0

2.20.y" +11y" +41y" + 61y’ +30y =0

3. Berilgan  tenglama  yoki sistemaning maxsus  nugtalarini
tekshiring.
X = 3X X=2X— X=X+3
3.1 3.2. y 33 oy
y=2x+y y =-6Xx-5y
X=X X=-2X-5 X = 3X
3.4. 35 y 26, +y
y=2Xx-Y =2X+2Y y=Yy—X
X=3Xx-2y X=Yy—2X , 2X—X
3.7.9. 39.y' =
y=4y-6x y =2y —4x 3x+6
2 2
X—2y—-5 2xXy —4y—8 X*—y -1
313y = Xy 3.14.y' = Ax-2y 315.y' = —2X+y
3Xx—2y X+Yy 2y —3X
X=Xx"-y x=In(2-y?)
3.16. 3.17.
y=In(1-x*+x°)-In3 j=e —¢’

il

y=xy—2

X=X -y
3.20. ,
y=x"~(y-2)

X=X -y’ +2-2

19.5
0 y = arctg (x* +xy)

4. Tenglamaning umumiy yechimini  toping.
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oz oz oz ,0z
41. 2Xx—+(y—X)— =X 42. Xy ——X'— =Yz
ox oy ox oy
4.3, xg+2yg=x2y+z 4.4, (x2+y2)g+2xyﬁ+z2 =0
OX OX
0z 0z 0z 0z
45. 2y ——xy—=xyz" -1 46. X°I—+Y71— =X+
V5T N oY g XY
4.7 yzg—ng—eZ 4.8 (z—y)@+xyg—xy
T ox oy - OX oy
4.9, xyg+(x—22)g:yz 4.1o.yg+zg:1
OX oy ox oy X
4.11.sin2x@+tgzgzcoszz 4.12.(x+z)g+(y+z)g=x+y
ox ooy ox oy

4.13.(xz + y)g+(x+ xz)@ =1-7°

OX

4.14.(y+z)%u+(z+x)%u+(x+ y)ﬁ—u:u

0z
415x8—u+ya—u+(z+u)a—u=xy
Cox T oy oz
4.16.(u—x)a—u+(u—y)8—u—za—u:x+y
OX oy @z

0z 0z
4.17.C0S Yy — + COS X — = COS X COS Y
OX oy

0z 0z
418.X2—+Yyz— =X

OX oy
4.19. xyg —y? a2 _ —Xx(1+x%)

OX oy

, OZ oz )

420.X°——Xy—=-Y

OX oy
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5. Berilgan chizigdan o’tuvchi va berilgan tenglamani ganoatlantiruvchi

toping.

5.1. y2%+xy—:x, x=0, z=y

oy

5.2, XQ—Zy@=x2+y2, y=1 z=xX
OX

5.3, xg+yg:z—xy, x=2, z=y°+1

54 tgX—+Yy—=12, Yy=X, Z=X

55 X——y—=2°(x-3y), x=1 yz+1=0

56. X—+Yy—=2-X"—Vy?, y=-2, Z=X-X
5.7.YZ—+XZ—=Xy, X=a, Yy +z°=a

OX
5.8.2——xy—Z:2xz, X+y=2, yz=1

5.9.zg+(22—x2)g+x:0, y=x>, z=2X
OX oy

5.10.(y—z)%+(z—x)%:x—y, Z=Yy=—X

5.11.x%+(xz+y)g=z, X+y=2z, xz=1

oy

5.12.y2%+yz%z/+z2 =0, x-y=0, x-yz=1
X

oz _oz
513.X—+2—=Y, Yy=2Z, X+2y=1Z
ox oy
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5.15.(x—z)g+(y—z)%:22, X—y=2, z+2x=1

OX
5.16.xy3g+x222@:y3z, x=-2°, y=17°
OX
5.17.1@+£@:4, y =z, x=0
XOX Yoy

5.18.xg—yg:x—y, x=1 z=y’+1
ox "oy

5.19.y%+x2=x2+y2, Xx=1 z=1+2y+3y’
X

5.2o.yg—xg:y2—x2, y=1 z=x*-1
ox oy
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MUSTAQIL TA'LIM MASHG ULOTLAR.
1-MUSTAQIL ISH
Sinov uchun savol va topshiriglar
1. O'zgaruvchilari ajraladigan differensial tenglama anday yechiladi?
2. O'zgaruvchilarni almashtirish yordamida ganday differensial tenglamalarni keltirish

mumkin?
3. Birinchi tartibli bir jinsli differensial tenglama ganday yechiladi?

4. Ushbu y' = f ax+hy+¢ ko'rinishdagi tenglama ganday usul bilan bir jinsli
a,x+hb,y+c,
tenglamaga keltiriladi?
5. Umumlashgan bir jinsli tenglamalar va ularni bir jinsli tenglamaga keltirish usullari.

;Y +2

ey =—2 1%
y y+2x-4
7.(X2 y? —l) y' +2xy® =0 tenglamani yeching.

tenglamani yeching.

1. Differensial tenglamani yeching

1.1.8) Xy/3+ Y2 dx+ yy2+x*dy =0

b) y*sin xdx +cos” xIn ydy =0
1-X°
l_ 2
b) y'=(sinlnx+cosinx+a)y

13.a) X5+ Y2 dx + Y4+ x*dy =0
b) 3y’sin xsiny +5cosxcos’ y =0
14.2) J4A— X2y +xy? +x=0

b) y’+cosXL2y —cos2=Y

2
15.2) 5+ Y +Yyv1l-x* =0
b) sec” xtgy dx +sec’ ytgxdy =0
1.6. a) 6xdx — ydy = yx*dy —3xy’dx
b) y'+sin(x—y)=sin(x+y)
17.2) V1— X2y’ + xy? + x=0
b) sin(Inx)dx—cos(Iny)dy =0

18.2) \3+ Y2 +V1-X2yy' =0

12.a) Y'Y +1=0
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by Sinxdx—yInydx=0
1.9.3) 4/5+ y2dx+4(x2y+ y)dy:O

b) y’+sinu:sinﬂ
2 2

1.10.2) 3(X’y +y)dy +/2+ y*dx =0
b) y'+cos(x—y)=cos(x+Y)

1.11.a) 2x+2xy* +V2—x*y' =

b) SIN Yy +C0S X dy = Cos y Sin x dx
1.12.a) 20xdx —3ydy = 3x*y dy —5xy’dx

b) (1+y)(e*dx—e?dy)+(1+y* )dy =0
1.13.2) y(4+¢€*)dy—e*dx=0

b) Y'SINyCcoSX+cosysinx=0
1.14.2) (" +8)dy — ye*dx =0

5 Y+ Xsin x

yCosy

1.15. a) (3+ex)yy’ =e

b) x\/l—7dx+ yﬂdyzo
1.16.2) X* (y +1)dx+(x° 1) (y—1)dy =0

b) ye¥dx—(1+e™)dy =0

117.a) y(1+Iny)+xy'=0
b) tg ydx —ctg xdy =0

1.18.a)(xy —x)dx+(y+xy)dy 0

b) 1+ x+(1+X*)(e* —e?y') =0
119.a) y'—y* -3y +4=0

b) (1+x2)dy+y\/1+7dx—xydx:0
1.20. ) (1—x2)y’—>w: Xy’

b) (1+y*)(e*dx—e’dy) —(1+y)dy =0

=0

2. Differensial tenglamani o’ zgaruvchini almashtirish
yo'li bilan yeching
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2.1. (2x+3y—1)dx+(4x+6y—5)dy =0
22. (2x—y)dx+(4x—2y+3)dy =0
2.3. (X2 y )dX = Xydy (qutb koordinatalarga o'ting)

X —X
24. y' = (qutb koordinatalarga o°ting)

25. Y =(8x+2y+1)°

2ﬁ.yz{4x+y+1f
27. (x+2y+1)y'=(2x+4y+3)
28. Y +2y=3x+5
29.e7y'=1
210.(x+y) y' =a*
1
2X+Y

211.Y =

1+x+y

213.(2x+2y—1)dy +(x+y—2)dy =0
214.(x—y+2)dx+(x—y+3)dy =0
215.y' = (4x+y-3)
2.16.y —1=e"%
217.y"=cos(ay+bx), a=0
2.18. y’«/1+x+ y=Xx+y-1

, 3X—4y-2
2.19. Y —m
2.20.y" =sin(x—y)

3. Differensial tenglamani yeching

b) XIn—dy —ydx=0
y

32.2) Xy' =24X>+ Yy -y
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b) y'=y/x+1tg(y/x)
3.3.2) 3y = y?/x* +8y/x+4
b) y'=y/x+sin(y/x)
3y° +6yx°
2y° +3x°
o) (Y +e)=y
X2+ Xy + Y
X — 2Xy
b) xdy —ycosIn(y/x)dx=0

34.2) Xy' =

35.3) Y =

36.2) Xy =2X°+y* +Vy
) (1+€”*)dx+e"” (1-x/y)dy =0

3 2
3.7.a) xy’=w
2Yy° +4x
b) y' =y/x+e"*
2 2
38.9) Y = X +22xy+y
2X° —2Xy
b) y' =y/x+e"*
3 2
3.9.a) xy':w
2Yy° +5x
b) xy'=Xxe"* +y+Xx
2 2
310.a) Y' = ” +23xy y
3X° —2xy

b) xy’+xcos(y/x)—y+x=0

311.a) Xy’ =3y2x° +y* +y
b) xy'ch(y/x)+2xsh(y/x)—ych(y/x)=0
312.a) 2y’ = y?/x* +8y/x+8
b) (xy’ —y)cos® (y/x)=xy’
3y° +12yx°
2y° +6x°
b) (ysin(y/x)—xcos(y/x))=xy’
x>+ xy —3y?
x> —4xy

3.13.a) Xy' =

3.14.2) Y =
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b) dy/dx =cos®(y/x)+Yy/x
3y +2yx°
2y° +X°
b) (x—ysin(y/x))dx+xsin(y/x)dy =0
316.2) Xy’ =2¢/3x° +y> +y
b) y'=y/x+cos(y/x)
3y° +14yx?
2y> +7x°
b) ydx = x(1+Inx—Iny)dy

318.2) Xy =4\X + Y2 +y
b) dx:(sinz(x/y)+(x/y))dy
X* +2Xxy -5y’
2X* —6xy
) y(x +€")=x

3.15.a) Xy' =

3.17.a) Xy' =

3.19.a) Y' =

3.20.a) 3y’ = y?/x? +10y/x+10
b) X' =x/y+ctg(x/y)

4. Diferensial tenglamani yeching

, X+2y-3 , X+y-3
41y =——"2 ~— 42. Y =
Y 2X—2 Y 2X—2
X — ,  2y-2
4.3. y’:By—X4 4.4. Y = y
3x+3 X+Yy-—2
. 2X+y-2 _
45.y=3X z > 4.6 ,_x+y13
— J— X_
, X+7y-8
41y==9X z 3 48. Yy x;3y24
— J— X_
,  3y+3 , X+2y-3
49.Y = 4.10.Y =
Y 2x+y-1 y 4x -y -3
, X—2y+3 ,_ X+8y-9
411.V' = 412. Y =
Y =Tk Y = lox—y-9
, 2x+2y-5 ,  4y-8
3.y = _ =
! 5x—5 414.Y 3X+2y—7
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x+3y-4 y—2X+3

415y = 416,y =
y oX—y-4 Y x—1
4.17. y,:—x+2y—3 4.18. y,:—3x+2y—l
x—1 X+1
219y = oy +5 120 y,_x+4y—5
T Ax+3y-1 7 Bx-y-5
V. Umumlashgan bir jinsli tenglamani yeching
v.1.2xy’(x—y2)+ y =0 V2. y =y*—2/x?
v.3.(x+ y3)+3(y3 —x)yzy’ =0 va ysdx—2(x2 + xyz)dy =0
v.5.x2(y’+ yz):xy—l V.6. 2y+(x2y+1)xy’:0
vyt +3% )y +xy =0 v Y'(x -y*)=xy
V.9, y3dx+2(x2—xy2)dy:0 V.10. 2y' +y? —1/x* =0
VAL XYY + 2yt =X V.12, 4y° + x® =6xy°y’
v.13.x*y’dy + yxdx =0 V.14, xy? (xy' +y) =1
V.15 yy' +y* =1/x® V.16. y(1+ Xy —1)dx+ 2xdy =0
Va7 xy?y' —y*=1/3.x* V.18 X2y +y =1/x
V.19, xyy' + 2y = X2 V.20, (x—2y3)dx+3y2(2x—y)dy:0

6. Tenglamani berilgan shartni ganoatlantiruvchi
yechimini toping

6.1.y'/x—c0s2y=1, X—>+oo ma y—37/2
6.2.c0s2y —2y'/3x* =0, x—0 ma y— /2
6.3.X°y' +C0s2y =1, X—+o ma 'y —>97/4
6.4.()@/2+x)dx+(x2y—y)dy=0, x=0 ma y=1
6.5.(a° +y*)dx+2x\ax—x’dy =0, x=a ma y=0
6.6Xy/1— y?dx+yv1-x?dy=0, x=0 ma y=1
6.7. x\/1+ y2 +yy1+x2 dy/dx=0, x=0 ma y=1

6.8.(xy’'—y)arctg(y/x)=x, x=0 ma y=1
6.9.(y* —3x*)dy+2xydx=0, x=0 &2 y=1
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6.10.(M—x)dy+ydx:0, X=1 ma y=1
6.11.y+xy’=6(1+x3y’), x=1 nma y=1
6.12.(1—x2)y'—2xy2 =xy, X=1 may=1
6.13.y+xy'=a(l+xy), x=1/a may=a
6.14.(x+1)y'=y—1, X-—>+w0 ma y dyerapanaHraH
6.15.y'=2X(7+Yy), X—>+00 ma y derapamaHraH
6.16. Xy’ +sin2y =1, X—+wo ma y—>1lr/4
6.17.y'X’siny =1, X—>+400 na y— /2
6.18.y'X'siny=4, Xx—>+40 ga y— /2
6.19.yx’cosy=2, X—+4o may—0
6.2o.y’=—4/(x4cosy), X—>+00 ga y—0

7. Masalani  yeching

7.1.Pivoachitgisinitayyorlashdaishlatiladiganta sirgiluvchifermentmiqdorinio sishtezligiunin
gshupaytdagixmigdorigaproportsional. Fermentniboshlang ichmiqgdori & gateng.
Birsoatdanso nguikkimartako payganbo lsa, uchsoatdankeyinnyechamartako payadi?

7.2.Ma’lumbalandlikdanmassasimbo lganjismvertikalyo nalishdapastgatashlabyuborildi.
Agar bu jismga ogirlik kuchi va havoning jism tezligiga proportsional (proportsionallik
koeffitsienti R) bo'lgan qarshilik kuchi ta'sir gilayotgan bo’lsa, uning U tushish tezligining
0 zgarish gonunini toping.

7.3. Uchuvchining parashyut bilan birgalikdagi og’irligi 80 kg. Havoning garshiligi uning
tezligi U ning kvadratiga proportsional (proportsionallik koeffitsienti k = 400). Vaqgtga bog'liqg
ravishda tushish tezligini va tushishdagi eng katta tezlikni toping.

7.4. SHamol o'rmon orgali o'tayotib, daraxtlar qarshiligiga uchrash natijasida 0z
tezligining bir gismini yo qotadi. Bosib o'tilgan yo'l cheksiz kichik bo'lsa, bu yo qgotish
boshlang’ich tezlikka va yo'l uzunligiga to'g'ri proportsional bo'ladi. Agar shamolning

boshlang'ich tezligi U, =12 m/s o’'rmonda S = 1 m yo'l bosib o'tgandan keyingi tezligi

U, =11,8 mis bo'lsa, 0°'rmonda 150 m yo'l bosib 0'tgan shamolning tezligini toping.

7.5. Massasi m bo'lgan jism 250 m balandlikdan og’irlik kuchi havoning qgarshilik kuchi
ta'sirida tushayotgan bo’lsin. Qarshilik kuchini tezlikka proportsional (proportsionallik koeffitsenti
R) deb olib, jismning harakat qonuni h = f (t) ni va jism tusha boshlagandan nyecha minut keyin
erga etib kelishini aniglang.

7.6. O'lchamlari 60X 75 sm, balandligi 80 sm bo'lgan to'g'ri burchakli parallelepiped
shaklidagi idishga har sekunda 1,8 | suv tushayotgan bo'lsin. Uning ostki gismida yuzi 2,5 cm?
bo’lgan teshik bor. Idish gancha vaqtda to'ladi? Natijani xuddi Shunday, lekin teshigi bo’Imagan
idishning to’lish vaqti bilan solishtiring. (Suvning sathi teshikdan h balandlikda bo lganda, oqgib
chigayotgan suvning tezligi v =0, 6«/29h bo’ladi, deb hisoblansin).

7.7. Diametri 2R = 1,8 m va balandligi H = 2,45 m bo'lgan tsilindr shaklidagi idishdagi suv
uning ostki gismidagi 2r = 6 diametrli teshikdan gancha vaqgtda ogib tushadi? TSilindr oqi
gorizontal joylashgan, suvning sathi teshikdan h balandlikda bo’lganda uning tezligi 0,6«/2gh
boladi, deb hisoblansin.
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7.8. Motorli gayig uning tezligiga proportsional bo'lgan suvning garshiligi ta'sirida o'z
tezligini pasaytiradi. Qayigning boshlang ich tezligi 1,5 m/s bo’lib, 4 sekunddan keyin uning tezligi
1 m/s boladi. Qachon gayigning tezligi 1 sm/s ga teng boladi? Qayiq to xtaguncha gancha yo'l
bosib o'tadi?

7.9. Idish konus shaklida bolib, asosining radiusi R = 6 sm, balandligi H = 10 sm uchi esa
pastga qaratilgan. Agar idishning uchida 0,5 sm diametrli teshik bo’lsa, undagi to'la suv gancha

vaqtda ogib bo’ladi? Suvning satxi teshikdan h balandlikda bo'lganda uning tezligi 0,6,/2gh

bo’ladi, deb hisoblansin.

7.10. Ostki gismida teshigi bor bo'lgan tsilindr shaklidagi idish vertikal ravishda qo yilgan.
Idishdagi to'la suvning yarmi teshikdan 5 minutda oqib tushadi. Qancha vaqtda hamma suv oqib
bo’ladi? Suvning sathi teshikdan h balandlikda bo’lganda, uning tezligi 0,64/2gh bo’ladi, deb
hisoblansin.

7.11. Diametri 2R = 1,8 m va balandligi H = 2,45 m bo’lgan tsilindr shaklidagi idishdagi suv
uning ostki gismidagi 2r = 6 diametrli teshikdan gancha vaqtda oqib tushadi? TSilindr o"qi vertikal

joylashgan, suvning sathi teshikdan h balandlikda bo'Iganda uning tezligi 0,6./2gh bo’ladi, deb

hisoblansin.

7.12. Massasi m = 2 kg bo'lgan D yuk A nugtada 12 m/s boshlang’ich tezlik olib, bukilgan
ABC trubada (5-rasmga garang) harakat gilayotgan bo’lsin. AB bo’lakda yukka og'irlik kuchidan
tashgari Q =5 n o°zgarmas kuch (yo nalishi chizmada ko'rsatilgan) va yukning U tezligiga bog'liq
bo'lgan (yo'nalishi yuk harakatiga garshi) R = 0,8{)2 garshilik kuchi ta'sir etadi. B nugtada yuk
0z tezligini o zgartirmasdan trubaning BC bo’'lagiga o'tadi, bu erda yukka og'irlik kuchidan
tashqari F 0'zgaruvchi kuch ta'sir giladi. AB = 1,5 m hamda F, =4sin4t (F, —F kuchning x

0 qdagi proektsiyasi) ekanini bilgan holda yukning BC bo’lakdagi harakat gonunini toping.

B DQ A

X |||||||||%||||||||||||I'30o -~ 30

6-rasm.
5-rasm.

7.13. Massasi m = 1,8 kg bo’lgan D yuk A nugtada 24 m/sek boshlang’ich tezlik olib,
bukilgan ABC trubada (6-rasmga garang) harakat gilayotgan bo'lsin. AB bo'lakda yukka ogirlik
kuchidan tashgari Q = 5 n o'zgarmas kuch (yo'nalishi chizmada ko'rsatilgan) va yukning U

tezligiga bog'liq bo'lgan (yo nalishi yuk harakatiga garshi) R= 0, 3v garshilik kuchi ta'sir etadi.
B nugtada yuk o°z tezligini o zgartirmasdan trubaning BC bo'lagiga o'tadi, bu erda yukka og irlik
kuchidan tashgari F o°zgaruvchi kuch ta'sir giladi. A ngugtadan B nugtaga o tish vaqti t1 =2 sek

hamda F, =—2C0S2t (F, —F kuchning x 0 qdagi proektsiyasi) ekanini bilgan holda yukning

X
BC bo lakdagi harakat gonunini toping.

7.14. Tajribalarga ko'ra har bir gramm radiydan bir yilda 44 milligramm emiriladi. Nyecha
yildan keyin radiyning yarmi emiriladi? Radioaktiv moddaning birlik vaqt ichida emirilish migdori
mavjud modda migdoriga proportsional deb hisoblansin.

