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, 

SO‘Z    BOSHI 
 Qo‘llanma  oliy  ta’lim muassasalari texnika  va texnoligiya bakalavr 

ta’lim yo‘nalishlari Davlat ta’lim standartlariga mos keladi va fanning o‘quv 
dasturlariga to‘la javob beradigan tarzda bayon qilingan.  

Ushbu o‘quv qo‘llanma bakalavr ta’lim yo‘nalishlarining 1-bosqich 
talabalari uchun mo‘ljallangan bo‘lib, fanning chiziqli algebra elementlari, 
vektorli algebra elementlari, analitik geometriya, matematik analizga kirish, 
bir o‘zgaruvchi funksiyasining differensial hisobi va bir o‘zgaruvchi 
funksiyasining integral hisobi bo‘limlari bo‘yicha materiallarni o‘z ichiga 
oladi. 

Qo‘llanmaning har bir bo‘limi zarur nazariy tushunchalar, ta’riflar, 
teoremalar va formulalar bilan boshlangan, ularning mohiyati misol va 
masalalarning yechimlarida tushuntirilgan, shu bo‘limga oid amaliy 
mashg‘ulot darslarida va mustaqil uy ishlarida bajarishga mo‘ljallangan ko‘p 
sondagi mustahkamlash uchun masqlar javoblari bilan berilgan.  

Har bir bo‘limning oxirida nazorat ishi va talabalarning mustaqil ishlari 
uchun topshiriiqlar variantlari keltirilgan. Har bir mustaqil ish topshirig‘ining 
oxirgi varianti namuna sifatida yechib ko‘rsatilgan.  
      Qo‘llanmani yozishda oily texnika o‘quv yurtlarining bakalavrlari uchun  
oily matematika fanining amaldagi dasturida tavsiya qilingan adabiyotlardan 
hamda o‘zbek tilida chop etilgan zamonaviy darslik va o‘quv 
qo‘llanmalardan keng foydalanilgan. 
       Qo‘llanma haqida bildirilgan fikr va mulohazalar mamnuniyat bilan 
qabul qilinadi. 

Muallif 

O‘quv qo‘llanmada quyidagi belgilashlardan foydalanilgan: 
 –  muhim ta’riflar; 

–  «alohida e’tibor bering»;                  
 – misol yoki masala yechimining boshlanishi va oxiri;      

       Shuningdek, muhim teorema va formulalar to‘g‘ri to‘rtburchak ichiga 
olingan. 
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I bob  
CHIZIQLI   ALGEBRA  ELEMENTLARI 

 
1.1. DETERMINANTLAR 

Ikkinchi va uchinchi tartibli determinantlar. Determinantning xossalari. 
n tartibli determinantlar 

1.1.1. 21122211 aaaa    ifodaga ikkinchi tartibli determinant deyiladi va u   

21122211
2221

1211 aaaa
aa
aa

                                      (1.1) 

deb yoziladi, bu yerda  )2,1,2,1( jiaij  determinantning i–satr va 
j –ustunda joylashgan elementi. 

 2211 , aa  elementlar determinantning bosh diagonalini, 2112 , aa  elementlar 
determinantning yordamchi diagonalini tashkil etadi. 

Ikkinchi tartibli determinant bosh diagonal elementlari ko‘paytmasi 
bilan yordamchi diagonal elementlari ko‘paytmasining ayirmasiga teng: 
 
 
 

 
1 misol. Determinantlarni hisoblang: 

  1)
24
51 

;                                     2) .
sin

sin



ctg
tg  

Determinantlarni ta’rif (sxema) asosida topamiz: 

       1) ;224)5(21
24
51




                         

       2) .cossin1sinsin
sin

sin 22 



 ctgtg
ctg

tg  

 

+ 
2221

1211

aa
aa

 
2221

1211

aa
aa

 

_ 
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- 
333231

232221

131211

aaa
aaa
aaa

 

  
333231

232221

131211

aaa
aaa
aaa

 

322311332112312213322113312312332211 aaaaaaaaaaaaaaaaaa    ifodaga  uchinchi  
tartibli determinant deyiladi va u 

   

)2.1(.322311332112312213322113312312332211

333231

232221

131211

aaaaaaaaaaaaaaaaaa
aaa
aaa
aaa

   

deb yoziladi.     

Uchinchi tartibli determinantlarni hisoblashda (1.2) ifodaning o‘ng 
tomonidagi ko‘paytmalarini topishning yodda saqlash uchun oson bo‘lgan 
quyidagi sxemalaridan foydalaniladi. 
        «Uchburchak qoidasi» ushbu  sxema bilan tasvirlanadi: 
 
 
 
 
 
 
        Bunda avval (1.2) determinant bosh diagonalidagi va asosi shu 
diagonalga parallel bo‘lgan teng yonli uchburchaklar uchlaridagi elementlar 
alohida-alohida chiziqlar bilan tutashtirilib, determinantning musbat ishorali 
ko‘paytmalari, keyin determinantning yordamchi diagonalidagi va asosi shu 
diagonalga parallel bo‘lgan teng yonli uchburchaklar uchlaridagi elementlar 
alohida-alohida chiziqlar bilan tutashtirilib, determinantning manfiy ishorali 
ko‘paytmalari hosil qilinadi. 
 

«Sarryus qoidalari» quyidagi sxemalar bilan ifodalanadi: 
        
 
 
 
 
 
 
 
 

  

  

  

_ 

_ 

_ 

232221

131211

333231

232221

131211

aaa
aaa
aaa
aaa
aaa

 1) 2) 

      

_ _ _ 

3231333231

1221232221

1211131211

aaaaa
aaaaa
aaaaa
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1-qoidada  avval  (1.2)  determinant  tagiga  uning  birinchi  ikkita  satri  
yoziladi, 2-qoidada esa (1.2) determinant o‘ng tomoniga uning birinchi ikkita 
ustuni yoziladi.   Keyin bosh  diagonaldagi va bu diagonalga parallel to‘g‘ri 
chiziqlardagi uch element alohida-alohida chiziqlar bilan tutashtirilib, 
determinantning musbat ishorali ko‘paytmalari hosil qilinadi hamda 
yordamchi diagonaldagi va bu diagonalga parallel to‘g‘ri chiziqlardagi uch 
element alohida-alohida chiziqlar bilan tutashtirilib, determinantning manfiy  
ishorali ko‘paytmalari hosil qilinadi. 

      2 misol. Determinantlarni hisoblang:   1) 1 ni uchburchak qoidasi bilan;   
2) 2 ni Sarryusning  1-qoidasi bilan,  3 ni Sarryusning  2-qoidasi bilan. 

 
231
123
312

1





 ,    

142
213
351

2


 ,    

213
302
143

3




 . 

    1) 1  determinantni uchburchak qoidasi asosida topamiz: 
 
 

 

                2) 2  va 3  determinantlarni Sarryus  qoidalari bilan hisoblaymiz: 
 
 
 
 
 
 
 

Determinant ija  elementining ijM minori  deb,  shu element joylashgan 
satr va ustunni o‘chirishdan hosil bo‘lgan   determinantga  aytiladi. 

ij
ji

ij MA  )1(  miqdorga determinant ija  elementining algebraik  
to‘ldiruvchisi deyiladi. 

231
123
312





 ,202718   

231
123
312





 ,6666   .146201   

.842955)1586(20361

213
351
142
213
351

2 






 

.31)1690(2360
13213
02302
43143

3 
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 1.1.2. Determinant quyidagi xossalarga ega.  
 .1o Transponirlash (barcha satrlarni mos ustunlar bilan almashtirish) 

natijasida determinantning qiymati o‘zgarmaydi.   
 .2o  Determinantda ikkita satr (ustun) o‘rinlari almashtirilsa, determinant 

ishorasini qarama-qarshisiga o‘zgartiradi. 
 .3o  Agar determinant ikkita bir xil satrga (ustunga) ega bo‘lsa, uning 

qiymati nolga teng. 
 .4o  Determinantning biror satri (ustuni) elementlarini 0  songa 

ko‘paytirilsa, determinant shu songa ko‘payadi yoki biror satr (ustun) 
elelmentlarining umumiy ko‘paytuvchisini determinant belgisidan chiqarish 
mumkin.  

 .5o  Agar determinant biror satrining (ustunining) barcha elementlari 
nolga teng bo‘lsa, uning qiymati nolga teng.  

 .6o  Agar determinant ikki satrining (ustunining) mos elementlari 
proporsional  bo‘lsa, uning qiymati nolga teng.  

 .7o  Agar determinant biror  satrining (ustunining) har bir elementi ikki 
qo‘shiluvchi yig‘indisidan iborat bo‘lsa, determinant ikki determinant 
yig‘indisiga teng bo‘lib, ulardan birinchisining tegishli satri (ustuni) birinchi 
qo‘shiluvchilardan, ikkinchisining tegishli satri (ustuni) ikkinchi 
qo‘shiluvchilardan tashkil topadi. 

 .8o  Agar determinantning biror satri (ustuni) elementlariga boshqa 
satrining (ustunining) mos elementlarini biror songa ko‘paytirib qo‘shilsa, 
determinantning qiymati o‘zgarmaydi.  

 .9o  Determinantning qiymati uning biror satri (ustuni) elementlari bilan 
shu elementlarga mos algebraik to‘ldiruvchilar ko‘paytmalarining  
yig‘indisiga teng.  

.10o  Determinant biror satri (ustuni) elementlari bilan boshqa satri 
(ustuni) mos elementlari algebraik to‘ldiruvchilari ko‘paytmalarining 
yig‘indisi nolga teng. 
        Uchinchi tartibli determinantni uchburchak va Sarryus qoidalari bilan 
bir qatorda yuqorida keltirilgan  xossalar orqali soddalashtirib, hisoblash 
mumkin.     

3 misol. Determinantni  hisoblang: 

 
987
654
321

 . 
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2  va 3 satrlarga  )1( ga ko‘paytirilgan 1 sartni  qo‘shamiz.  
Bunda o8  xossaga ko‘ra determinantning qiymati o‘zgarmaydi.  
       U holda  

666
333
321

 . 

Bu determinantning 2  va 3 satrlarining mos elementlari proporsional.  
Shu sababli o6  xossaga ko‘ra determinant nolga teng, ya’ni .0  

1.2.3. n  ta satr va n  ta ustundan tashkil topgan ushbu  

nnnn

n

n

aaa

aaa
aaa

...
............

...

...

21

22221

11211



 
determinantga  n tartibli determinant  deyiladi. 

        n tartibli  determinant avval  xossalar bilan soddalashtirilib, keyin 
quyidagi usullardan biri bilan hisoblanishi mumkin: 

     a)                            ,,1,...2211 niAaAaAa ininiiii                          (1.3) 

.,1,...2211 njAaAaAa njnjjjjj                        (1.4) 
formulalar bilan biror satr yoki ustun  elementlari bo‘yicha yoyib; 
        b) biror satrdagi (ustundagi) bittadan boshqa barcha elementlarni  nolga 
aylantirib, so‘ngra shu satr (ustun) bo‘yicha yoyib, ya’ni tartibini pasaytirib;  
        c) bosh (yordamchi) diagonaldan bir tomonda yotuvchi barcha 
elementlarni nolga aylantirib,  ya’ni  uchburchak ko‘rinishga keltirib. 
        4 misol. Determinantlarni hisoblang:  1) 1 ni biror satr yoki ustun 
bo‘yicha yoyib;  2) 2 ni  tartibini pasaytirib; 3) 3 ni uchburchak  
ko‘rinishga keltirib. 

0130
2112
1034
2312

1







 ;    

3231
2123
2141
5312

2






 ;   

1274
0401
0502
4385

3  . 
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1) Determinantni biror satr yoki ustun bo‘yicha yoyib hisoblash 
uchun odatda nol soni bor satr yoki ustun tanlanadi, chunki bunda nollar 
qatnashgan qo‘shiluvchilar nolga teng bo‘ladi. Berilgan determinantni 
hisoblash uchun ikkita noli bor 4 satrni  tanlaymiz va (1.3) formuladan 

4i da topamiz: 

.4428)24(382128212)24286(3   

          2)  Determinantni xossalar yordamida tartibini pasaytirib hisoblaymiz.  
Bunda 2 satrning 1 ustunida joylashgan elementidan boshqa barcha 
elementlarini nolga keltiramiz. Buning uchun avval 2 ustunga  )4( ga 
ko‘paytirilgan 1 ustunni qo‘shamiz; 3 ustunga  )1( ga ko‘paytirilgan 
1 ustunni qo‘shamiz; 4 ustunga )2( ga ko‘paytirilgan 1 ustunni  

qo‘shamiz, keyin hosil bo‘lgan determinantni  2 satr bo‘yicha yoyamiz:   

537
8410
917

)1(

5371
84103
0001
9172

3231
2123
2141
5312

12
2 
















   

 Hosil bo‘lgan uchinchi tartibli determinantning 2 satrida )2( ni 
determinant belgisidan tashqariga chiqaramiz va 2 ustunning 1 satri 
elementidan pastda joylashgan elementlarini nolga aylantiramiz. Buning 
uchun 2 satrga )2( ga ko‘paytirilgan 1 satrni qo‘shamiz, 3 satrga )3( ga 
ko‘paytirilgan 1 satrni qo‘shamiz,  3 ustunda 4 ni determinant belgisidan 
tashqariga chiqaramiz,  hosil bo‘lgan determinantni 2 ustun elementlari 
bo‘yicha yoyamiz  va kelib chiqqan ikkinchi tartibli determinantni 
hisoblaymiz: 











807

22019
917

42
32028
22019

917
2

537
425
917

22 .16
87
2219

)1(8 21    


















 

212
134
212

)1()1(
212
104
232

)1(3

0130
2112
1034
2312

3424
1  
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        3) Determinantni uchburchak ko‘rinishga keltirib hisoblaymiz. Buning 
uchun quyidagi almashtirishlarni bajaramiz:  
        - 3 satrni o‘zidan yuqorida joylashgan satrlar bilan ketma-ket o‘rin 
almashtirib, 1 satrga joylashtiramiz; 
        - 1 ustunning 1 satridan pastda joylashgan elementlarini nolga 
aylantiramiz; 
       -  2 satrda 8ni va 3 satrda )3( ni determinant belgisidan tashqariga 
chiqaramiz; 

- 2 ustunning 2 satridan pastda joylashgan elementlarini nolga 
aylantiramiz; 

- 3 ustunning 4 satrida joylashgan elementini nolga aylantiramiz; 
       -  hosil bo‘lgan   uchburchak ko‘rinishgagi determinantdan tashqaridagi  
sonni bosh diagonal elementlariga ko‘paytiramiz. 



1274
0502
4385
0401

1274
0401
0502
4385

3  









11470
0300
41780
0401







11470
0100
2
1

8
1710

0401

)3(8  

,

2
5000

0100
2
1

8
1710

0401

24

2
5

8
700

0100
2
1

8
1710

0401

24









  

      .60
2
5111243 
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 Mustahkamlash uchun mashqlar 

      Ikkinchi tartibli determinantlarni hisoblang: 

  1.1.1. 
25
43


.                                     1.1.2. 

53
64


 .                 

  1.1.3. 
xx
yxy


 .                                    1.1.4. 

bab
ba




1
1 . 

  1.1.5. 



22

22

cossin
cossin .                           1.1.6. 




cossin
11  ctgtg . 

        Uchinchi tartibli determinantlarni uchburchak va Sarryus qoidalari bilan  
hisoblang: 

  1.1.7. 
235
312
341

.                                    1.1.8. .
321
125
432

  

  1.1.9. .
132
304
115





                              1.1.10. .

321
113
402




        

        Uchinchi tartibli determinantlarni biror satr yoki ustun elementlari  
bo‘yicha yoyib hisoblang: 

1.1.11. .
403
317
204




                                1.1.12. .
200
012
113




 

1.1.13. .
0

0
11

bb
bb
b


                                1.1.14. .

1
11

1

xx
x

xx



 

1.1.15. .
sinsin0
sin0sin

0sinsin





                    1.1.16. .

0
0

0






tgctg
tgtg

ctgtg
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         Uchinchi tartibli determinantlarni xossalaridan foydalanib hisoblang: 

1.1.17. .
1
1
1

bca
cab
abc

                                1.1.18. .
111

222222 zayaxa
azayax


 

1.1.19. .
babb

bbab
bbba





                  1.1.20. .2

xxx
zxzxx

yxyxx



 

1.1.21. .
)1(1
)1(1
)1(1

22

22

22

ccc
bbb
aaa





                   1.1.22. .
111
cos11sin1
sin11cos1







 

        Tenglamalarni yeching: 

1.1.23. .0
226
23





xx
xx                      1.1.24. .6

12
112





xx
xx   

1.1.25. .0
32
94
111

2 
x
x                            1.1.26. .0

012
224

136




x
x

x
                          

         To‘rtinchi tartibli determinantlarni hisoblang: 

1.1.27.  

1420
2032
2513
2211







.                  1.1.28.  

5744
2003
8002
2311

.            

1.1.29.  

454
232
344
125






d
c
b
a

.                      1.1.30.  

7456
8585

10589
2223



 .       
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1.2. MATRITSALAR 

Matritsalar va ular ustida amallar.  Teskari matritsa.   
Matritsaning rangi 

        1.2.1.  Sonlarning m  ta satr va n  ta ustundan tashkil topgan to‘g‘ri 
to‘rtburchakli  





















mnmm

n

n

ij

aaa

aaa
aaa

a









21

22221

11211

)(     

 
jadvaliga nm   o‘lchamli matritsa  deyiladi, bu yerda 

ija   njmi ,1,,1 matritsaning  i–satr va j –ustunda joylashgan elementi. 
        n1  o‘lchamli   matritsa satr matritsa yoki  satr-vektor, 1m  o‘lchamli  
matritsa  ustun matritsa yoki ustun-vektor deb ataladi. 

nn  o‘lchamli maritsaga n  tartibli kvadrat matritsa deyiladi. Bosh 
diagonalidan bir tomonda yotuvchi barcha elementlari nolga teng bo‘lgan   
kvadrat  matritsaga  uchburchak matritsa deyiladi. Bosh diagonali 
elementlaridan boshqa barcha elementlari nolga teng bo‘lgan  kvadrat  
matritsaga diagonal matritsa deyiladi.  Barcha elementlari birga teng bo‘lgan 
diagonal matritsa birlik  matritsa deb ataladi va E  bilan belgilanadi.  
        Barcha  elementlari  nolga  teng   bo‘lgan   matritsaga  nol  matritsa  
deyiladi  va Q   bilan belgilanadi. 
        n  tartibli kvadrat matritsaning determinanti Adet  yoki || A kabi 
belgilanadi. Bunda agar 0det A  bo‘lsa, A  maxsusmas (yoki xosmas)  
matritsa, agar 0det A  bo‘lsa,  A maxsus (yoki  xos) matritsa deb ataladi. 
         A matritsada barcha satrlarni mos ustunlar bilan almashtirish natijasida 
hosil qilingan *A  matritsaga A matritsaning transponirlangan  matritsasi  
deyiladi. Bunda *AA   bo‘lsa A simmetrik matritsa bo‘ladi.  

Bir xil o‘lchamli )( ijaA   va )( ijbB   matritsalarning barcha mos 
elementlari teng, ya’ni ijij ba   bo‘lsa bu matritsalarga teng matritsalar 
deyiladi va BA   deb yoziladi. 
        Bir xil o‘lchamli )( ijaA   va )( ijbB   matritsalarning yig‘indisi deb,  
elementlari ijijij bac   kabi aniqlanadigan shu o‘lchamdagi  BAC   
matritsaga aytiladi.  
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        )( ijaA   matritsaning 0  songa ko‘paytmasi deb, elementlari ijij ac    
kabi aniqlanadigan shu o‘lchamdagi AC   matritsaga aytiladi.  

AA  )1(   matritsa A  matritsaga qarama-qarshi matritsa deb ataladi.  
        Bir xil o‘lchamli )( ijaA   va )( ijbB   matritsalarning ayirmasi 

)( BABA  kabi topiladi. 
Matritsalarni qo‘shish va ayirish amallari bir xil o‘lchamli 

matritsalar uchun kiritiladi. 

         1 misol.   











1
0

2
2

3
1

A   va  












1
0

3
1

1
2

B matritsalar berilgan.  

BA 23   matritsani toping. 

Matritsani songa ko‘paytirish va matritsalarni qo‘shish ta’riflari 
asosida topamiz:  

,
3
0

6
6

9
3

3 









A     ,

2
0

6
2

2
4

2 











 B  

            .
5
0

12
8

7
1

23
00

)6(6
26

)2(9
)4(3

23 




























 BA  

         pm  o‘lchamli )( ijaA   matritsaning np  o‘lchamli )( jkbB   
matritsaga ko‘paytmasi deb, elementlari pkipkikiik bababac  2211  
(qo‘shiluvchlari quyidagi sxemada keltirilgan)  kabi aniqlanadigan nm  
o‘lchamli ABC   matritsaga aytiladi.   
 
 
 
 
 
 
 

 
 

Ikki matritsani ko‘paytirish amali 1 matritsaning ustunlari soni  
2 matritsaning satrlari soniga teng bo‘lgan holda kiritiladi. 

),( ustuntansatrtap  ),( ustuntapsatrtam  





























































......
...............

......

......

......

...
...............

...
...............

...

 i  

k  
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2  misol.  AB  ko‘paytmani toping: 






















30
12
14

A ,     















1

3

2

1
4
2

0
1

B . 

 Yuqorida keltirilgan sxema asosida topamiz:      


































1240
3121

30
12
14

AB  







































)1()3(30
)1(132

)1()1(34

2)3()1(0
21)1(2

2)1()1(4

4)3(20
4122

4)1(24

0)3(10
0112

0)1(14
 






















3
5

13

6120
082
644

. 

      Bir xil  tartibli A va B  kvadrat matritsalar  uchun AB  va BA  
ko‘paytmalarni topish mumkin.  Bunda BAAB   bo‘lsa A va B   kommutativ  
matritsalar deb ataladi. 

        1.2.2. A  kvadrat matritsa uchun EAAAA   11  tenglik bajarilsa, 1A  
matritsa A matritsaga teskari matritsa   deyiladi.  

            
     A matritsaning teskari matritsasi   
 
 
 
 

 
 
formula bilan aniqlanadi. 

 Har qanday maxsusmas A matritsa uchun 1A  matritsa mavjud  va    
 yagona boladi. 
       

.1

21

22212

12111

1






















nnnn

n

n

AAA

AAA
AAA

A









 

(1.5) 
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         3  misol. A  matritsaga teskari matritsani toping: 























121
311
012

A . 

Matritsaning determinantini hisoblaymiz:  

        016
121
311
012







 . 

Demak, 1A  mavjud.   ning algebraik to‘ldiruvchilarini hisoblaymiz: 

       ;7
12
31

11 


A           ;1
12
01

21 



A          ;3

31
01

31 


A  

      ;2
11
31

12 



A         ;2

11
02

22 


A              ;6
31
02

32 


A  

       ;3
21
11

13 


A           ;5
21
12

23 


A            .1
11
12

33 



A  

Teskari matritsani (1.5) formuladan topamiz:      
















































16
1

16
5

16
3

8
3

8
1

8
1

16
3

16
1

16
7

153
622
317

16
11A  

        1.2.3. nm    o‘lchamli A matritsadan k  );min( nmk   ta satr va k  ta 
ustunni ajratib, hosil qilingan k tartibli kvadrat  matritsaning determinantiga 
A matritsaning k tartibli minori deyiladi.  
         A matritsa noldan farqli minorlarining yuqori tartibiga A  matritsaning 
rangi deyiladi va )(Ar  (yoki rangA) bilan belgilanadi. Bunda QA   uchun   

);min()(1 nmAr  , QA   uchun .0)( Ar  
)(Ar ni ta’rif asosida topish usuli minorlar ajratish usuli deb ataladi. 
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         Matritsalar ustida bajariladigan quyidagi almashtirishlarga elementar  
almashtirishlar deyiladi: 
        a) faqat nollardan iborat satrni (ustunni) o‘chirish;  
        b) ikkita satrning (ustunning) o‘rinlarini almashtirish;  
        c) biror satrning (ustunning) barcha elementlarini noldan farqli songa 
ko‘paytirish;  
        d) biror satrning (ustunning) barcha elementlarini noldan farqli songa 
ko‘paytirib,  boshqa satrning (ustunning)  mos elementlariga qo‘shish. 

         
Biri ikkinchisidan elementar almashtirishlar natijasida hosil qilingan A  

va B  matritsalarga ekvivalent matritsalar deyiladi va A~ B  deb yoziladi. 
Diagonal elementlarining ayrimlari (yuqori satrlardagi) birga va 

ayrimlari nolga teng bo‘lgan matritsaga kanonik  matritsa deyiladi. Kanonik 
matritsaning rangi uning diagonalida joylashgan  birlar soniga teng bo‘ladi.   

 )(Ar ni A  matritsani elementar almashtirishlar orqali  kanonik matritsaga  
keltirib topish usuliga elementar almashtirishlar usuli deyiladi. 

4  misol. Matritsaning rangini minorlar ajratish usuli bilan toping: 

.
28112
71524
42312





















A  

.3)5;3min()(1  Ar  

        Ikkinchi tartibli minorlardan biri 

.0165
52
31



  

Uchinchi tartibli minorlarni hisoblaymiz: 

                ;0
112
524
312

)3(
1 





M                      ;0
812
124
212

)3(
2 





M  

Elementar almashtirishlar natijasida matritsaning rangi o‘zgarmaydi. 
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                ;0
212
724
412

)3(
3 





M                      ;0
811
152
231

)3(
4 





M  

                ;0
211
752
431

)3(
5 





M                      ;0
281
715
423

)3(
6 


M  

                ;0
281
712
421

)3(
7 





M                   ;0

212
754
432

)3(
8 M  

                ;0
812
154
232

)3(
9 


M                      .0

282
714
422

)3(
10 


M  

Barcha uchinchi tartibli minorlar nolga teng. Demak .2)( Ar  

       5  misol. Matritsaning rangini elementar almashtirishlar usuli bilan 
toping: 

 




























31771
9713
3541
01050

A . 

       Matritsani kanonik ko‘rinishga keltiramiz.  
        Buning uchun elementar almashtirishlarni bajaramiz: 
        – avval matritsaning 1 va 4 satrlarining o‘rinlarini almashtiramiz, 
keyin 2 satr elementlariga 1 satrning mos elementlarini  qo‘shamiz va 
3 satr elementlariga )3( ga ko‘paytirilgan 1 satrning mos  elementlarini 

qo‘shamiz;   
– hosil bo‘lgan matrisaning 2 ,3  va 4  satr elementlarini mos ravishda 
)11( , 22 va 5 ga bo‘lamiz, keyin )1( ga ko‘paytirilgan 2 satr elementlarini 

3va 4 satrning mos elementlariga qo‘shamiz; 
– hosil bo‘lgan matritsaning 2 ,3  va 4  ustun elementlariga mos 

ravishda 7, )17(  va )3(  ga ko‘paytirilgan 1 ustun elementlarini qo‘shamiz, 
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keyin 3  ustun elementlariga 2 ga ko‘paytirilgan 2 ustun elementlarini 
qo‘shamiz.  

Bajarilgan elementar almashtirishlarni sxema tarzida keltiramiz:  
 
 
 
 

 
 
 
 
 
 
 
 

   
 
 
 
 
 
Demak,  .2)( Ar  

 

Mustahkamlash uchun mashqlar 
 

        BA,  matritsalar va  ,  sonlar  berilgan.  BA    matritsani toping: 

  1.2.1.  .2,1,
201
132

,
032
111
























 BA  

  1.2.2.  .3,2,
52
13
21

,
41
12
30










































 BA   



















0000
0000
0010
0001

. ~ 

2  




















0000
0000
0210
0001

 ~ ~ 

7  17  
























0000
0000
0210
31771

 

3  




























31771
9713
3541
01050

A  ~ 


























01050
9713
3541
31771

 
1 

-3 ~ 

~ 

1  
1  



























0210
0210
0210
31771

 ~ 

 

5:
22:

)11(: 
~ 



























01050
044220
022110
31771
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  1.2.3.  .2,3,
234
010
113

,
132
231
012










































 BA    

  1.2.4.  .,1,,
201
335
212

 




















 EBA    

        A  va B   matritsalar berilgan.   AB  matritsani toping:         

  1.2.5.  .
023
211

,
31
02








 











 BA      1.2.6. .
32
24

,
23
10
12








 

















 BA  

  1.2.7. .
12
10
31

,
012
103
411




































 BA    1.2.8.  .

310
012
204

,
011
302
211











































 BA  

          BA,  va C   matritsalar berilgan.   CAB)( matritsani toping:     

  1.2.9.  .3,
52
41

,
32
22

EBCBA 
















 
    

         BA,  va C   matritsalar berilgan.    )(BCA matritsalarni toping:     

1.2.10.  .
35
41

,
62
54

,
42
13


























 
 CBA    

1.2.11.   952)(,
03
21 2 







 xxxfA   bo‘lsa, )(Af ni toping. 

1.2.12.  253)(,
412
120
021

2 

















 xxxfA   bo‘lsa, )(Af ni toping. 

A  matritsa berilgan. )(Ar ni  minorlar ajratish usuli bilan toping: 

1.2.13.  .
1143
1031
3211




















A                    1.2.14.  .
722
241
321





















A    
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A  matritsa berilgan. )(Ar ni  elementar almashtirishlar usuli bilan toping: 

1.2.15.  .
11613
6412
1231





















A             1.2.16.  .

9031
1341
2312
4311

























A    

       A  matritsa berilgan. 1A  matritsani toping: 

1.2.17. .
52
63











A                              1.2.18.  .

422
121
111
















A        

1.2.19. .
8103
462
321
















A                             1.2.20. .

1211
1211
1012
2101





















A  

 

 
1.3. CHIZIQLI TENGLAMALAR SISTEMASI  

 
Chiziqli tenglamalar sistemasi. Maxsusmas tenglamalar sistemasini 
yechish. Chiziqli tenglamalar sistemasini Gauss  usuli bilan yechish.  

Bir jinsli tenglamalar sistemasi 

        1.3.1. Ushbu 















mnmnmm

nn

nn

bxaxaxa

bxaxaxa
bxaxaxa

...
...............

,...
,...

2211

22222121

11212111

                                        (1.6) 

ko‘rinishdagi sistemaga n  noma’lumli m  ta chiqziqli  algebraik tenglamalar 
sistemasi deyiladi, bu yerda mnaaa ,,, 1211  sistema koeffitsiyentlari, 

nxxx ,,, 21   noma’lumlar,  mbbb ,,, 21  ozod hadlar.  
         (1.6) sistema koeffitsiyentlaridan tuzilgan A matritsaga  
(1.6) sistemaning matritsasi (asosiy matritsasi) deyiladi. 
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         (1.6) sistemani matritsalar orqali  BAX   ko‘rinishda yozish mumkin, 
bu yerda BX , mos ravishda noma’lumlar  va ozod hadlardan tuzilgan ustun 
matritsalar. 
        Noma’lumlarning (1.6) sistema tenglamalarini ayniyatga aylantiradigan   
qiymatlariga  (1.6) sistemaning yechimi deyiladi.   
        Kamida bitta yechimga ega bo‘lgan sistemaga birgalikda bo‘lgan 
sistema, bitta ham yechimga ega bo‘lmagan sistemaga birgalikda bo‘lmagan 
sistema deyiladi. 

Birgalikda bo‘lgan va yagona yechimga ega  sistemaga aniq sistema, 
cheksiz ko‘p yechimga ega sistemaga aniqmas sistema deyiladi. Aniqmas 
sistemaning har bir yechimiga xususiy yechim, barcha xususiy yechimlar 
to‘plamiga umumiy yechim deyiladi. Sistemaning umumiy yechimini 
topishga sistemani yechish deyiladi. 
       (1.6) sistema matritsasiga ozod hadlarni qo‘shish orqali hosil qilingan C  
matritsaga  (1.6) sistemaning kengaytirilgan matritsasi deyiladi. 

       
       (1.6)  sistemani tekshirish va yechish quyidagi tartibda amalga 
oshiriladi.  
        Tekshirish: sistema asosiy va kengaytirilgan matritsalarining ranglari 
topiladi. Bunda: 
       – agar )()( CrAr   bo‘lsa, sistema birgalikda bo‘lmaydi;  

–  agar nCrAr  )()( , ya’ni  sistemaning rangi uning noma’lumlari 
soniga teng bo‘lsa, sistema birgalikda va aniq bo‘ladi;   

– agar nCrAr  )()(   bo‘lsa, sistema birgalikda va aniqmas bo‘ladi.         

Yechish: 1.  nCrAr  )()(  bo‘lganda sistemaning umumiy yechimi 
topiladi. 

2. nrCrAr  )()(  bo‘lganda: 
– sistema matritsasining biror r tartibli bazis minori aniqlanadi;  
– sistemada koeffitsiyentlari bazis minor elementlaridan iborat bo‘lgan 

r ta tenglama qoldiriladi (qolgan tenglamalar tashlab yuboriladi), bu yerda  

Kroneker-Kapelli teoremasi. (1.6) tenglamalar sistemasi birgalikda 
bo‘lishi uchun sistema asosiy va kengaytirilgan matritsalarining 
ranglari teng, ya’ni )()( CrAr   bo‘lishi zarur va yetarli. 
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C  
5  





















1645
8735
0421

 
5  

~ 
2  





















126140
81370
0421

 

~ .
17000
81370
0421






















 

C  5  
~ 




















6125
5113
3511

 

3  ~ )2(:   





















212430
141620

3511

 )3(:   

~ ~ 




















7810
7810
3511

 
1  


















0000
7810
3511

. 

koeffitsiyentlari bazis minorga kiruvchi r ta noma’lumga asosiy 
noma’lumlar, qolgan rn  ta noma’lumga erkin noma’lumlar deyiladi; 

– asosiy noma’lumlar hosil bo‘lgan sistemaning chap tomonida 
qoldiriladi, erkin noma’lumlar sistemaning o‘ng tomoniga o‘tkaziladi; 

– asosiy noma’lumlarning erkin noma’lumlar orqali ifodasi aniqlanadi, 
ya’ni sistemaning umumiy yechimi topiladi;  

– erkin noma’lumlarga istalgan qiymatlar berib, berilgan sistemaning 
xususiy yechimlari (zarur bo‘lganda) topiladi. 

 
        1 misol. Tenglamalar sistemasini tekshiring: 

1)












1645
;,8735

,042

321

321

321

xxx
xxx
xxx

              2) 












625
.,53
,35

321

321

321

xxx
xxx
xxx

 

1) Sistemaning kengaytirilgan matritsasi ustida elementar 
almashtirishlar bajaramiz: 

 
 
 

 
)(32)( CrAr  .  

        Demak, sistema birgalikda emas.  

2) Sistemaning kengaytirilgan matritsasi ustida elementar almashtirishlar 
bajaramiz: 
 
 
 
 
 
 

3)(22)(  CrAr .  
       Demak, sistema birgalikda va aniqmas. 
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       1.3.2. mn   bo‘lsin. Bunda (1.6) sistemaning  A matritsasi kvadrat 
matritsa bo‘ladi. A matritsaning  determinantiga (1.6) sistemaning 
determinanti deyiladi. 
       Agar 0  bo‘lsa, (1.6) maxsusmas (yoki xosmas) sistema, agar 0  
bo‘lsa,   (1.6) maxsus (yoki xos) sistema deb ataladi. 
      n  noma’lumli n  ta chiziqli maxsusmas tenglamalar sistemasi yagona 
yechimga ega bo‘ladi. Bu yechim matritsalar usuli bilan yoki Kramer 
formulalari bilan topiladi. 
 
  1). Ciziqli tenglamalar sistemasi yechishning matritsalar usulida  
(1.6) sistemaning yechimi  

 
 

formula bilan topiladi. 

        2 misol. Tenglamalar sistemasini matritsalar usuli bilan yeching: 














.63
,222
,43

321

321

321

xxx
xxx

xxx
 

        






















131
212
113

A ,    .182181623
131
212
113







  

Demak, sistema maxsusmas.  
 

Sistema determinantining algebraik to‘ldiruvchilarini topamiz: 

;5
13
21

11 



A          ;2

13
11

21 



A         ;1
21
11

31 



A  

4
11
22

12 


A             ;2
11
13

22 A              ;8
22
13

32 


A  

  .1BAX     (1.7) 
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 ;7
31
12

13 


A             ;8
31
13

23 



A           .5
12
13

33 


A  

U holda 

.
587
824
125

18
11





















A   

Tenglamaning yechimini (1.7) formula bilan topamiz: 































































































 

1
2
1

18
36
18

18
1

301628
48416
6420

18
1

6
2
4

587
824
125

18
11BAX . 

Demak, 11 x ,  22 x ,  13 x . 

      2) (1.6) sistema yechimini 
 

 
 

formulalar orqali topish mumkin. Bu formulalarga  Kramer formulalari 
deyiladi. Bunda ix determinant   determinantdan ix  noma’lumlar oldidagi  
koeffitsiyentlarni ozod hadlar bilan almashtirish orqali hosil qilinadi. 

3 misol. Tenglamalar sistemasini Kramer formulalari bilan yeching: 













.1243
,02
,132

321

321

321

xxx
xxx
xxx

  

  va ix  determinantlarni hisoblaymiz: 

;528181238
243
121
312

  

;15
241
120
311

1 


x    ;10
213
101
312

2 


x    .5
143
021
112

3 


x  

 nixx i
i ,1





   

   (1.8) 
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Tenglamaning yechimini (1.8) formulalar bilan topamiz: 

  ;3
5
151

1 







xx    ;2

5
102

2 




xx    .1

5
53

3 




xx  

Agar (1.6) sistema maxsus bo‘lsa: 
       – nxxx  ,,, 21   lardan birortasi noldan farqli bo‘lganda  sistema 
yechimga ega bo‘lmaydi; 
       –  021  nxxx   bo‘lganda sistema cheksiz ko‘p yechimga ega 
bo‘ladi yoki birgalikda bo‘lmaydi. 
 
       1.3.3. mn   bo‘lganda (1.6) sistemaning yechimi noma’lumlarni ketma-
ket  yo‘qotishga (chiqarishga) asoslangan Gauss usuli bilan topiladi.   
        Tenglamalar sistemasini Gauss usuli bilan yechish ikki bosqichda  
amalga oshiriladi. 

        1-bosqich (1.6) sistemani pog‘onasimon (trapetsiyasimon yoki 
uchburchaksimon) ko‘rinishga keltirishdan iborat. Buning uchun birinchi 
tenglamaning chap va o‘ng tomonini 011 a ga (agar 011 a  bo‘lsa, u holda bu 
tenglama sistemaning 1x  noma’lum oldidagi koeffitsiyenti nolga teng 
bo‘lmagan tenglamasi bilan almashtiriladi) bo‘linadi va birinchi tenglama 

qilib yoziladi. Birinchi tenglamani 









11

1

a
ai  ga ko‘paytirib, i tenglamaga 

qo‘shiladi va i tenglama qilib yoziladi. Bunda sistemaning ikkinchi 
tenglamasidan boshlab 1x  noma’lum yo‘qotiladi.  

Agar sistemada 1x  noma’lum oldidagi koeffitsiyenti birga teng bo‘lgan 
tenglama bor bo‘lsa, bu tenglamani birinchi yozish orqali hisoblashlarni 
osonlashtirish mumkin.    

Shu kabi  0)1(
22 a  deb, sistemaning uchimchi tenglamasidan boshlab 

2x noma’lum yo‘qotiladi va bu jarayon mumkin bo‘lguniga qadar davom 
ettiriladi.  

Bu bosqichda, agar:    
– 00  ko‘rinishdagi tengliklar hosil  bo‘lsa, u holda bu tengliklar tashlab 

yuboriladi.  
       –  00 )(  k

i
k

i bb  ko‘rinishdagi tengliklar hosil bo‘lsa,  jarayon 
to‘xtatiladi. Chunki berilgan sistema birgalikda bo‘lmaydi. 
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         2-bosqich pog‘onasimon sistemani yechishdan iborat. Pog‘onasimon 
sistema  yagona yoki cheksiz ko‘p yechimga ega. Agar sistema 
uchburchaksimon ko‘rinishga kelsa, ya’ni tenglamalar soni noma’lumlar 
soniga teng ( nk  ) bo‘lsa, sistema yagona yechimga ega bo‘ladi. Agar 
sistema trapetsiyasimon ko‘rinishga kelsa, ya’ni nk   bo‘lsa, sistema cheksiz 
ko‘p yechimga ega bo‘ladi. Bunda sistemaning oxirgi tenglamasidagi 
birinchi noma’lum kx tenglamaning chap tomonida qoldiriladi va qolgan 
erkin noma’lumlar deb ataluvchi nk xx ,...,1  noma’lumlar tenglamaning o‘ng 
tomoniga o‘tkaziladi. Keyin kx   oldingi  )1(k tenglamaga qo‘yiladi va 1kx  
erkin noma’lumlar orqali ifodalanadi. Bu jarayon shu tarzda davom ettirilib,  
birinchi tenglamadan 1x  ning erkin noma’lumlar orqali ifodasi  topiladi. 

        4 misol. Tenglamalar sistemasini Gauss usuli bilan yeching: 













.842
,1123

,242

321

321

321

xxx
xxx
xxx

 

               Sistemada quyidagicha  almashtirishlarni bajaramiz: 

– birinchi va uchinchi tenglamalarning o‘rinlarini almashtiramiz; 

– )3(  ga ko‘paytirilgan birinchi tenglamani ikkinchi tenglamaga va  
)2(  ga ko‘paytirilgan birinchi tenglamani uchinchi tenglamaga hadma-had  

qo‘shamiz;  

– ikkinchi va uchinchi tenglama hadlarini mos ravishda 7 ga va  )9(  ga 
bo‘lamiz 

– 3x  ning qiymatini birinchi va ikkinchi tenglamalarga qo‘yamiz; 
ikkinchi tenglamadan 2x ni topib, uning qiymatini birinchi tenglamaga  
qo‘yamiz; 

– sistemaning yechimlarini 321 ,, xxx  ketma-ketlikda yozamiz. 














842
,1123

,242

321

321

321

xxx
xxx
xxx















242
,1123

,842

321

321

321

xxx
xxx
xxx
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189
,35147

,842

3

32

321

x
xx
xxx















2
,52

,842

3

32

321

x
xx
xxx

 

 
















8242

,522
,2

21

2

3

xx
x

x















0)1(2
,1
,2

1

2

3

x
x
x













.2
,1
,2

3

2

1

x
x
x

 

 
Gauss usulining 1-bosqichini sistemaning o‘zida emas, balki uning 

kengaytirilgan matritsasida bajarish  qulaylikka ega. Masalan, yuqoridagi 
tenglamaning 1-bosqichi quyidagicha bajariladi: 

 
 
 
 

 
 

       

       1.3.4. Ozod hadlari  nolga teng bo‘lgan  sistemaga bir jinsli tenglamalar 
sistemasi deyiladi.  

Bir jinsli tenglamalar sistemasi hamma vaqt birgalikda (chunki 
)()( CrAr  ) va nolga teng bo‘lgan (trivial) 0,21  nxxx    yechimga ega.  

 

      Bir jinsli tenglamalar sistemasi nolga teng bo‘lmagan yechimga ega 
bo‘lishi uchun uning asosiy matritsasining rangi r  noma’lumlar soni 
n  dan kichik, ya’ni nr   bo‘lishi zarur va yetarli. 
      n  noma’lumli n  ta chiziqli bir jinsli tenglamalar sistemasi nolga teng 
bo‘lmagan yechimga ega bo‘lishi uchun uning   determinanti nolga 
teng, ya’ni 0  bo‘lishi zarur va yetarli. 
 
 

~ 




















8421
11213
2142

 

~ 





















2142
11213
8421

 
2  

3  

7:  
)9(:   

~ 





















18900
351470
8421

 

~ 



















2100
5270
8421
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5 misol. Bir jinsli tenglamalar sistemasini  yeching: 

 
    
 
 
 
 
 
 
   
 
 
 

 
Demak, sistema cheksiz ko‘p yechimga ega.   

          Ularni topamiz: 


















.3
,232

03
,0232

321

321

321

321

xxx
xxx

xxx
xxx  

,5
11
32




       

,7
13
32

3
3

3
1 x

x
x

x 


   .8
31
22

3
3

3
2 x

x
x

x 


          

 
 
 
Erkin noma’lumni kx 53   ( k ixtiyoriy son) deb, sistemaning umumiy 

yechimini topamiz:   
.5,8,7 321 kxkxkx   

       Sistemaning xususiy yechimlaridan birini, masalan 1k da, topamiz:  
.5,8,7 321  xxx  

 

,
5

7 31
1

xxx 




   5

8 32
2

xxx 




 .   













.044
,03
,0232

321

321

321

xxx
xxx
xxx

 

~ 
4  

2  

  



















414
232
311

 

~ 




















414
311
232

A

 





















850
850
311

 
1

 

~ 




















000
850
311

 , .,3,2)( nrnAr   

~ 



 30 

Mustahkamlash uchun mashqlar 

Tenglamalar  sistemasini  tekshiring: 

  1.3.1.  












.75
,1
,2

321

321

321

xxx
xxx
xxx

                            1.3.2. 












.434
,325
,1

31

321

321

xx
xxx
xxx

               

  1.3.3.  
















.343
,251132
,3232
,125

4321

4321

4321

4321

xxxx
xxxx
xxxx
xxxx

            1.3.4.  















.254
,523
,12
,32

4321

4321

4321

4321

xxxx
xxxx
xxxx
xxxx

 

Tenglamalar sistemasini matritsalar usuli bilan yeching: 

  1.3.5. 













.63
,122
,32

321

321

321

xxx
xxx
xxx

                         1.3.6. 













.522
,3322
,22

321

321

321

xxx
xxx
xxx

               

  1.3.7. 












.4432
,1032
,82

321

321

321

xxx
xxx
xxx

                         1.3.8. 












.5353
,22
,1072

321

321

321

xxx
xxx
xxx

               

        Tenglamalar sistemasini Kramer formulalari bilan yeching: 

  1.3.9. 







.1125
,1743

21

21

xx
xx                                  1.3.10. 








.1046
,175

21

21

xx
xx  

1.3.11. 













.8232
,1323
,532

321

321

321

xxx
xxx
xxx

                        1.3.12. 













.5223
,33

,822

321

321

321

xxx
xxx
xxx
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1.3.13. 












.687
,9654
,632

21

321

321

xx
xxx
xxx

                        1.3.14. 












.1
,
,1

321

32
2

1

321

axaxx
axxax

xaxax
      

      Tenglamalar sistemasini Gauss usuli bilan yeching: 

1.3.15. 












.743
,22
,1332

321

321

321

xxx
xxx
xxx

                       1.3.16. 












.93
,422
,1323

321

321

321

xxx
xxx
xxx

               

1.3.17. 
















.243
,02
,13
,422

321

431

432

4321

xxx
xxx
xxx
xxxx

                 1.3.18. 

















.323
,523
,122
,42

321

432

4321

421

xxx
xxx
xxxx

xxx

 

1.3.19. 















.16373
,0
,83
,832

4321

4321

4321

4321

xxxx
xxxx
xxxx
xxxx

                  1.3.20. 















.25
,810975
,35232
,1532

321

4321

4321

4321

xxx
xxxx
xxxx
xxxx

 

       Bir jinsli tenglamalar sistemasini  yeching: 

1.3.21. 







.033
,0232

321

321

xxx
xxx

                          1.3.22. 







.0335
,043

321

321

xxx
xxx              

1.3.23. 












.0455
,032
,023

321

321

321

xxx
xxx
xxx

                          1.3.24. 












.0534
,0323
,032

321

321

321

xxx
xxx
xxx

    

1.3.25. 















.0842
,02223

,022
,0263

4321

4321

321

4321

xxxx
xxxx

xxx
xxxx

                 1.3.26. 
















.022
,0104
,042
,032

4321

4321

421

4321

xxxx
xxxx
xxx
xxxx
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1-NAZORAT ISHI 

 
 

1-variant 

1.  

2331
4113
1422
1031







.            2. .
021
310

,
53
02
41

































 BA  

3.  
















.323
,04
,3223
,633

421

431

4321

4321

xxx
xxx
xxxx
xxxx

 

2-variant 

1.  

1242
1231
4313
1221






.            2. .
042
113

,
40
02
25



























 BA  

3.  















.0435
,634
,223
,332

4321

4321

321

4321

xxxx
xxxx

xxx
xxxx

 

1. Determinantni xossalar bilan soddalashtirib, hisoblang. 
     2. A va B   matritsalar berilgan. AB , 1)( AB (agar mavjud bo‘lsa) 
matritsalarni va )(ABr ni toping. 

3. Tenglamalar sistemasini tekshiring. 
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3-variant 

1.  

2311
0112
1422
1031







.            2. .
102
121

,
10
13
41































 BA  

3.  
















.85332
,10134
,12523
,85342

4321

431

4321

4321

xxxx
xxx
xxxx
xxxx

       

      4-variant 

1.  

1221
3234
4013
2332






.            2. .
213
012

,
23
12
41








 





















 BA  

3.  

















.334
,133
,1222
,523

321

421

4321

4321

xxx
xxx
xxxx
xxxx

 

        5-variant 

1.  

1412
4321
2141
2130





.            2. .
054
132

,
32
22
13








 





















 BA  

3.  















.125
,251132
,3232
,343

4321

4321

4321

4321

xxxx
xxxx
xxxx
xxxx

 



 34 

        6-variant 

1.  

4122
1433
2214
2151






.            2. .
641
035

,
04
23
11








 




















 BA  

3.  
















.432
,125
,23223
,12

4321

4321

4321

4321

xxxx
xxxx
xxxx
xxxx

 

        7-variant 

1.  

5134
3253
1420
2311






.            2. .
110
232

,
41
23
02

































 BA  

3.  















.21347
,532
,21342
,1324

4321

4321

4321

4321

xxxx
xxxx
xxxx
xxxx

 

        8-variant 

1.  

1212
2321
4103
3221







.            2. .
223
102

,
23
42
12





























 BA  

3.  















.124358
,62233
,6234
,422

4321

4321

4321

4321

xxxx
xxxx
xxxx
xxxx
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9-variant 

1.  

1232
2124
6141
2252







.            2. .
153
121

,
14
32
31








 





















 BA  

3.  

















.2253
,4334
,66
,10232

4321

421

321

4321

xxxx
xxx

xxx
xxxx

 

        10-variant 

1.  

3122
1031
2322
3151







.            2. .
531
430

,
04
13
32








 




















 BA  

3.  















.810759
,35322
,25
,1523

4321

4321

321

4321

xxxx
xxxx

xxx
xxxx

 

11-variant 

1.  

3412
4321
3141
2130





.            2. .
302
132

,
24
43
21
































 BA  

3.  
















.57
,8432
,735
,422

432

4321

321

4321

xxx
xxxx

xxx
xxxx
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12-variant 

1.  

3221
2413
2352
0231







.            2. .
430
122

,
24
13
22




























 BA  

3.  















.62
,163

,6232
,623

421

432

321

4321

xxx
xxx

xxx
xxxx

 

        13-variant 

1.  

3134
1202
2231
2114






.            2. .
225
103

,
31
01
13








 





















 BA  

3.  















.3432
,112574
,412485
,2422

4321

4321

4321

4321

xxxx
xxxx
xxxx
xxxx

 

        14-variant 

1.  

5413
2322
1151
0232







.            2. .
241
130

,
13
33
25








 




















 BA  

3.  















.1532
,10325
,034
,732

4321

321

431

4321

xxxx
xxx

xxx
xxxx
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        15-variant 

1.  

1032
2111
4342
1143






.            2. .
103
432

,
12
20
32































 BA  

3.  
















.1552
,633
,142

,3332

4321

4321

421

4321

xxxx
xxxx
xxx
xxxx

 

16-variant 

1.  

3131
1143
2522
1210






.            2. .
210
315

,
22
42
13

































 BA  

3.  
















.763
,954
,11232
,1753

321

421

431

4321

xxx
xxx
xxx
xxxx

 

        17-variant 

1.  

3114
1202
2231
2214






.            2. .
522
242

,
33
05
41








 





















 BA  

3.  















.105334
,522
,133
,532

4321

431

321

4321

xxxx
xxx

xxx
xxxx
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18-variant 

1.  

1413
2012
2131
3232







.            2. .
641
035

,
04
23
11








 




















 BA  

3.  

















.16109
,332
,11542
,732

4321

321

421

4321

xxxx
xxx

xxx
xxxx

 

19-variant 

1.  

1032
2411
3231
1154






.            2. .
312
212

,
21
13
25































 BA  

3.

















.225
,533

,122
,10234

421

421

431

4321

xxx
xxx
xxx
xxxx

 

        20-variant 

1.  

3214
3143
1302
2331






.            2. .
233
012

,
24
10
41
































 BA  

3.  















.8344
,752
,123
,1423

4321

431

421

4321

xxxx
xxx
xxx
xxxx
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        21-variant 

1.  

1453
2111
2131
1312






.            2. .
054
132

,
22
31
14








 





















 BA  

3.  
















.1221235
,662
,432
,043

4321

4321

321

421

xxxx
xxxx

xxx
xxx

 

        22-variant 

1.  

1132
2142
4531
0133







.            2. .
431
021

,
04
23
31








 





















 BA  

3.  
















.143
,625
,543
,952

321

432

421

4321

xxx
xxx
xxx
xxxx

 

23-variant 

1.  

3124
4201
2032
1312







.            2. .
201
122

,
14
23
31


























 BA  

3.  















.2793
,132
,524
,1432

4321

4321

321

421

xxxx
xxxx

xxx
xxx
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        24-variant 

1.  

1133
1022
2131
3432







.            2. .
531
142

,
20
13
13




























 BA  

3.  
















.8133
,625
,132
,642

4321

431

4321

4321

xxxx
xxx
xxxx
xxxx

 

25-variant 

1.  

1432
5121
4132
2123





.            2. .
312
103

,
32
11
13








 





















 BA  

3.  















.435
,623
,862
,1223

421

431

321

4321

xxx
xxx

xxx
xxxx

 

26-variant 

1.  

5232
1141
2343
1322






.            2. .
241
130

,
13
31
14








 






















 BA  

3. 

















.246
,3423
,33
,6322

431

421

321

4321

xxx
xxx

xxx
xxxx
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        27-variant 

1.  

2114
1303
3231
2122






.            2. .
403
112

,
23
31
12
































 BA  

3.  















.49382
,834
,254
,332

4321

431

421

4321

xxxx
xxx
xxx
xxxx

 

        28-variant 

1.  

3041
2312
2214
1123







.            2. .
310
123

,
32
23
21




























 BA  

3.  
















.8238
,5252
,323
,2223

4321

321

4321

4321

xxxx
xxx

xxxx
xxxx

 

        29-variant 

1.  

1153
3221
2102
1214






.            2. .
413
102

,
22
11
52








 





















 BA  

3.  
















.726
,432
,032
,325

321

431

421

4321

xxx
xxx
xxx

xxxx

 



 42 

30-variant 

1.  

0113
3242
4521
2120







.            2. .
032
135

,
52
33
41








 




















 BA  

3.  















.8346
,722
,53
,2224

4321

321

4321

4321

xxxx
xxx

xxxx
xxxx

 

 
1-MUSTAQIL  ISH 

 
1-variant 

    1. .2,1,

1234
2143
3412
4321







ji                 2. ,
501
423
245
















A ,

221
173
545



















B  

                                                                  ,1 4 . 

    3. a)












.634
,15323
,432

321

321

321

xxx
xxx
xxx

                         b)












.632
,723

,123

321

321

321

xxx
xxx
xxx

 

     1. Berilgan determinantni hisoblang: a) i satr elementlari bo‘yicha 
yoyib; b) j  ustun elementlari bo‘yicha yoyib; c) j   ustundagi bittadan 
boshqa elementlarni nolga aylantirib va  shu  ustun elementlari bo‘yicha 
yoyib. 

2. BA,  matritsalar va  ,  sonlari berilgan. BA   , AB , 1A  
matritsalarni toping va EAA 1  ekanini tekshiring. 
     3. Tenglamalar sistemalarini tekshiring. Birgalikda bo‘lgan sistemani 
Kramer formulalari orqali, matritsalar va Gauss usullari bilan yeching. 
     4. Bir jinsli tenglamalar sistemalarini yeching. 
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  4. a)












.044
,025
,032

321

32

321

xxx
xx
xxx

                           b)












.043
,054
,03

321

321

321

xxx
xxx
xxx

 

 
2-variant 

  1. .2,3,

0232
0132
3221
3211








ji                2. ,
574
153
013




















A ,

203
581
201



















B                        

                                                                           ,3 5 . 

  3. a)












.10582
,732
,124

321

321

321

xxx
xxx
xxx

                         b)













.344
,42
,322

321

321

321

xxx
xxx
xxx

       

  4.  a)












.0742
,033
,024

321

321

321

xxx
xxx
xxx

                           b)












.06
,023
,034

21

321

321

xx
xxx
xxx

       

3-variant 

  1. .4,3,

0443
1211
1123
3022









ji         2. ,
014
507
485



















A  ,
312
121
551


















B                            

                                                               ,5 1 . 

 3. a)












.2134
,732
,053

321

321

321

xxx
xxx
xxx

                               b)













.2324
,4235
,623

321

321

321

xxx
xxx
xxx

    

 4. a)












.032
,05112
,052

321

321

321

xxx
xxx
xxx

                           b)












.043
,0223
,032

321

321

321

xxx
xxx
xxx
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4-variant 

   1. .2,2,

2114
3311
1022
1106









ji              

   2. ,
014
507
485



















A ,
312
121
551


















B   ,3 1 . 

   3. a)













.26655
,643
,1124

321

321

321

xxx
xxx
xxx

                          b)












.1642
,825
,113

321

321

321

xxx
xxx
xxx

     

   4. a)












.055
,023
,035

321

321

321

xxx
xxx
xxx

                              b)












.0246
,034
,037

321

321

321

xxx
xxx
xxx

      

5-variant 

   1. .1,3,

2104
3121
1123
3011






ji                  

2. ,
353
421
121


















A  ,

321
135
157
















B      ,1 3 . 

   3. a)












.181411
,1433
,10542

321

321

321

xxx
xxx
xxx

                          b)












.532
,72
,13

321

321

321

xxx
xxx
xxx

          

   4. a)












.02
,025
,034

321

321

321

xxx
xxx
xxx

                             b)












.053
,03
,032

321

321

321

xxx
xxx
xxx
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6-variant 

   1. .4,2,

1111
0214
1211
2405








ji   

   2.   ,
121
201
213
















A ,

173
112
210















 
B   ,1  .1  

   3. a)












.238
,323
,645

321

321

321

xxx
xxx
xxx

                              b)













.132
,1234

,82

321

321

321

xxx
xxx
xxx

        

   4. a)












.01010
,0232
,045

321

321

321

xxx
xxx
xxx

                          b)












.0223
,02
,0324

321

321

321

xxx
xxx
xxx

     

7-variant 

   1. .4,1,

2023
1735
4023
3281







ji   

   2. ,
122
013
376
















A  ,

734
214
502
















B  ,1 3 . 

   3. a)












.22
,525
,334

321

321

321

xxx
xxx
xxx

                          b)













.453
,43
,232

321

321

321

xxx
xxx
xxx

      

   4. a)












.034
,0323
,032

321

321

321

xxx
xxx
xxx

                            b)












.032
,023
,023

321

321

321

xxx
xxx
xxx
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8-variant 

   1. .4,2,

3413
1203
2324
1432








ji   

   2. ,
221
413
432





















A  ,

291
260
133
















B   ,2 2 . 

   3. a)












.301010
,13232
,345

321

321

321

xxx
xxx
xxx

                       b)












.1223
,52
,2324

321

321

321

xxx
xxx
xxx

     

   4. a)












.0582
,032
,024

321

321

321

xxx
xxx
xxx

                         b)












.044
,02
,022

321

321

321

xxx
xxx
xxx

       

9-variant 

   1. .3,4,

3431
2210
3124
1140







ji   

   2.   ,
210
351
243
















A ,

214
231
441
















B    ,5 1 . 

   3. a)












.8714
,1223
,3362

321

321

321

xxx
xxx
xxx

                        b)












.23
,701325
,2752

31

321

321

xx
xxx
xxx

    

  4. a)












.025
,02
,034

321

321

321

xxx
xxx
xxx

                           b)












.072
,032
,025

31

321

321

xx
xxx
xxx
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10-variant 

   1. .2,4,

1238
45110
3284
7120









ji   

   2. ,
173
232
201
















A  ,

231
713
103
















B  ,1 4 . 

   3. a)












.2232
,10597
,623

321

321

321

xxx
xxx
xxx

                      b)












.4
,15638

,634

321

321

321

xxx
xxx
xxx

       

   4. a)












.010
,075
,034

321

31

321

xxx
xx
xxx

                         b)












.0243
,05
,032

321

321

321

xxx
xxx
xxx

   

11-variant 

   1. .4,3,

4923
6412
2023
1735








ji   

   2. ,
230
494
371
















A ,

254
291
256
















B ,3 2 . 

   3. a)












.344
,225

,132

321

32

321

xxx
xx
xxx

                         b)












.443
,754

,03

321

321

321

xxx
xxx

xxx
    

   4. a)












.047
,025
,032

321

321

321

xxx
xxx
xxx

                          b) 












.044
,02
,022

321

321

321

xxx
xxx
xxx
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12-variant 

   1. .2,1,

2114
2143
3220
5114






ji   

   2.   ,
110
231
162
















A ,

323
504
234





















B  ,1 2 . 

   3. a)












.132
,35112

,152

321

321

321

xxx
xxx
xxx

                       b)












.343
,1223
,132

321

321

321

xxx
xxx
xxx

      

  4. a)












.0432
,024
,023

321

321

321

xxx
xxx
xxx

                           b)












.043
,05
,032

321

321

321

xxx
xxx
xxx

       

13-variant 

   1. .3,2,

2321
1012
2143
0212





ji   

   2. ,
7110
111
496
















A  ,

250
343
111
















B ,5 2 . 

   3. a)












.107
,42
,443

21

321

321

xx
xxx
xxx

                       b)













.1653
,132

,174

31

321

21

xx
xxx

xx
        

   4. a)












.0134
,032
,053

321

321

321

xxx
xxx
xxx

                         b)












.0324
,0235
,023

321

321

321

xxx
xxx
xxx
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14-variant 

   1. .1,3,

3321
0154
3211
2023








ji   

   2.   ,
812
713
301
















A ,

465
103
453


















B   ,5 2 . 

   3. a)












.106102
,632
,434

321

321

321

xxx
xxx
xxx

                     b)












.1542
,67
,175

321

31

321

xxx
xx
xxx

      

   4. a) 












.0714
,023
,0362

321

321

321

xxx
xxx
xxx

                      b)












.03
,01325
,052

31

321

321

xx
xxx
xxx

         

15-variant 

   1. .3,1,

5214
1111
4214
3213









ji   

   2. 





















148
131
215

A , ,
061
217
553
















B ,2 2 . 

   3. a)












.1034
,10152

,173

321

321

321

xxx
xxx
xxx

                       b)












.554
,923
,623

321

321

321

xxx
xxx
xxx

       

   4. a)












.0232
,0597
,023

321

321

321

xxx
xxx
xxx

                         b)












.0
,0638
,034

321

321

321

xxx
xxx
xxx
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16-variant 

   1. .2,3,

1231
3122
1605
0213







ji   

   2.   ,
434
603
521















 
A  ,

121
332
111




















B  ,1 2 . 

   3. a)












.733
,873
,35

321

321

321

xxx
xxx
xxx

                       b)












.2165
,484
,1132

21

31

321

xx
xx
xxx

     

   4. a)












.082
,053
,032

321

321

321

xxx
xxx
xxx

                       b)












.042
,025
,03

321

321

321

xxx
xxx
xxx

       

17-variant 

   1. 4,2,

4215
1221
0142
2353






ji   

   2.  ,
243
678
312





















A  ,
121
453
212



















B .2,1    

   3. a)












.205152
,147

,534

321

321

321

xxx
xxx
xxx

                  b)












.1252
,363
,233

31

21

321

xx
xx

xxx
   

   4. a)












.05
,053
,023

321

321

321

xxx
xxx
xxx

                       b)












.064
,053
,0432

321

321

321

xxx
xxx
xxx
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18-variant 

   1. 2,1,

4310
3201
0534
5023









ji   

   2.   ,
722
234
013


















A  ,

722
234
013


















B ,2 5 . 

   3. a)












.634
,65112
,753

321

321

321

xxx
xxx

xxx
                        b)














.63
,1154

,742

321

321

321

xxx
xxx
xxx

      

   4. a)












.0655
,043
,024

321

321

321

xxx
xxx
xxx

                         b)












.042
,025
,03

321

321

321

xxx
xxx
xxx

     

19-variant 

   1. .3,2,

4503
6242
1475
41026







ji   

   2.  ,
332
154
043




















A ,

112
620
171




















B   ,1 3 . 

   3. a)












.2
,434
,023

321

31

321

xxx
xx
xxx

                       b)













.234
,32

,153

321

321

321

xxx
xxx
xxx

      

   4. a)












.01411
,0433
,0542

321

321

321

xxx
xxx
xxx

                      b)












.032
,02
,03

321

321

321

xxx
xxx
xxx
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20-variant 

   1. .3,4,

1213
4122
6032
1421







ji   

   2.   ,
105
321
343




















A  ,

211
145
022















 
B  ,4 5 . 

  3. a)












.525
,22
,134

321

321

321

xxx
xxx
xxx

                       b)












.1672
,232
,725

31

321

321

xx
xxx
xxx

      

  4. a)












.038
,023
,045

321

321

321

xxx
xxx
xxx

                         b)












.032
,0234
,02

321

321

321

xxx
xxx
xxx

        

21-variant 

  1. 1,4,

1532
4601
5263
0211








ji . 

  2.  ,
113
342
653




















A  ,

354
013
582



















B  ,3 2 . 

  3. a)












.310
,375
,834

321

31

321

xxx
xx
xxx

                       b)












.15243
,205
,932

321

321

321

xxx
xxx
xxx

   

  4. a)












.0332
,043
,025

321

321

321

xxx
xxx
xxx

                         b)












.0432
,04
,057

321

31

321

xxx
xx
xxx
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22-variant 

   1. 3,3,

6024
3120
0936
3102







ji .  

   2.   ,
544
133
012




















A ,

202
361
203



















B   ,2 .3  

   3. a)












.1
,52
,232

321

321

31

xxx
xxx
xx

                    b)












.573
,3862

,104

31

21

321

xx
xx

xxx
   

   4. a)












.01433
,0944
,0455

321

321

321

xxx
xxx
xxx

                    b)












.022
,044
,02

321

321

321

xxx
xxx
xxx

 

23-variant 

   1. .4,4,

3102
4213
1132
4021







ji   

   2.  ,
172
394
412





















A ,

147
465
400





















B    ,5 1 . 

   3. a)












.482
,053
,332

321

321

321

xxx
xxx
xxx

                     b)












.642
,325
,123

321

321

321

xxx
xxx
xxx

       

   4. a)












.0
,034
,023

321

31

321

xxx
xx
xxx

                    b)












.034
,02
,053

321

321

321

xxx
xxx
xxx
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24-variant 

   1. .2,3,

4405
1213
1121
0214




ji   

   2.   ,
011
351
158















 
A  ,

210
123
674



















B  1 , 2 . 

   3. a)












.15
,353
,523

321

321

321

xxx
xxx
xxx

                     b)












.164
,1053

,3432

321

321

321

xxx
xxx
xxx

 

  4. a)












.07
,02
,043

21

321

321

xx
xxx
xxx

                      b)












.053
,032
,074

31

321

21

xx
xxx

xx
        

25-variant 

   1. .3,2,

1105
2140
3412
1234









ji   

   2.  ,
101
112
112



















A




















321
642
063

B ,   ,3 5 . 

   3. a)












.4332
,743
,125

321

321

321

xxx
xxx
xxx

                     b)












.12432
,74
,3357

321

31

321

xxx
xx

xxx
        

   4. a)












.05152
,07
,034

321

321

321

xxx
xxx
xxx

                   b)












.052
,063
,033

31

21

321

xx
xx

xxx
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26-variant 

   1. .1,4,

2121
0313
2110
2153







ji   

   2.   ,
730
529

1116
















A




















231
720
103

B ,   ,2 1 . 

   3. a)












.11433
,0944
,3455

321

321

321

xxx
xxx
xxx

                     b)












.322
,344
,42

321

321

321

xxx
xxx
xxx

 

   4. a)












.034
,05112
,053

321

321

321

xxx
xxx

xxx
                        b)













.03
,054
,042

321

321

321

xxx
xxx
xxx

      

27-variant 

   1. 1,4,

3150
2043
0111
1272






ji   

   2.  ,
121
201
213
















A ,

173
112
210















 
B ,3 1 . 

   3. a)












.2047
,1225
,732

321

321

321

xxx
xxx
xxx

                       b)












.644
,42
,022

321

321

321

xxx
xxx
xxx

    

   4. a)












.0
,02
,032

321

321

31

xxx
xxx
xx

                         b)












.073
,062
,04

31

21

321

xx
xx

xxx
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28-variant 

   1. 3,1,

8642
3135
2823
5154









ji   

   2.   ,
2310
155
118



















A ,
201
123
523
















B    ,4 4 . 

   3. a)












.4742
,533
,524

321

321

321

xxx
xxx
xxx

                      b)













.56
,223

,534

21

321

321

xx
xxx
xxx

       

  4. a)












.06102
,032
,034

321

321

321

xxx
xxx
xxx

                      b)












.0542
,07
,075

321

31

321

xxx
xx
xxx

      

29-variant 

   1. .4,4,

2124
0133
1102
4321







ji   

   2.  ,
324
381
273





















A ,
512
142
350




















B      ,1 2 . 

   3. a)













.2055
,223
,1935

321

321

321

xxx
xxx
xxx

                   b)













.0246
,834

,937

321

321

321

xxx
xxx
xxx

      

   4. a)












.034
,0152
,073

321

321

321

xxx
xxx
xxx

                     b)












.054
,023
,023

321

321

321

xxx
xxx
xxx
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30-variant 

   1. .2,2,

3212
1103
3212
0214







ji   

   2.   ,
121
642
414





















A ,

211
052
110















 
B ,4 4 . 

  3. a)












.2432
,624
,323

321

321

321

xxx
xxx
xxx

                      b)












.443
,105

,332

321

321

321

xxx
xxx
xxx

  

  4. a)












.033
,073
,05

321

321

321

xxx
xxx
xxx

                      b)












.065
,084
,032

21

31

321

xx
xx
xxx

     

 

NAMUNAVIY VARIANT  YECHIMI 

1.30. .2,2,

3212
1103
3212
0214







ji  

    a) Determinantni  2i satr elementlari bo‘yicha yoyamiz.  
        Determinantning o9  xossasiga ko‘ra 

 24242323222221212424232322222121 AaMaMaMaAaAaAaAa . 

322
113
024

1
321
110
021

2 


 






212
103
214

3
312
103
014

2  

 )020023(2  )940020(2)18800412(  

.361830186)640620(3   
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            b)Determinantni  2j ustun elementlari bo‘yicha yoyamiz: 

 42423232222212124242323222221212 AaMaMaMaAaAaAaAa  










113
322
024

10
322
113
024

1
322
113
322

1  

 )18800412()18461846(  

.3618180)41200188(   

c) Determinantni  2j ustundagi bittadan boshqa elementlarni nolga 
aylantirib va shu  ustun elementlari bo‘yicha yoyib hisoblaymiz.  

Buning uchun: 
       – 1-satr elementlarini 2- satrning mos elementlariga  qo‘shamiz; 
       – 1-satr elementlarini )1( ga ko‘paytirib 4-satrning mos elementlariga 
qo‘shamiz; 
        – determinantni  2-ustun elementlari bo‘yicha yoyamiz 

.
306
113
342

306
113
342

)1(1

3006
1103
3402
0214

21 










   

        Uchinchi tartibli determinantda 2 ustunning 2 satri elementidan 
boshqa elementlarini nolga aylantiramiz. Bunda 32a element nolga teng 
bo‘lgani uchun faqat 12a elementni nolga aylantiramiz. Buning uchun 1-satrga 

)4( ga ko‘paytirilgan 2-satrni qo‘shamiz, hosil bo‘lgan determinantni 
2 ustun elementlari bo‘yicha yoyamiz va kelib chiqqan ikkinchi tartibli 

determinantni hisoblaymiz: 
 

.36
36
110

)1(1
306
113
1010

22 
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2.30. ,
121
642
414





















A         ,

211
052
110















 
B       ,4 4 . 

          a) BA    matritsani topish uchun A matritsa elementlarini  ga, B  
matritsa elementlarini   ga ko‘paytiramiz va hosil qilingan A  va B  
matritsalarning mos elementlarini qo‘shamiz: 
















 
























211
052
110

4
121
642
414

)4(BA   
















 
























844
0208
440

484
24168
16416

 












































1240
24360
20816

844844
024201688
416)4(4016

.         

       b) AB  martitsani matritsalarni ko‘paytirish qoidasi asosida topamiz:   
















 
























211
052
110

121
642
414

AB  

.
183

14162
432

2011101140
12026202680
804454420











































  

c) A matritsa determinantini hisoblaymiz: 

0562481616616
121
642
414

|| 





A . 

ijA  algebraik to‘ldiruvchilarni topamiz: 

,8
12
64

11 



A        ,8

11
62

12 


A        ,8
21
42

13 


A                       
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~ C  





















2432
6214
3123

 
4  

2
 





















2324
6142
3231

 

~ 

~ .
2000

125100
3231



















 
1  




















105100
125100
3231

 

~ 

 ,7
12
41

21 



A        ,0
11
44

22 



A         ,7
21
14

23 A  

    ,10
64
41

31 



A     ,32

62
44

32 


A   .18
42
14

33 


A  

Bundan 

.

28
9

8
1

7
1

28
160

7
1

28
5

8
1

7
1

1878
3208
1078

56
1

||
1

332313

322212

312111
1


































































AAA
AAA
AAA

A
A  

          EAA 1  ekanini tekshiramiz: 


















































28
9

8
1

7
1

28
160

7
1

28
5

8
1

7
1

121
642
414

1AA .

28
9325

8
101

7
121

28
546410

8
602

7
642

28
361620

8
404

7
414

E





























 

3.30. a)












.2432
,624
,323

321

321

321

xxx
xxx
xxx

                  b)












.443
,105

,332

321

321

321

xxx
xxx
xxx

 

a) Sistemaning kengaytirilgan matritsasi ustida elementar 
almashtirishlar bajaramiz: 
 

 

 

 

 
 

)(32)( CrAr  . Demak, sistema birgalikda emas.  
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b) Sistemaning kengaytirilgan matritsasi ustida elementar almashtirishlar   
bajaramiz: 
 
  
 
 
 
 
 
 
 

 

 

 

)(33)( CrAr  . Demak, sistema aniq sistema.         

1) Sistemani  Kramer formulalari bilan yechamiz. 
Sistemaning determinantini va yordamchi determinantlarni hisoblaymiz: 

;51
143
151
312

         ;51
144
1510
313

1 


x   

  ;102
143
1101
332

2 


x     ;51
443

1051
312

3 


x  

Tenglamaning yechimini Kramer formulalari bilan topamiz: 

;1
51
511

1 







xx    ;2

51
1022

2 




xx    .1

51
513

3 







xx  

2) Sistemani  matritsalar usuli bilan yechamiz.  
Sistema uchun  .51  

~ 
3  

2  



















4143
3312

10151

 

C  



















4143
10151

3312

 

~ 

~ 















 

344190
175110
10151

 

~ 11:  
















 

344190
11
17

11
510

10151

 

~ 

~ 
19  








11
51:

 






















1100
11
17

11
510

10151

. 

























11
51

11
5100

11
17

11
510

10151

 

~ 
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Sistema determinantining algebraik to‘ldiruvchilarini topamiz: 

          1
14
15

11 


A ;         413
11

12 


A ;         19
43
51

13 


A ; 

         ;11
14
31

21 A              ;7
13
32

22 A               ;5
43
12

23 A  

            ;14
15
31

31 


A          ;5
11
32

32 


A           .11
51
12

33 


A  

U holda 

.
11519
574

14111

51
11





















A  

Tenglamaning yechimini BAX 1  formula bilan topamiz: 

.
1
2
1

51
102

51

51
1

445057
207012
561103

51
1

4
10

3

11519
574

14111

51
11








































































































  BAX  

Demak, 11 x ,  22 x ,  13 x . 

      3) Sistemani  Gauss  usuli bilan yechamiz. 
Gauss usulining 1-bosqichi yuqorida sistemani tekshirishda uning 

kengaytirilgan matritsasida bajarildi va  quyidagi ko‘rinish hosil qilindi: 
 
 

 

          Gauss usulining  2-bosqichini bajaramiz: 



































10)1(5

,
11
17)1(

11
5

,1

1

,
11
17

11
5

,105

21

2

3

3

32

321

xx

x

x

x

xx

xxx

 























1100
11
17

11
510

10151

. 
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000
731

36160
. 

2  



















1880
731

36160
 ~ A  

5  

3 













 

313
731
115

 ~ 

~ 2  




















065
312
201

 
5  

A  4:  




















065
804
312

 




















065
201
312

 ~ ~ 

~ 6  
~ 



















1060
710
201

 


















5200
710
201

. 



























.1
,2
,1

1125
,2
,1

3

2

1

21

2

3

x
x
x

x
x
x

 

4.30. a)












.033
,073
,05

321

321

321

xxx
xxx
xxx

                    b)












.065
,084
,032

21

31

321

xx
xx
xxx

 

   a) Sistema matritsasi ustida elementar almashtirishlar bajaramiz:      

 
 

 
 

.,3,2)( nrnAr   Demak, sistema cheksiz ko‘p yechimga ega.   
      Ularni topamiz: 





















.73

,5
073
,05

321

321

321

321

xxx

xxx
xxx
xxx  

,16
31
15




      ,4
37
1

3
3

3
1 x

x
x

x 



   .36

71
5

3
3

3
2 x

x
x

x 


          

,
4

31
1

xxx 



   
4

9 32
2

xxx 



 . 

Erkin noma’lumni kx 43   ( k ixtiyoriy son) deb, sistemaning umumiy  
yechimini topamiz:  .4,9, 321 kxkxkx   

       b) Sistema matritsasi ustida elementar almashtirishlar bajaramiz:     
    

 

 

  

.3)( nAr   Demak, sistema yagona 0,0,0 321  xxx  yechimga ega. 
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II bob   
VEKTORLI ALGEBRA  ELEMENTLARI 

 
2.1. VEKTORLAR 

       Vektorlar ustida chiziqli amallar. Vektorlarning chiziqli bog‘liqligi, 
bazis. Vеktоrning o‘qdagi   prоyеksiyasi.  

 Kооrdinatalari bilan bеrilgan vеktоrlar ustida  amallar 

2.1.1. Tayin uzunlikka va yo‘nalishga ega bo‘lgan kesma vektor deb 
ataladi va  AB  yoki  a  kabi belgilanadi. Bunda A  nuqtaga vektorning 
boshlang‘ich nuqtasi, B  nuqtaga uning oxirgi nuqtasi deyiladi. BA  vektor 
AB  vektorga qarama-qarshi vektor hisoblanadi. a  vektorga qarama-qarshi 
vektor ( a ) bilan belgilanadi. 

AB  kesmaning uzunligiga AB  vektorning uzunligi yoki moduli deyiladi 
va | AB | ko‘rinishda belgilanadi.  
       Boshlang‘ich va oxirgi nuqtalari ustma-ust tushadigan vektor nol vektor 
deb ataladi va 0


 bilan belgilanadi.  

       Uzunligi birga teng vektorga birlik vektor deyiladi va  e  orqali 
belgilanadi.  a  vektor bilan bir xil yo‘nalgan birlik vektorga a  vektorning 
orti deyiladi va 0a  bilan belgilanadi. 
        Bir to‘g‘ri chiziqda yoki parallel to‘g‘ri chiziqlarda yotuvchi  vektorlar 
kollinear vektorlar  deb ataladi. 
       a  va b


 vektorlar kollinear, bir xil yo‘nalgan va uzunliklari teng  bo‘lsa,  

ularga  teng vektorlar deyiladi va ba


 kabi yoziladi. Teng vektorlar erkin 
vektorlar deb yuritiladi. Vektorni fazoning ixtiyoriy nuqtasiga o‘z-o‘ziga 
parallel  ko‘chirish mumkin.  
         Bir tekislikda yoki parallel tekisliklarda yotuvchi vektorlar komplanar 
vektorlar deb ataladi.  
        a  va b


 vektorlar yig‘indisi deb a  va b


 vektorlar bilan komplanar 

bo‘lgan ba


  vektorga aytiladi. Ikki vektorning yig‘indisi uchburchak yoki 
parallelogramm qoidalari bilan topiladi. 
        Bir nechta vektorni uchburchak usuli bilan ketma-ket qo‘shib borish mum-
kin. Bir nechta vektorni bunday qo‘shish usuliga ko‘pburchak qoidasi deyiladi. 
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        a  va b


  vektorlarning ayirmasi deb, b


vektor  bilan yig‘indisi a  
vektorni beradigan ba


  vektor tushuniladi. 

a  vektorning 0 songa ko‘paytmasi deb, a  vektorga kollinear, uzunligi  
|||| a ga teng bo‘lgan, 0  bo‘lsa a  vektor bilan bir xil yo‘nalgan, 0  

bo‘lganda a  vektorga qarama-qarshi yo‘nalgan a  vektorga aytiladi. 
        Agar ab 

  bo‘lsa, u holda  a  0a  va b


vektorlar kollinear  bo‘ladi va 
aksincha, agar a  0a  va b


vektorlar kollinear  bo‘lsa, u holda biror   son 

uchun ab 
  bo‘ladi. 
 || aa  0a , ya’ni har bir vektor uzunligi bilan ortining ko‘paytmasiga  

teng bo‘ladi.  

1 misol. ABCD  to‘g‘ri to‘rtburchakning tomonlari .4,3  ADAB  
M DC  tomonning o‘rtasi, CBN   tomonning 

o‘rtasi (3-shakl). MNANAM ,,  vektorlarni mos 
ravishda AB  va AD  tomonlar bo‘ylab yo‘nalgan 
i


 va j


 birlik vektorlar orqali ifodalang. 
 || aa  0a  bo‘lishidan, topamiz:   

       AB | AB | ,3ii


    AD | AD | .4 jj


  
         3-shaklga ko‘ra 

,
2
3

2
1

2
1 iABDCMCDM


       

jADBCNCBN


2
2
1

2
1

 . 

Vektorlarni qo‘shish qoidasi bilan topamiz: 
;

2
34 ijDMADAM


       ;23 jiBNABAN


  

       .2
2
3 jiNCMCCNMCMN


  

2.1.2. nnaaa    ...2211  ifodaga naaa  ,...,, 21  vektorlarning chiziqli 
kombinatsiyasi deyiladi, bunda n ,...,, 21 tayin sonlar. 
         Agar naaa  ,...,, 21  vektorlar  uchun  kamida  bittasi  nolga  teng 
bo‘lmagan shunday n ,,, 21   sonlar topilsaki, bu sonlar uchun 

0...2211  nnaaa   tenglik bajarilsa,  u holda naaa  ,...,, 21  vektorlarga  
chiziqli bog‘liq vektorlar deyiladi. 

A  B  

N  

C  M  D  

1-shakl. 

j


 

. 

. 

i
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         Agar 0...2211  nnaaa   tenglik faqat 0...21  n  bo‘lganda 
o‘rinli bo‘lsa, u holda, naaa  ,...,, 21  vektorlarga chiziqli erkli vektorlar  
deyiladi.          

          
         Agar nR  fazoda ixtiyoriy a  vektorni n  ta chiziqli erkin   neee  ,...,, 21  
vektorlarning chiziqli kombinatsiyasi orqali ifodalash mumkin bo‘lsa, ya’ni  

nneeea    ...2211   tenglik bajarilsa, u holda neee  ,...,, 21  vektorlar nR  
fazoning bazisi deb ataladi.  
         332211 eeea      tеnglikka a  vеktоrning 321 ,, eee   bazis bo‘yicha 
yoyilmasi, 321 ,,   sonlarga a  vеktоrning 321 ,, eee   bazisdagi affin 
kооrdinatalari dеyiladi.                                                 

Uch o‘lchоvli 3R fazоda kоmplanar 
bo‘lmagan 321 ,, eee  vеktоrlar bazis tashkil 
qiladi.  Ikki o‘lchоvli 2R  fazоda kоllinеar  
bo‘lmagan 21 ,ee   vеktоrlar bazis tashkil etadi.   

2 misol. Uchburchakli muntazam 
piramidada ADACAB ,, A  uchning qirralari, 

DO D  uchdan tushirilgan balandlik (2-shakl). 
Agar 321 ,, eee   mos ravishda ADACAB ,,  qirralar 
bo‘ylab yo‘nalgan vektorlar bo‘lsa, DO  
vektorning 321 ,, eee   bazis bo‘yicha yoyilmasini 
toping. 

Vektorlarni songa ko‘paytirish 
amalining xossasiga asoslanib, topamiz: 

,11eAB   ,22eAC   ,33eAD   bu yerda 321 ,,  haqiqiy sonlar. 
Piramidada  321 ,, eee   qirralar komplanar emas. Shu sababli  DO  vektorni 

321 ,, eee   bazis bo‘yicha yoyish mumkin. 
Piramida muntazam bo‘lgani uchun uning balandligi asosining 

medianalari kesishish nuqtasiga tushadi, ya’ni O uchburchak 
medianalarining kesishish nuqtasi bo‘ladi. 

Ikkita vektor chiziqli bog‘liq bo‘lishi uchun ular kollinear  bo‘lishi zarur va yetarli. 

Uchta vektor chiziqli bog‘liq bo‘lishi uchun ular komplanar bo‘lishi  zarur va yetarli. 
 

2-shakl. 

O  

D  

M  

C  

B  

A  1e  

2e  3e  
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 3-shakl. 

l  

a  

a  

1a  

A  

1A  

B  

1B  

       Vektorlarni qo‘shish qoidasiga ko‘ra .AODADO     
Bunda     

,33eADDA      ).(
3
1

23
2

3
2

2211 eeACABAMAO   


  

Demak,        
).(

3
1

221133 eeeDO 
   

        2.1.3. A  nuqtadan o‘qqa tushurilgan perpendikularning 1A  asosiga  
A  nuqtaning l  o‘qdagi proyeksiyasi deyiladi (3-shakl).  
        A  va B nuqtalarning l  o‘qdagi 1A va 1B  proyeksiyalarini tutashtiruvchi 

11BA  vektorga AB  vеktоrning  l   o‘qdagi 
tashkil etuvchisi dеyiladi (3-shakl). 

AB vеktоrning l o‘qdagi prоyеksiyasi dеb 
11BA  tashkil etuvchi va l  o‘qning bir tomonga 

yoki qarama-qarshi tomonlarga yo‘nalgan 
bo‘lishiga qarab, musbat yoki manfiy ishоra 
bilan оlingan | 11BA | songa aytiladi va ABПрl   
bilan bеlgilanadi, ya’ni  

ABПрl | 11BA |. 
a  vektor bilan uning l o‘qdagi tashkil 

etuvchisi 1a orasidagi   burchakka a  vektor bilan l o‘q orasidagi burchak 
(ikki vektor (a  va 1a ) orasidagi burchak) deyiladi (3-shakl). 
        Vektorning o‘qdagi prоyеksiyasi quyidagi xossalarga ega: 
        .1o   cos|| aaПрl  ;            
        .2o    nl aaaПр  ...21 1aПрl


 ...2aПрl

 ;nl aПр   
        .3o   aПрaПр ll   )(  . 

2.1.4. Bazisning vektorlari o‘zaro perpendikular va birga teng uzunlikka 
ega bo‘lsa, bu bazis ortanormallangan bazis deb ataladi. Dеkart 
kооrdinatalar sistеmasi Oxyz ortanormallangan bazis tashkil qiladi. Bunda 
bazis sifatida OzOyOx ,,  o‘qlarnig ortlari bo‘lgan kji ,,  vеktоrlar оlinadi.       
a  vektor kji ,,  bazisda quyidagicha ifodalanadi: 

kajaiaa zyx


 .                                            (1.1) 
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(1.1) ifoda vektorning kji


,,  bazis bo‘yicha yoyilmasi deb ataladi va 
qisqacha  };;{ zyx aaaa 

  deb yoziladi. Bunda  zyx aaa ,, larga a  vеktоrning 
kооrdinatalari  yoki proyeksiyalari dеyiladi. 
         a  vektor uchun 

,|| 222
zyx aaaa 

                                             (1.2) 
ya’ni vektorning uzunligi uning koordinata o‘qlaridagi proyeksiyalari 
kvadratlarining yig‘indisidan olingan kvadrat ildizga teng bo‘ladi. 

 };;{ zyx aaaa 
  vеktоrning yo‘nalishi uning OyOx,  va Oz  o‘qlari bilan 

tashkil qilgan  ,,  burchaklari bilan aniqlanadi.  
Bunda  

,
||

cos
a
ax
      ,

||
cos

a
ay
      

||
cos

a
az
 . 

      ,cos  ,cos  cos  sonlariga  a  vektorning  yo‘naltiruvchi  kоsinuslari 
dеyiladi. Bunda 1coscoscos 222   .  

a  vektorning birlik vektori uchun  }cos;cos;{cos0 a . 

       3 misol. Uzunligi 2|| a  ga teng vektor OyOx,  koordinata o‘qlari bilan 
o60 , o120 li burchaklar tashkil qiladi. a  vektorning koordinatalarini 

toping. 
Vektorning o‘qdagi proyeksiyasining o1  xossasidan topamiz: 

;1
2
1260cos2cos||  o

x aa   .1
2
12120cos2cos|| 





 o

y aa   

      Vektorning uzunligini topamiz:  
.112 2

za  
         Bundan 22 za yoki 2za  va .2za   
Demak,  

}2;1;1{ a   va }.2;1;1{ a  

2.1.5. kajaiaa zyx


  va kbjbibb zyx


  vektorlar  berilgan bo‘lsin.  

U holda 
kbajbaibaba zzyyxx )()()(    (yoki  };;{ zzyyxx babababa  ), 

kajaiaa zyx    (yoki };;{ zyx aaaa   ). 
      ba


  dan zzyyxx bababa  ,,  kelib chiqadi. 
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       4 misol. kjia
 424   vektor berilgan. Bu vektorga qarama-qarshi  

yo‘nalgan, kollinear va uzunligi 9|| b


 bo‘lgan  vektorning koordinatalarini 
toping. 

b


 vektorning koordinatalari zyx bbb ,, , ya’ni };;{ zyx bbbb 


 bo‘lsin. 
ava b


 vektorlar kollinear bo‘lsa  ba   bo‘ladi, bu yerda  ixtiyoriy son.  

        U holda  ikki vektorning tengligi shartidan ,xx ab  ,yy ab  zz ab  yoki  
 4,2,4  zyx bbb . 

        Bu koordinatalarni va b


 vektorning  uzunligini hisobga olib, topamiz: 
,164169 222    69    yoki  .

2
3

  

a   va b


 vektorlar qarama-qarshi tomonlarga yo‘nalgani uchun  ,0  ya’ni  

.
2
3

    

        Demak,  
}.6;3;6{ b


 

Oxyz  dekart koordinatalar sistemasida OM  vektorning koordinatalari 
M nuqtaning koordinatalarini aniqlaydi. OM  vеktоr M  nuqtaning radius 
vеktоri dеb ataladi va };;{ zyxr   bilan belgilanadi. Bunda M nuqtaning 
koordinatalari );;( zyxM kabi belgilanadi. 
        );;( 111 zyxA va );;( 222 zyxB  nuqtalar bеrilgan bo‘lsin. 
         U holda 

                },;;{ 121212 zzyyxxAB                                     (1.3) 
ya’ni vеktоrning kооrdinatalari uning охirgi va bоshlang‘ich nuqtalari mos 
kооrdinatalarining ayirmasiga tеng  bo‘ladi. 

| AB | 2
12

2
12

2
12 )()()( zzyyxx  ,                          (1.4) 

ya’ni AB  vektorning uzunligi A  va B  nuqtalar orasidagi masofani aniqlaydi.      
        (1.4) tenglikka  ikki nuqta оrasidagi masоfani topish formulasi dеyiladi. 
         5 misol. )1;2;1( A , )1;5;4(B , )1;1;3( C  nuqtalar berilgan. ACABa 3

  
vektorning uzunligini va yo‘naltiruvchi kosinuslarini toping. 
 Vektorlarning koordinatalarini topamiz: 

},2;3;2{},2;3;3{  ACAB  

}.4;12;3{}232);3(33;233{3  ACABa  
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 Bundan 
,13161449|| a  ,

13
3cos  ,

13
12cos  .

13
4cos   

       Bоslang‘ich va oxirgi nuqtalari );;( 111 zyxA  va );;( 222 zyxB bo‘lgan AB  
kеsma berilgan bo‘lsin.  
      AB  kecmani berilgan 0 nisbatda bo‘luvchi, ya’ni bu kesmada 

CB
AC  

tenglik bajarilishini ta’minlovchi B  nuqta bilan ustma - ust tushmaydigan 
);;( zyxC  nuqtaning koordinatalari  








1

21 xxx ,  







1

21 yyy ,  







1

21 zzz  

formulalar bilan, xususan, kеsma o‘rtasining  kооrdinatalari     
         

2
21 xxx 

 , 
2

21 yyy 
 , 

2
21 zzz 

  

tengliklar bilan aniqlanadi. 

          6 misol.  3;6;2 a  va  0;3;4b


 vektorlardan hosil bo‘lgan burchak  
bissektrisasi bo‘ylab yo‘nalgan };;{ zyxd 


 vektorni toping. 

            3;6;2 a  va  0;3;4b


 vektorlarni O nuqtaga parallel 
ko‘chiramiz.  Bunda dba

 ,,  vektorlar oxirlarining koordinatalari  )3;6;2( A ,  
)0;3;4(B ,  );;( zyxD   bo‘ladi. 

          Burchak bissektrisasi xossasiga ko‘ra 

5
7

0916
9364

||
||

||
||






b
a

DB
AD




  . 

Kesmani berilgan nisbatda bo‘lish formulalaridan topamiz:    

2
3

5
71

)4(
5
72

1
21 











xxx  ;      

4
3

5
71

3
5
76

1
21 











yyy ; 

4
5

12
15

5
71

0
5
73

1
21 











zzz . 

Demak, 







 

4
5;

4
3;

2
3d


. 



 71 

Mustahkamlash uchun mashqlar 

         2.1.1. Agar |||| baba


  bo‘lsa, a  va b


 vektorlar qanday shartni 
qanoatlantirishi kerak? 
         2.1.2.  ABC  uchburchakda AM to‘g‘ri chiziq BAC  burchakning 
bissiktrisasi bo‘lib, M  nuqta BC  tomonda yotadi. Agar 

,aAB  bAC


 , 1||,2||  ba
 bo‘lsa, AM  vektorni toping. 

         2.1.3. ABCD  teng yonli  trapetsiyada oDAB 60 , 2||||||  CBDCAD , 
NM , mos ravishda DC  va BC  tomonning o‘rtasi. NMANAMBC ,,,  

vektorlarni mos ravishda AB  va AD  tomonlar bo‘ylab yo‘nalgan m va n  
birlik vektorlar orqali ifodalang. 
         2.1.4.  m  ning qanday qiymatida bmac


  va bad


63   vektorlar  

kollinear bo‘ladi? 
         2.1.5.  Tekislikda uchta  2;3 a ,  1;2b


 va  4;7 c  vektorlar 

berilgan. Har bir vektorning qolgan ikki vektor bazisi bo‘yicha yoyilmasini 
toping. 
         2.1.6. Biror bazisda }6;;3{},2;1;{ nbma 

  vektorlar berilgan. a  va 
b


vektorlar kollinear bo‘lsa m  va n  ni toping. 
         2.1.7. }1;2;2{},2;1;1{},0;1;2{  cba   vektorlar berilgan. }7;7;3{ d


  

vektorning cba  ,,  bazis bo‘yicha yoyilmasini toping. 
 2.1.8. ABCD  to‘g‘ri burchakli  trapetsiya asoslari 4|| AB  va 2|| CD  va 

045ABC .  AB , AD , DC , AC  vektorlarning CB  vektor bilan aniqlanuvchi 
l  o‘qqa proyeksiyalarini toping. 

         2.1.9. ABC  teng tomonli uchburchakning tomonlari 
2

34  ga teng. 

Uchburchak  AB , BC , CA  tomonlarining va  AD , BF , CE  balandliklarining 
BAC  burchak bissiktrisasi bo‘ylab yo‘nalgan l  o‘qqa proyeksiyalarini 

toping. 
        2.1.10.  2;5;1 a  va  3;1;2 b


 vektorlar berilgan. Quyidagi 

vektorlarning koordinata o‘qlaridagi proyeksiyalarini toping: 
    1) ba

 23  ;             2) ba


3
2

3
1

 ;              3) ba


4
12  ;         4) ab 

4 . 

2.1.11. Agar }1;1;2{ a  vektorning boshlang‘ich nuqtasi }4;2;3( A  
nuqta bo‘lsa, uning oxirgi nuqtasining koordinatalarini toping. 
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2.1.12. Agar }1;4;2{ a  vektorning oxirgi nuqtasi }4;3;1( B nuqta 
bo‘lsa, uning boshlang‘ich nuqtasining koordinatalarini toping. 

2.1.13. Tomonlari }7;0;1{a  va }5;4;5{ b


vektorlar uzunliklaridan 
iborat bo‘lgan parallelogramm diagonallarining uzunliklarini toping. 
       2.1.14. A  va B  nuqtalar berilgan. AB  vektorning uzunligini va ortini 
toping: 
  1) );10;6;8(),6;9;4(  BA              2) ).3;4;2(),9;1;6(  BA  
       2.1.15. Ox o‘qining berilgan A  nuqtadan a  masofada joylashgan 
nuqtasini toping: 
  1) ;5),3;3(  aA                    2) .13)12;4( aA   
       2.1.16. Oy  o‘qining berilgan nuqtalardan teng uzoqlikda joylashgan  
nuqtasini toping:   
  1) )2;4(A  va  )0;6(B ;            2) )2;8(A  va  )3;3( B . 
       2.1.17. Uchlari )8;10;1(),2;4;1(),3;1;4(  CBA  nuqtalarda bo‘lgan  
ABC  uchburchakning AD medianasi uzunligini toping. 
       2.1.18. M nuqtaning radius vektori koordinata o‘qlari bilan bir xil 
burchak tashkil qiladi va uzunligi 3 ga teng. M nuqtaning koordinatalarini 
toping. 
       2.1.19. a  vektor OX va OZ o‘qlari bilan mos ravishda o60 va 0120 li 
burchak tashkil qiladi. Agar 4|| a bo‘lsa, bu vektorning koordinatalarini 
toping. 
       2.1.20. }3;1{},3;1{},3;2{  cba   vektorlar berilgan.   ning qanday  
qiymatlarida bam


  va  can  3 vektorlar kollinear bo‘ladi. 

       2.1.21. kjia
 151216  vektor berilgan. Bu vektor bilan bir xil 

yo‘nalgan, kollinear va uzunligi 15|| b


 bo‘lgan  vektorning koordinatalarini 
toping. 
       2.1.22. )0;1;2( A , )2;1;1( B , )3;5;0(C  nuqtalar berilgan. CBABa 

  
vektorning ortini toping. 
       2.1.23. Uchlari berilgan nuqtalarda joylashgan uchburchak medianalarining 
kesishish nuqtasini toping:   
   1) )4;7( A , )8;1(B  va )1;12( C ;    2) )2;4(A , )6;2(B  va )2;0( C . 
       2.1.24.     14;2;5a  va  4;0;3 b


 vektorlar orasidagi burchak 

bissektrisasining birlik vektorini aniqlang. 
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2.2. VЕKTORLARNI  KO‘PAYTIRISH 

 Ikki vеktorning  skalyar  ko‘paytmasi.  Ikki vеktorning vеktor  
ko‘paytmasi.  Uchta vеktorning aralash ko‘paytmasi 

         2.2.1. Ikki  a  va b


 vеktorning skalyar ko‘paytmasi dеb bu vеktorlar 
uzunliklari bilan ular orasidagi burchak kosinusi ko‘paytmasiga tеng songa 
aytiladi va ,ba

 ba

 yoki ),( ba

  kabi bеlgilanadi, ya’ni          
,cos||||  baba

                                          (2.1) 
yoki 

bПрaaПрbba ab


  |||| , 

bu yerda   


 ba
, . 

         Skalyar ko‘paytmaning xossalari:  
.1o  abba 

  (o‘rin almashtirish xossasi); 
.2o  )()( baba

    (skalyar ko‘paytuvchiga nisbatan guruhlash xossasi); 
.3o  cabacba 

 )( (qo‘shishga nisbatan taqsimot xossasi); 
.4o   ba

 0ba
 . Shuningdek,  )0||,0|(|0 baba

  ba


 ;  
.5o  22 || aa 

  yoki ||2 aa 
  aa 

2 . 
         Koordinata o‘qlari ortlarining skalyar ko‘paytmalari:   

,1222  kji
  .0 kijkijikkjji  

         1 misol. Agar 4|| a , 6|| b


,  
3

,  


ba
  bo‘lsa, )42()3( baba


  

ko‘paytmani hisoblang.      
         Skalyar ko‘paytmaning ta’rifi va xossalaridan foydalanib, 
hisoblaymiz: 

 22 4106443223)42()3( bbaabbbaabaababa
  

721441209664
2
1641046||4

3
cos||||10||6 2222  bbaa

  . 

        2 misol. Agar 3||,4||  ba
 ,

3
2,  










ba
  bo‘lsa, bu vеktorlarga 

qurilgan parallelogramm diagonallarining uzunliklarini toping. 
          a  va b


 vektorlarga qurilgan parallelogram diagonallari  ba


  va 

ba


  vektorlardan iborat bo‘ladi.  



 74 

 Skalyar ko‘paytmaning  xossalaridan foydalanib, topamiz: 

 22222 ||cos||||2||2)(|| bbaabbaababa
   

139
2
134216 





 , 

 22222 ||cos||||2||2)(|| bbaabbaababa
   

.379
2
134216   

kajaiaa zyx


 , kbjbibb zyx


  vektorlar berilgan  bo‘lsin.    

U holda 
                                        ,zzyyxx babababa 

                                   (2.2)         
ya’ni koordinatalari bilan berilgan ikki vеktorning skalyar ko‘paytmasi  
ularning mos koordinatalari ko‘paytmalarining  yig‘indisiga tеng bo‘ladi. 

3 misol. Agar }3;1;2{},0;2;1{},3;2;4{  cba   bo‘lsa, 
)()3( cbaba 

  ko‘paytmani hisoblang.      
         bam

 3  va cban 
  vektorlarning koordinatalarini topamiz: 

},3;8;7{}033);2(32;134{ m  }.0;1;5{}303;122;214{ n  
Bundan (2.2) formulaga ko‘ra   

.27031)8(57  nm   

        Skalyar ko‘paytmaning ayrim tatbiqlari 

1. Ikki vektor orasidagi burchak.  kajaiaa zyx


  va kbjbibb zyx


   

vektorlar orasidagi burchak   


 ba
,   bo‘lsin.  

       U holda 

||||
cos

ba
ba



  

yoki 

.cos
222222
zyxzyx

zzyyxx

bbbaaa
bababa




                            (2.3) 

);;( 1111 l  va );;( 2222 l  yo‘nalishlar orasidagi burchak uchun 
212121 coscoscoscoscoscoscos    
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2. Ikki vktorning perpendikularlik sharti.  ba


  bo‘lsin.  
U holda  

0 zzyyxx bababa .                                    (2.4) 
1l  va 2l  yo‘nalishlarning perpendikularlik sharti 

.0coscoscoscoscoscos 212121    
3.Vektorning berilgan yo‘nalishdagi proyeksiyasi: 

|| b
baaПр

b





      yoki     aПр
b




222
zyx

zzyyxx

bbb
bababa



 . 

4. Kuchning bajargan ishi: cos SFA    yoki  SFA


 , bu yerda 

 


 SF


, , ya’ni moddiy nuqtaning to‘g‘ri chiziqli harakatida o‘zgarmas 
kuchning bajargan ishi kuch vektori va ko‘chish vektorining skalyar  
ko‘paytmasiga teng.  

4 misol. Moddiy  nuqta  )2;2;1( A  nuqtadan )3;5;5( B  nuqtaga 
}3;1;2{ F  kuch ta’sirida to‘g‘ri chiziq bo‘ylab ko‘chgan. Quyidagilarni 

toping: 1) F


 kuchning bajargan ishini;  2) F


 kuchning ko‘chish 
yo‘nalishidagi proyeksiyasini; 3) F


 kuchning ko‘chish yo‘nalishi bilan 

tashkil qilgan burchagini. 
         Moddiy nuqta ko‘chish vektorini, uning va F


 kuchning uzunligini 

topamiz:  
},5;3;4{  ABS


  |S

| 2525916  ,  |F


| 14914  . 

       U holda:  
1) .);(26)5()3()3()1(42 bishSFA 


 

        2) ;
5

213
25

26
||


S
SFFПр

S





      

        3) ,
35

713
1425

26
||||

cos 






SF

SF




    .
35

713arccos  

        5 misol.  bam
 2  va ban

 45  o‘zaro perpendikular vеktorlar bo‘lsa   
a  va b


birlik vеktorlar qanday burchak tashkil qiladi? 

        nm    bo‘lgani uchun 0)45()2(  baba
  bo‘ladi.  

Bundan 
0865 22  bbaa

     yoki     .0||8cos||||6||5 22  bbaa
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      a  va b


birlik vеktorlar bo‘lgani sababli:  .08cos65     
Bundan 

2
1cos   yoki  .

3


   

        2.2.2. Agar komplanar bo‘lmagan vеktorlar tartiblangan uchligining 
uchinchi vеktori uchidan qaralganda birinchi vеktordan ikkinchi vеktorga 
eng qisqa burilish soat strelkasi yo‘nalishga tеskari bo‘lsa, bunday uchlikka 
o‘ng uchlik, agar soat strelkasi yo‘nalishida bo‘lsa chap uchlik dеyiladi. 
Masalan, kji


,, vеktorlar o‘ng uchlik, kij


,,  vеktorlar chap uchlik tashkil 

qiladi. 
        а  vеktorning b  vеktorga vеktor ko‘paytmasi dеb quyidagi shartlar bilan 
aniqlanadigan с  vеktorga aytiladi:                                    
       1) с  vеktor а  va b  vеktorlarga perpendikular, ya’ni ac    va bc


 ;  

       2) с  vеktorning uzunligi son jihatidan tomonlari а  va b  vеktorlardan 
iborat bo‘lgan parallelogrammning yuziga teng, ya’ni  ,sin|||||| bac


  

bu yerda  


 ba
, ; 

          3) cba  ,, vektorlar o‘ng uchlik tashkil qiladi.  
а  va b  vеktorlarning vеktor ko‘paytmasi  ba


   yoki ],[ ba

  kabi bеlgilanadi.    

       Vektor  ko‘paytmaning xossalari: 
.1o   ;abba 

  
.2o )()( baba


   (skalyar ko‘paytuvchiga nisbatan guruhlash xossasi); 

.3o  cabacba 
 )(  (qo‘shishga nisbatan taqsimot xossasi);    

       .4o  Agar nolga teng bo‘lmagan ava b


vеktorlar kollinear bo‘lsa 0ba
  

bo‘ladi. Shuningdek, agar )0||,0|(|0  baba
  bo‘lsa ava b


vеktorlar 

kollinear bo‘ladi.  

       6 misol. kji


,, vеktorlarning vektor ko‘paytmalarini toping. 
Vektor ko‘paytmaning ta’rifidan quyidagi tengliklar bevosita kelib 

chiqadi: 
.,, jikikjkji


  
Haqiqatan ham masalan, kji


  uchun:   1) ;, jkik
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2) 190sin||||||  ojik


; 3) kji


,, vеktorlar o‘ng uchlik tashkil etadi.  
Shu kabi jikikj  , . 
         U holda vektor ko‘paytmaning o1  xossasiga ko‘ra    

.,, jkiijkkij   
         Vektor ko‘paytmaning o4  xossasidan topamiz:    

0 kkjjii . 
       7 misol.  Agar  3|| a , 4|| b


, ba


   bo‘lsa, |)2()3(| baba


  ni 

hisoblang. 
 Vektor ko‘paytmaning ta’rifi va xossalaridan foydalanib, 

hisoblaymiz: 
babbbaabaababa


 5263)2()3( ,  chunki ,0aa 
.0bb


 

Bundan   
60160

2
sin435sin||||5|5||)2()3(| 

babababa
 . 

        kajaiaa zyx


 , kbjbibb zyx


  vektorlar berilgan  bo‘lsin.    

U holda 

kbb
aa

j
bb
aa

i
bb
aa

ba
yx

yx

zx

zx

zy

zy 
  

yoki 

zyx

zyx

bbb
aaa
kji

ba




                                         (2.5) 

8 misol. Agar }5;2;2{},2;3;1{  ba
  bo‘lsa, )2()32( baba


  

ko‘paytmani hisoblang.      
         bam

 32   va ban 2   vektorlarning koordinatalarini topamiz: 
},11;0;8{}53)2(2);2(332;2312{ m  

}.12;7;3{}522);2(23;221{ n  
Bundan   

.566377
73
08

123
118

127
110

kjikjinm
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        Vektor ko‘paytmaning ayrim tatbiqlari 
1.Ikki vektorning kollinearlik sharti. ava b


vektorlar kollinear bo‘lsa  

0ba
  

yoki 

z

z

y

y

x

x

b
a

b
a

b
a

                                            (2.6) 

        9 misol.  m , n  ning qanday qiymatlarida  na ;3;2
  va  2;6; mb


 

vektorlar kollinear bo‘ladi? 
         Ikki vektorning kollinearlik shartiga ko‘ra  

26
32 n

m





  . 

 Bundan 4m , 1n . 

        2. Parallelogramm va uchburchakning yuzlari:  
222

2
yx

yx

zx

zx

zy

zy
par bb

aa
bb
aa

bb
aa

SS   . 

10 misol.  kja
 32   va jib


34   vektorlarga qurilgan 

parallelogrammning yuzini hisoblang. 
           Parallelogrammning yuzini topish formulasiga ko‘ra 

.)..(17)8(129
34
20

04
30

03
32

222

222

byS 





  

       3. Nuqtaga nisbatan kuch momenti:  
,FrM


  
ya’ni qo‘zg‘almas nuqtaga nisbatan kuch momenti kuch qo‘yilgan nuqta  
radius   vektorining  kuch vektoriga vektor ko‘paytmasiga teng.  

       2.2.3. Uchta ,, ba
 c  vеktorning aralash ko‘paytmasi dеb a  vеktorni  

b


 vеktorga vеktor ko‘paytirishdan hosil bo‘lgan ba


  vеktorni c  vеktorga 
skalyar ko‘paytirib topilgan songa aytiladi va cba  kabi bеlgilanadi. 
        Komplanar bo‘lmagan uchta vеktorning aralash ko‘paytmasi qirralari 
bu vеktorlardan iborat bo‘lgan parallelepiped hajmiga ishora aniqligida tеng 
bo‘ladi, ya’ni  ,cbaV 

 bunda vektorlar o‘ng uchlik tashkil qilsa  musbat  
ishora, chap uchlik tashkil  qilsa manfiy ishora olinadi.  
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       Aralash  ko‘paytmaning xossalari: 
       .1o  );()( cbacba 

  
       .2o  ;bacacbcba


  

       .3o  Ikkita qo‘shni ko‘paytuvchining o‘rinlari almashtirilsa aralash 
ko‘paytma ishorasini almashtiradi.  Masalan, cabcba 

 ;  
       .4o  Agar nolga teng bo‘lmagan cba  ,, vеktorlar komplanar bo‘lsa, 
ularning aralash ko‘paytmasi nolga teng bo‘ladi. Shuningdek, agar 

)0||,0||,0|(|0  cbacba   bo‘lsa  cba  ,, vеktorlar komplanar bo‘ladi.  
       kajaiaa zyx


 , ,kbjbibb zyx


   kcjcicc zyx


  vektorlar berilgan  

bo‘lsin.   
        U holda 

                                       
zyx

zyx

zyx

ccc
bbb
aaa

cba 
 .                                        (2.7) 

        11 misol.   2;3;1 a ,  4;2;2 b


,  5;0;3 c  vektorlar berilgan.  
cba   ko‘paytmani hisoblang. 

           Aralash ko‘paytma formulasidan topamiz: 

430123610
503
422
231






cba  . 

         Vektor ko‘paytmaning ayrim tatbiqlari 
1. Fazodagi vektorlarning o‘zaro joylashishi: agar 0cba  bo‘lsa, u 

holda vektorlar o‘ng uchlik tashkil qiladi, agar 0cba  bo‘lsa, u holda 
vektorlar chap uchlik tashkil qiladi. 

2. Uchta vektorning komplanarlik sharti:  
0cba   

yoki 

0

zyx

zyx

zyx

ccc
bbb
aaa

.                                    (2.8) 
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3. Parallelepiped va piramidaning hajmlari:  


















zyx

zyx

zyx

pirpar

ccc
bbb
aaa

VV det6 . 

         12 misol.  3;1;2 a ,  1;2;1b


,  1;3;1 c  vektorlarga qurilgan 
piramidaning b


va c  vektorlarga qurilgan yoqiga tushirilgan balandligining 

uzunligini toping. 
           3;1;2 a ,  1;2;1b


,  1;3;1 c  vektorlarga qurilgan piramidaning 

hajmini hisoblaymiz: 

6
25|166914|

6
1

131
121
312

det
6
1





















pirV . 

b


va c  vektorlarga qurilgan yoqning yuzini hisoblaymiz:  

.
2

25)5(05
2
1

31
21

11
11

13
12

2
1 222

222







S  

        Piramida uchun    hSV
3
1

 .   Bundan    

2
25

2
25
6
2533





S
Vh  (u.b.). 

 

Mustahkamlash uchun mashqlar 

  2.2.1. Agar ,4||,6||  ba
  

3
2,  



ba
  bo‘lsa, quyidagilarni toping: 

  1) ba

 ;         2) 2)2( ba


 ;        3) )()3( baba


 ;        4) )2()32( baba


 . 

  2.2.2.  2;2;1 a  va  5;4;2 b


 vektorlar berilgan. Quyidagilarni 
toping:    1) ba


 ;         2) 2a ;         3) )()23( baba


 ;     4) 2)( ba


 . 



 81 

  2.2.3. Berilgan vektorlar m  ning qanday qiymatlarida perpendikular 
bo‘ladi?    1)  0;2;1 ma 

 ,   mb 3;2;4


;     2)  ma ;2;2 
 ,   1;;3 mb 


; 

  3)  8;0;3 ma 
 ,   2;1;3 mb 


;                4)  2;5; ma ,   3;;2  mmmb


. 

         2.2.4.  321 ,, eee   birlik vektorlar  uchun  0321  eee  bo‘lsa,   
133221 eeeeee 

  ni toping. 

  2.2.5.  Oxz  va Oyz  burchaklarning bissektrisalari qanday burchak  
tashkil qiladi? 

  2.2.6. Tomonlari jia


 2  va kjb


2 vektorlardan iborat bo‘lgan  
parllelogrammning diagonallari orasidagi burchakni toping. 

  2.2.7. Berilgan yo‘nalishlar orasidagi burchakni toping:   

  1) 







4
;

2
;

41

l  va  ;
2

;
4

;
42 






 l           2) 








4
;

3
;

61

l  va  







2
;

3
2;

6
5

2

l . 

         2.2.8.   1;6;3 a ,  5;4;1 b


,  12;4;3 c  vektorlar berilgan.   

Quyidagilarni toping:    1) aПрс


 ;      2) )( baПрc


  ;      3) )32( baПрc


  . 

  2.2.9.  )3;2;1( A  nuqtani )1;6;5( B nuqtaga to‘g‘ri chiziq bo‘ylab  
ko‘chirishda }3;1;2{ F


kuchning bajargan ishini toping. 

       2.2.10.   5;1;3 a  va  3;2;1 b


 vektorlar berilgan. Agar ,9 ax   
4bx

 va  x  vektor Oz  oqiga perpendikular bo‘lsa, x  vektorni toping. 

       2.2.11.   1;3;2 a ,  3;2;1 b


 va  7;2;1 c vektorlar berilgan. Agar  
10,,  cxbxax   bo‘lsa, x  vektorni toping. 

2.2.12. Agar ,6||,4||  ba
  

6
5,  



ba
  bo‘lsa, quyidagilarni toping: 

  1) ba


 ;        2) |)4()32(| baba


 . 

       2.2.13. Tomonlari a  va b


 vektorlar uzunliklaridan iborat bo‘lgan  
parallelogrammning yuzini toping:    
  1)  ,2,2 nmbnma 

  bu yerda  1|| m , 1|| n ,    ;
6

, 
 



nm   
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  2)  ,2,23 nmbnma 
  bu yerda  4|| m , 3|| n ,    ;

4
3,  



nm   

  3)  ,45,23 nmbnma 
  bu yerda  2|| m , 3|| n ,    .

3
, 

 


nm   

2.2.14. Agar ,10||,5||  ba
  25ba

  bo‘lsa, || ba


 ni toping. 

2.2.15. Agar ,13||,3||  ba
  36||  ba

  bo‘lsa, ba
 ni toping. 

       2.2.16.  3;2;1a  va  3;1;2 b


 vektorlar berilgan.  
Vektor ko‘paytmalarni toping: 1) ba


 ;     2) bba


 )3( ;      

  3) aba 
 )2( ;            4) )3()2( abba 

 . 
       2.2.17. Tomonlari a  va b


 vektorlar uzunliklaridan iborat bo‘lgan 

uchburchakning yuzini toping:         
  1) };7;5;0{},5;2;1{  ba

             2) };1;4;8{},1;2;2{  ba
   

  3) }.2;3;6{},8;5;3{  ba
  

       2.2.18. Uchburchak uchlari )0;2;1(A , )3;0;3( B , )6;2;5(C  berilgan. 
Uning yuzini va B  uchidan AC  tomonga tushirilgan balandlik uzunligini  
toping. 

2.2.19. Anuqtaga F


 kuch qo‘yilgan. Bu kuchning B  nuqtaga nisbatan 
momentini toping:  1) );3;2;1(),1;2;0(},5;4;2{  BAF


     

     2) );0;0;0(),2;1;2(},2;4;3{ BAF 


     3) ).1;3;2(),2;4;1(},1;2;1{  BAF


 

2.2.20. Kollinear bo‘lmagan m va nvektorlar berilgan. nma  6  va  
nmb 

23   vektorlar   ning qanday qiymatida kollinear bo‘ladi? 

2.2.21. };3;1{ a  va }3;6;{  b


 vektorlar   va  ning qanday  
qiymatlarida kollinear bo‘ladi? 

       2.2.22. Ikkita }3;2{ a , }5;1{b


 vektorlar berilgan. Quyidagi 
shartlarni qanoatlantiruvchi x  vektorni toping: 
  1) ax    va 7 xb 

;       2) ax  ||  va 17 xb 
;      3) bxa


 . 

        2.2.23.Quyidagi vektorlar komplanarmi? 1) }1;2;3{ a , }2;1;2{b


, 
}2;1;3{ c ;     2) }2;1;2{ a , }7;4;3{ b


}3;2;1{ c ;     

3) }1;3;2{ a , }11;9;1{ b


, }3;1;1{ c . 
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       2.2.24.   ning qanday qiymatlarida cba  ,,  vektorlar komplanar bo‘ladi? 
  1) };1;1{ a , }0;1;0{b


, };1;0;3{c     2) }1;3;{a , }2;1;5{ b


, }.4;5;1{c  

2.2.25.  Piramida uchlarining koordinatalari berilgan. Piramidaning 
hajmini va D  uchidan tushirilgan balandligini toping:     
  1) );10;1;1(),8;2;1(),2;1;1(),2;2;1( DCBA   2) );3;4;3(),2;2;2(),2;0;2(),1;1;1( DCBA          
  3) ).2;2;2(),4;3;3(),1;2;1(),4;1;5( DCBA   

       2.2.26. cba  ,,  vektorlar berilgan. Bu vektorlar qanday uchlik tashkil 
etishini aniqlang va qirralari bu vektorlardan iborat bo‘lgan parallelepiped 
hajmini toping: 
  1) }0;4;3{a , }1;3;0{ b


, }5;2;0{c ;        2) }1;2;1{ a , }1;2;3{b


, }1;0;1{c ;     

  3) }3;6;3{a , }2;3;1{ b


, };2;2;2{c          4) }3;3;1{a , }0;2;1{b


, }.3;2;1{ c  

       2.2.27. }2;1;1{a  va }2;2;1{ b
  vektorlar berilgan. Agar ,7xa  6bax

  
va xac    vektor Ox o‘qiga perpendikular bo‘lsa, x  vektorni toping. 

 

2-NAZORAT ISHI 

 
1-variant 

  1.  .63,2},3;2;7{},1;0;5{ abdbacba 
  

  2.  ,5;2;6F


  ,6;2;3 A   .3;5;4 B  
  3.  ).2;0;1(),4;2;2(),3;1;1(),2;1;1(  DCBA  

2-variant 
  1.  .26,3},3;0;5{},7;2;4{ abdbacba 

  
  2.  ,4;1;6F


  ,5;2;7A   .1;2;4 B  

  3.  ).5;4;3(),2;1;2(),0;1;4(),3;2;1( DCBA   

1. a  va b


 vektorlar berilgan. Bu vektorlar bo‘yicha tuzilgan c va d

 

vektorlarning kollinear yoki ortogonal bo‘lishi- bo‘lmasligini tekshiring. 
2. A nuqtaga F


 kuch qo‘yilgan.  F


 kuchning to‘g‘ri chiziq bo‘ylab 

AB  ko‘chishda  bajargan ishini va B nuqtaga nisbatan momentini toping. 
3. Uchlari DCBA ,,,  nuqtalarda bo‘lgan piramidaning hajmini va ABC  

yoq yuzini toping. 
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3-variant 
  1.  .106,35},3;4;6{},2;0;5{ abdbacba 

  
  2.  ,2;4;3F


  ,3;4;5 A   .9;5;4 B  

  3.  ).4;2;5(),8;5;10(),0;3;2(),6;2;4(  DCBA  

4-variant 
  1.  .35,25},1;2;1{},2;3;0{ abdbacba 

  
  2.  ,3;1;5 F


  ,2;4;5 A   .6;3;7 B  

  3.  ).3;6;1(),9;5;1(),5;3;2(),1;1;0(  DCBA  

5-variant 
  1.  .57,23},1;6;4{},0;7;3{ abdbacba 

  
  2.  ,4;3;4F


  ,7;4;9A   .7;1;8 B  

  3.  ).9;4;8(),6;2;5(),3;0;3(),0;2;1(  DCBA  

6-variant 
  1.  .3,42},1;0;3{},3;2;1{ abdbacba 

  
  2. )3;3;5( F


,  ,5;7;4 A   .6;3;2 B  

  3.  ).8;3;6(),4;1;1(),2;1;2(),2;1;1(  DCBA  

7-variant 
  1.  .2,24},0;1;3{},5;2;1{ abdbacba 

  
  2. )7;3;5( F


,  ,7;3;5A   .5;8;3 B  

  3.  ).4;2;2(),1;1;2(),3;0;2(),1;1;1(  DCBA  

8-variant 
  1.  .3,26},0;1;2{},4;3;1{ abdbacba 

  
  2.  ,5;1;3 F


  ,7;4;2 A   .4;7;0B  

  3.  ).4;5;0(),6;1;2(),1;0;1(),3;2;1(  DCBA  

9-variant 

  1.  .2,24},4;3;1{},0;7;3{ abdbacba 
  

  2.  ,2;4;2F


  ,0;2;3A   .3;4;6 B  
  3.  ).5;3;4(),1;0;3(),2;1;4(),0;3;1(  DCBA  
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10-variant 
  1.  .129,34},1;7;3{},8;2;1{ abdbacba 

  
  2.  ,4;4;5F


  ,5;7;3 A   .1;4;2 B  

  3.  ).0;1;2(),1;2;2(),1;2;1(),2;0;1( DCBA   

11-variant 
  1.  .43,129},5;0;8{},3;1;7{ abdbacba 

  
  2.  ,3;7;4 F


  ,2;4;5 A   .4;5;8 B  

  3.  ).9;7;4(),4;3;1(),5;4;2(),3;4;4(  DCBA  

12-variant 
  1.  .2,35},9;5;3{},7;1;2{ abdbacba 

  
  2.  ,9;2;2F


  ,3;2;4 A   .0;4;2B  

  3.  ).5;3;6(),7;1;5(),1;5;3(),9;2;4(  DCBA  

13-variant 
  1.  .36,2},1;2;4{},7;3;5{ abdbacba 

  
  2. )7;2;4( F


, )2;4;5( A ,  .5;6;4 B  

  3.  ).5;2;4(),3;5;7(),1;5;8(),9;3;5( DCBA   

14-variant 
  1.  .32,32},2;7;1{},3;5;2{ abdbacba 

  
  2. )6;3;1( F


,  ,5;1;7 A   .6;3;2 B  

  3.  ).3;5;2(),4;2;3(),1;5;7(),2;4;5(  DCBA  

15-variant 
  1.  .2,63},5;0;1{},7;2;3{ abdbacba 

  
  2. )8;1;7( F


,  ,9;5;3A   .3;6;5 B  

  3.  ).4;6;3(),3;5;1(),2;6;4(),2;4;5(  DCBA  

16-variant 
  1.  .2,63},1;4;2{},6;2;0{ abdbacba 

  
  2.  ,7;5;3 F


  ,5;3;2 A   .3;4;0B  

  3.  ).1;3;1(),1;4;6(),2;3;4(),3;4;4( DCBA   
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17-variant 
  1.  .35,2},2;4;1{},1;2;7{ abdbacba 

  
  2.  ,11;4;5F


  ,6;1;6 A   .6;2;4 B  

  3.  ).3;6;4(),1;0;1(),1;2;2(),6;3;1(  DCBA  

18-variant 
  1.  .2,3},1;23{},3;0;1{ abdbacba 

  
  2.  ,7;5;9 F


  ,3;6;1 A   .5;3;4 B  

  3.  ).1;2;4(),1;3;3(),2;1;7(),4;2;7(  DCBA  

19-variant 
  1.  .36,62},4;2;7{},5;0;3{ abdbacba 

  
  2.  ,7;5;6 F


  ,4;6;7 A   .6;9;4 B  

  3.  ).1;1;1(),4;2;1(),0;5;2(),0;2;5( DCBA  

20-variant 
  1.  .32,34},5;0;2{},6;4;3{ abdbacba 

  
  2.  ,4;2;3 F


  ,7;3;5 A   .4;1;4 B  

  3.  ).5;2;4(),1;2;3(),1;2;1(),2;1;2(  DCBA  

21-variant 
  1.  .64,23},7;0;6{},2;1;5{ abdbacba 

  
  2. F

  ,9;3;5    ,6;4;3 A   .5;6;2B  
  3.  ).3;5;7(),7;3;0(),2;1;4(),1;3;2(  DCBA  

22-variant 
  1.  .3,2},5;3;2{},1;0;1{ abdbacba 

  
  2.  ,9;1;3 F


  ,5;3;6 A   .7;5;9B  

  3.  ).6;2;3(),1;5;0(),0;1;2(),3;1;4(  DCBA  

23-variant 
  1.  .2,36},1;1;2{},1;4;3{ abdbacba 

  
  2.  ,4;19;2 F


  ,4;3;5A   .1;4;6 B  

  3.  ).1;0;3(),1;1;0(),2;11(),0;2;1(  DCBA  
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24-variant 

  1.  .32,2},7;9;5{},4;5;3{ abdbacba 
  

  2.  ,7;5;4 F


  ,3;2;4 A   .5;0;7 B  
  3.  ).2;4;1(),3;0;6(),5;3;2(),1;10;3(  DCBA  

25-variant 
  1.  .63,2},0;2;3{},2;4;1{ abdbacba 

  
  2.  ,6;11;4 F


  ,1;5;3A   .3;2;4 B  

  3.  ).4;1;3(),5;1;2(),2;1;4(),1;3;0(  DCBA  

26-variant 
  1.  .2,24},10;7;5{},6;1;3{ abdbacba 

  
  2.  ,7;5;3 F


  ,5;3;2 A   .3;4;0B  

  3.  ).8;2;5(),1;3;0(),4;1;2(),6;5;3(  DCBA  

27-variant 
  1.  .912,43},7;1;3{},8;0;5{ abdbacba 

  
  2.  ,11;4;5F


  ,6;1;6 A   .6;2;4 B  

  3.  ).6;3;6(),2;3;7(),2;5;1(),4;1;2(  DCBA  

28-variant 
  1.  .2,36},5;3;7{},4;2;1{ abdbacba 

  
  2.  ,7;5;9 F


  ,3;6;1 A   .5;3;4 B  

  3.  ).7;9;10(),6;0;5(),1;2;1(),2;1;2(  DCBA  

29-variant 
  1.  .42,2},3;1;4{},1;3;8{ abdbacba 

  
  2.  ,7;5;6 F


  ,4;6;7 A   .6;9;4 B  

  3.  ).8;9;5(),1;2;3(),1;3;2(),1;1;1(  DCBA  

30-variant 
  1.  .2,35},7;2;1{},1;4;2{ abdbacba 

  
  2.  ,3;1;4F


  ,1;6;3 A   .3;2;6 B  

  3.  ).4;5;2(),0;2;5(),4;5;1(),7;4;3( DCBA   
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2-MUSTAQIL  ISH 

 
1-variant 

    1.  };2;3;1(),1;4;2(),2;3;1(  CBA  
     .4,2,,52,,,  ABlbcdABcCBbACa

  

    2. ,nma 
       ,2 nmb 

      ,2|| m    ,3|| n    
3


  . 

    3.  }.5;0;8{},2;1;4{},0;1;1{},1;0;2{  dcba
  

2-variant 
    1.  };3;4;3(),1;4;2(),7;6;4(  CBA  
     .3,4,,25,,,  BAlbcdABcACbBCa

  

    2. ,2nma 
     ,3nmb 

      ,1|| m     ,2|| n     
2
  . 

    3.  }.12;1;8{},1;1;1{},2;0;3{},1;2;1{  dcba
  

3-variant 
    1.  };3;6;4(),2;7;3(),5;2;4(  CBA  
     .4,3,,93,,,  ABlbcdBCcBAbACa

  

    2. ,6 nma 
     ,nmb 

        ,3|| m     ,4|| n    
4
  . 

    3.  }.5;7;2{},1;3;0{},0;2;1{},1;0;1{  dcba
  

1. CBA ,,  nuqtalar berilgan. Quyidagilarni toping: a) ba
  skalyar 

ko‘paytmani; b) cПр
d


  proyeksiyani; c)  



 ca ,  burchak kosinusini;  
d) d


vektor ortini; e) l  kesmani  :  nisbatda bo‘luvchi M nuqta 

koordinatalarini. 
2. a ,b


  vektorlar berilgan. Quyidagilarni toping: a) tomonlari avab


  

vektorlardan iborat bo‘lgan parallelogramm yuzini; b) parallelogramm 
diagonallari orasidagi burchak sinusini , bu yerda   



 .,nm    
        3. dcba

 ,,,  vektorlar berilgan. Quyidagilarni toping: a) d

vektorning 

cba  ,,  bazis bo‘yicha yoyilmasini; b) qirralari cba  ,,  vektorlardan iborat 
bo‘lgan parallelepiped hajmini; c) parallelepiped balandligining uzunligini 
( ba

, vektorlar parallelepiped asosida yotadi). 



 89 

4-variant 
    1.  };7;2;4(),6;2;5(),1;4;3(  CBA  
     .3,2,,57,,,  ABlbcdACcABbBCa

  

    2. ,23 nma 
   ,3 nmb 

      ,1|| m      ,2|| n    
6


  . 

    3.  }.6;4;2{},4;2;1{},1;0;1{},2;1;0{  dcba
  

5-variant 
    1.  };7;2;2(),8;1;7(),5;4;6( CBA  
     .3,2,,52,,,  BAlbcdACcCBbABa

  

    2. ,3 nma 
      ,2 nmb 

      ,4|| m     ,3|| n    
4
  . 

    3.  }.4;4;1{},1;1;1{},2;3;0{},1;1;2{  dcba
  

6-variant 
    1.  };3;4;4(),6;2;5(),2;3;4(  CBA  
      .5,3,,4,,,  ABlbcdACcCBbABa

  

    2. ,42 nma 
   ,2 nmb 

      ,7|| m     ,2|| n    
3


  . 

    3.  }.5;5;5{},1;4;0{},1;3;1{},1;0;2{  dcba
  

7-variant 
    1.  };4;2;1(),3;2;1(),5;4;2(  CBA  
      .3,2,,43,,,  BAlbcdABcACbBCa

     

    2. ,3nma 
      ,32 nmb 

   ,2|| m      ,1|| n    
6


  . 

    3.  }.7;1;19{},0;1;3{},1;0;2{},1;1;0{  dcba
  

8-variant 
    1.  };4;5;2(),5;4;3(),6;2;5(  CBA  
      .3,4,,85,,,  CAlbcdBCcACbABa

  

    2. ,2nma 
      ,23 nmb 

   ,3|| m      ,2|| n    
3


  . 

    3.  }.1;3;3{},2;0;1{},1;2;1{},0;1;3{  dcba
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9-variant 
    1.  };2;3;3(),2;2;5(),4;5;6( CBA   
      .1,5,,65,,,  CBlbcdCBcABbACa

  

    2. ,4nma 
      ,3nmb 

     ,2|| m      ,1|| n     
6


  . 

    3.  }.14;5;6{},1;1;2{},2;3;0{},4;1;1{  dcba
  

10-variant 
    1.  };5;2;4(),3;2;5(),4;4;5(  CBA  
      .3,1,,611,,,  CBlbcdACcABbBCa

  

    2. ,23 nma 
     ,2nmb 

    ,2|| m       ,1|| n    
3


  . 

    3.  }.0;15;5{},1;1;0{},2;3;1{},5;0;1{  dcba
  

11-variant 
    1.  };2;0;0(),4;2;3(),3;4;2(  CBA  
     .2,1,,43,,,  AClcadBCcABbACa     

    2. ,23 nma 
     ,2nmb 

    ,4|| m       ,1|| n    
4
  . 

    3.  }.1;20;15{},2;35{},1;1;0{},1;2;0{  dcba
  

12-variant 
    1.  };1;2;2(),4;1;3(),2;3;4( CBA   
      .3,4,,52,,,  CBlbcdCBcACbABa

  

    2. ,35 nma 
     ,3nmb 

     ,1|| m       ,1|| n    
2
  . 

    3.  }.1;12;6{},2;1;0{},1;1;2{},0;3;1{  dcba
  

13-variant 
    1.  };4;6;2(),4;5;3(),6;5;3( CBA   
     .4,2,,54,,,  ABlbcdACcBAbCBa

  

    2. ,23 nma 
     ,2nmb 

     ,2|| m      ,4|| n    
3


  . 

    3.  }.5;5;9{},1;2;1{},3;0;2{},1;1;4{  dcba
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14-variant 
    1.  };3;2;5(),4;6;4(),6;4;3(  CBA  
      .5,3,,611,,,  ABlbcdBCcCAbBAa

  

    2. ,2 nma 
       ,3 nmb 

     ,4|| m      ,1|| n    
6


  . 

    3.  }.7;2;13{},1;0;1{},3;1;2{},0;1;5{  dcba
  

15-variant 
    1.  };7;2;4(),3;2;4(),4;5;3(  CBA  
      .2,5,,34,,,  ABlbcdACcBCbABa

  

    2. ,2 nma 
       ,32 nmb 

   ,2|| m      ,2|| n   
4
  . 

    3.  }.4;3;3{},4;1;2{},1;1;0{},2;0;1{  dcba
  

16-variant 
    1.  };5;2;3(),2;1;2(),4;4;3(  CBA  
       .5,1,,34,,,  ABlbcdACcABbBCa

  

    2. ,2nma 
       ,22 nmb 

   ,1|| m       ,4|| n   
4
  . 

    3.  }.4;7;1{},1;1;1{},3;0;2{},1;2;1{  dcba
  

17-variant 

    1.  };3;3;1(),2;4;1(),2;3;2(  CBA  
      .3,1,,48,,,  CBlbcdACcBCbABa

  

    2. ,22 nma 
     ,2nmb 

     ,2|| m       ,3|| n   
2
  . 

    3.  }.7;1;6{},4;0;1{},3;1;1{},0;2;1{  dcba
  

18-variant 
    1.  };1;2;2(),3;1;2(),4;2;3(  CBA  
      .2,4,,34,,,  AClbcdBCcACbBAa

  

    2. ,nma 
         ,4nmb 

     ,3|| m        ,4|| n   
4
  . 

    3.  }.11;1;2{},3;0;1{},2;1;0{},0;1;1{  dcba
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19-variant 
    1.  };4;5;4(),1;5;3(),6;4;2(  CBA  
      .1,3,,62,,,  CBlbcdBAcBCbCAa

  

    2. ,3nma 
        ,2nmb 

    ,
5
1|| m     ,1|| n    

2
  . 

    3.  }.8;1;3{},1;0;2{},1;2;1{},3;1;0{  dcba
  

20-variant 
   1.  };2;4;1(),2;3;1(),4;2;2( CBA   
    .2,3,,62,,,  CBlacdACcBCbBAa   

    2.  ,4 nma 
        ,nmb 

      ,7|| m     ,2|| n    
6


  . 

    3.  }.3;5;11{},3;5;2{},1;0;1{},2;0;1{  dcba
  

21-variant 
    1.  };3;4;6(),5;3;4(),2;3;4(  CBA  
     .2,5,,58,,,  CBlbcdACcBCbABa

  

    2. ,23 nma 
      ,2nmb 

    ,8|| m     ,1|| n     
2
  . 

    3.  }.13;7;8{},1;0;1{},2;1;3{},5;1;0{  dcba
  

22-variant 
    1.  };2;2;1(),4;1;3(),4;2;2(  CBA  
      .3,2,,24,,  ABlacdACcbBAa   

    2. ,2nma 
    ,23 nmb 

    ,2|| m     ,1|| n    
4
  . 

    3.  }.18;2;13{},1;2;1{},2;0;3{},4;1;1{  dcba
  

23-variant 
    1.  };5;2;3(),4;3;2(),5;2;0(  CBA  
      .2,3,,43,,,  AClacdABcACbBCa   

    2. ,22 nma 
      ,23 nmb 

  ,6|| m     ,2|| n    
3


  . 

    3.  }.0;7;1{},0;1;2{},2;1;1{},1;3;0{  dcba
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24-variant 
    1.  };3;3;3(),1;4;2(),1;6;5(  CBA  
     .3,2,,34,,,  BClbcdABcBCbACa

  

    2. ,5nma 
        ,3nmb 

     ,3|| m     ,2|| n    
6


  . 

    3.  }.4;9;8{},0;3;1{},1;2;0{},1;0;1{  dcba
  

25-variant 
    1.  };2;6;5(),3;2;4(),3;5;4(  CBA  
      .5,1,,49,,,  CAlbcdABcBCbACa

  

    2.  ,23 nma 
      ,23 nmb 

   ,1|| m     ,4|| n    
2
  . 

    3.  }.6;5;15{},0;1;1{},1;2;3{},1;5;0{  dcba
  

26-variant 
    1.  };4;7;2(),2;5;4(),3;4;5(  CBA  
     .3,4,,32,,,  CBlbcdABcBCbCAa

  

    2. ,22 nma 
      ,23 nmb 

   ,2|| m    ,3|| n    
2
  . 

    3.  }.3;17;9{},2;1;1{},0;2;3{},1;4;1{  dcba
  

27-variant 
    1.  };5;4;1(),0;4;2(),4;3;2( CBA   
     .4,2,,48,,,  CAlbcdBCcACbABa

  

    2. ,43 nma 
      ,3 nmb 

      ,3|| m     ,4|| n   
6


  . 

    3.  }.9;8;0{},1;0;4{},1;1;3{},1;2;0{  dcba
  

28-variant 
    1.  };6;4;3(),5;4;2(),3;6;10(  CBA  
     .1,5,,25,,,  CAlbcdACcBCbBAa

  

    2. ,33 nma 
      ,3nmb 

      ,2|| m     ,1|| n   
3


  . 

    3.  }.4;1;11{},1;1;1{},0;2;3{},2;1;1{  dcba
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29-variant 
    1.  };4;2;4(),2;1;3(),4;3;2( CBA   
     .3,5,,74,,,  BAlbcdCBcACbABa

  

    2. ,3 nma 
        ,23 nmb 

    ,1|| m     ,2|| n   
6


  . 

    3.  }.3;1;5{},1;1;2{},1;0;1{},0;1;2{  dcba
  

30-variant 
    1.  };3;2;1(),5;4;2(),4;2;1(  CBA  
     .4,2,,43,,,  BClbcdBCcBAbCAa

  

    2. ,24 nma 
      ,2nmb 

      ,2|| m    ,1|| n   
3


  . 

    3.  }.13;9;5{},0;1;4{},1;1;3{},2;1;0{  dcba
  

 
NAMUNAVIY VARIANT  YECHIMI 

       1.30.  };3;2;1(),5;4;2(),4;2;1(  CBA  
.4,2,,43,,,  BClbcdBCcBAbCAa

  
cba  ,,  vektorlarni topamiz: 

},1;0;2{CAa  },1;6;3{  BAb


 }.2;6;1{  BCc  
U holda 

}.2;6;9{}46;2418;123{43  bcd


 
a) ba

  skalyar ko‘paytmani aniqlaymiz: 
.5)1(1)6(0)3()2( ba

  
       b) dc

  skalyar ko‘paytmani topamiz va || d


 modulni hisoblaymiz: 
,492)2(6)6(9)1( dc

   .11)2(69|| 222 d


 
Bundan 

.
11
49

||


d
dccПр

d





  

      c) ca  skalyar ko‘paytmani va |,| a || c  modullarni topamiz: 
,0)2(1)6(0)1()2( ca   ,510)2(|| 222 a  

.41)2()6()1(|| 222 c  
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Bundan  

.
2

0
415

0
||||

cos 





 








ca

ca



 

      d) }2;6;9{ d


 vektorning modulini topamiz:  11)2(69|| 222 d


.  

U holda .
11
2;

11
6;

11
9







 od


 

      e) .2
2
4



   U holda   

,
3
4

21
122

1











 AB

M

xxx      ,0
21

)2(24
1












 AB

M

yyy  

.
3

11
21

325
1











 AB

M

zz
z  

Demak,  

.
3

11;0;
3
4







M  

2.30.  ,24 nma 
      ,2nmb 

      ,2|| m    ,1|| n   
3


  . 

a) ba


  vektor ko‘paytmani topamiz: 
 nnmnnmmmnmnmba  4284)2()24(  

.628 nmnmnm    
Vektor ko‘paytmaning ta’rifiga ko‘ra tomonlari avab


 vektorlardan 

iborat bo‘lgan  parallelogrammning  yuzi 

)..(36
2
3126sin||||6|| bynmbaS    

b) a  va b


 vektorlarning yig‘indisi va ayirmasi tomonlari bu vektorlardan 
iborat bo‘lgan parallelogrammning diagonallari bo‘ladi.  

bad


1 va bad


2 ,  


 ba
,  bo‘lsin.  U holda vektor ko‘paytmaning 

ta’rifiga ko‘ra  .sin|||||| 2121 dddd


   Bundan  

||||
||sin

21

21

dd
dd







 . 

2121 ,, dddd


  vektorlarni topamiz:  
,452241 nmnmnmd 

    
,32242 mnmnmd 

    
.123)45(21 mnmnmdd 
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Bundan 

 222
1 164025)45(|| nnmmnmd 

 22 ||16cos||||40||25 nnmm    

,392116
2
11240425       ,623||33|| 2

2  mmd 
 

.312
2
31212sin||||12||12|| 21  mnmndd 

 

U holda  

.
13
13

6392
312sin 


  

3.30. }.13;9;5{},0;1;4{},1;1;3{},2;1;0{  dcba
  

           a) cbad 
   bo‘lsin. U holda 















132
,9
,543



















543
,132
,9




















543
,52
,9






 


























































.1
,3
,5

83
,3
,1

91
,512

,1

1010
,52
,9


















 

Demak,  cbad 
 35 . 

b) cba   ko‘paytmani topamiz:  .10
014
113
210




cba   

Bundan     
.)..(10|| bhcbaV 

  
c) ba


 ko‘paytmani aniqlaymiz: 

.36
13
10

13
20

11
21

013
210 kjikji
kji

ba



















  

U holda .46)3()6()1(|| 222  baS
  Parallelepiped uchun .hSV    

Bundan    

 .)..(
23

465
46

10 bu
S
Vh   
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III bob   
TEKISLIKDAGI   ANALITIK   GEOMETRIYA 

3.1. TEKISLIKDA KOORDINATALAR SISTEMASI 
 

Dekart koordinatalari. Qutb koordinatalari.  
Koordinatalarni almashtirish 

        3.1.1. Umumiy boshlang‘ich O  nuqtaga va bir xil masshtab birligiga 
ega bo‘lgan o‘zaro perpendikular Ox  va Oy  o‘qlar tekislikda dekart 
koordinatalar sistemasini hosil qiladi.  Bu sistemaning Ox  o‘qiga abssissalar 
o‘qi, Oy o‘qiga ordinatalar o‘qi va ular birgalikda koordinata o‘qlari deb 
ataladi. Bunda Ox  va Oy  o‘qlarning  ortlari i


 va j


 bilan belgilanadi 

 jiji


 ,1|||| ,O  nuqtaga koordinatalar boshi deyiladi, Ox ,Oy  o‘qlar 
joylashgan tekislik koordinata tekisligi deb ataladi va Oxy  bilan  belgilanadi. 