7.15. 30 kunda radioaktiv moddaning 50 foizi emiriladi. Qancha vaqgtdan so ng radioaktiv
moddaning boshlang’ich miqdorining 1 foizi qoladi? Radioaktiv moddaning birlik vaqt ichida
emirilish migdori mavjud modda miqdoriga proportsional deb hisoblansin.
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7.16. Jism 10 minutda 100° dan 60° gacha soviydi. Atrof-muhitning temperaturasi 20° da
ushlab turilsa, qachon jismning temperaturasi 25° bo'ladi? Jismning sovish tezligi jism va atrof-
muhit temperaturalari ayirmasiga proportsional deb hisoblansin.

7.17. Jism 10 minutda 100° dan 60° gacha soviydi. Atrof-muhitning temperaturasi 20° da
ushlab turilsa, gachon jismning temperaturasi 25° bo'ladi? Jismning sovish tezligi jism va atrof-
mubhit temperaturalari ayirmasiga proportsional deb hisoblansin.

7.18. Massasi m = 8 kg bo’lgan D yuk A nugtada 10 m/sek boshlangich tezlik olib, bukilgan
ABC trubada (7-rasmga garang) harakat gilayotgan bo’lsin. AB bo’lakda yukka og'irlik kuchidan
tashgari Q = 16 n o zgarmas kuch (yo nalishi chizmada ko'rsatilgan) va yukning U tezligiga
bog’liq bo'lgan (yo'nalishi yuk harakatiga garshi) R =0,5 V°H garshilik kuchi ta'sir etadi. B
nugtada yuk o'z tezligini o zgartirmasdan trubaning BC bo'lagiga o'tadi, bu erda yukka ogirlik
kuchidan tashgari F 0°zgaruvchi kuch ta'sir giladi. AB=4mva F = 6t° (I:X -F kuchning x

X
0 qdagi proektsiyasi) ekanligi ma’lum bolsa, yukning BC bo’lakdagi harakat gonunini toping.

30r T I30° 30011\)(

7-rasm. 8-rasm.

7.19. 20 | idishda havo bilan to'ldirilgan (80% azot, 20% kislorod). Idishga sekundiga 0,1 |
azot Kiritilib, tinimsiz aralashtirilib turilibdi va xuddi Shunday tezlik bilan aralashma chigib
ketayapti. Qancha vaqgtdan keyin idishda 99% azot bo’ladi?

7.20. Massasi m = 3 kg bo’lgan D yuk A nugtada 22 m/sek boshlang’ich tezlik olib, bukilgan
ABC trubada (8-rasmga garang) harakat gilayotgan bo’lsin. AB bo’lakda yukka ogirlik kuchidan
tashgari Q = 9 n 0°zgarmas kuch (yo nalishi chizmada ko'rsatilgan) va yukning U tezligiga bog'liq

bo'lgan (yo nalishi yuk harakatiga qgarshi) R=0,5v garshilik kuchi ta'sir etadi. B nugtada yuk
0z tezligini o'zgartirmasdan trubaning BC bo’'lagiga o'tadi, bu erda yukka og'irlik kuchidan

tashgari F o'zgaruvchi kuch ta'sir giladi. A nugtadan B nugtaga otish vaqti t1 = 3sek hamda

F =4sin2t (F, —F kuchning x o'qdagi proekisiyasi) ekanligi ma'lum bo'lsa, yukning BC
bo lakdagi harakat gonunini toping.

8. Masalani yeching

8.1. Shunday chiziglarni topingki, ularda ixtiyoriy urinmaning abstsissalar o'qi bilan
kesishish nugtasining abstsissasi urinish nugtasining abstsissasidan uch marta katta bo’lsin.

8.2. Shunday chiziglarni topingki, ularda urinma osti urinish nugtasining ikkilangan
abstsissa va ordinatalari ayirmasiga teng bo’lsin.

8.3. Shunday chiziglarni topingki, ularda urinma osti urinish nugtasining obstsissa va
ordinatalari ayirmasiga teng bo’lsin.

8.4. CHizigning ixtiyoriy nuqgtasidan o'tkazilgan urinmaning ordinatalar o'gidan ajratgan
kesmasi urinish nugtasi ordinatasining uchlanganiga teng ekanligini bilgan holda, uning
tenglamasini tuzing.

8.5. Markazi koordinata boshida bo’lgan to'g'ri chiziglar dastasiga quyidagi burchaklar
bilan izogonal bo’lgan traektoriyalarni toping:

A) 30°; B) 45°;C) 60°;D) 90°;
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8.6. Quyidagi xossaga ega bo'lgan chiziglarni toping: agar chizigning ixtiyoriy nugtasidan
koordinata o'qlariga ular bilan kesishguncha parallel to'g'ri chiziglar o'tkazilsa, hosil bo’lgan
to rtburchak yuzini shu chizigga 1:4 nisbatda bo’ladi.

8.7.y= ax? parabolalar oilasiga ortogonal traektoriyalarni toping.

8.8. Shunday chiziglarni topingki, ularning ixtiyoriy nugtasidan o'tkazilgan urinmaning
abstsissa 0°qgi bilan Kkesishish nugtasi, urinish nugtasidan va koordinata boshidan baravar uzoglikda
bo’lIsin.

8.9. Shunday chiziglarni topingki, uning ixtiyoriy nugtasidan o'tkazilgan urinmaning
koordinata boshigacha bo’lgan masofa, urinish nugtasining abstsissasiga teng bo"lsin.

8.10.Shunday chiziglarni topingki, uning ixtiyoriy nuqgtasidan o'tkazilgan urinma, urinish
nuqtasi ordinatasi va abstsissalar o'qi hosil gilgan uchburchakda katetlar yig'indisi 0zgarmas 0
songa teng bo’lsin.

8.11.Shunday chiziglarni topingki, ularda ixtiyoriy urinmaning abstsissalar o'qi bilan
kesishish nugtasining abstsissasi urinish nugtasining abstsissasidan ikki marta kichik bo’lIsin.

8.12.Shunday chiziglarni topingki, ularda har bir nugtasida o'tkazilgan urinma qutb radius
va qutb o"qglar bilan bir xil burchak tashkil gilsin.

8.13.Shunday chiziglarni topingki, ularda ixtiyoriy urinmaning abstsissalar o'gi bilan
kesishish nugtasining abstsissasi urinish nuqtasi abstsissasining 2/3 gismiga teng bo'lsin.

8.14.Shunday chiziglarni topingki, uning ixtiyoriy nuqgtasidan o'tkazilgan urinmadan
koordinata boshigacha bo’lgan masofa urinish nugtasi abstsissasining moduliga teng bo’lsin.

8.15.CHizigning ixtiyoriy nugtasidan o tkazilgan urinma ordinatalar o°gida urinish
nugtasining ikkilangan ordinatasiga teng bo'lgan kesma ajratishni bilgan holda uning tenglamasini
tuzing.

8.16.Shunday chiziglarni topingki, ularda urinma osti urinish nuqtasi abstsissa va ordinatalar
yig indisiga teng bo’lsin.

8.17.Quyidagi xossaga ega bo’lgan chiziglarni toping: agar kesishguncha qadar parallel
chiziglar o'tkazilsa, hosil bo"lgan to'rtburchak yuzi shu chiziq 1:2 nisbatda bo"ladi.

8.18.Quyidagi xossaga ega bo’lgan chiziglarni toping: agar chizigning ixtiyoriy nugtasidan
koordinata o°glariga ular bilan kesishguncha parallel chiziglar o tkazilsa, hosil bolgan to rtburchak
yuzini shu chizig 1:3 nisbatda bo"ladi.

8.19.Markazlari y = 2x chiziqda yotgan radiusi 1 ga teng. Aylanalarning differensial
tenglamasini tuzing.

8.20.0 qglari OY o'qiga parallel va bir paytda y = 0 hamda Yy = X chiziglarga urinadigan

parabolalar oilasining differensial tenglamasini tuzing.
2-MUSTAQIL ISHI
Sinov uchun savol va topshiriglar

1. Qanday tenglamani chiziqgli tenglama deyiladi? Koshi masalasining qo yilishini ifodalang.

2. Chizigli tenglama erkli o°zgaruvchini ixtiyoriy X:(p(t), noma’lum funksiyani
ixtiyoriy chizigli y=a(x)z+,8(x), (a(x);tO) almashtirish natijasida tenglamaning
chizigliligicha golishini isbotlang.

3. Chizigli bir jinsli bo’lmagan tenglamaning ixtiyriy yechimi formulasini Kkeltirib
chigaring.

4. Chizigli bir jinsli bolmagan tenglamaning bitta y, (X) Xususiy yechimi yoki ikkita
yl(x) vay, (X) xususiy yechimlari ma’lum bo’lganda uning umumiy yechimlarini toping.

5. Bernulli tenglamasi ganday yechiladi?
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6. Rikkati tenglamasi ganday korinishga ega? Agar Rikkati tenglamasining bitta xususiy
yechimi ma’lum bo’lsa, uning boshqga yechimlari ganday topiladi?

7. Qanday shartlar bajarilganda M (x,y)dx+N(x,y)dy=0 tenglama to'lig

differensial tenglama bo’ladi? Bu tenglama ganday yechiladi?
8. Integrallovchi ko paytuvchilar usulining g oyasi nimadan iborat? Qanday shartlar
bajarilganda:

a) berilgan @ (X, y) funksiyaga;

b) fagat x ga;
v) fagat y ga bog'liq bo lgan integrallovchi ko paytuvchi mavjud bo’ladi?

9. X y' = X2 y2 +xy+1, vy, =]/X Rikkati tenglamasini yeching.
10.(X2 + y2 +1) dx — 2xydy =0 tenglamaning integrallovchi ko paytuvchisini toping.

1. Tenglamani yeching

1.1 xy' —2y = x%* 1.2. '+ yigx =secx
13. xy'+y—e*=0 1.4. Y —yctgx = 2xsin x
15. Y'+ycosx =1/2sin 2x 1.6. '+ ytgx = cos® X
L7y —y/(x+2)=x*+2x 18. y'—y/(x+1)=e"(x+1)
1.9. Y = y/X+xsinx 1.10. Y +y/x=sinx
2X 2x° 2X—5
1.11. y' = 1.12. y' — =5
Y Y T1nxe Yy Y
113, y'+y/x=e"(x+1)/x 1.14. Y =y/x-2InXx/x
1.15. y' = y/x—12/x° 1.16. y' — 2xy2 =1+X°
1+x
117 (1-x )y +xy =1 118 y' ¥ X
( ) y 2(1+ xz) 2

119, y' = 2/(x+1)y=e*(x+1)° 120, y'+ 2xy = xe < sinx
2. Koshi masalasining yeching
2.1 dx=(siny+3cosy+3x)dy, y(e"*)=7/2
228" (dx—2xydy)=ydy, y(0)=0
2.3, (xcos2 y— yz)y’ =ycosy, Y(z)=n/4
2.4, 2(y3 —y+>w)dy: dx, y(-2)=0
25. y*(y—-1)dx+3xy*(y—-1)dy =(y+2)dy, y(/4)=2
2.6. 2yﬁdx—(6x\/§+7)dy =0, y(4)=1
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2

27.(2Iny—In® y)dy = ydx—xdy, y(4)=e
28.y'=y/(2ylny+y-x), x(1)=1/2

2.9. yz(y2 +4)dx+2xy(y2 +4)dy:2dy, y(7/8)=2
2.10. 2y°dx+(x+e" )dy =0, y(1)=1

2.11. (x+ In®y—In y) y'=y/2, y(2)=1

2.12. 2(cos’ ycos2y —x)y' =sin2y, y(3/2)=5x/4

2.13. y'=1/(xcosy+sin2y), x(0)=-1
.(2xy+\/§)dy+2y2dx:0, y(-1/2)=1

2.15. dx+(2x+sin 2y —2cos’ y)dy =0, y(-1)=0

216. (2y-xtgy-ytgy)dy=0, y(0)=z

2.17. ydx+(2x—23in2 y—ysin 2y)dy:0, y(3/2)=7x/4
2.18. Sin2y dx :(sin2 2y —2sin® y+2)dy, y(-1/2)=r/4
2.19. chydx=(1+xshy)dy, y(1)=In2

2.20. 2(x+ y4)y’ =y, y(-2)=-1

2.1

N

3. Bernulli tenglamasining berilgan shartni
ganoatlantiruvchi yechimini toping

31 y+xy=(1+x)ey*, y(0)=1
32. xy'+y=2y’Inx, y(1)=12
33 Y +4x°y = 4(x3 +1)e‘4xy2, y(0)=1
34. xy'=—y*(Inx+2)Inx, y(1)=1
35.2(y'+xy)=(1+x)ey?, y(0)=2
36.3(xy’+y)=y’Inx, y(1)=3
37.2y"+ycosx=y ‘cosx(l+sinx), y(0)=1
38,y +4x°y =4ye™ (1-x°), y(0)=-1

39, 3y +2xy = 2xy e, y(0)=-1

3.10. 2y’ +3ycosx =€ (2+3cosx)y™, y(0)=1
3.11. 2y’ +3ycosx=(8+12cosx)y'e™, y(0)=2
312. xy'+y=y’Inx, y(1)=1
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3.13.
3.14.
3.15.

3.16.
3.17.
3.18.
3.19.
3.20.

4.1.
4.2.
4.3.
4.4,
4.5.
4.6.
4.7.

4.8.
4.9.

4.10.
4.11.
4.12.
4.13.
4.14.
4.15.
4.16.
4.17.
4.18.
4.19.
4.20.

2(xy"+y)=y’Inx, y(l)=2
y'+2ycthx=y’chx, y(1)=1/sh1l
2(y'+xy)=(x—-1)e*y*, y(0)=2
4y’+x3y:(x3+8)e‘zxy2, y(0)=1
y+y=e"[y, y(0)=9/4
4xy'+3y =ex*y°, y(0)=1
y'—ytgx+y’cos’x=0, y(0)=1
y'—ytgx+y?sin°x=0, y(0)=1

4. Rikkati tenglamasini yeching

X

ye +y’—2ye* =1-€”*, y, =e
y'+y? —2ysinx+sin®x—cosx=0, Yy, =sinx
Xy'—y? +(2x+1)y =x*+2X, Yy, =X

Xy =Xy +xy-1 y,=-1x

y +2ye* -y’ =e™ +e*, y, =€
y!+y2:2X—2

4y'+y* —4x7? =0

2y'+(xy—2)2:0

y' =y —xy—x
y'+y* =-1/4x°
Y=Y +1/X* +y/x

y' —y?>+ysinx—cosx=0, Yy, =sinx
y'+2y* =6/x?

y'+ay(y—x)=1 y,=x
xz(y’+y2)+4xy+2:0, y, =—2/X
y'+y?sinx =2sinx/cos’ x, y, =1/cosx
X(2x-1)y'+y? —(4x+1)y+4x=0, vy, =1
y' =1/3y* +2/3x°

Y'+y*+y/x=4/x* =0

xy' -3y + Yy’ =4x" —4x

5. To'liq differensial tenglamani yeching
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5.1, (3x2y+2y+3)dx+(x3 +2x+3y2)dy:0

+— dx + Y +1 dy=0
x+y X X*+y> Y y?

5.3. (sin2x— 2cos(x+ y))dx—2cos(x+y)dy =0
5.4, (xy +x/y? )dx+(x y—x*/y? )dy 0

55. (1/%° +3y°/x* Jdx—2y/x* dy =0

5.6. y/x*cos(y/x)dx—(1/xcos(y/x)+2y)dy =0

X y
57| ——=+Vy |dX+| X+ dy=0
[ ’X2+y2 y] ( ’X2+y2J y
1+xyd 1- Xydy_O

X’y y’X
5.0, (xe* +y/Xx*)dx—1/xdy =0

5.10. (10xy —1/sin y)dx+(5x2 +xcosy/sin’y —y?sin y3)dy =0

5.8.

5.11.[ 2y 2+eXde— ZXdyZ:O
X +y X +y

5.12. €7dX + (cos y+ xey)dy =0

5.13. (y° +cosx)dx+(3xy* +e’ )dy =0
5.14. xeyzdx+(x2yey2 +tgzy)dy =0
5.15. (cos(x+ y?)+sin x)dx+2ycos(x+y2)dy=0
5.16. (sin y + ysin x+1/x)dx+(xcosy +cosx+1/y)dy =0
5.17. (1+],/yex/y)dx+(1—x/y2ex/y)dy:O
(x—y)dx+(x+y)dy
X° +y?

xdy — ydx
—3 2 =

X"+
5.20. 2XC0S° ydXx +(2y —X*sin 2y ) dy =0

5.18. -0

5.19. XdX + ydy +

6. Tenglamani integrallovchi ko paytuvchi usulidan
foydalanib yeching
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6.1. ydX—xdy+Inxdx=0
6.2. (x2 COS X — y)dx+xdy =0
6.3. ydx—(x+y*)dy =0

6.4. Yy/1- yzdx+(x\/1—7+ y)dy:O
6.5.(y2—2x—2)dx+2ydy:0

6.6. y’dx +(xy —1)dy =0

6.7. 2y+xy3dx+(x+x2y2)dy:0

6.8 (1+ X7y ) dx +(x+ x?y? )dy =0

6.9. (X* +y)dx—xdy =0

6.10. (x2+y2)(xdy—ydx):(a+x)x4dx
Xy +y)dx xdy =0

6.12. (2xy° —y)dx+(y* +x+y)dy =0

2

X“+y +2x)dx+2ydy 0

a1
(
6.13. (1-x°y)dx+x* (y—x)dy =0
6.14. (
(

6.15. (xcosy —ysiny)dy+(xsiny+ycosy)dx =0
6.16. (x/y+1)dx+(x/y—1)dy =0

6.07. y/xdx+(y*Inx)dy =0
6.18. (Iny+2x—-1)y'=2y
6.10. (X° + Y’ +X)dx+ydy =0
6.20. dy/dx = 2xy — x* + X
7. Tenglamani yeching
72 XY +y+(x*y = x)y' =0
72 (y+X°)dy+(x—xy)dx=0

73.| 2y + 1 > |dX+| 3y + X+ 1 > |dy=0
(x+y) (x+y)

7.4, (2x3 +3xX°y +y° — ys)dx+(2y3 +3y°x+X° —x3)dy =0
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75. (X* +y* +1)dx—2xydy =0

7.6. x(4+ 21 2)dx—y[4— 21 2)dy:O
X“+Yy X“+y

77, (X + Y ) xdx+ e (X + Y ) ydy =0

7.8. X0X + ydy+(x2 + yz)xzdx =0
y
X+ X%+ y?

7.10. (y2+x2+x)y’—y=0

79.y' =

7.11. xdy + ydx —xy* Inxdx =0

712, (2CY° = x)y' - 2x°y° -y =0

73 (2x° —x* )y +y* +2y¢ =0

74, (X + Y +X)y +y=0

7.15. x(xy —3)y'+xy’ —y =0

7.16. X3y —y? —x’y =0

7.17. (x2 + Xy +2xy —y* — y3)dx+(y2 +y2X+ 2xy — X2 —x3)dy=0
7.8, (2x°y* —y)dx—(2y*x* = x)dy =0

7.10. xyzdx+(x2y—x)dy:0

7.20. X°y° + y+(x3y2 —x)y’ =0

8. Masalani yeching

8.1. Berilgan A(2:2) nugtadan o'tuvchi Shunday egri chizigning tenglamasini tuzingki,
uning PN ordinatali ixtiyoriy N(x,y) nugtasidan o'tkazilgan urinma OY o°gining T nuqtasi bilan
kesishguncha davom ettirilganda hosil bo'ladigan OPET to g ri to'rtburchakning yuzi o zgarmas
bo’lib, 1 ga teng bo’lIsin (10-rasmga garang).

A

________ A(2;2)
\\NQ(%

T 77777 E
0 P

\ 4

10-rasm
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8.2.Urinmasi, abstsissa 0°qi va koordinata boshidan urinish nuqtasigacha bo'lgan kesma
bilan chegaralangan uchburchak yuzi 0" zgarmas a ga teng bo ladigan egri chizigni toping.
8.3. y2 = Ce* + x+1 chiziglar oilasiga ortogonal traektoriyalarni toging.

8.4. Ixtiyoriy N(x,y) nugtadan o'tkazilgan NP urinma, OX o'gi va N(x,y) nugtaning
ordinatasi hosil gilgan uchburchakning yuzi 1 ga teng bo'lgan va A(1,-2) nugtadan o'tuvchi egri
chizigning tenglamasini toping (11-rasmga garang).

Ya K P

Y X

oY)
A(2;-2)

11-rasm

8.5.2y* =Ce* + 2x +1 chiziglar oilasiga ortogonal traektoriyalarni toping.

8.6.Koordinatalar boshidan o'tuvchi Shunday egri chizig tenglamasini tuzingki, uning
istalgan nuhgasidan o'tkazilgan normalining shu nugtadan OX o gigacha bo’lgan kesmasining

0 rtasi y2 = X parabolada yotsin.
8.7.Koordinata o'qlari, urinma va urinish nugtasining ordinatasi bilan chegaralangan
trapetsiya yuzi 0" zgarmas 38.2 ga teng bo ladigan egri chizigni toging.
8.8.y'sinx=2(y+Ccosx) tenglamaning X —> 7r/2  dachegaralangan bo'ladagan
yechimini toging.
8.9. xy’ +ay = ]7/(14— X2) tenglamada a =const > 0 bo’lsin. Bu tenglamaning fagat
bitta yechimi x — O da chegaralangan bo lishini ko rsating va uning X — O dagi limitini toping.
8.10. xy’ +ay = XZ/(l-I- X2> tenglamada a =const >0 bo’lsin. Bu tenglamaning

fagat bitta yechimi X — 0 da chegaralangan bo’lishini ko'rsating va uning X — O dagi limitini
toping.