Oxy  tekislik M nuqtasining OM  vektoriga M nuqtaning radius vektori 
deyiladi. 

OM  radius vektorning koordinatalariga M nuqtaning to‘g‘ri 
burchakli  dekart koordinatalari deyiladi. Agar };{ yxOM   bo‘lsa, u holda 
M nuqtaning koordinatalari );( yxM kabi  belgilanadi, bu yerda x  soni  
M nuqtaning abssissasi, y soni M nuqtaning ordinatasi deb ataladi.                                                                               

        3.1.2. Tekislikda  sanoq boshiga, musbat yo‘nalishga va masshtab 
birligiga ega bo‘lgan Op  o‘q  qutb o‘qi, uning 
O  sanoq boshi  qutb deb ataladi.  
        Tekislikning qutb bilan ustma-ust 
tushmaydigan ixtiyoriy M nuqtasining holati 
ikkita son, O  qutbdan  M  nuqtagacha  bo‘lgan 
r   masofa va Op  qutb o‘qi bilan OM  yo‘nalgan 
kesma orasidagi   burchak bilan aniqlanadi. 
   r  va    sonlariga M nuqtaning  qutb 
koordinatalari deyiladi va );( rM  deb  
yoziladi. Bunda r  masofa  qutb radiusi,  
  burchak  qutb burchagi deb ataladi.  

 

 1-shakl. 

p  

r  

  

x
 

y  

);( rM  

x  

y  

O  i


 

j


 

. 
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 Qutb koordinatalari   ,0 r  kabi o‘zgaradi.  
        Nuqtaning qutb koordinatalaridan dekart koordinatalariga    

  .sin,cos  ryrx                                          (1.1) 
tengliklar bilan o‘tiladi (1-shakl). 
        Nuqtaning dekart koordinatalaridan qutb koordinatalariga o‘tish    

.,22

x
ytgyxr  

         
                                      (1.2) 

tengliklar orqali amalga oshiriladi. Bunda   burchakning qiymati nuqtaning 
joylashgan choragiga ( yx, larning ishoralari asosida) qarab,    
oraliqda tanlanadi.  

       1 misol. )3;3( M nuqta berilgan. M  nuqtaning qutb koordinatalarini 
toping. 
          (1.2) formuladan topamiz:   

,23)3()3( 22 r        .
4

1
3
3  narctgagctg 









   

M  nuqtan III chorakda yotadi.  U holda  1n  va
4

3
4

   bo‘ladi.    

Demak,  







 

4
3;23 M . 

        2 misol. Qutb koordinatalarida berilgan );( 111 rM va );( 222 rM nuqtalar 
orasidagi masofani toping. 
          Ikki nuqta orasidagi masofa 
formulasida (1.1) bog‘lanishni hisobga olib 
topamiz:  

 2
12

2
12 )()( yyxxd  

 2
1122

2
1122 )sinsin()coscos(  rrrr

 )sinsincos(cos2 212121
2

2
2

1 rrrr  

.)cos(2 1211
2

2
2

1   rrrr  
Demak,  

.)cos(2 1211
2

2
2

1   rrrrd  

 

2-shakl. 

x  

y  

1A  

A  

1B  

B  

1C  

C  

O  
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3 misol. ABC  uchburchakning uchlari berilgan: ),;(),;( 2211 yxByxA  
).;( 33 yxC  Uchburchakning yuzini koordinatalar usuli bilan toping. 

               CBA ,, uchlardan Ox  o‘qiga 111 ,, CCBBAA  perpendikularlar 
tushiramiz.  2-shakldan topamiz:  

111111 ACCABCCBBBAAABC SSSS  . 
      Bundan  










 )(
2

)(
2

)(
2 13

31
23

32
12

21 xxyyxxyyxxyyS ABC  

 )(
2
1

313311133233222321221112 yxyxyxyxyxyxyxyxyxyxyxyx  

  )()()()(
2
1

131132121123 yyxyyxyyxyyx  

  .
2
1))(())((

2
1

1213

1213
12131312 yyyy

xxxx
xxyyxxyy




  

Demak,          

.
2
1

1213

1213

yyyy
xxxx

S



                  

        3.1.3. Nuqtaning bir sistemadagi koordinatalarini uning boshqa 
sistemadagi koordinatalari bilan almashtirishga  koordinatalarni almashtirish 
deyiladi. 

Tekislikda Oxy  to‘g‘ri burchakli koordinatalar sistemasi berilgan bo‘lsin.  
Koordinata o‘qlarini parallel ko‘chirish – bu Oxy  sistemadan uning 

o‘qlari yo‘nalishlarini va masshtablarini o‘zgartirmasdan faqat koordinatalar 
boshining  joylashishini o‘zgartirish orqali yangi 111 yxO  sistemaga o‘tishdir. 

Koordinata o‘qlarini parallel ko‘chirishda tekislik ixtiyoriy 
M nuqtasining Oxy  sistemadagi );( yx  koordinatalari 111 yxO  sistemadagi 

);( yx   koordinatalari orqali 
yyyxxx  00 ,                                          (1.4) 

formulalar bilan bog‘lanadi, bu yerda 00 ; yx 111 yxO  sistema 1O  koordinatalar 
boshining Oxy  sistemadagi koordinatalari.  

Koordinata o‘qlarini burish – bu Oxy  sistemadan uning koordinatalar  
boshini va o‘qlari masshtablarini o‘zgartirmasdan faqat koordinata 
 o‘qlarini biror burchakka burish orqali yangi 111 yxO  sistemaga o‘tishdir. 
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Umumiy O  nuqtaga va bir xil masshtabli  o‘qlarga ega bo‘lgan Oxy  va  
11 yOx  koordinatalar sistemalarida M nuqtaning koordinatalari   

 cossin,sincos yxyyxx                              (1.5) 
tengliklar bilan bo‘g‘lanadi.                
       Agar yangi sistema eski sistemadan koordinata o‘qlarini  parallel  
ko‘chirish va burish orqali hosil qilingan bo‘lsa,  u holda 

.cossin,sincos 00  yxyyyxxx                   (1.6) 

        4 misol. To‘g‘ri burchakli koordinatalar sistemasining  o‘qlari )6;12( A  

nuqtaga parallel ko‘chirilgan va 
4
3arctg  burchakka burilgan. Yangi 

sistemaga nisbatan A  va )5;5(B  nuqtalarning koordinatalarini toping. 
 (1.6) formulalardan topamiz: 

.cossin,sincos 00 yyyxxxyx    
Bundan   

.sin)(cos)(,sin)(cos)( 0000  xxyyyyyxxx            (1.7) 

        4
3arctg  da  ,

5
4

4
31

1cos
2












arctgtg

   .
5
3

5
41sin

2







   

U holda 
.

5
)(3)(4,

5
)(3)(4 0000 xxyyyyyxxx 




  

       Nuqtalarning yangi sistemadagi koordinatalarini oxirgi tengliklar bilan 
topamiz: 
       A  nuqta uchun:  

,0
5

)1212(3)66(4,0
5

)66(3)1212(4






 yx     ya’ni );0;0(A  

      B  nuqta uchun:  

,13
5

)125(3)65(4,1
5

)65(3)125(4






 yx ya’ni ).13;1(B  
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Mustahkamlash uchun mashqlar 

           3.1.1. OyOx,  o‘qlariga va koordinatalar boshiga nisbatan  
)2;3(A  nuqtaga simmetrik bo‘lgan nuqtalarni toping. 

           3.1.2. Berilgan nuqtalarga I va III chorak bissektrisalariga nisbatan 
simmetrik bo‘lgan nuqtalarni toping:  

),2;1(A             ),1;4( B             ),3;2( C             ).3;4(D  

           3.1.3. Berilgan nuqtalarning qutb koordinatalarini toping: 
)1;3(A ,          )1;3( B ,          ),3;3( C         ),3;0( D         ).0;3(E    

   3.1.4. Berilgan nuqtalarning  to‘g‘ri burchakli koordinatalarini toping:             
 ,0;3A             ,

3
;2 






 

B             ,
2

;5 





 C            .

3
2;1 






 D  

           3.1.5. Qutbga va qutb o‘qiga nisbatan berilgan  nuqtalarga simmetrik 
bo‘lgan nuqtalarni toping:   

);0;3(A                ;
4

;2 





 B                .

3
;1 






 

C   

           3.1.6. ABCD  parallelogramm diagonallarining kesishish nuqtasi qutb 
koordinatalar sistemasining qutbi bilan ustma-ust tushadi. Agar 















 

4
3;5,

9
4;3  BA  parallelogrammning ikkita uchi bo‘lsa, uning qolgan ikki  

uchini toping. 

           3.1.7. 







4
;5 A  va 






 

12
;8 B  nuqtalar orasidagi masofani toping. 

           3.1.8.  Uchlari O qutbda va );(),;( 2211  rBrA  nuqtalarda joylashgan  
OAB uchburchakning yuzini toping, bu yerda .12     

           3.1.9. Kvadratning ikkita qarama-qarshi uchlari berilgan: 







 






 

3
2;2,

6
;2  BA .Kvadratning yuzini toping.   

         3.1.10. Kvadratning ikkita qo‘shni uchlari berilgan: 















3
4;2,

3
;6  BA . 

Kvadratning yuzini toping.   
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         3.1.11. Uchlari )2;5(),1;6(),4;3(),2;3(  DCBA nuqtalarda bo‘lgan   
to‘rtburchakning yuzini toping. 

         3.1.12. )4;4(),2;1( BA nuqtalar berilgan. Agar ABC  uchburchakning yuzi  
5ga teng bo‘lsa, Ox o‘qida yotuvchi C  nuqtani toping. 

         3.1.13. )3;2(),3;2(),5;5(  CBA nuqtalar berilgan. Koordinata o‘qlarini 
o‘zgartirmasdan koordinatalari boshi ko‘chirilgan: 1) A nuqtaga;   
2) B  nuqtaga; 3) C  nuqtaga. CBA ,, nuqtalarning yangi sistemadagi  
koordinatalarini toping. 

         3.1.14.  Koordinata o‘qlarini 030  ga burib    32;0,2;3),1;1( CBA  
nuqtalar hosil qilingan. Bu nuqtalarning eski sistemadagi koordinatalarini 
toping.  
 

3.2. TЕKISLIKDAGI  TO‘G‘RI  CHIZIQ 
 

Tеkislikdagi chiziq. Tеkislikdagi to‘g‘ri chiziq tеnglamalari.  
Tеkislikda ikki to‘g‘ri chiziqning o‘zaro joylashishi.  

Nuqtadan to‘g‘ri chiziqqacha bo‘lgan masofa 
 

         3.2.1. Oxy  tеkislikdagi chiziq tеnglamasi dеb aynan shu chiziq barcha 
nuqtalarining x va y koordinatalarini aniqlovchi ikki o‘zgaruvchining 

0),( yxF  tеnglamasiga aytiladi; koordinatalari ikki o‘zgaruvchining 
0),( yxF  tеnglamasini qanoatlantiruvchi Oxy  tеkislikning barcha );( yxM  

nuqtalari to‘plamiga tеkislikda shu tеnglama bilan aniqlanuvchi chiziq 
(to‘g‘ri chiziq yoki egri chiziq) dеyiladi. 
       Tekislikdagi chiziq qutb koordinatalar sistemasida 0),( rF  tеnglama 
bilan beriladi, bu yerda  r ,   chiziq nuqtalarining  qutb koordinatalari. 
       Ayrim hollarda tekislikdagi  chiziq )(xfy   tеnglama bilan bеriladi. 
Bunda chiziq )(xfy   funksiyaning  grafigi dеb ataladi. 
        Tekislikdagi chiziq ikkita Tttyytxx  ),(),(  tenglamalar bilan ham 
berilishi mumkin. Bunda )(),( tyytxx  tengliklarni qanoatlantiruvchi 
barcha );( yxM  nuqtalar to‘plamiga tеkislikdagi chiziqning paramеtrik 
berilishi, )(),( tyytxx   funksiyalarga bu chiziqning paramеtrik 
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tеnglamalari, t  ga paramеtr dеyiladi. Chiziqning parametrik tenglamalaridan 
0),( yxF  tenglamasiga  )(),( tyytxx  tengliklarning har ikkalasidan 

qandaydir usul bilan t   paramеtrni chiqarish orqali o‘tiladi. 
Tekislikdagi chiziqning ikkita )(),( tyytxx   parametrik (skalyar)  

tenglamalarini bitta )(trr 
 vektor tenglama bilan berish mumkin.  

       3.2.2. yx,  o‘zgaruvchilarning har qanday birinchi darajali 
tеnglamasi tеkislikdagi biror to‘g‘ri  chiziqni ifodalaydi va aksincha, 
tеkislikdagi har qanday to‘g‘ri chiziq  yx,  o‘zgaruvchilarning biror birinchi 
darajali tеnglamasi bilan aniqlanadi. 

To‘g‘ri chiziqning tekislikdagi har xil o‘rni (berilish usuli) turli 
tenglamalar bilan aniqlanadi. 

 1. Bеrilgan nuqtadan o‘tuvchi va bеrilgan vеktorga pеrpеndikular 
to‘g‘ri chiziq tеnglamasi: 

 0)()( 00  yyBxxA ,                                     (2.1)   
bu yerda BA,  to‘g‘ri chiziq normal vеktori (to‘g‘ri chiziqqa pеrpеndikular 
bo‘lgan vektor) };{ BAn  ning koordinatalari; 00 , yx berilgan nuqtaning 
koordinatalari,  yx,  to‘g‘ri chiziqda  yotuvchi ixtiyoriy nuqtaning 
koordinatalari. 

 2. To‘g‘ri chiziqning umumiy tеnglamasi: 
,0 CByAx                                            (2.2) 

bu yerda C ozod had; 022  BA . 
        Bu tenglama bilan aniqlanuvchi to‘g‘ri chiziqning xususiy hollari:  

 )0(0 BCAx Oy  o‘qqa parallеl yoki Ox  o‘qqa perpendikular; 
 )0(0 ACBy  Ox  o‘qqa parallеl yoki Oy o‘qqa perpendikular; 
 )0(0 CByAx  koordinatalar boshidan o‘tuvchi; 
 )0,0(0 CBx Oy o‘qda yotuvchi; 
 )0,0(0 CAy Ox o‘qda yotuvchi. 

 3. To‘g‘ri chiziqning kanonik tеnglamasi ( yoki bеrilgan nuqtadan 
o‘tuvchi va bеrilgan vеktorga parallеl to‘g‘ri chiziq tеnglamasi): 

q
yy

p
xx 00 


 ,                                             (2.3) 

bu yerda qp;  to‘g‘ri chiziq yo‘naltiruvchi vеktori (to‘g‘ri chiziqqa parallel  
bo‘lgan vektor) };{ qps  ning koordinatalari. 
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 4. To‘g‘ri chiziqning paramеtrik tеnglamalari:   
,, 00 qtyyptxx                                         (2.4) 

bu yerda t parametr. 
         5. To‘g‘ri chiziqning vеktor tеnglamasi: 

 ,0 strr                                                    (2.5) 
bu yerda 0,rr   mos ravishda );( yxM , );( 000 yxM nuqtalarning radius 
vektorlari. 

6. Berilgan ikki nuqtadan o‘tuvchi to‘g‘ri chiziq tеnglamasi: 

12

1

12

1

yy
yy

xx
xx






 ,                                           (2.6) 

bu yerda 2211 ,,, yxyx berilgan ikki nuqtaning koordinatalari. 
 7. To‘g‘ri chiziqning kеsmalarga nisbatan tеnglamasi: 

1
b
y

a
x ,                                                (2.7) 

bu yerda ba,  to‘g‘ri chiziqning moc ravishda Ox  va Oy  o‘qlarida ajratgan 
kesmalari. 

 8. To‘g‘ri chiziqning burchak koeffitsiyеntli tеnglamasi: 
bkxy  ,                                                 (2.8) 

bu yerda  tgk to‘g‘ri chiziqning burchak koeffitsiyеnti;   to‘g‘ri 
chiziqning og‘ish burchagi (Ox o‘qning musbat yo‘nalishdan bеrilgan to‘g‘ri 
chiziqqa soat strelkasiga tеskari yo‘nalishda hisoblangan eng kichik  
burchak); b  to‘g‘ri chiziqning Oy  o‘qda ajratgan kesmasi. 

 9. Bеrilgan nuqtadan bеrilgan yo‘nalish  bo‘yicha  o‘tuvchi to‘g‘ri 
chiziq  tenglamasi  (yoki  to‘g‘ri chiziqlar dastasi tеnglamasi): 

)( 11 xxkyy  ,                                          (2.9) 
bu yerda 11 , yx berilgan  nuqtaning koordinatalari. 

10. To‘g‘ri chiziqning qutb tenglamasi:   
pr  )cos(  ,                                       (2.10) 

bu yerda p qutbdan  to‘g‘ri chiziqqacha bo‘lgan masofa;  qutb oqi bilan  
berilgan to‘g‘ri chiziqqa perpendikular o‘q orasidagi  burchak; ;r  to‘g‘ri 
chiziqda  yotuvchi ixtiyoriy nuqtaning qutb koordinatalari. 

11. To‘g‘ri chiziqning normal tеnglamasi: 
          0sincos  pyx                                   (2.11) 

bu yerda p koordinatalar boshidan to‘g‘ri chiziqqacha bo‘lgan masofa;  
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 Ox  o‘qi bilan berilgan to‘g‘ri chiziqqa perpendikular o‘q (nnormal 
vektor) orasidagi  burchak. 

To‘g‘ri chiziqning (2.1)-(2.11) tеnglamalaridan har birini  
qolganlaridan kеltirib chiqarish mumkin. 

1 misol. a ning qanday qiymatlarida 012)3()2( 2  ayaaxa  
to‘g‘ri chiziq: 1) Ox  o‘qqa parallеl bo‘ladi;   2) Ox  o‘qqa perpendikular 
bo‘ladi; 3) koordinatalar boshidan o‘tadi. 
          1) To‘g‘ri chiziqning umumiy tenglamasida  0A  bo‘lsa to‘g‘ri  
chiziq Ox  o‘qqa parallеl bo‘ladi. Bundan  02 a  yoki .2a            
        2) (2.2) tenglamada  0B  bo‘lsa to‘g‘ri chiziq Ox  o‘qqa perpendikular  
bo‘ladi. U holda 032  aa  yoki .3,0  aa    
        3) To‘g‘ri chiziq koordinatalar boshidan o‘tishi uchun to‘g‘ri chiziqning 
umumiy tenglamasida  0C  bo‘lishi kerak. Bundan 012  a   
yoki .

2
1

a                  

2 misol. 0623  yx  tenglama bilan berilgan to‘g‘ri chiziqni chizing. 
Tekislikdagi to‘g‘ri chiziqni chizish uchun uning ikkita nuqtasini 

bilish yetarli.  
 To‘g‘ri chiziq tenglamasida, masalan  0x deb, 3y ni, ya’ni )3;0( A  

nuqtani  va shu kabi 





 

2
3;1B  nuqtani topamiz. Bu nuqtalarni tutashtirib, 

berilgan tenglamaga mos to‘g‘ri chiziqni chizamiz. (3-shakl). 
Bu  masalani boshqacha, ya’ni to‘g‘ri chiziq tenglamasini kesmalarga 

nisbatan tenglamaga keltirib yechish mumkin. 
Buning uchun tenglamaning ozod hadi )6( ni 
o‘ng tomonga o‘tkazamiz va hosil bo‘lgan 
tenglikning har ikkala tomonini 6 ga bo‘lamiz:    

623  yx ,  1
6

2
6

3


yx   yoki 

 1
)3(2





yx . 

       Bu tenglama bilan aniqlanuvchi to‘g‘ri chiziq 
koordinatalar boshiga nisbatan Ox o‘qida o‘ng 
tomonga 2 ga teng kesma va Oy o‘qida pastga 3 ga  
teng kesma ajratadi (3-shakl). 

3-shakl. 

B  

2  1 O  x  

y  

1  

2  

3  A  

. 
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3 misol. To‘g‘ri chiziq tenglamasini tuzing: 1) )3;2(1 M nuqtadan 
o‘tuvchi va }4;3{a  vektorga perpendikular;  2) )2;2(2 M nuqtadan o‘tuvchi 
va }2;3{ b


 vektorga parallel;  3) )1;4(3 M  va )3;1(4 M  nuqtalardan o‘tuvchi;  

4) Ox o‘qi bilan 
4
   burchak hosil qiluvchi va Oy  o‘qni )4;0(5M nuqtada 

kesuvchi; 5) )2;2(5 M  nuqtadan o‘tuvchi va Ox  o‘q bilan 
4

3   burchak 

hosil qiluvchi; 6) koordinata o‘qlarida 3 va )4( ga teng kesma ajratuvchi. 
             To‘g‘ri chiziq tenglamalarini misol bandlarining shartlariga mos 
holda tuzamiz:  

1) berilgan nuqtadan o‘tuvchi va berilgan vektorga perpendikular to‘g‘ri  
chiziq tenglamasi (2.1) ga ko‘ra  

0)3(4)2(3  yx ,  012463  yx   yoki 
;01843  yx  

2) berilgan nuqtadan o‘tuvchi va berilgan vektorga parallel to‘g‘ri chiziq 
tenglamasi (2.3) ga asosan 

,
2
2

3
2





 yx  )2(3)2(2  yx , 06342  yx   yoki 

;0232  yx  

3) berilgan ikki nuqtadan o‘tuvchi to‘g‘ri chiziq tenglamasi ga binoan 
,

13
1

41
4






 yx  

2
1

3
4






 yx ,     3382  yx   yoki 

;01132  yx   

4) to‘g‘ri chiziqning burchak koeffitsiyentli tenglamasi (2.8) ga binoan 
4

4
 xtgy    yoki 

;4 xy  
5) to‘g‘ri chiziqlar dastasi  tenglamasi (2.9) ga ko‘ra  

)2(
4

32  xtgy  , )2(2  xy , 022  yx    yoki 
;0 yx  

        6) to‘g‘ri chiziqning kesmalarga nisbatan  tenglamasi (2.7) ga ko‘ra 
1

)4(3





yx    yoki  

.01234  yx  
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         4 misol. 







2
;41

M  va )0;4(2M  nuqtalardan o‘tuvchi to‘g‘ri chiziqning 

qutb tenglamasini tuzing. 
To‘g‘ri chiziqning 1M  va 2M  nuqtalar orasidagi kesmasi katetlari  

4 ga teng bo‘lgan to‘g‘ri burchakli uchburchakning gipotenuzasi bo‘ladi  
(4-shakl). Bunda qutbdan  to‘g‘ri chiziqqacha 
bo‘lgan masofa  to‘g‘ri burchak uchidan 
gipotenuzaga tushirilgan balandlikdan iborat. 
Uning uzunligini p( ni) va yo‘nalishini (  ni) 
topamiz: 

,22
44

44
||||

||||
222

2
2

1

21 








OMOM

OMOMp   .
4
   

Bundan (2.10) formulaga ko‘ra 

.22
4

cos 





 

r  

       5 misol. To‘g‘ri chiziqning 
08125  yx  tenglamasini normal ko‘rinishga keltiring.  

Berilgan tеnglamani  normal ko‘rinishga  kеltiramiz. Buning uchun  
tenglamaning chap va o‘ng tomonini normallovchi ko‘paytuvchi dеb 
ataluvchi 

22

1
BA

M


  soniga ko‘paytiramiz. Bunda M  ning ishorasi  

C  ning ishorasiga qarama-qarshi qilib tanlanadi.   
        U holda   

13
1

)12(5
1

22



M , chunki .0C  Bundan    

,0
13
8

13
12

13
5


yx  

bu yerda 
13
8,

13
12sin,

13
5cos  p . 

        3.2.3. Ikki to‘g‘ri chiziq orasidgi   burchak  to‘g‘ri chiziqlar 
tenglamalarining ko‘rinishi asosida topiladi.  

Agar to‘g‘ri chiziqlar umumiy tеnglamalari 0111  CyBxA   va 
0222  CyBxA bilan bеrilgan bo‘lsa, u holda 

.cos
2
2

2
2

2
1

2
1

2121

BABA
BBAA



                                  (2.12) 

4-shakl. 

1M  

O  

  

p  

y  

x  
2M  . 

. 
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Bunda to‘g‘ri chiziqlar orasidagi o‘tkir burchak (2.12) tenglikning o‘ng 
tomonini modulga olish orqali topiladi. 

Agar to‘g‘ri chiziqlar kanonik tеnglamalari 
1

0

1

0

q
yy

p
xx 


    

va 
2

0

2

0

q
yy

p
xx 


    bilan bеrilgan bo‘lsa, u holda      

     .cos
2
2

2
2

2
1

2
1

2121

qpqp
qqpp



                                 (2.13) 

       Agar to‘g‘ri chiziqlar burchak koeffitsiyentli 11 bxky   va 
22 bxky  tеnglamalari bilan bеrilgan bo‘lsa, u holda  

.
1 21

21

kk
kktg




                                        (2.14) 

       Bunda to‘g‘ri chiziqlardan  qaysi biri birinchi  ekani ko‘rsatilmasdan 
ular orasidagi o‘tkir burchakni topish talab qilinsa (2.14) formulaning o‘ng 
tomoni modulga olinadi:    

.
1 21

21

kk
kktg




                                       (2.15) 

6 misol. To‘g‘ri chiziqlar orasidagi burchakni toping: 

1) 035  yx  va ;0923  yx      2) 
3

1
4

4 


 yx  va 
8

12
3

2




 yx ;   

3) 7
2
1

 xy  va 52  xy ;                4) 6
2
3

 xy   va .085  yx       

1) To‘g‘ri chiziqlarning har ikkalasi umumiy tenglamalari  bilan 
berilgan. Bunda .2,3,5,1 2211  BABA  To‘g‘ri chiziqlar orasidagi  
  burchakni (2.12) formula bilan topamiz: 

.
2
2

)2(3)5(1
)2()5(31cos

2222





 Bundan   .
4
   

2) Birinchi to‘g‘ri chiziq kanonik tenglamasi bilan berilgan. Ikkinchi 
to‘g‘ri chiziqning tenglamasini kanonik ko‘rinishga keltiramiz: 

8
12

3
2





 yx  dan  

4
2
1

3
2






 yx . 
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Bundan .4,3,3,4 2211  qpqp  U holda (2.13) formulaga binoan 

0
)4(334

)4(334cos
2222





  yoki .
2
   

3) To‘g‘ri chiziqlarning har ikkalasi burchak koeffitsiyentli tenglamalari  
bilan berilgan bo‘lib, bunda .2,

2
1

21  kk   

U holda (2.15) formulaga ko‘ra 

.
4
3

2
2
11

2
2
1





tg Bundan .37

4
3 oarctg   

d) Birinchi tenglamaga ko‘ra .
2
3

1 k  Ikkinchi to‘g‘ri chiziq 

tenglamasidan topamiz:  ,085  yx  ,85  xy  bunda .52 k    
U holda 

.1
)5(

2
31

5
2
3





tg   Bundan  .

4
   

        To‘g‘ri chiziq tenglamalarining ko‘rinishiga qarab, ularning  
perpendikular bo‘lishi quyidagi shartlardan biri bilan aniqlanadi: 

02121  BBAA ;                                            (2.16) 

02121  qqpp ;                                            (2.17)                                                   

01 21  kk .                                              (2.18)                                                

               Quyidagi shartlardan biri to‘g‘ri chiziqlar tenglamalarining  
berilishiga ko‘ra, ularning parallel bo‘lishini aniqlaydi: 

2

1

2

1

B
B

A
A

 ;                                                  (2.19) 

2

1

2

1

q
q

p
p

 ;                                                  (2.20) 

21 kk  .                                                   (2.21)                                
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7 misol.  To‘g‘ri  chiziq  tenglamasini  tuzing:  1) )2;2(1 M   nuqtadan   
o‘tuvchi va 0432  yx   to‘g‘ri  chiziqqa  perpendikular bo‘lgan;   

2)  )3;1(2 M  nuqtadan  o‘tuvchi va 
2

1
3

3 


 yx  to‘g‘ri chiziqqa parallel 

bo‘lgan; 3) 12  xy  to‘g‘ri chiziq bilan 
4
   ga teng burchak hosil qiluvchi  

va ordinatalar o‘qida 4 ga teng burchak ajratuvchi. 

             1) To‘g‘ri chiziq tenglamasini 0 CByAx  ko‘rinishda izlaymiz.  
        Masalaning shartiga ko‘ra: 

2 2 0 ( ‘ ‘ ( 2;2) ‘ ),
2 ( 3) 0 ( ‘ ‘ 2 3 4 0 ‘ ‘ ).

A B C to g ri chiziq M nuqtadan o tadi
A B to g ri chiziq x y to g ri chiziqqa

    
         

 

Sistemaning yechimi: .,
2
3 CBCA   

Ava B  koeffitsiyentlarni izlanayotgan tenglamaga qo‘yamiz:   
0

2
3

 CCyCx . 

Bundan 
0223  yx . 

2) To‘g‘ri chiziq tenglamasini 0 CByAx  ko‘rinishda izlaymiz.   
U holda 

3 0 ( ‘ ‘ ( 1;3) ‘ ),

3 1‘ ‘ ‘ ‘ || .
3 2 3 2

A B C to g ri chiziq M nuqtadan o tadi

A B x yto g ri chiziq to g ri chiziqqa

    

       

 

Bundan CBCA
3
2,  .  

Demak, izlanayotgan to‘g‘ri chiziq tenglamasi:  
01

3
2

 yx  yoki 
.0323  yx  

         3) Ordinatalar o‘qida 4 ga teng kesma ajratuvchi to‘g‘ri chiziqning 
burchak koeffitsiyentli tenglamasi 4 kxy  ko‘rinishda bo‘ladi. Misol 

shartiga ko‘ra 4 kxy  va 12  xy  to‘g‘ri chiziqlar 
4
   ga teng burchak 
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tashkil qiladi.  U holda (2.15) formulaga ko‘ra  
k

ktg
21
2450




   yoki  

)2(21  kk . Bundan 3k  va 
3
1

k .    Demak, 43  xy  va 4
3
1

 xy   

yoki    
043  yx  va 0123  yx . 

To‘g‘ri chiziqlar umumiy tenglamalari  0111  CyBxA   va 
0222  CyBxA bilan bеrilsa, ularning  kesishish nuqtasi koordinatalari 

quyidagi sistеmadan topiladi: 

                                      







.0
,0

222

111

CyBxA
CyBxA                                        (2.22) 

        Bunda  );( yxM  kesishish nuqtasi orqali o‘tuvchi  to‘g‘ri chiziqlar 
dastasi ushbu  

0)( 222111  CyBxACyBxA                              (2.23) 
tenglama bilan aniqlanadi, bu yerda  sonli ko‘paytuvchi. 

8 misol. 022  yx a  to‘g‘ri chiziq bo‘ylab yo‘naltirilgan yorug‘lik 
nuri 022  yx  to‘g‘ri chiziqda akslanadi (qaytadi). Qaytuvchi nur 
yo‘nalgan to‘g‘ri chiziq tenglamasini tuzing. 

      Yorug‘lik nurining qaytish nuqtasi 022  yx  va 022  yx  
to‘g‘ri chiziqlarning  kesishish nuqtasi bo‘ladi.  

Bu nuqta );( yxM  bo‘lsin.  
Uni quyidagi sistemadan topamiz:  









.022
,022

yx
yx

 

Bundan ).2;2(M Yorug‘lik nuri akslanuvchi va yo‘nalgan to‘g‘ri chiziqlar 
orasidagi burchak tangensini topamiz: 

.
4
3

2
2
11

2
2
1





tg  

Bu son  yorug‘lik nuri qaytuvchi va akslanuvchi to‘g‘ri chiziqlar orasidagi 
burchak tangensiga  teng bo‘ladi.  
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U holda 

,

2
11

2
1

4
3

k

k




  

bu yerda  k  nur qaytuvchi  to‘g‘ri chiziqning burchak koeffitsiyenti. 
Bundan .

11
2

k   

Demak, izlanayotgan to‘g‘ri chiziq )2;2(M nuqtadan o‘tadi va uning 

burchak koeffitsiyenti 
11
2

k ga teng. U holda (2.8) tenglamaga ko‘ra 

)2(
11
22  xy  yoki   

026112  yx . 

To‘g‘ri chiziqlar umumiy tenglamalari 0111  CyBxA   va 
0222  CyBxA  bilan bеrilgan bo‘lsa 

.
2

1

2

1

2

1

C
C

B
B

A
A

                                         (2.24) 

tengliklar  to‘g‘ri chiziqlarning ustma-ust tushish shartini ifodalaydi. 

9 misol. a  va b  ning qanday qiymatlarida 0135  yx  va 
02  byax  to‘g‘ri chiziqlar ustma-ust tushadi? 

             To‘g‘ri chiziqlarning ustma-ust tushish shartiga  ko‘ra  

    .
2

135






ba

 

Bundan  
.6,10  ba  

 
2.2.4. Nuqtadan to‘g‘ri chiziqqa tushirilgan pеrpеndikularning 

uzunligiga nuqtadan to‘g‘ri chiziqqacha bo‘lgan masofa deyiladi. 
);( 000 yxM  nuqtadan 0 CByAx  to‘g‘ri chiziqqacha bo‘lgan masofa   

22

00 ||
BA

CByAxd



                                    (2.25) 

formula bilan topiladi. 
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       10 misol. ABC  uchburchakning )1;4(A  uchidan 06125  yx  tenglama 
bilan aniqlanuvchi BC  tomoniga tushirilgan balandlik uzunligini toping. 
         Izlanayotgan balandlik uzunligi A uchdan BC  tomongacha bo‘lgan  
masofaga teng bo‘ladi. Uni (2.25) formula bilan hisoblaymiz: 

).(2
125

|612145|
22

bud 



 . 

11 misol. 0443  yx  va 0586  yx  parallel to‘g‘ri chiziqlar 
orasidagi masofani toping. 

Birinchi to‘g‘ri chiziqda ixtiyoriy );( yxM nuqtani olamiz. Masalan, 
agar 0x  bo‘lsa, u holda 1y  bo‘ladi, ya’ni )1;0(M .U holda berilgan parallel 
to‘g‘ri chiziqlar orasidagi d masofa )1;0(M nuqtadan ikkinchi 0586  yx  
to‘g‘ri chiziqqacha bo‘lgan masofaga teng bo‘ladi. Uni (2.25) formula bilan  
hisoblaymiz: 

).(
10
13

86
|51806|

22
bud 




 . 

 

Mustahkamlash uchun mashqlar 

  3.2.1. Chiziqning berilgan parametrik tenglamalarini  
0);( yxF  ko‘rinishga keltiring:    

1) ;
,3

,1








Rtty
tx                                       2) ;

]2;0[,sin3
,cos4








tty
tx    

3) ;
,54

,2
2








Rttty
tx                          4) .

,

,5,0 2










Rtvty

gtx
 

         3.2.2. To‘g‘ri chiziqlarning burchak koeffitsiyentini va koordinata 
o‘qlarida ajratgan kesmalarini toping: 
1) ;01243  yx             2) ;23  yx         3) ;

4
3

2
1 


 xy           4) .
2
1

35


yx  

 3.2.3. To‘g‘ri chiziqning tenglamasini tuzing: 1) )3;2(1 M  nuqtadan 
o‘tuvchi va  }4;3{n  normal vektorga ega bo‘lgan;  2) )3;2(2 M  nuqtadan 
o‘tuvchi va }3;1{s  yo‘naltiruvchi vektorlarga ega bo‘lgan;  3) )3;2(3 M  
nuqtadan o‘tuvchi Ox  o‘qqa perpendikular bo‘lgan; 4) )2;3(4M  nuqtadan  
o‘tuvchi Oy  o‘qda 5b  ga teng kesma ajratuvchi. 
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         3.2.4. Tenglamalardan qaysilari to‘g‘ri chiziqning normal tenglamasini 
ifodalaydi? 
1) ;02 y                                                   2) ;05,2 x          

3) ;03
5
4

5
3

 yx                                        4) .02
13
5

13
12

 yx  

         3.2.5. To‘g‘ri chiziqlarning kesishish nuqtalarini va ular orasidagi 
burchakni toping:   
1) 035  yx ,    0432  yx ;              2) ,

2
5

4
3  xy   0534  yx ;                   

3) 
1

1
3

1 


 yx ,    ;093  yx                    4) ,
5

3
1

1 


 yx   .
3

2
2
2 



 yx  

         3.2.6. m  va n  ning qanday qiymatlarida 09  nymx  va 
024  myx  to‘g‘ri chiziqlar:  1) parallel bo‘ladi;    2) ustma-ust tushadi;    

3) perpendikular bo‘ladi?  

          3.2.7. m  ning qanday qiymatlarida to‘g‘ri chiziqlar:  1) parallel  
bo‘ladi;  2) perpendikular bo‘ladi?  

1) 05  myx ,    0332  yx ;            2) 0432  yx ,   076  ymx ;       

 3.2.8. 07  yx  to‘g‘ri chiziqda koordinatalari 042  yx  tenglik  
bilan bog‘langan nuqtani toping. 

         3.2.9. )2;4(A  nuqtadan o‘tuvchi va koordinata o‘qlari bilan yuzi  
.).(2 by ga teng uchburchak ajratuvchi to‘g‘ri chiziq tenglamasini tuzing. 

       3.2.10. Uchburchakning uchlari berilgan: ).4;0(),2;5(),2;3( CBA    
BD  balandlik tenglamasini tuzing. 

       3.2.11. Uchburchakning uchlari berilgan: ).1;1(),3;5(),0;2(  CBA   
AD  mediana tenglamasini tuzing. 

3.2.12. 032  yx  va 02  yx  to‘g‘ri chiziqlarning kesishish  

nuqtasidan o‘tuvchi va 0743  yx  to‘g‘ri chiziqqa perpendikular to‘g‘ri  
chiziq tenglamasini tuzing. 
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        3.2.13. To‘g‘ri burchakli teng yonli uchburchak gipotenuzasining 
tenglamasi 0623  yx dan va uchlaridan biri )2;1( A  nuqtadan iborat.  
Uchburchakning katetlari tenglamalarini tuzing. 

3.2.14. Parallelogrammning ikki uchi )1;1(A  va )2;2( B  nuqtalarda yotadi 
va diagonallari )0;1( nuqtada kesishadi. Parallelogrammning tomonlari  
tenglamalarini tuzing. 

        3.2.15. ABCD  to‘rtburchakning uchlari berilgan: ),5;3(),1;1(),3;5( CBA  
).6;6(D Uning diagonallari kesishish nuqtasini va diagonallari orasidagi  

burchakni toping. 

3.2.16. Uchburchakning uchlari berilgan: ).1;5(),5;2(),3;8( CBA   

Uchburchak medianalarining kesishish nuqtasidan o‘tuvchi va 02  yx   
to‘g‘ri chiziqqa perpendikular to‘g‘ri chiziq tenglamasini tuzing. 

3.2.17. Burchak tomonlaridan birining tenglamasi 0934  yx dan va 
bissektrisasining tenglamasi 0217  yx dan iborat. Burchak ikkinchi   
tomonining tenglamasini tuzing. 

        3.2.18. Uchburchakning ikki uchi )3;1(),1;5( BA va medianalari kesishish  
nuqtasi )4;3(M  berilgan. Uchburchak tomonlarining tenglamalarini tuzing. 

        3.2.19. Uchburchakning ikki uchi  )2;6(),2;2(  BA  va  balandliklari 
kesishish nuqtasi )2;1(M  berilgan. Uchburchakning B  uchidan tushirilgan  
balandlik tenglamasini tuzing. 

        3.2.20. Uchburchak tomonlar o‘rtalarining koordinatalari berilgan:  
).4;3(),2;2(),3;1( 321  MMM  Uchburchak tomonlarining tenglamalarini tuzing. 

  3.2.21. Parallelogrammning ikki tomoni 022  yx , 017  yx   
tenglamalar bilan berilgan va uning diagonallari  5,3;5,3M  nuqtada  
kesishadi. Parallelogramm qolgan ikki tomonining tenglamasini tuzing. 

        3.2.22. 052  yx  to‘g‘ri chiziq bo‘ylab yo‘nalgan yorug‘lik nuri 
0723  yx  to‘g‘ri chiziqda akslanadi (qaytadi). Qaytuvchi nur yo‘nalgan  

to‘g‘ri chiziq tenglamasini tuzing. 
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        3.2.23. Kvadratning uchlaridan biri )4;3(A  nuqtadan iborat bo‘lib, 
tomonlaridan biri 0352  yx  to‘g‘ri chiziqda yotadi. Kvadratning yuzini  
toping.  

        3.2.24. 0834  yx  va 0768  yx to‘g‘ri chiziqlar orasidagi  
masofani toping. 

        3.2.25. Kvadratning ikki tomoni 061125  yx  va 017125  yx   
tenglamalar bilan berilgan. Kvadrat diagonalining uzunligini toping. 

        3.2.26. )12;8(M  nuqtaning )1;5(A va )3;2( B nuqtalardan o‘tuvchi  
to‘g‘ri chiziqdagi proyeksiyasini toping. 

        3.2.27. 0743  yx  to‘g‘ri chiziqqa parallel bo‘lgan va 
)1;3( A nuqtadan ).(3 buz  masofada yotuvchi to‘g‘ri chiziq tenglamasini 

tuzing. 
 
 

3.3.   IKKINCHI   TARTIBLI   CHIZIQLAR 
 

Aylana. Ellips.  Gipеrbola. Parabola.  
Ikkinchi tartibli chiziqlarning umumiy tenglamasi 

         3.3.1. Oxy  koordinatalar sistеmasida ,x y  o‘zgaruvchilarning 
ikkinchi darajali tеnglamasi  bilan aniqlanuvchi chiziq (egri chiziq) 
tekislikdagi ikkinchi tartibli chiziq dеyiladi. 
        Tekislikdagi ikkinchi tartibli chiziqlarga aylana, ellips, gipеrbola va 
parabola kiradi. 
         Markaz dеb ataluvchi nuqtadan tеng uzoqlikda yotuvchi tеkislik 
nuqtalarining gеomеtrik o‘rniga aylana dеyiladi. 

22
0

2
0 )()( Ryyxx   

tеnglamaga aylananing kanonik tеnglamasi deyiladi.  Bunda );( 000 yxM nuqta  
aylana markazi, R  masofa aylana  radiusi deb ataladi. 

222 Ryx     tenglama markazi koordinatalar boshida yotuvchi va radiusi  
R  ga teng  aylanani aniqlaydi.   
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       1 misol. Koordinatalari tRytRx sin,cos  tenglamalar bilan 
aniqlanuvchi );( yxM nuqta aylana nuqtasi bo‘lishini ko‘rsating. 
          );( yxM nuqta koordinatalarining har ikkala tomonini kvadratga  
ko‘taramiz va hadlab qo‘shamiz: 

2222222222 )cos(sinsincos RttRtRtRyx   
yoki 

222 Ryx  . 
      Demak, koordinatalari tRytRx sin,cos   tenglamalar bilan aniqlanuvchi 

);( yxM   nuqta markazi koordinatalar boshida yotuvchi va radiusi R  ga teng  
aylanada yotadi. 

Aylanani aniqlovchi ushbu 








]2;0[,sin
,cos

ttRy
tRx

                                   (3.2) 

tenglamalar sistemasiga aylananing parametrik tenglamalari deyiladi. 

        2 misol. Aylananing kanonik tenglamasini tuzing: 1) markazi 
koordinatalar boshida joylashgan va radiusi 5R  ga teng bo‘lgan;  
2) markazi )3;4(A  nuqtada joylashgan va koordinatalar boshidan o‘tgan;  
3) )2;4(B  nuqtadan o‘tuvchi va koordinata o‘qlariga uringan;  
4) diametrlaridan birining uchlari koordinatalar boshida va )6;4(C  nuqtada 
yotgan; 5) markazi koordinatalar boshida joylashgan va  026512  yx  
to‘g‘ri chiziqqa uringan. 

          1) Markazi koordinatalar boshida yotuvchi va radiusi R  ga teng  
aylana tenglamasidan topamiz: 

2522  yx . 
         2) (3.1) tenglamaga binoan: 222 )3()4( Ryx  . Bu aylana 
koordinatalar boshidan  o‘tadi. Shu sababli 222 )30()40( R . Bundan  

252 R . U holda    
25)3()4( 22  yx . 

 3) )2;4(B  nuqtadan o‘tuvchi va koordinata o‘qlariga uringan aylana 
markazi );(0 RRM  nuqtada yotadi. (3.1) tenglamadan topamiz: 

222 )2()4( RRR    yoki   .020122  RR  
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Bundan .10,2 21  RR  U holda izlanayotgan tenglama 
100)10()10( 22  yx   yoki   .4)2()2( 22  yx  

4) )0;0(O va )6;4(C  nuqtalardan o‘tuvchi diametrning kvadratini 
topamiz: 

52)06()04( 222 d . 
Bundan 524 2 R  yoki  132 R . Aylana markazi );( baM  diametr  o‘rtasida 

yotadi.  Shu sababli  2
2

04 a ;  3
2

06 b .  

 Bundan  
13)3()2( 22  yx . 

        5) Markazdan, ya’ni koordinatalar boshidan urinmagacha bo‘lgan masofa 
R  ga teng.  Nuqtadan to‘g‘ri chiziqqacha bo‘lgan masofa formulasidan 
topamiz:      

2
)5(12

|2605012|
22





R .  

U holda 
422  yx . 

3 misol. 25)2()3( 22  yx  aylanaga )3;0(M nuqtada o‘tkazilgan 
urinma tenglamasini tuzing. 

)3;0(M nuqtadan o‘tuvchi urinma (to‘g‘ri chiziq) tenglamasini 
3 kxy  ko‘rinishda izlaymiz. 

Aylana bilan urinmaning umumiy nuqtasini topish uchun quyidagi 
sistemani yechamiz: 








.25)2()3(
,3

22 yx
kxy  

Bundan 25)23()3( 22  kxx  yoki .09)610()1( 22  xkxk Bu 
tenglama to‘g‘ri chiziq aylanaga uringani uchun yagona yechimga ega 
bo‘ladi. Su sababli tenglamaning diskreminanti nolga teng, ya’ni 

0)1(9)35( 22  kk  yoki .03016 2  kk   Bundan .
8

15,0 21  kk  To‘g‘ri 

chiziqning burchak koeffitsiyentini 3 kxy  tenglamaga qo‘yamiz: 

3y  va  3
8

15
 xy  yoki  

3y  va  024815  yx . 
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        3.3.2. Har biridan fokuslar dеb ataluvchi berilgan ikki nuqtagacha 
bo‘lgan masofalarning yig‘indisi o‘zgarmas miqdorga   tеng bo‘lgan tеkislik  
nuqtalarining  gеomеtrik o‘rniga ellips dеyladi.          

222
2

2

2

2

,1 cab
b
y

a
x

                                     (3.3) 

tеnglamaga ellipsning kanonik tеnglamasi dеyiladi. 

4 misol. tbytax sin,cos   tengliklar ellipsning nuqtasini aniqlashini 
ko‘rsating. 
          tbytax sin,cos   tengliklardan topamiz:    tb

b
yt

a
x sin,cos  .  

U holda     1sincos 22
22














 tt

b
y

a
x   yoki    .12

2

2

2


b
y

a
x  

Demak, tbytax sin,cos   tengliklar ellipsning nuqtasini aniqlaydi. 

Ellipsni aniqlovchi ushbu 








]2;0[,sin
,cos

ttby
tax

                                      (3.4) 

tenglamalar sistemasiga ellipsning parametrik tenglamalari deyiladi. 
        Ellipsda ba 2,2  uzunliklariga mos ravishda katta va kichik o‘qlar,     
a ,b  sonlarga mos ravishda katta va kichik yarim o‘qlar deyiladi.  
        

a
c

   kattalikka ellipsning ekssеntrisitеti dеyiladi. Bunda .10    

        M  nuqtadan ,1d 2d  masofada o‘tuvchi va  tеnglamalari 

ax 

 
dan 

iborat bo‘lgan to‘g‘ri chiziqlar ellipsning dirеktrisalari dеb ataladi. 
Dirеktrisalar  ushbu    


2

2

1

1

d
r

d
r  

tengliklarni qanoatlantiradi. Bunda 21 , rr  fokal radiuslar deb ataladi. 
Ellipsning fokal radiuslari  

xarxar   21 ,  
formulalar bilan aniqlanadi. 

ba   bo‘lganda (3.3) tenglama  uzunligi b2 ga teng katta o‘qi Oy  o‘qida 
yotuvchi va uzunligi a2 ga teng kichik o‘qi Ox  o‘qida yotuvchi ellipsni 
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aniqlaydi. Bu ellipsning fokuslari );0(1 cF va );0(2 cF  nuqtalarda yotadi, bu 
yerda .22 abc   
        ba    bo‘lganda  (3.3) tеnglama markazi koordinata boshida yotuvchi  
va radiusi a  ga tеng aylanani aniqlaydi.  

 5 misol. Fokuslari abssissalar o‘qida koordinatalar boshiga nisbatan 
simmetrik joylashgan va quyidagi shartlarni qanoatlantiruvchi ellipsning 
kanonik tenglamasini tuzing: 1) )0;8(A  va )7;0(B  nuqtalardan o‘tuvchi;  
2) katta o‘qi 8  ga, fokuslari orasidagi masofa 6  ga teng;   3) katta o‘qi 16  ga, 
ekssеntrisitеti 

4
1  ga teng;   4) katta o‘qi  10 ga,  direktrisalari  orasidagi  

masofa  25ga teng;  d) fokuslari orasidagi masofa 3  ga, direktrisalari 
orasidagi masofa 8ga teng. 
          Ellipsning tenglamalarini har bir bandda berilgan shartlar asosida 
tuzamiz. 
         1) )0;8(A  va )7;0(B  nuqtalarning koordinatalari (3.3) tenglamani 
qanoatlantirishi kerak, ya’ni 

.1490,1064
2222 

baba
 

        Bundan .49,64 22  ba  U holda 

1
4964

22


yx . 

         2) Shartga ko‘ra: 82 a , 62 c . Bundan  4a , 3c , 

7916222  cab .  U holda    

1
716

22


yx . 

        3) Shartga binoan:  162 a , 
4
1

 . Bundan 8a , 
4
1


a
c   yoki 2

4
1

 ac . 

U holda   ,642 a  604642 b  va    

1
6064

22


yx . 

 4) Shartga asosan: 102 a , 2521  dd . Bundan 5a ,    

2522 2
2121 




c
aarrrr


 yoki 2

25
2 2


ac .  
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U holda ,252 a 214252 b va   

1
2125

22


yx . 

         5)  Shartda berilishicha 62 c , 821  dd . Bundan 3c , 82 2


c
a . 

U holda   12
2

38
2
82  ca , 39122 b  va  

1
312

22


yx . 

        6 misol. 11764924 22  yx  tenglama bilan berilgan ellipsda toping: 
1) yarim o‘qlar uzunligini; 2) fokuslar koordinatalarini; 3) ekssentrisitetni;  
4) direktrisalarning tenglamalari va ular orasidagi masofani; 5) ellipsning 

);( yxM nuqtasidan chap fokusgacha bo‘lgan masofa 12 ga teng bo‘lsa, 
);( yxM nuqtani. 

Ellips tenglamasining har ikkala tomonini 1176 ga bo‘lib, uni 
kanonik shaklga keltiramiz: 

.1
2449

22


yx  

1) Bu tenglamadan topamiz: ,24,49 22  ba ya’ni .62,7  ba  

2) 222 bac  tenglikdan topamiz: .5,2524492  cc   
Bundan ).0;5(),0;5( 21 FF  

3) 
a
c

  formuladan topamiz: .
7
5

  

4) Ellipsning direktrisalarini 

ax   formulalar orqali topamiz:  

,
5
49

7
5
7

x  ya’ni .
5
49,

5
49

21  xx  

U holda direktrisalar orasidagi masofa   

.
5

98
5

49
5
49







d  

5) );( yxM nuqtadan chap fokusgacha bo‘lgan masofa .121 r  
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U holda xar 1  formulaga ko‘ra  .
7
5712 x   Bundan .7x  x ni ellipsning  

kanonik tenglamasiga qo‘yib, );( yxM nuqtaning ordinatasini topamiz:  

1
24

1
2


y  yoki .0y  Demak, ).0;7(M  

         3.3.3. Har biridan fokuslar dеb ataluvchi berilgan ikki nuqtagacha 
bo‘lgan masofalar ayirmasining moduli o‘zgarmas miqdorga tеng bo‘lgan 
tеkislik nuqtalarining gеomеtrik o‘rniga gipеrbola dеyiladi. 

        222
2

2

2

2

,1 acb
b
y

a
x


                                       

( 3.5)                                    

tеnglamaga gipеrbolaning kanonik tеnglamasi dеyiladi. 
       x

a
by   tеnglama bilan aniqlanuvchi to‘g‘ri chiziqlarga gipеrbolaning 

asimptotalari dеyiladi. 
        Giperbolada a2  uzunlikka haqiqiy o‘q,  b2  uzunlikka mavhum o‘q,  
a ,b  sonlarga mos ravishda haqiqiy va mavhum yarim o‘qlar dеyiladi. 

a
c


 
kattalikka giperbolaning ekssеntrisitеti dеyiladi. Bunda .1  

        M  nuqtadan 1d  va 2d  masofada o‘tuvchi ,  tеnglamalari  

ax 

  
dan ibo-

rat to‘g‘ri chiziqlar giperbolaning dirеktrisalari dеb ataladi. Dirеktrisalar ushbu    


2

2

1

1

d
r

d
r

 
tengliklarni qanoatlantiradi. 

Giperbolaning fokal radiuslari ushbu 
   0x  bo‘lganda ;, 21 axraxr    

                                  0x  bo‘lganda xarxar   21 ,  
formulalar bilan aniqlanadi. 

          7 misol. Fokuslari abssissalar o‘qida koordinatalar boshiga nisbatan 
simmetrik joylashgan va quyidagi shartlarni qanoatlantiruvchi giperbolaning 
kanonik tenglamasini tuzing: 1) )22;8(1M  va )1;6(2 M  nuqtalardan o‘tuvchi; 
2) fokuslar orasidagi masofa 26 ga, mavhum  o‘qi 5  ga teng; 3) fokuslar 
orasidagi masofa 8  ga, ekssеntrisitеt  2  ga teng; 4) fokuslar orasidagi masofa 
20  ga, direktrisalar orasidagi masofa  

5
64  ga teng ;  5) fokuslar orasidagi  
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masofa 26  ga teng, asimptota tenglamalari xy
5

12
  dan iborat. 

         1) )22;8(1M  va )1;6(2 M   nuqtalarning koordinatalari  
(3.5) tenglamani qanoatlantirishi kerak, ya’ni 

.1136,1864
2222 

baba
 

        Bundan .8,32 22  ba  U holda 

1
832

22


yx . 

     2) Giperbolada 22 bca  . Shartga ko‘ra 13c , 5b .  
Bundan 1225169 a . U holda 25,144 22  ba  va   

1
25144

22


yx . 

       3) Giperbola ekssеntrisitеti  
a
c

  ga teng. Shartga binoan 4c , 2 . 

Bundan  2

ca   va 12416222  acb .  U holda  

1
124

22


yx . 

   4) Giperbolada direktrisalar orasidagi masofa 
c
a 22  ga teng.  Shartda 

berilishicha 10c , 
5
642 2


c
a . Bundan 642 a , 3664100222  acb  va  

1
36100

22


yx . 

         5) Giperbolaning  asimptotalari x
a
by   tenglamalar bilan aniqlanadi. 

Shartga asosan 13c , xy
5

12
 . Bundan 

5
12


a
b , ab

5
12

 ,  

2222

25
144169 abca    yoki  169

25
1441 2 






  a .   

U holda   252 a , 144251692 b  va   

1
14425

22


yx . 
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        8 misol. 2045 22  yx  tenglama bilan berilgan giperbolada toping:  
1) yarim o‘qlar uzunligini; 2) fokuslar koordinatalarini; 3) ekssentrisitetni;  

4) asimptota va direktrisalarning tenglamalarini; 5) 







2
5;3M nuqtaning fokal 

radiuslarini. 
Giperbola tenglamasini kanonik shaklga keltiramiz:    

.1
54

22


yx  

1) Bu tenglamadan topamiz: ,5,4 22  ba ya’ni .5,2  ba  

2) 222 bac   tenglikdan topamiz: .3,9542  cc   
Bundan ).0;3(),0;3( 21 FF  

3) 
a
c

  formuladan topamiz: .
2
3

  

4) asimptota tenglamalari ,
2
5 xx

a
by    

direktrisa tenglamalari ;
3
4



ax

 
4) 








2
5;3M nuqta giperbolaning o‘ng tarmog‘ida yotadi )03( x .  

U holda  axraxr   21 ,   formulalarga ko‘ra   

.
2

1323
2
3,

2
523

2
3

21  rr  

       Yarim o‘qlari teng ( ba  ) bo‘lgan giperbolaga teng tomonli giperbola 
deyiladi. Teng tomonli giperbola  

222 ayx                                                     (3.6) 
tenglama bilan aniqlanadi. Asimptotalari Ox va Oy  o‘qlardan iborat bo‘lgan 

teng tomonli giperbola 
x
ky   ko‘rinishdagi tenglama bilan aniqlanadi. 

Agar giperbolaning fokuslari Oy o‘qida yotsa, u holda giperbola 

12

2

2

2


a
x

b
y                                                   (3.7) 

tenglama bilan aniqlanadi. Bunda giperbolaning ekssеntrisitеti 
b
c

  tenglik  

bilan, asimptotalari x
a
by  tenglamalar bilan,  direktrisalari 


by    



 125 

tenglamalar bilan topiladi. (3.5) va (3.7) tenglamalar bilan aniqlanuvchi  
giperbolalarga qo‘shma giperbolalar deyiladi. 

9 misol. 1
169

22


yx  giperbolaning chap fokusi bilan bu giperbolaga 

qo‘shma giperbolaning o‘ng  fokusi orasidagi masofani toping. 
222 bac   tenglikdan topamiz: .5,251692  cc  U holda 

berilgan giperbola uchun )0;5(),0;5( 21 FF va qo‘shma giperbola uchun 
)5;0(),5;0( 21  FF  bo‘ladi.   

         Bundan  
| 21FF   | ).(25)50()05( 22 bu . 

        3.3.4. Fokus dеb ataluvchi berilgan nuqtadan va dirеktrisa dеb 
ataluvchi berilgan to‘g‘ri chiziqdan tеng uzoqlikda yotuvchi tеkislik 
nuqtalarining gеomеtrik o‘rniga parabola dеyiladi. 
        Fokusdan dirеktrisagacha bo‘lgan p  masofaga parabolaning paramеtri 
dеyiladi. 

                                            pxy 22                                               (3.8) 
tеnglamaga parabolaning kanonik tеnglamasi dеyiladi. 

Parabolada )0;0(O nuqta uning uchi, Ox o‘q  uning o‘qi dеb ataladi. 

       Parabolaning  ekssеntrisitеti 1
MF
KM

  ga tеng, dirеktrisasi 
2
px     

tеnglama bilan aniqlanadi. 

        10 misol. yx 62   tenglama bilan berilgan parabolada toping:  
1) fokusning koordinatalarini; 2) direktrisaning tenglamasini;  

3) 







2
5;2M  nuqtaning fokal radiusini. 

         1) Shartga ko‘ra .62 p  Bundan .3p   

U holda: 1) fokus 














2
3;0

2
;0 FpF  koordinatalarga ega bo‘ladi;  

2) direktrisa 
2
3

2


py  tenglamaga ega bo‘ladi;  

3) 







2
5;2M nuqtaning fokal radiusi 4

2
5

2
3

20 
pyr ga teng bo‘ladi. 
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Teorema. (3.10) tenglama hamma vaqt yoki aylanani ( CA  da), yoki 
ellipsni ( 0CA da), yoki giperbolani ( 0CA da), yoki parabolani 
( 0CA da) aniqlaydi. Bunda ellips (aylana) uchun - nuqta yoki mavhum 
ellips, giperbola uchun - kesishuvchi chiziqlar juftligi, parabola uchun -
parallel chiziqlar juftligi kabi buzilishlar bo‘lishi mumkin. 
 

3.3.5. Ikki x va y o‘zgaruvchining ikkinchi darajali tenglamasi umumiy 
ko‘rinishda 

0,0222 22222  CBAFEyDxCyBxyAx                (3.9) 
kabi yoziladi. 

Bu tenglamani koordinata o‘qlarini   burchakka burish orqali  
02222  FEyDxCyAx                                           (3.10) 

ko‘rinishga keltirish mumkin. 
 
 
 
 
 
 

        
11 misol. 091323043 22  yxyx tenglama bilan berilgan ikkinchi 

tartibli chiziq ko‘rinishini aniqlang. 
Berilgan tenglama ellipsni ifodalaydi, chunki 043 CA . 

Haqiqatan ham 
,0916475)168(4)2510(3 22  yyxx  

,48)4(4)5(3 22  yx    

.1
12

)4(
16

)5( 22





 yx  

           Shunday qilib, markazi )4;5(O nuqtada  joylashgan va yarim o‘qlari 
32,4  ba ga teng bo‘lgan ellipsning  kanonik tenglamasi kelib chiqdi. 

 

Mustahkamlash uchun mashqlar 

         3.3.1. Aylananing kanonik tenglamasini tuzing: 1) markazi )3;1(1 M  
nuqtada joylashgan va radiusi 6R  ga teng bo‘lgan; 2) markazi )5;3(2 M  
nuqtada joylashgan va )4;4(A  nuqtadan o‘tgan; 3) diametrlaridan birining 
uchlari )3;1(B  va )5;3(C  nuqtalardan iborat bo‘lgan; 4) )4;8( D  nuqtadan 
o‘tgan va koordinata o‘qlariga uringan; 5) markazi )1;2( M  nuqtada 
joylashgan va  urinmalaridan biri 0343  yx  to‘g‘ri chiziqdan iborat 
bo‘lgan. 
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         3.3.2. 0204222  yxyx va 0201022  yyx  tenglamalar bilan 
berilgan aylanalar markazlari orasidagi masofani toping. 
         3.3.3.  1

34


yx  to‘g‘ri chiziqning koordinata o‘qlaridan kesgan  

kesmasi aylana diametriga teng. Aylananing kanonik  tenglamasini tuzing. 

         3.3.4. )1;2( A , )4;3(B nuqtalardan o‘tgan  va markazi 04  yx to‘g‘ri  
chiziqda joylashgan  aylananing kanonik  tenglamasini tuzing. 

         3.3.5. Uchburchakning uchlari berilgan: ).1;1(),2;0(),2;2(  CBA  
Uchburchakka tashqi chizilgan aylananing markazi va radiusini toping. 

         3.3.6. k ning qanday qiymatlarida kxy   to‘g‘ri chiziq   
0162822  yxyx aylanani kesadi, bu aylanaga urinadi? 

         3.3.7. 4)2()4( 22  yx  aylanaga uringan va koordinatalar boshidan  
o‘tgan to‘g‘ri chiziqlar tenglamalarini tuzing. 

         3.3.8. Aylana kanonik tenglamalari bilan berilgan: 
1) xyx 1622  ;            2) yyx 422  ;            3) yxyx 2222  . 
Qutbi koordinatalar boshida joylashgan va qutb o‘qi Ox  o‘q bo‘ylab 
yo‘nalgan koordinatalar sistemasida aylananing  parametrik tenglamasini  
tuzing. 

         3.3.9. Fokuslari ordinatalar o‘qida koordinatalar boshiga nisbatan 
simmetrik joylashgan va quyidagi shartlarni qanoatlantiruvchi ellipsning 
kanonik tenglamasini tuzing: 1) kichik o‘qi 12  ga va ekssеntrisitеti 

5
4  ga teng 

bo‘lgan;  2) fokuslari orasidagi masofa 10  ga va ekssеntrisitеti 
7
5  ga teng 

bo‘lgan;  3) )0;6(1M va )9;0(2M  nuqtalardan  o‘tgan;  4) direktrisalari  

orasidagi  masofa 
3

50  ga va ekssеntrisitеti 
5
3

  ga teng bo‘lgan. 

        3.3.10. 1
412

22


yx  ellipsga tomonlari ellips o‘qlariga parallel qilib  

kvadrat ichki chizilgan. Kvadratning yuzini toping. 

        3.3.11. 1
520

22


yx ellipsning 020  yx to‘g‘ri chiziqqa parallel  

bo‘lgan urinmasi tenglamasini tuzing. 
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        3.3.12. 04002516 22  yx ellipsning fokularining biridan uning kichik  
o‘qiga parallel o‘tgan vatari uzunligini toping. 

3.3.13. 1
1850

22


yx ellipsning );( yxM nuqtasidan uning o‘ng fokusigacha 

bo‘lgan masofa chap fokusigacha bo‘lgan masofadan 4 marta katta. );( yxM   
nuqtani toping.  

        3.1.14. 1
89

22


yx ellipsning );( yxM nuqtasidan uning chap fokusigacha 

bo‘lgan masofa o‘ng fokusigacha bo‘lgan masofadan 2 marta katta.  
);( yxM nuqtani toping.  

        3.3.15. Ellipsning fokuslaridan biridan uning katta o‘qi oxirlarigacha  
bo‘lgan masofalar 2 va 8 ga teng. Ellipsning kanonik tenglamasini tuzing. 

3.3.16. Kanonik tenglamalari bilan berilgan ellipsning parametrik  
tenglamalarini tuzing: 1) 04002516 22  yx ;    2) 0360025144 22  yx . 

        3.3.17. Fokuslari ordinatalar o‘qida joylashgan  va quyidagi shartlarni  
qanoatlantiruvchi giperbolaning kanonik tenglamasini tuzing:  
1) direktrisalari orasidagi masofa 

5
18 ga va ekssеntrisitеti 

3
5 ga teng bo‘lgan; 

2) direktrisalari orasidagi masofa 
13
288 ga teng va asimptotalari tenglamalari 

xy
5

12
 bo‘lgan; 3) direktrisalari orasidagi masofa 

5
32  ga va haqiqiy o‘qi 

8  ga teng bo‘lgan; 4) direktrisalari orasidagi masofa 
7

50  ga va fokuslari  

orasidagi masofa 14 ga teng bo‘lgan.  

         3.3.18. Giperbolaning  nuqtalaridan biri va asimptotalarining 
tenglamalari berilgan. Giperbolaning kanonik tenglamasini  tuzing:     

1) )2;6(M , xy
3
3

 ;                               2) )2;4(M , xy
2
2

 ;    

3) )3;4(M , ;
2
3 xy                                    4) )3;6(M , .

2
3 xy   

        3.3.19. Giperbolaning  ekssеntrisitеti 2 ga teng. Uning asimptotalari 
orasidagi burchakni toping. 
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        3.3.20. Giperbolaning  asimptotasi haqiqiy o‘q bilan 
4
 ga teng burchak  

tashkil qiladi. Giperbolaning ekssеntrisitеtini toping. 

        3.3.21. b  ning qanday qiymatlarida bxy  2  to‘g‘ri chiziq   
126718 22  yx  giperbolani kesadi, bu giperbolaga urinadi? 

        3.3.22. 085175 22  yx  ellips berilgan. Ellips bilan bir xil fokuslarga  
ega bo‘lgan teng tomonli giperbolaning kanonik tenglamasini  tuzing. 

        3.3.23.  Giperbola 225925 22  yx ellips bilan bir xil fokuslarga ega. 
Giperbolaning  ekssеntrisitеti 2 ga teng bo‘lsa,  uning kanonik tenglamasini   
tuzing. 

        3.3.24. Berilgan fokusi va direktrisasi tenglamasiga ko‘ra parabolaning  
kanonik tenglamasini tuzing:  1) )4;3(F , 05 x ;       2) )3;5(F , 02 y . 

        3.3.25. Berilgan tenglamasiga ko‘ra parabolaning  uchini va simmetriya 
o‘qining tenglamasini aniqlang: 
1) 0651622  xyy ;                           2) .0582 2  xyx  

        3.3.26. xy 42   parabolaga uringan va quyidagi shartni qanoatlantiruvchi 
to‘g‘ri chiziq tenglamasini tuzing: 1) 72  xy  to‘g‘ri chiziqqa parallel  
bo‘lgan; 2) )1;2( A  nuqtadan o‘tgan. 

        3.3.27. k ning qanday qiymatlarida 1 kxy  to‘g‘ri chiziq  052  xy  
parabolani kesadi, bu parabolaga urinadi? 
        3.2.28. Berilgan tenglamalar bilan qanday chiziqlar aniqlanadi? 

;
)(

2
1

),(
2
1

)1
















tt

tt

eey

eex
          2) 












;3

,2
2

t
y

t
x

        3) ;12 2  xy        4) .42  yx  

        3.3.29. Egri chiziqning tenglamasini soddalashtiring, chiziqning turini 
aniqlang va shaklini chizing:  
1) ;09183095 22  yxyx                      2) ;013122 2  yxx  

3) ;02183045 22  yxyx                      4) ;014122 2  yxy  

5) ;086 22  yxx                                   6) .0122  yyx  
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3-NAZORAT ISHI 

 

1-variant 

  1.  ).(0132),(0334),(0337 CAyxBCyxAByx   
  2. 16174933 22  yx  ellipsning o‘ng fokusi , )7;1(C . 

2-variant 

  1.  ).(0123),(042),(0694 CAyxBCyxAByx   
  2. 3053 22  yx  giperbolaning chap fokusi, )6;0(C . 

3-variant 

  1.  ).(0675),(044),(0334 CAyxBCyxAByx   
  2. 1892 22  yx  giperbolaning o‘ng uchi, )4;0(C . 

4-variant 

  1.  ).(0156),(0532),(01572 CAyxBCyxAByx   
  2. 6564116 22  yx  ellipsning o‘ng fokusi, C  – uning quyi uchi. 

5-variant 

  1.  ).(05),(01032),(0104 CAyxBCyxAByx   
  2. 55115 22  yx  giperbolaning  chap fokusi, )5;0(C . 

6-variant 

  1.  ).(01435),(0672),(0943 CAyxBCyxAByx   
  2. 36486457 22  yx  giperbolaning o‘ng fokusi, )8;0(C . 

       1. ABC  uchburchak tomonlari tenglamalari bilan berilgan:  
a) AB  tomon  uzunligini toping; b) BD  balandlik tenglamasini tuzing  
va  uning  uzunligini  toping;  c) BC   tomonni  B   uchdan  C   uchga   
qarab  3:1   nisbatda   bo‘luvchi    E    nuqtadan  va A uchdan o‘tuvchi 
to‘g‘ri chiziqning parametrik tenglamasini tuzing. 

2.  Ko‘rsatilgan nuqtadan o‘tuvchi va markazi );( yxC  nuqtada 
joylashgan aylana tenglamasini tuzing. 
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7-variant 

  1.  ).(07),(0353),(01 CAyxBCyxAByx   
  2. 1561312 22  yx  giperbolaning chap fokusi, )2;0( C . 

8-variant 

  1.  ).(0124),(034),(0853 CAyxBCyxAByx   
  2. 6002524 22  xy  giperbolaning o‘ng fokusi, )8;0( C . 

9-variant 

  1.  ).(02),(02),(074 CAyxBCyAByx   
  2. 3694 22  yx  giperbolaning  uchi, )4;0(C . 

10-variant 

  1.  ).(02056),(04),(01434 CAyxBCyxAByx   
  2. 32408140 22  yx  giperbolaning  o‘ng uchi, )5;2(C . 

11-variant 

  1.  ).(0734),(0376),(032 CAyxBCyxAByx   
  2. 1259 22  yx  ellipsning o‘ng fokusi, )6;0(C . 

12-variant 

  1.  ).(01653),(03035),(064 CAyxBCyxAByx   
  2. )4;1(B , C 42 2  xy  parabolaning uchi. 

13-variant 

  1.  ).(01053),(04035),(084 CAyxBCyxAByx   
  2. 2173 22  yx  ellipsning chap fokusi, )3;1( C . 

14-variant 

  1.  ).(024),(02654),(01034 CAyxBCyxAByx   
  2. 4595 22  yx  giperbolaning  chap uchi, )6;0( C . 
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15-variant 

  1.  ).(01572),(0156),(0532 CAyxBCyxAByx   
  2. 6002524 22  yx  ellipsning o‘ng fokusi, C uning yuqori uchi. 

16-variant 

  1.  ).(04),(0103),(01343 CAyBCyxAByx   
  2. 1243 22  yx  giperbolaning chap fokusi, )3;0( C . 

17-variant 

  1.  ).(0753),(01),(047512 CAyxBCxAByx   
  2. 1243 22  yx  ellipsning o‘ng fokusi, C  – uning yuqori uchi. 

18-variant 

  1.  ).(04),(023),(0134 CAxBCyxAByx   
  2. 6416 22  yx  giperbolaning  o‘ng uchi, )2;0( C . 

19-variant 

  1.  ).(01857),(0483),(01934 CAyxBCyxAByx   
  2. 8054 22  yx  giperbolaning  chap fokusi, )4;0( C . 

20-variant 

  1.  ).(02),(0232),(0243 CAyxBCyxAByx   
  2. )0;0(O , C 52 2  xy  parabolaning uchi. 

21-variant 

  1.  ).(01443),(0417),(0222 CAyxBCyxAByx   
  2. 9010 22  yx  ellipsning o‘ng fokusi, C uning quyi uchi. 

22-variant 

  1.  ).(0282),(0597),(03643 CAyxBCyxAByx   
  2. 75253 22  yx  giperbolaning  o‘ng uchi, )2;5( C . 
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23-variant 

  1.  ).(0152),(0307),(0543 CAyxBCyxAByx   
  2. )4;3(B , C 74 2  xy  parabolaning uchi. 

24-variant 

  1.  ).(0245),(0104),(05 CAyxBCyxAByx   
  2. 6374913 22  yx  ellipsning chap fokusi, )8;1(C . 

25-variant 

  1.  ).(032),(073),(012 CAyxBCyxAByx   
  2. 2054 22  yx  giperbolaning o‘ng fokusi, )6;0( C . 

26-variant 

  1.  ).(0473),(0123),(045 CAyxBCyxAByx   
  2. )0;0(O , C )4(32  xy  parabolaning uchi. 

27-variant 

  1.  ).(0),(02825),(01443 CAyxBCyxAByx   
  2. 48163 22  yx  giperbolaning  o‘ng uchi , )3;1(C . 

28-variant 

  1.  ).(0232),(010310),(01434 CAyxBCyxAByx   
  2. 6397 22  yx  giperbolaning chap fokusi , )2;1( C . 

29-variant 

  1.  ).(04),(0852),(074 CAyxBCyxAByx   
  2. )5;2( B , C )1(22  yx  parabolaning uchi. 

30-variant 

  1.  ).(0134),(0193),(012 CAyxBCyxAByx   
  2. 124 22  yx  ellipsning o‘ng fokusi, )7;2( C . 
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IV bob 
  FAZODA   ANALITIK   GEOMETRIYA 

 
4.1. TЕKISLIK 

Fazoda dekart koordinatalari. Silindrik va sferik koordinatalar.  
Fazoda sirt va  chiziq. Tеkislik tеnglamalari. Fazoda ikki tekislikning 

o‘zaro joylashishi. Nuqtadan tekislikkacha bo‘lgan masofa 
 

        4.1.1. Umumiy boshlang‘ich O  nuqtaga va bir xil masshtab birligiga 
ega bo‘lgan o‘zaro perpendikular Ox , Oy  va Oz  o‘qlar fazoda dekart 
koordinatalar sistemasini hosil qiladi. Bu sistemada Ox  abssissalar o‘qi,  Oy  
ordinatalar o‘qi, Oz  applikatalar o‘qi va ular birgalikda koordinata o‘qlari 
deb ataladi.    Bunda Ox ,Oy  va Oz  o‘qlarning  ortlari i


, j


,k


 
 jkkjjikji


 ,,,1||||||  bilan belgilanadi, O  nuqtaga koordinatalar 

boshi deyiladi,  Ox ,Oy va Oz  o‘qlar joylashgan fazoga koordinatalar  fazosi 
deb ataladi va Oxyz  bilan  belgilanadi.   
        Oxyz  fazo M nuqtasining OM  vektoriga M nuqtaning radius vektori 
deyiladi. 

OM  radius vektorning koordinatalariga M nuqtaning to‘g‘ri 
burchakli  dekart koordinatalari deyiladi. Agar };;{ zyxOM   bo‘lsa, u holda 
M nuqtaning koordinatalari );;( zyxM  kabi  belgilanadi, bunda x  soni 
M nuqtaning abssissasi, y  soni M nuqtaning ordinatasi  va  z  soni  
M nuqtaning applikatasi  deb ataladi.    

4.1.2. zr ,,  sonlar uchligiga Oxyz  fazo );;( zyxM  nuqtasining 
silindrik koordinatalari deyiladi, bu yerda r M nuqtaning Oxy tekislikka 
proyeksiyasi radius vektorining uzunligi,   bu radius vektorning Ox  o‘q 
bilan tashkil qilgan burchagi, z  M nuqtaning applikatasi (1-shakl).   
      Silindrik va dekart koordinatalari  quyidagi bog‘lanishga ega:  

zzryrx  ,sin,cos  , 
bu yerda  .,,20  zro  

,,r  sonlar uchligiga Oxyz  fazo );;( zyxM  nuqtasining sferik 
koordinatalari deyiladi, bu yerda r M nuqta radius vektorining uzunligi, 
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  radius vektorning Oxy  tekislikka proyeksiyasining Ox  o‘q bilan tashkil 
qilgan burchagi,   radius vektorning Oz  o‘qdan og‘ish burchagi (2-shakl).   

Sferik va dekart koordinatalari quyidagi bog‘lanishga ega  
,cos,sinsin,sincos  rzryrx   

bu yerda    0,,20 ro . 
 

 
 
 
 
 

 

 
 

  

   
 
 4.1.2.  Oxyz  fazodagi sirt tеnglamasi dеb aynan shu sirt barcha 

nuqtalarining zyx ,,  koordinatalarini aniqlovchi uch o‘zgaruvchining 
0),,( zyxF  tеnglamasiga aytiladi. 

       Koordinatalari uch o‘zgaruvchining 0),,( zyxF  tеnglamasini 
qanoatlantiruvchi Oxyz  fazoning barcha );;( zyxM  nuqtalari to‘plamiga fazoda 
shu tеnglama bilan aniqlanuvchi sirt  dеyiladi. 

Fazodagi chiziqni ikki sirtning kesishish chizig‘i yoki ikki sirt umumiy 
nuqtalarining geometrik o‘rni deb qarash mumkin.  

l chiziqni aniqlovchi ikki sirt 0),,( zyxF  va 0),,( zyxG  tеnglamalar  
bilan bеrilgan bo‘lsin. U holda l  chiziq ikkala tеnglamani ham 
qanoatlantiruvchi );;( zyxM  nuqtalar to‘plamidan tashkil topadi.  

         Koordinatalari 







0),,(
,0),,(

zyxG
zyxF tеnglamalar sistеmasini qanoatlantiruvchi 

Oxyz  fazoning barcha );;( zyxM  nuqtalari to‘plamiga  fazodagi  shu tenglama 
bilan aniqlanuvchi chiziq dеyiladi. 

1-shakl. 

r  

x  

y  O  

);;( zyxM  
);;( zrM   

z  

  

. 

z  

2-shakl. 

  

O  

r  

);;( rM  
);;( zyxM  

x  

y  

z  

  

. 
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Oxyz  fazodagi chiziq  tеnglamasi dеb aynan shu chiziq barcha 

nuqtalarining zyx ,,  koordinatalarini aniqlovchi  







0),,(
,0),,(

zyxG
zyxF  tеnglamalar 

sistеmasiga aytiladi. 
Fazodagi chiziqni  nuqtaning trayektoriyasi deb qarash mumkin. Bunda 

chiziq  )(trr 
 vektor tenglama bilan yoki Tttzztyytxx  ),(),(),(   

parametrik tenglamalar bilan beriladi.  

4.1.3. Tekislikning fazodagi har xil o‘rni turli tenglamalar bilan 
aniqlanadi. 

1. Bеrilgan nuqtadan o‘tuvchi va bеrilgan vеktorga pеrpеndikular 
tekislik tеnglamasi: 

0)()()( 000  zzCyyBxxA ,                             (1.1)                                
bu yerda CBA ,,  tekislik  normal vеktori (tekislikka pеrpеndikular bo‘lgan 
vektor) };;{ CBAn  ning koordinatalari; 000 ,, zyx berilgan nuqtaning 
koordinatalari, zyx ,,  tekislikda  yotuvchi ixtiyoriy nuqtaning 
koordinatalari. 

 2. Tekislikning umumiy tеnglamasi: 
0 DCzByAx                                     (1.2) 

bu yerda D ozod had; 0222  CBA . 
        Bu tenglama bilan aniqlanuvchi tekislikning xususiy hollari:  

 )0(0 ADCzBy Ox  o‘qqa parallеl;  
 )0(0 BDCzAx Oy  o‘qqa parallel; 
 )0(0 CDByAx Oz  o‘qqa parallel;  
 )0(0 DCzByAx koordinatalar boshidan o‘tuvchi; 
 )0,0(0 DACzBy Ox o‘qdan o‘tuvchi; 
 )0,0(0 DBCzAx Oy  o‘qdan o‘tuvchi; 
 )0,0(0 DCByAx Oz  o‘qdan o‘tuvchi; 

 )0,0(0 BADCz Oxy  tеkislikka parallel yoki Oz  o‘qqa 
perpendikular; 

 )0,0(0 CADBy Oxz  tеkislikka parallel yoki Oy  o‘qqa 
perpendikular; 

 )0,0(0 CBDAx Oyz  tеkislikka parallel yoki Ox  o‘qqa 
perpendikular;  
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0z  )0,0,0( DBA Oxy tekislik; 
0x  )0,0,0( DCB Oyz tekislik; 
0y  )0,0,0( DCA Oxz tekislik. 

3. Bеrilgan nuqtadan o‘tuvchi va bеrilgan ikki vеktorga parallеl tеkislik 
tеnglamasi: 

.0

222

111

000




rqp
rqp

zzyyxx
                                (1.3) 

bu yerda  000 ,, zyx berilgan nuqtaning koordinatalari; 
222111 ,,,,, rqprqp berilgan ikki vektorning koordinatalari. 

       4. Bеrilgan uchta nuqtadan o‘tuvchi tеkislik tеnglamasi 

.0

131313

121212

111






zzyyxx
zzyyxx
zzyyxx

                           (1.4) 

bu yerda ,,, 111 zyx ,,, 222 zyx 333 ,, zyx berilgan uchta nuqtaning koordinatalari. 
5. Tekislikning kеsmalarga nisbatan tеnglamasi: 

1
c
z

b
y

a
x ,                                             (1.5) 

bu yerda cba ,,  tekislikning mos ravishda OyOx,  va Oz  o‘qlarda ajratgan 
kesmalari. 

6. Tekislikning normal tеnglamasi: 
     0coscoscos  pzyx  ,                               (1.6) 

bu yerda p koordinatalar boshidan to‘g‘ri chiziqqacha bo‘lgan masofa; 
 cos,cos,cos tekislikka perpendikular birlik vektorning koordinatalari. 

       Tekislikning umumiy tenglamasini normal tеnglamaga (1.2) tenglikning 
chap va o‘ng tomonini 

222

1
CBA

M


  normallovchi ko‘paytuvchiga 

ko‘paytirib, o‘tkaziladi. Bunda M  ko‘paytuvchining ishorasi   
D  koeffitsiyentning ishorasiga qarama-qarshi qilib tanlanadi. 

        zyx ,,  o‘zgaruvchilarning har qanday birinchi darajali tеnglamasi 
fazodagi biror tekislikni ifodalaydi va aksincha, fazodagi har qanday tekislik  

zyx ,,  o‘zgaruvchilarning biror birinchi darajali tеnglamasi bilan aniqlanadi. 
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       1 misol. Tekislik tenglamasini tuzing: 1) Oy  o‘qdan va )2;3;5(0 M  
nuqtadan o‘tuvchi;  2) Oz  o‘qqa parallel bo‘lgan va )1;0;5(1 M , )2;4;3(2 M  
nuqtalardan o‘tuvchi;  3) Ox  o‘qqa perpendikular bo‘lgan va )4;2;4(3 M  
nuqtadan o‘tuvchi;  4) Oxy  tekislikka parallel bo‘lgan va )2;3;1(4 M  
nuqtadan o‘tuvchi.   
          1) Oy  o‘qdan o‘tuvchi tekislik tenglamasi 0CzAx  bo‘ladi. Bu 
tenglamani )2;3;5(0 M  nuqtaning koordinatalari qanoatlantiradi, chunki bu 

nuqta tekislikda yotadi. U holda 025  CA  yoki CA
5
2

 . Bundan   

0
5
2

 CzCx   yoki    

052  zx . 
2) Oz  o‘qqa parallel tekislik tenglamasi 0 DByAx bo‘ladi. Bu 

tenglamani )1;0;5(1 M , )2;4;3(2 M   nuqtalarning koordinatalari 
qanoatlantiradi, ya’ni 








.043
,05
DBA

DA
 

Bundan DA
5
1

  va DB
5
2

 . U holda 0
5
2

5
1

 DDyDx  yoki  

052  yx . 
3) Ox  o‘qqa perpendikular tekislik tenglamasi 0 DAx . )4;2;4(3 M  

nuqtada 04  DA  yoki .4AD   Bundan  
.04 x  

4)Oxy  tekislikka parallel tekislik tenglamasi 0 DCz bo‘ladi. Bu  
tenglikdan )2;3;1(4 M  nuqtada 02  DC  yoki CD 2 kelib chiqadi.  

U holda   
02 z . 

2 misol. Tekislik tenglamasini tuzing:  1) )2;3;1(0 M nuqtadan o‘tuvchi 
va  normal vektori  }2;2;3{ n   bo‘lgan;  2) )2;1;3(1 M  nuqtadan o‘tuvchi, 

}2,1,1{1 s  va }0;3;2{2 s  vektorlarga parallel bo‘lgan; 3) )1;2;3(2 M , 
)2;1;1(3 M  nuqtalardan o‘tuvchi va }1;1;2{3 s  vektorga parallel bo‘lgan;  

4) )2;1;1(4 M , )1;3;2(5 M  va )3;3;1(6 M  nuqtalardan o‘tgan; 5) koordinata 
o‘qlarida 2a ; 3b ; 5c  birlik kesmalar ajratgan;  6) koordinatalar 
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boshidan 26 ga teng masofada yotuvchi va  normal vеktori }12;4;3{ n   
bo‘lgan. 
           Berilgan masala shartiga mos tekislik tenglamalaridan foyda-
lanamiz.  
         1) Shartga ko‘ra tekislik )2;3;1(0 M nuqtadan o‘tadi va 

}2;2;3{ n vektorga perpendikular bo‘ladi. (1.1) tenglamadan topamiz:  
0)2(2)3(2)1(3  zyx  yoki    

01223  zyx . 

         2) Shartga binoan tekislik )2;1;3(1 M  nuqtadan va 
}2,1,1{1 s , }0;3;2{2 s  vektorlardan o‘tadi.  (1.3) tenglamadan topamiz:  

0
032
211

213





 zyx
. 

Bundan 0)23()2()4()1(6)3(  zyx    yoki      
01246  zyx . 

        3) Tekislik )1;2;3(2 M , )2;1;1(3 M  nuqtalardan o‘tib, }1;1;2{3 s  vektorga 
parallel  bo‘lgani  sababli  u  )2;1;1(3 M  nuqtadan   va    }3;3;2{32 MM ,    

}1;1;2{3 s  vektorlardan o‘tadi.        U holda 

 0
112
332
211





 zyx

. 

Bundan  0)62()2()62()1()33()1(  zyx  yoki   
01 zy . 

        4) Shartga ko‘ra tekislik uchta nuqtadan o‘tadi.  (1.4) tenglamadan 
topamiz: 

0
231311
211312
211




 zyx

,  0
120
143
211





 zyx

. 

Bundan 06)2()3()1(2)1(  zyx  yoki   
011632  zyx . 
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       5) Tekislik koordinata o‘qlarida 2a ; 3b ; 5c  kesmalar ajratadi. 
 Tekislikning kesmalarga nisbatan tenglamasidan topamiz:  1

)5(3)2(






zyx  

 yoki 
03061015  zyx . 

6) Tekislikning normal tenglamasidan foydalanamiz. Buning uchun 
}2;2;3{ n vеktorning yo‘naltiruvchi kosinuslarini topamiz: 

,
13
3

12)4(3
3cos

222



   ,

13
4cos    .

13
12cos   

U holda (1.6) tenglamaga ko‘ra izlanayotgan tekislik tenglamasi 
0

13
26

13
12

13
4

13
3


zyx  

yoki 
0261243  zyx . 

  4.1.4.  Ikki tеkislikning normal vеktorlari orasidagi burchakka ikki 
tеkislik orasidagi burchak dеyiladi. 

1  va 2 tekisliklar orasidagi burchak   ga teng bo‘lsin.    
Agar tekisliklar 01111  DzCyBxA   va 02222  DzCyBxA  

tenglamalar bilan bеrilgan bo‘lsa  
             

2
2

2
2

2
2

2
1

2
1

2
1

212121cos
CBACBA

CCBBAA



 .                               (1.7)   

Bu tekisliklar orasidagi qo‘shni burchaklardan kichigi (1.7) tenglikning 
o‘ng tomonini modulga olish orqali topiladi. 
         1 va 2   tekisliklar perpendikular bo‘lsin.  
U holda  

0212121  CCBBAA .                                       (1.8) 
        1 va 2   tekisliklar parallel bo‘lsin.  
U holda  

          
2

1

2

1

2

1

C
C

B
B

A
A

 .                                               (1.9) 

1 va 2   tеkisliklar ustma-ust tushsin.  
U holda 

2

1

2

1

2

1

2

1

D
D

C
C

B
B

A
A

 .                                       (1.10) 
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3 misol. 03104  zyx  va 087811  zyx  tekisliklar orasidagi 
burchakni toping. 
          Ikki tekislik orasidagi burchak formulasi (1.7) bilan topamiz:  

2
2

)7()8(111)10(4
)7(1)8()10(114cos

222222





 . 

Bundan    
4
  . 

        4 misol. Tekislik tenglamasini tuzing: 1) )3;2;1(0 M  nuqtadan o‘tuvchi 
va 05362  zyx  tekislikka parallel bo‘lgan; 2) )1;2;3(1 M , )4;1;2(2 M  
nuqtalardan o‘tuvchi va 0243  zyx  tekislikka perpendikular bo‘lgan. 
        1) Tekislik tenglamasini 0 DCzByAx  ko‘rinishida izlaymiz.  

Misolning shartiga ko‘ra:  














).05362(
362

),')3;2;1((032 0

tekislikkazyxtekislikCBA
tadionuqtadanMtekislikDCBA

 

Bundan CA
3
2

 , CB 2 , .
3
23CD   U holda 

0
3
232

3
2

 CCzCyCx   yoki 

023362  zyx . 

Bu masalani boshqacha yechish mumkin. Tekislik )3;2;1(0 M  nuqtadan 
o‘tgani uchun (1.1) tenglamaga ko‘ra  0)3()2()1(  zCyBxA . 
Tekislik 05362  zyx  tekislikka parallel bo‘lgani uchun uning normal 
vektori sifatida }3;6;2{ n  vektorni olish mumkin.   U holda   

0)3(3)2(6)1(2  zyx yoki     
023362  zyx . 

2) Tekislik tenglamasini 0 DCzByAx  ko‘rinishida izlaymiz.  
Misol shartiga ko‘ra:  

1

2

3 4 0 ( 3 4 2 0 ),
3 2 ( (3; 2;1) ‘ ),
2 4 ( (2; 1;4) ‘ ).

A B C tekislik x y z tekislikka
A B C D tekislik M nuqtadan o tadi
A B C D tekislik M nuqtadan o tadi

       
     
     

 

Sistemaning yechimi:  CA 13 , CB 10 , CD 20 . 
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A , B , D  koeffitsiyentlarni izlanayotgan tenglamaga qo‘yamiz:   
0201013  CCzCyCx       

Bundan 
0201013  zyx . 

        4.1.5. Nuqtadan tekislikka tushirilgan pеrpеndikularning uzunligiga 
nuqtadan tekislikkacha  bo‘lgan masofa deyiladi. 

);;( 0000 zyxM  nuqtadan  0 DCzByAx  tenglama bilan  berilgan  
tekislikkacha bo‘lgan masofa ushbu formula bilan topiladi:     

         
222

000 ||
CBA

DCzByAxd



 .                                       (1.11) 

        5 misol. )1;4;5(0 M  nuqtadan )3;0;3(1M , )0;4;0(2M  va )3;4;0(3 M  
nuqtalardan o‘tuvchi tekislikkacha bo‘lgan masofani toping. 

Berilgan uchta nuqtadan o‘tuvchi tekislik tenglamasini tuzamiz: 

          0
33430
30430
33




 zyx

,  0
643
343
33




 zyx

. 

Bundan   )3(09)3(12  zyx   yoki  01234  yx . 
       )1;4;5(0 M  nuqtadan 01234  yx tekislikkacha bo‘lgan masofani   
(1.11) formula bilan hisoblaymiz:  

)..(4
034

|124354|
222

bud 



  

 
Mustahkamlash uchun mashqlar 

  4.1.1. Oz  o‘qning  )5;2;1(1 M  va )3;1;2(2M  nuqtalardan teng uzoqlikda  
yotuvchi nuqtasini toping. 

          4.1.2. Oxy  tekislikning  )1;3;1(1 M , )5;9;1(2M   va    )2;1;0(3 M   
nuqtalardan teng uzoqlikda yotuvchi nuqtasini toping. 

          4.1.3. )3;1;2(0 M  nuqtadan o‘tuvchi va shu nuqtaning radius vektoriga  
perpendikular bo‘lgan tekislik  tenglamasini tuzing.  

          4.1.4. }4;3;2{ n  vektorga perpendikular bo‘lgan va Oz  manfiy  
yarim o‘qda 5ga teng kesma ajratuvchi tekislik  tenglamasini tuzing.  
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          4.1.5. Tekislik tenglamalarini tuzing:   
          1) )2;3;1(0 M  nuqtadan va berilgan o‘qdan o‘tuvchi: a) Ox ;     b) Oz ;      
          2) )3;1;2(0 M  nuqtadan o‘tuvchi va berilgan o‘qqa perpendikular 
bo‘lgan:  a) Oy ;       b) Oz ; 
          3) )4;2;3(0 M  nuqtadan o‘tuvchi va berilgan tekislikka parallel bo‘lgan: 
a)Oxy ;       b) Oyz ;    
          4) ),1;3;2(1 M  )0;4;3(2M  nuqtalardan o‘tuvchi va berilgan o‘qqa  
parallel bo‘lgan: a) Oy ;       b) Oz ; 
          5) koordinatalar boshidan va berilgan nuqtalardan o‘tgan:  
a) ),2;4;3(1 M  )4;3;1(2 M ;                         b) )5;4;2(1M , )1;2;1(2 M ; 

          4.1.6. 0632  zyx tekislikning koordinata o‘qlari bilan kesishish  
nuqtalarini toping. 

          4.1.7. )3;2;1(0 M  nuqtadan va berilgan ikkita vektorga parallel tekislik 
tenglamasini tuzing:   
1) }1;1;2{a  va }1;1;3{ b


;                        2) }2;4;1{ a  va }.2;2;5{ b


 

          4.1.8. ),3;1;2(1 M  )2;3;1(2 M  nuqtalardan o‘tuvchi va OzOx,  o‘qlarida  
teng musbat kesmalar ajratuvchi  tekislik tenglamasini tuzing. 

          4.1.9. )2;5;2(0 M  nuqtadan o‘tuvchi va OzOx,   o‘qlarida Oy  o‘qqa  
nisbatan uch barobar uzun kesma ajratuvchi tekislik tenglamasini tuzing. 

        4.1.10. Berilgan uchta nuqtadan o‘tuvchi tekislik tenglamasini tuzing: 
1) )1;1;2(1 M , )0;1;3(2M , )1;2;1(3 M ;   2) )3;2;1(1 M , )3;1;4(2M , )1;2;1(3 M . 

        4.1.11. 011629  zyx  tekislik tenglamasining kesmalarga nisbatan  
va normal ko‘rinishlarini yozing. 

        4.1.12.  )3;3;3(0M  nuqtadan koordinata tekisliklariga tushirilgan  
perpendikular asoslari orqali o‘tgan tekislik tenglamasini tuzing. 

        4.1.13.  Tekisliklar orasidagi burchakni toping:   
1) 0522  zyx  va 03  yx ; 
2) 01223  zyx  va 01395  zyx ;  
3) 04432  zyx va  ;0325  zyx   
4) 032  yx  va 052  zy  
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        4.1.14. m va n ning qanday qiymatlarida tekisliklar parallel bo‘ladi:  
1) 0253  nzyx ,   01132  zymx ;  
2) 0466  zynx ,  0832  zmyx .    
        4.1.15. m ning qanday qiymatlarida tekisliklar perpendikular bo‘ladi:  
1) 03274  zyx , 0523  mzyx ;  2) 0 zmyx , 0432  mzyx .    

4.1.16. Tekislik tenglamalarini tuzing: 
 1) )2;2;2(0 M  nuqtadan o‘tuvchi va berilgan tekislikka parallel bo‘lgan:  

a) 032  zyx ;   b) 0132  zyx ; 
        2) )2;1;1(0 M nuqtadan o‘tuvchi va berilgan ikki tekislikka 
perpendikular bo‘lgan: 1) 0622  zyx , 042  zyx ;   
2) 013  zyx , 022  zyx . 
        3) )3;4;5(1 M , )8;1;2(2 M  nuqtalardan o‘tuvchi va berilgan  tekislikka  
perpendikular bo‘lgan: a) Oxy ;   b) Oyz ;   c) Oxz . 

        4.1.17. )3;1;2(M nuqtadan va 0622  zyx ,   0332  zyx   
tekisliklarning kesishish chizig‘idan o‘tuvchi tekislik tenglamasini tuzing. 

4.1.18. )2;1;2( M nuqtadan o‘tuvchi va 0123  zyx , 0823  zyx   
tekisliklar kesishish chizig‘iga perpendikular tekislik tenglamasini tuzing. 

        4.1.19. )0;0;2(1M , )0;1;0(2M  nuqtalardan o‘tuvchi va Oxy  tekislik bilan  
o45 li burchak tashkil qiluvchi tekislik tenglamasini tuzing. 

4.1.20. Tekisliklarning kesishish nuqtasini toping:  
1) ;01123,072,022  zyxzyxzyx  
2) .043,0442,042  zyxzyxzyx  

4.1.21. )4;1;5(0 M  nuqtadan )0;3;3(1M , )4;3;0(2 M , )4;0;0(3M nuqtalardan  
o‘tuvchi tekislikkacha bo‘lgan masofani toping. 

4.1.22. 0622  zyx , 0922  zyx tekisliklardan teng uzoqlikda  
yotuvchi Ox oqning nuqtasini toping. 

       4.1.23. 0522  zyx tekislikka parallel bo‘lgan va )2;3;4(0 M   
nuqtadan 3d masofadan o‘tuvchi tekislik tenglamasini tuzing. 

4.1.24. Ikki yoqi 044312  zyx  va 0224312  zyx tekisliklarda 
yotuvchi kubning hajmini toping. 
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4.2. FAZODAGI  TO‘G‘RI  CHIZIQ 
 

Fazodagi to‘g‘ri chiziq tеnglamalari. Fazoda ikki to‘g‘ri chiziqning 
o‘zaro joylashishi. Fazoda to‘g‘ri chiziq bilan tekislikning o‘zaro 

joylashishi. Nuqtadan to‘g‘ri chiziqqacha bo‘lgan masofa 
 

4.2.1.To‘g‘ri chiziqning tekislikdagi har xil o‘rni turli tenglamalar bilan 
aniqlanadi. 
       1.To‘g‘ri chiziqning kanonik tenglamasi: 

r
zz

q
yy

p
xx 000 





 ,                                   (2.1) 

bu yerda, rqp ,,  to‘g‘ri chiziq yo‘naltiruvchi  vеktori (to‘g‘ri chiziqqa 
parallеl bo‘lgan  vektor) };;{ rqps  ning koordinatalari; 000 ,, zyx berilgan 
nuqtaning koordinatalari, zyx ,,  to‘g‘ri chiziqda  yotuvchi ixtiyoriy 
nuqtaning koordinatalari. 
       2. To‘g‘ri chiziqning paramеtrik tеnglamalari: 

 












rtzz
qtyy
ptxx

0

0

0

,
,
                                           (2.2) 

bu yerda, t parametr. 
       3. To‘g‘ri chiziqning vеktor tеnglamasi: 

 ,0 strr                                                (2.3) 
bu yerda,  };;{},;;{ 0000 zyxrzyxr   mos ravishda );;( zyxM , );;( 0000 zyxM  
nuqtalarning radius vektorlari.  
       4. Berilgan ikki nuqtadan o‘tuvchi  to‘g‘ri  chiziq tеnglamasi:                                  

        
12

1

12

1

12

1

zz
zz

yy
yy

xx
xx










 ,                                (2.4) 

bu yerda, ,,, 111 zyx 222 ,, zyx berilgan ikki nuqtaning koordinatalari. 
5. To‘g‘ri chiziqning umumiy tеnglamalari: 

            







,0
,0

2222

1111

DZCyBxA
DzCyBxA                                 (2.5) 

bu yerda, ,,, 111 CBA 222 ,, CBA ikkita parallеl bo‘lmagan tеkislik };;{ 1111 CBAn   
va };;{ 2222 CBAn   normal vektorlarining koordinatalari. 
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Umumiy tenglamasi bilan berilgan to‘g‘ri chiziqning yo‘naltiruvchi 

vektori  














22

11

22

11

22

11 ;;
BA
BA

CA
CA

CB
CB

s                         (2.6) 

formula bilan topiladi. 

  1 misol. 







.0732
,024

zyx
zyx

 to‘g‘ri chiziqning umumiy tеnglamasini 

kanonik va parametrik  ko‘rinishlarga keltiring. 
         To‘g‘ri chiziqda yotuvchi 0M  nuqtaning koordinatalarini topamiz. 

Buning uchun berilgan sistеmani 








.732
,24

zyx
zyx

 

ko‘rinishga kеltirib, z  ga  00 z  qiymat  bеramiz va sistеmadan 0xx   va 
0yy   larni  aniqlaymiz: .1,2 00  yx      

To‘g‘ri chiziqning yo‘naltiruvchi vektorini (2.6) formuladan topamiz:  

}.11;3;1{
32
41

;
12
11

;
13
14






















s  

U holda (2.1) formulaga ko‘ra berilgan tenglama ushbu 

113
1

1
2








 zyx  

 kanonik shaklga keladi.    
t  parametr kiritamiz:   tzyx











113
1

1
2 . Bundan  

tx  2 , ty 31 , tz 11 , Tt . 

       2 misol. )1;1;2( M  nuqtadan o‘tuvchi va koordinata o‘qlari bilan 
4
  , 

4
3  , 

2
   burchaklar tashkil qiluvchi to‘g‘ri chiziqning umumiy 

tenglamasini tuzing. 
          To‘g‘ri chiziqning yo‘naltiruvchi vektori };;{ rqps   bo‘lsin.   

Masala shartiga  ko‘ra: 
2
2

4
coscos 

p , 
2
2

4
3coscos 
q ,  
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0
2

coscos 
r ,   ya’ni   









 0;
2
2;

2
2s . 

     To‘g‘ri chiziq )1;1;2( M  nuqtadan o‘tadi. Shu sababli (2.1) tenglamadan  

0
1

2
2
1

2
2
2 







 zyx   yoki 

0
1

1
1

1
2 






 zyx . 

Bundan  







01
),1(2

z
yx

           yoki     








.01
,01

z
yx

 

4.2.2. 
1

1

1

1

1

1

r
zz

q
yy

p
xx 





  va 

2

2

2

2

2

2

r
zz

q
yy

p
xx 





  tеnglamalari bilan 

bеrilgan ikki 1l  va 2l to‘g‘ri chiziqlar orasidagi burchak   ga teng bo‘lsin.  
U holda         

                
2

2
2
2

2
2

2
1

2
1

2
1

212121cos
rqprqp

rrqqpp



 .                                  (2.7) 

Bunda to‘g‘ri chiziqlar orasidagi o‘tkir buqchak (2.7) tenglikning o‘ng 
tomonini modulga olish orqali topiladi. 
         1l va 2l   to‘g‘ri chiziqlar perpendikular bo‘lsin. U holda 0cos   yoki 

0212121  rrqqpp .                                        (2.8) 
        1l va 2l   to‘g‘ri chiziqlar parallel bo‘lsin. U holda };;{ 1111 rqps  va 

};;{ 2222 rqps   vektorlar kollinear bo‘ladi, ya’ni 

2

1

2

1

2

1

r
r

q
q

p
p

 .                                            (2.9)    

        1l  va 2l  to‘g‘ri chiziqlar bir tеkislikda yotsin.  
U holda };;{ 1111 rqps  , };;{ 2222 rqps  , };;{ 12121221 zzyyxxMM   vеktorlar 
shu tеkislikda yotadi, ya’ni  

.0

222

111

121212




rqp
rqp

zzyyxx
                      (2.10) 
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Agar 1l  va 2l  to‘g‘ri chiziqlar ayqash bo‘lsa  

 0

222

111

121212




rqp
rqp

zzyyxx
.                            (2.11) 

           1l  va 2l  to‘g‘ri chiziqlar ustma-ust tushsin.  
 U holda  




















.

,

1

12

1

12

1

12

1

2

1

2

1

r
zz

q
yy

p
xx

r
r

q
q

p
p

                               (2.12) 

        3  misol. 
11

1
7

3
8

2 





 zyx  va 







064
,0827

yx
zx

 to‘g‘ri chiziqlar 

orasidagi o‘tkir burchakni toping. 
         Birinchi to‘g‘ri chiziqning yo‘naltiruvchi vektori }11;7;8{1 s , 
Ikkinchi to‘g‘ri chiziqning yo‘naltiruvchi vektorini (2.6) formuladan 

topamiz:  

}.7;8;2{
14
07

;
04
27

;
01
20

2 












s  

U holda (2.7) formulaga ko’ra  

2
2

78)2(1178
|71187)2(8|cos

222222





 .    Bundan 
4
  . 

4.2.3. To‘g‘ri chiziq bilan uning tеkislikdagi proyеksiyasi orasidagi 
burchakka to‘g‘ri chiziq bilan tеkislik orasidagi burchak dеyiladi. 

l  to‘g‘ri chiziq  
r

zz
q

yy
p

xx 000 





  tеnglama bilan va   tеkislik 

0 DCzByAx  tеnglama bilan bеrilgan bo‘lsin.  
U holda  

 
222222

sin
rqpCBA

CzBqAp



                         (2.13)   

bo’ladi, bu yerda   to‘g‘ri chiziq bilan tеkislik orasidagi burchak. 
Bunda to‘g‘ri chiziq bilan tekislik orasidagi o‘tkir burchak 

 (2.13) tenglikning o‘ng tomonini modulga olish orqali topiladi. 
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       l  to‘g‘ri chiziq    tеkislik  perpendikular bo‘lsin. 
 U holda  

.
r
C

q
B

p
A

                                           (2.14) 

       l  to‘g‘ri chiziq    tеkislik  parallel  bo‘lsin.   
Bunda    

 .0 CrBqAp                                      (2.15) 
       Agar l    bo‘lmasa, u holda to‘g‘ri chiziq va tеkislik kеsishadi.   
Shu sababli  

.0 CrBqAp                                  (2.16) 

          4  misol. 
2
5

1
2

1
1


 zyx   to‘g‘ri chiziq bilan 092  zyx  

tеkislik  orasidagi o‘tkir burchakni toping. 
          (2.13) formuladan topamiz: 

.
2
1

)2(11)1()1(2
|)2()1(1)1(12|sin

222222





    Bundan  .
6
   

          5  misol. 
3

1
2
1

1
2 







 zyx   to‘g‘ri chiziq bilan 0332  zyx  

tеkislikning kеsishish nuqtasini toping.  
       .0113)1()2(3)1(2  CrBqAp Demak, to‘g‘ri chiziq 
bilan tekislik kesishadi. 
         To‘g‘ri chiziq va tеkislik );;( 1111 zyxM  nuqtada kеsishsin.  U holda bu 
nuqta ham to‘g‘ri chiziqda, ham tеkislikda yotadi. Shu sababli );;( 1111 zyxM  
nuqtaning koordinatalari to‘g‘ri chiziq va tekislikning tenglamalarini 
qanoatlantiradi: 

3
1

2
1

1
2 111 







 zyx ,  0332 111  zyx . 

        To‘g‘ri chiziq tеnglamalarini parametrik ko‘rinishga keltiramiz: 
tztytx 31,21,2 111  . 

        Bu koordinatalarni tеkislik tеnglamasiga qo‘yamiz:  
.03)31()21(3)2(2  ttt    

Bundan 1t . t  ning qiymatlarini parametrik tenglamalarga qo‘yib, 
topamiz: 

,1)1(21 x   1)1(211 y ,   2)1(311 z .                        
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Demak, )2;1;1(1 M . 
         l  to‘g‘ri chiziq   tеkislikda yotsin.  
U holda  








.0
,0

000 DCzByAx
CrBqAp                                (2.18) 

        6  misol. )3;2;1(0 M  nuqtadan o‘tuvchi va  01632  zyx  
tekislikka 
perpendikular to‘g‘ri chiziq tenglamasini tuzing. 

To‘g‘ri chiziq bilan tekislikning perpendikularlik shartidan topamiz: 
.632

rqp



  

Bundan .3,
2
3 prpq   

        (2.1) tenglamadan topamiz: 

p
z

p

y
p

x
3

3

2
3

21 







      yoki   
6

3
3
2

2
1 






 zyx . 

Bu masalani boshqacha yechish mumkin. To‘g‘ri chiziq tekislikka 
perpendikular bo‘lgani sababli tekislikning  normal vektori  to‘g‘ri 
chiziqning yo‘naltiruvchi vektori bo‘ladi, ya’ni }6;3;2{ s .  
      U holda   )3;2;1(0 M  nuqtadan o‘tuvchi to‘g‘ri chiziqning kanonik 
tenglamasi:  

6
3

3
2

2
1 






 zyx . 

         7  misol. m ning qanday qiymatida   
1
31

3
2










m
z

m
yx    to‘g‘ri chiziq  

va 0133  zyx  tekislik parallel bo‘ladi? 
         To‘g‘ri chiziq va tekislikning parallellik shartiga ko‘ra  

0)1()3(133  mm .    Bundan 3m .  

        8  misol. 







0922
,033

zyx
zyx   

to‘g‘ri chiziq va )2;3;2( M  nuqtadan o‘tuvchi tekislik tenglamasini tuzing. 
            Berilgan to‘g‘ri chiziqdan o‘tadigan tekisliklar dastasi tenglamasini 
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tuzamiz:    
0)922(33  zyxzyx  . 

)2;3;2( M  nuqta koordinatalari tekislik tenglamasini qanoatlantiradi.  
Shu sababli   

0)9223)2(2(32)3()2(3   . 
Bundan 2 .  
         ning topilgan qiymatini tekisliklar dastasi tenglamasiga qo‘yamiz:   

02153  zyx . 

4.2.4. );;( 0000 zyxM  nuqtadan 
r

zz
q

yy
p

xx 000 





  tenglama bilan 

berilgan l  to‘g‘ri chiziqqacha bo‘lgan  masofa   d  ga teng bo‘lsin.   
       U holda  

||
|| 0

s
sMMd 




 .                                               (2.19) 

         9  misol. )3;4;5(1 M  nuqtadan   
2

1
3

3
1
2 






 zyx    to‘g‘ri chiziqqacha  

bo‘lgan masofani toping. 

           Masalaning shartiga ko‘ra: )3;4;5(1 M , )1;3;2(0M , }2;3;1{s . 
Bundan   

}.2;1;7{}31;43);5(2{01 MM  
 U holda   





231
21701

kjt
sMM



  

,20124)121()214()62( kjikji


  
35420)12(4|| 222

01  sMM  ,      
1423)1(|| 222 s . 

(2.19) formula bilan topamiz: 

)..(102
14
354 buzd    
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Mustahkamlash uchun mashqlar 

  4.2.1. To‘g‘ri chiziqning kanonik tenglamasini tuzing:  
1) )2;1;1(1 M  nuqtadan o‘tuvchi va }1;3;2{ s  vektorga parallel bo‘lgan ;  
2) )1;3;2(2 M  nuqtadan o‘tuvchi va Oy  o‘qqa parallel bo‘lgan;  

3) )3;2;1(3 M  nuqtadan o‘tuvchi va 












tz
ty

tx

1
,31

,23
 to‘g‘ri chiziqqa parallel 

bo‘lgan;  

4) )1;2;1(4 M nuqtadan o‘tuvchi va 







0342
,063

zyx
zyx

 to‘g‘ri chiziqqa  

parallel bo‘lgan. 

 4.2.2. )2;6;3(M  nuqtadan o‘tuvchi va  Oz  o‘qni to‘g‘ri burchak ostida  
kesuvchi to‘g‘ri chiziq tenglamasini tuzing.   

 4.2.3. To‘g‘ri chiziq tenglamasini parametrik ko‘rinishga keltiring: 

1) 







;0648
,0535

zyx
zyx                               2) 








.012
,01

zyx
zyx     

        4.2.4. 







018236
,0842

zyx
zyx  tenglama bilan berilgan to‘g‘ri chiziqning  

yo‘naltiruvchi vektorini toping. 

  4.2.5. Berilgan nuqtalardan o‘tuvchi to‘g‘ri chiziqning umumiy 
tenglamasini tuzing:   1) )2;2;1(1 M , )2;1;3(2 M ;        
2) )1;2;1(1 M , )1;1;3(2 M ;        3) )2;1;3(1 M , )2;2;2(2M . 

  4.2.6. )1;2;2( M  nuqtadan o‘tuvchi va  }1;3;1{},2;1;1{  ba
  vektorlarga  

perpendikular to‘g‘ri chiziq tenglamasini tuzing.   

  4.2.7. )3;2;1( M  nuqtadan o‘tuvchi va koordinata o‘qlari bilan 
3


  ,  

4
  , 

3
2   burchak tashkil qiluvchi to‘g‘ri chiziq tenglamalarini tuzing. 

  4.2.8. Uchburchakning uchlari berilgan: ).5;4;3(),1;2;1(),3;2;1( CBA    
A  uchdan o‘tkazilgan mediana tenglamasini tuzing. 
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  4.2.9. ABCD  parallelogrammning ikki uchi )3;1;4(),0;2;1( BA  va 
diagonallari kesishish nuqtasi )2;1;2(O  berilgan. Parallelogramm  
CD tomonining tenglamasini tuzing. 

        4.2.10. To‘g‘ri chiziqlar orasidagi o‘tkir burchakni toping: 

1) 













tz
y

tx

3
,0

,32
 va 














;3
,0

,21

tz
y

tx
               2) 








,013
,01

zyx
zyx  








.062
,02

zyx
yx  

4.2.11. )1;3;2( M  nuqtadan o‘tuvchi va  berilgan to‘g‘ri chiziqlarga  
perpendikular to‘g‘ri chiziq tenglamasini tuzing:   

1) 
3

2
12




zyx , ;
2

2
1
1

1
1 


 zyx        

2) 
2
3

1
1

3
5








 zyx , 

4
1

52
2 





 zyx . 

4.2.12. To‘g‘ri chiziqlarning o‘zaro joylashishini aniqlang:   

 1) 
2

3
3
4

4
5 







 zyx , 














;43
,6

,82

tz
ty

tx
      

2) 
1

1
2

3
3

4 





 zyx , 
1
2

3
1

2 








zyx . 

4.2.13. To‘g‘ri chiziq bilan tekislik orasidagi burchakni toping: 

1) 
2
1

12
1





 zyx ,  0922  yx ;         

 2)







,02
,012

zy
yx

 .062  zyx  

        4.2.14. To‘g‘ri chiziq bilan tekislikning o‘zaro joylashishini aniqlang:   

1) 







,032
,064

zyx
zyx

01263  zyx ;  

 2) 
3

2
8

2
2

1 





 zyx , 0842  zyx .     
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4.2.15. To‘g‘ri chiziq bilan tekislikning kesishish nuqtasini toping:   

1) 
4

5
5

7
1

4 





 zyx , 0523  zyx ;        

 2) 
13

7
17

13
2







zyx , .045  zx  

4.2.16. m  va n ning qanday qiymatlarida  
1
3

4
1

4
3









 zyx  to‘g‘ri 

chiziq:    
1) 042  nzymx  tekislikda yotadi;   
2) 053  znymx  tekislikka  perpendikular bo‘ladi;     
3) 0232  nmzyx  tekislikka parallel bo‘ladi. 

       4.2.17. )1;1;1( M  nuqtadan o‘tuvchi va berilgan to‘g‘ri chiziqqa  
perpendikular tekislik tenglamasini tuzing:   

1)
4

2
3
2

2
1 






 zyx ;          2)

2
5

1
1

4
3





 zyx ;            3)








.02
,01

y
x  

4.2.18. )6;5;4( M  nuqtadan berilgan tekislikka tushirilgan perpendikular  
tenglamasini tuzing:   

 1) 032  yx ;               2) 05  zyx . 

4.2.19. )2;1;0(M  nuqtadan va 







022
,053

zyx
yx

 to‘g‘ri chiziqdan 

o‘tuvchi  
tekislik tenglamasini tuzing. 

4.2.20. )1;2;5( M nuqtaning 012  zx  tekislikdagi proyeksiyasini  
toping. 

4.2.21. )4;3;2(M nuqtaning 
3

1
2

1
1

1 





 zyx  to‘g‘ri chiziqdagi  

proyeksiyasini toping. 

       4. 2.22. )1;3;2( M  nuqtadan berilgan to‘g‘ri chiziqqacha bo‘lgan  
masofani toping:     

1) 
5

1
3

2
4

3 





 zyx ;                                     2) 
2

1
1
2

2
1 


 zyx . 
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4.3. IKKINCHI   TARTIBLI   SIRTLAR 

Sfera. Ellipsoid. Giperboloidlar.  Konus sirtlar.  
Paraboloidlar.  Silindrik sirtlar 

4.3.1. Oxyz  koordinatalar sistеmasida zyx ,,  o‘zgaruvchilarning ikkinchi 
darajali tеnglamasi  bilan aniqlanuvchi sirt  ikkichi tartibli sirt dеyiladi. 

Uchta yx,  va z  o‘zgaruvchining ikkinchi darajali tenglamasi umumiy 
ko‘rinishda 

0,0 222222  CBALKzHyGxFyzExzDxyCzByAx    (3.1) 
kabi yoziladi. 

(3.1) tеnglamani koordinatalar sistеmasini almashtirish orqali   
0222  LCzByAx                                       (3.2)  

yoki   
022  LKzByAx                                      (3.3)   

ko‘rinishdagi tenglamalardan biriga kеltirish mumkin. 
 (3.2) ko‘rinishdagi tеnglamalar bilan aniqlanuvchi sirtlarga sfеra, 

еllipsoidlar, gipеrboloidlar va konus sirtlar, (3.3) ko‘rinishdagi tеnglamalar 
bilan aniqlanuvchi sirtlarga paraboloidlar kiradi. 

Shu bilan birga ikkinchi tartibli sirt  
0),( yxF  )0),(,0),((  zyHzxG  

tenglama bilan bеrilishi mumkin. Bunday tenglamalar bilan aniqlanuvchi 
sirtlarga silindrik sirtlar kiradi. 
        Markaz dеb ataluvchi nuqtadan tеng uzoqlikda yotuvchi fazodagi 
nuqtalarning gеomеtrik o‘rniga sfеra dеyiladi. 

Markazi );;( 000 zyxM nuqtada bo‘lgan va radiusi R ga teng sferaning 
kanonik tеnglamasi: 

.)()()( 22
0

2
0

2
0 Rzzyyxx                           (3.4) 

Markazi koordinatalar boshida bo‘lgan va radiusi R ga teng sferanig 
kanonik tеnglamasi: 

.2222 Rzyx   

         1 misol. Markazi )1;2;2(0 M nuqtada yotgan va 0522  zyx  
tekislikka uringan sfera tenglamasini tuzing. 

Tekislik sferaga uringani sababli sferaning markazidan, ya’ni 
)1;2;2(0 M nuqtadan 0522  zyx  tekislikkacha bo‘lgan masofa sferaning  
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radiusiga teng bo‘ladi. Nuqtadan tekislikkacha bo‘lgan masofa formulasidan 
topamiz: 

3
3
9

)2(12
|51)2(21)2(2|

222





R . 

 Bundan  
9)1()2()2( 222  zyx . 

4.3.2. Oxyz koordinatalar sistеmasida             

12

2

2

2

2

2


c
z

b
y

a
x                                          (3.5)                     

kanonik tеnglama bilan aniqlanuvchi sirtga  ellipsoid dеyiladi. 
         Ellipsoidning OyzOxzOxy ,,  tеkisliklarga parallеl tеkisliklar bilan 
kеsimlari ellipslardan iborat bo‘ladi. cba ,, kattaliklar ellipsoidning yarim 
o‘qlari deyiladi.  Agar ular har xil bo‘lsa, u holda ellipsoid uch o‘qli 
ellipsoid bo‘ladi; agar ulardan ixtiyoriy ikkitasi bir-biriga tеng bo‘lsa, u 
holda ellipsoid aylanish еllipsoidi  bo‘ladi; agar ularning uchalasi teng 
bo‘lsa, u holda  
еllipsoid sfеra bo’ladi. 

  2 misol. 12

2

2

2


b
y

a
x  ellipsning Ox  va Oy  oqlari atrofida aylanishidan 

hosil bo‘lgan  sirtlarning tenglamalarini toping. 
Agar ikkinchi tartibli chiziq 0),( yxF  tenglama bilan berilgan 

bo‘lsa, u holda bu sirtning Ox  oqi atrofida aylanishidan hosil bo‘lgan sirt 
  0; 22  zyxF  tenglama bilan,  Oy  oqi atrofida aylanishidan hosil bo‘lgan 

sirt  esa   0;22  yzxF tenglama bilan aniqlanadi. 

12

2

2

2


b
y

a
x ellipsning Ox  oqi atrofida aylanishidan hosil bo‘lgan  sirt 

tenglamasini topamiz:  
 

12

222

2

2





b

zy
a
x   yoki   12

22

2

2





b

zy
a
x . 

Ellipsning Oy  oqi atrofida aylanishidan hosil bo‘lgan  sirt tenglamasini 
shu kabi topamiz:  

12

2

2

22




b
y

a
zx . 
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Hosil bo‘lgan tenglamalarning har ikkalasi ham aylanish ellipsoidini 
aniqlaydi. 

4.3.3. Oxyz koordinatalar  sistеmasida 

12

2

2

2

2

2


c
z

b
y

a
x                                         (3.6)                            

kanonik tеnglama bilan aniqlanuvchi sirtga  bir pallali gipеrboloid dеyiladi. 
Bir pallali giperboloidning Oxy  tеkislikka parallel tеkisliklar bilan 

kеsimlari ellipslardan, Oxz  va Oyz  tеkisliklarga parallel tеkisliklar bilan  
kеsimlari gipеrbolalardan iborat bo‘ladi. ba   bo‘lganda  (3.6)  tenglama  bir  
pallali aylanish gipеrboloidini ifodalaydi. 

3 misol. 078244 222  yxzyx  tenglama qanday sirtni aniqlaydi? 
Tenglamaning chap tomonini to‘la kvadratlarga ajratamiz: 

07414)12(412 222  zyyxx  
yoki 

.44)1(4)1( 222  zyx  
Bundan    

.1
1

)1(
12

)1(
2

2

2

2

2

2





 yzx  

zzyyxx  ,1,1  deb, Oxyz  sistema markazini )0;1;1(O  nuqtaga 

parallel ko‘chirish orqali zyxO   sistemaga o‘tamiz. Bu sistemada tenglama   

1
112 2

2

2

2

2

2








 yzx  

ko‘rinishni oladi.  Bu tenglama yO  oq bo‘ylab yo‘nalgan bir pallali  
giperboloidni aniqlaydi. 

        Oxyz kordinatlar  sistеmasida  

12

2

2

2

2

2


c
z

b
y

a
x                                          (3.7) 

kanonik tеnglama bilan aniqlanuvchi sirtga ikki pallali gipеrboloid dеyiladi.                                    
         Ikki pallali giperboloidning Oxy  tеkislikka parallel tеkisliklar bilan 
kеsimlari ellipslardan, Oxz  va Oyz  tеkisliklarga parallel tеkisliklar bilan  
kеsimlari gipеrbolalardan iborat bo‘ladi. ba   bo‘lganda (3.7) tenglama ikki  
pallali aylanish gipеrboloidini aniqlaydi. 
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         4-misol. m ning qanday qiymatida 01 mzx  tekislik 1222  zyx  
ikki pallali geperboloidni kesadi: 1) ellips bo‘yicha; 2) giperbola bo‘yicha? 

1) Giperboloid tenglamasidan topamiz: 01222  zyx . 
Giperboloidni  tekislik bilan kesganda ellips hosil bo‘lishi uchun 

0122  zx  bo‘lishi kerak. 
         Tekislik tenglamasidan topamiz:  mzx 1 .   

 x ning qiymatini tengsizlikka qo‘yamiz:  
01)1( 22  zmz , 0112 222  zmzzm , 022)1( 22  mzzm . Bundan  








.0)1(2
,01

22

2

mm
m ,  








.2
,1

2

2

m
m ,     2||1  m . 

2) Kesim giperboladan iborat bo‘lishi uchun 0122  zx  bo‘lishi kerak.  
U holda 022)1( 22  mzzm  yoki  








.0)1(2
,01

22

2

mm
m ,  








.2
,1

2

2

m
m ,   1|| m . 

         4.3.4. Oxyz koordinatalar  sistеmasida   

02

2

2

2

2

2


c
z

b
y

a
x                                         (3.8)                              

kanonik tеnglama bilan aniqlanuvchi sirt konus sirt dеyiladi. 
         Konus sirtning Oxy  tеkislikka parallel tеkisliklar bilan kеsimlari 
ellipslardan, Oxz  va Oyz  tеkisliklarga parallel tеkisliklar bilan  kеsimlari  
ikkita kesishuvchi to‘g‘ri chiziqlardan iborat bo‘ladi.  

         4.3.5. Oxyz koordinatalar sistеmasida  

0,0,2

2

2

2

 baz
b
y

a
x                                  (3.9) 

kanonik tenglama bilan aniqlanuvchi sirt elliptik paraboloid dеyiladi.  
  Elliptik paraboloidning Oxy  tеkislikka parallel tеkisliklar bilan 

kеsimlari ellipslardan, Oxz  va Oyz  tеkisliklarga parallel tеkisliklar bilan  
kеsimlari parabolalardan iborat bo‘ladi. ba   bo‘lganda (3.9) tenglama 
aylanish elliptik  
paraloidini aniqlaydi. 
        Oxyz koordinatalar sistеmasida  

0,0,2

2

2

2

 baz
b
y

a
x                                 (3.10) 



 159 

kanonik tеnglama bilan aniqlanuvchi  sirt gipеrbolik paraboloid dеyiladi. 
Giperbolik paraboloidning Oxy  tеkislikka parallel tеkisliklar bilan 

kеsimlari giperbolalardan, Oxz  va Oyz  tеkisliklarga parallel tеkisliklar bilan   
kеsimlari parabolalardan iborat bo‘ladi.  

        5 misol. )0;;0(1 bM  nuqtadan va  by   tekislikdan teng uzoqlikda 
yotuvchi nuqtalarning geometrik o‘rnini toping va shaklini chizing. 

);;( zyxM fazoning ixtiyoriy nuqtasi bo‘lsin.  
        Masala shartiga ko‘ra |||| 1 byMM     

yoki    

||)( 222 byzbyx  . 
        Bundan    

222222 22 bybyzbybyx  ,  
byzx 422       yoki 

      y
b

z
b

x


44

22

. 

Sirtning Oxz  tеkislikka parallеl tеkislik 
bilan kеsimi ushbu 











0,

,1
44

22

hhy
bh
z

bh
x

 

tеnglamalar sistemasi bilan aniqlanuvchi aylanalardan iborat. Sirtning Oxy  

va Oyz  tеkisliklar bilan kеsimlarida 
b

xy
4

2

  va 
b

zy
4

2

  parabolalar hosil 

bo‘ladi.   
Shunday qilib bu sirt aylanish paraboloididan iborat bo‘ladi (3-shakl). 

4.3.6. Fazoda L  chiziq va l  to‘g‘ri chiziq bеrilgan bo‘lsin.  
L  chiziqning har bir nuqtasi orqali l  to‘g‘ri chiziqqa  parallеl qilib 

o‘tkazilgan to‘g‘ri chiziqlar to‘plamidan hosil bo‘lgan sirtga silindrik sirt 
dеyiladi. Bunda L  chiziq silindrik sirtning yo‘naltiruvchisi, l  to‘g‘ri 
chiziqqa parallеl  to‘g‘ri chiziqlar silindrik sirtning yasovchilari dеb ataladi.    
   Agar Oxyz    koordinatalar    sistеmasini   Oz   o‘q l  yasovchiga 
parallеl, L  yo‘naltiruvchi Oxy  tеkislikda yotadigan qilib tanlansa va  
L  yo‘naltiruvchining  Oxy  tеkislikdagi tеnglamasi  0),( yxF  bo‘lsa, u holda  

O  b  

3-shakl. 

x  

y  

z  

b2  
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0),( yxF  tеnglama yasovchilari Oz  o‘qqa parallel bo‘lgan silindrik sirtni  
ifodalaydi.             
         Silindrik sirtning nomlanishi va tenglamasi L  yo‘naltiruvchining shakli 

asosida aniqlanadi: Oxy  tеkislikda    12

2

2

2


b
y

a
x    tеnglama elliptik silindrni,   

12

2

2

2


b
y

a
x  tеnglama gipеrbolik silindrni, pxy 22    tеnglama  parabolik  

silindrni ifodalaydi.   

        6 misol. zx 22   tenglama bilan 
aniqlanuvchi sirt shaklini chizing. 

Berilgan tenglamada  
y  qatnashmaydi va zx 22   chiziq  
Oxz  tekislikda yotuvchi parabolani 
ifodalaydi.   

        Shu sababli 






0

,22

y
zx  tenglama 

yosovchilari Oy  o‘qqa parallel bo‘lgan  
parobolik silindrni ifodalaydi. Parabola 

0y  tekislikda Oz  o‘qqa nisbatan 
simmetpik bo‘ladi, uchi )0;0;0(O  
nuqtada  yotadi va )2;0;2(),2;0;2( 21 MM   nuqtalardan o‘tadi (4-shakl).  

 

 
Mustahkamlash uchun mashqlar 

  4.3.1. Sferaning tenglamasini tuzing: 1) markazi )2;4;4(0 M  nuqtada 
yotgan va koordinatalar boshidan o‘tgan; 2) diametrlaridan birining uchlari 

)3;1;4(1 M va )5;3;2(2 M nuqtalarda yotgan; 3) markazi )2;5;3(0 M  nuqtada 
yotgan va 01132  zyx  tekislikka uringan; 4) markazi 032  zyx  
tekislikda yotgan va )0;0;5(1 M , )3;1;3(2 M , )1;4;2(3 M  nuqtalardan o‘tgan;     

5) koordinatalar boshidan va 







05532
,25222

zyx
zyx    aylanadan o‘tgan. 

  4.3.2. m ning qanday qiymatlarida 02  myx  tekislik yzx


32

22

  

2  

4-shakl. 

2  

z  

x  

y  O  

2  
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elliptik parabaloidni kesadi: 1) ellips bo‘yicha;  2) parabola bo‘yicha? 

4.3.3. Berilgan sirtning ko‘rsatilgan o‘qlar atrofida aylanishidan hosil  

bo‘lgan sirt tenglamasini tuzing: 1) ,
2

2xz  Ox  va ;Oz         

 2) ,1
2516

22


yx Ox  va ;Oy                   3) ,1

1664

22


zy Oy va .Oz        

          4.3.4. Markazi koordinatalar boshida yotgan va yo‘naltiruvchilari  
0122  zx ,  01 zy  tenglamalar bilan berilgan konus tenglamasini  

tuzing. 

  4.3.5. Berilgan sirtlarning kesishish chizig‘ini aniqlang:  

1) ,2
63

22

zyx
  ;01463  zyx                2) ,2

34

22

zyx
  ;01463  zyx  

3) ,2
3

)1(
4

)1( 22

zyx





  ;012  yx           4) .0525,1
2593

222

 zxzyx   

         4.3.6. 





 0;

2
5;0M  nuqtadan va 

2
5

y  tekislikdan teng uzoqlikda yotgan  

fazoviy nuqtalarining geometrik o‘rnini toping. 

         4.3.7. Har bir nuqtasidan )0;0;3(M  nuqtagacha va 1x  tekislikkacha 
bo‘lgan masofalar nisbati 3  ga teng bo‘lgan fazoviy nuqtalarning geometrik  
o‘rnini toping. 

4.3.8. Berilgan tenglama bilan aniqlanuvchi sirt turini aniqlang: 

1) ;05761446436 222  zyx                 2) ;022)(2222  zyxzyx  

3) ;01223 22  zyx                                 4) ;01966416316 222  yxzyx        

5) ;0225925 22  yx                               6) ;03649 22  zyx    

7) ;060534 222  zyx                         8) ;03222  xyx     

9) ;05761446436 222  zyx                10) .022  xz        
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                                         4-NAZORAT ISHI 

 
1-variant 

  1.  ),1;1;1( A  ),6;9;1( B  ),6;1;5( C  ).1;2;5( D  
  2.  a) ;,99 22 Oxyx                   b) .,3 2 Ozzy   

2-variant 

  1.  ),7;3;4( A  ),0;5;10( B  ),0;13;6( C  ).1;2;1(D  
  2.  a) ;,3575 22 Oxyx               b) .,2,5 Oyzy   

3-variant 

  1.  ),8;2;3( A  ),2;0;10(B  ),6;4;10( C  ).1;4;4( D  
  2.  a) ;,93 22 Ozzx                   b) .,1183 22 Oyzy   

4-variant 

  1.  ),0;3;7(A  ),1;3;8( B  ),4;1;4(C  ).3;1;3( D  
  2.  a) ;,1183 22 Oyzy               b) .,4,2 Ozyx   

5-variant 

  1.  ),1;5;2( A  ),6;7;6( B  ),3;5;4( C  ).6;2;5( D  
  2.  a) ;,93 22 Ozzx                   b) .,4,3 Oyyx   

1. (1.1.-1.15) DCBA ,,,  nuqtalar koordinatalari bilan berilgan:  
a) CBA ,,  nuqtalar orqali o‘tuvchi   tekislik tenglamasini tuzing;   
b) D  nuqtadan o‘tuvchi va   tekislikka perpendikular bo‘lgan l  to‘g‘ri 
chiziqning kanonik tenglamasini tuzing: c) l  to‘g‘ri chiziq bilan  
  tekislikning kesishish nuqtasini toping. 

1.(1.16.-1.30) CBA ,,  nuqtalar koordinatalari bilan berilgan:  
a) AB  to‘g‘ri chiziqning kanonik tenglamasini tuzing; b) С  nuqtadan 
o‘tuvchi va AB  to‘g‘ri chiziqqa perpendikular bo‘lgan   tekislik 
tenglamasini tuzing; c) AB  to‘g‘ri chiziq bilan   tekislikning kesishish 
nuqtasini toping. 

2. Berilgan chiziqlarning ko‘rsatilgan o‘q atrofida aylanishidan hosil 
bo‘lgan sirt tenglamasini tuzing va turini aniqlang. 
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6-variant 

  1.  ),6;1;1( A  ),6;0;2(B  ),4;3;6(C  ).3;2;4( D  
  2.  a) ;,28883 22 Oxyx             b) .,3,5 Oyzx   

7-variant 

  1.  ),6;3;1( A  ),8;7;4( B  ),6;4;0( C  ).5;4;5( D  
  2.  a) ;,1262 22 Oxyx               b) .,42 Ozzy   

8-variant 

  1.  ),10;7;3( A  ),5;11;1( B  ),9;8;3( C  ).1;1;1( D  
  2.  a) ;,93 22 Ozzx                   b) .,6,4 Oyzx   

9-variant 

  1.  ),4;2;7(A  ),12;6;3( B  ),12;2;1( C  ).1;0;4( D  

  2.  a) ;,1553 22 Ozzx                b) .,3,1 Oxyz   

10-variant 

  1.  ),3;4;2( A  ),4;4;3( B  ),11;0;12(C  ).1;6;4(D  

  2.  a) ;,32 Ozzy                          b) .,632 22 Oxzx   

11-variant 

  1.  ),0;2;3( A  ),3;1;4( B  ),2;2;5( C  ).6;9;5(D  

  2.  a) ;,722 2 Ozy                        b) .,3056 22 Oyzy   

12-variant 

  1.  ),7;5;4( A  ),0;2;2( B  ),8;4;6( C  ).1;6;3(D  

  2.  a) ;,3575 22 Oxyx              b) .,4,2 Ozyx   

13-variant 

  1.  ),8;4;5( A  ),2;0;3(B  ),6;4;3( C  ).4;2;7( D  

  2.  a) ;,273 2 Ozx                      b) .,3056 22 Oyzy   
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14-variant 
  1.  ),1;3;8( A  ),4;1;4(B  ),0;3;7(C  ).3;1;3( D  
  2. a) ;,4085 22 Ozzy               b) .,1,3 Oxzy   

15-variant 
  1.  ),4;4;3( A  ),3;4;2( B  ),11;0;12(C  ).1;5;4(D  
  2. a) ;,43 2 Ozyx                      b) .,1234 22 Ozzx   

16-variant 
  1.  ),3;3;3(A  ),5;2;1(B  ).7;6;6( C                  
  2.  a) ;,22 Ozzy                          b) .,3649 22 Oyzy   

17-variant 
  1.  ),7;4;3( A  ),8;6;1( B  ).2;1;0(C  
  2.  a) ;,1234 22 Oxyx               b) .,2,1 Ozyx   

18-variant 
  1.  ),6;2;5(A  ),5;0;3(B  ).2;1;4(C                  
  2.  a) ;,32 Oxzx                        b) .,1553 22 Oxzx   

19-variant 

  1.  ),8;5;1( A  ),10;3;2( B  ).3;0;3(C  
  2.  a) ;,1243 22 Ozzy               b) .,2,4 Oyzy   

20-variant 

  1.  ),12;9;4( A  ),10;7;5( B  ).3;0;1( C     
  2.  a) ;,32 Oyyx                          b) .,2443 22 Ozzx   

21-variant 

  1.  ),5;0;3(A  ),6;2;5(B  ).1;1;5(C  
  2.  a) ;,422 Ozzx                    b) .,1,3 Oyyx   

22-variant 
  1.  ),3;4;0( A  ),5;2;1( B  ).0;5;6(C               
  2.  a) ;,1315 22 Oxyx                b) .,4,3 Oyyx   
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23-variant 

  1.  ),10;3;2( A  ),8;5;1( B  ).3;1;2( C  
  2. a) ;,52 Ozzy                          b) .,2173 22 Oxyx   

24-variant 

  1.  ),7;3;9( A  ),5;4;11( B  ).11;2;0( C          

  2. a) ;,615 22 Oyxy                 b) .,2,5 Oyzy   

25-variant 

  1.  ),4;2;5(A  ),3;4;7(B  ).1;4;3(C  

  2.  a) ;,5 2 Ozxz                         b) .,1183 22 Oyzy   

26-variant 

  1.  ),0;5;3(A  ),2;4;1(B  ).1;10;6(C            
  2.  a) ;,3557 22 Oxyx               b) .,3,1 Oxyx   

27-variant 

  1.  ),4;5;8( A  ),2;7;9( B  ).1;3;0(C  
  2.  a) ;,2 2 Ozzx                          b) .,44 22 Oxzx   

28-variant 

  1.  ),7;3;4( A  ),5;4;2( B  ).10;7;5(C             
  2.  a) ;,1052 2 Ozzy                 b) .,6,2 Oxzy   

29-variant 

  1.  ),10;7;1(A  ),11;5;3(B  ).1;9;2( C  
  2.  a) ;,52 Oyyx                        b) .,632 2 Ozzx   

30-variant 

  1.  ),5;2;1(A  ),3;2;3(B  ).6;5;6( C  

  2.  a) ;,2 2 Ozzx                          b) .,1,3 Oxzy   
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3-MUSTAQIL  ISH 

 
1-variant 

1.  ),2;1(A  ),8;9(B  ).14;6(C                                2. ),1;4(A  )1;2( B , .4a                              

3. ),3;5;3(A  ),4;7;8(B  ),4;10;5(C  ).8;7;4(D          4.  ),1;2;3( A  
4

1
1

2
3
3 






 zyx .            

5. 







.0325
,0532

zyx
zyx                       6. 

10
5

3
3

0
3 





 zyx , 

02722  zyx . 
7. a)  035 222  zyx ;                    b)  42 22  yz . 

      1. ABC  uchburchak uchlarining koordinatalari berilgan:  a) C  uchdan 
tushirilgan balandlik tenglamasini tuzing va uning uzunligini toping;  
b) B  uchdan o‘tkazilgan mediana tenglamasini tuzing va uchburchak 
medianalarining kesishish nuqtalarini toping; c) A burchakning radian 
qiymatini hisoblang va uning bissektrisasi tenglamasini tuzing.  
      2. (2.1- 2.16.) Har bir );( yxM nuqtasidan berilgan );( 11 yxA  va );( 22 yxB  
nuqtalargacha bo‘lgan masofalar nisbati a ga  teng bo‘lgan chiziq 
tenglamasini tuzing. 
      2. (2.17-2.30) Har bir );( yxM nuqtasidan berilgan );( 11 yxA  nuqtagacha 
va bx    to‘g‘ri chiziqqacha bo‘lgan masofalar nisbati m ga teng bo‘lgan 
chiziq tenglamasini tuzing. 

3. ABCD   piramidaning uchlari berilgan:  a) AB  qirra tenglamasini 
tuzing; b) ABC  yoq tenglamasini tuzing;  c) D uchdan   ABC  yoqqa 
tushirilgan balandlik tenglamasini tuzing va uning uzunligini toping;  
d) C  uchdan  o‘tuvchi AB  qirraga parallel to‘g‘ri chiziq tenglamasini 
tuzing;  e) D uchdan   o‘tuvchi AB  qirraga perpendikular tekislik 
tenglamasini tuzing; f) AD  qirra bilan ABC  yoq orasidagi burchak sinusini 
toping;  g) ABC  va ABD  yoqlar orasidagi burchak kosinusini toping. 
     4. Berilgan  nuqta va  to‘g‘ri chiziqdan o‘tuvchi tekislik tenglamasini 
tuzing. 
     5. To‘g‘ri chiziqning  kanonik  tenglamasini yozing. 
     6. Berilgan to‘g‘ri chiziq bilan tekislikning kesishish nuqtasi 
koordinatalarini toping.   
     7. Sirt turini aniqlang va shaklini chizing. 
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2-variant 

1.  ),3;2( A  ),9;3(B  ).0;6(C                            2. ),7;5(A  )1;2(B , .4a  

3. ),5;6;6(A  ),5;9;4(B  ),11;6;4(C  ).3;9;6(D         4.  ),2;5;4( A  
23

5
4

1






 zyx . 

5. 







.063
,02

zyx
zyx                     6. 

2
2

0
3

1
1








 zyx , 021372  zyx . 

   7. a)  ;064 22  yzx                  b)  1234 22  zx . 
 

3-variant 
1.  ),2;1( A  ),4;7(B  ).10;4(C                          2. ),3;3(A  )1;5(B , .

3
1

a                               

  3. ),2;2;3(A  ),2;3;5( B  ),1;3;5( C  ).7;3;2( D   4.  ),2;1;3(A  
3
1

42
4








 zyx .              

5. 







.087
,019273

zyx
zyx

                   6. 
1

3
3
2

2
1 






 zyx , 01325  zyx . 

   7. a)  ;03248 222  zyx          b)  623 22  zy . 
 

4-variant 

   1.  ),1;2(A  ),5;1(B  ).6;14(C                           2. ),4;2( A  )5;3(B , .
3
2

a  

  3. ),4;6;8( A  ),5;5;10( B  ),5;6;5( C  ).7;4;8(D    4.  ),1;2;1(A  
2

5
34

2 





 zyx . 