8.11. xy' +ay = sin X/X tenglamada a =const >0 bo’lsin. Bu tenglamaning fagat
bitta yechimi x — O da chegaralangan bo lishini ko rsating va uning X — O dagi limitini toping.
8.12. xy’ +ay = ]7/(1+ cos’ X) tenglamada a =const > 0 bo’lsin. Bu tenglamaning

fagat bitta yechimi X — 0 da chegaralangan bo’lishini ko'rsating va uning X — O dagi limitini
toping.
8.13. xy’ +ay =1g X/X tenglamada a =const >0 bo’lsin. Bu tenglamaning faqgat
bitta yechimi X — O da chegaralangan bo'lishini ko rsating va uning X — O dagi limitini toping.
8.14.xy’ +ay = f (x) tenglamada &= CONSL > 0,x—>0da f (x) — b bo'lsin. Bu

tenglamaning fagat bitta yechimi X — O da chegaralangan bo"lishini ko'rsating va uning X — 0
dagi limitini toping.
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8.15.Xy'+ay = 4/(1+ X2) tenglamada a=const >0 bo'lsin. Bu tenglamaning
hamma yechimlari X — Oda bir xil chekli limitga ega bo lishini ko rsating va bu limitni toping.

8.16. xy’ +ay = ]/(l+ sin’ X) tenglamada a =const >0 bo’lsin. Bu tenglamaning
hamma yechimlari X — O da bir xil chekli limitga ega bolishini ko rsating va bu limitni toping.

8.17.xy’ +ay = f (X)tenglamada &= CONSL> 0,x >0 da f (x) — bbolsin. Bu

tenglamaning hamma yechimlari X — Oda bir xil chekli limitga ega bolishini ko'rsating va bu
limitni toping.

8.18.dx/dt+x = f (t) tenglamada ‘f (t)‘ <M, —co<t<oo bollsa, uning
—o0<t<oo da chegaralangan bitta yechimga egaligini ko'rsating va bu yechimni toping.
SHunaigdek, f (t) funksiya davriy bo lganda mos yechimning davriy ekanligini ko rsating.

8.19. xy’—(2x2 —1)y =X tenglamaning faqat bitta yechimi X — 0 da chekli limitga
intilishini ko rsating. Bu yechimni integral orgali ifodalang va uning X — 00 dagi limitini toping.
8.20.y' =2y COS” X —sin x tenglamaning davriy yechimini toping.

3-MUSTAQIL ISH

Sinov uchun savol va topshiriglar

1. Hosilaga nisbatan yechiladigan F(X, Y, y'):O ko'rinishdagi tenglamani ganday

integrallash mumkin?
2. Parametr Kiritish metodini tushuntirib bering.
3. Noma'lum funksiya y ga yoki erkli o'zgaruvchi x ga nishatan yechiladigan

F (X, Y, y') = 0 ko'rinishdagi tenglamani ganday integrallash mumkin?

4. F(X, Y, y’) =0 ko'rinishdagi tenglamaning ganday yechimi maxsus yechim deyiladi

va maxsus yechimni ganday topish mumkin?

5. Klero tenglamasi ganday ko rinishda bo ladi va uni ganday yechish mumkin?

6. Differensial tenglama yechimining mavjudligi va yagonaligi hagidagi teoremani aytib
bering.

7. Differensial tenglama yechimining berilgan kesmadagi ketma-ket yaginlashish
formulasini yozing.

8.y —2xyy' + (1+ X2 ) y'? =1 tenglamani yeching.
9.y — 2xy'\/§+ 4y\/§ = 0 tenglamaning maxsus yechimini toping.

10. y'* —x* 4+ x® =0 tenglamani yeching.
1. Hosilaga nisbatan yechiladigan tenglamani integrallang.

1L W HY?=x"+xy 12. Xy =41+ y"”

1.3. X°y"? +3xyy’ +2y* =0 1.4. Xy"* +2yy'—x=0

15 X +y? =x2 16 (xy' —y) = 2xy(1+y")
1.7. X°y"? = 2xyy’ = x°y* - x* 18. (xy' —y)(xy' —2y)+x* =0
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1.9.

1.11
1.13

1.15

11

1.19

2.1.
2.3.
2.5.
2.1.
2.9.
211
2.13

2.15

2.17

2.19

3.1
3.3.
3.5.

3.7.

3.9.

3.11
3.13
3.15
3.17
3.19

~

Y2y —2xyy’ +2y* —x* =0 110, Y2 =2yy' =y’ (ezx —1)
Cy'?—2xyy’ —8x* =0 1.12. X°y"* =3xyy'+2y* =0

YP—(2x+y)y' +x*+xy=0 114 yy? —(xy+1)y'+x=0
YR —2xy”? —4yy' +8xy =0 1.16. y'2 = 4ly|

y”? =1/(4|)) 1.18. y° (1+ y'z) =a’
Yy —y/(4x)=0 1.20. y° —xy"? —4yy' +4xy =0

2. Tenglamaning hamma yechimlarini toping.

y? -3y’ +1=0 22. Y2 +y? -y -1=0
y'=e’siny’ 2.4.cosy +siny +e¥ =0
e’ +sin(y’ +2)=0 26.tgy +e’" =0
shy'+chy' +y' =0 28.y'?=e’ cosy’
y' =e’tgy’ 2.10. y* = y'chy"
Yy =2yt -2y =0 212. "1 4y’ =1

sin(y' +1)+cos(y' +1)+y =0 214 y°+3y?+2y' -1=0

!’ 2 ! !’ 3
.(yz”j —3(y2+1j+2=o 2.16. [_w] +siny'=0

siny’

.sin’ (y’2 +1) +y"*cosy' =0 2.18. €Y% +2siny’ +1=0
~sh(y” +1)+cosy'=0 220, e +2tgy' =0

3. Erkli o'zgaruvchi x ga nisbatan yechiladigan tenglamani integrallang.
x=siny'+Iny’ 32 y?-2xy'-1=0
xy? =1+y 3.4, x(1+ y'z)?’/2 =a
arcsin(x/y") =y’ 36. x=2(Iny' —y")
x=Yy'(1+Y) 3.8. x=e2y'(2y'2—2y’+1)
X=Iny'+cosy’ 310. X =2y"? -2y’ +2
X=Y'+siny’ 312. x=e"? +siny’
.x=e"" +cosy’ 3.14. x=¢€" +cosy’
xy"? =3y'+1 3.16. X=Y'Iny'+siny’
.Xx=Yy'cosy' +Iny’ 3.18. y'?x=¢"¥
. Xy'=5y'+6 3.20. X=€' —2y'+cosy’

4. Noma'lum funksiya y ga nisbatan yechiladigan tenglamani integrallang.
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21 y=Yy'Iny’
43 y=y"%

s v/ v =a
47. y(1+]/y’2)3/2

49. y(1+ y’z)]/2 =y’

411. y=y'(1+y'cosy’)
413,y =e'V

415 Y=Yy +siny'+cosy’
417. 3y =y'+y

419. y'=y(1+Y')

5. Lagranj tenglamasini yeching.

5.1.y=1/2-x(y' +4/y’)
53. y=(1+y')x+y"”

55. Y= (l+ y’? )/(Zy’)-x
57. xy”? +y”

59 y — XyrZ + y12
511 yy' =2xy”* +1

5.13. 2y(y'+1)=xy"

515. Y =—Xy' + Y

517. Y =2Xy'+siny’

5.19. xy"? +(y—3x)y'+y=0

42.y=y?+2y"
44.y=y?*+2Iny’

45.y' =arctg(y/y”?)

48. y=e’(y'-1)

410. y=y"*—y* -2

412 y=arcsiny' +In(1+y"?)
414.y=Y'[2+Iny’

416. Y=Y'\J1+y"

418. Y=Yy \J1-y"”

4.20. y =arccosy'+In(1+y"?)

52. Y=Y +1-y"
5.4.y=-1/2-y'(2x+Y')

5.6. y=2xy' +1/y"”

58. y=(xy'+y'Iny")/2

510. Y =2xy’ —y'?

5.12. 2y(y'+2)=xy"

5.14. 2yy' = x(y'2 +4)

5.16. Y =2xy' +Iny’

5.18. y =3xy’/2+¢”

5.20. Xy”* +2yy'+a=0, a=0

6. Klero tenglamasining umumiy va maxsus yechimlarini toping.

6.1 y=xy +y”

6.3. Yy=xy' +1/y’

6.5. y:xy’+y’+\/7
6.7. Y=Xy' +C0SY’

69. Y =xy —ayl+y”

611 y=x(I/x+y")+Yy’

6.2. Y =Xy +1+y"?
6.4. Yy=Xxy' =1y’
6.6. y=xy —e’

68. y=xy' +y —y”
6.10. y =Xy’ +4/b’ +a’y"
6.12. Y =Xy +/1-y"?
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6.13. Xy’ —yy'—y'+1=0 6.14. y”? —(x+1)y' +y=0

6.15. 4/y? —1+xy'—y=0 6.16. y'? +(x+1)y' —y =0
6.17. y? +(x+2)y'—y+1=0 6.18. y'* +(ax+b)y' —ay+c=0
6.19. 2y"> +(x-1)y'—y =0 6.20. Xy’ —yy'+a=0

7. 1zoklinalar metodi bilan berilgan differensial tenglamaning M nugtadan o tuvchi integral
egri chizigini quring.

7Ly =y-x*, M(L2) 7.2.yy'=2x, M(0;5)
73.y'=2+y?, M(L2) 74.y'=2x/(3y), M(31)

75.y' =(y-1)x, M(13/2) 76. yy'+x=0, M(-2;-3)
77.y'=3+Yy%, M(L2) 78.xy'=2y, M(2;3)

79. Y = y/(x2 +2), M (2; 2) 7.10. X2 —y? + 2xyy’ =0, M (2;1)
711 y'=y—-x, M(9/2;1) 712, y'=x*—y, M(11/2)

713 y'=xy, M(0; -1) 714.y'=xy, M(0;1)

715 y'=—x/2, M(4;2) 716. 2(y+Yy')=x+3, M(L1/2)
717. y'=x+2y, M(3;0) 718. xy' =2y, M(% 3)
719.3yy'=x, M(-3;-2) 720.y'=x-y*, M(-3;4)

8. Boshlang’ich shartlar berilgan differensial tenglama uchun Y,, Y;, ¥, ketma-ket
yaginlashishlarni toping.
8l y =y-x? y(0)=0 82. y'=y*+3x* -1, y(1)=1
83. y'=y+e’", y(0)=1 83. y'=1+xsiny, y(z)=27x
85. y'=x+y* y(0)=0

Tenglamaning berilgan boshlang’ich shartni ganoatlantiruvchi yechimi mavjud bo ladigan
birorta kesmani ko rsating.

86. y'=x+Yy°, y(0)=0 87.y'=2y°—x, y(1)=1
8.8. dx/dt=t+e*, x(1)=0 89.y'=In(xy), y()=1
8.10. y'=Inx+Iny, y(2)=1

Yechimning  yagonaligini ta'minlaydigan birorta etarli shartdan foydalanib, (X,y)

tekislikdan Shunday sohani ajratingki, uning har bir nuqgtasidan berilgan tenglamaning yagona
yechimi otsin.

8.11. Y =2xy +y* 8.12. y' =2+ 3y — 2x
8.13. (x+2)y’ =]y —x 8.14. (y—X)y' =ylnx

8.15. Y =1+1g X 8.16. Xy' =Y +4/y* = X*
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8.17. Y =siny—Cos X 8.18. y' = 3/3x—y -1
819, y' =X~y =X 820, y'=(x+1)/(x~)
4-MUSTAQIL ISHI

Sinov uchun savol va topshiriglar

1. F(X, Y(k), y("”), ooy y(”)) =0 ko'rinishdagi tenglamaning tartibi ganday
pasaytiriladi?
2. Qanday almashtirish yordamida F(y,yl,...,y(”))zo korinishdagi tenglamaning

tartibini pasaytirish mumkin?

3. Noma'lum funksiya va uning hosilalariga nisbatan jinsli bo'lgan tenglamaning tartibi
ganday pasaytiriladi?

4. lkkala tomoni x nisbatan to'la xosiladan iborat tenglamaning tartibini pasaytirish
mumkinmi

5. Qanday tenglamaga x va y ga nisbatan umumlashgan bir jinsli tenglama deyiladi va uning
tartibi ganday pasaytiriladi?

6. n-tartibli oddiy differensial tenglama uchun Koshi masalasining goyilishini va uni
yechish usulini ifodalang.

7. y"+siny =0 tenglamaning X —> o0 da Yy — 7z bo'ladigan yechimi bor ekanligini

isbotlang.
2.,m __

8. Yy = y'3 tenglamaning tartibini pasaytirib, birinchi tartibli tenglamaga keltiring.

1. Tenglamani yeching.

L1 (1+X°)y"+y? +1=0 12.xy"=y'In(y'/x)
13. xy"—y' =0 14,y (1+y?)=ay"
15.2y'(y"+2)=xy"* 16. y"> —2yy"+1=0
1.7. xy" =y +xsin(y'/x) 18. Yy =y"?+1

19. y"(2y'+x)=1 1.10. (1-X* ) y" +xy' =2
111 Y +y =xy" 1.12. y"y'? =y

113 y"(2+x) =1, y(-1)=Y12, y'(-1)=-1/4

L14. xy" =(1+2x°)y’ 1.15. Xy" =y + X

1.16. xIny" =y’ 117. 2y" = y'/x+ X2/y’
1.18. y" = \/1—7 1.19. xy" —y"=0

1.20. "' =/1-y"

2. Tenglamani yeching.
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21 y'+y?=2e" 22.y'=¢’

23. Yy —yiy"=1 24. yy"—2yy'Iny =y
25. YW +y=y" 26. yy"* =1

27.y" =ae’ 28 3y"=y*
29.2(2a-y)y"=1+y"” 210. 1+ y'? =2yy"

211 y"? =(2y-2y")y" 2.12. 2y =(y-1)y"
2.13. yy" =y"? 214. 2yy"+y? +y* =0
2.15. 2yy" —3y'? = 4y? 2.16. 2yy"+y* =0

217. W' +Yy'? =0 218. Yy =y +y"”?

2.19. yy"=1+y"” 2.20. 2yy" =1+y"

3. Tenglamani yeching.

3L XYY =2y +xyy +y° =0 32 X (W -y )+ xyy =y Xy + Y
33, Xyy"+Xxy”? —yy' =0 3.4. Xyy"—xy”? —yy"=0
35. %y (W' = y?)-yy? =x'y? 36. yy"+ Y2 +ayy +by? =0
37. Wy —=3y? +3yy' —y* =0 38. yy' -y = Wy
N
39. XYY" =(y—xy')’ 3.10. Xyy" — Xy’ —yy'=0
3.11. 2yy"—3y’* =2y° 3.12. 3y =4yy" +y?
313 Y2+ yy' =vyy 3.14. (y+Y)y"+y*?=0
3.15. Yy —Xxyy' —xy* =0 3.16. (xy'—y)y"+4y” =0
317. Yy —y? —y’Inx=0 3.18. Xyy" +Xxy"? =2yy’
3.19. 2yy" —3y'* = 4y? 3.20. 3yy" —5y"* =0
4. Tenglamani yeching.
41. yy" +3y'y"=0 a2.yy"=y'(y'+1)
43. yy"+y”? =1 4.4, xy" =2yy' -y’
45, y'y" =2y" 4.6.5y"* —3y"y" =0
47. Y =xy' +y+1 48. xy"—y =xyy'
49.y"=(1+y"” )3/2 210, (1+y?)y" =3yy"
411 Y -y /x+y/x* =1 412. y"+Yy'cosx—ysinx=0
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4.13. y'y" -3y"* =0 414, y"xInx =y"

4.15. y"ctg 2x+2y" =0 4.16. (1+sinx)y"” =cosy"
4.17. y"thx =y" 4.18. y"tg x=y"+1

219, (1+%°)y"+2xy' = x° 420, (X+1)y" +y" =x+1

5. Umumlashgan bir jinsli tenglamani tartibini pasaytirib birinchi tartibli tenglamaga
keltiring.

5.1. 4x°y%y" = x> —y* 5.2. Xy =(y—xy")(y—xy'—X)
2 '

5.3, y—2+ y'2 =3xy" + 2Yy 54.y" = (Zx —§j y' +4y? 4y
X X X X

55. X (2yy” —y’? ) =1-2xyy’ 56. Yy —xyy” —xy”? =x°

5.7, (yy" -y )+ xyy’ =(2xy’—3y)\,¢”x_3 5.8. X' (y? —2yy")=4x’yy' +1

5.9. X'y"+( Xy’ — y)3 =0 5.10. Xyy"+yy —x*y* =0

511. X°y"=3xy'+4y+x* =0 512. X'y =X’y +3x°yy"? =0

5.13. 3xy* +2X°y = 2X°y + y° 5.14. X°y" =(y— xy’)2

5.15. NX°y" =(y —xy')’ 5.16. y* (X°y" =Xy’ +y) =%’

517. XYY" =3xy’y' +4y° +x° =0 518 X’y +2xyy' —x°y? —y* =0

519. X'y  + X°y"? + x*yy" =0 5.20. Xy" +(Xxy' - y)2 =0

6. Koshi masalasining yechimini toping.

6.1 yy" =2y, y(2)=2, y'(2)=0,5

6.2. 2y"—3y"? =0, y(0)=-3, y'(0)=1, y"(0)=-1
6.3. Xy —3xy' =6y’ /x* -4y, y(1)=1 y'(1)=

6.4. y"=3yy’, y(0)=-2, y'(0)=0, y"(0)=4,5
6.5. y'cosy+y“siny=y, y(-1)=x/6, y'(-1)=2
6.6. Yy’ +64=0, y(0)=4, y'(0)=2

6.7. y"+2sinycos’y =0, y(0)=0, y'(0)=1

6.8. y"=32sin’ ycosy, y(1)=7/2, y'(1)=4

6.9. Yy’ +49=0, y(3)=—7, y'(3)=-1

6.10. 4y°y" =16y* -1, y(0)=+/2/2, y'(0)=+/2/2
6.11. y"+8sinycos’y=0, y(0)=0, y'(0)=2



6.12. y"=18sin’ycosy, y(1)=7/2, y'(1)=3
6.13. 4y°y" = y* ~16, y(0)=22, y'(0)=1/y2
6.14. y"+18sinycos’y =0, y(0)=0, y'(0)=3
6.15. y" =8sin’ ycosy, y(1)=7/2, y'(1)=3
6.16. y"+32sinycos’y =0, y(0)=0, y'(0)=4
6.17. y"=50sin° ycosy, y(1)=7/2, y'(1)=5
6.18. y°y" =4(y" -1), y(0)=+2, y'(0)=+2
6.19. y"+50sin ycos’y =0, y(0)=0, y'(0)=5
6.20. y"=2sin’ ycosy, y(1)=7/2, y'(1)=1

5-MUSTAQIL ISHI
Sinov uchun savol va topshiriglar

1. n-tartibli o'zgarmas koeffitsientli chizigli bir jinsli tenglamaning umumiy Ko rinishini
yozing va uni yechish usulini keltiring.

2. Uning xususiy yechimini topish mumkin bo’lishi uchun o'ng tomoni ganday ko rinishga
ega bo’lishi kerak?

3. CHizigli bir jinsli bo’lmagan tenglamaning bitta xususiy yechimi va bir jinsli
tenglamaning umumiy yechimi ma’lum bo’lganda uning umumiy yechimini ganday topiladi.

4. n-tartibli tenglamalar uchun o°zgarmas variatsiyalash metodini misollarda tushuntiring.

5. eyler tenglamasining umumiy Ko 'rinishini yozing. Qanday almashtirish yordamida u
0 zgarmas koeffitsientli chizigli tenglamaga keltiriladi?

6. Funksiyalarning chizigli bogligligi va chizigli erkliligi ta'rifini keltiring va misollarda
ko rsating.

3\,m

7. Eyler tenglamasini yeching: 4X°y" +3xy’'—3y =0
8. y'— 2(1+tg2x) y =0, Yy, =tg X tenglamaning umumiy yechimini toping.
1. Tenglamani yeching.