  5. 







0123
0232

zyx
zyx                      6. 

3
2

4
1

2
2 






 zyx , 011324  zyx . 

   7. a)  ;0301056 222  zyx        b)  645 22  zx . 

5-variant 

1.  ),1;1( A  ),5;9(B  ).11;6(C                              2. ),6;1(A )2;4( B , .2a     

  3. ),5;4;0(A  ),1;2;3( B  ),6;5;4(C  ).2;3;3( D      4.  ),2;1;2(A  
8

2
3
5

4
7 






 zyx . 

  5. 







.010272
,0647

zyx
zyx                 6. 

6
1

1
3

3
5 





 zyx , 03325  zyx . 
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  7. a)  ;362 22 zyx        b)  1863 22  zx . 
6-variant 

  1.  ),4;1( A  ),8;4(B  ).1;5( C                          2. ),2;3( A  )6;4(B , .
5
3

a                         

  3. ),3;1;1( A  ),8;5;6(B  ),8;5;3(C  ).1;4;8(D          4.  ),1;3;2(A  
5

5
3
1

2







zyx .    

  5. 







.0323
,062

zyx
zyx                   6. 

1
5

1
3

0
2 






 zyx , 01035  zyx . 

  7. a)  ;030532 222  zyx         b) 623 2  xz . 
 

7-variant 

   1.  ),1;1(A  ),7;7(B  ).13;4(C                            2. ),6;0(A  )0;2(B , .2a    

   3. ),7;2;1( A  ),10;2;4(B  ),5;3;2( C  ).7;3;5(D    4. ),2;1;4( A  
2
1

3
2

1
5








 zyx .   

   5. 







.0846
,02

zyx
zyx                 6. 

3
1

2
2

2
3









 zyx , 02153  zyx . 

   7. a)  ;01246 222  zyx        b) .632 22  zx  
 

8-variant 

  1.  ),2;5( A  ),2;8(B  ).3;7(C                            2. ),0;6(A  )3;0( B , .2a  

  3. ),7;2;4(A  ),0;2;1(B  ),7;5;3(C  ).5;3;2( D        4. ),1;2;4( A   
31

1
2

2 zyx






 .     

  5. 







.0933
,024

zyx
zyx                 6. 

8
1

5
8

12
5 






 zyx , 0623  zyx . 

  7. a)  ;093 22  xyz                b) 1553 22  zx . 
 

9-variant 
  1.  ),4;2( A  ),1;14(B  ).1;2( C                          2. ),0;4(A  )0;0(B , .3a                       

   3. ),5;3;2(A  ),7;3;5( B  ),7;2;1(C  ).0;2;5(D         4.  ),4;0;5(A  
1

1
2

2
3








zyx .      

  5. 







.0832
,063

zyx
zyx                  6. 

2
5

0
2

1
4









 zyx , 024254  zyx . 

  7. a)  ;34 22 xzy                       b)  44 22  zx . 
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10-variant 

   1.  ),0;6(A  ),4;9(B  ).5;6(C                             2. ),2;4( A  )6;1(B , .2a  
   3. ),7;3;5(A  ),5;3;2(B  ),7;2;4(C  ).7;2;1( D       4.  ),3;5;4(A  

5
2

3
5

4
4 






 zyx . 

   5. 







.06232
,0423

zyx
zyx               6. 

2
3

3
1

2
3 





 zyx , 016347  zyx .   

   7. a)  0453 22  zyx ;             b)  2045 22  zx . 
 

11-variant 

  1.  ),2;8(A  ),7;4(B  ).10;14(C                            2. ),1;2(A  )2;2(B , .4a    

  3. ),4;1;3(A  ),1;6;1(B  ),6;1;1(C  ).1;4;0( D        4. ),2;0;3(A  
5

2
3
1

4
2 






 zyx .    

  5. 







.0133
,06232

zyx
zyx                 6. 

12
5

3
3 zyx





 , 023543  zyx . 

  7. a)  0724129 222  zyx ;     b)  1234 22  yx . 
 

12-variant 

  1.  ),6;1( A  ),6;6(B  ).3;3( C                         2. ),3;3(A  )1;5(B , .3a                   
   3. ),2;1;3( A  ),1;0;1(B  ),3;7;1(C  ).8;5;9(D        4.  ),4;3;5( A  

36
3

2
3







 zyx . 

  5. 







.06232
,033

zyx
zyx                 6. 

2
3

3
1

5
1 





 zyx , 028237  zyx . 

  7. a)  0915910 222  zyx ;      b)  zzy  22 2 . 
 

13-variant 

   1.  ),1;4( A ),5;7( B ).4;8(C                            2. ),3;2(A  )1;1(B , .
4
3a  

   3. ),4;5;3(A  ),4;8;5(B  ),2;2;1( C  ).2;3;1(D       4.  ),0;2;6(A  
3
4

1
1

6
1








 zyx .        
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   5. 







.016356
,05343

zyx
zyx               6. 

1
3

5
4

2
4








 zyx , 01974  zyx .  

   7. a)  018236 222  xyz ;     b)  2054 22  zy . 
 

14-variant 

  1.  ),0;12(A  ),5;0(B  ).8;18(C                             2. ),0;3(A  )0;6(B , .
2
1a   

  3. ),3;4;2(A  ),5;1;1(B  ),3;9;4(C  ).7;6;3(D          4. ),2;3;6(A  
3
5

2
3

4 






zyx . 

  5. 







.04456
,022

zyx
zyx               6. 

2
2

1
2

3
4 






 zyx , 03635  zyx . 

  7. a)  ;02793 222  zyx        b)  .104 22  zx  
 

15-variant 

  1.  ),2;1( A  ),3;11(B  ).6;7(C                          2. ),2;3( A  )1;4(B , .
4
1a                   

   3. ),5;5;9(A  ),1;7;3(B  ),8;7;5(C  ).2;0;6(D       4.  ),2;1;4( A  
34

3
6

1






 zyx .    

  5. 







.07235
,023

zyx
zyx                6. 

1
3

5
2

3
2 






 zyx , 0354  zyx . 

  7. a)  ;024 22  yzx                b)  32  xy . 

16-variant 

   1. ),4;3(A  ),9;15(B  ).7;1(C                           2. ),5;3(A  )2;4(B , .
3
1

a  

    3. ),6;9;2(A  ),2;8;2(B  ),6;8;9(C  ).3;9;7(D       4.  ),1;5;2( A  
14

5
2

3






 zyx . 

   5. 







.011358
,0125

zyx
zyx                6. 

1
2

1
3

4
1 






 zyx , 0823  zyx .  

   7. a)  ;362 22 xzy                    b)  .42  xz  

17-variant 

  1.  ),2;1(A  ),8;7(B  ).14;4(C                           2. ),1;6(A  5x , .
3
1

m      
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  3. ),6;8;1(A  ),2;2;5(B  ),6;7;5(C  ).1;8;4( D        4. ),2;1;1( A
34

1
2

3






 zyx .               

  5. 







.04235
,01623

zyx
zyx                6. 

1
1

4
3

5
1









 zyx , 01625  zyx . 

  7. a)  ;0243124 222  zyx     b)  303 22  zx . 
18-variant 

  1.  ),1;1(A  ),7;9(B  ).13;6(C                                2. ),2;1(A  9x , .
4
1m  

   3. ),1;7;0(A   ),5;1;2( B  ),3;6;1(C  ).8;9;3( D      4.  ),1;3;4( A  
54

5
3

5 zyx






 . 

  5. 







.05332
,0923

zyx
zyx                6. 

1
1

4
4

2
2








 zyx ,  02537  zyx . 

  7. a)  ;0542 222  zyx             b)  .3557 22  zx  

19-variant 

   1.  ),6;14( A  ),1;26( B  ).2;20(C                      2. ),0;1(A  8x , .
5
1

m   

   3. ),4;5;5(A  ),4;1;1( B  ),1;5;3(C  ).3;8;5( D        4.  ),1;5;4(A  
3
2

2
2

1
1








 zyx .             

   5. 







.0652
,0525

zyx
zyx                6. 

1
1

02
3 


 zyx , 024  zyx . 

   7. a)  ;042627 222  zyx     b)  44 22  zx . 

20-variant 

  1.  ),1;2( A  ),5;10(B  ).11;7(C                           2. ),5;0(A  3x , .
2
1m  

  3. ),1;1;6(A  ),6;6;1(B  ),0;2;4(C  ).6;2;1(D           4. ),2;2;4( A  
31

1
2

4 zyx






 . 

  5. 







.0346
,042

zyx
zyx                 6. 

1
2

1
1

2
3








 zyx , 022  zyx . 

  7. a)  03694 222  zyx ;        b)  1232 2  xy .  
 

21-variant 

  1.  ),3;5( A  ),2;17(B   ).0;1(C                           2. ),1;2(A  5x , .3m     
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   3. ),3;5;7(A  ),4;4;9(B  ),7;5;4(C  ).6;9;7(D        4.  ),1;2;0(A  
2
4

2
6

5
7








 zyx .    

  5. 







.0623
,02

zyx
zyx                 6. 

1
3

1
3

3
1 






 zyx , 0222  zyx . 

  7. a)  020544 222  zyx ;     b)  3649 22  yx . 
22-variant 

   1.  ),1;2(A  ),7;6(B   ).13;3(C                            2. ),4;3(A  3x , .3m  

    3. ),2;8;6(A  ),7;4;5(B  ),2;8;2(C  ).7;3;7(D         4.  ),2;1;5(A  
45

1
2

3






 zyx . 

   5. 







.0422
,042

zyx
zyx                  6. 

1
3

1
2

3
8 






 zyx , 07594  zyx . 

   7. a)  030655 222  zyx ;     b)  34 22  yz . 

23-variant 

  1.  ),1;2( A  ),4;10(B   ).7;8(C                          2. ),0;2(A  
2
5x , .

5
4

m     

  3. ),5;2;4(A  ),1;6;0(B  ),7;2;0(C  ).0;4;1(D            4. ),1;2;4( A  
3

1
2

4
5
3 






 zyx .   

  5. 







.0835
,0435

zyx
zyx                  6. 

1
1

1
2

7
8








 zyx , 0946  zyx . 

  7. a)  024234 222  zyx ;     b)  yyx 222  . 
 

24-variant 

  1.  ),1;1( A  ),5;7(B   ).11;4(C                          2. ),0;2(A  
5
8

x , 
4
5

m . 

  3. ),9;4;4(A  ),3;10;7(B  ),4;8;2(C  ).9;6;9(D       4.  ),5;4;1(A  
4

1
3

2
3








zyx . 

  5. 







.043
,022

zyx
zyx                   6. 

1
5

5
3

2
1








 zyx , 011375  zyx . 

  7. a)  ;03228 222  zyx        b)  zzx 12632 22  . 

25-variant 
   1.  ),6;2( A ),1;10( B ).3;6( C                      2. ),0;1(A    4x , .

2
1m       
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    3. ),5;6;4(A  ),4;9;6(B  ),5;3;2(C  ).9;5;7(D        4. ),1;3;4(A
1
2

3
1

4
2








 zyx .        

   5. 







.0324
,07243

zyx
zyx               6. 

1
1

0
1

1
1 






 zyx , 08324  zyx . 

   7. a)  010522 222  zyx ;   b)  12 22  zxx . 
26-variant 

  1.  ),7;3( A  ),5;2(B  ).4;7( C                          2. ),0;4(A  2x , .
2
1m  

  3. ),7;1;2( A  ),1;3;6( B  ),8;2;3(C  ).2;3;2( D   4. ),3;1;4( A  
3

2
2

5
3
3 






 zyx . 

  5. 







.014
,01342

zyx
zyx               6. 

2
1

1
1

3
2 






 zyx , 01142  zyx . 

  7. a)  ;01866 222  zyx        b)  xyx 1262 22  . 
 

27-variant 
  1.  ),4;6( A  ),1;6(B  ).1;10( C                       2. ),0;3(A  

2
9x , .

3
2

m                             

  3. ),7;1;2(A  ),6;3;3(B  ),9;3;2( C  ).4;2;1(D           4. ),0;3;2(A  
2

1
23

3 


 zyx .    

  5. 







.01123
,0125

zyx
zyx                 6. 

1
2

0
2

0
3 





 zyx , 09235  zyx .   

  7. a)  ;0484123 222  zyx     b)  zzy 632 22  . 

28-variant 

   1.  ),3;3( A ),1;6(B  ).2;9(C                             2. ),3;1(A  6x , .
2
1m  

    3. ),6;1;2(A  ),7;4;1(B  ),8;5;2( C  ).3;4;5(D        4.  ),1;2;5( A  
34

2
3

5






 zyx .  

   5. 







.03322
,0723

zyx
zyx               6. 

1
2

1
1

1
4 






 zyx , 02323  zyx . 

   7. a)  ;021147 222  zyx      b)  zyzy 6834 22              

29-variant 
  1.  ),2;1( A  ),4;9(B  ).10;6(C                             2. ),5;1(A  1x , .

4
1m       
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  3. ),5;2;3(A  ),6;0;4(B  ),5;6;2(C  ).1;4;6( D        4. ),3;2;1(A  
2
6

2
6

3
7








 zyx .   

  5. 







.04326
,042

zyx
zyx                6. 

2
1

0
2

1
4 





 zyx , 01924  zyx . 

  7. a)  ;016999 222  zx          b)  1533 22  xy .  
30-variant 

  1.  ),20( A  ),10;5(B  ).1;4(C                        2. ),0;6(A  
2
3x , .2m                       

  3. ),7;1;2(A  ),6;3;3(B  ),9;3;2( C  ).5;2;1(D        4. ),4;0;5(A  
1

1
2

2
3
2 






 zyx .    

  5. 







.011
,012

zyx
zyx                   6. 

1
3

3
2

2
1 






 zyx , 01325  zyx .   

  7. a)  ,1829 22  zyx              b) .1234 22  yx   
 

 
 NAMUNAVIY  VARIANT   YECHIMI 

 
       1.30.   ),20( A  ),10;5(B  ).1;4(C  

a)  AB  tomon tenglamasini berilgan ikki nuqtadan o‘tuvchi to‘g‘ri 
chiziq tenglamasi formulasidan topamiz: 

,
102

10
50
5






 yx   010512  yx ).(AB  

Bundan  
,2

5
12

 xy  .
5

12
1 k  

CM  balandlik  AB  tomonga perpendikular bo‘lib, C  nuqtadan 
o‘tadi (5-shakl). Shu sababli uning tenglamasi 

),4(1  xky  ),4(11
1

 x
k

y  ),4(
12
51  xy   

08125  yx ).(CM  

CM  balandlik uzunligi  C   nuqtadan  AB  to‘g‘ri chiziqqacha bo‘lgan 
masofaga teng.  
Demak,    
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.)..(
13
63

512
|1015412|||

22
buСM 




   

         b) AC  tomon o‘rtasi );( yxN  nuqtada bo‘lsin. U holda kesmaning o‘rtasi  
koordinatalarini topish  formulasiga ko‘ra: 

,2
2

40 x    
2
1

2
12 y   yoki  .

2
1;2 





 N  

BN  mediana tenglamasini tuzamiz: 
,

10
2
1

10
52
5







 yx   0523  yx ).(BN  

         Uchburchak medianalarining xossasiga ko‘ra medianalarning kesishish 
nuqtasi );( yxK da 2

1
2

||
||


KN
BK  bo‘ladi. U holda  

;
3
1

21
225





x  3

21
2
1210





y  yoki .3;

3
1







K  

c) AC  tomon tenglamasini tuzamiz:  
,

21
2

04
0






 yx   0843  yx ).(AC  

AB   va  AC    tomonlar orasida burchak 
A  bo‘lsin. Uni ikki to‘g‘ri chiziq 

orasidagi burchak formulasidan foydalanib 
hisoblaymiz: 

65
16

)4(3512
)4(5312cos

2222





  yoki 

.3134,0
65
16arccos   

A burchak bissektrisasi CB  tomon bilan 
);( yxL  nuqtada kesishsin (5-shakl).  

       Uchburchak bissektrisasining xossasiga 
ko‘ra   

.
||
||

||
||

AB
AC

LB
CL

  

A  

5-shakl. 

K  

x  

y  

C  

L  

B  

N  

. 

. 

. 

. 

. 

. 5  4  
2  

10  
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5)21()04(|| 22 AC  va 13)210()05(|| 22 AB   ekanidan    

13
5

||
||


LB
CL . 

U holda 

,
2
3

13
51

)5(
13
54





x   

2
7

13
51

10
13
51





y    yoki   .

2
7;

2
3







L  

Ikki nuqtadan o‘tuvchi to‘g‘ri chiziq tenglamasidan topamiz:  

2
2
7

2

0
2
3

0








 yx      

yoki 
06311  yx ).(AL  

2.161.  ),2;3( A  )6;4(B , .
5
3

a  

         Ikki nuqta orasidagi masofa formulasidan topamiuz: 

,)2()3(|| 22  yxAM   .)6()4(|| 22  yxBM  

Misolning shartiga ko‘ra  

a
BM
AM


||
||  yoki .

5
3

)6()4(
)2()3(

22

22






yx
yx  

Bu tenglikda almashtirishlar bajaramiz: 

),3612168(9)4496(25 2222  yyxxyyxx  

,46810897293251002515025 2222  yyxxyyxx  

,143208167816 22  yyxx  

,14313
8

3916 22 





  yyxx  

,
2

13
16
39

16
143

2
13

2
132

16
39

16
392

222
2

2
2 



























 yyxx  
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.
16

6515
2

13
16
39

222
















 






  yx  

       Bu tenglama  markazi 





 

2
13;

16
39  nuqtada joylashgan va radiusi 

16
6515  ga   

teng bo‘lgan aylanani aniqlaydi. 

2.30.  ),0;6(A  
2
3x , .2m          

Ikki nuqta orasidagi masofa va nuqtadan to‘g‘ri chiziqqacha bo‘lgan 
masofa formulalari bilan topamiz: 

,)0()6(|| 22  yxAM   .
2
3||  xBM  

Misolning shartiga ko‘ra  

m
BM
AM


||
||  yoki .2

2
3

)6( 22






x

yx    

Bundan  

.
2
34)6(

2
22 






  xyx  

       Bu tenglikda almashtirishlarni bajaramiz: 

,
4
9343612 222 





  xxyxx   

,91243612 222  xxyxx  

,273 22  yx    .1
279

22


yx  

       Bu tenglama fokuslari Ox  o‘qida joylashgan va yarim o‘qlari  
33,3  ba ga teng   bo‘lgan giperbolani aniqlaydi. 

       3.30. ),7;1;2(A  ),6;3;3(B  ),9;3;2( C  ).5;2;1(D  
       a) AB  qirra tenglamasini berilgan ikki nuqtadan o‘tuvchi to‘g‘ri 
chiziq tenglamasidan foydalanib tuzamiz: 
 

76
7

13
1

23
2








 zyx   yoki 
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1
7

2
1

1
2








 zyx ).(AB  

        b) ABC  yoq tenglamasini berilgan uchta nuqtadan o‘tuvchi tekislik 
tenglamasi bilan tuzamiz: 
 

  .0
240
121
712





 zyx

 

Bundan  
0152  zy ).(ABC  

        c) D  uchdan tushirilgan DE  balandlik ABC  yoqqa perpendikular 
bo‘ladi. Shu sababli DE  to‘g‘ri chiziqning yo‘naltiruvchi vektori };;{ rqps   
sifatida ABC  yoqning normal vektori }2;1;0{1 n ni olish mumkin. U holda 
to‘g‘ri chiziqning kanonik tenglamasi formulasiga ko‘ra  

2
5

1
2

0
1 





 zyx ).(DE  

Nuqtadan tekislikkacha bo‘lgan masofa formulasidan topamiz: 

222 210
|15522110|||




DE  yoki   .)..(
5

53|| buDE    

        d) C  uchdan o‘tuvchi CF  to‘g‘ri chiziq AB  qirraga parallel bo‘gani 
sababli  CF  to‘g‘ri chiziq  va AB  qirraning yo‘naltiruvchi vektori 

}1;2;1{21  ss   bo‘ladi. U holda  

1
9

2
3

1
2








 zyx ).(CF  

         e) D  uchdan o‘tuvchi tekislik AB  qirraga perpendikular bo‘lgani uchun 
AB  to‘g‘ri  chiziqning  yo‘naltiruvchi vektori }1;2;1{1 s ni izlanayotgan 
tekislikning normal vektori };;{2 CBAn 

  deb olish mumkin. Tekislik 
tenglamasini berilgan nuqtadan o‘tuvchi va berilgan vektorga perpendikular 
tekislik tenglamasi bilan topamiz: 

0)5()1()2(2)1(1  zyx   
yoki 

.02  zyx  
         f) AD  qirra tenglamasini tuzamiz: 
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2
7

1
1

1
2









 zyx ).(AD  

      AD  qirra bilan ABC  yoq orasidagi burchak sinusini to‘g‘ri chiziq bilan 
tekislik orasidagi burchak formulasidan topamiz: 

54,0
65

3
)2(1)1(210

)2(211)1(0sin
222222









  

         g) ABD  yoq tenglamasini tuzamiz: 

0
211
121
712




 zyx

 

 yoki   
06  zyx ).(ABD  

ABC  va ABD  yoqlar orasidagi burchak kosinusini ikki tekislik orasidagi  
burchak formulasidan foydalanib topamiz: 

77,0
35

3
)1()1(1210

)1(2)1(110cos
222222









 . 

          4.30.  ),4;0;5(A  
1

1
2

2
3
2 






 zyx . 

         );;( zyxM  izlanayotgan tekislikning ixtiyoriy  nuqtasi bo‘lsin.  
          To‘g‘ri chiziqning tenglamasiga asosan )1;2;2(0 M  nuqta va }1;2;3{s  
vektor to‘g‘ri chiziqda yotadi. U holda },1;2;2{0  zyxMM }1;2;3{s , 

}3;2;3{0 AM  vektorlar izlanayotgan tekislikda yotadi, ya’ni bu vektorlar 
komplanar  bo‘ladi.  

Uchta vektorlarning komplanarlik shartidan topamiz: 

0
323
123

122


 zyx
   

 yoki   
.0733  zyx  
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         5.30. 







.011
,012

zyx
zyx  

                To‘g‘ri chiziqning berilgan tenglamasiga ko‘ra:  
,11 A  ,11 B  ,21 C ,12 A  ,12 B  .12 C  

);;( 0000 zyxM  nuqtani topish uchun zga  00 z  qiymat  bеramiz va uni  
berilgan tenglamaga qo‘yib topamiz: 








.11
,1

00

00

yx
yx  

Bundan ,50 x  60 y   yoki ).0;6;5(0 M  

        To‘g‘ri chiziqning umumiy tenglamasidan uning kanonik tenglamasiga  
o‘tamiz:  

11
11

0

11
12
6

11
21

5








 zyx    

yoki  
.

21
6

3
5 zyx






  

6.30. 
1

3
3
2

2
1 






 zyx , 01325  zyx . 

   kеsishish nuqtasini toping.  

       .015)1(1)3()2(25  CrBqAp Demak, to‘g‘ri chiziq 
bilan tekislik kesishadi. 
         To‘g‘ri chiziq va tеkislik );;( 1111 zyxM  nuqtada kеsishsin.  U holda bu 
nuqta ham to‘g‘ri chiziqda, ham tеkislikda yotadi. Shu sababli );;( 1111 zyxM  
nuqtaning koordinatalari to‘g‘ri chiziq va tekislikning tenglamalarini 
qanoatlantiradi: 
 

1
3

3
2

2
1 111 






 zyx ,  01325 111  zyx . 

        To‘g‘ri chiziq tеnglamalarini parametrik ko‘rinishga keltiramiz: 
tztytx  3,32,21 111 . 
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        Bu koordinatalarni tеkislik tеnglamasiga qo‘yamiz:  

.013)3()32(2)21(5  ttt   Bundan   1t . 
t  ning qiymatlarini parametrik tenglamalarga qo‘yib, topamiz: 

,31211 x   11321 y ,   41131 z .                        
        Demak, ).4;1;3(1 M  

                  7.30. a)  ;1829 22  zyx   b) .1234 22  yx   
           a) Sirt tenglamasini kanonik shaklga keltiramiz: 

,1829 22  yzx    ),9(29 22  yzx   ).9(
2

9
2

22

 yzx  

Bu tenglama elliptik paraboloidni aniqlaydi (6-sahkl). 
            b) Berilgan tenglamada .0z  Bunda berilgan sirt yasovchilari Oz  
o‘qqa parallel silindrik sirtdan iborat bo‘ladi.  
 

 
       1234 22  yx  tenglamadan topamiz:  

1
43

22


yx . 

        Bu tenglama giperbola tenglamasi bo‘ladi. Demak, berilgan tenglama 
giperbolik silindrni aniqlaydi (7-shakl). 
 

7-shakl. 

3  

z  

x  

O  y  

6-shakl. 

9  

z  

y  

3
2

 

2  

x  
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Y bob   
MATEMATIK  ANALIZGA  KIRISH 

 
5.1. BIR  O‘ZGARUVCHINING  FUNKSIYASI 

Funksiya. Teskari funksiya.  Murakkab   funksiya.  
Elementar funksiyalar. Funksiyaning grafigi. Giperbolik funksiyalar.  

Oshkormas va parametrik ko‘rinishda berilgan funksiyalar 

5.1.1. Funksiya tushunchasi  
Ikkita bo‘sh bo‘lmagan X  va Y  to‘plamlar berilgan bo‘lsin. Har bir 

Xx  elementga yagona Yy elementni mos qo‘yuvchi qoidaga funksiya 
deyiladi va Xxxfy  ),(  kabi belgilanadi.  

X to‘plam f  funksiyaning aniqlanish sohasi deb ataladi va )( fD  bilan 
belgilanadi. Barcha Yy  elementlar to‘plamiga f  funksiyaning qiymatlar 
sohasi deyiladi va )( fE  bilan belgilanadi. 

Agar X  va Y  to‘plamlarning elementlari haqiqiy sonlardan iborat, 
ya’ni RYRX  ,  bo‘lsa, f  funksiyaga sonli funksiya deyiladi. Bunda x  
argument yoki erkli o‘zgaruvchi, y  funksiya yoki bog‘liq o‘zgaruvchi ( x  ga) 
deb ataladi. x va y  o‘zgaruvchilar funksional bog‘lanishga ega deyiladi.  

)(xfy   funksiyaning )( 00 Xxxx  dagi xususiy qiymati 00 )( yxf   yoki  
0

0
yy

xx



 kabi belgilanadi.  

Funksiyaning monotonligi 
)(xfy   funksiya X  to‘plamda aniqlangan va XX 1  bo‘lsin. 

       Agar 121 , Xxx  uchun ( 1X  to‘plamdan olingan istalgan 1x  va 2x   
uchun) 21 xx  bo‘lganda: )()( 21 xfxf   )()( 21 xfxf   tengsizlik bajarilsa, 

)(xfy   funksiyaga 1X  to‘plamda o‘suvchi (kamayuvchi) deyiladi; 
)()( 21 xfxf    )()( 21 xfxf   tengsizlik bajarilsa, )(xfy   funksiyaga 1X  

to‘plamda kamaymaydigan (o‘smaydigan) deyiladi.  
         O‘suvchi, kamaymaydigan, kamayuvchi va o‘smaydigan 
funksiyalar monoton funksiya nomi bilan umumlashtiriladi. Bunda o‘suvchi 
va kamayuvchi funksiyalarga qat’iy monoton funksiyalar deyiladi. Funksiya  
monoton bo‘lgan intervallar monotonlik intervallari deb ataladi.  
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Funksiyaning juft va toqligi 
)(xfy   funksiya X  to‘plamda aniqlangan bo‘lsin. 

 Agar Xx  uchun Xx  va )()( xfxf  bo‘lsa, )(xf  funksiyaga 
juft  funksiya deyiladi. Agar Xx  uchun Xx  va )()( xfxf  bo‘lsa, 

)(xf  funksiyaga toq funksiya deyiladi. Juft yoki toq bo‘lmagan funksiya 
umumiy ko‘rinishdagi funksiya deb ataladi.  
Funksiyaning chegaralanganligi 

 )(xfy   funksiya X  to‘plamda aniqlangan bo‘lsin. 
         Agar shunday o‘zgarmas )(mM soni topilsaki, Xx uchun 

Mxf )(   mxf )(  bo‘lsa, )(xf  funksiya X  to‘plamda yuqoridan (quyidan) 
chegaralangan deyiladi. Agar )(xf  funksiya ham quyidan  ham yuqoridan 
chegaralangan bo‘lsa, y’ani shunday o‘zgarmas m  va M  sonlari  topilsaki, 

Xx  uchun Mxfm  )(  bo‘lsa, )(xf  funksiya X  to‘plamda 
hegaralangan deyiladi.  
Funksiyaning davriyligi 

)(xfy   funksiya X  to‘plamda aniqlangan bo‘lsin. 
Agar shunday o‘zgarmas )0( TT  son topilsaki Xx uchun  

,XTx   ,XTx  )()( xfTxf   bo‘lsa, )(xf  funksiyaga davriy funksiya 
deyiladi. Bunda T  ning eng kichik musbat qiymati  0T  ga  )(xf   funksiyaning  
davri deyiladi. 

       5.1.2. Aniqlanish sohasi X  va qiymatlar sohasi Y  bo‘lgan )(xfy   
funksiya berilgan bo‘lsin. Agar bunda har bir Yy  qiymatga  yagona Xx  
qiymat mos qo‘yilgan bo‘lsa,  aniqlanish sohasi Y  va qiymatlar sohasi 
X bo‘lgan )( yx   funksiya aniqlangan bo‘ladi. Bu funksiya )(xfy   ga 
teskari funksiya deb ataladi va )()( 1 yfyx   kabi belgilanadi. Bunda 

)(xfy   va )( yx   funksiyalar o‘zaro teskari funksiyalar deyiladi.   
  X  va Y  to‘plamlar o‘rtasida bir qiymatli moslik o‘rnatilsagina 

)(xfy   funksiya teskari funksiyaga ega bo‘ladi. Bundan har qanday  qat’iy 
monoton funksiya teskari funksiyaga ega bo‘ladi deyish mumkin. Bunda  
funksiya o‘ssa (kamaysa) unga teskari funksiya kamayadi (o‘sadi). 

 5.1.3. X  to‘plamda qiymatlar sohasi Z  bo‘lgan )(xz  funksiya 
aniqlangan bo‘lsin. Agar Z  to‘plamda )(zfy   funksiya aniqlangan bo‘lsa,  
u holda X  to‘plamda ))(( xfy   murakkab funksiya (yoki )(xz  va  
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)(zfy   funksiyalarning superpozitsiyasi) aniqlangan deyiladi.  
      )(xz   o‘zgaruvchi murakkab funksiyaning oraliq argumenti deb 
ataladi.  
        5.1.4. Quyida keltirilgan funksiyalarga asosiy  elementar funksiyalar 
deyiladi. 
       1. O‘zgarmas funksiya Cy  , RC : );()( fD ; }{)( CfE  ; 
chegaralangan; juft; davri ixtiyoriy .T  

2. Darajali funksiya  xy  , 0,   R :  )( fD  va )( fE   ga bog‘liq; 
monoton. 

3. Ko‘rsatkichli funksiya ,xay  1,0,  aaRa : );()( fD ; 
);0()( fE ; 1a da o‘suvchi, 10  a da kamayuvchi. 

4. Logarifmik funksiya xy alog , 1,0,  aaRa : );0()( fD ; 
);()( fE ; 1a da o‘suvchi, 10  a da kamayuvchi. 

5. Trigonometrik funksiyalar: 
  :sin xy   );()( fD ; ]1;1[)( fE ; chegaralangan; toq; davri 2 ; 
  :cos xy   );()( fD ; ]1;1[)( fE ; chegaralangan;  juft; davri 2 ; 

  :tgxy       ZnnnfD 





  ,

2
12;

2
12)(  ; );()( fE ; toq; davri  ; 

  :ctgxy     ZnnnfD  ,)1(;)(  ; );()( fE ; toq; davri  . 
6. Teskari trigonometrik funksiyalar:  

  :arcsin xy  ]1;1[)( fD ; 





2
;

2
)( fE ; chegaralangan;  toq; o‘suvchi; 

   :arccosxy   ]1;1[)( fD ; ];0[)( fE ; chegaralangan; kamayuvchi; 

  :arctgxy   );()( fD ; 







2
;

2
)( fE ; toq; o‘suvchi; 

   :arcctgxy  );()( fD ; );0()( fE ; kamayuvchi. 
        Asosiy elementar funksiyalardan  chekli sondagi arifmetik amallar 
va superpozitsiyalash yordamida hosil qilingan va bitta formula bilan 
berilgan funksiyaga elementar funksiya deyiladi.  

1-misol. Funksiyalarning aniqlanish sohasini toping: 

  1) ;
4
2)( 2

3





x
xxf         2) ;56)( xxf           3) );14(log)( 3  xxf  

  4) xxxf 3cos2
2
1arcsin)( 2 






  ;          5) .94)( 23

1

ctgxxxf x    
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1) 
4
2

2

3




x
x  kasr bo‘lgani sababli uning aniqlanish sohasini 042 x   

yoki 42 x shartdan topamiz. Demak, ).;2()2;()( fD  

2) x56   funksiyaning aniqlanish sohasini 056  x shartdan topamiz.  

Demak, .
5
6;)( 





fD  

3) )14(log3 x funksiyaning aniqlanish sohasini  logarifm ostidagi ifoda  

musbat bo‘lishi,  ya’ni 014 x  shartidan topamiz: .;
4
1)( 





fD  

      4)  





  2

2
1arcsin x  funksiyaning argumenti musbat. Shu sababli  .1

2
1 2  x   

Bundan 
2
2

2
2

 x .  

      x3cos2  funksiya Rx da aniqlangan. Shunday qilib, .
2
2;

2
2)( 








fD  

5) )0( aa x  funksiya Rx da aniqlangan. Shu sababli 3
1

4 x  funksiyaning 

aniqlanish sohasi 
3

1
x

 kasrning aniqlanish sohasidan iborat bo‘ladi.  

Bundan .3x  
Ikkinchi qo‘shiluvchining aniqlanish sohasini  09 2  x  yoki 92 x  

tengsizlikdan topamiz. Bundan 33  x .  
ctgx  funksiya Znnn  ),)1(;(   sohada aniqlangan. 

)(xf  funksiyaning aniqlanish sohasi berilgan uchta qo‘shiluvchilar 
aniqlanish sohalarining kesishmasidan iborat bo‘ladi.  

Demak, ).3;0()0;3[)( fD  

2-misol. Funksiyalarning qiymatlar sohasini toping: 
  1) ;56)( 2  xxxf     2) ;34)(  xxf      3) ;3)(

2xxf   

  4) 





  2

2
1arcsin)( xxf ;              5) xxxf 3cos33sin4)(  . 

1) 4)3(56 22  xxx  va Rx da 0)3( x  ekanidan x ning  
barcha qiymatlarida .4)( xf  );0[)3( xE  bo‘lgani uchun ).;4[)( fE   
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2) );0[)4(  xE . Shu shababli ).;3[)( fE   
       3) );0[)( 2 xE . Shu sababli 2

3x  funksiyaning qiymatlar sohasi x3  
funksiyaning 0x dagi qiymatlar sohasi bilan bir xil bo‘ladi, ya’ni 

).;1[)( fE   

        4) 









2
2;

2
2)( fD  va ).()( xfxf   Shu sababli,  funksiya eng kichik 

qiymatiga 0x  da erishadi va  eng katta qiymatiga 
2
2x  da erishadi:  

62
1arcsin)0( f ,    .

22
1

2
1arcsin

2
2 







 








f  Demak,  





2
;

6
)( fE . 

         5) )cos(sincos 22  xbaxbxa 





 

a
barctg  formuladan topamiz:   

.
3
4),3cos(5)3cos(43)( 22 arctgxxxf    

  ]1;1[)3cos( xE  ekanidan  ].5;5[)( fE  

3 misol. 
13
13)( 2

2





x
xxf   funksiya uchun  quyidagilarni toping: 

1) );0(f            2) ;)2(f          3) );( af         4) 










)1(3
1

a
af ;     5) .1)( af  

1) )3 . Berilgan funksiyaning analitik ifodasiga x ning belgilangan 
qiymatlarini qo‘yib, topamiz:    

;1
103
103)0( 




f   ;
7
5

123
123

1)2(3
1)2(3)2(

2

2









f     

.
13
13

1)(3
1)(3)(

2

2

2

2









a
a

a
aaf  

       4) Funksiya a  ning 












01

,0
)1(3

1

a
a
a

shartni qanoatlantiruvchi  qiymatlarida 

aniqlangan.   
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).;1(]1;(,1

1
)1(3

13

1
)1(3

13

1
)1(3

13

1
)1(3

13

)1(3
1

2

2



















































 a

a
a
a
a
a

a
a

a
a

a
af  

5) .
13

2
13

13131
13
131)( 22

22

2

2












aa

aa
a
aaf  

 4 misol. 
32

8)( 2 


xx
xf   funksiyaning monotonlik intervallarini va 

eng kichik qiymatini toping. 
         32)( 2  xxx  belgilash kiritamiz. 

.)1(2)12(232)( 222  xxxxxx  
Bu funksiya );(   intervalda manfiy, ]1;(   intervalda o‘sadi va );1[   
intervalda kamayadi. 
         U holda 

)(
8)(
x

xf


  funksiya ]1;(   intervalda kamayadi va );1[    

intervalda o‘sadi.  Bunda .4)1()(min  fxf
R

 

        5 misol. Funksiyalarning juft, toq yoki umumiy ko‘rinishda ekanini 
aniqlang: 
  1) ;8)( 3 xxxf      2) |;|3)( 6 xxxf       3) ;2)( xx eexf    
  4) ;cossin3)( xxxf                     5) )412ln()( 2xxxf  . 

1) );()( fD va ).()8(8)(8)()( 333 xfxxxxxxxf     
Demak, funksiya toq.          
       2) );()( fD  va ),(||||)()( 66 xfxxxxxf   ya’ni funksiya 
juft.     
       3) );()( fD  va ).(2)( xfeexf xx    Demak, funksiya umumiy  
ko‘rinishda.                   
       4) );()( fD  va ),(cossin3)cos()sin(3)( xfxxxxxf   
ya’ni funksiya umumiy ko‘rinishda.                   
       5) );()( fD . Toq funksiya uchun )()( xfxf   yoki  

0)()(  xfxf   bo‘ladi.  Tekshirib ko‘ramiz:  
.01ln)441ln()412ln()412ln()()( 2222  xxxxxxxfxf  

Demak,  funksiya toq. 
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       6 misol.  Funksiyalarning davrini toping: 
 1) ;6sin)( xxf                                      2) ;46cos)( xtgxxf      

 3) ;3cos)( 2 xxf                                     4) .
3

)( xctgxf   

1) xsin  funksiyaning davri .21 T  Bundan .
36

2
0


T  

        2) x6cos  va xtg4 funksiyalarning davrlari mos ravishda 
31


T  va 

42


T .  

U holda xtgxxf 46cos)(   funksiyaning davri 
3
  va 

4
 sonlarining eng 

kichik  
umumiy karralisiga teng bo‘ladi, ya’ni  .0 T  

        3)
2

6cos13cos2 xx 
  ekanidan berilgan funksiyaning davri  

x6cos  funksiyaning davri bilan bir xil bo‘ladi. Demak, .
36

2
0


T  

        4) ctgx  funksiyaning davri .1 T  Bundan .3
)3/1(0 


T  

        7 misol.  )1(log)( 2
3 xxxf   funksiyaga teskari funksiyani toping. 

        ||1 2 xx    bo‘lgani sababli berilgan funksiya );(  intervalda 
aniqlangan. Bu funksiya uchun 0)()(  xfxf , ya’ni funksiya toq.  
Funksiya 0x  da o‘sadi. Demak, berilgan funksiya );( x da qat’iy 
monoton va unga teskari funksiya mavjud. 
       )(xfy   desak, )1(log 2

3 xxy   bo‘ladi. Bu tenglikni x ga nisbatan 
yechamiz: 213 xxy  , 213 xxy  (chunki funksiya toq). 
Bundan  yyx  33

2
1   yoki     xxy  33

2
1 . 

         5.1.5. )(xfy   funksiyaning grafigi deb Oxy  koordinatalar 
tekisligining abssissasi x argumentning qiymatlaridan va ordinatasi  
y  funksiyaning mos qiymatlaridan tashkil topgan barcha  )(; xfx  nuqtalari 
to‘plamiga aytiladi. Bunda har bir vertikal (Oy  o‘qqa parallel) to‘g‘ri chiziq 
 )(; xfx  nuqtalar to‘plamining faqat bitta nuqtasini kessa, bu to‘plam 

)(xfy   funksiyaning grafigi bo‘ladi. 
Elementar funksiyaning grafigini chizishda funksiyaning quyidagi  
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xossalarini inobatga olish kerak: 
– juft funksiyaning grafigi ordinata o‘qiga nisbatan  simmetrik bo‘ladi;  
– toq funksiyaning grafigi koordinatalar boshiga nisbatan simmetrik 

bo‘ladi; 
– o‘zaro teskari )(xfy  va )(xy   funksiyalarning grafiklari I va III  

choraklar koordinata burchaklarining bissektrisalariga  nisbatan simmetrik 
bo‘ladi;  

– davriy funksiyaning grafigi Ox  o‘qi bo‘ylab chapga va o‘ngga davr 
birligiga surish orqali qaytariladi; 

– o‘zgarmas funksiyaning grafigi abssissalar o‘qiga parallel to‘g‘ri 
chiziq bo‘ladi; 

– darajali funksiyaning  grafiklari )1;1(  nuqtadan o‘tadi va   ga bog‘liq 
bo‘ladi:  

– ko‘rsatkichli funksiyaning  grafigi )1;0(  nuqtadan o‘tadi;    
– logarifmik funksiyaning  grafigi )0;1(  nuqtadan o‘tadi;  
–  teskari trigonometrik funksiyalarining grafiklari trigonometrik 

funksiyalarning grafiklaridan xy  to‘g‘ri chiziqqa nisbatan simmetrik qilib 
hosil qilinadi. 

Funksiyaning grafigini oldindan ma’lum )(xfy  funksiya 
grafigidan almashtirishlar (surish, cho‘zish, siqish) orqali hosil qilish 
mumkin.  
        Xususan: 

  1) bxfy  )(  funksiyaning grafigi )(xfy  funksiya grafigini Oy o‘qi 
bo‘ylab 0b  da yuqoriga, 0b da pastga || b  birlikka surish bilan hosil 
qilinadi; 

  2)  )( axfy   funksiyaning grafigi )(xfy  funksiya grafigini Ox o‘qi 
bo‘ylab   0a  da o‘ngga, 0a da chapga || a  birlikka surish bilan hosil 
qilinadi; 

  3) )(xkfy  ( )1,0  kk  funksiyaning grafigi )(xfy  funksiya grafigini 

Oy  o‘qi bo‘ylab   1|| k  da || k marta cho‘zish, 1|| k da  
||

1
k

 marta surish 

orqali hosil qilinadi; 
  4) )(kxfy  ( )1,0  kk  funksiyaning grafigi )(xfy  funksiya grafigini  

Ox  o‘qi bo‘ylab  1|| k  da || k marta siqish, 1|| k da  
||

1
k

 marta cho‘zish  



 190 

orqali hosil qilinadi; 
  5) )(xfy   funksiyaning grafigi )(xfy  funksiya grafigini Ox o‘qqa 

nisbatan   simmetrik akslantirish orqali hosil qilinadi; 
  6) )( xfy   funksiyaning grafigi )(xfy  funksiya grafigini Oy  o‘qqa 

nisbatan   simmetrik akslantirish orqali hosil qilinadi; 
  7)  )(xfy   funksiyaning grafigi )(xfy  funksiya grafigining Ox  

o‘qdan yuqorida   yotgan qismini o‘zgarishsiz qoldirish, Ox  o‘qdan quyida 
yotgan qismini esa bu o‘qqa nisbatan  simmetrik akslantirish orqali hosil 
qilinadi; 

  8) |)(| xfy   funksiya grafigi )(xfy  funksiya grafigining  Oy  o‘qdan 
o‘ngda yotgan qismini o‘zgarishsiz qoldirish, Oy  o‘qdan chapda yotgan  
qismini esa bu o‘qqa nisbatan  simmetrik akslantirish orqali hosil qilinadi; 

  9) )()( xgxfy   funksiyaning grafigi )(1 xfy  va )(2 xgy   funksiyalar 
grafiklarining mos ordinatalarini qo‘shish orqali hosil qilinadi; 

10) )()( xgxfy   funksiyaning grafigi )(1 xfy  va )(2 xgy   funksiyalar 
grafiklarining mos ordinatalarini ko‘paytirish orqali hosil qilinadi; 

11) 
)(
)(

xg
xfy   funksiyaning grafigi )(1 xfy  va )(2 xgy   funksiyalar 

grafiklarining 02 y  bo‘lgan mos ordinatalarini bo‘lish orqali hosil qilinadi; 
12)  )(xfy   funksiyaning grafigi avval )(xz   funksiyaning grafigini 

chizish, keyin esa )(zfy  funksiyaning xossalarini bilgan holda  )(xfy    
murakkab funksiyaning grafigini chizish orqali hosil qilinadi. 

8 misol.  )23sin(2  xy funksiyaning grafigini chizing. 

  Avval funksiyani 





 

3
23sin2 xy  ko‘rinishda yozib olamiz. 

1) xy sin1   funksiya grafigining bir to‘lqinini chizamiz.       
2) 3-bandga ko‘ra xy sin1   funksiya grafigini Oy o‘qi bo‘ylab   ikki 

marta cho‘zib, xy sin22   funksiya grafigini hosil qilamiz. 
3) 4-bandga ko‘ra xy sin22   funksiya grafigini Ox o‘qi bo‘ylab   uch 

marta siqib, xy 3sin23   funksiya grafigini hosil qilamiz. 
4) 2-bandga ko‘ra xy 3sin23   funksiya grafigini Ox o‘qi bo‘ylab  o‘ngga  

3
2  birlikka surib, izlanayotgan, ya’ni  )23sin(2  xy  funksiya grafigining  

bir to‘lqinini hosil qilamiz (1-shakl). 
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)23sin(2  xy  funksiyaning grafigi bu to’lqinni Ox  o‘qi bo‘ylab  
chapga va o‘ngga davriy davom ettirish orqali topiladi. 

9 misol.  5||82 2  xxy funksiyaning grafigini chizing. 
  Avval 582 2

1  xxy  funksiya grafigini chizamiz. Buning uchun 
uni to‘la kvadrat ajratish orqali 3)2(2 2

1  xy  ko‘rinishda yozib olamiz. 
1) 2

2 xy   funksiya grafigini chizib olamiz. 
2) 3-bandga ko‘ra 2

2 xy   funksiya grafigini Oy o‘qi bo‘ylab   ikki marta 
cho‘zib, 2

3 2xy   funksiya grafigini hosil qilamiz. 
3) 2-bandga ko‘ra 2

3 2xy   funksiya grafigini Ox o‘qi bo‘ylab  o‘ngga 2 
birlikka surib  2

4 )2(2  xy  funksiya grafigini hosil qilamiz . 
4) 1-bandga ko‘ra 2

4 )2(2  xy  funksiya grafigini Oy o‘qi bo‘ylab pastga 
3  birlikka surib  3)2(2 2

1  xy  funksiya grafigini hosil qilamiz (2-shakl). 
5) 8-bandga ko‘ra 3)2(2 2

1  xy  funksiya grafigining  Oy  o‘qdan 
o‘ngda yotgan qismini o‘zgarishsiz qoldirib va Oy  oqdan chapda yotgan 
qismini bu o‘qqa nisbatan  simmetrik akslantirib, 5||82 2

5  xxy  funksiya 
grafigini hosil qilamiz . 

6)  7-bandga ko‘ra 5||82 2
5  xxy  funksiya grafigining Ox  o‘qdan 

yuqorida   yotgan qismini o‘zgarishsiz qoldirib va Ox  o‘qdan pastda yotgan 
qismini bu o‘qqa nisbatan  simmetrik akslantirib, izlanayotgan, ya’ni   

5||82 2  xxy  funksiya grafigini hosil qilamiz (3-shakl). 

1-shakl. 

xy sin1   

)2(3sin2  xy  

  x  O  

1 

y  

2  

xy sin22   

xy 3sin23   
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5.1.6. Ko‘rsatkichli funksiyalardan hosil qilinadigan quyidagi elementar 

funksiyalarga giperbolik funksiyalar deyiladi: 

  – giperbolik sinus: ,shxy   bu yerda 
2

xx eeshx


  ; 

  – giperbolik kosinus: ,chxy   bu yerda 
2

xx eechx


 ; 

 – giperbolik tangens: ,thxy   bu yerda xx

xx

ee
eethx







  ; 

 – giperbolik kotangens: ,cthxy   bu yerda xx

xx

ee
eecthx







 . 

Giperbolik funksiyalar uchun trigonometrik funksiyalarga xos bo‘lgan 
quyidagi mos formulalar o‘rinli bo‘ladi: 

shx
chxcthx

chx
shxthxshxchxxshxshxchxchxshxch  ,,22,2,1 2222 , 

chxshyshxchyyxshshxshychxchyyxch  )(,)(   va boshqalar. 
5.1.7. )(xfy   funksiyaning oshkor ko‘rinishdagi berilishi hisoblanadi. 

Shuningdek, ayrim hollarda funksiyaning oshkormas ko‘rinishidan 
foydalanishga to‘g‘ri keladi. 

3-shakl. 2-shakl. 

2
2 xy   

3  

2  x  

y  

O  

2
3 2xy   

2
4 )2(2  xy  

3)2(2 2
1  xy

 

y  

5||82 2
5  xxy  

3  

5||82 2  xxy
 

x  O  2  
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          Funksiya X  to‘plamda aniqlangan bo‘lsin. Agar har bir 
Xx elementga mos  qo‘yilgan   yagona  funksiya  qandaydir  0),( yxF   

tenglamani  qanoatlantirsa, u holda funksiya 0),( yxF  tenglama bilan 
oshkormas berilgan deb ataladi. Bunda funksiyaga oshkormas funksiya 
deyiladi. Oshkormas funksiyaning grafigi deb Oxy koordinatalar tekisligining  

0),( yxF  tenglamani qanoatlantiruvchi barcha nuqtalari to‘plamiga aytiladi. 

RX   to‘plamda ikkita )(txx   va )(tyy   funksiyalar berilgan 
bo‘lsin. U holda Oxy  koordinatalar tekisligining  koordinatalari ))();(( tytx  
bo‘lgan barcha nuqtalari to‘plamiga parametrik ko‘rinishda berilgan chiziq 
(egri chiziq yoki to‘g‘ri chiziq) deyiladi. 

Agar parametrik ko‘rinishda berilgan chiziq )(xfy   funksiyaning 
grafigini ifodalasa, u holda bu funksiyaga parametrik ko‘rinishda berilgan 
funksiya deyiladi.  

 
 

Mustahkamlash uchun mashqlar 

        5.1.1.  Funksiyaning aniqlanish sohasini toping: 

  1) ;
8

1)( 3

2





x

xxf                                          2) ;
65

1)( 2 



xx
xxf       

  3) ;4)( 2xxf                                         4) ;
2)1(

5)(



xx

xf       

  5) ;
1811

10)(
2 




xx
xxf                              6) ;

cos
34)(

42

x
xxxf




     . 

  7) ;107)( xxxf                            8) ;112)(  xxxf   

  9) ;422)( 2  xxxxf            10) ;
2
38)(

3

3

x
xxf


  

11) );4arccos(arcsin)( xxxf                  12) );2ln(3)2arcsin()(  xxxf     

13)  ;lglnlog)( 3 xxf                                   14) ;sinln)( xxf   
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15) );32(log)( 2 xexf x                            16) ;
)6(
73ln)(

3 2 















x
xxxf  

17)  ;
6
43arccos43)( xxxxf 

             18) ;2
3

2arccos)(
1
xxxf 


                            

19) .2sin5
23

3)(
3 2

x
xx

xf 


                  20) 13) .
8

)3ln()(
3x

xxxf



                           

5.1.2.  Funksiyaning qiymatlar sohasini toping: 

  1) ;24)( 2  xxxf                                    2) ;27)(  xxf       

  3) ;5sin2)(  xxf                                      4) ;cossin)( xxxf      

  5) ;12)(
2

 xxf                                           6) ;12)(
2

  xexf  

  7) ;9)( 2xxf                                          8) ;1)( arctgxxf


      

  9) ;
5
1||3)(  xxf                                      10) ;

|32|
32)(





x
xxf  

11) ;
542

9)( 2 


xx
xf                               12) ;

342
2)(

2 


xx
xf  

5.1.3. xxxf 3)( 3  funksiya berilgan. Quyidagilarni toping: 

1) );1(f             2) );4( 3f             3) );( xf                 4) .1








x
f   

5.1.4.  Funksiyaning monotonlik oraliqlarini toping: 

  1) ;65)( 2  xxxf                                     2) ;arcsin)( 3 xxxf        

  3) ;1)( 3x
xf                                                 4) .)( xarctgxxf       

       5.1.5. Funksiyaning juft, toq yoki umumiy ko‘rinishda ekanini aniqlang: 

  1) ;3)( 53 xxxxf                                     2) ;15)( 24  xxxf   
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  3) ;2)(
x

xtgxf                                              4) ;2cos3)( xxctgxf        

  5)  ;
3
3ln)( 












x
xxf                                      6)   )1ln()( 2  xxxf ; 

  7) ;3||2)(  xxf                                          8) |;|)( xxxf                                              

  9)  );sin(3)(
2

xxxf x                                10) .
2

22)( xxf
xx








 




                                       

         5.1.6. Funksiyaning eng katta  va eng kichik qiymatlarini toping: 
  1) );0(cos)()( 2 nknxnkxf              2) ;sin4)( 5xxf         
  3)  ;2cos2sin)( xxxf                                4) ;cos4sin3)( xxxf      

  5)  ;cossin)( 44 xxxf                                 6) .|4cos|)( xxf          

         5.1.7. Funksiyaning monoton, qat’iy monoton yoki chegaralangan 
ekanini aniqlang: 
  1) ;sin)( 2 xxf                                               2) ;

7
2)(





x
xxf   

  3) ;43)(  xxf                                          4)








.'0,3
,'0,

)(
lsaboxagar
lsaboxagarx

xf           

 5.1.8. Funksiyaning davrini toping: 

  1) ;
3

cos2)( xxf                                          2) );32()(  xctgxf         

  3) ;
2

cos)( xtgxxf                                      4) xxxf 3cos2sin)(  ;        

  5) ;cossin)( 44 xxxf                                 6) ;2coscos
2

cos
2

sin)( xxxxxf    

  7)  |;2sin|)( xxf                                          8) |;3cos|)( xxf   

  9) ;
3

2cos
2

3sin)( xxxf                             10) .
3

sin
2

3
3

2)( xxctgxtgxf       

         5.1.9. Funksiyaga teskari funksiyani toping: 
  1) ;53  xy                                               2) ;

1 x
xy


       

  3) ;log4 3 xy                                           4) .3sin2 xy            

5.1.10. ))(( xgf  va )(( xfg  murakkab funksiyalarni toping: 
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  1) ;)(,13)( 3xxgxxf                            2) |;|)(,sin)( xxgxxf      

  ;
4

1)(,1)()3
x

xg
x

xxf





                         4) .log)(,2)( 2
3 xxgxf x   

5.1.11.  Funksiyaning grafigini chizing: 

  1) ;342  xxy                                        2) ;3sin2 xy              

  3) ;
12
12





x
xy                                              4) |;|2 xxy                

  5) ;sin xxy                                               6) .sin xxy      

  7) |;|arccos xy                                          8) .3
1
xy   

5.1.12. Ayniyatni isbotlang: 

  1) ;11 2
2

xch
xth                                        2) ;11 2

2

xsh
xcth        

  3) ;
2

122  xchxch                                     4) ;
2

122  xchxsh  

  5) ;
2

1)(ln
2

x
xxsh 

                                    6) .
2

1)(ln
2

x
xxch 

  

       5.1.13.  Qaysi nuqta 0cos  xyy  tenglamaga tegishli  ekanini  

aniqlang:  ).;1(;
2

;
2

);0;0();0;1( 







 DCBA  

       5.1.14.  Qaysi nuqta  







1
,1

2ty
tx  parametrik tenglamalar bilan berilgan  

egri chiziqqa tegishli  ekanini aniqlang:  ).1;0();8;2(;
4

13;
2
1);5;1( DCBA 






  

       5.1.15. Parametrik ko‘rinishda berilgan funksiyani )(xyy   ko‘rinishga  
keltiring:  

  1) 







;54
,2

2 tty
tx                                     2)








.cos2
,sin3
ty
tx  

5.2. SONLI    KETMA-KETLIKLAR 
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Sonli ketma-ketlik.  Sonli ketma-ketlikning limiti.  

Yaqinlashuvchi   ketma-ketliklar. e  soni 

         5.2.1. Har bir n  natural songa  mos qo‘yilgan ...,...,,, 321 nxxxx  
haqiqiy sonlar to‘plamiga sonli ketma-ketlik deyiladi va }{ nx kabi belgilanadi. 
Bunda ...,...,,, 321 nxxxx  sonlar }{ nx ketma-ketlikning hadlari, nx  bu ketma-
ketlikning umumiy hadi, n  uning nomeri deb ataladi. 
        Analitik usulda ketma-ketlikning umumiy hadini topish formulasi 
beriladi. Rekurrent usulda ketma-ketlikning n hadini oldingi hadlar orqali  
topish formulasi beriladi.  

        1 m i s o l.  Berilgan ketma-ketliklarning birinchi beshta hadini toping: 

  1) ;)1(
2n

x
n

n


            2) 












;',

1

,',
1

1

2 lsabotoqn
n

n

lsabojuftn
nxn            3) .,3 11  nn xnxx  

          Birinchi ikkita ketma-ketlikda  n  ning o‘rniga 1,2,3,4,5 qiymatlar 
qo‘yib topamiz:  
        1) ;

25
1,

16
1,

9
1,

4
1,1 54321  xxxxx  

        2) .
26
5,

3
1,

10
3,1,

2
1

54321  xxxxx  

        3) Uchinchi ketma-ketlikning birinchi hadi 31 x . Keyingi hadlarni 
rekurrent formuladan   topamiz:  

,63222 1122   xxx    ,18633 23  xx  
,721844 34  xx   .3607255 45  xx  

         Agar Nn  uchun cxn  ( Rc ) bo‘lsa, }{ nx  ketma-ketlikka o‘zgarmas 
ketma-ketlik deyiladi. 

          Agar shunday o‘zgarmas )(mM soni topilsaki, Nn  uchun Mxn   
 mxn   bo‘lsa, }{ nx   ketma-ketlikka  yuqoridan (quyidan) chegaralangan  
deyiladi.  Agar }{ nx  ketma-ketlik ham quyidan ham yuqoridan chegaralangan 
bo‘lsa, ya’ni shunday o‘zgarmas m  va M  sonlari  topilsaki, Nn  uchun 

Mxm n   bo‘lsa, }{ nx  ketma-ketlikka chegaralangan deyiladi.  
Agar 0A  son  uchun }{ nx  ketma-ketlikning Axn ||  tengsizlikni 
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qanoatlantiruvchi hadi topilsa, }{ nx  ketma-ketlikka chegaralanmagan 
deyiladi. 

        2 m i s o l.  











1
}{

n
nxn  ketma-ketlikning chegaralanganligini 

ko‘rsating. 
         Birinchidan 1

1
11

1








nn
nxn . Demak, ketma-ketlik yuqoridan 

chegaralangan.  Ikkinchidan 
1


n

nxn  to‘g‘ri kasr. Shu sababli .0nx  Demak, 

ketma-ketlik quyidan chegaralangan. Shunday qilib,  10  nx   )1,0  Mm , 
ya’ni berilgan ketma-ketlik chegaralangan. 
               Agar Nn  uchun: 1 nn xx  )( 1 nn xx  bo‘lsa, }{ nx  ketma-ketlikka 
qat’iy o‘suvchi (qat’iy kamayuvchi ) deyiladi; 1 nn xx   1 nn xx  bo‘lsa, }{ nx  
ketma-ketlikka kamaymaydigan (o‘smaydigan)deyiladi.   
       O‘suvchi, kamaymaydigan, kamayuvchi va o‘smaydigan ketma-ketliklar 
monoton ketma-ketlik nomi bilan umumlashtiriladi. Bunda o‘suvchi va  
kamayuvchi ketma-ketliklarga qat’iy monoton ketma-ketliklar deyiladi. 

 3 m i s o l.  






 nn

nx
3

}{  ketma-ketlikning qat’iy kamayuvchi ekanini 

ko‘rsating. 
 Agar ketma-ketlik qat’iy kamayuvchi bo‘lsa, nn xx 1   yoki 11 

n

n

x
x  

bo‘ladi.    
         ,

3nn

nx  11 3
1




 nn

nx  ekanidan  

.1
3
2

3
1)11(

3
111

3
11

33
3)1(

3
:

3
1

1
1 






 













nn
n

n
nnn

x
x

n

n

nn
n

n  

      Demak,  berilgan ketma-ketlik qat’iy kamayuvchi. 

Ikkita }{ nx  va ny  ketma-ketlikning yig‘indisi, ayirmasi, kopaytmasi, 
bo‘linmasi (bunda )0ny deb har bir hadi bu ketma-ketliklar mos hadlarining 
yig‘indisidan, ayirmasidan, ko‘paytmasidan va bo‘linmasidan iborat bo‘lgan 
ketma-ketlikka aytiladi.   
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Xususan, }{ nx   ketma-ketlikning  chekli songa ko‘paytmasi deb  har bir 
hadi }{ nx   ketma-ketlik hadining shu songa ko‘paytmasidan iborat bo‘lgan 
ketma-ketlikka aytiladi. 

Agar 0   son uchun shunday )(NN   nomer topilsaki, Nn   

uchun || nx  bo‘lsa,  }{ nx  cheksiz kichik ketma-ketlik deyiladi.  

         4 m i s o l. 











1
2}{ 2n

n
n ketma-ketlik cheksiz kichik ekanini 

ko‘rsating . 
         0 son olamiz.  




nn
n

n
n

n

22
1

2|| 22 tengsizlikdan 

2

n  

tengsizlik   kelib chiqadi.    





2N desak, Nn   uchun   || n  bo‘ladi.  

Demak,  








1
2
2n

n ketma-ketlik cheksiz kichik  ketma-ketlik. 

         Chekli sondagi cheksiz kichik ketma-ketliklarning algebraik 
yig‘indisi va  ko‘paytmasi cheksiz kichik ketma-ketlik  bo‘ladi. Shuningdek,  
cheksiz kichik ketma-ketlikning chegaralangan ketma-ketlikka va chekli 
songa ko‘paytmasi cheksiz kichik  ketma-ketlik bo‘ladi. 
 Agar 0A  son uchun shunday )(ANN  nomer topilsaki, Nn   lar 
uchun Axn ||  bo‘lsa,  }{ nx  cheksiz katta  ketma-ketlik  deyiladi. 

Agar }{ nx  cheksiz katta  ketma-ketlik bo‘lsa, u holda 








nx
1  cheksiz 

kichik  ketma-ketlik bo‘ladi va aksincha,  agar }{ n  cheksiz kichik  ketma- 

ketlik bo‘lsa, u holda 








n
1  cheksiz katta ketma-ketlik bo‘ladi.      

         5.2.2. Agar 0  son uchun shunday )(NN   nomer topilsaki, 
Nn   uchun   || axn  bo‘lsa, o‘zgarmas a  songa }{ nx  ketma-ketlikning 

limiti deyiladi va axnn



lim   kabi yoziladi. 

       Cheksiz kichik ketma-ketlikning limiti nolga teng bo‘ladi.  
        Cheksiz katta ketma-ketlik limitga ega bo‘lmaydi. Uning limitini   deb 
qaraladi. 
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        5 misol. 2
1
52lim 




 n
n

n
ekanini isbotlang. 

        0  olamiz.  Misolning shartidan topamiz: 

.
1

3
1

32
1
52|2|











nnn

nxn  

 || axn  tengsizlikni qanoatlantiruvchi n  ning qiymatlarini topish 

uchun 
1
3

n
 tengsizlikni yechamiz.  Bundan .13




n  

 N  nomer sifatida 





 13


  sonining butun qismini, ya’ni 



  13


N  

sonini olish mumkin.  Bunda  0  son olinganda ham  Nn   uchun  
 |1| nx  bo‘ladi.   

U holda ketma-ketlik  limitining  ta’rifiga ko‘ra  
2

1
52lim 




 n
n

n
. 

        5.2.3. Ghekli limitga ega bo‘lgan ketma-ketlikka yaqinlashuvchi  
ketma-ketlik deyiladi.  

Yaqinlashuvchi ketma-ketliklar quyidagi xossalarga ega.  
        .1o   Yaqinlashuvchi ketma-ketlik yagona limitga ega bo‘ladi. 
        .2o  Yaqinlashuvchi ketma-ketlik chegaralangan bo‘ladi. 

        .3o  Agar }{ nx  va ny  ketma-ketliklar yaqinlashuvchi bo‘lsa, u holda  
nnnnnnn

yxyx


 limlim)(lim  bo‘ladi. 
        .4o   Agar }{ nx  va ny  ketma-ketliklar yaqinlashuvchi bo‘lsa, u holda   

nnnnnnn
yxyx


 limlimlim  bo‘ladi. 

        Xususan, axnn



lim  bo‘lsa, u holda ,lim kk

nn
ax 


 ,lim kk

nn
ax 


 ,....4,3,2k  

        .5o  Agar }{ nx  va  ny  yaqinlashuvchi ketma-ketliklar bo‘lib, 0lim 
 nn

y  

bo‘lsa, u holda 
nn

nn

n

n

n y

x

y
x








lim

lim
lim  bo‘ladi.  

        .6o  Agar }{ nx  ketma-ketlik yaqinlashuvchi bo‘lsa, u holda 
nnnn

xcxc


 limlim  ( Rc ) bo‘ladi.              
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  .7o  Agar }{ nx  va  ny   yaqinlashuvchi ketma-ketliklar bo‘lib, biror 
nomerdan boshlab nn yx    nn yx   bo‘lsa, u holda nnnn

yx


 limlim  
 nnnn

yx


 limlim  bo‘ladi.  
  .8o  Agar }{ nx  va  nz  yaqinlashuvchi ketma-ketliklar hamda 

azx nnnn



limlim  bo‘lib,   biror nomerdan boshlab  nnn zyx   bo‘lsa, u holda 
aynn




lim  bo‘ladi. 

         6 misol. 














 


n

n n
nx 2

2}{  ketma-ketlikning yaqinlashuvchi ekanini 

ko‘rsating. 
        Birinchidan     ,

2
13322

222 





nn
n

n
nn

n
n 6n da. 

Ikkinchidan    ,03212
222 





nnn

n Nn  da. 

         ,0ny  nnz
2
1

  belgilash kiritamiz.  Bunda 0limlim 
 nnnn

zy  va 6n  

uchun  nnn zxy     bo‘ladi.   
         U holda o8  xossaga ko‘ra ,0lim 

 nn
x  ya’ni berilgan ketma-ketlik 

yaqinlashuvchi bo‘ladi. 
         Limitga ega bo‘lmagan yoki cheksiz )( limitga ega bo‘lgan ketma- 

ketlikka uzoqlashuvchi ketma-ketlik deyiladi. 

         5.2.4.  Sonli ketma-ketlik uchun ushbu    

e
n

n

n







 



11lim   

formula o‘rinli bo‘ladi. 
        e  soniga Neper soni deyiladi.   e soni irratsional son. Uning taqribiy 
qiymati ...)590457182848284,2(78,2 e ga teng. 
         Umumman olganda  

,
)(

11lim
)(

e
nf

nf

n












 bu yerda n  da )(nf .           (2.1) 

Sonli ketma-ketliklar mavzusining asosiy masalalaridan biri uning 
limitini topishdan iborat. Ketma-ketliklarning limitini topishda ketma-ketlik 
limitining ta’rifidan, yaqinlashuvchi ketma-ketliklarning xossalaridan va 
(2.1) formuladan foydalaniladi.   
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         7 misol.  Quyidagi limitlarini toping: 

1) ;
27
35lim




 n
n

n
                                                         2) ;

5
134lim

2




 n
nnn

n
         

3) ;32lim 33 nn
n




                                          4) ;
534

321862lim 1

1








 n

n

n

         

5) ;
)!1(2!3
!5)!1(lim




 nn
nn

n
                                                6) .

23
13lim

16 













n

n n
n  

        1) Ketma-ketlikning surat va maxraji limitga ega emas, chunki ular 
chegaralanmagan ketma-ketliklar. Shu sababli yaqinlashuvchi ketma-
ketlikning o5 xossasini qo‘llab bo‘lmaydi. Bunday hollarda avval ketma-
ketlikning surat va maxraji n  ga bo‘linadi va keyin yaqinlashuvchi ketma-
ketlikning kerakli xossalari qo‘llaniladi.  
       Demak, 













 







 




















n

n

n

n

n

n
n
n

nn

nn

n

n

nn 2lim7lim

3lim5lim

27lim

35lim

27

35
lim

27
35lim  

.
7
5

027
035

127

135

1lim27

1lim35























n

n

n

n  

        Keyingi limitlarni topishda avval ketma-ketlikning xossalarini 
qo‘llashga olib keluvchi almashtirishlar bajaramiz, so‘ngra  xossalarni 
qo‘llaymiz:  

.1
01

1004
51lim

1134lim

51

1134
lim

5
134lim)2

222













 


























n

nn

n

nn
n

nnn

n

n

nn
 

3)     







 3 233 2

333 233
33

)3()3)(2()2(
3)3)(2()2(32

lim32lim
nnnn

nnnnnn
nn

nn
 







 3 233 2 )3()3)(2()2(
32lim

nnnn
nn

n
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.
)3()3)(2()2(

1lim5
3 233 2 nnnnn 




 

3 233 2 )3()3)(2()2( nnnn  ketma-ketlik cheksiz katta.  

Shu sababli   
3 233 2 )3()3)(2()2(

1
nnnn 

 ketma-ketlik cheksiz  

kichik bo‘ladi.  

Bundan  
0

)3()3)(2()2(
1lim

3 233 2


 nnnnn
. 

       Demak, .032lim 33 


nn
n

 

4) 



















 5312
13lim

5334
31
312

lim
534

321862lim 1

1

n

n

nn

n

nn

n

n

  

.
12
1

012
01

3
512

3
11

lim 


















n

n

n
 

.
2
1

02
01

52

41
lim

52
4lim

)223(!
)51(!lim

)!1(2!3
!5)!1(lim)5 























n

n
n

n
nn

nn
nn

nn
nnnn

 

6) 
23
16

231616

23
11lim

23
11lim

23
13lim














 




































 n

n
n

n

n

n

n

n nnn
n  

23)(  nnf  deb olsak, n  da .)( nf  Shu sababli ichki qavs uchun 
(2.1) formulani va tashqi qavs uchun yaqinlashuvchi ketma-ketlikning 

o4 xossasini qo‘llab, topamiz: 

.
23

11lim 203
0623

16
lim

23
16lim23

16
23

eeee
n

n

n

n
nn

n
n

n

n

n 
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Mustahkamlash uchun mashqlar 

  5.2.1.  Ketma-ketlikning birinchi to‘rtta hadi berilgan. Uning umumiy 
hadini toping: 
  1) ,...;

11
1,

8
1,

5
1,

2
1                                              2) ,...;

24
625,

6
125,

2
25,5          

   3) ,...;1,1,1,1                                                 4) ,....5,1,5,1  

         5.2.2. Chegaralangan ketma-ketliklarni ko‘rsating: 
  1) ;

2 2n
nxn 

                                                 2) ;2cos  tgnnxn        

  3) ;1
n
nxn


                                                   4) .12 nnxn          

  5) ;)1( nx n
n                                                6) .ln)1ln( nnxn   

        5.2.3. Ketma-ketliklardan qaysilari monoton va qaysilari qat’iy 
monoton? 
  1) ;

23 


n
nxn                                                 2) ;

1
2,1
1

1 


n
n x

xx           

  3) ;3
n

x
n

n                                                       4) .
5nn

nx                        

  5)  ;nxn                                                       6) .
!

3
n

x
n

n   

        5.2.4. 
12

1,...,
17
1,

7
1,1 2 n

 ketma-ketlik cheksiz kichik ekanini isbotlang. 

        5.2.5. 
23
14,...,

50
65,

29
37,

14
17

2

2




n
n  ketma-ketlik  

3
4  ga teng limitga ega ekanligini 

ketma-ketlikning limiti ta’rifidan foydalanib isbotlang. 

        5.2.6. Ketma-ketlikning limitini toping: 

  1) ;
23

5
2

2

n
nxn 


                                              2) ;

4
23
3

2

n
nxn 


           

  3) ;
732

3
2

3





nn
nnxn                                      4) ;

12
132

3

2

2













nn
nnxn                                     



 205 

  5) ;
72

)2()2( 22





n

nnxn                              6) ;
23

)1()1(
2

33





n

nnxn  

  7) ;
15

51
31

3 2

2

3








n

n
n

nxn                                8) ;
12

5
2

3






n

n
n

xn  

   9) ;22  nnxn                              10) ;22 nnnnxn   

11) ;)5( nnnxn                                    12) ;43 23 nnnxn                                               

13) ;
5

12
3 2 




nn
nxn                                     14) ;

1
13 4





n
nxn  

15) ;
!2)!1(

)!1(!
nn

nnxn 


                                     16) ;
)!22()!32(
)!22()!12(





nn
nnxn  

17) ;
5

)32(2...7452





n
nnxn         18) ;

12
...321

2 



nn

nxn  

19) ;
)16)(56(

1...
137

1
71

1









nn

xn     

 20) ;
)22(2

1...
64

1
42

1









nn

xn                                          

21)  .
13

13
1

1






n

n

nx                                             22) ;3
132
566 1




 n
n

n

nx  

23) ;
4

21...
64
9

16
5

4
3

n

n

nx 
                    24) ;

532
3...931

2

1









n

n

nx                              

25) ;
16

3cos1 2




n
nn

n
xn                               26) ;

1
2sin1
2

2
3




n
nn

n
xn  

27) ;11
n

n n
x 






                                            28) ;

1
1 52 












n

n n
nx  

29) ;
12
12 43 













n

n n
nx                                     30) .

1
1

23

2

2 nn

n n
nx
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5.3. FUNKSIYANING    LIMITI 

Funksiyaning  limiti. Limitlar   haqidagi  teoremalar.   
Ajoyib   limitlar 

        5.3.1. Agar 0  son uchun shunday 0)(    son topilsaki, 
x ning  || 0xx  tengsizlikni qanoatlantiruvchi barcha 0, xxRx   
qiymatlarida  Axf )(  tengsizlik bajarilsa,  A soniga )(xf  funksiyaning 

0x  nuqtadagi  yoki  0xx   dagi limiti deyiladi va  Axf
xx




)(lim
0

    kabi  
yoziladi. 

Bu ta’rif funksiya limitining Koshi ta’rifi deb yuritiladi. 

        1 misol. 4)65(lim
2




x
x

 ekanini ta’rif orqali isbotlang.  
         0  son olamiz. 0)(   sonini shunday tanlaymizki 

 |2| x da   |4)(| xf   bo‘lsin.  
        U holda   |2|5|)2(5||105||4)65(||4)(| xxxxxf bo‘ladi.  

Bundan  .
5

|2| 
x   Agar 

5
)( 

   deb olsak,   |2| x da  |4)(| xf  

bo‘ladi. 
      Demak,  

4)25(lim
2




x
x

. 

          Agar  0   son uchun  shunday 0)(    son topilsaki, x  ning  
)( 0000 xxxxxx   tengsizlikni qanoatlantiruvchi barcha  

0, xxRx   qiymatlarida  Axf )(  tengsizlik bajarilsa, A soniga )(xf  
funksiyaning 0x  nuqtadagi  o‘ng  (chap) limiti   deyiladi  va  Axf

xx



)(lim

00

 
yoki  Axf  )0(  Axf

xx



)(lim(

00

 yoki  ))0( Axf    kabi belgilanadi. 
)(xf  funksiyaning 0x nuqtadagi o‘ng va chap limitlari bir 

tomonlama limitlar deyiladi.  Agar )(xf  funksiyaning  0x  nuqtadagi o‘ng va 
chap limitlari mavjud va ular o‘zaro teng,  ya’ni  Axfxf  )0()0( 00  
bo‘lsa,  )(xf   funksiyaning  0x  nuqtadagi   limiti mavjud va Axf

xx



)(lim

0

 
bo‘ladi. 
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Agar   0   son uchun  shunday   0)(    son topilsaki , x  ning 
)(   xx tengsizlikni qanoatlantiruvchi  barcha 0, xxRx   qiymatlarida 
 |)(| Axf  tengsizlik bajarilsa, A soniga  )(xf  funksiyaning 

)(  xx dagi limiti deyiladi  va   ))(lim()(lim AxfAxf
xx




  kabi  
belgilanadi. 

       5.3.2. Limitlar haqidagi teoremalar.  
       1-teorema. Ikkita funksiya algebraik yig‘indisining limiti bu  
funksiyalar  limitlarining algebraik  yig‘indisiga teng,  ya’ni      

  )(lim)(lim)()(lim
000

xgxfxgxf
xxxxxx 

 . 

       2-teorema. Ikkita funksiya ko‘paytmasining limiti bu funksiyalar 
limitlarining  ko‘paytmasiga teng,  ya’ni   

)(lim)(lim))()((lim
000

xgxfxgxf
xxxxxx 

 . 

       1-natija. Funksiya 0xx  da yagona limitga ega bo‘ladi. 

       2-natija.  CC
xx


 0

lim , C o‘zgarmas funksiya. 

       3-natija.  )(lim))(lim(
00

xfkxfk
xxxx 

 , .Rk    

       4-natija. ,....3,2,1,)(lim)(lim,))(lim())(lim(
0000




kxfxfxfxf k
xx

k
xx

k

xx

k

xx
 

       3-teorema. Ikki funksiya bo‘linmasining limiti bu funksiyalar 
limitlarining nisbatiga  teng,  ya’ni 

)(lim

)(lim

)(
)(lim

0

0

0 xg

xf

xg
xf

xx

xx

xx





  ,  0)(lim

0




xg
xx

. 

      4-teorema. Agar 0x  nuqtaning biror atrofidagi barcha x lar uchun 
)()()( xgxxf     tengsizlik bajarilsa va Axgxf

xxxx



)(lim)(lim

00

 bo‘lsa,  

u holda  Ax
xx




)(lim
0

  bo‘ladi. 

      5-teorema. Agar 0x  nuqtaning biror atrofidagi barcha x  lar uchun 
)()( xgxf   tengsizlik bajarilsa va )(),( xgxf funksiyalar 0xx  da limitga ega 

bo‘lsa, u holda )(lim)(lim
00

xgxf
xxxx 

    bo‘ladi. 
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     6-teorema.   0)(lim,0)(lim
00




Cxfxg
xxxx

 bo‘lsin.  U holda:  

     1) agar  || 0xx  ( 0 )  tengsizlikni qanoatlantiruvchi barcha  x  lar 

uchun   0
)(
)(


xg
xf bo‘lsa,    

 )(
)(lim

0 xg
xf

xx
  bo‘ladi;   

     2) agar  || 0xx   ( 0 )  tengsizlikni qanoatlantiruvchi barcha x  lar 

uchun 0
)(
)(


xg
xf  bo‘lsa,   

 )(
)(lim

0 xg
xf

xx
 bo‘ladi. 

         
5.3.3. Birinchi ajoyib limit 

         
 
 

        Ikkinchi ajoyib limit   
 
      
 
 
      Ajoyib limitlar va limitlar haqidagi teoremalar asosida quyidagi 
formulalar hosil qilingan:     
  1.  ,1limlimlimsinlim

0000


 kx
thkx

kx
shkx

kx
tgkx

kx
kx

xxxx
Rk .                                    

  2 .  ).0(1)1(lim
0





mm

kx
kx m

x
                                    

  3 . .1)1ln(lim
0




 kx
kx

x
 

  4 .  ).0(ln1lim
0





aa

kx
a kx

x
                                          

  5 .  .11lim
0




 kx
e kx

x
 

  .6   ).0(0limlnlimlnlim
0

 






aexxxxx x

xxx

    

  .7  k
x

x
e

x
k .1lim 





 


 

  .8  kx
k

x
ex .)1(lim

0



 

  1sinlim
0


 x

x
x

.     

.11lim e
x

x

x
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  .9   ,
)(

11lim
)(

e
xf

xf

x












 bu yerda x  da )(xf . 

.10     ,)(1lim )(
1

exf xf
x




 bu yerda 0x  da 0)( xf . 

2 misol. Limitlarni toping: 

  1) 
254

12lim 2

2

1 


 xx
x

x
;                                    2) 

152
9lim 2

2

3 


 xx
x

x
;                                   

  3) 
7

23lim
7 


 x

x
x

;                                       4) ;
1
1lim

31 


 x
x

x
;                             

  5) 










 27
27

3
1lim 33 xxx

                              6)  xx
x




9lim 2 ;                             

  7) 
x

x
x 5sin

3lim
0

;                                             8) 
x

x
x

arcsinlim
0

; 

  9) 
x

x x
x 41

42
52lim













 ;                                    10) .

3
1lim

2

0 xtg
e x

x




 

             1) Limitlar haqidagi teoremalardan foydalanib, topamiz: 























 2lim5lim4lim

1lim2lim

)254(lim

)12(lim

254
12lim

11

2

1

1

2

1
2

1

2

1
2

2

1
xxx

xx

x

x

x xx

x

xx

x

xx
x  











2lim5lim4

1lim2

1

2

1

2

1

xx
x

xx

x .1
2)1(5)1(4

1)1(2
2lim5)lim(4

1)lim(2
2

2

1

2

1

2

1 













xx
x

xx

x  

  2) Bu limit uchun ikki funksiya bo‘linmasining limiti haqidagi 
teoremani qo‘llab bo‘lmaydi, chunki 3x  da kasrning maxraji nolga teng 
bo‘ladi. Bundan tashqari suratning  limiti nolga teng. Bunday hollarda 

0
0  

ko‘rinishdagi aniqmaslik berilgan deyiladi. Bu aniqmaslikni ochish uchun 
kasrning surati va maxrajini ko‘paytuvchilarga ajratamiz va kasrni  

03x ( 3x , lekin )3x ga bo‘lib, topamiz: 

.
4
3

8
6

5
3lim

)5)(3(
)3)(3(lim

33









 x
x

xx
xx

xx
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  3) 7x  da 
0
0  ko‘rinishdagi aniqmaslik berilgan. Kasrning surat va  

maxrajini  23 x   ko‘paytirib, topamiz:  










 )23)(7(
43lim

)23)(7(
)23)(23(lim

77 xx
x

xx
xx

xx
 

.
4
1

237
1

23
1lim

)23)(7(
7lim

77












 xxx

x
xx

 

 4) xt 6  almashtirish bajaramiz. Bunda 1x da 1t . U holda 

.
2
3

1
1lim

)1)(1(
)1)(1(lim

1
1lim

1
1lim

2

1

2

12

3

131

















 t
tt

tt
ttt

t
t

x
x

tttx
 

        5) 3x  da    ko‘rinishdagi aniqmaslik kelib chiqadi.  U holda 
















  27
183lim

27
27

3
1lim 3

2

333 x
xx

xx xx
 

.
3
1

93
6lim

)93)(3(
)6)(3(lim 2323











 xx

x
xxx

xx
xx

 

 6) x  da   ko‘rinishdagi aniqmaslik berilgan. Kasrning surat  
va maxrajini  xx  92   ko‘paytirib, topamiz:  










 xx

xx
xx

xxxx
xx 9

9lim
9

)9)(9(lim
2

22

2

22

.0
101

0

191

9

191

9

lim 














x

x
x

 

           7) 0x  da 
0
0  ko‘rinishdagi aniqmaslik berilgan.   Almashtirishlar  

bajaramiz:  

.

5
5sinlim

1
5
3

5
5sin

5
3

lim
5sin

3lim

0

00

x
x

x
xx

x

x

xx




  

Yuqorida keltirilgan 1-formulaga ko‘ra  .1
5

5sinlim
0


 x

x
x
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Demak,  
.

5
3

1
1

5
3

5sin
3lim

0


 x
x

x
 

         8) 0x  da 
0
0  ko‘rinishdagi aniqmaslik berilgan. xt arcsin   

almashtirish bajaramiz. Bunda 0x da 0t . U holda 

.1
1
1

sinlim

1
sin

1lim
sin

limarcsinlim

0

000






t
t

t
tt

t
x

x

t

ttx
 

         9)  x  da   1  ko‘rinishdagi aniqmaslik berilgan. 

        Kasrning  butun qismini ajratib, almashtirishlar bajaramiz: 
42

41
4241

42
11

42
11



































x
x

xx

xx
. 

       x  da   42x  bo‘lgani sababli  yuqorida keltirilgan 9-formulaga 
ko‘ra  

.
42

11lim
42

e
x

x

x















      

U holda 

2
02
40

42

41

lim
42

41lim 














x

x
x

x
xx

 ekanidan  .1
42
52lim 2

2
41

e
e

x
x x

x










 




 

10) 0x  da 
0
0  ko‘rinishdagi aniqmaslik berilgan.  Almashtirishlar  

bajaramiz: 

x
xtg

x
e

x
x
xtg

x
x

e

xtg
e

x

x

x

x

x

x

x

3
3lim

2
1lim

3
2

3
3
3

2
2

1

lim
3

1lim

0

2

0

2

0

2

0
















 . 

       Kasrning suratiga yuqorida keltirilgan 5 formulani va maxrajiga 
1 formulani qo‘llaymiz. 

 U holda 

.
3
2

1
1

3
2

3
1lim

2

0



 xtg

e x

x
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Mustahkamlash uchun mashqlar 
 

        5.3.1.  Funksiyaning limiti ta’rifi yordamida isbotlang: 

  1) ;1)32(lim
2




x
x

                                               2) ;4)31(lim
1




x
x

    

  3) ;1lim 2

1



x

x
                                                        4) .2

4
2lim

3









 xx
 

         5.3.2.  )(xf  funksiyaning 0xx   nuqtalardagi chap va o‘ng limitlarini 
toping: 

  1) ],[)( xxf  ;30 x                                           2) ,2)(
1
xxf  ;00 x    

  3) 2
0

2 ‘ ,
( )

4 2 ‘ , 2;
x agar x bo lsa

f x
x agar x bo lsa x

 
 

  
     4) ,

|1|)1(4
|1|)1(2)(

xx
xxxf




 .10 x     

        5.3.3. signxxf )(  funksiyaning  00 x  nuqtada limitga ega emasligini  
ko‘rsating. 

        5.3.4. ][)( xxxf   funksiyaning 20 x nuqtada limitga ega emasligini  
ko‘rsating. 

        5.3.5. Limitlarni toping: 

  1) );132(lim 2

3



xx

x
                                     2) ;

93
93lim

2 


 x

x

x
                             

  3) ;
32

9lim 2

2

3 


 xx
x

x
                                         4) ;

5112
107lim 2

2

5 


 xx
xx

x
 

  5) ;
2

321lim
4 


 x

x
x

                                        6) ;
25
12lim

1 


 x
x

x
 

  7) ;28lim
3

0 x
x

x




                                         8) ;11lim
3

0 x
x

x




                                       

  9) ;
132

364lim 2

23

1 


 xx
xxx

x
                              10) ;

1
2lim 23

2

1 


 xxx
xx

x
 

11) ;
65

7
2
12lim

22















 xx
x

x
x

x
                       12) ;

1
1

1
3lim 31












 xxx
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13) ;
3

234lim 42

4

xx
xx

x 



                                    14) ;

3
43lim 53

5

xxx
x

x 



 

15) ;
32

2lim 24

3




 xx
xx

x
                                    16) ;

42
2lim 3

25




 xx
xx

x
 

17) )214(lim 2 xxx
x




;                              18) 



x

xx )4lim( 2 ; 

19) ;
2

lim 2

3








 


x
x

x
x

                                    20) ;
2515

lim
2

2

3












 x

x
x
x

x
 

21) ;2lim
0 x

xtg
x

                                              22) ;
sin
sinlim

0 xx
xx

x 



      

23) tgxx
x







 

 2
lim

2




;                                      24) ;
2sin
3sinlim

x
x

x 
 

25) ;
2sin

cos1lim
3

0 xx
x

x




                                        26) ;sinlim 30 x
xtgx

x




   

27) ;
22

3sinlim
0  x

x
x

                                   28) ;
sin

cos12lim 20 x
x

x




   

29) ;
sin

1lim
0







 


ctgx

xx
                                  30) ;

cos
1lim

2







 

 x
tgx

x 
   

31) ;)1(lim
1

xctgx
x




                                     32) ;
2
1lim

2
1

xtgx
x







 


 

33) ;)1arcsin(lim 21 xx
x

x 



                                    34) ;

2
)2(lim 22 xx

xarctg
x 




 

35) ;
12
12lim

23 













x

x x
x                                       36) ;

23
43lim

2
4 x

x x
x













  

37) ;
3
23lim

4













x

x x
x                                       38) ;

2
32lim

4 x

x x
x













 

39) ;
2

lim
2

2 


 x
ee x

x
                                           40) ;1lnlim

ex
x

ex 



 

41) ;)sin1(lim
1

0

x

x
x


                                       42) ;)2(coslim

21

0

xctg

x
x 


 

43) ;)23(lim )1(2

1

x
x

x
x 


                                      44) .)3(lim 2

32

2

x
x

x
x 




          

45) ;
sin2

lim
32

0 xtgx
ee xx

x 



                                      46) ;

3arcsin
lim

3

0 xx
ee xx

x 



 

47) )ln)1(ln(lim xxx
x




;                            48) ))13ln()23)(ln(14(lim 


xxx
x

. 
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5.4. CHEKSIZ   KICHIK   FUNKSIYALAR 
 

Cheksiz  kichik  funksiyalar. Cheksiz  kichik  funksiyalarni  taqqoslash.  
Ekvivalent cheksiz kichik funksiyalar 

 
        5.4.1. Agar 0)(lim

0



xf

xx
 bo‘lsa, )(xf  funksiyaga 0x  nuqtada yoki 

0xx   da cheksiz kichik funksiya deyiladi. 
         Chekli sondagi cheksiz kichik funksiyalarning algebraik yig‘indisi 
va ko‘paytmasi cheksiz kichik funksiya bo‘ladi. Shuningdek, cheksiz kichik 
funksiyaning chegaralangan funksiyaga va chekli songa ko‘paytmasi cheksiz 
kichik funksiya bo‘ladi.     
        Agar Axf

xx



)(lim

0
 bo‘lsa, Axfx  )()(  funksiya 0x  nuqtada 

cheksiz kichik  bo‘ladi. 
 Agar 0  son uchun shunday 0)(    son topilsaki, x ning 

 || 0xx  tengsizlikni qanoatlantiruvchi barcha 0, xxRx   qiymatlarida 
)(xf  tengsizlik bajarilsa,  )(xf  funksiyaga 0x  nuqtada yoki 0xx   da 

cheksiz katta funksiya deyiladi. 
       Bu holda 


)(lim

0

xf
xx

 deb yoziladi va )(xf  funksiya 0xx   da 
cheksizlikka intiladi yoki 0xx   nuqtada cheksiz limitga ega bo‘ladi deyiladi. 

Agar )(xf  cheksiz katta  funksiya bo‘lsa, u holda 
)(

1
xf

 cheksiz 

kichik  funksiya bo‘ladi va aksincha,  agar )(xf  cheksiz kichik  funksiya  

bo‘lsa, u holda 
)(

1
xf

 cheksiz katta funksiya bo‘ladi.      

       1 misol. 










3
1cos)3()( 2

x
xxf  funksiya 3x da cheksiz kichik 

bo‘lishini ko‘rsating.     
                0)3(lim

3



x

x
 ekanidan 2)3()(  xx funksiya cheksiz kichik. 

3,
3

1cos)( 








 x

x
x  funksiya chegaralangan, chunki 1

3
1cos 








x
. 

            )(xf funksiya cheksiz kichik )(x funksiyaning chegaralangan )(x  
funksiyaga ko‘paytmasidan iborat. Shu sababli u cheksiz kichik funksiya 
bo‘ladi. 
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        5.4.2. Cheksiz kichik funksiyalar bir-biri bilan nisbati yordamida 
taqqoslanadi. 

)(x    va )(x  funksiyaar 0xx   da cheksiz kichik funksiyalar bo‘lsin. 

1. Agar  0
)(
)(lim

0




A
x
x

xx 
 )( sonchekliA    bo‘lsa, )(x  va )(x  

funksiyalarga bir xil tartibli cheksiz kichik funksiyalar deyiladi. 
2. Agar  0

)(
)(lim

0


 x

x
xx 
   bo‘lsa, )(x  funksiya )(x  funksiyaga nisbatan 

yuqori tartibli cheksiz kichik funksiya deyiladi va )( o  deb yoziladi. 

3. Agar  
 )(

)(lim
0 x

x
xx 
   bo‘lsa, )(x  funksiya )(x  funksiyaga nisbatan 

quyi tartibli cheksiz kichik funksiya deyiladi. 
4. Agar 

)(
)(lim

0 x
x

xx 



 mavjud bo‘lmasa, )(x  va )(x  funksiyalarga  

taqqoslanmaydigan cheksiz kichik funksiyalar  deyiladi. 

        5.4.3.  Agar 1
)(
)(lim

0


 x

x
xx 
  bo‘lsa, u holda 0xx   da )(x  va )(x  

ekvivalent cheksiz kichik funksiyalar deyiladi va )(~)( xx    kabi 
belgilanadi. 
         .1o  Agar ikkita cheksiz kichik funksiya nisbatida cheksiz kichik 
funksiyalarning har ikkalasini yoki ulardan bittasini ekvivalent cheksiz 
kichik funksiya bilan almashtirilsa, bu nisbatning limiti o‘zgarmaydi. 
         .2o  Chekli sondagi har xil tartibli cheksiz kichik funksiyalarning 
yig‘indisi quyi tartibli qo‘shiluvchiga ekvivalent bo‘ladi. 
         Cheksiz kichik funksiyalarning yig‘indisiga ekvivalent bo‘lgan cheksiz 
kichik funksiyaga bu yig‘indining bosh qismi deyiladi. Cheksiz kichik 
funksiyalarning yig‘indisini uning bosh qismi bilan almashtirish yuqori  
tartibli cheksiz kichik funksiyalarni tashlab yuborish deb yuritiladi. 

        2 misol. 
x

xxx
x sin

352lim
42

0




 limitni toping. 

  0x da 42 352 xxx   funksiyaning bosh qismi x2  dan iborat. Shu 
sababli 0x da 42 352 xxx   x2  va 1-ajoyib limitga ko‘ra  xsin  x .  
        Demak, 

22lim2lim
sin

352lim
00

42

0



 xxx x

x
x

xxx . 
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0
0  ko‘rinishdagi aniqmasliklarni ochishda ekvivalent cheksiz kichik 

funksiyalarni almashtirish qoidasidan va cheksiz kichik funksiyalarning 
xossalaridan foydalaniladi. Bunda ko‘pincha quyidagi ekvivalentliklar 
qo‘llaniladi: 

 
 
 
 
 
 

         3 misol. Limitlarni toping: 

  1)  
tgx

x

x

12lim
0




;                                             2) 
xx

x
x 3arcsin

)1lg(lim
2

0




;             

  3) 
x
xxarctg

x 2sin
lim 2/30

;                                       4) 
|cos|ln

1sin1lim
0 x

xx
x




; 

  5) 
xarctgx

xx

x 23sin
23lim

33

0 



;                             6)  13lim /1 



x

x
x .    

                      1) 0x  da 2ln~12 xx   va xtgx ~  ekvivalentlikdan foydalanamiz: 

.2ln2lnlim12lim
00




 x
x

tgx x

x

x
 

        2)  0x  da exx lg~)1lg( 22 , xx 3~3arcsin  ekanidan 

.
10ln3

1
3

lg
3
lglim

3arcsin
)1lg(lim

2

0

2

0








e
xx
ex

xx
x

xx
 

        3)  0x  da xxarctg ~ , xx 2~2sin . U holda 

.
4
2

22
1

)2(
lim

2sin
lim 2/302/30


 x

xx
x
xxarctg

xx
 

        4) 


 |cos|ln
1sin1lim

0 x
xx

x |)1(cos1|ln
1sin1lim

0 


 x
xx

x
. 

        0x  da ,1cos|~)1(cos1|ln  xx  chunki 0x  da .01cos x   

0x  da  kxsin kx ,   tgkx kx ,   kxarcsin kx ,   arctgkx kx , 

kxcos1 
2
)( 2kx ,    1kxe kx ,   1kxa  akx ln ,   

      )1ln( kx kx ,    )1(log kxa   ekx alog ,   1)1(  mkx  .mkx       
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U holda 




 |cos|ln
1sin1lim

0 x
xx

x
( xsin  x )= 




 |)1(cos1|ln
11lim

2

0 x
x

x











2
~1)1(

2
2
1

2 xx  

.12lim
2
1

2
~cos1

1cos
lim

2
1

2

2

0

22

0














 x
xxx

x
x

xx
 

 5) 








 xarctgxxarctgx

xx

x

xx

x 23sin
)12()13(lim

23sin
23lim

32

0

32

0
 






 xx

xx
x 23

2ln33ln2lim
0

.
8
9ln

1
2ln33ln2


  

           6) t
x


1  belgilash kiritamiz. Bunda x  da .0t   

 U holda  
    .3ln3ln1lim131lim13lim

00

/1 


t
tt

x
t

t

t

x

x
 

       

 

 Mustahkamlash uchun mashqlar 

        5.4.1. Quyidagilarni isbotlang: 
  1) 0x   da  xtgx 2)(    va  33)( xxx    funksiyalar bir xil tartibli;     

  2) 1x   da  
1
1)(





x
xx   va  1)(  xx   funksiyalar ekvivalent;     

  3) x   da  21
1)(
x

x


   va  
2

1)(



xx

x   funksiyalar uchun )( o ;     

  4) 0x   da  22arcsin)( xxx    va  xx cos1)(    funksiyalar uchun 

)( o .     

        5.4.2. Limitlarni ekvivalent cheksiz kichik funksiyalardan foydalanib 
hisoblang: 
  1) ;

)31ln(
2lim

0 x
xtg

x 
                                              2) ;

32
cos1lim

4320 xxx
x

x 



   

  3) ;
4sinsin

3lim
0 xx

xarctg
x 

                                         4) ;
2arcsin
13lim

2

0 x

x

x
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  5) ;
6
)2(5lim

22 


 xx
xtg

x
                                             6) ;

)1(
43lim

2

1 


 xarctg
xx

x
  

  7) ;
2

13lim
sin

0 xtg

x

x




                                                 8) ;
2arcsin
1lim 2

2sin

0 xx
e x

x 



 

  9) ;
cos1

1sin1lim
3 2

0 x
x

x 



                                     10) ;

3arcsin
11

lim
0 xx

xtgx
x




 

11) ;sinlim
0 xxxx ee

x


                                           12) ;
3arcsin2

lim
3sin

0 xxarctg
ee xx

x 



           

13) ;
)2arcsin1ln(

1lim
0 x

etgx

x 



                                   14) ;

2arcsin
53lim 3

2

0 xx

xx

x 



 

15) ;
43
3sinlim

xtg
x

x 
                                                16) ;

)1(sin
)cos2ln(lim




 tgxx ex
x


                               

17) ;
3
sinlim 430 xx

xtgx
x 




                                           18) ;
sin

)3ln(coslim
0 xtgx

xx
x 

 

19) ;
sin

2coslim
2

0 xx
xe x

x




                                         20) ;
cos

1lim
cos

2
xx

e x

x





        

21) )1(lim
2/1 



x

x
ex ;                                         22) )32(lim /1/1 xx

x
x 


       

23) ;
)2cos1)(31ln(

3)1(lim 2

2

0

3

xx
xtge x

x 



                           24) .

)1(
3sin)11(

lim arcsin0 


 xx ex
xtgx   

 
 
 

5.5. FUNKSIYANING     UZLUKSIZLIGI  
 

Funksiyaning   nuqtadagi   uzluksizligi. Uzluksiz funksiyalar  
haqidagi teoremalar. Funksiyaning   uzilish   nuqtalari.   

Kesmada   uzluksiz   funksiyaning   xossalari 

        5.5.1. )(xf  funksiya 0x  nuqtada va uning biror atrofida aniqlangan 
bo‘lsin. 
          Agar )(xf  funksiya 0x  nuqtada chekli limitga ega bo‘lib, bu limit 
funksiyaning shu nuqtadagi qiymatiga teng,  ya’ni )()(lim 0

0

xfxf
xx




 bo‘lsa,  
u holda )(xf  funksiya 0x  nuqtada uzluksiz deyiladi. 
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Agar  0lim
0




y
x

 bo‘lsa, u holda )(xf  funksiya 0x  nuqtada uzluksiz 
deyiladi. Bunda 0xxx   argumentning   0x  nuqtadagi orttirmasi, 

)()( 0xfxfy    funksiyaning  0x  nuqtadagi orttirmasi.   
         x argumentning 0x  nuqtadagi cheksiz kichik orttirmasiga 
 )(xf  funksiyaning  bu  nuqtadagi cheksiz kichik orttirmasi mos kelsa,  

)(xf  funksiya 0x  nuqtada uzluksiz  bo‘ladi. 

1 misol. xy cos  funksiyani uzluksizlikka tekshiring. 
 xy cos  funksiya  Rx da aniqlangan. 
        Rx  nuqtani olamiz va bu nuqtada y ni topamiz: 

2
sin

2
sin2cos)cos( xxxxxxy 







 

 .   

       U holda  0
2

sin
2

sin2limlim
00








 







 




xxxy
xx

,  chunki chegaralangan va 

cheksiz kichik funksiyalarning ko‘paytmasi cheksiz kichik funksiya bo‘ladi. 
Ta’rifga ko‘ra xy cos  funksiya Rx nuqtada uzluksiz. 

Agar 





 


)()(lim)()(lim 0000 00

xfxfxfxf
xxxx

 bo‘lsa, u holda )(xf  funksiya  

0x  nuqtada o‘ngdan (chapdan) uzluksiz deyiladi. 
        )(xf  funksiya 0x  nuqtada ham chapdan va ham o‘ngdan uzluksiz  
bo‘lsa, u shu nuqtada uzluksiz bo‘ladi.  

       1.5.2. Uzluksiz funksiyalar haqida asosiy teoremalar.  
       1-teorema. )(xf  va )(xg  funksiyalar 0x  nuqtada uzluksiz bo‘lsin.  

U holda )()( xgxf  , )()( xgxf  , )0)((
)(
)(

0 xg
xg
xf  funksiyalar  0x  nuqtada 

uzluksiz bo‘ladi. 
      Xususan, agar )(xf  funksiya 0x  nuqtada uzluksiz bo‘lsa, u holda  

Rkxfk  ),(      funksiya  0x  nuqtada uzluksiz bo‘ladi. 
       2-teorema. Asosiy elementar funksiyalar o‘zlarining aniqlanish 
sohasidagi barcha  nuqtalarda uzluksiz bo‘ladi. 
       3-teorema. )(xz   funksiya 0x  nuqtada uzluksiz va )(zfy   funksiya  

)( 00 xz   nuqtada uzluksiz bo‘lsin. U holda ))(( xfy   murakkab funksiya 
0x  nuqtada uzluksiz bo‘ladi. 
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        Agar )(xf  funksiya 0x  nuqtada uzluksiz bo‘lsa,  )()(lim 0
0

xfxf
xx




 

tenglikni )(lim 0
0

xfxf
xx










kabi yozish mumkin, ya’ni  uzluksiz )(xf  

funksiyada x argument o‘rniga uning 0x nuqtadagi limit qiymatini qo‘yish  
mumkin. 

2 misol. )1,0()1(loglim
0





aa

x
xa

x
 limitni toping. 

 .)1(loglim)1(log1lim)1(loglim
1

000

x
axax

a

x
xx

xx
x





 

Logarifmik funksiya uzluksiz.   U holda 

.)1(limlog)1(loglim
1

0

1

0







 


x

xa
x

ax
xx  

       Bundan ex x

x




1

0
)1(lim  ekanini inobatga olib, topamiz: 

.log)1(loglim
0

e
x

x
a

a

x





 

        5.5.3. Agar )(xf  funksiya 0x  nuqtada uzluksiz bo‘lmasa, u holda 0x  
nuqtaga )(xf  funksiyaning uzulish nuqtasi deyiladi. 

Agar )(xf  funksiya 0x  nuqtada chekli bir tomonlma 10
)(lim

0

Axf
xx




 va 

20
)(lim

0

Axf
xx




limitlarga ega  bo‘lsa, u holda 0x  nuqtaga )(xf  funksiyaning 
birinchi tur uzilish nuqtasi deyiladi. Bunda:     

a) 21 AA   bo‘lsa, 0x  bartaraf qilinadigan uzilish nuqtasi deb ataladi;   
b) 21 AA   bo‘lsa, 0x  sakrash nuqtasi va 12 AA   kattalik funksiyaning 

sakrashi deb ataladi 
         Agar 0x  nuqtada )(xf  funksiyaning bir tomonlama limitlaridan 

kamida bittasi mavjud bo‘lmasa yoki cheksizlikka teng bo‘lsa,  u holda  
0x  nuqtaga )(xf  funksiyaning ikkinchi  tur uzilishi nuqtasi deyiladi. 

       3 misol. Funksiyalarni uzluksizlikka tekshiring: 

  1) ;1)(
x

arctgxf          2) ;2)(
1
xxf      3) 

















.'0cos
,'021

,'21
)(

lsaboxagarx
lsaboxagarx

lsaboxagar
xf                 
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       1) Funksiya 0x  nuqtada aniqlanmagan:  

,
2

1lim)0( 10
A

x
arctgf

x




    .
2

1lim)0( 20
A

x
arctgf

x




  

Demak, 0x  sakrash nuqtasi va bu nuqtada funksiya birinchi tur 

uzilishga ega. Funksiyaning sakrashi  12 AA  = .
22









  

       2) Funksiya 0x  nuqtada aniqlanmagan:  

,02lim)0(
1

0




x

x
f    .2lim)0(

1

0




x

x
f  

Demak, funksiya 0x  nuqtada ikkinchi tur uzilishga ega. 

       3) xyxyy cos,1,1   funksiyalar butun sonlar o‘qida uzluksiz.  
Shu sababli berilgan funksiya analitik ifodasini o‘zgartiradigan 21 x  va 

02 x  nuqtalarda uzilishga ega bo‘lishi mumkin. 
21 x  nuqtada: ,1)1(lim)02(

02


x
f   1)1(lim)02(

02



xf

x
. 

Bundan  )02()02(  ff . Funksiya  21 x  nuqtada aniqlanmagan.  
Demak, 21 x  bartaraf qilinadigan uzilish nuqtasi va bu nuqtada 

funksiya birinchi tur uzilishga ega. 
02 x  nuqtada: ,1)1(lim)0(

0



xf

x
  1coslim)0(

0



xf

x
, 110)0( f .  

Bundan  )0()0()0( fff  . 
Demak, 02 x  nuqtada funksiya uzluksiz. 

       4 misol. ,
6

1)( 2 


zz
zf  bu yerda 

2
1)(



x

xz   bo‘lsa, ))(()( xfxf   

murakkab funksiyani uzluksizlikka tekshiring. 
       

2
1)(



x

xz   funksiya 20 x  nuqtada uzilishga ega. 
6

1)( 2 


zz
zf   

funksiya  062  zz  tenglamani qanoatlantiruvchi 21 z  va 32 z  
nuqtalarda uzilishga ega. 
       21 z  da   .

2
12

1 


x
  Bundan 

2
3

1 x . 

       32 z  da   .
2

13
2 


x

   Bundan 
3
7

2 x . 
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       Demak, murakkab funksiya ,20 x  
2
3

1 x , 
3
7

2 x  nuqtalarda uzilishga  

ega  bo‘ladi.  Bu uzilish nuqtalarning turlarini aniqlaymiz.  

20 x  nuqtada: ,0)(lim)(lim
02




zfxf
zx

 .0)(lim)(lim
02




zfxf
zx

 

Bundan  )02()02(  ff . Funksiya  20 x  nuqtada aniqlanmagan.  
Demak, 20 x  bartaraf qilinadigan uzilish nuqtasi va bu nuqtada  

murakkab funksiya birinchi tur uzilishga ega. 

       
2
3

1 x  nuqtada: ,)(lim)(lim
020

2
3




zfxf
zx

.)(lim)(lim
020

2
3




zfxf
zx

 

       
3
7

2 x  nuqtada: ,)(lim)(lim
030

3
7




zfxf
zx

.)(lim)(lim
030

3
7




zfxf
zx

    

        Demak, 
2
3

1 x  va 
3
7

2 x  nuqtalarda murakkab funksiya ikkinchi tur  

uzilishga ega. 

         5.5.4. Agar )(xf  funksiya );( ba  intervalning har bir nuqtasida uzluksiz 
bo‘lsa, u holda )(xf  funksiyaga );( ba  intervalda uzluksiz deyiladi.  
        Agar )(xf  funksiya );( ba  intervalda uzluksiz bo‘lib, a  nuqtada o‘ngdan 
uzluksiz  va b  nuqtada chapdan uzluksiz  bo‘lsa, )(xf  funksiyaga ];[ ba  
kesmada uzluksiz deyiladi. 
        Kesmada uzluksiz funksiyalarning xossalarini ifodalovchi teoremalar. 
       Bolsano-Koshining birinchi teoremasi. )(xf  funksiya ];[ ba  kesmada 
uzluksiz va kesmaning chetki nuqtalarida turli ishorali qiymatlar qabul qilsin.  
U holda shunday );( bac  nuqta topiladiki, bu nuqtada  0)( cf  bo‘ladi.  
       Bolsano-Koshining ikkinchi teoremasi. )(xf  funksiya ];[ ba  kesmada 
uzluksiz va BbfAaf  )(,)( , BCA   bo‘lsin. U holda shunday ];[ bac  
nuqta topiladiki, Ccf )(  bo‘ladi.      
       Veyershtrassning birinchi teoremasi. Agar )(xf  funksiya ];[ ba  kesmada 
uzluksiz bo‘lsa, u holda u bu kesmada chegaralangan bo‘ladi.                                             
        Veyershtrassning ikkinchi teoremasi. Agar )(xf  funksiya ];[ ba  kesmada 
uzluksiz bo‘lsa, u holda u shu kesmada o‘zining eng kichik va eng katta 
qiymatlariga erishadi.       
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Mustahkamlash uchun mashqlar 

        5.5.1. Funksiyaning uzluksizligi ta’rifidan foydalanib berilgan 
funksiyalarning Rx  0 da uzluksiz ekanini isbotlang: 
  1) ;73)( 2  xxf                                      2) .67)( 3  xxxf   

5.5.2. Uzluksiz funksiyalarning xossalaridan foydalanib berilgan 
funksiyalarning );(  intervalda  uzluksiz ekanini isbotlang: 

  1)  ;3cos)( 12  xexxf                              2) .
2

3sin3)( 2
23




x
xxxf  

       5.5.3. Berilgan funksiyalarni uzluksizlikka tekshiring va grafigini 
chizing: 
  1) ;

||
)(

x
xxf                                              2) ;

1
|1|)( 2





x
xxxf                                                   

  3) 
2 2 ‘ ,

( )
3 2 ‘ ;

x agar x bo lsa
f x

agar x bo lsa
 

 


                 4) 
3 1 0 ‘ ,

( ) 1 0 ‘ ;
1

x agar x bo lsa
f x

agar x bo lsa
x

 
 

 

               

  5) ;2)( 12 x
x

xf                                           6) ;
21
3)( /1 xxf


                                     

  7) 2

1 3 ‘ ,

( ) 9 3 3 ‘ ,
3 3 ‘ ;

agar x bo lsa

f x x agar x bo lsa
x agar x bo lsa

  
    
  

   8)

2 3 ‘ ,
( ) 4 2 5 ‘ ,

7 5 ‘ ;

x agar x bo lsa
f x agar x bo lsa

x agar x bo lsa

 
  
  

 

  9) ;
32

|3|)( 2 



xx

xxf                               10) .
sin)1(

|sin|)(
xx

xxf


        

        5.5.4. a  ning qanday iymatlarida berilgan funksiyalar uzluksiz bo‘ladi? 

1) 
2

2

3 10 2 ‘ ,
2( )

2 ‘ ;

x x agar x bo lsa
xf x

a x agar x bo lsa

  
  

  

     2) 3 0 ‘ ,
( )

cos 2 0 ‘ .

x agar x bo lsa
f x

a x agar x bo lsa
 

 
 

           

        5.5.5. )(xf funksiyaning 0x  nuqtadagi uzilish turini aniqlang: 

1) ;3,
3
43)( 0 


 x

x
xxf                               2) ;3,

3
9)( 0

2





 x
x
xxf   

3) ;
2
1,

12
5)( 0 

 x
x

arctgxf                      4) .3,
14

3)( 03 





xxf x  
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5.5.6. Murakkab funksiyani uzluksizlikka tekshiring: 

1) ,
1

2)( 2


z
zf

2 0 ‘ ,
2 0 ‘ ;

x agar x bo lsa
z

x agar x bo lsa
 

   
    2) ,32)( 2  zzf .tgxz   

5.5.7. 
)4)(3(

1)(



xx

xf  funksiyani ];[ ba  kesmada uzluksizlikka 

tekshiring: 
1) ];1;4[];[ ba                                             2) ].3;2[];[ ba                       
 

5.5.8. )(xf  funksiyani ]5;4[],1;3[],2;0[   kesmalarda uzluksizlikka 
tekshiring: 
1) 

32
1)( 2 


xx

xf ;                                     2) .
5
4ln)(





x
xxf                    

5.5.9. Tenglamalar berilgan kesmada kamida bitta ildizga ega bo‘lishini 
ko‘rsating: 
1) ,0235 23  xxx  ];1;1[                         2) ,01sin  xx  ].2;1[    
 
 

5-NAZORAT ISHI 
  
 
 

 

1-variant 
  1.  ,

1
1)(

x
arctgxf


  .10 x                                 2. .

2sin
lim 3

43

0 xx
ee xx

x 



 

2-variant 
  1.  ,

2

1)( 1
xe

xf


  .00 x                                       2. .
4

)21ln(lim 32

2

0 xtgx
x

x 



 

3-variant 
  1.  ,

31

3)(
1

1



x

xf  .00 x                                      2. .
)31ln(

62lim
0 x

xxtg
x 




 

     1. Funksiyaning 0x  nuqtadagi chap va o‘ng limitlarini toping. 
     2. Limitni  toping. 
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4-variant 

  1.  ,
2
cos1)(
x

xxf 
  .00 x                                 2. .

43
32lim

22

0 xtgx

xx

x 



 

 5-variant 

  1.  ,
2
||)(
x

xxxf 
  .00 x                                       2. .

3sin
)41ln(lim 20 xx

x
x 




 

6-variant 
  1.  ,3)( ctgxxf   .00 x                                            2. .

2sin3sin
32lim

23

0 xx

xx

x 



    

7-variant 
  1.  ,

||
sin)(

x
xxf   .00 x                                          2. .

53
sin2lim 35

2

0 xxx

xtgx




 

8-variant 
  1.  ,

1
|1|)( 2 




x
xxf  .10 x                                        2. .sin3sinlim 30 xxx ee

xx
 

  

9-variant 
  1.  ,

)2(
)( 3


x
xxf  .20 x                                      2. .

)31ln(
)1(2sin2lim

0 x
x

x 




  

10-variant 
  1.  ,

3
||)(
x

xxxf 
  .00 x                                        2. .)(5sinlim 20 xxx ee

x
 
   

11-variant 
  1.  ,2)( 3

1
 xxf  .30 x                                            2. .

sinsin
lim 20 xx

ee xx

x 
 


 

 12-variant 
  1.  ,

4
3)(





x
xxf  .40 x                                        2. .

2
)41ln(lim 2

2

0 xtgx
x

x 



 

13-variant 
  1.  ,

2
||)(

x
xarctgxf   .10 x                                     2. .

2sin
22lim 2

3

0

2

xx

xx

x 
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14-variant 

  1.  ,
2cos1

3)(
x

xxf


  .00 x                                 2. .
24

5sinlim
30 xxx

tgxx
 

  

15-variant 

  1.  








.1,)2(
,1,

)( 2 xx
xx

xf  .10 x                          2. .
2sinsin

53lim
4

0 xx

xx

x 



 

16-variant 

  1.  ,
23

1)( 1
x

xf


  .00 x                                        2. .
sin2

lim
23

0 xtgxx
ee xx

x 
 


 

 17-variant 

  1.  ,3)( 2
4
 xxf  .20 x                                            2. .

sin2
lim 2

27

0 xx
ee xx

x 
 


 

18-variant 

  1.  ,)( 3
1
xexf   .00 x                                             2. .

23
sin2lim 30 xxx

xtgx




    

19-variant 

  1.  ,
)1(2|1|
|1|)1(3)( 22

22

xx
xxxf




 .10 x                       2. .
42sin

39lim 30 xx

xx

x 



 

20-variant 

  1.  ,7)( 5
1

xxf   .50 x                                            2. .
1

2cossin1lim 220 


 xx e
xxx  

21-variant 

  1.  ,
3

2)(



x

arctgxf  .30 x                                  2. .
sin3sin

lim
5

0 xx
ee xx

x 
 


 

 22-variant 

  1.  ,2)( 3
1
xxf


  .00 x                                            2. .

39
2lim 30 xxx

xxtg
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23-variant 

  1.  








,1,2
,1,43

)( 2 xx
xx

xf  .10 x                        2. .
35

sin2lim 20 xxx

xxxtg
 

     

24-variant 

  1.  ,
||

cos1)(
x

xxf 
  .00 x                                     2. .

sin2
)31ln(lim 22

2

0 xx
x

x 



 

25-variant 

  1.  ,1)(
x

exf
x 

  .00 x                                         2. .
39

3sinlim
0 xxx

tgxx
 

  

26-variant 

  1.  








,0,
,0,sin

)(
xx
xx

xf  .00 x                               2. .
)(

2cos1lim 20 xxx eex
x
 

  

 27-variant 

  1.  








.1,2
,1,2

)(
2

xx
xx

xf  .10 x                             2. .
3sin2

45lim
2

0 xtgx

xx

x 



 

28-variant 

  1.  ,5)( 3
4
 xxf  .30 x                                             2. .

2sin3
lim

22

0 xtgx
ee xx

x 
 


    

29-variant 

  1.  ,
34

cos)(
sin

1
x

xxf


  .00 x                                       2. .
2sin3

43lim
4

0 xxtgx

xx

x 
 


 

30-variant 

  1.  ,
arcsin

2

1||)(
x

xxf



   .10 x                                 2. .

2sinsin2
)51ln(lim

2

0 xx
xx

x 
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4-MUSTAQIL  ISH 

 
1-variant 

  1.  .sinln25)( 2 xxxf                             2. .652 nnnxn   

  3. .
)!4(

)!3()!2(





n
nnxn                                    4. .

14
354lim 45

52




 xx
xx

x
 

  5. .
3532
4563lim 2

2

5 


 xx
xx

x
                                       6. .

11
22lim

2

2

0 


 x
x

x
 

  7. .
5

coscoslim 2

2

0 x
xx

x




                                        8. .
32
12lim

12 













x

x x
x  

  9. .
))2sin(ln(

3lim
3 


 x

tgtgx
x

                                      10. 













.2,2
,20,0
,0,1

)(
xx
x
xx

xf  

2-variant 
  1.  .1arcsin)(

2

x
xxf 

                                    2. .6262 22  nnnnxn  

  3. .
22

)12(531
2 




nn
nxn

                          4. .
725
314lim 2

2

xx
xx

x 



 

  5. .
54
23lim 2

3

1 


 xx
xx

x
                                           6. .

423
143lim

2

1 


 xx
xx

x
 

  7. .
4

5cos1lim 20 x
x

x




                                             8. .
9
5lim

4x

x x
x 











  

  9. .
)ln(sin
13lim

2cos

2
x

x

x





                                             10. 













.3,7
,30,1
,0,3

)(
xx
xx
xx

xf  

   1. Funksiyaning aniqlanish sohasini toping. 
   2 - 3. Sonli ketma-ketlikning limitini toping.  
   4 - 8. Limitni toping. 
   9. Limitni ekvivalent cheksiz kichik funksiyalarni almashtirish  
 qoidasi bilan toping. 
 10.9.1 - 10.16. Funksiyani uzluksizlikka tekshiring va grafigini chizing. 
 10.17 - 10.30. Funksiyani berilgan nuqtalarda uzluksizlikka tekshiring. 
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3-variant 

  1.  .
23

2)(
2 


xx

xxf                                  2. nnxn 2853 3   

  3. ).321(1
2 n

n
xn                              4. .

523
271lim 4

3




 xx
xx

x
 

  5. .
1811
42lim 2

3

2 


 xx
xx

x
                                      6. .

8
314lim

32 


 x
x

x
 

  7. .
5sin3

4lim
0 x

xtg
x

                                               8. .
35
32lim

2x

x x
x












 

  9. .)1sin(lim
4321 2

ee
x
xxx 




                                       10. 













.1,3
,11,2
,1,4

)( 2

xx
xx

xx
xf  

4-variant 

  1.  .
4

5lg)(
2








 


xxxf                                 2. .23 44  nnxn  

  3. .
5

2642 n
n

nxn 


                           4. .
373
156lim 23

4




 xx
xx

x
 

  5. 
12
23lim 4

24

1 


 xx
xx

x
.                                       6. .

27
3lim
33 


 x

xx
x

 

  7. .
3

2sin2lim 20 x
xxtg

x




                                      8. .
7
5lim

32 













x

x x
x  

  9. .
1sin

lim
2sin2

2


 

 x
ee xxtg

x 
                                      10. 
















.2,2
,20,0
,0,

)(

2

xx
x
xx

xf  

5-variant 

  1.   .2
1lg
1)( 


 x
x

xf                            2. .)1(  nnnxn  

  3. .
6

32
36
13

6
5

n

nn

nx 
                           4. .

43
263lim 4

24




 xx
xx

x
 



 230 

  5. .
483
274lim 2

2

2 


 xx
xx

x
                                       6. .

516
2lim

4 


 x
x

x
 

  7. .
sin

4cos1lim
0 xx

x
x 




                                           8. .
15
25lim

x

x x
x 











  

  9. .
3

)2arcsin(lim
2

2 xtg
xx

x 



                                10. 














.3,1
,31,
,1),1(2

)( 2

xx
xx

xx
xf  

6-variant 

  1.  .16)3sin(lg)( 2xxxf                    2. )285(3 3 nnnxn   

  3. .321
3 6 nn

nxn





                                4. .
21

35lim 32

23

xx
xx

x 



 

  5. .
12

4133lim 2

2

4 


 xx
xx

x
                                    6. .

21
34lim

5 


 x
x

x
 

  7. .
3cos1
coscoslim

3

0 x
xx

x 



                                    8. .3lim

32

2

2 









 
x

x x
x  

  9. .
sin

22lim
2213

1 x

xx

x 



                                       10. 
















.1,1
,10,
,0,

)( 3

xx
xx
xx

xf  

7-variant 

  1.  .
sin2
2arccos)(

x
xf


                              2. .33 3  nnxn  

  3. .
5

)32(27452



n

nnxn

           4. .
25
472lim 4

23




 xx
xx

x
 

  5. .
22

54lim 23

24

1 


 xxx
xx

x
                                 6. .

32
23lim

7 


 x
x

x
 

  7. .
4cos1
8cos1lim

0 x
x

x 



                                           8. .

43
13lim

14 













x

x x
x  



 231 

  9. .
cos

ln2lnlim
2

xx
x

x







                                       10. 













.1,1
,12,1
,2,

)(
2 xx

xx
xx

xf  

8-variant 

  1.  .
5
23arcsin3)( xxxf 

                      2. ).23(  nnnxn  

  3. .
!)!1(

!
nn

nxn 
                                           4. .

95
137lim 3

23

x
xx

x 



 

  5. .
23

168lim 23

24

1 


 xx
xxx

x
                                  6. .

2
529lim

38 x
x

x 



 

  7. .cos1lim
2

0 tgxx
x

x 



                                            8. .

23
25lim

3













x

x x
x  

  9. .
)ln(cos
12lim

3sin

2 x

x

x


 

                                            10. 













.,1
,0,cos
,0,1

)(



xx
xx
x

xf  

 

9-variant 

  1.  )64lg()( xxxf  .                        2. ).34(2  nnnxn  

  3. .
)1(

1
32

1
21

1









nn

xn                       4. .
3

164lim 3

3

xx
xx

x 



 

  5. .
103

43lim 2

23

2 


 xx
xx

x
                                         6. .

910
2372lim

29 


 xx
xx

x
 

  7. .1
sin

1lim
0 










 tgxxx
                                         8. .

14
14lim

3x

x x
x













 

  9. .
)1(

)cos2ln(lim 2


 tgxx e
x


                                       10. 














.2,2
,20,4
,0,3

)( 2

xx
xx
xx

xf  



 232 

10-variant 

  1.  .5
2410

5lg)( 3
2 




 x
xx

xxf                    2. .3 32 nnnxn   

  3. .
32
32

11  


 nn

nn

nx                                             4. .
235

47lim 3 


 xx
x

x
 

  5. .
124

123lim 23

3

1 


 xxx
xx

x
                                    6. .

134
353lim

21 


 xx
xx

x
 

  7. .
2cos1

1sin1lim
2

0 x
x

x 



                                        8. .

23
21lim

x

x x
x 











  

  9. .
3)(

13lim 22

sin 2

xtgx

x

x  



                                      10. 














.,3
,0,sin
,0,1

)(



x
xx
xx

xf  

11-variant 

  1.  216sin)( xxxf                                2. .)3)(2(  nnnxn  

  3. .
)13)(23(

1
74

1
41

1









nn

xn              4. .
5

123lim 32

4

xx
xx

x 



 

  5. .
1253
15112lim 2

2

3 


 xx
xx

x
                                       6. .

62
6lim

2

2 


 xx
xx

x
 

  7. .
2

)1(lim
1

xtgx
x




                                             8. .
2
85lim

4













x

x x
x  

  9. .
)92ln(

1lim
sin

5 


 x
e x

x



                                           10. 













.3,5
,31,1
,1,

)(

3

xx
xx

xx
xf  

                                                 

12-variant 

  1.  .cos
sin
1)( 3 x

x
xf  .                              2. .43 3nnxn   



 233 

  3. .
35
35

1

12

nn

nn

nx








                                           4. .
253

1163lim 2

2

xx
xx

x 



 

  5. .
43
4023lim 2

2

4 


 xx
xx

x
                                       6. .

410
212lim

2

3 xx
xx

x 



 

  7. .
2

sin1lim
2

x
x

x 


 
                                               8. .

14
12lim

12 













x

x x
x  

  9. .
)53ln(sin

lim
24

2

2


 

 x
ee xx

x
                                      10. 






















.,2

,
2

,0

,
2

,cos

)(







xx

x

xx

xf  

13-variant 

  1.  3
||1

)(
x

xxf


                                            2. .32)2( 2  nnnnxn  

  3. .
)52)(12(

1
93

1
71

1









nn

xn             4. .
32

167lim 3

3

xx
xx

x 



 

  5. 
35192

145lim 2

2

7 


 xx
xx

x
.                                      6. .

64
204lim

34 


 x
x

x
 

  7. .
4

2sin1lim
4

 


 x
x

x
                                              8. .)54(lim 1

3

1

2


 x

x

x
x  

  9. .
)22ln(

13lim 2

sin

3 


 xx

x

x



                                     10. 













.2,2
,20,)1(

,0,
)( 2

xx
xx

xx
xf  

14-variant 

  1.  )23(log)( 2
1   xxxf x .                           2. .)3)(2(  nnnnnxn  

  3. .
18

321
2 




n
nxn

                                   4. .
23
127lim 2

23




 xx
xx

x
 

  5. .
1

2lim 3

2

1 


 x
xx

x
                                             6. .

54
7173lim

25 


 xx
xx

x
 



 234 

  7. .
3

2lim
0 xtg

xarctg
x

                                               8. .)34(lim 1

1

2


 x

x

x
x  

  9. .
1cos1

)14ln(lim
2
1 


 x

x
x 

                                    10. 













.3,3
,31,2
,1,1

)(

2

xx
xx
xx

xf  

15-variant 

  1.  2
3

2 )1()(


 xxxf .                                  2. .)5(8 25  nnnnxn  

  3. .

2
1

2
1

2
11

3
1

3
1

3
11

2

2

n

n

nx








                              4. .

)35(
152lim 2

3




 xx
xx

x
 

  5. .
372
673lim

2

2

3 


 xx
xx

x
                                          6. .

11
11lim

330 xx
xx

x 



 

  7. .
arcsin

3sinsinlim
0 x

xx
x




                                         8. ].ln)2)[ln(32(lim xxx
x




 

  9. .
)2ln(cos

)(lim
x

tgxx
x







                                           10. 













.1,3

,11,1
,1,2

)( 2

xx
xx

xx
xf  

                                                 

16-variant 

  1.  2||)( 2  xxxf .                                    2. ).35( 3 33 32 nnnxn   

  3. .
2

2)12(4321
2n

nnxn





              4. .
231

35lim 2

24

xx
xx

x 



 

  5. .
1092

8lim 2

3

2 


 xx
x

x
                                        6. .

743
548lim

21 


 xx
xx

x
 

  7. .
3

sin2sinlim 2

22

0 x
xx

x




                                      8. .)32(lim 2
3

2




 x

x

x
x  



 235 

  9. .
1

)2ln(lnlim
42

2




 xx e
xtg                                       10. 














.3,1
,30,)1(
,0,

)( 2

2

xx
xx
xx

xf  

17-variant 

  1.  671)( 2  xxxxf .                      2. .)2()2( 3 23 2  nnxn  

  3. .
)35(1272

23 2





n

nnxn


                       4. .
136

518lim 2

2




 xx
xx

x
 

  5. 
1

2lim 22

3

1 


 xxx
xx

x
.                                      6. .

2912
823lim

2

2 xx
xx

x 



 

  7. .2cos1lim
2

0 arctgxx
x

x 



                                            8. )].32ln()31)[ln(12(lim xxx

x



 

  9. .
sin

133lim
2

1 x
xx

x 



                                   10. .2,3;

2
5)( 21 




 xx
x
xxf  

 

18-variant 

  1.  ).4lg(
2

3arcsin)( xxxf                        2. .1242  nnnxn  

  3. .
)12(531

3 23 3





n

nnxn


                          4. .
12
253lim 23

4




 xx
xx

x
 

  5. .
64

283lim 3

2

4 


 x
xx

x
                                         6. .

32
3234lim

23 


 xx
xx

x
 

  7. .5arcsinlim 20 xx
x

x 
                                              8. .

32
2lim

3x

x x
x










 

  9. .
341
)37ln(lim

2 


 x
x

x
                                         10. .5,4;2)( 21

4
1

  xxxf x  

 



 236 

19-variant 

  1.  
64
65lg)( 2

2





xx
xxxf .                                 2. .12 22  nnnnxn  

  3. .
)12)(12(

1
53

1
31

1









nn

xn             4. .
12
753lim 45

2




 xx
xx

x
 

  5. 
103

4lim 2

2

2 


 xx
x

x
.                                         6. .

22
312lim

4 


 x
x

x
 

  7. .
1

sincoslim
4

tgx
xx

x 





                                          8. .
2
1lim

13 













x

x x
x  

  9. .
3sin

132lim
1 x

x
x 




                                         10. .5,3;
5

4)( 21 


 xx
x

xxf  

20-variant 

  1.  24lg)( xxf  .                                         2. .32 44  nnxn  

  3. .
)1(!3

)!13()!13(





nn
nnxn                                  4. .

31
13lim 32

24

xx
xx

x 



 

  5. .
12203
6112lim 2

2

6 


 xx
xx

x
                                      6. .

158
612lim

25 


 xx
xx

x
 

  7. .
arcsin
cos1lim

2

0 xx
x

x 



                                            8. .

13
1lim

12 













x

x x
x  

  9. .
)72ln(

lim 22  x
xtg

x

                                          10. .2,1;3)( 21
2

2

  xxxf x  

21-variant 

  1.  .)arcsin(log)( 2 xxf  .                               2. .4 22 nnnxn   

  3. .
32

)13(852
3

13



n

nnxn

               4. .
84

153lim 42

34

xxx
xx

x 



 



 237 

  5. .
27

6lim 3

2

3 


 x
xx

x
                                             6. .

2
795lim

38 x
x

x 



 

  7. 
 

.
2/
sin1lim 2

2
x
x

x 


 
                                            8. .

5
34lim

6x

x x
x












 

  9. .
)3ln(ln

1sinlim
9

3

2




 xtg
e x

x
                                 10. .2,1;

1
2)( 212 


 xx
x

xxf  

22-variant 

  1.  3

5
2

12
)(








x
x

x
xxf                             2. .13 224 nnnxn   

  3. .
1

)23(741
24 




nn
nxn

                         4. .
3

7102lim 34

2

xxx
xx

x 



 

  5. .
132
347lim 2

2

1 


 xx
xx

x
                                      6. .

65
7132lim

26 


 xx
xx

x
 

  7. .
2
4lim

0 xarctg
xtgx

x




                                              8. .
1
13lim

1
1

1













 x

x x
x  

  9. .
)3ln(sin
)6(lim

2

6
x

xtg
x







                                         10. .4,2;7)( 21
3

4

  xxxf x  

23-variant 

  1.  
12

12)( arcsin




x
xf x .    .                          2. ))1(( 33 23  nnnnxn  

  3. .
1

)32(753
2 




nn
nxn

                          4. .
535
54lim 3

3

xx
xx

x 



 

  5. .
1

154lim 2

24

1 


 x
xx

x
                                         6. .

4
2lim

4

16 x
x

x 



 

  7. .
cos1

lim 2

22

x
x

x 







                                              8. .)32(lim 1
3

1




 x

x

x
x  

  9. .
4sin)(

12lim 2

2

xx

xtg

x  



                                    10. .2,1;4)( 21

1   xxxf x
x

 



 238 

24-variant 

  1.  .
2

13arccos51)(  xxxf .                    2. ).12(8 3 23 33  nnnxn  

  3. .
25

25
1 nn

nn

nx






                                             4. .
34

15lim 32

4

xx
xx

x 



 

  5. .
352

27lim 2

3

3 


 xx
x

x
                                          6. .

548
143lim

2

1 xx
xx

x 



 

  7. .
1

sincoslim
4

ctgx
xx

x 





                                         8. .)53(lim 4

2

2

2




 x

x

x
x  

  9. .
93

)2(lim
2242 


 xxx

xtg                                        10. .3,2;
4

3)( 212 


 xx
x

xxf  

25-variant 

  1.  .
sin24

3arccos)(
x

xf


 .                            2. .832 3 3nnxn   

  3. .
10

25
1000
133

100
29

10
7

n

nn

nx 
                4. .

21
137lim 3

3

xx
xx

x 



 

  5. .
34
23lim 2

3

1 


 xx
xx

x
                                          6. .

21113
2lim

2

2 xx
xx

x 



 

  7. .
sin3sin

2sinlim
0 xx

x
x 

                                        8. )].12ln()12)[ln(13(lim 


xxx
x

 

  9. .
234

)413ln(lim
23 


 xx

x
x

                                10. .4,3;5)( 21
3

1

  xxxf x  

26-variant 

  1.  .2
5
4loglog)( 1

2
1 






  x

xxf                         2. .9)4)(1( 422  nnnxn  

  3. .
)!32(

)!22()!12(





n
nnxn                              4. .

32
135lim 32

23

xx
xxx

x 



 



 239 

  5. .
1

1lim 24

4

1 


 xxx
x

x
                                    6. .

410
932lim

2

3 xx
xx

x 



 

  7. .
2sin

coscoslim
5

0 xx
xx

x 



                                      8. .)94(lim 2

5

2

x
x

x
x 


  

  9. .
42

)2arcsin(lim
222 


 xxx

x                                     10. .3,2;6)( 21
3

1

  xxxf x  

27-variant 

  1.  21333)( xxxxf  .            2. .1)1)(1( 624  nnnxn  

  3. .
32

)13(852
4 




n
nxn

                       4. .
532

17lim 32

4

xx
xx

x 



 

  5. .
5112
5194lim 2

2

5 


 xx
xx

x
                                     6. .

1220
43lim

2

4 xx
xx

x 



 

  7. .
)4(

lim 2

4
 


 x

ctgxtgx
x

                                           8. .
10

56lim
5x

x x
x













 

  9. .
)cos1ln(

)2(lim
2

2
x

xtg
x 







                                     10. .3,2;
2
5)( 21 




 xx
x
xxf  

28-variant 

  1.    43 42lg)( xxf x   .                       2. .8)1( 54  nnnxn  

  3. .
)!1()!2(
)!1()!2(





nn
nnxn                                  4. .

24
62lim 42

4

xxx
xx

x 



 

  5. .
8253
8152lim 2

2

8 


 xx
xx

x
                                     6. .

158
173122lim

25 


 xx
xx

x
 

  7. .
4

2cos2coslim 2

3

0 x
xx

x




                                  8. .
3

6lim
3

3

x
x

x

x 








   

  9. .
1ln1

cos1lim
3 21 


 x

x
x

                                     10. .2,3;8)( 21
2

4

  xxxf x  



 240 

 
29-variant 

  1.  ).32lg(
2

1)( 3 


 x
x

xxf .               2. ).5( 3 3nnnxn   

  3. .
4

21
64
9

16
5

4
3

n

n

nx 
                       4. .

23
53lim 43

24

xxx
xx

x 



 

  5. .
4277

64lim 2

3

4 


 xx
x

x
                                     6. .382lim 2

3 2

0 xx
xx

x 



 

  7. .
2

3sin5sinlim
0 x

xx
x




                                    8. )].25ln()23)[ln(4(lim xxx
x




 

  9. .

2
lnarcsin

12lim
4

2

2










 x

x

x
                                    10. .1,2;

8
)( 213 


 xx

x
xxf  

 
30-variant 

  1.  .
)59lg(

5)(
x

xxf



                                     2. .)2)(1( 232  nnnnxn  

  3. .
))34(...951(!

)!1(2)!2(





nn
nnxn                   4. .

13
2lim 34

42




 xx
xxx

x
 

  5. .
125

30lim 3

2

5 


 x
xx

x
                                        6. .

2
31lim

38 


 x
x

x
 

  7. 
xx

xtgx
x 30 coscos

3lim




                                      8. )].12ln()32)[ln(2(lim 


xxx

x
 

  9. .
1

2
sinln1

12
lim

3

2
3cos2















 

 x

tg
x

x 
                            10. .3,4;5)( 21

4
3

  xxxf x  



 241 

NAMUNAVIY VARIANT  YECHIMI 

       1.30. .
)59lg(

5)(
x

xxf



  

        Elementar funksiyalar (darajali funksiya, kasr ratsional funksiya, 
logarifmik funksiya) ning aniqlanish sohalarini inobatga olsak,  
x  o‘zgaruvchi quyidagi shartlarni qanoatlantirishi kerak:        















,059
,0)59lg(

,05

x
x

x















,95
,159

,5

x
x

x




















.
5
9

,
5
8

,5

x

x

x

 

ya’ni  













5
9;

5
8

5
8;5)( fD . 

      2.30.   .)2)(1( 232  nnnnxn  




))2)(1(lim(lim 232 nnnnx
n

nn
 






 )2)(1(

22lim
232

2355

nnnn
nnnn

n





 )2)(1(
22lim

232

23

nnnn
nn

n
 

.
)00)(01(0

002
21111

212
lim

33

3













 





 






nnnn

nn
n

 

       3.30.  .
))34(...951(!

)!1(2)!2(





nn
nnxn  

 






 









nnn

nnn
nn

nnxn

2
341!

)22)(1(!
))34(951(!

)!1(2)!2(


.
)12(

)4)(1(



nn
nn  

Bundan 

.
2
1

02
)01)(01(

12

4111
lim

)12(
)4)(1(limlim 













 





 








n

nn
nn

nnx
nnnn

 



 242 

        4.30.  .
13

2lim 34

42




 xx
xxx

x
 

        .113

121

113

121

13
2

4

32

4
4

23
4

34

42

xx

xx

xx
x

xx
x

xx
xxx












 







 



   

U holda 





 13
2lim 34

42

xx
xxx

x
.

3
1

003
001

113

121

113

121
lim

4

32


























xx

xx
x

 

        5.30. .
125

30lim 3

2

5 


 x
xx

x
 

.
75
11

255
6lim

)255)(5(
)6)(5(lim

125
30lim 25253

2

5














 xx
x

xxx
xx

x
xx

xxx
 

        6.30.  .
2

31lim
38 


 x

x
x

 

          











 31
42

)42)(2(
)31)(31(lim

2
31lim

33 2

33 23838 x
xx

xxx
xx

x
x

xx
 

.2
33

4)2(2)2(
31

42lim
31

42
)8(
)8(lim

233 2

8

33 2

8


















 x

xx
x

xx
x
x

xx

        7.30. 
xx

xtgx
x 30 coscos

3lim




.               


  xxx

xx
xxx

xx
xx 2020 sincos3cos

3sinlim
)cos1(cos3cos

3sinlim  

3
1
13

sinlim

3
3sinlim

31
sin

3
3sin3

lim
cos3cos

1lim 2

0

0

2
2

2

00





























x
x
x

x

x
x

x
x

xx

xx
x

x

xx
. 

       8.30. )).12ln()32)(ln(2(lim 


xxx
x

 

        











 12

32ln)2(lim))12ln()32)(ln(2(lim
x
xxxxx

xx
 



 243 






















































)2(
12

4

4
122

12
41lnlim

12
32lnlim

x
xx

x

x

x xx
x .2

12
84limlnlim 12

84













 x
xe

x

x
x

x
 

9.30. .
1

2
sinln1

12
lim

3

2
3cos2















 

 x

tg
x

x 
     

           x  da 
0
0  ko‘rinishdagi aniqmaslik berilgan.  xt  almashtirish 

bajaramiz.  Bunda x da 0t .   

U holda   

















 



























 






 



1
22

sinln1

12
lim

1
2

sinln1

12
lim

3

2
3

2
3cos

0

3

2
3cos

22

t

tg

x

tg
t

t

x

x 




 

.
11

2
cos1ln1

12

lim
1

2
cosln1

12
lim

3

2
3

sin

0

3

2
3

sin

0

2

2















 





























 











 t

tg

t

tg
t

t

t

t
 

  0t  da o‘rinli bo‘ladigan ekvivalentliklardan foydalanamiz: 
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2

cos1ln1

12

3

2
3

sin
2

t

tg
t













2

2
3sin t 

2

2
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 t ,

4
9 2t

  1
2

cos t  
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1
8

1ln1

12

3

2

4
9 2

t

tg
t





12 4

9 2t

 ,2ln
4

9 2t  

















8
1ln
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1
8

1

2ln
4

9

3

2

2

t

ttg












 2ln
4

9 2ttg  ,2ln
4

9 2t 1
8

13
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t  














2483
1 22 tt . 

    Demak, 

24

2ln
4

9

lim
1

2
sinln1

12
lim 2

2

0

3

2
3

cos 2

t

t

x

tg

t

x

x



















 


.2ln54  

        10.16(1).  













.1,4

,12,)1(
,2,3

)(
3

2

xx
xx
xx

xf  

        Funksiya );( x da aniqlangan.  
),2;(  )1;2( , );1(   oraliqlarda funksiya 

uzluksiz. ,2x  1x  nuqtalarda funksiya 
analitik berilishni o‘zgartiradi. Shu sababli, 
bu nuqtalarda funksiya uzilishga ega bo‘lishi 
mumkin. 

2x  nuqtada: ,1)3(lim)02(
02




xf
x

 
,1)1(lim)02( 2

02



xf

x
 .132)2( f  

Bundan ).2()02()02(  fff   
Demak, 2x  nuqtada funksiya uzluksiz. 

1x  nuqtada: ,4)1(lim)01( 1
2

01
Axf

x



  .3)4(lim)01( 2

3

01
Axf

x



 

Demak, 1x  sakrash nuqtasi va bu nuqtada funksiya birinchi tur 
uzilishga ega. Funksiyaning sakrashi  1|43|12  AA (4-shakl). 

      10.30. .3,4;5)( 21
4

3

  xxxf x  

            41 x  nuqtada:  ,05lim)04( 4
3

04
 



x

x
f   .5lim)04( 4

3

04
 



x

x
f  

       Demak, 41 x  nuqtada funksiya ikkinchi tur uzilishga ega. 

      32 x  nuqtada: 1255lim)03( 4
3

03
 



x

x
f , ,1255lim)03( 4

3

03
 



x

x
f    

.1255)3( 43
3

 f   Demak, 32 x  nuqtada funksiya uzluksiz.        

4-shakl. 

y  

x  

. 