11 y"-3y"+3y'-y=0, y(0)=2, y'(0)=2, y"(0)=3

1.2. y"+6y"+11y'+6y =0 13. y"-2y'-2y=0

14. y"+2y'+y" =0 15 y"-8y'+5y=0

16. y"—2y"+2y' =0 17.y"+2y"—y'=2y=0
18. y"=2y"+2y'=0 19. ¥y -y=0

1.10. y"-3y"-2y'=0 1.11. 2y"-3y"+y'=0
1.12. y' —10y" +9y' =0 1.13. y"+8y =0

1.14. YV +y=0 1.15. y" +10y"+9y =0
1.16. y"“ +8y"+16y =0 1.17. y' +8y" +16y' =0

1.18. ¥y +4y" +10y" +12y'+5y =0 1.19. YV +2y"+2y"-5y=0
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1.20. y¥ +4y" +5y" -6y -4y =0

2. Tenglamaning umumiy yechimini toping.

2.1. y'—2y' =2ch2x 2.2. y"+y' =2sinx—6Ccosx+ 2e*
23. y" -y =2e" +cosx 2.4. y"—3y"=2ch3x

2.5. y"—4y'=16ch4x 2.6. y"+2y"=2sh2x

2.7. Y"+ 3y’ = 2sh3x 2.8. y'+y' =2shx

29. y"+4y =-8sin 2x +32c0s 2x + 4™
2.10. y" —y'=10sin X+ 6Ccos X+ 4e*

2.11. y"+9y = —18sin3x —18¢e>

2.12. y" —4y = 24e** —4c0s 2X +8sin 2X
2.13. y"+16y =16c0s4x —16e™

2.14. y" -9y’ =-9e* +18sin3x —9cos 3x
2.15. y" + 25y’ = 20c0s5x —10sin 5x + 50
2.16. " —16Y’ = 48e™ + 64sin 4x —64C0S4X
2.17. y" +36Y = 24sin6x —12cos6x + 36>
2.18. y" — 25y' = 25(cos5x +sin5x) —50e”
2.19. Y+ 49y =14sin 7x+7c0s 7x —98e"*
2.20. y" —36Y’ =36€° —72(sin 6x +COS6X)

3. Tenglamani o"zgarmaslarni variatsiyalash metodi bilan yeching.

31 y'"+4y= 3.2. y'+y=tg X
COS 2X
33 y”—y—l 34y 4y = sin x
- X - cos? X
) , X2 +2X+2 ., 2=,
35 ' =2y +y=—""7—- 36.y' -y =—5¢
X X
3.7 y”—y—4«/;+L 38.y'+y= L
. XA/ X - sin 2X+/Cos 2Xx
1 1
39. V4 y=—"-— 3.10. V' —vy =
y y SinX y y ex +1
1
3.11. y"—l—y: 3.12. y”+y:
cos’ x Jsin® xcos x
313. y'-2y'+y= 3.14. Y'+2y' +2y =

x?+1 e*sin x
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1
315. Y +y=—- 3.16. y"—y =e* cose*

Si
317. V" ”_X_ " 2 r_ 34X
17 Yy + Yy =— 3.18. Xy (1+2x)y =4x’e
X
3.19. y'—2y'tg x =1 3.20. (xInx)y"—y'=1In*x

4. Eyler tenglamasini yeching.

4.1 Xy +xy' +y=x(6-Inx) 42. X°y" =2y =sinInx
43. X*y"—xy' -3y __16Inx 4.4. X°y" —xy'+y=6xInx
X
45, xzy”—xy’z—x+§ 46. X°y" -6y =5% +8x°
X
4.7. Xy"+xy'+y = 2sin(Inx) 48. X°y"+xy' +4y =10x

49. X2y +2xy' +2y =X"—2x+2  4.10. X°Y"+4xy'+2y=2In*x+12

4.11. (x+1) y” 3(x+1) y'+(x+1)y=6In(x+1)
(x— )Zy” 3(x—2) y'+4y =X
.(2x+1) y"—4(2x+1)y'+8y=—8x—4
(x— 2)2y”—3(x—2)2y’+3y:x+1

4.15. (2x+3)3 y"+3(2x+3)y' -6y =0
(
(
(

2 "

4.16. 2x+1) y +2(2x+1)y”+y’=0

x+2) y'+3(x+2)y' -3y =0
4.19. (x+1) y'—2(x+1)y'+2y=0
4.20. X*y" —3xy’ +5y = 3x

5. Har xil usullar gollab, tenglamani yeching.

5.1. Y'+ 2y + Yy =c0s1X 5.2. '+ 2iy =8e*sin x

53. y" -8y’ =c0s2x 54.y"+2y' +y=xe"+—

Xe
2

56. Y =2y + Yy =xe*sin®ix

5.7. y"+2iy'—y =8c0s X 5.8. y”—2—¥:2In(—x)

X

55 X7y -2y = X
X+1
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X

5.9. 3"""2)"‘i'5)/=(fx(COS2 X +1g X) 510. X’y —xy' +y :Ir17x+ -

5.11. y"+Yy =4xcosx, y(0)=0, y'(0)=1
5.12. y" -4y +5y =2x"", y(0)=2, y'(0)=3
5.13. y" -6y +9y =16e ™ +9x—6, y(0)=y'(0)=1

5.14. y"—y'=-5e*(sinx+cosx), y(0)=—4, y'(0)=5
5.15. y'—2y'+2y=4e*cosx, Yy(z)=ze", y'(z)=e
516. y"—y'=-2x, y(0)=0, y'(0)=1 y"=(0)=2
517. yV —y=8¢", y(0)=1 y'(0)=0, y"(0)=1
518. y"—y=2x y(0)=y'(0)=0, y"(0)=2

510. yV —y=8e*, y(0)=0, y'(0)=2, y"(0)=4, y"(0)=6

9e—3x
520. ' —-3y'= e y(0)=4In4, y'(0)=9In4-3
+€
6. Funksiyalarni chizigli bog'liq yoki erkli ekanligini tekshiring.
6.1. €, xe*, x%e* 6.2. SIN X, COSX, COS2X
6.3.1 sinXx, cos2x 6.4. 5, cos® X, sin®x

6.5 COSX, cos(x+1), cos(x—2)  66.1 sin2x, (cosx—sinx)’

6.7. X, @ (x>0) 6.8. log, X, log, x> (x>0)

6.9. 1, arcsinx, arccos2x 6.10. 5, arctg x, arcctg X

6.11. 27, arctgi, arcctgi 6.12. X, ||, 2x+\/§
27 27

6.13. arctg x, arcctgx, 1 6.14. VX, VX+1, x+2

6.15. sinx, sin(x+2), cos(x—5)  6.16. 2, 3*, 6"

6.17. SIN X, COSX, SiN2X 6.18. Inx?, In3x, 7

6.19. 1, sin®X, cos2x 6.20. sh x, ch x, 2+e*

7. O zgaruvchi koeffitsientli chizigli bir jinsli tenglamaning umumiy yechimini toping.

, 2, sin X
71 Y'+—=y +y=0, y=—
X X

7.2. (sinx—cosx)y"—2sinxy’'+(cosx+sinx)y =0, y, =e"
7.3. (cosx+sinx)y”—2cosxy’+(cosx—sinx)y =0, 'y, =cosx
7.4, (1—x2)y”—xy’+],/4y:0, y, =V1+X
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75.(X* =3x)y"+(6-x*)y'+(3x-6)y =0
7.6. X*(2Inx=1)y"—x(2Inx-1)y'+4y =0
7.7. y"+2xy' =2y =0

78. (x-1)y"—(x+1)y'+2y =0

79.(X* ~1)y" =6y

7.10. X*y"+4xy'+2y =0

741 (X* +1)y" -2y =0

7.12. Xy"+(x+1)y'—=2(x-1)y =0

713 (X’ =1)y"+(x=3)y' -y =0

7.14. X°y"Inx—xy'+y =0

7.15. (3x* = x) y"— 2y’ —6xy =0

7.16. X(x+2)y"—2(x+1)y'+2y =0

7.17. y"+xy'—y=0

7.18. y"+2xy'—2y =0

7.19. 2X(X+2)y"+(2—x)y'+y=0

7.20. X(X* +6)y"—4(X* +3)y'+6xy =0

8. O zgaruvchi koeffitsientli chizigli bir jinsli, bo’Imagan tenglamaning yeching.

8.1 (X+1)xy"+(x+2)y —y=x+1/x
8.2. (2x+1)y"+(2x-1)y' —2y = X" +X
83. X°y"—xy'—3y=5x*, y =1/x
84. (x=1)y"—xy'+y=(x-1)¢*, vy, =¢
85 y'+y +e¥y=e¥, y =cos(e”)
86. (X' —x°)y"+(2¢ —2x* —x)y'—y = (x-1°/x, y,=Yx
87. y" -y —e”y=xe -1, vy, =sin(e™)
88. X(x—1)y"—(2x-1)y'+2y =x*(2x-3), y, =X
89. (1+X°)y"+2xy' =6x*+2, ¥, =X’
8.10. (l+ xz)y”—2xy’+2y =X
811 (X* +1)y" —2xy'+2y =X’
8.12. (X+1)y"+4xy' —4y =1+2x
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8.13. ( % +4xy —4y = (1+2x)2

X+1
8.14. (x+1

)

)Y’
8.15. (X+1)y" +4xy' - 4y=(1+2x)2e*2X
8.16. xy" —(2x+1)y'+(x+1)y = xe"
8.17. X y —(2x+1)y'+(x+1)y =xe"
8.18. Xy —(2x+1)y' +(x+1)y = x’¢"
8.19. Xy" —(2x+1)y'+(x+1)y (x2+1)

8.20. X°y"Inx—xy'+y =Inx
9. Masalalarni yeching.

9.1.a va b sonlarning ganday giymatlarida y"+ay’+by =0 tenglamaning barcha
yechimlari —oo0 < X < 400 da chegaralangan bo’ladi?

9.2.a va b sonlarning ganday giymatlarida y”+ay’+by =0 tenglamaning barcha
yechimlari X — +ooda nolga intiladi?

9.3.a va b sonlarning ganday giymatlarida Yy"+ay’+by =0 tenglamaning birorta
y(x) # 0 bo’lgan yechimi X — +oo da nolga intiladi?

9.4.a va b sonlarning ganday giymatlarida y"+ay’+by =0 tenglamaning y(x) =0

yechimidan boshga har bir yechimi x ning biror giymatidan boshlab absolyut giymati monoton
0 suvchi boladi?

9.5.a va b sonlarning qanday giymatlarda y” + ay’ + by =0 tenglamaning har bir yechimi
cheksiz ko'p nugtalarda nolga intiladi?

9.6.y"+Yy —2y =0 tenglamaning X —+oo da nolga intiluvchi y(X)iO bo’Igan
birorta yechimi mavjud bo’lishini isbotlang.

9.7k va @ sonlar ganday bo’lganda y”+ k2y =sSinwt tenglama kamida bitta davriy
yechimga ega bo ladi?

9.8. X+ X+ 2X =sint tenglamani davriy yechimini toping?

9.9. X+ X+ 3X =SIn 2t tenglamani davriy yechimini toping?

9.10. X+ X+ 4X = e” tenglamani davriy yechimini toping?

9.11.y"+3y'+ 2,5y =0 tenglamani barcha yechimlari X —>+o0 da y=0(e

—X

munosabatlarini ganoatlantirishni isbotlang? ( )
9.12.y"+4y"'+5y =0 tenglamani barcha yechimlari X —-+ooda Y= O(e‘x)
munosabatlarini ganoatlantirishni isbotlang?
9.13.y"+4y'+3,5y =0 tenglamani barcha yechimlari X —>+o0 da Y= O(e‘x)
munosabatlarini ganoatlantirishni isbotlang?
(e”)

9.14.y"+2,5y"+1,6y =0 tenglamani barcha yechimlari X —+ooda Yy =0(e

munosabatlarini ganoatlantirishni isbotlang?
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9.15.y"+2y'+y =0 tenglamaning y(O) =1, y’(O) =0 boshlang’ich shartlarni
ganoatlantiruvchi yechimi X — +o0 da nolga intilishini isbotlang.

9.16.y"+ 3y’ + % y =0 tenglamaning y(O) =1, y'(O) =0 boshlang'ich shartlarni
yechimi X — +00 da nolga intilishini isbotlang.

9.17y"+5y"+ ? y =0 tenglamaning y(O) =1, y’(O) =0 boshlang’ich shartlarni
ganoatlantiruvchi yechimi X — 400 da nolga intilishini isbotlang.

9.18.y"+7y'+ 479 y =0 tenglamaning y(O) =1, y’(O) =0 boshlangich shartlarni

ganoatlantiruvchi yechimi X — +o0 da nolga intilishini isbotlang.
9.19.y"+4y'+4y =0 tenglamaning y(O) =1, y’(O) =0 boshlang’ich shartlarni

ganoatlantiruvchi yechimi X — +o0 da nolga intilishini isbotlang.
9.20.a va b sonlar ganday giymatlarda Yy"+ay’+by =0 tenglamaning birorta

y(x) # 0 bo’lgan yechimi X — —oo da nolga intiladi?

10. Masalani yeching.

10.1. Massasi 2 gramm bo’lgan moddiy nuqgta sekundiga a dinaga o sadigan F kuch ta’sirida
to g ri chizigli harakat gilmogda. Boshlang'ich paytda nugta koordinata boshida joylashgan bo'lib,

tezligi v, =10 smi/sek edi. Kuchning boshlang’ich giymati F =4 dina va koordinata boshida

450 sm uzoglikda tezlik v =105 sm/sek ekanligini bilgan holda a kattalikning giymatini toping.
10.2. Massasi m bo lgan moddiy nuqgta koordinata boshidan turtilib, masofaga proportsilnal

bo’lgan F (F = 4mx) kuch tasirida harakat gilmogda. Nugtaga muhitning R =3mo qarshilik

kuchi ta’sir gilayotgan bo'Isin. Agar t =0 koordinata boshdan moddiy nuqtagacha bo’lgan masofa
1 ga teng va tezlik nol’ bo’lsa, nuqtaning harakat qonunini toping.
10.3. Massasi m bo’lgan moddiy nuqta muhitda tezlikning birinchi darajasini to'gri

proportsional bo'lgan garshilik ta'sirida tushmogda. Agar v =1 m/sek bo’lganda garshilik kuchi
og irlik kuchining ]/3 gismiga teng va boshlang’ich tezlik © = 0 bo’lsa, moddiy nugta tezligining
eng katta giymatini toping.

10.4. Uzunligi | =10 m bo’lgan giya tekislikdan T jism sirpanib tushmoqda (14-rasmga
garang). Qiyalik burchagi o =45°, jismning tekislik sirtidagi ishgalanish koeffitsienti K =0,5
bo’lsin. Agar jism bolang’ich paytda giya tekslikning yugori cho'qqgisida tinch holatda turgan
bo'lsa, uning harakat gonunini va giya tekislikni to’la sirpanib o"tish vaqtini toping.

A

A
\ 4

14-rasm 15-rasm
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10.5. Uzunligi | bo'lgan matematik mayatnikning Kichik chetlanishdagi harakat gonunini
toping va tebranish davri T ni aniglang.

10.7. Kattaligi zarrachaning tortilish markazi 0 dan uzoglashishi x ga to"gri proportsional va
tortilish markazi 0 ga garab yo nalgan kuch ta'sirida m massali zarrachaning harakat gonunini
toping (15-rasmga garang).

10.8. Kattaligi harakatdagi nuqtadan qo’zg'almas O nugtagacha bo’lgan X =OM
masofaning uchinchi darajasiga teskari proportsional va O ga teskari yo nalgan kuch ta'siridagi m
massali moddiy nugtaning OA tog ri chizigdagi harakat gonunini toping (16-rasmga garang).

0 f=kix*> M A 0 f=kix> M A
T m " Im

\ 4

16-rasm 17-rasm

10.9. Og'irligi hisobga olinmaydigan vertikal purjinaga uni | giymatga cho zuvchi P yuk
osilgan (17-rasmga garang). Y UKkni yana pastga garab a masofaga tortib qo yib yuborilgach, u erkin
tebrana boshlaydi. Atrofidagi garshilik kuchlarini hisobga olmay shu harakat gonunini toping.

10.10. Purjinaga mahkamlangan m massali yukni muvozanat holatdan x masofaga chozib
go'yib yuborilganda, unga kattaligi kx va yo nalishi muvozanat holati tomon yo nalgan kuch ta’sir
giladi. Agar harakat garshiliksiz bo’lsa, erkin tebranish davrini toping.

10.11. Purjinaning bir uchi go'zg almas nugtaga mahkamlangan, ikkinchi uchiga esa m

massali yuk biriktirilgan. YUk o tezlik bilan harakat gilsa, unga ta'sir etadigan kuch ho ga teng.
Boshlang'ich paytda muvozanatdagi yukka v, tezlik berildi. Agar purjinaga mahkamlangan m
massali yukni muvozanat holatidan x masofaga cho zib qo’yib yuborilganda, unga kattaligi kx va
yo'nalishi muvozanat holati tomon yo'nalgan kuch ta'sir gilsa, h® <4km va h®>4km
bo lganda yuk harakatini tekshiring.
S 10.12. Kattaligi harakatdagi nugtadan qo'zg'almas O

nugtagacha bo’lgan X=OM masofaning ikkinchi darajasiga
/ teskari proportsional va O ga teskari yo nalgan kuch tasirida m
S massali moddiy nugtaning OA to'g'ri chizigdagi harakat gonunini
a  toping (18-rasmga garang).

10.13. Massasi m bo’lgan moddiy nugta muhitda tezlikning

birinchi darajasiga to'g'ri proportsional bo'lgan garshilik ta'sirida
tushmogqda.

18-rasm
Agar U =0,5m/sek bo’lganda garshilik kuchi ogirlik kuchining 1/2 gismiga teng va
boshlang’ich tezlik v, = 0 bo’lsa, moddiy nugta tezligining eng katta giymatini toping.

10.14. Massasi m bo’lgan moddiy nugta muhitda tezlikning birinchi darajasi to'g'ri
proportsional (proportsionallik k) bo’lgan muhitda harakat gilyapti. Agar nugtaning boshlang’ich
tezligi v, bo’lib, unga qarshilik kuchidan boshqga kuch ta’sir gilmayotgan bo'lsa, to xtaguncha

gancha masofani bosib o'tadi?

10.15. Massasi m uzunligi 2i bo'lgan bir jinsli og’ir zanjir tekis gorizontal stolda yarim
osilgan holda turibdi. Uning stoldan sirpanib tushishidagi harakat gonunini va sirpanib tushish
vagtini toping.
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10.16. Massasi m bo’lgan moddiy nugta uni tortayotgan kuch ta’sirida markazga

2
r
garab to'g'ri harakat gilayapti, bu erda r nugtadan markazgacha masofa. Agar harakat ' =a
muvozanat holatdan boshlangan bolsa, uning markazigacha kelish vaqtini toping.
10.17. Og'ir yuk qiyalik burchagi ¢, ishgalanish koeffitsienti £ bo’lgan giya tekislikdan
sirpanib tushmoqda. Agar boshlangich tezlik nolga teng bo’lsa, uning harakat qonunini toping.
10.18. Moddiy nugta A nugtaga garab Shunday harakat gilmoqdaki, uning A nuqtadan r

masofadagi tezlanishi kr /3 ga teng. Boshlang’ich t =0 paytda nugta A dan i masofada
muvozanat holatda turgan bo'lsa, u gachon A ga etib keladi?

10.19. Og’irligi 300 kg bo'lgan matorli gayiq 16 m/sek boshlang’ich tezlik bilan harakat
gilmogda. Suvning garshiligi gayigning tezligiga proportsional va tezlik 1 m/sek bo’lganda 10 kg
ga teng. Qayiq tezligi 8 m/sek bo'lganda gancha masofani bosib o'tadi va bu masofani gancha
vagtda o'tadi?