1 

4  

3
 

1 O
 

2  
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VI bob   
BIR O‘ZGARUVCHI FUNKSIYALARINING 

DIFFERENSIAL HISOBI 
 

6.1. FUNKSIYANING HOSILASI VA DIFFERENSIALI 
Hosila.  Differensiallash qoidalari. Hosilalar jadvali.   

Logarifmik differensiallash. Funksiyaning differensiali. Yuqori tartibli 
hosilalar  va differensiallar. Oshkormas funksiyani differensiyallash. 

Parametrik  ko‘rinishda berilgan funksiyani differensiyallash.  
Hosilaning  geometrik va fizik tatbiqlari 

 

6.1.1.  )(xf  funksiya 0x nuqtaning biror  atrofida aniqlangan bo‘lsin.   
)(xf   funksiyaning 0x  nuqtadagi hosilasi deb, funksiya orttirmasi 

y  ning argument orttirmasi x  ga nisbatining   0x dagi limitiga (agar bu 
limit mavjud bo‘lsa)  aytiladi va quyidagilardan biri bilan belgilanadi: 

.);();(
0

00 xx
yxyxf


   

       Shunday qilib,  

x
xfxxf

x
yxf

xx 









)()(limlim)( 00

000 . 

      1 misol. )( 0xf  ni hosila ta’rifidan foydalanib toping: 
  1) ;8,)( 0

3  xxxf              2) .,)( 0 xxxatgxf   
   1) Hosila ta’rifiga ko‘ra 
 











 )48)2()8((

88lim88lim)()8(
33 20

33

08

3

xxx
x

x
xxf

xxx

.
12
1

48)2()8(
1lim

33 20





 xxx
 

       2)  Hosila ta’rifini va tangenslar ayirmasi formulasini qo‘llab, topamiz: 
  





 x

tgaxxaaxtgtgaxxf
x

)(lim)(
0

 

.
coscos

1
cos)cos(

1limsinlim 2200 ax
a

ax
a

axxaaxx
xa

xx
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       )(xfy   funksiyaning  0x nuqtadagi o‘ng (chap) hosilasi deb   

















 x

yxf
x
yxf

xx 0000 lim)(lim)(      limitga aytiladi.  

        2 misol. Funksiyaning 00 x  nuqtadagi hosilalarini toping: 

  1) ||)( xxf  ,              2) .||)( xxxf   

   1) Funksiyaning 00 x  nuqtadagi orttirmasi 

.|||0||0|)0()0( xxfxfy      
U holda  

,1lim||lim)0(
00








 x
x

x
xf

xx
    .1lim||lim)0(

00








 x
x

x
xf

xx
 

       ||)( xxf  funksiya uchun 0x da  
x
x

x
y






 ||  nisbatning limiti mavjud  

emas. Shu sababli ||)( xxf   funksiya 00 x  nuqtada hosilaga ega emas.  

        2) Funksiyaning 00 x  nuqtadagi orttirmasi 

.|||0|0|0|)0()0()0( xxxxfxfy      
U holda  

,0lim||lim)0(
00





 x
x

xxf
xx

    .0lim||lim)0(
00





 x
x

xxf
xx

 

.0||lim||lim)0(
00






x

x
xxf

xx
 

       6.1.2. Differensiallash qoidalari 

  1. ,)( vuvu    )(),( xvvxuu differensiallanuvchi funksiyalar; 

  2. ,)( vuvuvu   xususan ,)( uCCu   C o‘zgarmas son; 

  3. ,2v
vuvu

v
u 









  xususan ;2v

vC
v
C 









  

  4. 
y

x x
y




1 , agar )(xfy   va )( yx  ; 

  5. xux uyy  , agar )(ufy   va )(xu  . 
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        6.1.3. Hosilalar jadvali (differensiallash formulalari) 

  1. ;0)( C  

  2. ,)( 1 uuu     xususan   ,11
2 u

uu









     ;

2
1)( u

u
u   

  3. ,ln)( uaaa uu    xususan  ;)( uee uu           

  4. ,
ln
1)(log u

au
ua   xususan   ;1)(ln u

u
u   

  5. ;cos)(sin uuu                                       6. ;sin)(cos uuu    

  7. ;
cos

1)( 2 u
u

tgu                                       8. ;
sin

1)( 2 u
u

ctgu   

  9. ;
1

1)(arcsin
2

u
u

u 


                          10. ;
1

1)(arccos
2

u
u

u 


  

11. ;
1

1)( 2 u
u

arctgu 


                              12. ;
1

1)( 2 u
u

arcctgu 


  

13. ;)( uchushu                                       14. ;)( ushuchu   

       15. ;1)( 2 u
uch

thu                                     16. .1)( 2 u
ush

cthu   

Keltirilgan differensiallash qoidalari va formulalari bir o‘zgaruvchi 
funksiyasi differensial hisobining asosini tashkil qiladi, ya’ni ular ixtiyoriy  
funksiyani differensiallash (hosilasini topish) imkonini beradi. 

3 misol. Differensiallash qoidalari va formulalaridan foydalanib  
funksiyalarning hosilasini toping: 

  1) ;43252
3

3 22

2

3

x
xx

x
xy 

             2) ;32

x

x

xe
xy 

     

  3) ;logcos2 2 xxxxxarctgey x           4) ;4 xarctgy          

  5) ;3sinlog 3
2

4 xy                                       6) );ln()ln(
22

chxshxxcthxthy   

  7) ;Arshxy                                              8) .|| arctgxy    

        1) Funksiyani differensiallash uchun qulay ko‘rinishga keltiramiz: 

.43252
3
1 2

1
6
1

2
3

23   xxxxxy  
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Differensiallash qoidalari va formulalaridan foydalanib topamiz: 









 2
3

6
5

2
1

32

2
14

6
13

2
320)2(23

3
1 xxxxxy

.2
2

134
6 53

2

xxx
x

x
x     

2) Differensiallash qoidalari va formulalarini qo‘llab topamiz: 













 
 x

xxxx

x

x

ex
xxexex

xe
xy 22

222 )3()()3(3  




 x

xxxxx

ex
xxeexxex

22

2 )3)()(()3ln32(  



x

xxxx

ex
xexxex

22

2 3)1()3ln32(  




 x

xxx

ex
xxxxx

2

322 333ln32 .)1()13ln(3
2

2

x

x

ex
xxxx   

 3)  )logcos2( 2 xxxxxarctgey x  
  )()( arctgxearctgxe xx  )(loglog)(cos2cos)(2 22 xxxxxxxx  




 21
1
x

earctgxe xx 
2ln

logsin2cos
2 x

xxxx
x
x  

).(logcossin2
1

1
22 ex

x
xxx

x
arctgxe x 












  

         4) Murakkab funksiyani differensiallash qoidasidan foydalanamiz: 

.
1

4
1

14)(4)( 2

3

2
334

x
xarctg

x
xarctgarсtgxxarctgxarctgy





  

         5) logarifmik ifodani soddalashtiramiz: 

.3sinlog
3
23sinlog 4

3
2

4 xxy   

           Murakkab funksiyani differensiallaymiz: 
xctgee

x
xx

x
y 3log2log

3sin
3cos233cos

4ln3sin
1

3
2

44 


 . 

         6)  )ln()2ln(
22

chxshxxcthxthy ).2ln(
22

xshxcthxth    

U holda 
 22

2
1

2
1

2

1
2
1

2

1
22

xch
xshxshxch

y  
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 xcthxchxsh

xchxsh
22

22

22
2
1

22

22

xsh
xcth 2

222  . 

 7) Arshxy   funksiyaga teskari funksiya .shyx   Teskari funksiyani 
differensiallash qoidasiga ko‘ra 

.
1

1
1

11
)(

1)(
22 xyshchyshy

Arshxy
y 







  

 8) || arctgxy   funksiyani  
0 ‘ ,
0 ‘

actgx agar x bo lsa
y

arctgx agar x bo lsa


  
 

ko‘rinishda yozib olamiz.  
U holda 

2

2

1 0 ‘ ,
1

1 0 ‘ .
1

agar x bo lsa
xy

agar x bo lsa
x

   
 
 

 

 6.1.4. Funksiyani avval logarifmlab, so‘ngra differensiallashga  
logarifmik differensiallash deyiladi. 

        4 misol. 
3

5 43

)4(
2)2()1(





x

xx
y

x

 funksiyaning hosilasini toping.         

Bu hosilani differensiallash qoidalari va formulalaridan foydalanib 
topish mumkin. Bu jarayonda bir qancha almashinishlar bajarishga hamda 
differensiallash qoidalari va formulalarini qo‘llashga to‘g‘ri keladi. Shu 
sababli bu jarayonni engillashtirish uchun logarifmik differensiallash 
qoidasidan foydalaniladi.     
        Funksiyani logarifmlaymiz: 

  ).4ln(32ln)2ln(
5
41lnln 3  xxxxy  

        Tenglikning har ikkala tomonini x  bo‘yicha differensiallaymiz: 

.
4

132ln
2

1
5
43

1
11 2

3 








xx
x

x
y

y
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yni topamiz: 


















4

32ln
)2(5

4
1

3
3

2

xxx
xyy , 

yoki 







3

5 43

)4(
2)2()1(

x
xx

y
x

.
4

32ln
)2(5

4
1

3
3

2















 xxx
x  

 Dararajali-ko‘rsatkichli funksiya deb ataluvchi vuy   funksiyaning 
hosilasi logarifmik differensiallash yordamida 







 


u
uvvuuu vv ln)(  

formula bilan topiladi.  

     5 misol. xxy 3cos  funksiyaning hosilasini toping. 
xvxvuxu 3sin3,3cos,1,  larni formulaga qo‘yib topamiz: 







 

x
xxxxy x 1)3(cos)3sin3(ln3cos    

 yoki 
).3sinln33(cos13cos xxxxxy x    

        6.1.5.    Agar )(xfy   funksiyaning 0x nuqtadagi orttirmasini  
xxxAy  )(  

ko‘rinishda ifodalash mumkin bo‘lsa, )(xf  funksiya 0x nuqtada 
differensiallanuvchi deyiladi, bunda  A o‘zgarmas son,  0)(lim

0



x

x
 . 

)(xfy   funksiya orttirmasining  x ga nisbatan chiziqli bo‘lgan bosh 
qismi xxf  )( 0  ga  )(xfy    funksiyaning  0x  nuqtadagi differensiali  deyiladi   
va dy  (yoki )(xdf ) bilan belgilanadi, ya’ni 

dxxfdy )( 0 . 

6 misol. 12 23  xxy  funksiyaning 20 x  nuqtadagi  orttirmasini va 
differensialini 1,0x  da toping. Orttirma bilan differensial orasidagi  
ayirmaning absolut va nisbiy xatoliklarini hisoblang. 

 )12()1)()(2( 2323 xxxxxxy  
;2)16()13(2 32 xxxxxx   

xxxdy  )13(2 . 
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Bundan     .2)16( 32 xxxdyy   
20 x    va    1,0x  da     ,112,2y    ,2dy      .112,0 dyy  

Absolut va nisbiy xatoliklarni hisoblaymiz: 

,112,0 dyy     053,0
112,2
112,0




y
dyy   yoki 5,3%. 

        Ko‘pchilik masalalarni yechishda funksiyaning 0x  nuqtadagi orttirmasi 
funksiyaning shu nuqtadagi differensialiga taqriban almashtiriladi, ya’ni 

dyy   deb olinadi.  
   Bunday almashtirish yordamida biror A  miqdorning taqribiy qiymati 

quyidagi tartibda hisoblanadi:  
  .1o A miqdor x  nuqtada biror )(xf  funksiya qiymatiga tenglashtiriladi:  

)(xfA  ; 
 .2o  0x  nuqta  x  ga  yaqin  va  )( 0xf  ni hisoblash qulay qilib tanlanadi;  
 .3o  x  va )( 0xf  hisoblanadi; 
 .4o  )(xf  topilib, )( 0xf  hisoblanadi;  
 .5o )(),(, 00 xfxfx   qiymatlar xxfxfxf  )()()( 00  formulaga qo‘yiladi.  

7 misol. 47,0arcsin  ning taqribiy qiymatini toping . 
xxfAo arcsin)(,47,0arcsin.1  deymiz. U holda )47,0(fA   va 

;47,0x   
5,0.2 0 xo deb olamiz;       

5236,0
6

)5,0(,03,05,047,0.3  fxo ;           

21
1)(.4

x
xfo


 ,  ;1547,1)5,0( f  

.489,0)03,0(1547,15236,0)5,0()5,0()47,0(.5  xfffo  

        6.1.6. )(xf  funksiya  );( ba  intervalda )(xf   hosilaga ega bo‘lsin.   
)(xf  funksiyaning hosilasidan olingan hosilaga ikkinchi tartibli hosila 

deyiladi. Ikkinchi tartibli hosila mavjud bo‘lsa, bu hosiladan olingan hosilaga  
uchinchi tartibli hosila deyiladi va hokazo. Hosilalar ikkinchi tartiblidan 
boshlab yuqori tartibli hosila deyiladi va ,...,,...,, )()4( nyyyy   
(yoki ),...(),...,(),(),( )( xfxfxfxf nIY  ) kabi belgilanadi. 
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        8 misol. xxy 3ln2  bo‘lsa, )2()5(y ni toping. 

        );13ln2(
3
33ln2)3(ln3ln)( 222  xx
x

xxxxxxxy  

   )13ln2()13ln2()13ln2( xxxxxxy  

;33ln2
3
32)13ln2(1  x
x

xx  

;2
3
32)33ln2(

xx
xy     ;22

2
)4(

xx
y 








   ;42

32
)5(

xx
y 








  

Bundan     
.

2
1

2
4)2( 3

)5( y  

      Yuqori tartibli hosilalar uchun quyidagi formulalar o‘rinli bo‘ladi: 

       1.   ;),0(ln)( )()( xnxnxnx eeaaaa                   2.  ;
2

sin)(sin )( 





 

nxx n  

       3. ;,)1)...(1()( )( Rxnx nn                4. ;
2

cos)(cos )( 





 

nxx n  

       5. ;)!1()1()(ln )(
n

n
n

x
nx 

                                     6. ;)( )()()( nnn vuvu   

       7. ;)( )()( nn CuCu                                                 8. .)( )()(

0

)( knk
n

k

k
n

n vuCvu 


  

9 misol. xxey 2  funksiyaning n tartibli hosilasini toping. 
            knk

n

k

k
n

n vuCvu 




0
)(  formuladan foydalanamiz. 

  Shartga ko‘ra   ., 2 xevxu      
Bundan     

  ;0...,,0,1  nxxx     .2)(...,,2)(,2)( 2222222 xnnxxxxx eeeeee   
U holda  

 



 )0(2)()1(21)(2)0(0

0

)(2)()(2 )(...)()()()( xnn
n

nx
n

nx
n

n

k

knxkk
n

nx exCexCexCexCxe  

  ).2(20...021
!1!1

!2
!!0

! 21212 nxee
n
nex

n
n xnxnxn 


   

Demak,    
                  ).2(2)( 21)(2 nxexe xтnx    
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        )(xf  funksiya  );( ba  intervalda   dy  differensialga ega  bo‘lsin.   
Birinchi tartibli dy  differensialdan olingan differensialga ikkinchi 

tartibli differensial deyiladi va 22 )( dxxfyd  kabi yoziladi, bunda 2dx 2)(dx . 
Ikkinchi tartibli differensialdan olingan differensialga uchinchi tartibli 
differensial deyiladi va hokazo. n tartibli differensial deb  )1(n tartibli 
differensialdan olingan differensialga aytiladi va nnn dxxfyd )()(  kabi  
yoziladi.      

        10 misol. 13 35  xxy  bo‘lsa,   yd 4  ni toping. 

 .120,1860,1820,95 )4(2324 xyxyxxyxxy   
 Bundan      

.120)( 44)4(4 xdxdxxyyd   

        6.1.7.  x  nuqtada differensiallanuvchi )(xyy    funksiya 0),( yxF  
tenglama bilan berilgan bo‘lsin.  
          )(xy  hosilani topish uchun avval 0),( yxF  tenglikning chap va 
o‘ng tomoni x  bo‘yicha differensiyalanadi ( bunda )(xyy  ga x  ning  
funksiyasi deb qaraladi)  va so‘ngra hosil bo‘lgan tenglama  y  ga nisbatan  
yechiladi.         

       11 misol. 0)cos(  yxy bo‘lsa,  y  ni toping. 
 0)cos(  yxy  tenglikning har ikkala tomonini x  bo‘yicha 

differensiallaymiz:  0)1)(sin(  yyxy .     
       Bundan 

)sin())sin(1( yxyxy      yoki    

.
)sin(1

)sin(
yx

yxy



  

U holda     




















 2))sin(1(

)sin()1)(cos())sin(1)(1)(cos(
)sin(1

)sin(
yx

yxyyxyxyyx
yx

yxy

 
)1(

)sin(1
)cos(

2 y
yx

yx 



  

yoki  
     .

))sin(1(
)cos(

)sin(1
)sin(1

))sin(1(
)cos(

32 yx
yx

yx
yx

yx
yxy
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6.1.8. )(xfy   funksiya  








Ttty
tx
),(
),(


  

parametrik tenglamalar bilan berilgan bo‘lsa, u holda 

t

t
x x

yy



    va   
t

tx
xx x

yy




)( ,… 

        12 misol. 







ty
tx

sin2
,cos3
  bo‘lsa, xxxy  ni toping. 

.
3
2

sin3
cos2

)cos3(
)sin2( ctgt

t
t

t
t

x
yy

t

t

t

t
x 











  

U holda 

 
,

sin
1

9
2

sin3
sin

1
3
2

cos3

3
2

)(
3

2

tt
t

t

ctgt

x
yy

t

t

t

tx
xx 



















  

 
.

sin
cos

9
2

sin3
sin
cos

3
2

cos3

sin
1

9
2

)(
5

43

t
t

t
t
t

t

t
x

yy
t

t

t

txx
xxx 













 





  

        6.1.9. )(xf  funksiya 0x nuqtada hosilaga ega bo‘lsin. 
      )( 0xf   hosila )(xfy   funksiya grafigiga ))(;( 000 xfxM  nuqtada  
o‘tkazilgan urinmaning burchak koeffitsiyentiga teng, ya’ni  

).( 0xftgk    

Bu  jumla   hosilaning  geometrik  ma’nosini   ifodalaydi. 
          )(xfy   funksiya bilan berilgan egri chiziq  grafigiga ))(;( 000 xfxM  
nuqtada o‘tkazilgan urinma 

))(( 000 xxxfyy   
tenglama bilan, normal 

)(
)(

1
0

0
0 xx

xf
yy 


  

tenglama bilan aniqlanadi. 
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        13 misol. 1
1216

22


yx   ellipsga  )3;2(0M   nuqtada o‘tkazilgan urinma va 

normal tenglamasini tuzing. 
          Hosilaning 20 x  nuqtadagi qiymatini topamiz:  

0
12

2
16
2





yyx ,   ,

4
3

y
xy     .

2
1)2( y  

        )3;2(0M   nuqtaning koordinatalari va )2(y ni  urinma hamda normal 
tenglamalariga qo‘yamiz:  

)2(
2
13  xy    yoki     082  yx ; 

)2(23  xy   yoki   012  yx . 
       Demak, izlanayotgan urinma tenglamasi  

082  yx , 
normal tenglamasi 

012  yx . 

))(;( 000 xfxM  nuqtada kesishuvchi ikkita chiziq 0x nuqtada hosilaga 
ega bo‘lgan  )(1 xfy   va )(2 xfy   funksiyalar bilan berilgan bo‘lsin. Bu ikki 
chiziq orasidagi burchak deb, ularga 0M  nuqtada o‘tkazilgan urinmalar 
orasidagi burchakka aytiladi.  

Bu burchak 

)()(1
)()(

0201

0102

xfxf
xfxftg



  

formula bilan topiladi. 

  14 misol. 
x

xy 42 
 , xy  2 chiziqlar orasidagi  burchakni toping. 

    Chiziqlarning tenglamalarini birgalikda yechib, ularning kesishish  
nuqtalarini topamiz: 

x
x

x
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.      

Bundan   ),3;1(A   ).0;2(B  
Funksiyalar hosilalarining bu nuqtalaridagi qiymatlarini hisoblaymiz: 

,44)( 2

22

1 x
x

x
xxf 










 
    .1)(2  xf  
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)3;1(A nuqtada  ,5)1(1 f  ;1)1(2 f   )0;2(B  nuqtada  ,2)2(1 f  .1)2(2 f  

To‘g‘ri chiziqlar orasidagi burchak formulasidan topamiz: 
)3;1(A  nuqtada   ;

2
3,

2
3

5)1(1
51

11 arctgtg 



   

)0;2(B  nuqtada    .3,3
2)1(1

21
22 arctgtg 




   

Material nuqta harakat qonunidan t  vaqt bo‘yicha olingan hosila 
material nuqtaning t vaqtdagi to‘g‘ri chiziqli harakat tezligiga teng.  Bu 
jumla hosilaning mexanik ma’nosini  ifodalaydi.  
        Agar )(xfy   funksiya biror fizik jarayonni ifodalasa, u holda y  hosila 
bu jarayonnig ro‘y berish tezligini ifodalaydi. Bu jumla hosilaning fizik  
ma’nosini  anglatadi.  

        15 misol. Massasi 27 kg bo‘lgan jism )1ln( 3ts   qonun bo‘yicha 
to‘g‘ri chiziqli harakat qilmoqda. Jismning harakat boshlangandan 2 sekund 

o‘tgandan  keyingi kinetik energiyasini  






 
2

2mvK   toping. 

        ,
1
3)()( 3

2

t
ttstv t 

  
3
4)2( v .   

U holda 

24
3
4

2
27

2

22









mvK (J). 

        16 misol. Material nuqta  








ty
tx
2cos3
,2sin3

  qonun bilan harakatlanmoqda.  

Nuqta tezligining  
8


t vaqtdagi yo‘nalishini toping. 

               Nuqta tezligi uning harakat yo‘nalishiga o‘tkazilgan urinma bo‘ylab  
yo‘naladi. Urinma og‘ish burchagining 0tt  vaqtdagi tangensi  

.
3
3

2cos3
2sin3)(

8

0 




t

x t
ttytg  

Demak, 
8


t vaqtda material nuqta tezligi Ox  o‘qining musbat 

yo‘nalishiga 060  li burchak ostida yo‘naladi. 
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Mustahkamlash uchun mashqlar 

  6.1.1. Hosila ta’rifidan foydalanib funksiyalarning hosilasini toping: 
  1) ;13)(  xxf                                         2) ;

52
1)(

x
xf


           

  3) ;2)( xctgxf                                            4) .2)( xchxf   

    6.1.2. )( 0xf  ni hosila ta’rifidan foydalanib hisoblang: 
  1) ;0,)( 0

3   xexf x                                   2) ;0),41ln()( 0  xxxf    

  3) ;,
4

2)( 0 







  xxtgxf                        4) .1,

1
1)( 0 


 x
x
xxf  

         6.1.3.  Berilgan funksiyalarning  )( 0xf   va  )( 0xf   hosilalarini toping: 

  1) ;
3
2|,23|)( 0  xxxf                             2) ;2|,2||2|)( 0  xxxxf       

  3) 








;2,'23

,'2

0
2 xlsaboxagarxx

lsaboxagarx
y    4) ,1)(

2

 xexf  .00 x  

        6.1.4. Differensiallash qoidalari va formulalaridan foydalanib berilgan 
funksiyalarning hosilasini toping: 
  1) ;2ln

3
13 34  xxy                                 2) ;23

6
1 46 xxxy   

  3) ;632
3 2

32

x
xx

x
y                            4) ;

3
13

3xx
xy   

  5) ;2x
exey

xx 
                                          6) ;

32
32

xx

xx

y



  

  7) ;
1ln

ln



x

xxy                                             8) ;
ln
ln

x

x

ex
exy




  

  9) ;
cos1
cos1

x
xy




                                        10) ;
1
1

tgx
tgxy




   

11) ;ctgxtgxy                                         12) ;
sincos
cossin

xxx
xxxy




  

13) ;
chxxshx
shxxchxy




                                      14) ;cthxthxy   

15) ;log ey x                                              16) ;cos4lg3sin4 22 xxxy   
17) ;34 2xy                                          18) ;sinarg xy   
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19) ;sincos 44 xxy                                  20) ;
3
3ln

6
1





x
xy  

21) ;arcsin1 2 xxxy                           22)   ;21ln 2 xx arctgeey   

23) ;
31
31ln

2
1

x

x

y



                                     24) ;log 3

x
x

xy   

25) ;
3

3cosln3 2 xxtgy 
                            26) );3cos3(sin3 xxey x    

27) ;11  xx earctgey                    28) ;
24

ln 





 

xctgy   

29) ;46
5
3arccos3 2xxxy 


            30) .2ln

224
1

)2(4
2 2

2





 xxarctg
x

xy  

   6.1.5. Berilgan )(yx   funksiyalar uchun y  hosilani toping: 

  1) ;
1
1

y
yx




            2) ;yex              3) ;sin2 yx            4) yctgx 3 . 

           6.1.6. Oshkormas funksiyalarning  hosilasini toping: 

  1) ;222222 bayaxb           2) ;333 xyxy             3) ;xye yx   

   4) ;)cos( 2xxy                    5) ;exye y                6) .0sinsin  xyyx  

   6.1.7. Funksiyalarning berilgan nuqtadagi orttirmasini va  
differensialini  berilgan argument orttirmasida toping: 

  1) ,2 xxy    ,10x  ;1,0x                   2) ,132  xxy  ,2x  ;1,0x  

  3) ,87 23  xxy  ,5x  ;1,0x             4) ,3 xxy   ,2x   .01,0x  

   6.1.8. Quyidagi sonlarni differensial yordamida taqriban hisoblang: 

  1) 5 ;33            2) ;21,10lg            3) ;01450 ctg            4) .013,3 3  

   6.1.9. Quyidagi funksiyalarning berilgan nuqtadagi taqribiy qiymatini 
differensial yordamida hisoblang: 
  1) ;98,0,1072  xxxy                    2) ;15,0,

2
2

5 



 x
x
xy  

  3) ;037,2,
5
3

2

2





 x
x
xy                         4) .02,1,

2
sin24  xxxy   
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6.1.10. Berilgan murakkab funksiyalarning differensialini erkli 
o‘zgaruvchi va uning differensiali orqali ifodalang: 

  1) ,52 xxy   ;123  ttx                       2) ,cos xy   ;
4

12 


tx  

  3) ,xey   ,ln
2
1 tx   .132 2  uut              4) .2,,ln 2 uuttgtxxy    

6.1.11.  Berilgan funksiyalarning  birinchi tartibli differensialini toping: 
  1) );1(ln  xxy                2) ;ln

x
xy                      3) ;2cos2 xy         

  4) .sin 3 xay                     5) ;3cos xy                      6) .cosln 3 xy   

6.1.12. Berilgan hosilalar uchun y   ni toping: 

  1) ;)1( 32  xy      2) ;cos2 xey x      3) ;)1( 2 arctgxxy      4) ).1(ln2  xxy  

6.1.13. Berilgan funksiyalar uchun )0()(ny ni toping: 

  1) ;2cos5sin xxy         2) ;cos xxy         3) ;sin2 xxy         4) .2 xexy      

6.1.14. Berilgan funksiyalar uchun 2

2

dx
yd  ni toping: 

  1) 







;1
,1

3

2

ty
tx                                              2) 








;sin
,cos

tay
tax            

  3) 







;
),1(ln 2

tarctgty
tx                                       4) 








.1
,arcsin

2ty
tx  

6.1.15. Berilgan egri chiziqqa ),( 000 yxM  nuqtada o‘tkazilgan urinma va  
normal  tenglamalarini tuzing: 

  1)
3

3xy  , ;
3
1,10 





 M                               2) ,sin xy    ;0,0 M  

  3) 123  xxy  egri chiziqqa 2xy   parabola bilan kesishish nuqtasida; 

  4) ,1
259

22


yx  






 4;

5
9

0M ;      5) 













,13

,1

2

3

tt
y

t
tx

);2,2(0M      6)







,2cos
,sin
ty

tx
.

2
1;

2
1

0 





M       
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6.1.16. Berilgan chiziqlarning kesishish burchaklarini toping: 

  1) xy  4   to‘g‘ri chiziq va 
2

4
2xy   parabola; 

  2) xy sin  sinusoida va xy cos  kosinusoida );0(  x  
  3) 2)2(  xy   va  44 2  xxy  parabolalar; 
  4) )13ln(  xy  egri chiziq va abssissalar o‘qi . 

6.1.17. Material nuqta Ox  o‘qi  bo‘ylab tttx 32
3

2
3

  qonun bilan  

harakatlanmoqda. Qaysi nuqtalarda nuqtaning harakat yo‘nalishi o‘zgaradi? 

6.1.18. Material nuqta )(tss   qonun bilan to‘g‘ri chiziqli harakat 
qilmoqda.  Qaysi vaqtda material nuqtaning tezlanishi )/( 2cma  ga teng 
bo‘ladi? 
  1) ;19),(13

2
52)( 23  amtttts          2) .9),(34

2
3)( 23  amtttts  

61.19. O’tkazgich orqali o‘tuvchi tok miqdori 0t  vaqtdan boshlab 
13 2  tq  qonun bilan aniqlanadi. Ikkinchi sekund oxiridagi tok kuchini 

aniqlang.  
 
 

6.2. DIFFERENSIAL  HISOBNING   
ASOSIY  TEOREMALARI 

O‘rta qiymat haqidagi teoremalar. 
Lopital   qoidasi. Teylor    teoremasi 

 6.2.1. Ferma teoremasi. )(xf  funksiya );( ba  intervalda aniqlangan 
bo‘lib, bu intervalning biror c  nuqtasida o‘zining eng kichik yoki eng katta 
qiymatiga erishsin. Agar funksiya c  nuqtada differensiallanuvchi bo‘lsa,  
u holda   0)(  cf  bo‘ladi. 
        Roll teoremasi. )(xf  funksiya ];[ ba  kesmada aniqlangan va uzluksiz 
bo‘lib, )()( bfaf   bo‘lsin. Agar funksiya );( ba  intervalda 
differensiallanuvchi bo‘lsa, u holda shunday );( bac  nuqta topiladiki, 

0)(  cf   bo‘ladi.  
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        1 misol. Roll teoremasi o‘rinli bo‘lishini tekshiring:  
1) 43)( 2  xxxf  funksiya uchun ]3;0[  kesmada;   2) 1)( 3 2  xxf  funksiya 
uchun ]1;1[  kesmada. 

1) 43)( 2  xxxf  funksiya ]3;0[  kesmada uzluksiz, 
differensiallanuvchi va uning chetki nuqtalarida bir xil qiymatga ega: 

4)3()0(  ff . Shu sababli, bu funksiya uchun Roll teoremasi o‘rinli 
bo‘ladi. x  ning 0)(  xf  bo‘lgan qiymatini topamiz: .034)(  xxf    

Bundan 
4
3

x . 

       2) 1)( 3 2  xxf  funksiya ]1;1[  kesmada uzluksiz, 0)1()1(  ff , 

3

1
3
2)(

x
xf  .  Bu hosila )1;1(0 x  nuqtada mavjud emas. Demak, bu  

funksiya uchun Roll teoremasi o‘rinli bo‘lmaydi. 

       Lagranj teoremasi. )(xf  funksiya ];[ ba  kesmada aniqlangan va uzluksiz 
bo‘lsin. Agar )(xf funksiya );( ba intervalda differensiallanuvchi bo‘lsa,  
u holda shunday );( bac  nuqta topiladiki,  

ab
afbfcf




 )()()(
                                       

bo‘ladi. 
        Natija. Biror intervalda hosilasi nolga teng bo‘lgan funksiya shu  
intervalda o‘zgarmas bo‘ladi.   

        2 misol. 162  xxy parabolaning urinmasi )4;1( A  va )82;3(A  
nuqtalarni tutashtiruvchi AB  vatarga parallel bo‘lgan nuqtasini toping. 
       162  xxy  funksiya A  va B  nuqtalarning abssissalari chetki 
nuqtalar bo‘lgan ]3;1[  kesmada uzluksiz, chekli hosilaga ega. Shu sababli, 
bu funksiya uchun  Lagranj teoremasini qo‘llash mumkin. Teoremaga ko‘ra 
AB  parabolada hech bo‘lmaganda bitta с  nuqta topiladiki, funksiya grafigiga 
bu nuqtada o‘tkazilgan  urinma AB  vatarga parallel bo‘ladi.  
        Lagranj formulasidan topamiz: 

))1(3()()1()3(  cfff  yoki  4)62(428  c . 
Bundan  .1c  U holda 8)( cf .  
        Demak, )8;1(M nuqtada berilgan parabolaning urinmasi )4;1( A  
va )82;3(A  nuqtalarni tutashtiruvchi AB  vatarga parallel bo‘ladi. 
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        3 misol. Rxarcctgxarctgx  ,
2
  ekanini isbotlang. 

 arcctgxarctgxxf )(  deb olsak, Rx  da  

.0
1

1
1

1)(
22








xx
xf  

         U holda natijaga ko‘ra Cxf )( , ya’ni Carcctgxarctgx   bo’ladi. C  ni 
topish uchun x ga biror qiymatni, masalan, 1x  ni qo‘yamiz: 

Carcctgarctg  11  yoki  C
2
 .  Bundan     

Rxarcctgxarctgx  ,
2
 . 

Koshi teoremasi. )(xf va )(xg   funksiyalar ];[ ba  kesmada aniqlangan va 
uzluksiz bo‘lsin. Agar funksiyalar );( ba  intervalda differensiallanuvchi 
bo‘lib, );( bax  uchun 0)(  xg  bo‘lsa, u holda shunday );( bac  nuqta 
topiladiki,  

)(
)(

)()(
)()(

cg
cf

agbg
afbf






  

 bo‘ladi               

6.2.2.  1-teorema. 





 qoidasiLopitalochishningnianiqmaslikrinishdagiko'

0
0   

0x  nuqtaning biror atrofida )(xf  va )(xg  funksiyalar uzluksiz,  
differensiallanuvchi va 0)(  xg  bo‘lsin. Agar 0)(lim

0




xf
xx

 va 0)(lim
0




xg
xx

 

bo‘lib,  k
xg
xf

xx





 )(
)(lim

0

  (chekli yoki cheksiz) limit mavjud bo‘lsa, u holda   

)(
)(lim

)(
)(lim

00 xg
xf

xg
xf

xxxx 





 

bo‘ladi. 
Izohlar: 1. 1- teorema )(xf  va )(xg  funksiyalar 0xx   da aniqlanmagan, 

ammo 0)(lim
0




xf
xx

va 0)(lim
0




xg
xx

 bo‘lganda ham o‘rinli bo‘ladi.  

2. 1-teorema x  da ham o‘rinli bo‘ladi.   
       3. )(xf   va )(xg   funksiyalar 1-teoremaning shartlarini qanoatlantirsa,  
bu teoremani takror qo‘llash mumkin: 

)(
)(lim

)(
)(lim

)(
)(lim

000 xg
xf

xg
xf

xg
xf

xxxxxx 









 va hokazo. 
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        4 misol. 
ee

xx
x

x 




ln1lim
2

1
 limitni toping. 

eexgxxxf x  )(,ln1)( 2  funksiyalar 1x  nuqta atrofida 

aniqlangan. 0)(lim)(lim
11




xgxf
xx

, ya’ni 
0
0  ko‘rinishdagi aniqmaslik hosil 

bo‘ladi.  

         
ee

x
x

xg
xf

xxx

3
12

lim
)(
)(lim

11









 mavjud va 0)(  exg  .  

         U holda 1-teoremaga ko‘ra  

eee
xx

x
x

3ln1lim
2

1






. 

2-teorema. 







 qoidasiLopitalochishningnianiqmaslikrinishdagiko'  

0x  nuqtaning biror atrofida )(xf  va )(xg  funksiyalar uzluksiz,  
differensiallanuvchi va 0)(  xg  bo‘lsin. Agar 


)(lim)(lim

00

xgxf
xxxx

 bo‘lib,  

)(
)(lim

0 xg
xf

xx 



   limit mavjud bo‘lsa, u holda    

)(
)(lim

)(
)(lim

00 xg
xf

xg
xf

xxxx 





 

bo‘ladi. 
       5 misol. 

)ln(
)ln(lim
ax

ax ee
ax





 limitni toping. 

  





















 )(
lim

1

lim
)ln(

)ln(lim
axe

ee

ee
e

ax
ee
ax

x

ax

ax

ax

xaxaxax
  

1
01

1
)(1

1
)(1

1lim
)(

lim 












 aaaxeaxe

e
ax

xx

x

ax
. 

        Keltirilgan teoremalar asosiy aniqmasliklar deb ataluvchi 
0
0  yoki 


  

ko‘rinishdagi aniqmasliklarni ochishda qo‘llaniladi.   
          0  yoki   ko‘rinishdagi aniqmasliklar algebraik 
almashtirishlar yordamida asosiy aniqmasliklarga keltirilib, ochiladi.   
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        6 misol.   






 


1lim
1
x

x
ex  limitni toping. 





















 


x

eex
x

x

x

x 1
1lim)0(1lim

1
1

    

1lim
1

1

lim 0
11

2

2

1


















 


eee

x

x
e

x

x

x

x
. 

        7 misol.   










 1ln
1lim

1 x
x

xx
 limitni toping. 






























 0
0

ln)1(
ln1lim)(

1ln
1lim

11 xx
xxx

x
x

x xx
 

.
2
1

11ln
1lnlim

1ln
lnlim1ln

lnlim
111
















 x
x

xxx
xx

x
xx

x
xxx

 

 00 ,0   yoki 1  ko‘rinishdagi aniqmasliklar 
)(ln)(lim

)( 0

0

)(lim
xfxg

xg

xx

xxexf 


  
formula yordamida asosiy aniqmasliklarga keltirilib, ochiladi.   

         8 misol.  2

2

)(coslim








x

x
x limitni toping. 

 




02

2

0)(coslim




x

x
x

 





















  

 2

1
)ln(coslim

0)ln(cos
2

lim 2

2


 

 x

x

xx x

x ee  

22

2

1

sin
cos

1

lim







 










x

x
x

x

e 








 









 


 0sin

2
2

lim1cos
2limsinlim

2

2

22 eee
x

x

x

x

x
xxx





1. 
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         9 misol.  
x

x x










1lnlim
0

limitni toping. 

 









0

0

1lnlim
x

x x









































 

 x

x

x
x x

x ee
1

1lnln
lim

)0(1lnlnlim 0
0  

 














 







 










0
11ln

1lim
1

1
1ln

1

lim
0

2

2

0

eeee xx

x
x

xx

1. 

        10 misol.  ctgx

x
x)sin1(lim

0



limitni toping. 

  


1)sin1(lim

0

ctgx

x
x

 










  0
0)sin1ln(lim0)sin1ln(lim 00 tgx

x
xctgx xx ee  

.1sin1
1

lim
cos

sin1
cos

lim1
sin

)sin1ln(limcoslim
0000 eeeee xx

x
x

x
xx

xxxx  





  

        6.2.3. Teylor teoremasi. )(xf  funksiya 0x  nuqtaning biror atrofida 
aniqlangan bo‘lib, bu atrofda  )1(n tartibligacha hosilalarga ega va  )()1( xf n  
hosila 0x  nuqtada uzluksiz bo‘lsin. U holda  







 ...)(
!2

)()(
!1

)()()( 2
0

0
0

0
0 xxxfxxxfxfxf  

1
0

)1(

0
0

)(

)(
)!1(
)()(

!
)( 






 n
n

n
n

xx
n

cfxx
n

xf  

bo‘ladi, bunda .10),( 00   xxxc  
 Bu tenglikka Lagranj ko‘rinishidagi qoldiq hadli Teylor formulasi  

deyiladi.  

       n
n

xx
n

xfxfxxxfxfxx )(
!

)(...
!2

)()(
!1

)()(),( 0
0

)(
0

0
0

00 





 ga 

markazi 0x  nuqtada bo‘lgan n darajali Teylor ko‘phadi , 
1

0

1

)(
)!1(
)()( 






 n
n

n xx
n

cfxR  ga Teylor  formulasining Lagranj ko‘rinishdagi 

qoldiq hadi deyiladi.  
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       11 misol. 23)( 24  xxxxf  ko‘phadni )1( x  ikkihadning butun 
musbat darajalari bo‘yicha yoying. 
        Funksiyaning hosilalarini topamiz: 

,164)( 3  xxxf  ,612)( 2  xxf  ,24)( xxf   ,24)( xf IV  
,0)( xf V  ( 5n   uchun, 0)()( xf n ). 

       Ko‘phad va uning hosilalarining 10 x dagi qiymatlarini topamiz: 
,1)1( f  ,1)1( f  ,6)1( f  ,24)1( f  .24)1( IVf  

      U holda  
 43224 )1(

!4
24)1(

!3
24)1(

!2
6)1(

!1
1123)( xxxxxxxxf  

.)1()1(4)1(3)1(1 432  xxxx  

                       00 x da Teylor formulasining xususiy hollaridan biri  

  1
)1()(1

)!1(
)(

!
)0(...

!1
)0()0( 




 n

n
n

n

x
n

xfx
n

fxffxf   

hosil bo‘ladi.   Bu formulaga  Makloren formulasi deyiladi. 

Ayrim funksiyalarning Makloren formulasiga yoyilmasi: 

 1.  1
2

)!1(!
...

!2!1
1 


 n

xn
x x

n
e

n
xxxe



,  Rx  ;   

 2. ;,
)!22(

sin)1(
)!12(

)1(...
!7!5!3

sin
2212

1
753

Rx
n
xx

n
xxxxxx

n
n

n
n 








   

 3. ;,
)!12(

cos)1(
)!2(

)1(...
!4!2

1cos
12

1
242

Rx
n
xx

n
xxxx

n
n

n
n 





   

 4. 





 22

!
)1)...(1(...

!2
)1(

!1
1)1( x

n
nmmmxmmxmx m  

);1;1(,)1(
)!1(

))...(1( 11 



  xxx

n
nmmm nnm  

Xususan, mn   da ( Nuyton binomi) 
nnn xnxxnnnxnnxnx 





 132 ...

!3
)2)(1(...

!2
)1(

!1
1)1( ; 

 5. ).1;1(,
)1(

1
1

)1()1(...
432

)1ln( 1

1
1

432











 x

xn
x

n
xxxxxx n

n
n

n
n
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       12 misol. e  sonini 001,0  aniqlikda hisoblang. 
          Shartga ko‘ra ,1x  001,0 .   
Makloren formulasiga binoan 

).1(
!

1...
!2

1
!1

11 nR
n

e   

6n  da  001,0
)!1(

)1( 


 


n
eRn , 10   tengsizlik bajariladi.   

        Demak,  


!6
1...

!3
1

!2
1

!1
11e  

.718,200139,000833,004167,016667,05,02   

 
Mustahkamlash uchun mashqlar 

    6.2.1.  Funksiya uchun berilgan kesmada Roll teoremasi o‘rinli 
bo‘lishini tekshiring. Agar o‘rinli bo‘lsa,  с ning tegishli qiymatini toping:   

  1) ];2;0[,54)( 3  xxxf                       2) ;;
2

,2sin)( 



 xxf  

  3) ];1;1[,2)( 5 2  xxf                           4) ].2;2[|,|3)(  xxf  

           6.2.2. Funksiya uchun berilgan kesmada Lagranj formulasi orqali 
с  ning  tegishli qiymatini toping: 
  1) ];1;0[,1

3
1)( 3  xxxf                        2) ];1;0[,)( xexf   

  3) ];;1[,ln)( exxf                                     4) ].1;0[,16)( 2  xxxf    

           6.2.3. Berilgan funksiya grafigining urinmasi AB  vatarga parallel  
bo‘lgan nuqtasini toping: 

  1) );4;1(),2;2(,3)( 2 BAxxxf              2) ).2;3(),1;0(,1)( BAxxf   

           6.2.4. Funksiya uchun berilgan kesmada Koshi formulasini yozing va   
с  ning  tegishli qiymatini toping: 

  1) 





4
;0,2cos)(2sin)( xxgvaxxf ;     2) ]2;0[,2)(,3)( 34  xxgxxf . 
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           6.2.5. Funksiyaning o‘zgarmas bo‘lishlik alomatidan foydalanib, 
quyidagilarni isbotlang:  

  1) ;0,2
1
1arccos 2

2



 xarctgx

x
x         2)
















.1,2
,11,2

,1,2

1
2arcsin 2

xarctgx
xarctgx
xarctgx

x
x




 

          6.2.6. Limitlarni Loopital qoidasidan foydalanib toping: 
  1) ;

ln
sinlim

1 x
x

x




                                            2) ;lim 30 x
arctgxx

x




 

  3) ;
sinln

2lnlim
0 x

xtg
x

                                          4) ;lnlim
0 ctgx

x
x 

 

  5) ;
3

loglim 3
xx

x


                                            6) ;
11ln

2lim






 




x

arctgx
x

                   

  7) ;
sin

1lim 4

2

0

2

x
xe x

x




                                       8) ;
2sin

)3cos(lnlim 2

2

0 x
xx

x




                            

  9) ;3lim
x

xtg
x 

                                           10) ;)1(lim 3

0
ctgxe x

x



 

11) );(seclim
2

tgxx
x





                                   12) ;11lim
0 










 arctgxxx
                     

13) ;)2(lim cos

0
2

x

x
x





                                  14) ;lim )1ln(

1

0





xe

x
x                           

15) ;
3

2lim
6

3

xtg

x

x








 


                                     16) ;)3(coslim 2

2

0

x

x
x


                          

17) ;)lim( sin1

2

x

x

tgx 




                                        18) .)3(lim
1
x

x
xx 


 

         6.2.7. Ko‘phadni  )( 0xx   ning darajasi bo‘yicha yoying: 

  1) 135)( 23  xxxxP , ;20 x             2) 652)( 34  xxxxP , .20 x   

  6.2.8. Funksiyaning  berilgan nuqtada uchinchi tartibli Teylor  
formulasini yozing: 

  1) ;3,1)( 0  xxxf                              2) .2,1)( 0  x
x

xf             



 269 

          6.2.9. Funksiyalarni Makloren formulasi yordamida x ning darajalari 
bo‘yicha yoying: 
  1) ;)( xxexf                                                 2) .)( chxxf   

6.2.10. Berilganlarni 0,001 aniqlikda hisoblang: 
  1) ;36sin 0                                                      2) 032cos ;            
  3) ;3 e                                                           4) .09,10lg           
 
 

6.3. FUNKSIYALARNI TEKSHIRISH VA 
GRAFIKLARINI CHIZISH 

Funksiyaning  o‘sishi va kamayishi. Funksiyaning   ekstremumi.  
Funksiya grafigining botiqligi, qavariqligi va egilish nuqtalari.  

Funksiya   grafigining   asimptotalari.  
Funksiyani tekshirish va grafigini chizishning umumiy sxemasi 

6.3.1. )(xfy   funksiya X  to‘plamda aniqlangan va XX 1  bo‘lsin. 
       Agar 121 , Xxx  uchun 21 xx  bo‘lganda: )()( 21 xfxf  ( ))()( 21 xfxf   
tengsizlik bajarilsa, )(xfy   funksiyaga 1X  to‘plamda o‘suvchi 
(kamayuvchi) deyiladi.  
        Funksiya  o‘suvchi va kamayuvchi bo‘lgan intervallar funksiyaning 
monotonlik intervallari deb ataladi.  

)(xf  funksiya );( ba  intervalda differensiallanuvchi bo‘lsin:  
1) );( bax  da 0)(  xf  bo‘lsa,  funksiya );( ba  intervalda o‘sadi;  
2) );( bax  da 0)(  xf  bo‘lsa,  funksiya );( ba  intervalda kamayadi. 

       1 misol. 3278)( xxxf   funksiyaning monotonlik intervallarini 
toping. 
        .)( RfD  Hosilani topamiz: )9(3327)( 22 xxxf  .  
        U holda: 1) 0)9(3)( 2  xxf  dan 3|| x  yoki ;33  x  
 2) 0)9(3)( 2  xxf  dan 3|| x  yoki 3x  va .3x  
        Demak, berilgan funksiya )3;3(  intervalda o‘sadi, 

);3()3;(  intervalda kamayadi. 
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        6.3.2. Agar 0x  nuqtaning shunday   atrofi topilsaki, bu atrofning 
barcha 0xx   nuqtalarida  )()()()( 00 xfxfxfxf  tengsizlik bajarilsa,  

0x  nuqtaga )(xf  funksiyaning  maksimum (minimum) nuqtasi deyiladi. 
        Funksiyaning maksimum va minimum nuqtalariga  ekstremum nuqtalar 
deyiladi. Funksiyaning ekstremum nuqtadagi qiymati funksiyaning 
ekstremumi deb ataladi 
        Teorema (ekstremum mavjud  bo‘lishining zaruriy sharti).  Agar )(xf     
funksiya 0x  nuqtada ekstremumga ega bo‘lsa,  u holda  bu nuqtada uning 
hosilasi yoki nolga teng  0)( 0  xf  bo‘ladi yoki mavjud bo‘lmaydi. 

)(xf  funksiyaning hosilasi nolga teng bo‘lgan yoki mavjud bo‘lmagan 
nuqtaga kritik  nuqta deyiladi. )(xf  funksiyaning hosilasi nolga teng bo‘lgan 
nuqtaga statsionar nuqta deyiladi. 

Teorema (ekstremum mavjud bo‘lishining  birinchi yetarli sharti).  Agar 
)(xf  funksiya 0x  kritik nuqtaning biror  atrofida differensiallanuvchi bo‘lib, 

0x  nuqtadan chapdan o‘ngga o‘tganda )(xf   hosila:  ishorasini musbatdan 
manfiyga  o‘zgartirsa 0x  nuqta maksimum nuqta bo‘ladi;  manfiydan 
musbatga o‘zgartirsa 0x  nuqta minimum nuqta bo‘ladi; ishorasini  
o‘zgartirmasa 0x  nuqtada ekstremum mavjud bo‘lmaydi. 

        2 misol.   
3

)( 3 2 xxxf   funksiyaning ekstremumlarini toping.          

         .)( RfD   Hosilani topamiz:
3
1

3
2)(
3





x

xf  yoki  .2
3
1)(

3

3

x
xxf 

  

Hosila 01 x  nuqtada mavjud emas va 82 x nuqtada nolga teng. Bu 
nuqtalar berilgan funksiyaning aniqlanish sohasini uchta 

);8(),8;0(),0;(  intervallarga ajratadi.  Hosilaning har bir kritik nuqtadan 
chapdan o‘ngga o‘tgandagi ishoralarini chizmada  belgilaymiz: 
 

 

 
Demak, 01 x minimum nuqta, 0)0(min  fy  va 82 x  maksimum nuqta,   

3
4)8(max  fy . 

. . 
0  8  x  

  _  _  



 271 

a  

x  

y  

h  

1-shakl. 

 Teorema (ekstremum mavjud bo‘lishining  ikkinchi yetarli sharti).  
)(xf  funksiya 0x statsionar nuqtada ikkinchi tartibli )(xf  hosilaga ega 

bo‘lsin. U holda: 0)(  xf bo‘lsa 0x  nuqta maksimum nuqta bo‘ladi;  
0)(  xf bo‘lsa 0x  nuqta minimum nuqta bo‘ladi. 

        3 misol.  Asosi a  ga va balandligi h  ga  teng uchburchakka eng katta 
yuzaga ega bo‘lgan to‘g‘ri to‘rtburchak ichki chizilgan. To‘g‘ri 
to‘rtburchakning yuzasini toping. 

To‘g‘ri to‘rtburchakning tomonlari  
x  va y  bo‘lsin. 
       Uchburchaklarning  o‘xshashlik 
alomatidan topamiz (1-shakl):   

h
xh

a
y 
 . 

       U holda )( xh
h
ay   va  ).( 2xhx

h
axyS     

0)2(  xh
h
aS x  dan .

2
hx   

       Bu qiymatda  .02


h
aS x  Demak, to‘g‘ri 

to‘rtburchak eng katta yuzaga ega bo‘ladi.  

      
2
hx    da 

22
ahh

h
ay 






    va  eng katta to‘g‘ri   to‘rtburchak yuzasi     

422
ahhaxyS   (yuza.b) 

];[ ba   kesmada uzluksiz )(xfy   funksiyaning eng  katta va eng 
kichik qiymatlarini topish uchun funksiyaning kesmadagi kritik nuqtalaridagi 
va kesmaning chetki nuqtalaridagi qiymatlari orasidan eng  kattasi va eng  
kichigi tanlanadi. 

        4 misol.   xxy 33    funksiyaning  ]2,0[   kesmada eng  katta va eng 
kichik   qiymatlarini toping. 

033)( 2  xxf  dan .1,1 21  xx  Bu kritik nuqtalardan  2,02 x . 
        Funksiyaning 12 x nuqtadagi va kesmaning chetki nuqtalaridagi 
qiymatlarini topamiz va solishtiramiz: ,2)1( f  2)2(,0)0(  ff . 
           Demak, .2)1(;2)2(  fyfy kichikengkattaeng  

 



 272 

        6.3.3.  Agar );( ba  intervalning istalgan nuqtasida )(xfy   funksiya 
grafigi  unga o‘tkazilgan urinmadan yuqorida (pastda) yotsa, funksiya  

);( ba  intervalda botiq (qavariq) deyiladi. 
Teorema.  Agar )(xfy   funksiya );( ba  intervalda ikkinchi tartibli 

hosilaga ega  bo‘lib, );( bax da: 0)(  xf bo‘lsa, funksiya );( ba  intervalda  
qavariq bo‘ladi; 0)(  xf bo‘lsa,   funksiya );( ba  intervalda  botiq bo‘ladi. 
        )(xf  funksiya 0x  nuqtaning biror  atrofida differensiallanuvchi 
bo‘lib, 0x  nuqtadan o‘tganda  botiqligini qavariqlikka (yoki qavariqligini 
botiqlikka) o‘zgartirsa 0x  nuqta funksiyaning egilish nuqtasi deyiladi. Bunda 

))(;( 00 xfxM  nuqta  funksiya grafigining egilish nuqtasi  deb ataladi. 
Teorema (egilish nuqta  mavjud  bo‘lishining zaruriy sharti).  Agar  

0x  nuqta )(xf  funksiyaning egilish nuqtasi bo‘lsa,  u holda  bu nuqtada uning 
ikkinchi tartibli hosilasi yoki nolga teng  0)( 0  xf  bo‘ladi yoki mavjud 
bo‘lmaydi. 

)(xf  funksiyaning ikkinchi tartibli hosilasi nolga teng bo‘lgan yoki 
mavjud bo‘lmagan nuqtaga ikkinchi tur kritik  nuqta deyiladi.  

)(xf  funksiyaning ikkinchi tartibli hosilasi nolga teng bo‘lgan nuqtaga 
ikkinchi tur statsionar nuqta deyiladi. 
        Teorema (egilish nuqta  mavjud  bo‘lishining birinchi yetarli sharti)  

)(xfy   funksiya 0x  nuqtaning biror   atrofida  ikkinchi tartibli hosilaga ega 
bo‘lsin. Agar   atrofning 0x  nuqtadan chap va o‘ng tomonlarida   

)(xf   hosila har  xil ishoraga ega bo‘lsa,  u holda 0x  nuqta  funksiya 
grafigining egilish nuqtasi  bo‘ladi. 

       5 misol.   21 x
xy


  funksiya  grafigini  botiq va  qavariqlikka  

tekshiring. 
).;1()1;1()1;()( fD   

,
)1(
1

1 22

2

2 x
x

x
xy














       .
)1(
32

)1(
1

32

2

22

2

x
xx

x
xy


















  

Ikkinchi tartibli hosila 1,0,1 321  xxx nuqtalarda nolga teng va mavjud 
emas.     



 273 

       )(xf  hosilaning  bu nuqtalardan 
chapdan o‘ngga o‘tgandagi ishoralarini 
chizmada belgilaymiz:     

Demak, funksiyaning  grafigi )0;1(  va );1(  intervallarda qavariq, 
)1;(   va )1;0( intervallarda botiq bo‘ladi. )0;0(O  nuqta funksiya grafigining  

egilish nuqtasi bo‘ladi. 

 Teorema (egilish nuqta mavjud bo‘lishining  ikkinchi yetarli sharti).  
)(xf  funksiya 0x  ikkinchi tur statsionar nuqtada uchinchi tartibli 
)(xf  hosilaga ega bo‘lsin. Agar 0)(  xf bo‘lsa, u holda 0x  nuqta egilish  

nuqta bo‘ladi. 

        6 misol.   45)3( 3  xxy  egri chiziqning egilish nuqtasini toping. 
                Funksiyanig uchinchi tartibligacha bo‘lgan hosilalarini topamiz: 

.6),3(6,5)3(3 2  yxyxy  
Funksiyaning ikkinchi tartibli statsionar nuqtasini topamiz: 

0)3(6  xy  dan .3x  Bu nuqtada 06 y .  
Demak, 3x funksiyaning egilish nuqtasi.  3x da 19y .   Berilgan egri  

chiziqning egilish nuqtasi  ).19;3(M  

     6.3.4. Egri chiziqning asimptotasi deb shunday to‘g‘ri chiziqqa 
aytiladiki, egri chiziqda yotuvchi M nuqta  egri chiziq bo‘ylab harakat qilib 
koordinata boshidan chеksiz uzoqlashgani sari M nuqtadan bu to‘g‘ri 
chiziqqacha bo‘lgan masofa nolga intiladi. 
       Assimptotalar uch turga bo‘linadi: vertikal, gorizontal va og‘ma.     
       Agar )(lim

00

xf
xx 

 yoki )(lim
00

xf
xx 

 limitlardan hech bo‘lmaganda bittasi  

cheksiz (   yoki   ) bo‘lsa,  0xx   to‘g‘ri chiziqqa  )(xfy   funksiya 
grafigining vertikal asimptotasi deyiladi. 
       Agar shunday k vab  sonlari mavjud bo‘lib, )(  xx da 

)(xf funksiya  
0)(lim),()( 


xxbkxxf

x
  

ko‘rinishda ifodalansa,  bkxy   to‘g‘ri chiziqqa  )(xfy   funksiya 
grafigining og‘ma asimptotasi deyiladi. Bu yerda 

x
xfk

x

)(lim


 ,    kxxfb
x




)(lim . 

0  x  . . 
1  1 

. 0y  0y  0y  0y  
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Agar 
x
xf

x

)(lim


,  kxxf
x




)(lim  limitlardan hech bo‘lmaganda bittasi  

mavjud bo‘lmasa yoki cheksiz bo‘lsa, )(xf  funksiya grafigi og‘ma 
asimptotaga ega bo‘lmaydi. 
        Agar 0k  bo‘lsa, )(lim xfb

x 
  bo‘ladi. Bunda by   to‘g‘ri chiziqqa  

)(xf  funksiya grafigining gorizontal asimptotasi deyiladi. 
Izoh. )(xfy   funksiya grafigining asimptotalari x  da va x da 

har xil bo‘lishi mumkin. Shu sababli k  va bni aniqlashda x  va x   
hollarini alohida qarash lozim. 

       7 misol. 
x

xy 32 
    funksiya grafigining asimptotalarini toping. 

       





 x
x

x
x

xx

3lim,3lim
2

0

2

0
.  

Demak, 0x  to‘g‘ri chiziq vertikal asimptota. 

         



 x

xxf
xx

3lim)(lim
2

   va  



 x

xxf
xx

3lim)(lim
2

.  

Demak, gorizontal asimptota yo‘q. 

13lim)(lim 2

2





 x

x
x
xfk

xx
,   ,03lim3lim))((lim

2

















 x
x

x
xkxxfb

xxx
 

       13lim)(lim 2

2





 x

x
x
xfk

xx
, 03lim3lim))((lim

2

















 x
x

x
xkxxfb

xxx
. 

Bundan xbkxy  . Demak,  xy  to‘g‘ri chiziq og‘ma asimptota. 

6.3.5. Funksiyani tekshirish va grafigini chizishni ma’lum tartibda 
(masalan, quyidagicha) bajarish maqsadga muvofiq bo‘ladi: 
  .1o  Funksiyaning aniqlanish sohasini topish. 
  .2o  Funksiya grafigining koordinata o‘qlari bilan kesishadigan nuqtalarini 
(agar ular mavjud bo‘lsa) aniqlash. 
  .3o  Funksiyaning  ishorasi o‘zgarmaydigan intervallarni ( 0)( xf  yoki 

0)( xf  bo‘ladigan intervallarni) aniqlash. 
  .4o  Funksiyaning juft-toqligini tekshirish. 
  .5o   Funksiya grafigining asimptotalarini topish. 
  .6o   Funksiyaning monotonlik intervallarini aniqlash. 
  .7o  Funksiyaning ekstremumlarini topish. 
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  .8o  Funksiyaning qavariqlik va botiqlik intervallarini hamda egilish  
nuqtalarini aniqlash. 
   oo 81    bandlardagi tekshirishlar asosida funksiyaning grafigini chizish.  
        Keltirilgan sxema albatta bajarilishi shart emas. Soddaroq hollarda 
keltirilgan bandlardan ayrimlarini, masalan ooo 7,2,1 ni bajarish yetarli bo‘ladi. 
Agar funksiya grafigi juda tushunarli bo‘lmasa, oo 81    bandlardan keyin 
funksiyaning davriyligini tekshirish, funksiyaning bir nechta qo‘shmcha 
nuqtalarini topish va funksiyaning boshqa xususiyatlarini aniqlash   bo‘yicha 
qo‘shimcha tekshirishlar o‘tkazish mumkin. 

          8 misol. 
1
1

2

2





x
xy    funksiyani tekshiring va grafigini chzing. 

       .1o  Funksiyaning aniqlanish sohasi:   
).;1()1;1()1;()( fD  

       .2o   0x da 1y  bo‘ladi. Funksiya Oy  o‘qini )1;0(  nuqtada kesadi. 
0y  bo‘lgani uchun funksiya Ox o‘qini kesmaydi.      

        .3o  Funksiya )1;(  va );1(  intervallarda musbat ishorali va 
)1;1( intervalda manfiy ishorali. 

       .4o  Funksiya uchun )()( xfxf  bo‘ladi. Demak, u juft.        

.5o  ,
1
1lim 2

2

01





 x
x

x
  ,

1
1lim 2

2

01





 x
x

x
  

,
1
1lim 2

2

01





 x
x

x
 .

1
1lim 2

2

01





 x
x

x
 

Demak, 1x  va 1x  to‘g‘ri chiziqlar vertikal asimptotalar bo‘ladi. 

0
)1(

1lim 2

2






 xx

xk
x

 ( x da  ham x  da ham 0k ),       

.10
1
1lim 2

2








 






x
x
xb

x
 

U holda 1y  to‘g‘ri chiziq gorizontal asimptota bo‘ladi.  
       1y  to‘g‘ri chiziq x da ham x  da ham gorizontal asimptota 
bo‘ladi.  
         .6o  Funksiyaning o‘sish va kamayish intervallarini topamiz. 

2222

22

)1(
4

)1(
)1(2)1(2








x

x
x

xxxxy . 
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Bundan 0x  da 0y va 0x  da .0y  
Demak, funksiya )0;(  intervalda o‘sadi va );0(   intervalda kamayadi. 
        .7o  Funksiyani ekstremumga tekshiramiz. Hosila 1x  va 1x da 
mavjud emas va 0x  da  nolga teng. Bu nuqtalar berilgan funksiyaning 
aniqlanish sohasini to‘rtta );1(),1;0(),0;1(),1;(   intervallarga ajratadi.  
        Hosilaning har bir kritik 
nuqtadan chapdan o‘ngga o‘tgandagi 
ishoralarini chizmada  belgilaymiz: 
       Demak, 0x  maksimum nuqta,     

                         1)0(max  fy . 

        .8o  Funksiyani qavariqlikka va botiqlikka tekshiramiz va egilish  
nuqtalarini topamiz. 















22 )1(

4
x

xy  

32

2

42

222

)1(
)31(4

)1(
2)1(2)1(4










x
x

x
xxxx        

Ikkinchi tartibli hosila 1,1 31  xx  

nuqtalarda mavjud emas.     
       y   hosilaning  bu nuqtalardan 
chapdan o‘ngga o‘tgandagi ishoralarini 
chizmada belgilaymiz:     
      
 

 
      Demak, funksiyaning  grafigi )1;1(  
intervalda qavariq, )1;(   va );1(   
intervallarda botiq bo‘ladi. Funksiya 
grafigining egilish nuqtasi yo‘q. 

oo 81   bandlardagi tekshirishlar 
asosida funksiya grafigini chizamiz (2-shakl).  

 

x  
  _  

0  
. . . 

1 1  

_    

x  1  1 
0y  0y  . . 0y  

1  

  2-shakl. 

O  1  

1 
 

x  

y  

1 
 



 277 

Mustahkamlash uchun mashqlar 

  6.3.1. Berilgan funksiyalarning monotonlik intervallarini va 
ekstremumlarini toping: 

  1) ;159)( 23 xxxxf                                  2) ;2
23

)(
23

xxxxf    

  3) ;
4

)( 2

2

x
xxf


                                            4) ;
4

4)( 2 


x
xxf  

  5) ;1)( 2xxxf                                          6) ;3)( 23 2 xxxf              

  7) ;)( xxexf                                                8) ;)( 2 xchxf                     

  9) );1ln()( 2  xxf                                       10)  ;
ln

)(
x

xxf   

11) ;20,sin2)(  xxxxf                     12)  xxxxf 0,cos2)( 2 . 

  6.3.2. Funksiyalarning berilgan kesmadagi eng katta va eng kichik  
qiymatlarini toping: 

  1) ];2;0[,3)( 3 xxxf                                  2) ];0;4[,1093)( 23  xxxxf                            

  3) ;
3

;0,2cos)( 





xxxf                           4) ].;1[,ln)( 3 exxxf            

         6.3.3. Jism 32321 tttS   qonun bilan harakatlanmoqda. Jismning eng  
katta tezligini toping. 

         2.3.4. Ko‘ndalang kesimi to‘g‘ri to‘rtburchakdan iborat to‘sinning 
bukilishga qarshiligi ko’ndalang kesimning eni bilan bo‘yi kvadratining 
ko‘paytmasiga proporsional. D diametrli xodadan kesilgan to‘sinning 
bukilishga qarshiligi eng katta bo‘lishi uchun to‘sinning o‘lchamlari qanday  
bo‘lishi kerak? 

         6.3.5. Uzunligi l ga teng mis simdan to‘g‘ri to‘rtburchak bukilgan. 
To‘g‘ri to‘rtburchakning yuzasi eng katta bo‘lishi uchun uning o‘lchamlari  
qanday bo‘lishi kerak? 

         6.3.6. 1
916

22


yx  ellipsga to‘g‘ri to‘rtburchak ichki chizilgan. To‘g‘ri  

to‘rtburchakning eng katta yuzasini toping. 
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         6.3.7. R  radiusli sharga yon sirti eng katta bo‘lgan silindr ichki chizish  
uchun silindrning balandligi qanday bo‘lishi kerak? 

         6.3.8. Silindrning hajmi V ga teng. Silindr eng kichik to‘la sirtga ega  
bo‘lishi uchun uning balandligi qanday bo‘lishi kerak? 

  6.3.9. Berilgan funksiyalar grafigining botiqlik, qavariqlik intervallarini  
va egilish nuqtalarini toping: 

  1) ;64)( 34 xxxxf                                   2) ;134)5()( 5  xxxf         

  3) ;32)( 3 2xxxf                                        4) ;)3(1)( 3 5 xxf             

  5) );1ln()( xxxf                                      6) );1ln()( 2xxf   

  7) ;
1

1)( 2x
xf


                                             8) .3)( 3

x
xxf   

6.3.10. Berilgan funksiyalar grafigining asimptotalarini toping: 

  1) ;
1

)( 2 


x
xxf                                             2) 

x
xxf

21)( 
 ;                  

  3) ;3)( 3 3 xxxf                                          4) ;
1

)(
3




x
xxf     

  5) ;
2

)(



x
exf

x

                                             6) ;ln)(
2

x
xxf   

  7) ;sin3)(
x

xxxf                                        8) .)( xarctgxxf   

        6.3.11. Berilgan funksiyalarni tekshiring va grafigini chizing: 

  1) .2)( 2x
xxf 

                                              2) ;
1

)( 2

2

x
xxf


           

  3) ;41)(
3

x
xxf 

                                          4) ;1)( 3 3xxf                 

  5) ;
1
2ln)( 











x
xxf                                       6) .)( 2 xexxf   
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6-NAZORAT ISHI 

  
 

1-variant 
  1.  ,21 x

x
y   .10 x                                     2. .02,3,132  xxxy  

2-variant 
  1.  ,

4
1

3

3





x
xy  .10 x                                   2. .1,1,4

2
1

3
1 23  xxxxy  

3-variant 
  1.  ,

1
1

5

4





x
xy  .10 x                                      2. .04,1,3 2  xxy  

4-variant 
  1.  ,

31
7

3

6

x
xy



  .10 x                                    2. .04,1,5 2  xxy  

5-variant 
  1.  ,

42
3



x

y  .10 x                                  2. .15,4,1
 x

x
y  

6-variant 
  1.  ,

12 


x
xy  .00 x                                    2. .01,0,cos33  xxxy  

7-variant 
  1.  ,

5
32 xxy 

  .10 x                                  2. .74,7,3  xxy  

8-variant 

  1.  ,523 2  xxy  .10 x                          2. .97,0,
2
5 2




 xxxy  

  1. Berilgan funksiyalar grafigining abssissasi 0x  bo‘lgan nuqtasida  
  o‘tkazilgan urinma va   normal tenglamasini tuzing. 
  2. Differensial yordamida berilgan funksiyalarning taqribiy  
qiymatini hisoblang. 
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9-variant 
  1.  ,33 xxy   .20 x                                2. .06,0,arcsin  xxy  

10-variant 
  1.  ,1682  xxy  .40 x                        2. .97,0,22  xxxy  

11-variant 
  1.  ,33 xxy   .10 x                               2. .98,0,523 2  xxxy  

12-variant 
  1.  ,203 2  xy  .80 x                             2. .99,0,6  xxy  

13-variant 

  1.  ,
1
1

x
xy




  .90 x                                  2. .14,0,
2
2

4 



 x
x
xy  

14-variant 
  1.  ,1644  xy  .160 x                              2. .01,2,325 3  xxxy  

15-variant 
  1.  ,623 2  xxy  .20 x                           2. .9,15,4  xxxy  

16-variant 

  1.  ,63
2

2

x
xxy 

  .30 x                            2. .15,0,
3
3

5 



 x
x
xy  

17-variant 
  1.  ,23

2 x
x

y   .30 x                                 2. .2,0,4 2  xxy  

18-variant 
  1.  ,123  xxy  .10 x                           2. .04,2,13  xxy  

19-variant 
  1.  ,

1
2

2

23





x

xxy  .10 x                             2. .03,1,12 2  xxxy  

20-variant 
  1.  ,23 xxy   .20 x                                 2. .98,1,423  xxxy  



 281 

21-variant 
  1.  ,

2
1

2 



x
xy  .10 x                                  2. .88,0,34  xxy  

22-variant 

  1.  ,6 32 xxy   .30 x                               2. .98,1,52  xxy  

23-variant 

  1.  ,3 2 xxy   .10 x                             2. .01,1,73 3  xxy  

24-variant 

  1.  ,
2
3

3

3





x
xy  .20 x                                 2. .1,0,

1
1

3 



 x
x
xy  

25-variant 

  1.  ,23 2xy   .10 x                              2. .98,0,1072  xxxy  

26-variant 

  1.  ,
1
1

4

4





x
xy  .10 x                                  2. .03,1,364 23  xxxxy  

27-variant 

  1.  ,
42 


x

xy  .10 x                                 2. .3,0,1  xxy  

28-variant 

  1.  ,
12

3




x
xy  .20 x                                  2. .86,15,4  xxy  

29-variant 

  1.  ,
2
2

3

3





x
xy  .80 x                                2. .02,0,sin1  xxxy  

30-variant 

  1.  ,132

x
xxy 

  .10 x                          2. .01,1,
2

sin24  xxxy   



 282 

5-MUSTAQIL  ISH 

  
1-variant 

  1.  .
)5(

8125 2
3 4




x
xxy                        2. .arccos1 4x

x
ctgy   

  3. .)52( 3

tgxe
xy 

                                             4. .)(cos 42  xxy  

  5. .
)1()2(

)3(
32

4 3





xx

x
y                                     6. .3kxy   

  7. 0cossin  xyyx .                                    8. 







.cos
,sin
tty
ttx  

  9. 
tgx

x x










1lim
0

.                                                10. 
xx

xxy
2

1
2

2




 . 