10.20.Sillig mixga zanjir Shunday tashlab qo’yilganki, uning bir tomoni 8 m li gisim,
ikkinchi tomonida 10 m li gismi osilib turibdi. Zanjirning mixda sirpangandagi tezlanishi osilib
turgan bolaklar orasidagi ayirmaga proportsional. Qancha vaqtda zanjir sirpanib tushadi?
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GLOSSARIY

Ne | O‘zbek tilida PycTuinaa Ingliz tilida
1. | To‘plam MHOXeCTBO Set
2. | To‘plam elementi DJIeMEHTBIMHOKECTBA The element of a set
3. | Bo‘sh to‘plam ITycroe MHOXECTBO Empty set
4. | To‘plam qismi [ToaMHOXKECTBO Part of the set
5. | To‘plamlar tengligi PaBeHCTBa MHOXKECTB Equality of sets
6. | To‘plamlar birlashmasi OOBbeTMHEHUE MHOXKECTB The combination of sets
7. | To‘plamlar kesishmasi [TepeceyeHuns MHOXKECTBA Intersection of sets
8. | To‘plamlar ayirmasi Pa3HoCTh MHOXECTBA Diversity of sets
9. | To‘plam to‘ldiruvchisi JlonoiHeue K AaHHOMY The complement of a set
MHO)KECTBY
10. | Dekart ko‘paytmasi JlexapToBbIC MPOU3BEICHHS Dekart’s product
11. | Chekli to‘plam KoHeuHbIe MHOKECTBA Restricted set
12. | Cheksiz to‘plam beckoHeuHbIE MHOXKECTBA Unrestricted set
13 Oc‘zaro bir qiymatli B3auMHO 01HO3HAYHBIE One valued mutual
" | moslik COOTBETCTBUS correspondence
14. | Ekvivalent to‘plamlar OKBHBAJICHTHBIE MHOKECTBA Equivalent sets
15. | To‘plam quvvati MoOIHOCTh MHOXECTBA Power of the set
16. | Sanoqli to‘plam CyeTHOE MHOYKECTBO Countable set
17. | Sanogsiz to‘plam HecdeTHOE MHOXKECTBO Uncountable set
18. | Kombinatorlik masala KombunaTopHas 3agada Combinatory sum
19. | Kombinatorika KombunaTtopuka Combinatorics
20. | O‘rin almashtirish [TepactaHoBKH Substitution
21. | Kombinatsiya KomoOunarwst Combination
22. | Nyuton binomi bunom HeroTona Binomial theorem
23. | Binomial koeffitsient bunomuHanbHeIe Binomial quotient
K02 HUIIIEHTHI
24. | O‘rinlashtirish Ilepemenienune Location
25. | Matritsa Martpuiist Matrix
26. | Matritsa tartibi [Topsiiok MaTpHIIbI The order of matrix
27. | Matritsa elementi DJeMEeHTBl MaTPHUIIBI The element of matrix
28. | To‘rtburchakli matritsa [TpssMoyronpHas MaTpuia Square matrix
29. | Kvadrat matritsa KBaaparnas MaTpuiia Quadratic matrix
30. | Ustun matritsa Marpuiia cronberr Column matrix
31. | Satr matritsa Marpuna cTpoka Line matrix
32. | Teng matritsa PaBHbIe MaTpHIIBI Equal matrix
33. | Dioganal element JlaroHabHBIA JJIEMEHT Diagonal element
34. | Dioganal matritsa JlnaronanpHas MaTpuIiia Diagonal matrix
35. | Birlik matritsa Ennandnas marpuia Single matrix
36. | Nol matritsa HyneBast MmaTpuna Zero matrix
37. | Matritsalar yig‘indisi CyMMa MaTpHIl Sum of matrixes
38. | Matritsalar ayirmasi Pa3HocTh MaTpuIl Diversity of matrixes
39. | Matritsalar ko‘paytmasi [Tpoun3sBeneHne MaTpuil Product of matrixes
40. Mat“tsar.“ng . TpancnonupoBanHble MaTpHUIBl | Transponed matrix
transponirlangani
41. | Teskari matritsa OO6patHas MaTpuIa Inverse matrix
42. | Matritsaning rangi PaHr matpuiib Rang of matrix
43. | Determinant (aniglovchi) | JlerepmunanT (onpenenuTesnb) Determinant
44. | Determinantning elementi | DemMeHTHI OnpeaeUTEIS The element of determinant
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45. | Determinantning satri CTpoKa orpeIeuTeNs Line of determinant

46. | Determinantning ustuni Cron0upl onpeaenuTens Column of determinant

47. | Algebraik to‘ldiruvchi AnrebpanuecKue JOMOTHEHHE Algebraic complement

48. | Determinantning minori | MuHOpBI OnpeAeuTeNs Minors of determinant

49. | Chizigli tenglamalar Cucrembl THHEHHBIX ypaBHeHui | Linear equation

50. | Sistema koeffitsentlari Koa¢hdurments cucrembl Quotients of a system

51. | Sistema o0zod xodlari CBOOOIHBIC YWICHBI CHCTEMBI Free parts of a system

52. | Sistema yechimi Perrenue cucTeMsl Decision of a system

53. B_lrgahkda bolgan CoBMecTHas cucreMa Joint system
sistema

54. B_1rga11kda bo*lmagan HecoBmecTHas cuctema Disjoined system
sistema

55. | Anig sistema OmnpenelieHHAs: CUCTEMa Definite system

56. | Anigmas (noaniq) sistema | Heonpenenennas cucrema Indefinite system

57. | Kengaytirilgan matritsa PacimupenHas MaTpuia Broad matrix

58. | Matritsalar usuli Crioco6 MaTpuir Method of matrixes

59. | Kramer usuli Crnioco6 Kpamepa Kramer’s method

60. | Asosiy determinant OCHOBHOI1 ONIPEICITUTEb The main determinant
Yordamchi BcrnomorarensHbie .

61. . Secondary determinants
determinantlar OIIPEICTTUTENN

62. | Kramer formulalari dopmyinel Kpamepa Kramer’s formulas

63. | Gauss usuli Crioco6 INaycca Method of Gauss

64. | Umumiy yechim OO0riee penieHne General decision

65. | Bir jinsli sistema OpHOpO/IHAs cHCTEMA Similar system

66. | Skalyar Ckaysip Scalar

67. | Vector BekTop Vector

68. | Vektorning moduli Monyis BekTOpa Module of Vector

69 Vectorning geometrik I'eometprueckoe croibpkoBanune | Geometric interpretation of

" | talqgini BEKTOpa Vector

70. | Vectorning boshi Hauano BekTopa The beginning of vector

71. | Vectorning uchi BeprmmHa BekTopa Apex of vector

72. | Vectorning oxiri Koner BekTopa The end of vector

73. | Nol vector Hyneoit BekTop Zero vector

74. | Kolliniar vektorlar KosuinHeapHbie BEKTOPEI Co-linear vectors

75. | Komplanar vectorlar KoMmrutaHapHbIe BEKTOPBI Compiled vectors

76. | Vectorning tengligi PaBeHCTBO BEKTOPOB The equality of the vector

77 Ve‘ctorni songa [TpousBeaeHnE YUCIIO HA Product numbers to vector
ko‘paytmasi BEKTOpa

78. | Qarama-qgarshi vectorlar | TIpoTHBONONI0KHBIE BEKTOPHI Contrast vectors

79. | Vectorlarni qo‘shish CrnoxeHne BEeKTOPOB Adding of vectors

80. | Parallelogramm goidasi [TpaBuia mapasienorpaMma The rule of parallelogram

81. | Uchburchak goidasi [TpaBuia TpeyrojipHUKa The rule of triangle

82. | Ko‘pburchak qoidasi [TpaBmiia MHOTOYTOJTEHUKA The rule of polygon

83. | Vectorlarning ayrmasi Pa3HOCTh BEKTOPOB Diversity of vectors

84. Vectorlaming oqdagi [Tpoekius BEKTOpa Ha OCh Projection of vectors on axix
proyektsiyasi

85. | Vectorning yoyilmasi PasnoxxeHus BekTopa Expansion of vector

86. | Vectorning koordinatalari | Koopaunatel BekTopa Coordinates of vector

87. | Birlik vectorlar EnnHu4HBIA BEKTOp Single vectors

88. | Skalyar ko‘paytma CKaJsipHOE MTPOM3BEIICHHS Scalar product

89. | Skalyar ko‘paytmaning MexaHHYeCKUi CMBICTT Mechanic meaning of Scalar
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mexanik ma’nosi

CKaJIIPHOTO IPOU3BENICHUS

product

90.

Vectorial ko‘paytma

BekropuanbHOE IPOU3BEACHUS

Vector product

91.

Vectorial ko‘paytmaning
mexanik ma’nosi

MexaHU4eCKU CMBICIT
BEKTOPUAILHOTO TPOU3BEIACHUS

Mechanic meaning of vector
product

Vectorial ko‘paytmaning

CBolicTBa BEKTOPHAIBLHOTO

92. . Derivatives of vector product
xossalari POM3BEICHUS
Skalyar ko‘paytmani CBolicTBa CKaJISIPHOTO N

93. yar ko payt P Derivatives of Scalar product
xossalari POM3BEICHUS

94.

Vectorlarning
komplanarlik sharti

Y cnoBUst KOMIUIAHAPHOCTH
BEKTOPOB

Complanaric condition of
vectors

95.

Aralash ko‘paytma

CMelaHHbIe ITPOU3BCACHUSA

Mixed product

96.

Aralash ko‘paytmaning
geometrik ma’nosi

['eomeTpuyeckuii cMbICHT
CMEIIAaHHOTO MTPOU3BEICHUS

Geometric meaning of mixed
product

97.

Uch vectorning
komplanarlik sharti

VY cnoBHsI KOMIUIAHAPHOCTH TPEX
BEKTOPOB

Complanaric condition of
three vectors

98.

Analitik geometrya
predmeti

[IpeameT aHAIUTHYECKOM
Tr€OMETPUU

The subject of analytical
geometry

99. | Aylana tenglamasi YpaBHEHHE OKPY>KHOCTH Equation of a circle
100. To*gri chizigning Ob1mee ypapHeH e MpAMOi C_Eeneral equation of straight
umumiy tenglamasi line
To‘gri chizigning . . .
101. | burchak koeffitsientli YpasHenue npsamoii ¢ yrnossiM | Equation of a_ngled quotient
: K03 pHIIHEHTOM of a straight line
tenglamasi
To‘g ri chizigning . .. | Angled quotient of a straight
102. burchak koeffitsienti VYrioBoi Ko3)PUITUEHT TPSIMOA line
103. | Normal tenglama HopmasibHOE ypaBHEHHE Normal equation
104. | Kanonik tenglama KanoHnveckoe ypaBHEeHHE Canonic equation
105. | Parametrik tenglama [TapameTpuueckoe ypaBHEHHE Parametric equation
106. | To‘g‘ri chiziglar dastasi | Ky4ka npsMbIX JTHHUI Group of straight line
Ikki nuqtadan o‘tuvchi YpaBHEHHe HIpAMOH .| Straight line crossing two
107. . . MPOXOSAIINM uepe3 JBe JaHHOM .
to‘g‘ri chiziq points
TOYKHN
108 Ikki to‘g‘ri chiziq Vol MESKIY TBVMS DMLV The angle between two
" | orasidagi burchak /Y ABYMA TP straight lines
109. | Parallellik sharti YcnoBue napaiienbHOCTH Condition of parallelism
110. | Perpendikulyarlik sharti Vcnosue nepnenaukynsspaoctd | Condition of perpendicularity
111 Nugtadan to‘g‘ri PaccrostHuie OT TOYKH J10 Distance from the point to the
" | chiziggacha masofa PSIMOA line
112 Ikki o‘zgaruvchi 2 - VYpaBHenue Broporo nopsiaka ¢ | Equation with two unknown
" | tartibli tenglamalar JIBYMsI HEU3BECTHBIMU quantities
Ikkinchi tartibli egri Curve lines of the second
113. . KpuBsie Broporo nopsijaka
chiziglar order
114. | Aylanma OKpPY)KHOCTb Circle
115. | Aylanma markazi LIeHTp OKpYX)HOCTH The centre of a circle
116. | Aylanma radiusi Paanyc okpyXHOCTH Radius of a circle
117 Aylanman_lng kanonik Kanonndeckoe ypaBHeHHE Canonical equation of a circle
tenglamasi OKPY>KHOCTH
118. | Ellips Dmmnc Ellipse
119. | Ellipsning fokuslari DOKyCBI AITUTICA Focuses of the ellipse
120 Ellipsning kanonik KanoHmnueckoe ypaBHEHHUE Canonical equation of an

tenglamasi

SJIJIUIICA

ellipse
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121. | Ellipsning uchlari Bepuiunsl smmrnca The tops of an ellipse
122. | Ellipsning o‘qlari Ocwu >umnca The axis of an ellipse
123. | Fonal radiuslar doxkanbHbBIC PaUyChI Fonal radiuses
124. | Ellips ekssentrisiteti DKCHEHTPUCHUTET AILIHIICA Eccentricity of an ellipse
125. | Ellips direktrisalari JIMpEKTPUCHI DILIUIICA Directrices of an ellipse
126. | Giperbola ['unep6ona Hyperbola
127. | Fokus dokyc Focus
198 Giperbolaping noaniq Kanonnyeckoe ypaBHEHHE Unknown equation of a
" | tenglamasi TUIIEPOOJIBI hyperbola
129. | Giperbolaning uchlari Bepuiussl runep60s1b1 The tops of a hyperbola
130. | Giperbolaning o‘qlari Ocu runep0oJIbI The axis of a hyperbola
131. | Asimitotalar ACHMIITOTBI Asimitators
132. Sr:ftig(ill’?sr:'ltgg DKCLUEHTPUCUTET TUIICPOOITBI Eccentricity of a hyperbola
133. | Direktrisa JlupekTprca Directrix
134. | Parabola [Tapa6osa Parabola
135 Parabolani_ng kanonik KaHoHHueckoe ypaBHEHUS Canonical equation of a
" | tenglamasi napadoJIbI parabola
136. | Parallel ko‘chirish [MapannensHbIil IEPEHOC Parallel transportation
137. | Burish [ToBopoT Turning
138 Koordin_a_talar sistemasini | IIpeoOpa3oBaHue CHCTEMH Substi_tution of systems of
" | almashtirish KOODPJIMHAT coordinates
139. lliazod_a gi nugta Koopuuatel Touxu Ha Coordinates on space points
oordinatalari POCTPAHCTBE
140 Fazodag_i analitik _ [IpeaMeT aHATMTHYECKOM Subject of analytical
" | geometriya predmeti F€OMETPHUHN Ha TTPOCTPAHCTBE geometry on space
141. TekIS“km.ng tmumiy OoOmiee ypaBHEHHE IIIOCKOCTH General equation of flatness
tenglamasi
142 Tekisli_kning normal HopmanbsHoe BekTOpa Normal vector of flatness
vektori IJIOCKOCTH
143 Tekislikning kesmalar YpaBHEHUS IOCKOCTH B Equation of flatness on
" | bo‘yicha tenglamasi oTpe3ax segments
144, Eﬁ;ﬁ;ﬂ?&f&; HopMmupyromuii MHOXUTEIH Normalizing multiplier
145 Berilgan nugtadan [TnockocTu mpoxosiieii uepes Fle}tnesses crossing the given
" | o‘tuvchi tekisliklar JTAHHOUW TOYKHU points
146 Berilgan uchta nugtadan | ITirockocTu npoxosiieit uepes F!atness _crossing the three
" | o‘tuvchi tekislik TPpU JaHHBIE TOUKU given points
147 Ikki tekislik orasidagi VYronp MeXIy ABYMS The angle between two
" | burchak TIOCKOCTSAMU flatnesses
148 Ikki teki_slikning Ycnous mapamnensHocTr AByx | Parallel conditions of two
" | parallellik sharti TUIOCKOCTH flatnesses
149 Ikki teki_slikning _ VYcnosus nepnenaukyasipaoctu | Perpendicular conditions of
" | perpendikulyar sharti JIBYX TJIOCKOCTH two flatnesses
150 Nugtadan tekislikacha PaccTosiHMe OT TOYKH 10 Distance from the point to the
" | bo‘lgan masofa PSIMOIA flatness
151. | Yo‘naltiruvchi vektor Hanpasisromuii BEKTOp Guide vector
Fazodagi ikki nugtadan YpaBHEeHUs MPSIMOit . . : .
152. | o‘tuvchi to‘g‘ri chiziq IIPOXOJAILINN Yepe3 IBE TOUKH Straight line eqyatlon going
. through two points on space
tenglamasi Ha MMPOCTPAHCTBE
153. | Fazodagi to‘g‘ri chiziglar | Yronp Mexy npsiMbIMH Ha The angle between the
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orasidagi burchak

MPOCTPAHCTBE

straight lines on space

Fazodagi ikki to‘g‘ri

VYcnoBue mapajlyiCcJIbHOCTH ABYX

The condition of parallelism

154. | chizigning parallellik f iaht
sharti IPsAMBIX HA IPOCTPAHCTBE ot two straight lines on space
Fazodagi ikki to‘g‘ri The condition of
- VYcenoBue nepneHauKyJISpHOCTH - i
155. | chizigning BYX IIDAMEIX Hal [IDOCTDANCTEE perpendicularity of two
perpendikulyarlik sharti FBYX TP pocTp straight lines on space
156 ifi(s)ﬁi% ht;)rtgi; (;;acs}il;ialqi V& | Vrom MEXKIY MPSIMOH U The angle between straight
' burchak g IUIOCKOCTH B IIPOCTPAHCTBE lines and flatness on space
157 ;l‘;(l)(i‘;%l irlir(\:ilillmqa\rlgllellik YcnoBre napaieibHOCTH The condition of parallelism
' sharti gp IpPSIMOM | TUIOCKOCTH of a straight line and flatness
To‘gri chiziq va Y eIOBIE HeDIEHIIKVIAPHOCTH The condition of
158. | tekislikning oMo 11 HJE)OCK();[CTHY P perpendicularity of a straight
perpendikulyarlik sharti P line and flatness
159 ;l;?(ifl irlir(:i}#zfe\s]iashish Touka mepecedeHus IpIMOM U The point of crossing a
' nuqasi g IJIOCKOCTH straight line and flatness
160. | Sonli to‘plamlar YucnoBbie MHOXKECTBA Numerical sets
161. | Natural sonlar to‘plami qMH}éZJTeCTBa HATYpaIbHRIX Set of natural numbers
162. | Butun sonlar to‘plami MHOXeCTBa IEIBIX YUCETT Set of whole numbers
163. | Ratsional sonlar to‘plami qMHIZZJTeCTBa PAIOHATLHEIX Set of rational quantities
164. | Irratsional sonlar to‘plami Eg(e)i(ecma HPPAIOHAIbHRIX Set of irrational quantities
165. | Haqiqiy sonlar to‘plami ﬁizfecma JICHCTBHTCILHRIX Set of real numbers
166. | Sonlar o‘qi Yucnoast oc Numerical axis
167. | Oraliqg WurtepBan Interval
168. | Kesma OTtpe3ok Segment
169. | Yarim oraliq [TonynHTEpBaN Half-interval
170. | Yarim cheksiz oraliq [TomyGecKOHEUHBIH HHTEpBAII Half infinite interval
171. | Cheksiz oraliq beckoHeuHbI HHTEpBaJ Infinite interval
172. S)(‘:gll;lntlo plamyopiq OTKpBITBIE MHOKECTBO Open set
173. | Yopiq to‘plam 3aMKHYTOE MHOXECTBO Reserved set
174. | Nugqta atrofi OKpeCHOCTh TOYKH Environs of the point
175, Yl‘JqorI chegaralangan MHOKeCTBO OrpaHUYCHHYIO Limited set from the top
to pl_am CBEpXY
176. Ql‘JyIdan chegaralangan MHOKeCTBO, OTpaHUYEHHOE Limited set from below
to‘plam CHU3Y
177. | Chegaralangan to‘plam OrpaHMyeHHOE MHOKECTBO Limited set
178. | Sonning absolyut giymati | AGcomoTHOe 3HaYCHHUE YKCTIa Absolute meaningful quantity
179. | Sonli ketma-ketlik Yucnosas mocieaoBaTenbHoCcTh | Quantity succession
180 Quyidan chegaralangan Yucnosas mociieaoBaTenbHOCTh, | Quantity succession from
" | ketma-ketlik OrpaHUYeHHas CHU3Y below
181 Yugoridan chegaralangan | Uucnosas nocienoBatesibHOCTh, | Quantity succession from the
" | ketma-ketlik OTpaHWYCHHAsS CBEPXY top
182. | Chegaralangan ketma- OrpanudeHHas Limited succession
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ketlik 10CJIEI0BATEIHLHOCTD
183. | Sonli ketma-ketlik limiti Hepenen wucnosoi Limit of quantity succession
IIOCJIICAOBATCIBbHOCTHU
184. | O‘zgarmas ketma-ketlik Hocrosmmas Constant succession
IOCJIICA0OBATCIIBHOCTD
Yaginlashuvchi ketma- . .
185. ketlik Cxopsmias nocieoBaTeibHOCTH | Intimate succession
186. IL(Jzo'qlas,huvchi ketma- Pacxonsmias Disperse succession
etlik [OCJIEAOBATEIBLHOCTD
187. | Monoton ketma-ketlik Mororornaz Monotonous succession
IOCJIICAOBATCIIBHOCTD
188. | Muxim ketma-ketlik 3amMeuareNIbHbIH peaest Substantial limit
189. | O‘zgarmas miqdorlar [TocTOSTHHBIC BEIMYMHBI Constant quantities
190. | O‘zgaruvchi migdorlar [TepeMeHHBIC BETHYNHBI Variable quantities
191. | Funksiya OyHKIMSA Function
192. | Aniglash sohasi OO6nacTp onpeeneHus Field of definition
193. | Qiymatlar sohasi O0J1acTh 3HAYCHUI Field of value
194. | Funksiya grafigi ['padux pyHKINN Diagram of function
195. | O‘suvchi funksiya Bo3spacraroras GyHKIus Increasing function
196. | Kamayuvchi funksiya Yousaronias QyHKIus Decreasing function
197. | Monoton funksiyalar MOHOTOHHBIE QYHKITUH Monotonous functions
198. | Juft funksiya YerHast QpyHKIHS Even functions
199. | Ton funksiya Heuernast pyHKIums Odd functions
200. | Davriy funksiya [lepuonnyunas GpyHKIus Periodical function
201. | Chegarlangan funksiya OrpannyeHHas QyHKIUsS Limited function
202. ﬁj:i%?;ilanmagan Heorpannuennast pyHKIus Unlimited function
203. | O‘zgarmas funksiya [TocTostHHAST QYHKITHS Constant function
204. | Murakkab funksiya Crnoxnast QyHKIHS Complex function
205. | Teskari funksiya OOparHas QyHKIHS Inverse function
206. | Oshkormas funksiya HesiHast pyHKIMS Non — evident function
207, Asosi_y elementar OCHOBHBIC dJIEMEHTAPHBIC Main elementary functions
funksiyalar byHKIHH
208. | Funksiyaning limiti [Tpenen pynkumm Limit of function
209. | Chap limit JleBbIil mpenen Left limit
210. | O‘ng limit [TpaBe1ii mpenen Right limit
211. | Cheksiz kichik limit beckoHeYHO MalTble BEIMYHHBI Unlimited small quantity
212. | Cheksiz katta limit becronetno donpmme Unlimited large quantity
BCIIMYHNHBI
213. | Yig‘indining limiti [Tpenen cymmsl Limit of sum
214. | Ko‘paytmaning limiti [Tpenen nponsBeneHus Limit of derivative
215. | Bo‘linmaning limiti ITpenen yacTHOTO Limit of quotient
216 Funksi_ya_ni_ng nuqgtadagi HenpepbiBHOCTD QyHKIHH B Co_ntinuity of function on the
" | uzluksizligi TOUKE point
217. | Argument orttirmasi [pupaiieHne aprymeHTa Increase of argument
218. | Funksiya orttirmasi [Tpupamenne GpyHKIUN Increase of function
219. | Oraligda uzluksizlik HenpepbIBHOCTH B HHTEpBase Continuity in the interval
220. | Kesmada uzluksizlik HenpepbIBHOCTH B OTpe3Ke Continuity on segment
291 K_esmadagi eng katta Haubonpiiee 3HaueHNeHA The largest value on segment
glymat OTpe3Ke
222. | Kesmadagi eng kichik Haumensbiiee 3HaueHNeHA The least value on segment
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giymat

OTpe3Ke

223. | Uzulish nugtalari Touku pa3pbsiBa Point of break
224. | Funksiyaning hosilasi [TpousBoaHas GyHKIUSI Derivative of function
995 Hosilaning geometrik ['eoMeTpUUECKHI CMBICIT Geometric significance of a
" | ma’nosi IIPOM3BOIHOM derivative
996 Hosilaning mexanik MexaHHUYeCKU CMbICT Mechanic significance of a
" | ma’nosi IIPOM3BOIHOM derivative
2217. fIDulr]:fkiriigSIallaShUVChl Nuddepenumpyemoie pyukuuu | Differentiated functions
228. | Differensiallash amali JeiictBus nuddepennumana Operation of differential
299 Hosilani hisoblash AJNTOPUTM BBIYUCIICHUS Algorithm of calculation of a
" | algaritmi IIPOM3BOIHOM derivative
230. | O‘zgarmas son hosilasi [Tpou3BoHAs TOCTOSHHAS Derivative of a constant
qrcia number
231. | Yig‘indini hosilasi [Tpou3BoHAsS CyMMBI Sum of derivative
232. | Ko‘paytmani hosilasi ITpou3BogHAs MPOU3BEICHHS Derivative of product
233. | Bo‘linmaning hosilasi [Ipou3BoIHAS YACTHOTO Derivative of quotient
234. | Teskari funksiya hosilasi [Tpoussonnas obparHoi Derivative of inverse function
byHKIUM
235 Mu_rakl_<ab funksiya [Tpou3BoaHAs CIOXKHON Deriv_ative of complex
" | hosilasi byHKIHH function
236 Oshkormas funksiya [Tpon3BoHasT HEIBHOM Derivative of non-evident
" | hosilasi byHKIHH function
237, Daraje_':lli-ko‘rsatkichli CrerneHHO MmoKaszareabHas Degree model function
funksiya byHKIHS
238. | Hosilalar jadvali TaGuuipl IPOU3BOTHBIX Schedule of derivatives
Par_ametrlk shqkldq HpomBOf[Ha’I ymicm . Derivative of function set in
239. | berilgan funksiyaning 3aJJaHHOW B TTapaMeTPHICCKON :
hosilasi (bopme parametric form
240. | Funksiyadifferensiali Juddepennman GyHxmm Function of differential
241. I;?fg raé};]tgl;?lng Juddepenman cymmbl Differential of sum
242. | Yig‘indini differensiali Huddepenman npoussenenus | Differential of a derivative
243. ?{&:gﬁ;g}?g Juddepeniman 4acTHOTO Differential of quotient
244. | Yuqori tartibli hosilalar Hpomspozsbie priciiero High order derivatives
MOPSIAKA
Ikkinchi tartibli . .
245. | hosilaning mexanik MexaHnueckuii cMbIc Mechanic S|gn|f|_can_ce of a
. pOM3BOJIHAS BTOPOro mopsika | second order derivative
ma nosi
246 Funksiyaning o‘sish WurtepBan Bo3pacTaHus Interval of the increase of
" | oralig‘i byHKIIU function
247 Funksjyaning kamayish ViiTepsan yObisams hyHKIIH Inter\_/al of the decrease of
oralig‘i function
248. | Funksiyaning maksimumi | Makcumym yHKIHM Maximum of a function
249. | Funksiyaning minimumi | Munumym QyHKIUH Minimum of a function
250. Eﬁgfsgﬁmigl DKCTpeMyMbI () YHKITUT Extremuims of function
251. | Kritik nugta CranuoHapHbIe TOYKH Stationary point
252. | Botiqlik oralig‘i HHTepBas BOTHYTOCTH Interval of conicavity
253. | Qavarinlik oralig‘i VHTepBal BBITYKJIOCTH Point of bending
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254. | Burilish nugta Touku nmepernda Turning point
255. | Og‘ma asimtota HakiionHas acumnrora Inclined asymptote
256. | Gorizontal asimtota I"opu30HTaIBHAS ACHMITTOTA Horizontal asymptote
257. | Vertical asimtota BeprukanpHas acUMOTOTa Vertical asymptote
o ko ‘rinishdagi Heonpenenennocts Bua '
258. | & _ 0 Vagueness in the form of
anigmaslik 0
= ko ‘rinishdagi HeomnpeneneHnocts Buaa
259. | = _ «“ Vagueness in the form of
anigmaslik o
260. | Anigmasliklarni ochish PackpeiTie HeonpenenenHoctu | Opening of vagueness
261. | Lopitalning I- goidasi ITepBoe npasuiio Jlonurans Lopital’s first rule
262. | Lopitalning l1-qoidasi Bropoe npasuio Jlonurains Lopital’s second rule
0-=  ko‘rinishdagi H e .
263.| . O TmIShcag] 0 ?(:,fp ACHEHHOCTR BUAR Vagueness in the form of
anigmaslik
1= ko‘rinishdagi H .
264. | . <o Tinishcagt O TPCACICHHOCTE Bl Vagueness in the form of
anigmaslik 1
w® ko*rinishdagi H :
265. . w0 riishdagt ,;:-OnpeHeHeHHOCTB B Vagueness in the form of
anigmaslik -
- o2 ko‘rinishdagi Heonpenenennocts Buja .
266. . ) o oo Vagueness in the form of
anigmaslik |
267. | Boshlang‘ich funksiya ITepBooOpa3Has GpyHKIHs Prototype function
268. | Anigmas interval HeonpeneneHHslit HHTErpa Indefinite integral
269. | Integral ostidagi ifoda [MoguuTerpanpHas Beipakenus | Under integral expression
270. | Integral ostidagi funksiya | ITogunTerpanbHas GyHKIus Under integral function
271. !ntegrallas‘h'o [lepemeHHast MHTETPUPOBAHHUS Variable integration
zgaruvchisi
272. | Integrallash amali JleiicTBUSI HHTETpUPOBAHHS Operation of integration
273. | Integrallash jadvali Ta0nuilbl UHTETPaIOB Schedule of integration
274 Anigmas integralli Henocpencreennoe Beuucnenus | Immediate calculation of an
" | bevosita xisoblash HEONpE/ICIICHHOTO HHTErpaja indefinite integral
O‘zgaruvchilarni Method of substitution of
275. .. . Merto/ 3amMeHbI TEPEMEHHBIX .
almashtirish usuli variables
276 Bo‘laklab integrallash Mero HHTETPUPOBAHUS 10 Method of integration on
" | usuli JacTsIM parts
277. | Ko‘phad MHorouseH Multinominal
278. | Ratsional funksiya ParnmonaneHas QyHKIUs Rational function
279. | Noto‘g‘ri rational kasr ;I;:é):BHHLHHH PAlHOHATLHBIHM Irregular rational function
280. | To‘g‘ri rational kasr E}fggfnmﬂ’m PAlHOHAILHBIM Regular rational function
| — tur eng sodda rational | Camsrii mpocToii paunonansHbiii | The most simple rational
281. :
kasr JIpo0b I - Tuma fraction of the | st type
Il — tur eng sodda rational | Camsrii mpocToit panmonansHbiii | The most simple rational
282. :
kasr JIpoOb Il — Tuma fraction of the 11 nd type
283 [l — tur eng sodda Cawmplit mpocToii paroHabHbid | The most simple rational
" | rational kasr IpoOb 11 — Tuna fraction of the 111 rd type
284 IV — tur eng sodda Cawmplit mpocToii paroHasbHbid | The most simple rational
" | rational kasr IpoOb IV — tuma fraction of the 1V th type
285. | Mavhum son MHuumas enuHuIA Imaginary unity
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286. | Kompleks son KomrmiekcHoe uncio Complex number
287. | Qo‘shma kompleks sonlar Sggf:mHHoe KOMILIICKCHO® Conjugate complex numbers
288 Noma’lum koeffissientlar | MeTo1 HEU3BECTHBIX Method of unknown
" | usuli KO3 PHUIIMEHTOB coefficient
289. | Irrational funksiya HppaunonanbHast QyHKIHS Irrational function
290. | Universal almashtirish YHuBepcaibHas MOJACTaHOBKA Universal substitution
291. | Integral yig‘indi WuTerpaibHas cymma Integral sum
292. | Aniq integral OnpeielieHHbII UHTErpajl Concrete integral
293. | Quyi chegara HwkHss rpannna Lower limit
294. | Yuqori chegara Bepxusis rpanuna Upper limit
295 Aniq integralning ['eoMeTpHUYCCKHI CMBICIT Ge(_)rr_]etr_ical meaning of a
" | geometrik ma’nosi OTIPE/ICIIEHHOT0 MHTErpaja definite integral
296, fNyuton - Leybnits ®opya Hptotoma-JleiiGnuia Formu_la of Newton —
ormulasi Laybnits
297 fTo‘ g'ri t(_)‘rtburchaklar DopiyITa MPAMOYFOTbHIKa Formula of right-angled
ormulasi quadrangle
298. | Tramplinlar formulasi dopmyra Tpanenuu Formula of spring-boards
299, Egri C_hiZini trapetsiya [Tnomanas KpUBOIUHEWHOM Area of curvilinear trapezium
yuzasl TpanCuuu
300. | Egri chiziq yoyi uzunligi | JlnuHa 1yru KpuBas JIHHHH The length of curvilinear arc
301. | Aylanma jism hajmi O0BeM Tea BpalieHus Volume of rotation of a circle
302 O‘zgaruvchan kuch PaboTa BBIIOTHEHHbIC The work done by variable
" | bajargan ish MIEPEMCHHOM CHITBI power
Og‘irlik markazining Coordinates of centre of
303. K . . Koopaunatsl 1ieHTpa TsSHKECTH .
oordinatalari gravity
304. | Xosmas inregral HecoOcTBeHHBIN MHTErpall Improper integral
305 _Yaqinlashuvchi X0smas Cxonsmuii HecOOCTBEHHBIH Improper_in'gegral which
" | integral UHTErpaj becomes intimate
306 _Uzoqlashuvchi X0osmas Pacxopsmuii HeCOOCTBEHHBIN Improper iptegral which
" | integral UHTErpaj becomes diverged
307. | Mulohaza (fikr) Bricka3piBaHuUs Statement
308. | Yolg‘on fikr Jlo>xHbBI€ BBICKA3bIBAaHUS False statement
309. | Mantiqiy bog‘lovchilar Jlorndeckue CBSI3HBIE Logical sheals
310. | Murakkab fikr CI10’KHBIC BBICKAa3bIBAHUS Complex statement
311. | Rost fikr VcTuHHBIC BBICKA3bIBAHHS True statement
312. | Rostlik (chinlik) jadvali Tabnuiia ICTUHHOCTH Schedule of truth
313. | Inkor Otpuianue Negation
314. | Konyunktsiya KonbroHKIHS Conjunction
315. | Dizyunktsiya JIN3BIOHKITUS Disjunction
316. | Implikatsiya WMriikarus Implication
317. | Ekvivalentsiya DOKBHUBAJICHIIHS Equivalention
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ILOVALAR
TARQATMA MATERIALLAR

1-Variant
O zgaruvchilari ajraladigan differensial tenglamani yeching.

y'=(sinlnx+coslnx+a)y
Bernulli tenglamasini yeching. y’ — ytgx + y? cos? x = 0.
Tenglamani integrallovchi ko paytmani toppish usulidan foydalanib yeching.
(x*cosx—y)dx+xdy =0
Hosilaga nisbatan yechiladigan differensial tenglamani yeching.
yl2 _zyy; _ yz (ezx _1)
Klero tenglamasini yeching.
y? —(x+1)y' +y=0
2-variant

N - - - - . - - . 12 X + y X - y
O zgaruvchilari ajraladigan differensial tenglamani yeching. Yy  + COST = COST
Bernulli tenglamasini yeching. 3y’ + 2xy = 2xy~2e~2*",

Differensiallash qoydalaridan foydalanib tenglamani yeching.

(2x3y2 — y)dx—(2y3x2 —~ x)dy =0

Hosilaga nisbatan yechiladigan differensial tenglamani yeching.

x*y'? =3xyy’+2y* =0

Lagranj tenglamasini yeching. 2y( y' +1) =Xy
3-variant

O zgaruvchilari ajraladigan differensial tenglamani yeching. y(1+ In y) + xy’ =0

12

Rikkati tenglamasini yeching. 4y'+y* —4x* =0

xdy —ydx
x> +y°

Hosilaga nisbatan yechiladigan differensial tenglamani yeching.

y”® —2xy"? —4yy' +8xy =0
Lagranj tenglamasini yeching. Xy’ + ( y— 3X) y'+y=0

To'liq differensialli tenglamani yeching.  XdX + ydy + 0

4-variant
Bir jinsli differensial tenglamani yeching. OX = (Sin2 (x/y) + (x/y)) dy
Birinchi tartibli chizigli differensial tenglamani berilgan shartni ganoatlantiruvchi yechimini
toping. " (dx—2xydy)=ydy, y(0)=0
Differensiallash goydalaridan foydalanib tenglamani yeching.
xdy + ydx — xy? In xdx =0

Hosilaga nisbatan yechiladigan differensial tenglamani yeching.
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y° —2xyy’+(1+ xz)y’2 =1
. Tenglamalarni parameter kritish usuli bilan yeching y' = arctg (y/y’z)

5-variant
X +3xy — y?
3x* —2xy
. Bernulli tenglamasini yeching. 2(xy’ + y) = y?inx.
. To’liq differensialli tenglamani yeching. (1+],/yex/y ) dx + (l— X/ y2 ey ) dy=0

. Bir jinsli differensial tenglamani yeching. y’ =

. Hosilaga nisbatan yechiladigan differensial tenglamani yeching.
y'? —(2x+y)y' +x* +xy=0
. Klero tenglamasini yeching. / yZ—1+xy'—y=0

6-variant

. Bir jinsli differensial tenglamani yeching. dX = (Sin2 (x/y) + (x/y))dy
. Rikkati tenglamasini yeching. Y’ = y2 — Xy —X

. Tenglamani integrallovchi ko paytmani toppish usulidan foydalanib yeching.
(y? —2x—2)dx+2ydy =0

. Hosilaga nisbatan yechiladigan differensial tenglamani yeching.

Y —xy'? —4yy' +4xy =0

. Tenglamalarni parameter kritish usuli bilan yeching Yy = y’(1+ y'cos y')

7-variant

Sy +5
4x+3y -1
. Birinchi tartibli chizigli differensial tenglamani berilgan shartni ganoatlantiruvchi yechimini
toping. dx =(siny+3cosy+3x)dy, y(e"*)=7/2
. Differensiallash qoydalaridan foydalanib tenglamani yeching.
X(xy—3)y' +xy’—y=0

. Hosilaga nisbatan yechiladigan differensial tenglamani yeching.
2 2

(xy'—y) = 2xy(l+ y' )

. Klero tenglamasini yeching Y =Xy'+ Y’ + /Y’

. Birjinsli tenglamaga keltiriladigan tenglamani yeching y' =

8-variant.
. Berilganfunksiyako rsatilgandifferensialtenglamaningyechimiekanliginiisbotlang. y =
sz_xxz, (x+y)dx+xdy =0

. Differensialtenglamaniyeching. x + y =2+ (1 —x)y' =0
. Bernullitenglamasiniyeching. (x? + y? + 1)dy + xydx = 0
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5.

Tenglamaniyeching. xdx + ydy + x(xdy — ydx) = 0
Tenglamaniparameterkiritishusulibilanyeching. y = 2xy’ + siny’

9-variant.
Berilganfunksiyako ‘rsatilgandifferensialtenglamaningyechimiekanliginiisbotlang. y = Cx +

C P 1
viver YT T na
Differensialtenglamaniyeching. (x + y —2)dx+ (x —y + 4)dy = 0
Bernullitenglamasiniyeching. (x3 + e?)y’ = 3x?
Tenglamaniyeching. (x + sinx + siny)dx + cosydy = 0
Tenglamaniparameterkiritishusulibilanyeching. y = %xy’ + e’

10 -variant.
Berilganfunksiyako ‘rsatilgandifferensialtenglamaningyechimiekanliginiisbotlang. y = x +
CV1+x2, (xy+ 1Ddx— (x*+1)dy =0
Differensialtenglamaniyeching. (2x + 3y —5)+ 3x+ 2y —5)y' =0
Bernullitenglamasiniyeching. (x? + y? + 1)dy + xydx = 0
Tenglamaniyeching. (x? + y)dx — xdy = 0
Tenglamaniparameterkiritishusulibilanyeching. y = xy’ + y%

11-variant.
Berilganfunksiyako rsatilgandifferensialtenglamaningyechimiekanliginiisbotlang.

X = tet ’ 2 _

{y= o-tr (Ltxy)y +y==0
Differensialtenglamaniyeching. (x + y)dx + (x —y — 2)dy =0
Bernullitenglamasiniyeching. y’' + 2xy = yze’f2
Tenglamaniyeching. (x + y?)dx — 2xydy = 0
Tenglamaniparameterkiritishusulibilanyeching. y = 2xy’ + Iny’

12-variant.
Berilganfunksiyako ‘rsatilgandifferensialtenglamaningyechimiekanliginiisbotlang. y = x +

Ce?, (x—y+1y =0

Differensialtenglamaniyeching. (x —y — D)dx+ (y —x + 2)dy = 0
Bernullitenglamasiniyeching. y' + 2xy = 2x3y3
Tenglamaniyeching. (x? + y? + 1)dx — 2xydy = 0
Tenglamaniparameterkiritishusulibilanyeching. y = xy’ + y'2

13-variant.
n-tartibli oddiy differensial tenglamalar. Yugori hosilaga nisbatan yechilgan tenglamalar
uchun Koshi masalasi

. Birjinsli Eyler tenglamasi. Harakteristik tenglama ildizlariga ko’ra umumiy yechimni qurish

. ax+hy

y= tenglamaning mahsus nuqtasi turlari.
CX + dy

y"+y'2 = 2eY tenglamni yeching
y"+y=1/sinx tenglamni yeching

14-variant.

1. Yugori hosilaga nisbatan yechilgan tenglamaning umumiy yechimi, hususiy yechimi va

mahsus yechimi

2. Vronskiy determinanti va uning hossalari
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3. Ozgarmas koeffisientli bir jinsli bo’Imagan chiziqli sistemani 0’zgarmasni variatsiyalash
usulida yechish.

4. yy"-2yy'In y = y*? tenglamni yeching

5. X

o bk~

N

o

o > bk

ok~ wm

2
2 y"-3xy'= GLZ — 4y, y(1)=1, y'(1)=4 Koshi masalasini yeching
X

15-variant.
n-tartibli chizigli tenglamalar. Chizigli differensial operator
Fundamental yechimlar sistemasi berilgan chizigli tenglamani qurish
O’zgarmas koeffisientli bir jinsli bo’lmagan sistemaning hususy yechimini qidirish.

Xy'—y'= X2 yy' tenglamni yeching
yy'= 2xy'2, y(2)=2, y'(2)=0.5, Koshi masalasini yeching

16-variant.
Bir jinsli o’zgarmas koeffisientli chiziqli tenglama. Harakteristik tenglama ildilariga ko’ra
umimiy yechimni qurish.
Ikkinchi tartibli tenglama yechiminig tebranishi.
Differensial tenglamalar sistemasi yechimini Lyapunov ma’nosida turg’unligi.
y'(3+ yy?) =y tenglamni yeching
y"+4y=2tgx tenglamni yeching

17-variant.

Bir jinsli bo’lmagan o’zgarmas koeffisientli chiziqli tenglama. Hususiy yechimni qidirish
usuli.

Differensial tenglamalarning chiigli sistemasi. Yechimning hossalari

Eksponentsial matritsa va uning hossalari

y'2+2xyy": 0 tenglamni yeching
y"'-4y'+8y=e*+sin2x tenglamni yeching

a bk

18-variant.
bir jinsli bo’Imagan n-tartibli chizigli tenglamani yechishning o’garmasni variyatsiyalash
usuli.
Differensial tenglamalar sistemasi. Normal istema va uning yechimi.
Bir jinsli bo’lmagan chiziqli sistema yechiminig hossalari
2y"'—3y'2 =0, y(0)=-3, y'(0)=1, y"(0)=-1 Koshi masalasini yeching
y"-5y'=3x?+sin5x  tenglamni yeching

19-variant.

F(x,y®,y®® . y™) =0 ko’rinishidagi tenglama
Chizigli tenglamaning fundamental yechimlar sistemasi va uning mavjudligi.

O’zgarmas koeffisientli bir jinsli chizigli sistemaning harakteristik tenglamasi ildizariga ko’ra
hususiy yechimni qurish.

yl

"+y=XsInx tenglamni yeching

w

y'cosy + y?siny =y’ y(-1)=€, y'(-1)=2 Koshi masalasini yeching
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1-variant.
Bir jinsli o’zgarmas koeffisientli chiziqli tenglama. Harakteristik tenglama ildilariga ko’ra
umimiy yechimni qurish.
Eksponentsial matritsa va uning hossalari

Eyler tenglamasini yeching. (X+1)3 y" —3(X +l)2 y' + (X+1) y=6In (X +l)
X=X-12

Tenglamalar sistemasini yeching. < Y = —6X+ 2y + 62
7=4x-y-4z

2- variant.
Ozgarmas koeffisientli bir jinsli bo’Imagan chiziqli sistemani o’zgarmasni variatsiyalash
usulida yechish.
Ostrogradskiy-Liyuvill formulasi.
Tenglamani quyidagi shartlarni ganoatlantiruvchi yechimini toping.

y"—6y' +9y=16e *+9x—6, y(0)=y'(0)=1

X+5X+y=¢
Tenglamalar sistemasini yeching. § ot
y+3y—Xx=¢e
3-variant.

O’zgarmas koeffisientli bir jinsli bo’lmagan sistemaning hususiy yechimini qidirish.
Vronskiy determinanti va uning hossalari

Tenglamani yeching. y" +2y' +5y=¢e"" (0082 X+1g X)
X=Yy+12
Tenglamalar sistemasini yeching. < Y = X+ Z

Z=X+Y

4-variant.

. Bir jinsli bo’lmagan o’zgarmas koeffisientli chizigli tenglama. Hususiy yechimni qidirish

usuli.
Differensial tenglamalar sistemasi. Normal sistema va uning yechimi.

Eyler tenglamasini yeching. (22X +1)2 y'—4(2x+1)y'+8y=—8x—-4
X=2y+y+x-3y=0
4y -2y —-X—-2X+5y=0

Tenglamalar sistemasini yeching. {

5-variant.

Bir jinsli Eyler tenglamasi. Harakteristik tenglama ildizlariga ko’ra umumiy yechimni qurish

Normal istemaning umumiy yechimi, mahsus yechimi va hususiy yechimi.
Tenglamani yeching. X(X2 + 6) y"— 4(X2 + 3) y'+6xy=0
X =2X+Yy+cost

Tenglamalar sistemasini yeching. .
y=—-y—2X+sint
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6-variant.
Bir jinsli bo’lmagan chiziqli sistema yechiminig hossalari
Bir jinsli bo’lmagan n-tartibli chizigli tenglamani yechishning o’zgarmasni variyatsiyalash
usuli.

Tenglamani yeching. (X+1)Xy"+(X+2)y'—y = x+1/x
X+5X+2y+y=0
3X+5X+y+3y=0

Tenglamalar sistemasini yeching. {
7-variant.

N — tartibli chizigli bir jinsli tenglamaning fundamental yechimlar sistemasi va uning

mavjudligi.

O’zgarmas koeffisientli bir jinsli chiziqli sistemaning harakteristik tenglamasi ildizariga

ko’ra hususiy yechimni qurish.

Tenglamani yeching. (X In X) y' —y' =In"x
X=X+Yy—cost

Tenglamalar sistemasini yeching. .
==—Yy —2X+Cost +sint

8-variant.
Bir jinsli o’zgarmas koeffisientli chizigli tenglama. Harakteristik tenglama ildilariga ko’ra
umimiy yechimni qurish.
Eksponentsial matritsa va uning hossalari

Eyler tenglamasini yeching. (X +1)3 y’ —3(X —|—1)2 y' + (X +l) y=6In (X +1)
X=X—-12

Tenglamalar sistemasini yeching. < Yy =—6X+2Yy + 62
7=4x-y-4z

9- variant.
Ozgarmas koeffisientli bir jinsli bo’lmagan chiziqli sistemani o’zgarmasni variatsiyalash
usulida yechish.
Ostrogradskiy-Liyuvill formulasi.
Tenglamani quyidagi shartlarni ganoatlantiruvchi yechimini toping.

y"—6y' +9y=16e *+9x—6, y(0)=y'(0)=1

X+5X+y=¢
Tenglamalar sistemasini yeching. § ot
y+3y—x=e
10-variant.

O’zgarmas koeftisientli bir jinsli bo’lmagan sistemaning hususiy yechimini qidirish.
Vronskiy determinanti va uning hossalari

Tenglamani yeching. y"+2y'+5y=¢"" (COS2 X +1g X)
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X=Y+1Z
Tenglamalar sistemasini yeching. < Y = X+ Z

Z=X+Yy

11-variant.
Bir jinsli bo’lmagan o’zgarmas koeffisientli chiziqli tenglama. Hususiy yechimni gidirish
usuli.
Differensial tenglamalar sistemasi. Normal sistema va uning yechimi.

Eyler tenglamasini yeching. (2X +1)2 y"— 4(2X +l) y' +8y =-8x—4
X=2Yy+y+x-3y=0
4 -2y —%—2x+5y=0

Tenglamalar sistemasini yeching. {
12-variant.

Bir jinsli Eyler tenglamasi. Harakteristik tenglama ildizlariga ko’ra umumiy yechimni qurish
Normal istemaning umumiy yechimi, mahsus yechimi va hususiy yechimi.

Tenglamani yeching. X(X2 + 6) y" — 4(X2 + 3) y'+6xy=0
X =2X+ Yy +cost

Tenglamalar sistemasini yeching. .
y=—y-—2X+sint
13-variant.
Bir jinsli bo’lmagan chizigli sistema yechiminig hossalari
Bir jinsli bo’lmagan n-tartibli chiziqli tenglamani yechishning o’zgarmasni variyatsiyalash
usuli.
Tenglamani yeching. (X +1)Xy" +(X+2)y'—y = x+1/x

X+5X+2y+y=0
3X+5%x+y+3y=0

Tenglamalar sistemasini yeching. {
14-variant.

N — tartibli chizigli bir jinsli tenglamaning fundamental yechimlar sistemasi va uning

mavjudligi.

O’zgarmas koeffisientli bir jinsli chiziqli sistemaning harakteristik tenglamasi ildizariga

ko’ra hususiy yechimni qurish.

. Tenglamani yeching. (X In X) y'—y' =In*x

X=X+Yy—cost

Tenglamalar sistemasini yeching. .
y ==-y—2X+cost+sint

15-variant.
Bir jinsli o’zgarmas koeffisientli chiziqli tenglama. Harakteristik tenglama ildilariga ko’ra
umimiy yechimni qurish.

10. Eksponentsial matritsa va uning hossalari
11. Eyler tenglamasini yeching. (X +f|.)3 y’ —3(X —|—1)2 y' + (X -I—l) y=6In (X -I—l)
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12.

10.
11.

12.

10.
11.

12.

10.
11.

12.

12.

X=X-12
Tenglamalar sistemasini yeching. < y = —6X+ 2y + 62
7=4x-y—-4z

16- variant.
Ozgarmas koeffisientli bir jinsli bo’Imagan chiziqli sistemani o’zgarmasni variatsiyalash
usulida yechish.
Ostrogradskiy-Liyuvill formulasi.
Tenglamani quyidagi shartlarni ganoatlantiruvchi yechimini toping.

y"—6y' +9y =16 +9x—6, y(0)=y'(0)=1
X+5x+y=¢
Tenglamalar sistemasini yeching.
y+3y—x=e”

17-variant.
O’zgarmas koeftisientli bir jinsli bo’lmagan sistemaning hususiy yechimini qidirish.
Vronskiy determinanti va uning hossalari

Tenglamani yeching. y"+2y'+5y=e™" (0082 X+1g X)
X=Yy+12
Tenglamalar sistemasini yeching. < Y = X+ Z
Z=X+Y
18-variant.
Bir jinsli bo’lmagan o’zgarmas koeffisientli chiziqli tenglama. Hususiy yechimni gidirish

usuli.
Differensial tenglamalar sistemasi. Normal sistema va uning yechimi.

Eyler tenglamasini yeching. (2X +1)2 y'—4(2x+1)y'+8y=—8x—4
X=2y+y+x-3y=0
4y -2y —-X—-2X+5y=0

Tenglamalar sistemasini yeching. {

19-variant.

. Bir jinsli Eyler tenglamasi. Harakteristik tenglama ildizlariga ko’ra umumiy yechimni qurish
10.

11.

Normal istemaning umumiy yechimi, mahsus yechimi va hususiy yechimi.
Tenglamani yeching. X(X2 + 6) y"— 4(X2 + 3) y'+6xy=0

X =2X+Yy+cost

Tenglamalar sistemasini yeching. .
y=—-y—2X+sint

20-variant.
Bir jinsli bo’lmagan chiziqli sistema yechiminig hossalari

. Bir jinsli bo’lmagan n-tartibli chizigli tenglamani yechishning o’zgarmasni variyatsiyalash

usuli.
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11.

12.

10.

11.

12.

=

13.

14.
15.

16.

=

Tenglamani yeching. (X+1)Xy"+(X+2)y'—y = x+1/x
X+5X+2y+y=0
3X+5X+y+3y=0

Tenglamalar sistemasini yeching. {
21-variant.

N — tartibli chizigli bir jinsli tenglamaning fundamental yechimlar sistemasi va uning

mavjudligi.

O’zgarmas koeffisientli bir jinsli chizigli sistemaning harakteristik tenglamasi ildizariga

ko’ra hususiy yechimni qurish.

Tenglamani yeching. (X In X) y' —y' =In"x
X=X+ Yy —cost
y ==—-y—2X+cost+sint

1-variant
Oddiy differensial tenglamalar hagida tushuncha
N-tartibli 0"zgarmas koeffisentli chizigli bir jinsli differensial tenglamalar.

Differensial tenglamani yeching. 2xy’(x —y° ) +y*=0

Tenglamalar sistemasini yeching. {

Tenglamani yeching. 2Xyy” —xy’> +yy' =0

2-variant
Hosilaga nisbatan yechilgan birinchi tartibli tenglama uchun Koshi masalasi. Yechim
mavjudligi va yagonaligi hagidagi teoremalar

F(y, Y, y",.... y™) =0 ko’rinishidagi tenglama
Differensial tenglamani yeching. (2xy2 — y)dx + ( Yo+ X+ y)dy =0
Tenglamani yeching. (Y + y’) y'+y?=0

3- variant

O’zgaruvchilari ajralgan va ajraladigan tenlamalar
Lagranj tenglamasi

Differensial tenglamani yeching. ydx — 2(X2 - xyz)dy =0

Tenglamani yeching. yy” —Yy'> = y°y’

4-variant
Birinchi tartibli chizigli tenglama. O’garmasni variatsiyalash usuli.
Hosilaga nisbatan yechilmagan tenglamaning mahsus yechimi.

Differensial tenglamani yeching. (y2 —2X— 2) dx+2ydy =0
Tenglamani yeching. YY" —y'> —y*Inx=0

5-variant
Hosilaga nisbatan yechilgan birinchi tartibli bir jinsli tenglama
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. Birjinsli bo’lmagan o’zgarmas koeffisientli chizigli tenglama. Hususiy yechimni gidirish

usuli.
Differensial tenglamani yeching. y>dX + Z(X2 —xy? )dy =0

Tenglamani yeching. Yy’ — Xyy” —xy'> = x°

6-variant
Hosilaga nisbatan yechilgan birinchi tartibli tenglama. Yechim va uning berilish usullari
X ga Yyoki y ga nisbatan yechilgan tenglama.

Differensial tenglamani yeching. (x/y +1) dx + (x/y —l) dy=0
Tenglamani yeching. Xyy” +Xy'> —yy' =0

7-variant
Birinchi tartibli chiziqli tenglama. Integrallovchi ko’ paytuvchi usuli.
Klero tenglamasi

2 ’ _
Differensial tenglamani yeching. X“yy'+y =1/x
Tenglamani yeching. Xyy” +yy' —x*y"® =0

8- variant
Erkli o’zgaruvchi qatnashmagan hosilaga nisbatan yechilgan birinchi tartibli tenglama.
n-tartibli oddiy differensial tenglamalar. Yuqori hosilaga nisbatan yechilgan tenglamalar
uchun Koshi masalasi.

Differensial tenglamani yeching. (In Y +2X —l) y' =2y
. X2 yyl . Xy2 — 0

N,

Tenglamani yeching. Y'Yy

9-variant
Bernulli tenglamasi
Hosilaga nisbatan yechilmagan tenglama. Koshi masalasi. Mavjudlik va yagonalik
teoremasi.

Differensial tenglamani yeching. (XCOS y —ysin y)dy - (xsin y +YyCos y)dx =0
Tenglamani yeching. Xy" =2yy'— V'

10- variant
Bir jinsli tenglamaga keltiriladigan tenglamlar
Yugori hosilaga nisbatan yechilgan tenglamaning umumiy yechimi, hususiy yechimi va
mahsus yechimi

Differensial tenglamani yeching. dy/dx = 2xy —X° + X

. Tenglamani yeching. y" + Yy’ cosx—ysinx =0

11- variant
Hosilaga nisbatan yechilgan birinchi tartibli tenglamaning umumiy yechimi, hususiy
yechimi va mahsus yechimi.

F(x,y®,y®® . y™) =0 ko’rinishidagi tenglama
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Differensial tenglamani yeching. X y3 +y+ (x3y2 — X) y'=0
Tenglamani yeching. xy" —y' — x2yy' =0
12- variant

To’liq differensialli tenglama
Pikar teoremasining isboti.

y
X+ X2+

Tenglamani yeching. xy’(yy” —y"? ) —yy?=x'y°

Differensial tenglamani yeching. y’ =

13- variant
Umumlashgan bir jinsli tenglama
Bir jinsli o’zgarmas koeffisientli chiziqli tenglama. Harakteristik tenglama ildilariga ko’ra
umimiy yechimni qurish.

Differensial tenglamani yeching. Xy>dX + (X2 y— X) dy=0

Tenglamani yeching. Xyy” + yy' —x*y"® =0

14- variant
Rikkati tenglamasi

F(x,y™) =0 ko’rinishidagi tenglama
Differensial tenglamani yeching. Xdy + ydx — xy” In xdx =0
Tenglamani yeching. (1+ X? ) y'+2xy = x°

12-variant

Sy+5
4x+3y -1
Bernulli tenglamasini berilgan shartni ganoatlantiruvchi yechimini toping.
2(y'+xy)=(x-1)e*y?, y(0)=2
To'liq differensialli tenglamani yeching

xe“dx-k(xzyef-+tgzy)dy::0

Bir jinsli tenglamaga keltiriladigan tenglamani yeching y’ =

Hosilaga nisbatan yechiladigan differensial tenglamani yeching.
12,2

y'2y? —2xyy' +2y* —x* =0
Klero tenglamasini yeching. 2y’ + (X —1) y'—y=0

9-variant
Bir jinsli tenglamaga keltiriladigan tenglamani yeching
(x—y—-1Ddx+ (y—x+2)dy=0.

Rikkati tenglamasini yeching. Y’ + Y +Y/Xx—4/x* =0
Tenglamani integrallovchi ko paytmani toppish usulidan foydalanib yeching.
(xy* +y)dx—xdy =0
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Hosilaga nisbatan yechiladigan differensial tenglamani yeching.
2,12

x2y'2 —2xyy’ = x2y? — x*
Lagranj tenglamasini yeching. y =2xy’+Iny’

11-variant

1. Umumlashgan bir jinsli tenglamani yeching. )le (xy’ + y) =1
2. Birinchi tartibli chizigli differensial tenglamani berilgan shartni ganoatlantiruvchi yechimini

=

toping. Y'=y/(2ylny+y—-x), x(1)=1/2
Differensiallash qoydalaridan foydalanib tenglamani yeching.
xy’dx+(x*y —x)dy =0

Hosilaga nisbatan yechiladigan differensial tenglamani yeching.

yy'? —(xy+1)y'+x=0
Tenglamalarni parameter kritish usuli bilan yeching X =Yy’'cosy’+Iny’

5-variant
Umumlashgan bir jinsli tenglamani yeching. X° (y' + y2) =xy-1
Rikkati tenglamasini yeching. Xy’ — 3y + y* = 4x* — 4x
To'liq differensialli tenglamani yeching.
(cos(x+ y?)+sin x)dx+2ycos(x+ y*)dy =0
Hosilaga nisbatan yechiladigan differensial tenglamani yeching.
y'> —2xyy’' —8x* =0
Lagranj tenglamasini yeching. Y = 2Xy’ +1/y"?

8-variant

Umumlashgan bir jinsli tenglamani yeching. X’ yy, Ty :]/X
Birinchi tartibli chizigli differensial tenglamani berilgan shartni ganoatlantiruvchi yechimini
toping. (2Iny —In? y)dy = ydx—xdy, y(4)=e’
Tenglamani integrallovchi ko paytmani toppish usulidan foydalanib yeching.
dy/dx = 2xy — x° + X
Hosilaga nisbatan yechiladigan differensial tenglamani yeching.
2.,12

X2y'? +3xyy’ +2y* =0
Tenglamalarni parameter kritish usuli bilan yeching y'* —2xy’—1=0
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TESTLAR
X'=x-2y . - -
1.4 sistema (0; 0) muvozanat holatining turuni aniglang.
y'=2y—3X
“egri
tugun
fokus
turg’unmas tugun

sistemaning nol yechimi asimptotik turg’un

2.« parametrning ganday qiymatida {
y'=-3+ay

bo’ladi?

*o <23

a =23

a>2\/§

a=0
3. 1+sin® x =sin®*° x +c0s** x tenglamani yeching.
*nrx

2nr

T

—+ N

2

—£+2n7z
2

4. x? —y* = Cx egri chiziglar oilasining differentsial tenglamasi tuzilsin.
*x? +y®—2xyy' =0

X% +2y? = 2xyy’
X2 _ yz = xy’

X +y?—xy'=0
_ x-3

S 2y-3x-3
“(3; 6)

(0; 0)

3:1)

(3:-3)

6. 2¢*,2¢ " funksiyalar sistemasining Vronskiy determinantini toping.

0

3

2e*

2e*

7. Xarakteristik tenglamani ildizlari 311 bo’lgan bir jinsli differentsial tenglamani qanday tanlash
mumkin?

*y"—6y'+10y =0

y"—6y'+9y =0

5y differentsial tenglamaning maxsus nugtasini toping.
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y"+6y' -9y =0
y” _3yl + y — O
8. y"+2y'+ y =sin x+e " tenglamaning xususiy yechimini ganday ko’rinishda tanlash mumkin?

*y=Asinx+Bcosx+e™

y=~Ae™"
y = Asin X
y = Asin x

9. Garmonik funksiyani toping
*u(x,y) = (x~iy)®

u(x,y) = x> =3xy’r
u(x,y)=x*+xy’

u(x,y) = (x* —iy*)*

10 O'u _ x* —y tenglamani yeching

oy :

X’y x%y
*u(x,y) =—=——=+C(x)+ D(y)
3 2
X’y

u(x,y) :T—yx+C(x)+ D(y)
u(x,y) =C(x)
u(x, y) = D(x)

11. Differentsial tenglamaning y = (C, +C,x)e** umumiy yechimini bilgan xolda , uning
y(0) =0, y'(0) =10 shartni ganoatlantiruvchi xususiy yechimini toping.
*y =10xe*
y = (1+10x)e*
y = (1+4x)e*
y =e”
12. Xarakteristik tenglamaning ildizlari k, , = 2+i ildizlarini bilgan xolda uning umumiy
yechimini yozing.
*y =e*(C,cosx+C,sinx) +e*(C, cos3x + C, sin 3x)
y =C, cos2x +C, sin2x + C, cos x+ C, sin 3x
y =€e*(C, cos 2x + C, sin 2x) +e* (C, cos 3x + C, sin 4x)
y=C,e ™ +C,e” +C, cos3x + C, sin
13. y"—4y'+4y =0 tenglamaning Yy(0) =3, y'(0) = —1 shartlarni ganoatlantiruvchi yechimini
toping.
*y=e"(3-7x)
y =e(3+7x)
y =e*(2-3x)
y=e"(3-7x)
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14. y"+16y = 7cos 4x tenglamaning xususiy Yechimini ganday ko’rinishda tanlash mumkinligini
ko’rsating.

*y =(Asin4x+ Bcos4x)x

y = (AX + B) cos 4x

y = (AXx? + Bx + C) cos 4x

y = X coS 4X

2
15 oM
oxoy

= X+ y differentsial tenglamaning umumiy yechimini toping.

2 2

X
U y) = 70+ 4 00 +Cy(y)

X2 y2
uix,y)=—+-—+0C
(x,y) R
y =o(X) +w(y)

2

u(x, y) =%+cl(x)

16. y = .[ ydx +1 integral tenglamani yeching.
0

*y =g

y=x*

y =X

y =3X

17. Differentsial tenglamaning y = (C, +C,x)e* umumiy yechimini bilgan xolda , uning
y(0) =0, y'(0) =1 shartlarni ganoatlantiruvchi xususiy yechimini toping.

*y = xe

y = xe*

y= (X2 _1)82x
y=e"—-x

18. y = Cx* egri chiziglar oilasini ¢ = 90° burchak ostida kesib o’tuvchi trayektoriyaning

differentsial tenglamasi tuzilsin.

*4yy'+x =0

3yy+x=0

yy'+4x =0

2yy'+x =0

19. yy'* =1 tenglamaning maxsus yechimini toping.
* — O

y =X

y=x"

y? =4x
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20. (y'+1)° = 27(x+y)? differentsial tenglamaning X + y = (X + C)* umumiy yechimi bo’yicha
maxsus yechimini toping.

*y—_x

y=5

y =3x

y =5X

X'=—-2X+
21. { . 4 sistemaning muvozanat vaziyati (0;0) nuqtaning xarakterini aniglang.
y=-X-4y

turg’unmas tugun
*turg’un tugun
egar

turg’unmas fokus

22. o parametrning qanday qiymatlarida { ,_ sistemaning nol yechimi turg’un bo’ladi?

y=-Yy
a<-—=

a=5
a=0
a<?2
23. y® —4xy + 4x?y'=0 tenglamani yeching.
_ 4x
V= Inx+C
o 2X
" Inx+C
33X
" Inx-C
4x
T Inx+C
24. Chiziqgli erkli yechimlari y, =sin3x, y, =c0s3x bo’lgan differentsial tenglamani tuzing.

*

y

*y"H9y =0
y'+3y =0
y'+6y =0
y'+12y =0
25. Xarakteristik tenglamaning k;, = 3,k, =7 ildizlariga ko’ra differentsial tenglamani tuzing.
*y"-10y'+21y =0
y"+21y'+10y =0
y"+10y'+21y =0
y'-10y'-21y =0
26. x* +Cy? = 2y egri chiziglar oilasining differentsial tenglamasi yozilsin.
*xy'—xy = yy'
X2y Xy = yy'
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X*y'=yy"

Xy +yy'=0

27. x* +Ct =t egri chiziglar oilasining differentsial tenglamasi tuzilsin.
*x% 42t = 2txx!

x? = 2tx'
X+ 2t = xx'
x? + 2t =x"?

28. x = 1 funksiya qaysi differentsial tenglamaning yechimi?

*x'= x*

X'=X+e*

X'=x"+1

2tX'= X

29. x"'-4x =0 tenglamani yeching.
*x=Ce* +C,e™

x=C, cost+C,sint

x=C, cos2t+C,sin2t

x =2e* +Csint

30. (x? —2tx)dt + t?dx = 0 tenglamani yeching.
*t(x—t)=Ct, x=0

t(x—t) =Ct
x=0
t? —2xt = Cx
31. Xususiy yechimlaril, cost bo’lgan differentsial tenglama tuzilsin.
*x"'—x'ctgt =0
x"'—xctgt =0
X'"'—xtgt =0
xX"'+xtgt =0
{X': -2y . S
32. tenglamalar sistemasini yeching.
y'=2y—3X

*x=(C,+C,t)et,y= (Cl +C,t— %je‘t

x=y=(C,+C,t)e"

x=Ce',y=C,te"

x=(Ct+C,)e?,y=C,e™

X'=y
y'=-3x+ py

33. p parametrning qanday qiymatlarida { sistemaning nol yechimi assimptotik

turg’un bo’ladi?

* B <243
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p> = NE)
p=0
p=4
34. x'= 2tt;3t33 differentsial tenglamaning maxsus nuqtasini toping.
*(3;6)
(3:1)
(0;0)
(3;-3)
35. e', e, 1funksiyalar sistemasining Vronskiy determinantini xisoblang.
* 2e 2t
e3t

e2t

e
36. Xarakteristik tenglamaning ildizlari 4 + 2i bo’lgan differentsial tenglamani yozing.
*x"'-8x'+20x =0

X'"+4x'+2x =0

X'"'-4x'+2x =0

X'+4x =0

37. y"-2y'+y =sin X tenglamaning xususiy yechimini qanday ko’rinishda tanlash mumkin.

t

*y = Asin X+ B oS X

y = Asin x
y = AXSin x
y = Acos X

38. Garmonik funksiyani toping.

*u(x,y) = (x—iy)®

u(x, y) = x* —3xy?

u(x,y) = x> +xy?

u(x,y) = (x* -iy*)’

39. Differentsial tenglamaning X = (C, +C,t)e* umumiy yechimini bilgan xolda , uning
x(0) =1, x'(0) = 3 shartni ganoatlantiruvchi xususiy yechimini toping.

* e3t

(L+t)e™

t2e3t

0%z

40. =0 tenglamani yeching, bu yerda z=z(x,y)
X

*p(X) +y(X)
P*(x)+C
w?()+C
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f(x.y)

41. y'= Xtenglamaning umumiy echimini toping
X

*y=Cx

x> +y?=C

X =cost, y=sint+C

y* =Cx

42. y"+16y = 0y tenglamani yeching
*y = Cicosdx+ C, sin4x
y=C;sin4dx+C,

y = C, cos4x + C, sin3x

y =C, cosdx+C,0 ™

43, Xdy = (x+ y)dx tenglamani yeching
*y =x(In[x+C), x=0

x=0
y =x*(In|x|+C)
y=In|x+C

44, Xususiy echimlar x va x® bo'lgan differentsial tenglamalar tuzing.
*xy'"-3xy'+3y =0
Xy''=3xy'+6y =0
2xy"'-3xy'+3y =0
xy''—6xy'+3y =0
{x': X—y . L
45, sistema (0,0) muvozanat holatini aniglang.
y'=2x+3
*turg’unmas fokus
markaz
egar
assimptotik turg’un

X'=—X+
46. @ parametrning qanday iymatida{ ' Y sistema nol yechimi turg’un bo’ladi?
y'=—ax

a=1
47. (x—c)? + y* =1aylanalar oilasining differensial tenglamasi tuzilsin.

* y2y|2+y2 :1
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yy*=1

yzy.2+y2 -0
2y?y'?4+3y? =1

, X2 +y?-13

48. ’ Xy -6
*(+342)
(2;3)
(3:2)

(£2;£3)
49. x, x?, x° funksiyalar sistemasining Vronskiy determinantini toping
*2x°

X3

3x®

12x°
50. Xarakteristik tenglamaning ildizlari 2 va 3 bo’lgan bir jinsli differentsial tenglamani tuzing.
*y"-5y'+6y=0

y"+2y'+3y=0

y"—5y"+3y=0

y"+5y'+6y=0

differensial tenglamaning maxsus nugtasini toping.

51. y" -3y’ +2y = (x* + x)e* tenglama xususiy echimini ganday usullarda topish mumkin.
* = (Ax® + Bx +C)e™

y=Ax*+Bx+C
y=Ax®+Bx* +Cx
yzsze?:X

52. Garmonik funksiya ko’rsating.
*ux y) =(x+y)"

u(x,y) = x> +y?

u(x,y) = x> + yx + y?

u(x,y) = x> —2xy +y>

53. @ = u tenglamani yeching.

oy° oy

*u(x,y) =y* +C(x)

u(x,y) =y +C(x)

u(x,y) =y+AXy+C(x)

u(x,y) =-y+C(x)

54. Differentsial tenglamaning y = Cx*umumiy echimini bilgan xolda uning y(2)=3 shartini
qanoatlantiruvchi xususiy echimini toping

3
* :_XZ
y 4
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_D
y=5*
y=3
_1.
y 2x
0%z . :
55. =1 tenglamani yeching.
oxoy
=Xy +e(X)+y(y)
Z=Xy
z=y(y)+x
z=xy+¢(X)

56. y'= _X tenglamaning umumiy yechimini toping.
y

*x*+y>=C

y =CXx

X =cost,y =sint+C

y? =Cx

57. y"-25y =0 tenglamani yeching.
*y=C,e™ +Ce™

y =C, cos5x+C, sin5x

y =C,e”™ +C, cos5x

y =C,e”™ +C, sin5x
58. (x+2y)dx —xdy =0 tenglamani yeching.
*Xx+y=Cx*x=0

X+y=Cx®

x=0

X+ Yy =Cx?
59. Xususiy echimlari 1 va x*bo’lgan differentsial tenglama tuzing.
*xy'-3y'=0

xy'"+3y =0

xy'"+3y'=0

xy"+x’y'-3y =0
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X=4y—-X
60. { i y sistema (0,0) muvozanat nuqtasining turini aniqlang.
y=-9x+y

“markaz

egri

to’g’ri

to’g’ri javob berilmagan

X
61. o parametrining qanday qiymatida { . @ sistemaning nol yechimi turg’un bo’ladi.
y

*a>1
a<l
a=-1
a<-1
62. y =Cx+C? chiziglar oilasining differentsial tenglamasi tuzilsin.
*y=xy+(y)’
y?-y=xy
y?=2xy"+y
y? = 4xy
,  4x+3y-18

63. y'=
y 3x—-4y-1

differentsial tenglamaning maxsus nugtasini toping.

(3,2)
(2:3)
(2;0)
(2;-3)
64. e **sin2x, e

* 2676X
—6x

%% cos 2x funksiyalar sistemasining Vronskiy determinantini toping.

e
2e—3x
673X
65. Xarakteristik tenglama ildizlari 3 va 5 bo’lgan bir jinsli differentsial tenglamani tuzing.
*y"-8y'+15y =0
V'+5y"+3y=0
y"—5y"=3y=0
y"=3y'=5y=0
66. y"” + " =12x* tenglama xususiy yechimini qanday usulda tanlash mumkin?
*p=Ax* + Bx® +Cx®
y=Ax* +Bx+C
y = Ax® + Bx® + Cx
y=Ax*
67. Garmonik funksiyani ko’rsating.
*u(x,y) = x* —6x*y* +y*
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u(x,y) = x* +6x°y? +y*

u(x,y)=x"+y"*

u(x, y) =xy +xy*

. ou = 26_u tenglamani yeching.
oxoy OX

*u(x y) = C(x)e* +0(y)

u(x,y)=e* +C

u(x, y) = C(x)e"” + D(y)e*

u(x,y) =e* +o(y)e*

69. Differentsial tenglamaning x>+2y?=C usuli echimini bilgan holda uning y(-1) =5 shartni
ganoatlantiruvchi xususiy yechimini toping.

68

* x? +2y* =51
x? +2y? =13
x? +2y* =17
x? +2y? =50

70. y'= 2z tenglamani umumiy yechimini toping.
X

y=x+C
71. y"+4y =0 tenglamani yeching.
* y=C, cos2x+C,sin 2x,
y=C,cosx+C,sinx

y=Ce” +C,e ™

e=C,e” +C,sin2x

72. (y* —2xy)dx + x*dy = 0 tenglamani yeching.
*x(y—x)=Cy;y=0

y=0
x(y —x) =Cy
x* —2xy =Cy

73. Xususiy yechimlari 1, cos X bo’lgan differentsial tenglamani tuzing.
*y"—yctgx =0

y''—yctgx =0
y"+ytgx =0
y"—yigx =0

X'=X-2
74. 1 y sistema (0,0) muvozanat xolati turini aniglang.
y'=2y—3X

“egri nugta
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tugun
egar
to’g’ri javob yo’q

. sistemani nol echimi assimptotik turg’un
y'=-3X+ay

75. o parametrning ganday qiymatida{
bo’ladi?

*q <—2+/3

o =23

a>243

a=0

76. x> —y? = Cx egri chiziglar oilasini differentsial tenglamasini tuzing.
*x2 +y®—2xyy' =0

X2yt =y
x'+y*—xy'=0
x?+2y*-2y'=0

77. y'= _x=3 differentsial tenglamaning maxsus nugtasini toping.
2y —-3x-3

"(3:6)

(0;0)

(31

(3;-3)

78. e*, 2e™, e * funksiyalar sistemasining Vronskiy determinantini toping.
0

3

2

2¢e*

79. Xarakterli ildizi 3+ibo’lgan bir jinsli differentsial tenglama tuzing
y'—6y"+9y=0

y'+6y'—9y =0
*y"—6y"+10y =0
y'=3y'+y=0.

80. y"—2y'+ y =sin x+e “tenglama xususiy yechimini qanday ko’rinishda tanlash mumkin?
*y=A4sinx+ Bcosx+Ce ™™

y=Ae™”
y = Asin X
y = AXsin x

81. Garmonik funksiyani ko’rsating.
*u(xy)=x*—y” +3xy
u(x,y)=x*—y* +x%y
u(x,y) = x> +y> + x%y
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u(x,y) = x> +y2 —x%y
0%u
OXoy

82. = x* — y tenglamani yeching

x° “X
= u(xy) =" =2+ C00 +D(y)

X’y
u(x y) =¥ = yx+ €00 + D)
u(x,y) =C(x)
u(x, y) = D(y)
83. Differentsial tenglamaning Yy = (C, +C,x)e”* umumiy yechimini bilgan xolda, uning y(0) =0,
y'(0) =10 shartni qanoatlantiruvchi xususiy yechimini toping
*y =10xe™
y = (1+10x)e*
y = (L+4x)e™
y= e2X
84. o ning ganday giymatida y" +ay” +2y'+y =0 tenglamani no’l yechimi turg’un bo’ladi?

*a>=
2

]
I

] N
Il A
NI NP M

"+y" +ay' +3y=0 tenglamani nol yechimi turg’un

85. « ning ganday giymatida y" +2y
bo’ladi?
“Hech bir qiymatida
a=1
1
a —_ —
2
a=0

" +ay" +2y' +y=0tenglamani nol yechimi turg’un

86. a ning ganday giymatida y" +3y
bo’ladi?
.13
a>=—
_13
6
13
a<—=
6

a=0

a
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87. « va 3 ning ganday musbat giymatlariday" +ay" +2y' + gy =0 tenglamaning nol yechimi
turg’un bo’ladi?
*af <2

aff =

Ll A S ORI o

af
af =
88. a va g ning ganday musbat giymatlarida y'"'+ay'+fy'+3y = O tenglamaning nol yechimi
turg’un bo’ladi?

*aff >3

aff>1

aff =3

l<aff <3

89. o va S ning ganday musbat giymatlarida y™) + ay'"+2y"+gy'+y = 0 tenglamaning nol
yechimi turg’un bo’ladi?

*20 > f, a’ + % < 2af

200>

a’+ pB° > 2ap

[ <2af<a’+ B’

90.  parametrning ganday giymatida x'=y', y'= (a —1)X — ay sistemaning nol echimi asimptotik
turg’un bo’ladi?

*O<ax<l

0<a<l
2

a=1

a=0

91. ava b parametlarning qanday qiymatlarida y'"
asimptotik turg’un bo’ladi?

*a>0,b>0,ab>2

ab>2

a>0,ab>2

b>0, ab>2

+ay"'+by'+2y = 0 tenglamaning nol yechimi

X'=ax—2y+ x°

sistemaning nol yechimi assimptotik
y'=X+Yy+Xxy

92. a parametrning ganday giymatida {

turg’un bo’ladi?
*-_2<a<-1
a<-1
l<a<?2

a=2
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X'=x+ay+x°

, Sistemaning nol yechimi

93. ava b parametrlarning qanday giymatlarida
y'=bx-3y—x

assimptotik turg’un bo’ladi?
* ab < -3

ab=-3

ab>3

ab=2

94. Berilgan 4 = [02 12J matritsa uchun e”* ekspotentsial matritsasi topilsin.
*(ezezl

0 e’
14
o)
1 e’
-
2 ¢°
Oe ]
95. 4= (; OZJ matritsa uchun ¢ ekspotentsial matritsasini toping.
e’ 0
0 @j
1
e’ 1}
eSOJ

96. =5 tenglamani yeching.

* 5xy + (X)) +y(y)
5xy + ¢(X)

Sxy +w(Y)

Xy +¢(X)

97. y'= y tenglamanmg umumiy yechimini toping.

W:C
y =CXx
y=tgx+C
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y=—x+C

98. y"+4y =0 tenglamani yeching.

*y =C, cos2x+C, sin2x

y =C, cosx+C, sinx

y=C,e* +Ce*

y =C,e* +C,sin2x

99. (y? —2xy)dx + x°dy = 0 tenglamani yeching.
*x(y-x)=Cy; y=0

y=0
x(y —x) =Cy
x* —2xy =Cy

100. Xususiy yechimlari 1, cosx bo’lgan differentsial tenglamani tuzing.
*y"—yctgx =0

y" —yctgx =0
y"+ytgx =0
y'—ytgx =0
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BAHOLASH MEZONI

“Differensial tenglamalar”fanidan talabalar bilimini baholash tartibi va
mezoni.

Fan bo’yicha talabalarning bilim saviyasi va o’zlashtirish darajasining Davlat
ta'lim standartlariga muvofigligini ta'minlash uchun quyidagi nazorat turlari
o’tkaziladi:

oralig nazorat (ON) — semestr davomida o’quv dasturining tegishli
(fanlarning bir necha mavzularini 0’z ichiga olgan) bo’limi tugallangandan keyin
talabaning nazariy bilim va amaliy ko’nikma darajasini aniqlash va baholash usuli.
Oraliq nazorat bir marta o’tkaziladi va shakli (yozma, og’zaki, test va hokazo) o’quv
faniga ajratilgan umumiy soatlar hajmidan kelib chiggan holda belgilanadi;

yakuniy nazorat (YaN) — semestr yakunida muayyan fan bo’yicha nazariy
bilim va amaliy ko’nikmalarni talabalar tomonidan o’zlashtirish darajasini baholash
usuli.

ON o’tkazish jarayoni kafedra mudiri tomonidan tuzilgan komissiya
ishtirokida muntazam ravishda o’rganib boriladi va uni o’tkazish tartiblari buzilgan
hollarda, ON natijalari bekor qilinishi mumkin. Bunday hollarda ON gayta
o’tkaziladi.

Universitet rektorining buyrug’i bilan ichki nazorat va monitoring bo’limi
rahbarligida tuzilgan komissiya ishtirokida YaN ni o’tkazish jarayoni muntazam
ravishda o’rganib boriladi va uni o’tkazish tartiblari buzilgan hollarda, YaN natijalari
bekor gilinishi mumkin. Bunday hollarda YaN gayta o’tkaziladi.

Talabaning bilim saviyasi, ko’nikma va malakalarini nazorat qilishning reyting
tizimi asosida talabaning fan bo’yicha o’zlashtirish darajasi baholar orqali
ifodalanadi.

Baholash tartibi va mezoni
Talabalarning fanlarni o’zlashtirishi 5 ballik tizimda baholanadi.
e5(a’lo) baho:
-Hulosa va garor gabul gilish;
-ijodiy fikrlay olish;
-mustaqil mushohada yurita olish;
-olgan bilimlarini amalda qo’llay olish;
-mobhiyatini tushuntirish;
-bilish, aytib berish;
-tasavvurga ega bo’lish.
e4(yaxshi) baho:
-mustagil mushohada yurita olish;
-olgan bilimlarini amalda qo’llay olish;
-mohiyatini tushuntirish;
-bilish, aytib berish;
-tasavvurga ega bo’lish.
e3(gonigarli) baho:
-mobhiyatini tushuntirish;
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-bilish, aytib berish;

-tasavvurga ega bo’lish.

¢2(gonigarsiz) baho:

-dasturni o’zlashtirmaganlik;

-fanning mohiyatini bilmaslik;

-aniq tasavvurga ega bo’lmaslik;

-mustaqil fikrlay olmaslik.

Baholash turlari bo’yicha tuzilgan savollar(topshiriglar) mazmuni( oddiydan
murakkabgacha) baholash me’zonlariga muvofiq talabaning o’zlashtirishini holis va
aniq baholash imkoniyatini beradi.

Savollar tarkibiga fan dasturidan kelib chiggan holda nazariy materiallar bilan
birga mustagqil ish, amaliy mashg’ulotlari materiallari ham kiritiladi.

Baholashlarni o’tkazish muddati

Baholashlarni tasdiglangan o’quv jarayoni jadvaliga muvofiq dekanat
tomonidan tuzilgan jadval asosida fan bo’yicha 0’quv mashg’ulotlarini olib borgan
professor o’qituvchilar o’tkazadi

ON va YaN turlari kalendar tematik rejaga muvofiq dekanat tomonidan tuzilgan
jadvallari asosida o’tkaziladi. YaN semestrning oxirgi 2 haftasi mobaynida
o’tkaziladi.

Uzrli sabablarga ko’ra baholashlarda qatnashmagan talabalarga, asoslovchi
hujjatlar tagdim etilgan taqdirda , fakultet dekani farmoyishi bilan bahoalshlarni
shahsiy grafik asosida topshirishga ruhsat beriladi.

Yakuniy baholashdan 2(gqonigarsiz) baholangan talaba akademik garzdor
hisoblanadi,

Baholash natijalarini gayd qilish va tahlil etish tartibi

Talabaning fan bo’yicha yakuniy bahosi semestrda belgilangan baholash
turlari(OB, YB) bo’yicha olingan ijobiy ballar (3,4,5) ning o’rtacha arifmetik
miqgdori sifatida aniglanadi va yahlitlanib butun sonlarda gaydnoma, sinov daftarchasi
va talabalar o’zlashtirishini hisobga olish elektron tizimida shu kunning o’zida qayd
etiladi.
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