2-variant 
  1.  .375

)2(
3 7 2

5 


 xx
x

y                      2. .3 5xarcctgxtgy   

  3. .
534 2

3




xx
ey

xtg

                                       4. .)1( cos3 xxy   

  5. .
)2(

)1()2(
3

34





x

xxy                                    6. .2cossin xxy   

  7. 15ln3  xxyyx .                                      8. 







.18
,2

3

5

tty
ttx  

  9.. x

x
x

1

lim


.                                                   10. 21
1
x

y


 . 

  1 - 5. Hosilani toping. 
  6. Berilgan funksiyalarning n tartibli hosilalarini toping. 
  7. Oshkormas ko‘rinishda berilgan funksiyalarning  hosilasini toping. 
  8. Parametrik ko‘rinishida berilgan y  funksiyalarning x  bo‘yicha  
ikkinchi tartibli hosilasini  toping. 
  9. limitni Lopital qoidasidan foydalanib berilgan toping. 
10. Funksiyani to‘la tekshiring va grafigini chizing. 
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3-variant 
  1.  .

534
5)7( 2

3 5




xx
xy                     2. .2arccos2 33 xxtgy   

  3. .
)5( 4

2sin




x
ey

x

                                            4. .)( 15  xarctgxy  

  5. .
)3(

)1()2(
5

34





x

xx
y                                 6. ).13lg(  xy  

  7. 022  xyxexy .                                     8. 







.cos
,2

ty
ex t

 

  9. 
xtg
xtg

x 5
3

lim
2




.                                               10. 
)1(4

)3( 2





x

xy . 

4-variant 
  1.  .

732
2)4( 2

5 6




xx
xy                     2. .32 5 xarctgy tgx   

  3. .
252

5cos




xx
ey

x
                                      4. .)( 1 xarctgxy  

  5. .
)1(

)2()5(
4

33





x

xx
y                                 6. .

1
1

x
xy




  

  7. yyxxy cos)cos(sin  .                         8. 










.
cos

1
,

2 t
y

ctgtx
 

  9. )ln(lim
0

xx
x

.                                              10. 
1

2
2 


xx

y . 

5-variant 
  1.  .)5(

134
3 5

2 


 x
xx

y                       2. .arcsin2 53 xxtgy   

  3. .73
3

2

xe
xxy 

                                       4. .2cos xxy   

  5. .
)2(

)3()1(
2

37





x

xx
y                                 6. .2axy   

  7. 102cos2sin  xyyx .                              8. 







.2sin
,2cosln

2 ty
tx  

  9. .
55

4arcsinlim
0 xx e

x
 

.                                         10. 
xx

xy
2
1

2 


 . 
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6-variant 
  1.  .132

)4(
3 6 2

2 


 xx
x

y                      2. .2arccos 37 xxctgy   

  3. .
574 2 




xx
tgxey

x

                                      4. .3 xxy  

  5. .
)3(

)1()2(
2

54





x

xx
y                                6. ).1cos(2sin  xxy  

  7. 0ln2ln  xyxy .                                 8. 










).1ln(

,
3
1

2

3

ty

ttx  

  9. .
sin4
sinlim

0 xx
xtgx

x 



                                       10. 

1
)1(

2

2





x
xy . 

7-variant 
  1.  .34

)4(
3 3 4

2 xx
x

y 


                       2. .7 6sin xtgey x  

  3. .
)42(

cos
5

3




x
xy                                           4. .)(sin 3xxy   

  5. .
12)3(

)1(
3

3





xx

x
y                                   6. .3 baxy   

  7. 4)( 22  xxe y .                                    8. 









 ).(

3
1

,1
33

3

tt

t

eey

ex
 

  9. .2)2cos1(lim
0

xctgx
x




                              10. 2

2

41
42
x
xy




 . 

8-variant 
  1.  .

736
8

)1(
2

23 





xxx
y                       2. .8 3cos xctgey x   

  3. .15 32 xexxy                                4. .)(cos
2xxy   

  5. .
)13(

)2()5(
3

4 3






x
xx

y                                6. xxey   

  7. 
x
ye yx sin .                                           8. 








.
),1ln( 2

tarctgty
tx  

  9. .)1(lim sin
1

0

x

x
x


                                         10. 2

3 1
x

xy 
 . 
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9-variant 
  1.  .38

)1(
7 2

3 xx
x

y 


                          2. .4arccoscos5 xxy   

  3. .
)52(

2
7

2




x
y

x

                                         4. .)( sin xtgxy   

  5. .
)12()2(

)3(
32

4 5





xx

x
y                                6. .

12
43





x
xy  

  7. 422  yxtgyx .                                 8. 







).cos1(2
),sin(2
ty
ttx  

  9. .lnlim 2

0
xx

x
                                          10. 

14
2

2

2




x
xy . 

10-variant 
  1.  .

)4(
4543 4

5 2




x
xxy                    2. .57sin 23 xarcctgxy   

  3. .
)23( 2

5sin




x
ey

x

                                         4. .23 xxxy   

  5. .
)23(

)1()2(
2

5 3






x
xx

y                                 6. ).13(log 2  xy  

  7. 0)2()( 32  yxyx .                           8. 










.
sin

1
,

2 t
y

tgtx
 

  9. .
ln
1

1
1lim

0






 

 xxx
.                                  10. 23 x

xy


 . 

11-variant 
  1.  .

)3(
4543 5

3 2




x
xxy                    2. .33sin 52 xarcctgxy   

  3.  .)13( 44 xexy                                    4. .3sin xxy   

  5. .
)13(

)1()2(
5

56





x

xx
y                               6. ).4(log 3  xy  

  7. arctgyxy  2 .                                      8. 










.4cos
2
1

,4sin
3

3

ty

tx
 

  9. 





 

 xe x
x

1
1

1
lim

0

.                                      10. 2
12

x
xy 

 . 
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12-variant 
  1.  .

)2(
423 3

34




x
xxxy                  2. .cos 45 arctgxxy   

  3.    .)245( 322 xexxy                         4. .)1( sin2 xxy   

  5. .
)1(

)12()5(
5

24 3





x

xx
y                             6. ).1sin(cos  xxy  

  7. yxyxxy  lnln .                              8. 







.ln2
,

tctgy
ctgttgtx

 

  9. 2

sin

0
lim x

aa xx

x




.                                       10. 2

2

)1(
)1(





x
xy . 

13-variant 
  1.  

 
.)13(

4
3

3 42
2 


 xx

x
y                  2. .7cos2 26 xxtgy   

  3.  .
)53( 4

5




x
ey

xctg

                                         4. .)2(sin 1 xxy  

  5. .
)13()12(

)3(
52

3 5





xx

x
y                              6. .2 xay   

  7. 032  yxexy .                                     8. 











.
1

3
,4

2

2

t

t

e
y

ex
 

  9. 
)ln(cos
)ln(cos

lim
0 bx

ax
x

.                                       10. 
9

1
2 


x

y . 

14-variant 
  1.  .

)153(
10)4( 2

3 7




xx
xy                 2. .arcsin43 xxctgy   

  3. .)32(
2

7

xe
xy 

                                         4. xtgxy 2)1(   

  5. .
)3(

)1()12(
4

4 3





x

xx
y                              6. .2 xexy   

  7. 0sin33  xyyy .                               8. 







.sin2
,cos3

3

2

ty
tx  

  9. 
)21ln(

1
lim

0 x
e x

x 



.                                      10. 

2)1( 


x
xy . 
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15-variant 
  1.  .

)2(
4523 5

3 4




x
xxy                        2. .52 3cos xarctgy x   

  3. .
)42(

3
22

2




xx
y

x

                                       4. 12

)(sin  xxy  

  5. .
)12(

)3(1
4

3 5





x

xx
y                                  6. ).3lg(  xy  

  7. yxxy sin .                                            8. 







.sin
,cos2

tty
tx  

  9. 
x

e x

x 2sin
1

lim
0




.                                                10. 
2)1(
)1(8





x
xy . 

16-variant 
  1.  .

132
3)3( 3

3 4




xx
xy                        2. ).2(ln4 5   xy x  

  3. .
)53( 3

4




x
ey

x

                                             4. .)13( arcsin2 xxy   

  5. .
)3(

)1()13(
5 4

33






x
xx

y                                 6. .4
x

y   

  7. 132  

x
yee xy .                                       8. 








.sinln
,cosln

tty
ttx  

  9.  x
x

x
1

0
coslim


.                                              10. 

2)1(
12





x
xy . 

17-variant 
  1.  .258

)2(
7 2

5 xx
x

y 


                        2. .7arcsin3 4xy tgx   

  3. .
)52( 6

4sin




x
ey

x

                                             4. .)( 4 xxey  

  5. .
)32(

)1()12(
6

34





x

xx
y                                 6. .13  xey  

  7. xexe yy 43 2   .                                        8. 







.sin
,cos3

tty
tx  

  9. x

x
x

1

0
)sin1(lim 


.                                          10. 

13

4




x
xy . 
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18-variant 
  1.  .

742
5)1( 2

3 5




xx
xy                        2. .2arccos5 52

xy x   

  3. .1053
4

2

xe
xxy 

                                        4. .)1( 13 2 xxy  

  5. .
)1(

)2()5(
3 4

54 3






x
xx

y                                  6. ).1cos()1sin(  xxy  

  7. 0)ln( 22 
y
xarctgyx .                            8. 








.sin
,cos

tty
ttx  

  9. xtg

x

tgx 2

4

)(lim




.                                             10. 2

3

)1(2 


x
xy . 

19-variant 
  1.    .

)142(
54 22

5




xx
xy                   2. .23sin 34 xarctgxy   

  3. .257
cos

3

xe
xxy 

                                      4. .)( 13 xtgxy  

  5. .
)1()3(

)1(
4 55

3






xx
x

y                                  6. .
43

12
x

xy



  

  7. 12 32  yxyx .                                       8. 







.sin
,2sin2

3 ty
ttx  

  9. )(lim 3 x

x
ex 


.                                              10. 

2
3 2





x

xy . 

20-variant 
  1.  .

)1(
5537 3

5 32




x
xxy                       2. xxtgy arcsin23   

  3. .
43 2

3




xx
ey

xtg
                                       4. .)( sin3 xxey   

  5. .
)1(

)12()5(
3

45 3





x

xx
y                                 6. .52  xey  

  7. 2

4
13 yyx  .                                     8. 







.2arccos

),1arcsin( 2
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  9. 
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ba xx

x 



.                                            10. 

2)1(
4



x

xy . 
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21-variant 
  1.  .
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9)3( 2

7




xx
xy                      2. .3sin 5 xarctgxy   

  3. .
152

3




xx
ey

x

                                        4. .arcsin xxy   

  5. .
)13()1(
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25 2

3 4
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x

y                                 6. .3 12  xey  
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2
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22-variant 
  1.  .
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23-variant 
  1.  .
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24-variant 

  1.  .
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x
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)13()3(
3 4

5 3
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 . 

25-variant 
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29-variant 
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.
)7(

20
)73(5

271
)7(

20)27(
)73(5

1
65 4265 42 













xxx
x

x
x

xx
 

          2.30. xxarctgy sin3 34  . 

 )3(43)4()34( sin3sinsin3 xxx xarctgxarctgxarctgy  

 )(sin3ln343)4(43 sin3sin2 xxarctgxarctgxarctg xx  




 xxarctgx
x

xarctg xx cos3ln343)4(
161
143 sin3sin

2
2




 xxarctg
x

xarctg xx cos3ln343
161
443 sin3sin

2
2  

.cos3ln
161
1243 2

2sin 





 


 xarctgx
x

xarctgx  

3.30.  
3

3 2 132
x

e

xxy 
 . 



















 

















 


3
2

33
1

233
1

2

3

3 2
)132()132(

132
x

xx

x

e

exxexx

e

xxy  
















3
2

33
1

2323
2

2

3
)132()132()132(

3
1

x

xx

e

xexxexxxx
 


















3

2

3 2

3 22
3 132

3
1

)122(3
34

x

x

e

xx
xx

xe
 







3 223

2

)132(3

13234

xxe

xxx
x .

)132(3

472

3 223

2





xxe

xx
x  
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4.30. xxy sin3 . 
        Logarifmik differensiallash formulasidan foydalanamiz: 







 


u
uvuvuu vv ln)( . 

Shartga ko‘ra xvxu sin3,  . Bundan xvu cos3,1  .  U holda  







 


x
xxxxxy xx 1sin3lncos3)( sin3sin3 






 

x
xxxx x sin3lncos3sin . 

5.30. .
2

)13()1(
3

5 63





x

xx
y    

 Logarifmik differensiallash usulini qo‘llaymiz.     
        Funksiyani logarifmlaymiz: 

  ).2ln(
3
1)13ln(

5
61ln3ln  xxxy  

        Bu tenglikni x  bo‘yicha differensiallaymiz: 
.

2
1

3
1

13
3

5
6

1
31










xxx
y

y
 

yni topamiz: 


















)2(3

1
)13(5

18
1

3
xxx

yy , 

ya’ni 
 







3

5 63

2
)13(1

x
xx

y .
)2(3

1
)13(5

18
1

3














 xxx

 

        6.30. xxy 3 . 
               knk

n

k

k
n

n vuCvu 


 )(

0
)(  formuladan foydalanamiz. 

           Shartga ko‘ra   .3, xvxu        
Bundan     

  ;0...,,0,1  nxxx     .3ln3)3(...,,3ln3)3(,3ln3)3( 3 nxnxxxxx   
U holda  

 



 )0()()1(1)()0(0

0

)()()( )3(...)3()3()3()3( xnn
n

nx
n

nx
n

n

k

knxkk
n

nx xCxCxCxCx  

  ).3ln(3ln30...03ln31
!1!1

!3ln3
!!0

! 11 nx
n
nx

n
n nxnxnx 


   

Demak,      ).3ln(3ln3)3( 1)( nxx nxnx    
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        7.30.  xyyx 5 . 
Tenglikning har ikkala tomonini differensiallaymiz: 

       xyyx 5 ,    yxyy
yx

 55
2

1
2

1 ,    





 










x
yx

y
y

2
155

2
1 , 

Bundan  

)101(
)110(

yxx
xyy

y



 . 

         8.30.  






.

,1
3

2

tty
ttx

 

.
12
13

)1(
)( 2

2

3














t
t

tt
tt

x
yy

t

t

t

t
x   

   U holda 

























3

22

2

)12(
)13()12()12()13(

12
12
13

)(
t

tttt
t

t
t

x
yy t

t

tx
xx  







3

2

)12(
)13(2)12(6

t
ttt .

)12(
266

3

2




t
tt  

          9.30. xtg

x
x 


)22(lim

2




. 

)22ln(lim

2
1

2)1()22(lim
xxtg

xtg

x

xex














.   

Bunda     

.
0
0)22ln(lim)0()22ln(lim

2
1

2
1 











 xctg
xxxtg

xx 
  

         Oxirgi limitga Lopital qoidasini  qo‘llaymiz: 

.2

sin

22
2

lim
)(

))22(ln(lim)22ln(lim
2

22
1

2
1 


 
















x

x
xctg

x
xctg

x
xxx

 

Demak, 

.)22(lim
2

2




ex xtg

x
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        10.30.  
1
12





x
xy . 

        .1o  Funksiyaning aniqlanish sohasi:  );;1()1;()( fD  
       .2o   0x da 1y  bo‘ladi. Funksiya Oy  o‘qini )1;0(  nuqtada kesadi. 

0y  bo‘lgani uchun funksiya Ox o‘qini kesmaydi.   
         .3o  Funksiya );1(  intervalda musbat ishorali va )1;( intervalda 
manfiy ishorali. 
       .4o  Funksiya uchun )()( xfxf  va )()( xfxf  tengliklar bajarilmaydi.  
Demak, u umumiy ko‘rinishdagi funksiya.        

.5o  



 1
1lim

2

01 x
x

x
 va 




 1
1lim

2

01 x
x

x
.   

Demak,  1x  to‘g‘ri chiziq vertikal asimptota bo‘ladi.  

1
)1(

1lim
2






 xx

xk
x

,    .1
1
1lim1

1
1lim

2












 




 x

xx
x
xb

xx
 

       Demak, 1 xy  to‘g‘ri chiziq x da ham x  da ham gorizontal 
asimptota bo‘ladi.  
        .6o  Funksiyaning o‘sish va kamayish oraliqlarini topamiz. 

,
)1(

12
)1(

1)1(2)( 2

2

2

2










x
xx

x
xxxxf 0)(  xf dan 21,21 21  xx .  

        Hosila 1x  nuqtada mavjud emas va 21,21 21  xx 0x  
nuqtalarda  nolga teng.  Bu nuqtalar berilgan funksiyaning aniqlanish 
sohasini to‘rtta );21(),21;1(),1;21(),21;(    intervallarga 
ajratadi. Funksiya );21(),21;(   intervallarda o‘sadi va  ,1;21  

)21;1(),1;21(   intervallarda kamayadi. 
        .7o  Funksiyani ekstremumga tekshiramiz. Hosilaning har bir kritik 
nuqtadan chapdan o‘ngga o‘tgandagi ishoralarini chizmada  belgilaymiz: 
        
 
 
 
  
         Demak, 21x  maksimum nuqta,  21x  minimum  nuqta. 

222)21(,222)21( minmax  fyfy . 

x  
  _  

. . . 
1 21  

_    
21  
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          .8o  Funksiyani qavariqlikka va botiqlikka tekshiramiz va egilish 

nuqtalarini topamiz. 







4

22

)1(
)12)(1(2)1)(22()(

x
xxxxxxf 0)(,

)1(
4

3 


 xf
x

 

     
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
        Ikkinchi tartibli hosila 13 x nuqtada mavjud emas. y   hosilaning 
ishorasi  bu nuqtadan chapda manfiy va o‘ngda musbat.  
        Demak, funksiyaning  grafigi )1;(  intervalda qavariq,  );1(   
intervalda botiq bo‘ladi. Funksiya grafigining egilish nuqtasi yo‘q. 
       oo 81    bandlardagi tekshirishlar asosida funksiya grafigini  
chizamiz (3-shakl).  
 

  3-shakl. 

1  

O  

y  

222   

21  x  

1x  

1 xy  
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YII bob 
  BIR  O‘ZGARUVCHI  FUNKSIYALARINING 

INTEGRAL  HISOBI 
 

7.1. BOSHLANG‘ICH  FUNKSIYA   
VA  ANIQMAS  INTEGRAL 

Boshlang‘ich funksiya. Aniqmas integral.  
Aniqmas intеgralning  xossalari. Integrallar jadvali 

7.1.1. )(xfy   funksiya );( ba  intervalda aniqlangan bo‘lsin. 
        Agar );( bax  da )()( xfxF   (yoki ))()( dxxfxdF   bo‘lsa, )(xF  
funksiyaga );( ba  intervalda )(xf  funksiyaning bоshlаng‘ich funksiyasi 
deyilаdi. 
       Agar )(xF  funksiya )(xf  funksiya uchun );( ba  intervalda 
bоshlаng‘ich funksiya bo‘lsа, u hоldа  )(xf  funksiyaning barcha 
bоshlаng‘ich funksiyalari to‘plami CxF )(  kabi topiladi, bu yerda 
C iхtiyoriy o‘zgаrmаs sоn. 

);( ba  intervalda uzluksiz bo‘lgan har qanday funksiya shu  
intervalda boshlang‘ich funksiyaga ega bo‘ladi. 

        7.1.2. )(xf  funksiyaning );( ba  intervaldagi bоshlаng‘ich 
funksiyalari to‘plami CxF )( ga )(xf  funksiyaning аniqmаs integrаli 
deyilаdi vа  dxxf )( kаbi belgilаnаdi.  

Bоshlаng‘ich  funksiyaning  grаfigi integrаl egri chiziq deyilаdi. 
Aniqmаs integrаl geоmetrik jihаtdаn  iхtiyoriy C  o‘zgаrmаsgа bоg‘liq  
bo‘lgаn barcha integral egri chiziqlаr to‘plаmini ifоdаlаydi.  

7.1.3.Aniqmas intеgral quyidagi  xossalarga ega. 
       .1o  Aniqmas integralning hosilasi (differensiali) integral ostidagi 
funksiyaga (ifodaga) teng:  

)())(( xfdxxf     ))()(( dxxfdxxfd .  
        .2o  Funksiya differensialining aniqmas integrali shu funksiya bilan 
o‘zgarmas sonning yig‘indisiga teng: 

  CxFxdF )()( . 
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.3o  O‘zgarmas ko‘paytuvchini aniqmas integral belgisidan  tashqariga 
chiqarish mumkin: 

   .0,,)()( kconstkdxxfkdxxkf  

       .4o  Chekli sоndаgi funksiyalar algebraik yig‘indisining aniqmas integrali  
shu funksiyalar aniqmas integrallarining algebraik yig‘indisiga teng:  

   dxxgdxxfdxxgxf )()())()(( . 

.5o   Аgаr   CxFdxxf )()(   bo‘lsа, u hоldа х ning istalgan 
differensiаllаnuvchi funksiyasi )(xuu   uchun   CuFduuf )()(  bo‘lаdi.   

Xususan,   CbaxF
a

dxbaxf )(1)( , ba, o‘zgarmas sonlar. 

7.1.4. Integrallar jadvali 

  1. )1(,
1

1











 Cuduu ;               2.   ;||ln Cu

u
du         

          3. );10(,
ln

  aC
a

adua
u

u               4. ;Cedue uu   

          5.   ;cossin Cuudu                         6.    ;sincos Cuudu  

          7.   ;|cos|ln Cutgudu                      8.    ;|sin|ln Cuctgudu  

          9. ;
cos2 Ctgu

u
du

                            10. ;
sin 2 Cctgu

u
du

  

        11. ;
2

ln
sin

Cutg
u

du
                           12. ;

42
ln

cos
Cutg

u
du

 





 

  

        13. ;arcsin
22

C
a
u

ua
du




                 14.  .ln 22

22
Cauu

au
du




 

        15. ;1
22 C

a
uarctg

aua
du




                  16. ;ln
2
1

22 C
au
au

aau
du








 

        17.   ;Cchushudu                             18.   ;Cshuchudu  

        19.   ;2 Cthu
uch

du                               20.   .2 Ccthu
ush

du  
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1 misol. Integrallarni aniqmas integralning xossalarini va integrallar 
jadvalini qo‘llab toping: 

   1) ;)9cos6432( dxxshxx                    2) ;523 2

dx
xx

xxx
 







   

   3) ;)73( 19dxx                                           4) ;
1

11
4

22




 dx
x

xx  

   5) ;
1 2

4

dx
x

x
 

                                              6) ;
2sin
2cos

2 dx
x
x

  

   7) ;
73  xx

dx                                    8) .
3 2

 xx
dx  

1) Aniqmas integralning o2 , o3 , o4  xossalarini va integrallar  
jadvalining  17,6,3  formulalarini qo‘llab, topamiz: 

dxxshxx  )9cos6432(    dxxdxdxshxdxx 9cos6432  

   dxxdxdxshxdxx 9cos6432  

.9sin64
3ln
329sin64

3ln
32 CxxchxCxxchx

xx




  

2) Integral ostidagi kasrning suratini maxrajiga hadma-had bo‘lamiz: 

.523523 2
1

2
12

x
xx

xx
xxx


   

Bundan 

  





 

 
dx

x
dxxdxxdx

x
xxdx

xx
xxx 523523523 2

1
2
1

2
1

2
12

 

.ln542ln5
1

2
12

1
2
13

1
2
11

2
1

CxxxxCxxx










 

3) Aniqmas integralning o5  xossasini qo‘llaymiz: 

 .
60

)73(
20

)73(
3
1)73(

2020
19 CxCxdxx 
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)7)4   misollarda avval integral ostidagi ifoda ustida almashtirishlar 
bajaramiz va keyin aniqmas integralning xossalari va integrallar jadvalini 
qo‘llaymiz: 

4)  









224

22

111
11

x
dx

x
dxdx

x
xx  

;1lnarcsin 2 Cxxx   

5) 


 





 2
2

2

4

2

4

1
)1(

1
11

1 x
dxdxxdx

x
xdx

x
x    

 


 2
2

1 x
dxdxxdx ;

3

3

Carctgxxx   

         6) 





 


   dx

xx
dx

xx
xxdx

x
x

2222

22

2 cos
1

sin
1

4
1

sincos4
sincos

2sin
2cos    

   ;
2sin2

1)(
4
1

cos4
1

sin4
1

22 C
x

Ctgxctgx
x

dx
x

dx  

         7) 







  7373

73
73 xx

dx
xx
xx

xx
dx   

.)7(
6
1)3(

6
1)73(

4
1 33 Cxxdxxx    

 8) Misolda ildiz osdidagi ifodadan to‘la kvadrat ajratamiz va aniqmas  
integralning 14 formulasini qo‘llaymiz: 


















 









 




 22
2

2

2
11

2
1

4
1

4
113

x

dx

xx

dx
xx

dx  
















 


















 Cxxmxu

22

2
11

2
1

2
1ln

2
11,

2
1  

.3
2
1ln 2 Cxxx   
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Mustahkamlash uchun mashqlar 

7.1.1. Berilgan integrallarni aniqmas integralning xossalari va integrallar  
jadvalini qo‘llab toping: 

  1) ;
1

2cos5 4
2 dxx

x
x 






 


                          2) ;

3
72

dx
x
x
 

  

  3) 
 ;2

23

dx
x

xexx x

                                       4)  












;
1

2
1

3
22 dx

xx
 

  5) 
 ;

3
2332 dxx

xx

                                         6)  





  ;

2
cos

2
sin

2

dxxx  

  7)  






 


;
cos

1 2 dx
x

ee
x

x                                        8) 
 ;
sin

sin1
2

3

dx
x

x                  

  9)  ;2 xdxctg                                                    10)  
;

2coscos2 xx
dx                      

11)  
;

425 2x
dx                                                  12) 


.

243 2xx
dx   

 

 
7.2. INTEGRALLASHNING  ASOSIY  USULLARI 

 
 Differensial ostiga kiritish usuli. O‘rniga qo‘yish  

(o‘zgaruvchini almashtirish) usuli. Bo‘laklab intеgrallash usuli 

             7.2.1. Aniqmas integralda x  o‘zgaruvchidan boshqa )(xuu   
o‘zgaruvchiga o‘tish orqali  dxxf )(  integralni jadval integraliga keltirib 
integrallash usuliga differensial ostiga kiritish usuli deyiladi.  
         Bu usulda ))(()( ufdduuf   formulaga asoslangan quyidagi 
almashtirishlar  keng qo‘llaniladi: 

),( auddu   ),(1 baud
a

du    ),(
2
1 2ududu    ),(sincos ududu   

),(cossin ududu    ),(ln1 uddu
u

   ),(
cos

1
2 tguddu
u

   

)(arcsin
1

1
2

uddu
u




, )(
1

1
2 arctguddu

u



, ba, o‘zgarmas sonlar. 
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1 misol. Integrallarni differensial ostiga kiritish usuli bilan toping: 
 1)  

;
916 2x

dx                                              2)  ;
2

xdxe x  

 3)  
;

1 2

3

dx
x

xarctg                                           4)  
 .

cossin
sincos dx

xx
xx  

            1) 






  Cuarctg

u
du

x
xd

x
dx

44
1

3
1

43
1

)3(16
)3(

3
1

916 2222 .
4

3
12
1 Cxarctg   

        2)     .
2
1

2
1

2
1)(

2
1 222 2 CeCeduexdexdxe xuuxx  

        3)    


.
4
1

4
)(

1
4

4
33

2

3

CxarctgCuduuarctgxxdarctgdx
x

xarctg    

       4)   





 .|cossin|ln||ln

cossin
)cos(sin

cossin
sincos CxxCu

u
du

xx
xxddx

xx
xx  

          7.2.2.  Aniqmas integralda integral ostidagi funksiyaning bir 
qismini )(xuu   o‘zgaruvchi bilan almashtirish orqali   dxxf )(  integralni 
integrallash qulay bo‘lgan  duuf )(  integralga keltirib integrallash usuliga 
o‘rniga qo‘yish (yoki o‘zgaruvchini almashtirish) usuli deyiladi. Bu usul  

   dtttfdxxf )())(()(                                      (2.1) 
formulaga asoslanadi. 
      Ayrim hollarda )(xt   o‘rniga qo‘yish tanlashga to‘g‘ri keladi. U holda  
(2.1) formula o‘ngdan chapga qo‘llaniladi, ya’ni   dttfdxxxf )()())((  .  

2 misol. Integrallarni o‘rniga qo‘yish usuli bilan toping: 
 1) ;3dxxx                                             2) ;2sincos1 2  xdxx  

  3) dx
xx

x



ln

ln1 ;                                         4) 
 .4

2

2

dx
x

x  

             1) tx  3  o‘rniga qo‘yishni bajaramiz. U holda .2,32 tdtdxtx   
Shu sababli  

   dttttdtttdxxx )3(22)3(3 242  

.)3(2)3(
5
2

3
6

5
262 35

35
24 CxxCttdttdtt    
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          2) 22cos1 tx   deymiz.  U holda  .cos1,22sin 2 xttdtx   Bundan 

.)cos1(
3
2

3
2)2(2sincos1 32

3
2 CxCtdtttxdxx     

          3) 2ln1 tx   bo‘lsin.  Bundan  ,2,1ln 2 tdt
x

dxtx  .ln1 xt  U holda 












 

















 C

t
ttdt

tt
dtt

t
tdttdx

xx
x

1
1ln

2
12

1
112

1
2

1
2

ln
ln1

22

2

2  

.
1ln1
1ln1lnln12 C

x
xx 



  

 4) txtdtdxtx cos24,cos2,sin2 2   deymiz.  Bunda .
2

arcsin xt   

 U holda   

    



 Ctctgtdt

t
dtdt

t
tdt

t
tdx

x
x

22

2

2

2

2

2

sinsin
sin1

sin
cos4  
























 Cx

x

x

Cxxctg
2

arcsin

2
arcsinsin

2
arcsinsin1

2
arcsin

2
arcsin

2

 

Cx
x

x





2
arcsin4 2

. 

       Ba’zan bajarilgan o‘rniga qo‘yishdan so‘ng shunday integral hosil 
bo‘ladiki, bu  integralni boshqa o‘rniga qo‘yish orqali soddalashtirish yoki  
jadval integraliga keltirish   lozim bo‘ladi. 

          3 misol. 
 14)18( 22 xx

dx   integralni toping. 

t
x 1
   o‘rniga qo‘yishni bajaramiz. U holda 2t

dtdx     va    


 14)18( 22 xx

dx .
4)8(1418 22

22
2












 


tt

tdt

tt
t

dt  

 Keyingi integralda 224 zt   o‘rniga qo‘yishdan foydalanamiz.   
         Bundan  48, 22  ztzdztdt .  U holda 





22 4)8( tt

tdt .
22

1
4)4( 22 Czarctg

z
dz

zz
zdz
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z  ni x  orqali ifodalaymiz:  

.14144
2

2
2

x
x

x
tz 

  

 Demak,  


 14)18( 22 xx

dx .
2

14
2
1 2

C
x

xarctg 


  

         7.2.3. Aniqmas integralda integral ostidagi ifodani udv  ko‘paytma 
shaklida ifodalash va 

  vduuvudv                                        (2.2) 
formulani qo‘llash orqali  dxxf )(  integralni integrallash qulay bo‘lgan vdu  
integralga keltirib topish usuliga bo‘laklab integrallash usuli deyiladi.   
                Bo‘laklab integrallash usuli bilan topiladigan integrallarni asosan 
uch guruhga ajratish mumkin: 
          dxarctgxxP )( , ,)( arcctgxdxxP   ,ln)( xdxxP   xdxxP arcsin)( ,  

 xdxxP arccos)(  (bu yerda )(xP ko‘phad)  ko‘rinishdagi 1-guruh integrallari. 
Bunda dxxPdv )(  deb olish va qolgan ko‘paytuvchilarni u  orqali belgilash 
qulay; 
          ,)( dxexP kx   kxdxxP sin)( ,  kxdxxP cos)(  ko‘rinishdagi 2-guruh 
integrallari. Ularni topishda )(xPu   va qolgan ko‘paytuvchilarni dv  deb 
olish maqsadga muvofiq; 
        ,sin kxdxekx  kxdxekx cos  ko‘rinishdagi 3-guruh integrallari  
(2.2) formulani takroran qo‘llash orqali topiladi. 

4 misol. Integrallarni bo‘laklab integrallash usuli bilan toping: 
  1) arctgxdx ;                                              2) dxx 2ln ; 
  3) ;2sin2 xdxx                                              4)  .cos xdxe x   

         1) arctgxdx  integral 1- guruhga kiradi.   
U holda 








  dx
x

xxarctgx
xvdvdx

x
dxduuarctgxdxarctgx 2

2

1,

,
1

,  

.1ln
2
1

1
)1(

2
1 2

2

2

Cxxarctgxdx
x
xdxarctgx 
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2) 1- guruh dxx 2ln  integraliga (2.2) formulani ketme-ket ikki marta 
qo’llaymiz: 

 


 xdxxx
xvdvdx

x
dxxduuxxdx ln2ln

,

,ln2,lnln 2
2

2  

.2ln2ln2ln2ln
,

,,ln 22 Cxxxxxdxxxxx
xvdvdx
x

dxduux 


   

        3)  xdxx 2sin2  integral 1- guruhga kiradi.  
U holda 

 



 xdxxxxxvdvxdx

xdxduux
xdxx 2cos2cos

2
1

2
2cos,2sin

,2,
2sin 2

2

2       

 



 xdxxxxxxvdvxdx

dxduux
2sin

2
12sin

2
12cos

2
1

2
2sin,2cos

,,
2

.2cos
4
12sin

2
12cos

2
1 2 Cxxxxx   

       4)  xdxe x  cos  integral uchinchi guruh integrali bo’lgani sababli  
(2.2) formulani takroran qo‘llaymiz: 

                       



 









 xvdvxdx

dxeduue
xdxeI

xx

x sin,cos

,,
cos  

  xdxexe xx 




 sinsin1  










 

xvdvxdx

dxeduue xx

cos,sin

,
 









  xexexe xxx 










 coscos1sin1 Ixxe x

2

2

2

cossin




 

  

Bundan 
.cossin

22 CxxeI x 
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         Ko‘rsatilgan uch guruh bo‘laklab integrallanadigan barcha integrallarni 
o‘z ichiga olmaydi.  Masalan,   x

xdx
2sin

 integral yuqorida keltirilgan integral 

guruhlariga kirmaydi, lekin uni bo‘laklab integrallash usuli bilan topish  
mumkin: 

 



 .|sin|ln

,
sin

,

sin 2
2 Cxxctgxctgxdxxctgx

ctgxvdv
x

dx
dxduux

x
xdx  

 

Mustahkamlash uchun mashqlar 

7.2.1. Berilgan integrallarni differensial ostiga kiritish usuli bilan toping: 

   1)  ;
cos2 dx

x
tgx                                             2)  ;sincos2 xdxx   

   3) ;
41

2
2

3 5

dx
x

xarctg
 

                                      4)  


;
5

)5(ln7 3

dx
x

x   

   5) ;cossin xdxe x                                           6) ;23

dxxe x    

   7) ;
sin
cos

5 dx
x
x

                                                8)  ;
sin

dx
x

x  

   9) ;
4 2
 x

x

e
dxe                                             10)  .

44sin 3 22 xctgx
dx                                      

        7.2.2. Berilgan integrallarni o‘rniga qo‘yish usuli bilan toping: 

  1)  
 ;

1
1dx

e
e

x

x

                                                2)   26

5

x
dxx                                                    

  3) ;16 2 dxx                                              4) ;
43 4

3


x

dxx             

  5) ;332  dxxx                                          6) ;
cossin1

2cos
  xx

xdx                                       

  7) ;
1)(arcsin 23
 xx

dx                                   8) ;
5
54

2 dx
x
x

 
  

  9) ;
45 2

 xx
dx                                        10) ;

123 2
 xx

dx      
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11)   ;)72( 10 dxxx                                       12)   )1( xx
dx ; 

13)   94

2

x

x

e
dxe ;                                               14) .

4ln
2ln

 
x

dx
x
x  

       7.2.3. Integrallarni bo‘laklab integrallash usuli bilan toping: 

  1)  ;xarctgxdx                                             2)  ;arcsin xdx        

  3)  ;ln xdxx                                                 4)  ;2 dxex x     

  5)  ;3 dxx x                                                   6)  ;2sin xdxx       

  7) ;ln 2 xdx                                                 8) ;
cos
sin

3 x
xdxx        

  9)  ;)sin(ln dxx                                            10) 


;
1 2x

xarctgdx   

11) dxxx 12 ;                                         12) .4sin4 xdxe x  

7.2.4. Integrallarni toping: 

  1) ;13 23  dxxx                                           2) ;5sin3sin xdxx  

  3)  ;)(cos2 dxee xx                                          4) ;3 xe
xdx  

  5)  
 ;

1
1 dx

tgx
tgx                                               6) ;

)ln1(
ln

2  xx
xdx  

  7)  
;

)32)(1( xx
dx                                       8) ;

422
xx

dx  

  9) ;
cos2 x

xdx                                                 10) ;
92 xx

dx  

11)  
;

1 2x
dxearctgx

                                              12) 


;
3 2

2

x

x

e
dxe  

13)  ;
2

3sin 2 dxx                                            14)  ;22 dxxxtg  

15)  ;ln 22 xdxx                                            16) .
sin

cos21
2 dx

x
x
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7.3. RATSIONAL  FUNKSIYALARNI 
INTEGRALLASH 

 
Ratsional kasrlarni sodda kasrlarga yoyish 

 Sodda kasrlarni integrallash.  
Ratsional kasr funksiyalarni integrallash 

       7.3.1. Ikkita   )(xQm  va   )(xPn ko‘phаdning nisbаti 

nn
nn

mm
mm

n

m

axaxaxa
bxbxbxb

xP
xQxR












1
1

10

1
1

10

...

...
)(
)()(  

ratsional kаsr funksiya (yoki rаtsiоnаl kаsr) deb ataladi. Bunda  rаtsiоnаl 
kаsr nm   bo‘lganda to‘g‘ri kаsr,  nm   bo‘lganda  nоto‘g‘ri  kаsr  deyilаdi. 
        Har bir noto‘g‘ri kasr ko‘phad bilan to‘g‘ri kasrning yig‘indisiga 
teng.  Bu ko‘phad  kasrning butun qismi deyiladi va u kasrning suratini 
maxrajiga odatdagidek bo‘lish orqali topiladi. Bu jarayonga kasrning butun 
qismini ajratish deyiladi.  

Quyidаgi to‘g‘ri kаsrlаrga  sоddа (elementar) kаsrlаr deyilаdi: 
 

x
AI . ;                                    kx

AII
)(

.


,  );,2( Zkk    

   
qpxx

NMxIII



2. , ( 042  qp );  sqpxx

NMxIV
)(

. 2 
 , )04,,2( 2  qpZss ,  

bu yerdа qpNMA ,,,,,   hаqiqiy sonlar.  

 Hаr qаndаy  
)(
)(

xP
xQ

n

m  to‘g‘ri  kаsrni sodda kаsrlаr yig‘indisiga  

yagona tarzda yoyish  mumkin:   

,
)(

...
)(

...
)(

...
)()(

)(

222
22

2
11

2
21

s
ss

k
k

n

m

qpxx
NxM

qpxx
NxM

qpxx
NxM

x
A

x
A

x
A

xP
xQ

























               (3.1) 

bu yerda ssk NMNMNMAAA ,,...,,,,,,...,, 221121   noma’lum kоeffitsiyentlаr. 
       Oxirgi tenglikning  noma’lum koeffitsiyentlarini topishning turli  
usullаri mаvjud. Ular quyidagi tasdiqlarga asoslanadi. 
        .1o  Ukkita ratsional funksiya bir-biriga teng bo‘ladi, agar ular bir xil 
surat va maxrajga ega bo‘lsa. 
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        .2o  Ukkita ko‘phad bir-biriga teng bo‘ladi, agar ular bir xil darajaga ega  
bo‘lsa va  ularda noma’lumning bir xil darajalari oldidagi koeffitsiyentlar 
teng bo‘lsa. 
        .3o  Ikkita n darajali ko‘phad bir-biriga teng bo‘ladi, agar ular 
noma’lumning 1n ta turli nuqtalarida bir xil qiymatlar qabul qilsa. 
         Noma’lum koeffitsiyentlar usulida: 
        1.  (3.1) yoyilmaning o‘ng tomoni )(xPn umumiy maxrajga keltiriladi;  

natijada 
)(
)(

)(
)(

xP
xS

xP
xQ

n

m

n

m   ayniyat hosil bo‘ladi, bu yerda  

)(xSm  koeffitsiyentlari no‘malum bo‘lgan ko‘phad. 
        2. o1  tasdiqqa asosan suratlar tenglashtiriladi: ).()( xSxQ mm    
        3. o2  tasdiqqa asosan )()( xSxQ mm  tenglikda x ning bir xil darajalari  
oldidagi koeffitsiyentlar tenglashtiriladi; natijada tenglamalari noma’lumlar  
soniga teng bo‘lgan sistema hosil bo‘ladi va bu sistemadan izlanayotgan  
kоeffitsiyentlаr topiladi. 

Ixtiyoriy qiymatlar usulida o3  tasdiqqa asosan )()( xSxQ mm   ning 
har ikkala tomonida  x ga turli 1m  ta qiymatlar beriladi va izlanayotgan 
kоeffitsiyentlаr topiladi.  

Noma’lum koeffitsiyentlarni topishda yuqorida keltirilgan ikkita usul  
birgalikda qo‘llanishi mumkin. 

       7.3.2. Sodda kаsrlаrning integrallari quyidagi formulalar bilan 
topiladi:                    
          I. ;||ln CxA

x
Adx


 


  

         II. ;
))(1()( 1 C

xk
A

x
Adx

kk 



  

   

        III. ;
4
2

4
2||ln

2 22

2
2

C
pq
pxarctg

pq
MpNqpxxMdx

qpxx
NMx












  

1Y. sss IMpN
qhxxs

Mdx
qpxx

NMx







 







 2))(1(2)( 122
, 

bu yerda  
 ss at

dtI
)( 22 














  11222 )1(
32

))(1(2
1

ss I
s
s

ats
t

a
. 

Bunda sI  integralni hisoblash indeksi bittaga kichik bo‘lgan 
1sI  integralni hisoblashga, 1sI  integralni hisoblash esa o‘z navbatida  



 311 

2sI  integralni hisoblashga keltiriladi va bu jarayon quyidagi integralni 
topishgacha davom ettiriladi: 

.1
221 C

a
tarctg

aat
dtI 


   

1 misol.  Integrаllarni toping. 
   1) ;

32
5

 x
dx                                                    2) ;

)5(
7

4 x
dx           

   3) ;
32

13
2 

 dx
xx

x                                         4)  
 .

54
2

2 dx
xx

x  

Avval integral ostidagi ifodalarni sodda kasrlarga keltiramiz va 
keyin ularni yuqorida berilgan formulalar orqali integrallaymiz. 

1) .
2
3ln

2
5

2
32

5
32

5 Cx
x

dx
x
dx





   

2) .
)5(3

7
)5)(41(

7
)5(

7
3144 C

x
C

xx
dx








   

3) 
















  222

2

22 2)2(
)2(

84
)84(

2
1

84
2)42(

2
1

84
1

x
xd

xx
xxddx

xx
xdx

xx
x  

.
2

2
2
1|44|ln

2
1 2 Cxarctgxx 


  

4)  







5232 )52(

622
2
1

)52(
4

xx
xdx

xx
x  








  3232

2

)52(
3

)52(
)52(

2
1

xx
dxdx

xx
xxd  

,3
)52(4

1
)4)1((

)1(3
)52)(31(2

1
32222132 I

xxx
xd

xx











 
 

bu yerda  .2,1  axt    
        U holda 




























 222222132223 3

)(4
1

13
332

))(13(2
1 I

at
t

a
I

at
t

a
I  



























 1122222222 12

322
))(12(2

3
)(4

1 I
at

t
aat

t
a
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a
tarctg

aat
t

aat
t

a
1

2
3

)(4
1

2222222  

yoki 

.
2

1
2
1

52
1

8
3

)52(
1

16
1

2223 













 











xarctg

xx
x

xx
xI  

Demak, 





 dx
xx

x
32 )52(

4



 322 3

)52(4
1 I

xx
 




 22 )52(4
1

xx








 








 Cxarctg
xx

x
xx

x
2

1
16
3

52
1

8
3

)52(
1

16
3

222  

.
2

1
16
9

52
1

8
9

)52(
13

16
1

222 Cxarctg
xx

x
xx

x








 









  

       
)(
)()(

xP
xQxR

n

m  rаtsiоnаl kаsr funksiyani integrаllаsh  quyidagi 

tartibda amalga oshiriladi: 
1) berilgan kasrning  to‘g‘ri yoki nоto‘g‘ri kаsr ekаnini tekshirish; agar 

kasr nоto‘g‘ri  bo‘lsa, kasrdan  butun qismini аjrаtish; 
2) to‘g‘ri  kasrning maxrajini ko‘paytuvchilarga ajratish; 
3) to‘g‘ri kаsrni sodda kаsrlаr yig‘indisigа yoyish va yoyilmаning  

kоeffitsiyentlаrni topish; 
4) hosil bo‘lgan ko‘phad va sodda kasrlar yig‘indisini integrаllаsh. 

2 misol. dx
xxx

xxxxx
 


243

16873
23

2345

  integrаlni toping. 

         
243

16873
23

2345




xxx
xxxxx  nоto‘g‘ri kasrdan butun qismini ajratamiz: 

3
243

243
16873

2

23

2345

2345








x

xxx
xxxx

xxxxx  

                                           
61293
1663

23

23





xxx
xxx   

                                                         563 2  xx . 
       Bundan 

243
16873

23

2345




xxx
xxxxx .

243
5633 23

2
3





xxx

xxx  
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      To‘g‘ri kasrning maxrajini ko‘paytuvchilarga ajratamiz: 
).22)(1(243 223  xxxxxx  

      To‘g‘ri kasrni sodda kasrlarga yoyamiz: 

.
221243

563
223

2











xx
CBx

x
A

xxx
xx  

Yoyilmaning koeffitsiyentlarini topamiz: 

).1()()22(563 222  xCxxBxxAxx    
Bundan 














.52:
,62:

,3:

0

1

2

CAx
CBAx

BAx
 

yoki  .1,1,2  CBA          
       Shunday qilib, 

.
22

1
1

2
243

563
223

2











xx

x
xxxx

xx  

        Ko‘phad va sodda kasrlar yig‘indisini integrаllаymiz: 













 dx
xx

x
x
dxdxxdx

xxx
xxxxx

22
1

1
2)3(

243
16873

2
2

23

2345

 





  22
)22(

2
1|1|ln23

3 2

23

xx
xxdxxx

 |1|ln23
3

3

xxx  

 Cxx |22|ln
2
1 2 .

22
)1(ln

2
13

3 2

43

C
xx

xxx





  

 
 

Mustahkamlash uchun mashqlar 

7.3.1.  Berilgan to‘g‘ri  kаsrlarni sodda kasrlar yig‘indisiga yoying va  
koeffitsiyentlarni noma’lum koeffitsiyentlar usuli bilan toping: 

 1) 23

2 14
xx
xx


 ;                                               2) ;

4
4853

24

23

xx
xxx


  

 3) 
xxx

x
2

23
23 
 ;                                             4) 

1
15

24

2




xx
xx . 
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7.3.2.  Berilgan to‘g‘ri  kаsrlarni sodda kasrlar yig‘indisiga yoying va  
koeffitsiyentlarni ixtiyoriy qiymatlar usuli bilan toping: 

 1) 34

2 32
xx

xx


 ;                                               2) ;
6

6112
23

2

xxx
xx

  

 3) 24

23 7223
xx

xxx


 ;                                     4) 
xx

x



4

12 . 

7.3.3. Integrallarni toping: 

   1) ;
)5)(2(

32 dx
xx

x
 

                                       2) ;
)12)(1(  xx

xdx  

   3) ;
)3)(2)(1(  xxx

xdx                                 4) ;
)56)(1(

8
2  xxx
xdx  

   5) ;
)1)(1(

323 2

 
 dx

xxx
xx                                      6) ;

4
1

3

3

 
 dx

xx
x  

   7) ;3422
23

23

 
 dx

xx
xxx                               8) ;

)45(
52

2

3

 
 dx

xxx
x  

   9) ;
22

3
23

3

 
 dx

xxx
x                                10) ;

)1( 22 xx
dx   

11) ;
)1( 2  xx

dx                                               12) ;
1 3  x

dx  

13) ;
1

123
2

234

 
 dx

xx
xxxx                         14) ;

14

9

 x
dxx  

15) ;
14 x

dx                                                   16) ;
)9( 32 x

dx  

17) ;
)22(

53
22 

 dx
xx

x                                   18) ;
)4)(1(

2
22

24

 
 dx

xx
xxx  

19) ;
)134)(54( 22  xxxx

dx                      20) ;
)1()1( 22  xx

dx         

21) ;
)1( 42 x

dx                                               22) ;
)52(

12
22 

 dx
xx

x    

23) ;
)33(

32
22 

 dx
xx

x                                    24)  
 .

3613
12103

24

2

dx
xx
xx     
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7.4. TRIGONOMETRIK  FUNKSIYALARNI 
INTEGRALLASH 

 
 dxxxR )cos,(sin  ko‘rinishidagi integrallar.  

 xdxx mn cossin  ko‘rinishidagi integrallar.  

 xdxtg n ,    xdxctg n    ko‘rinishidagi integrallar.  
,cossin nxdxmx   ,sinsin nxdxmx  nxdxmxcoscos  ko‘rinishidagi  

integrallar 

          7.4.1.  dxxxR )cos,(sin  ko‘rinishidagi integrаlni hamma vaqt 

universаl trigоnоmetrik o‘rniga qo‘yish deb ataluvchi txtg 
2

 o‘rnigа qo‘yish 

orgali t  o‘zgаruvchili ratsional funksiyaning integrаligа аlmаshtirish, ya’ni 
ratsionallаshtirish mumkin.   
      Bunda  dxxxR )cos,(sin  ifodadan 

2
2 1

2

2
1

2
2

sin
t
t

xtg

xtg
x





  ,  2

2

2

2

1
1

2
1

2
1

cos
t
t

xtg

xtg
x








 ,  ,arctgtx   21

2
t

dtdx


  

o‘rniga qo‘yishlar yordamida  t  o‘zgaruvchili 




 











dttR

t
dt

t
t

t
tR )(

1
2

1
1,

1
2

122

2

2  

ratsional funksiya kelib chiqadi. 

        1 misol.   3sin3cos2 xx
dx integralni toping. 

  txtg 
2

 deymiz.  U holda 

  3sin3cos2 xx
dx


















  )5)(1(
2

56
2

3
1

23
1
12

1
2

2

22

2

2

tt
dt

tt
dt

t
t

t
t

t
dt

 

  .1
2

ln5
2

ln
2
1|1|ln|5|ln

2
1 CxtgxtgCtt   
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         dxxxR )cos,(sin  ko‘rinishidagi integralni quyidagi  o‘rnigа qo‘yishlаr 
orqali ham topish mumkin: 

a) )cos,(sin xxR  ifoda  xsin  ga nisbatan toq bo‘lganda uning integrali 
tx cos  o‘rnigа qo‘yish orqali ratsionallаshtirаdi; 

b) )cos,(sin xxR  ifoda  xcos  ga nisbatan toq bo‘lganda uning integrali 
tx sin  o‘rnigа qo‘yish bilan ratsionallаshtirilаdi; 

       c) )cos,(sin xxR  ifoda xsin  va xcos larga nisbatan juft bo‘lganda uning 
integralini  ttgx   o‘rnigа qo‘yish  rаtsiоnаllаshtirаdi. Bunda quyidagi  
almashtirishlardan foydalaniladi: 

2

2

2

2
2

11
sin

t
t

xtg
xtgx





 ,   22

2

1
1

1
1cos

txtg
x





 ,  ,arctgtx    21 t

dtdx


 . 

2 misol. Integrallarni toping: 

  1)   5cos2cos
sin

2 xx
xdx ;                           2)   4sin3 2 x

dx . 

1) Integral ostidagi funksiya xsin  ga nisbatan toq  funksiya. 
Shu sababli  dtxdxtx  sin,cos  deb olamiz.  
      U holda  

  5cos2cos
sin

2 xx
xdx








  4)1(

)1(
52 22 t

td
tt

dt  

.
2

1cos
2
1

2
1

2
1 CxarctgCtarctg 









 

  

       2) Integral ostidagi funksiya xsin  ga nisbatan juft funksiya, shu  sababli  
ttgx   o‘rnigа qo‘yishdan foydalanamiz: 

  4sin3 2 x
dx .

22
1

22
1

44
1
3
1

2

2

2

2

Ctgxarctgtarctg
t

dt

t
t

t
dt















   

7.4.2.  xdxx mn cossin  ko‘rinishidagi integrallar m  vа n  butun sоnlаrga 
bоg‘liq hоldа quyidagicha topiladi:  
        a) 0n vа tоq bo‘lganda tx cos  o‘rnigа qo‘yish integrаlni  
ratsionallаshtirаdi; 
        a) 0m  vа tоq bo‘lganda tx sin  o‘rnigа qo‘yish orqali integrаl 
ratsionallаshtirilаdi; 
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c) m  vа n  sonlarining har ikkalasi  juft vа nоmаnfiy bo‘lsа,   

2
2cos1sin 2 xx  ,  

2
2cos1cos2 xx   

fоrmulаlаri bilan integral ostidagi ifodada dаrаjа ko‘rsatkichlar pаsаytiriladi; 
 d) 0 nm  va juft  bo‘lganda ttgx   yoki tctgx   o‘rnigа qo‘yish 

bajariladi. Bunda 0m  va 0n  bo‘lsa, suratda kxx )cos(sin1 22    

almashtirishdan foydalaniladi, bu yerda 1
2

||  nmk ; 

e) 0, nm  va ulardan  biri tоq  bo‘lgandа xsin  va xcos lardan qaysi 
birining darajasi toqligiga qarab, surat va maxrajni shu funksiyaga  
qo‘shimcha ko‘paytirishdan foydalaniladi. 

3 misol.  Integrallarni toping: 
1) xdxx 32 cossin ;            2) xdxx 24 cossin ;            3)  xx

dx
24 cossin

. 

 1)  )sin,0(cossin 32 txtoqvamxdxx  xxdxx coscossin 22  

  dttt )1( 22   Cttdttdtt
53

53
42 .sin

5
1sin

3
1 53 Cxx   

       2)   xdxxxjuftvamnxdxx 2242 cos)cos(sin)0,(cossin  







 








  dxxxxdxxx )2cos2sin2(sin

8
1

2
2cos1

4
2sin 22

2

 




  dxx
2

4cos1
8
1

 )2(sin2sin
16
1 2 xxd  

.
3

2sin
4
4sin

16
1

48
2sin

4
4sin

16
1 33

CxxxCxxx 














   

       3)  xx
dx

24 cossin
 integralda 4n , 2m ,  06  mn , 21

2
||  nmk . 

Demak, 







  dx
xx

xxxxdx
xx
xx

xx
dx

24

4224

24

222

24 cossin
coscossin2sin

cossin
)cos(sin

cossin
 

  )(2
sin

cos
sin

2
cos

2
4

2

22 ctgxxdctgctgxtgxxd
x

xdx
x

dx
x

dx  

.2
3
1 3 Ctgxctgxxctg   



 318 

7.4.3.  xdxtg n   va  xdxctg n  (bu yerda 0n  butun son)  ko‘rinishidagi 
integrallar mos rasvishda  ttgx   va tctgx   o‘rniga qo‘yish orqali topiladi. 

Bunday integrallarni  o‘rniga qo‘yishlardan foydalanmasdan, bevosita   
1

sin
1,1

cos
1

2
2

2
2 

x
xctg

x
xtg  

formulalarni qo’llab topish mumkin. 

4 misol. xdxtg 4 integralni toping. 

   1-usul. 





  dtt
t

dtt
t

dtdxttgxxdxtg 2
2

4

2
4

11
, 


  21 t

dtdt  

 arctgttt
3

3

.
3
1)(

3
1 33 CxtgxxtgCtgxarctgtgxxtg   

        2-usul.  xdxtg 4 





    dx

x
xtgxdxtgxtg 1

cos
1

2
222   

  xdxtg
x

xtg 2
2

2

cos
1







   dx

x
tgxxdtg 1

cos
1)( 2

2  

   dxtgxdxtg )(
3
1 3 .

3
1 3 Cxtgxxtg   

7.4.4. ,cossin nxdxmx ,sinsin nxdxmx  nxdxmxcoscos  ko‘rinishdagi 
integrallar 

))sin()(sin(
2
1cossin xnmxnmnxmx  , 

))cos()(cos(
2
1sinsin xnmxnmnxmx  ,

))cos()(cos(
2
1coscos xdnmxnmnxmx   

trigonometrik formulalar yordamida topiladi. 

5 misоl.   xdxx 5cos3sin  integrаlni toping. 

     dxxxxdxx )2sin8(sin
2
15cos3sin  

.)8cos2cos4(
16
12cos

2
18cos

8
1

2
1 CxxCxx 
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Mustahkamlash uchun mashqlar 

7.4.1. Berilgan integrallarni toping: 

   1)   x
dx

sin45
;                                               2)   xx

dx
2sinsin2

;      

   3)   xx
dx

cos3sin53
;                                   4)   xx

dx
cos3sin24

;             

   5) 
 x

xdx
2cos3

sin ;                                             6)  x
xdx

4

3

sin
cos3 ;             

   7)   x
xdx

2

3

sin1
cos ;                                                8)  

 dx
xx
xx

22

44

sincos
sincos ; 

   9)  xdxx 42 cossin ;                                       10)  xx
dx

3cossin
; 

 11)   xx
dx

22 cos7sin32
;                              12)  xdxctg 23 ;  

 13)   x
xdx

2

2

cos1
sin ;                                              14)  xdxx 5cos2cos ;     

 15)  xdxx 3cossin 2 ;                                       16)  xdxxx 3cos2coscos .    

 

        7. 5. GIPERBOLIK  FUNKSIYALARNI   
INTEGRALLASH 

 
Giberbolik funksiyalarni integrallash trigonometrik funksiyalarni 

integrallash kabi amalga oshiriladi. Bunda giperbolik funksiyalar uchun 
o‘rinli bo‘ladigan quyidagi formulalardan foydalaniladi:  
          ,122  xshxch   ,22 xshchxshx    ,

2
122 


xchxch   ,

2
122 


xchxsh  

         ,11 2
2

xch
xth     ,11 2

2

xsh
xcth    ,

2
1

2
2

2 xth

xth
shx


   .

2
1

2
1

2

2

xth

xth
shx




  

1 misоl. Integrallarni toping: 
1)  shx

dx ;                                                      2) ;
4 xch

dx                 
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3)  ;3 xdxth                                                   4) .
23  shxchx

dx   

   1) .
2

ln

2

2

2

2

2

1

22
2 2

Cxthxth

xthd

xch

dx

xthxchxsh

dx
shx
dx










   

2) .
3
1)()1(1 32

224
Cxththxthxdxth

xch
dx

xchxch
dx    

3)   





  )(11

2
23 thxdthxthxdxdx

xch
thxxdxththxxdxth  

.
2
1||ln

2
1)(

2
1 222 Cxthchxxth

chx
chxdxth

chx
shxdx    

4) txth 
2

 belgilash kiritamiz. 21
2

t
dtdx


 , ,
1

2
2t

tshx


 2

2

1
1

t
tshx




  o‘rniga 

qo‘yishlar yordamida topamiz: 

  













 1

3
43

2

1
22

1
13

1
2

23 2

22

2

2

tt

dt

t
t

t
t

t
dt

shxchx
dx  

 .
5

2
2

3

5
2

5
23

5
2

3
5

3
2

3
2

3
2

22
C

xth
arctgCtarctg

t

td
















 







 


















 







 

   

Giberbolik funksiyalarni o‘z ichiga olgan integrallarni  
)( xeR  ratsional funksiyaning integraliga keltirib topish mumkin.  

Bunda dxeR x )(  ko‘rinishdagi integrallar te x   o‘rniga qo‘yish  yordamida  
ratsionallashtiriladi. 

 2 misоl. Integrallarni toping: 
 1)  chx

dx ;                                              2) .
2

12
2

dx
ee

e
xx

x

 
             

     1) 





  
),(

1
22

2 dtdxete
e

dxe
ee

dx
chx
dx xx

x

x

xx  
1

2
2t
dt  

.2arg2 CarctgeCtgt x   
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       2) .
)2)(1(

12
)2(

12,
2

12
22

dt
ttt

tdt
ttt

t
t
dtdxtedx

ee
e x

xx

x

 













 


              

Ratsional kasrni sodda kasrlarga yoyamiz:  
.

21)2)(1(
12










t
C

t
B

t
A

ttt
t  

Yoyilmaning koeffitsiyentlarini topamiz: 
).()2()2(12 222 ttCttBttAt     

Bundan 














.12:
,22:

,0:

0

1

2

Ax
CBAt

CBAt
 

yoki  .
2
1,1,

2
1

 CBA           

       Shunday qilib, 





 dx
ee

e
xx

x

2
12

2











 22
1

12
1

)2)(1(
12

t
dt

t
dt

t
dtdt

ttt
t  

 Cttt )2ln(
2
1)1ln(ln

2
1  

.
)1(

|)2(|ln
2
1

)1(
|)2(|ln

2
1

22 C
e

eeC
t
tt

x

xx









  

 

Mustahkamlash uchun mashqlar 

7.5.1. Berilgan integrallarni toping: 

   1) 
 xsh

chxdx
21

;                                                      2) dxxchxsh
88

34 ;      

   3)  xdxxsh2 ;                                                        4)  1chx
thxdx ;      

   5)  xch
dx

6 ;                                                             6)  xch
chxdx

2
;      

   7)  xdxth5 ;                                                           8) dxxcth 4 ;      

   9) dx
e
e

x

x

 


1
1

2

2

;                                                      10)  shxe
dx
x .      
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        7. 6. IRRATSIONAL  FUNKSIYALARNI   
INTEGRALLASH 

 

dx
dcx
bax

dcx
baxxR

n
m

n
m

 
































 ,...,,

2

2

1

1

  ko‘rinishidagi  integrallar. 

  dxcbxaxxR 2, ko‘rinishidagi integrallar. 
dxbxax pnm )(   binominal differensial integrali 

        7.6.1. dx
dcx
bax

dcx
baxxR

n
m

n
m

 
































 ,...,,

2

2

1

1

 ( R ratsional funksiya, 

,...,,, 2211 nmnm butun sonlar)  st
dcx
bax



  o‘rniga qo‘yish yordamida ratsional  

funksiyaning integraliga keltiriladi, bunda  ,...),( 21 nnEKUKs  . 

1 misоl. Integrаllarni toping: 

 1) dx
x
x

x 


2
21 ;                                         2) dx

x
xx

 


12
124 32

. 

    1) 2

2
2 t

x
x



  deymiz.  Bundan  ,

1
12 2

2





t
tx   

22 )1(
8



t

tdtdx . 

U holda 

 













)1)(1(
4

)1(
8

)1(2
1

2
21

22

2

222

2

tt
dtt

t
tdtt

t
tdx

x
x

x
 



















  1

2
1

2
1

1
1

12 2222 t
dt

t
dtdt

tt





 C
t
tarctgt

1
1ln2  

.
22
22ln

2
22 C

xx
xx

x
xarctg 








  

2) 6)3,2( EKUK . 612 tx   deymiz. U holda 
.3,12,12 5233 dttdxtxtx   

       Demak, 

dx
x

xx
 


12

124 32




  dtttttdtt
t

tt )12(33)1( 261225
3

226
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 Ctttt

359
2

15
3

35915

 Ctttt )159103(
15

2612
3

 

.)8129812(
15

12 32 Cxxxx



  

7.6.2.   dxcbxaxxR 2,  ko‘rinishdagi integrallar Eylerning uchta 
o‘rniga qo‘yichi  orqali ratsional funksiyalardan olinadigan integrallarga 
keltiriladi: 

a) 0a  bo‘lganda xatcbxax 2  almashtirish orqali integral 
ostidagi funksiya ratsionallashtiriladi (Eylerning birinchi o‘rniga qo‘yishi); 

b) 0c  bo‘lganda ctxcbxax 2  almashtirish yordamida integral 
ostidagi funksiya ratsionallashtiriladi (Eylerning ikkinchi o‘rniga qo‘yishi); 

c) cbxax 2  kvadrat uchhad ))(( 21 xxxxa   ko‘rinishda 
ko‘paytuvchilarga ajralganda integral ostidagi funksiya 

)( 1
2 xxtcbxax   almashtirish bilan ratsionallashtiriladi (Eylerning  

uchinchi o‘rniga qo‘yishi). 

2 misol.  Integrаllarni toping: 
 1) ;

194 2
 xx

dx                2) ;
12

 xxx
dx                3) .

322
 xx

dx  

  0a . Shu sababli  txxx  2194 2  o‘rniga qo‘yishni bajaramiz.   
         U holda   

xxxt 2194 2    va  .149,44194 2222  ttxxtxtxxx  
 Bundan 

.
49

292194,
)49(

2922,
49
1 2

2
2

22

t
ttxxdt

t
ttdx

t
tx













  

         Topilganlarni berilgan integralga qo‘yamiz: 


 194 2 xx

dx .
94

2
)49(

2922
292

49
2

2

2 dt
t
dtdt

t
tt

tt
t

 
























  

         Bundan 


 194 2 xx

dx Ct  |94|ln
2
1 . 

        x  o‘zgaruvchiga qaytamiz:  


 194 2 xx

dx .|9)222(4|ln
2
1 2 Cxxx   
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2) 0c . Shu sababli  112  txxx  deymiz.   U holda   

x
xxt 112 

   va  .12,121 2222  txtxxtxtxx  

 Bundan 

.
1

11,
)1(
12,

1
12

2

2
2

22

2

2 t
ttxxdt

t
ttdx

t
tx













  

         Topilganlarni berilgan integralga qo‘yamiz: 


 12 xxx

dx .
12

2
)1(
12

1
1

12
1

22

2

2

22

 




































t
dtdt

t
tt

tt
t

t
t  

         Bundan 


 12 xxx

dx .212ln|12|ln
12

2 2

C
x

xxxCt
t
dt





  

3) )3)(1(322  xxxx  bo‘lgani uchun  txxx )1()3)(1(    o‘rniga 
qo‘yish bajaramiz. U holda      

.
1
3,)1()3)(1( 22





x
xttxxx  

Bundan 

.
1

432,
)1(

8,
1
3

2
2

222

2












t

txx
t

tdtdx
t
tx  

         Topilganlarni berilgan integralga qo‘yamiz: 


 322 xx

dx
 



















 
 .

1
2

)1(
8

4
1

222

2

t
dtdt

t
t

t
t  

         Bundan 




 322 xx
dx

 1
2 2t

dt C
xx
xxC

t
t










13
13ln

1
1ln . 

Eyler o‘rniga qo‘yishlari murakkab hisoblashlarga olib kelgan 
hollarda integrallashning  quyidagi usullaridan foydalaniladi. 

dxcbxaxxR  ),( 2  ko‘rinishidagi integrallarni topishning kvadrat 
uchhaddan to‘la kvadrat ajratish usulida  kvadrat uchhaddan to‘la kvadrat 
ajratish yo‘li bilan berilgan integral avval ushbu integrallardan biriga 
keltiriladi: 

а) аgаr 0a  vа 042  acb  bo‘lsа, u hоldа  ,),( 222 dttnmtR   bu yerda  
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a
acbman

4
4,

2
22 

 ,  
a

bxt
2

 ; 

b) аgаr 0a  vа 042  acb  bo‘lsа, u hоldа ,),( 222 dtmtntR   bu yerda 

a
acbman

4
4,

2
22 
 , 

a
bxt

2
   ; 

c) аgаr 0a  vа 042  acb  bo‘lsа, u hоldа ,),( 222 dttnmtR   bu yerda  

,
4

4,
2

22

a
acbman 

  .
2a
bxt              

So‘ngra hosil qilingan integrallar mos ravishda ,tgz
n
mt     

zn
mt
sin

 ,   

z
n
mt sin  trigonometrik o‘rniga qo‘yishlar orqali  dzzzR )cos,(sin  ko‘rinishga  

keltiriladi. 

3 misоl.   dxxx 267   integrаlni toping. 
Kvadrat uchhaddan to‘la kvadrat ajratamiz, yangi t o‘zgaruvchi 

kiritamiz va trigonometrik o‘rniga qo‘yishdan foydalanib, topamiz:  









  zdzdt
zt

dtt
dtdx

tx
dxxdxxx

cos4
,sin4

16
,3

)3(1667 222  







   Czzdzzzdzzdzz

2
2sin8)2cos1(8cos16cos4sin1616 22

  
















  CttttzCzzz

16
1

44
arcsin8

4
arcsinsin1sin8

2
2  

4
arcsin8 t

 .67)3(
2
1

4
3arcsin816

2
1 22 CxxxxCtt 


  

        Shuningdek,   dxcbxaxxR 2,  ko‘rinishidagi integrallarni 
topishda quyidagi usullarni qo‘llash mumkin: 

a) 
 cbxax

dxxPn

2

)(  ko‘rinishidagi integrallar, bu yerda )(xPn n  darajali  

ko‘phad: 
1) 0n  da 

 cbxax
Adx

2
 bo‘ladi; bu integrallar 0a  bo‘lganda 

integrallar jadvalining 14 formulasiga, 0a  bo‘lganda esa jadvalning   
13-formulasiga keltiriladi; 
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2)  1n  da 



cbxax

dxBAx
2

)(  bo‘ladi; bu integrallar suratda kvadrat 

uchhadning hosilasini ajratish natijasida ikkita, biri integrallar jadvalining  
1-formulasiga  va ikkinchisi 1) banddagi integralga keltiriladi; 

3) 2n  da berilgan integraldan keltirish formulalari yordamida quyidagi 
ko‘rinishdagi ifoda hosil qilinadi: 

,)()(
2

2
12 





 cbxax

dxMcbxaxxQ
cbxax

dxxP
n

n  

 bu yerda   )(1 xQn koeffitsiyentlari noma’lum bo‘lgan 1n darajali 
ko‘phad, M qandaydir o‘zgarmas son.   Bunda ko‘phadning noma’lum 
koeffitsiyentlari va M soni oxirgi tenglikni differensiallash hamda 
tenglikning chap va o‘ng tomonidagi x  ning bir xil darajalari oldidagi 
sonlarni tenglashtirish orqali topiladi. 

 b)   cbxaxx
dx

2)( 
 ko‘rinishidagi integral 

t
x 1

   almashtirish  

yordamida 1) banddagi integralga keltiriladi; 
        c) )1,(

)( 2



 nZn

cbxaxx
dx

n
 ko‘rinishidagi integrallar 

t
x 1

    

o‘rniga qo‘yish orqali  3) banddagi integralga keltiriladi. 

4 misоl. 
 106)3( 23 xxx

dx integralni toping. 

  
t

x 13   deymiz.  U holda 2t
dtdx  ,  11106 2

2 
t

xx . Bundan 


 106)3( 23 xxx

dx
.

1111 2

2

23

2








t

dtt

tt

t
dt

 

       3) banddagi integral hosil qilindi. 2n  bo‘lgani uchun 

       .
1

1)(
1 2

2

2

2





 t

dtMtBAt
t

dtt  

        Tenglikning har ikkala tomonini differensiallaymiz: 

11
)(1

1 22

2

2

2









 t
M

t
tBAttA

t
t      

 yoki   
 MtBAttAt  )()1( 22 . 



 327 

      Bundan .
2
1,0,

2
1  MbA   U holda 

Ctttt
t

dttt
t

dtt












 2

2

2

2

2

2

1ln
2
1

2
1

12
1

2
1

1
 

yoki eski o‘zgaruvchiga qaytsak 


 106)3( 23 xxx

dx = .
3

1061ln
2
1

)3(2
106 2

2

2

C
x

xx
x

xx









  

7.6.3. dxbxax pnm )(    ko‘rinishidagi integral binominal differensial 
integrali deyiladi.  Bunda pnm ,,  ratsional sonlar. 

Binominal differensial integrali faqat uchta holda ratsional 
funksiyalarni integrallashga keltiriladi: 

a) p  butun son bo‘lganda integral stx   (bu yerda ),( nmEKUKs  ) 
o‘rniga qo‘yish orqali ratsionallashtiriladi; 

b) 
n

m 1   butun son bo‘lganda integral sn tbxa  (bu yerda s p sonning 

maxraji) o‘rniga qo‘yish yordamida ratsionallashtiriladi; 
c) p

n
m


1   butun son bo‘lganda integralda nsn xtbxa  (bu yerda 

s p sonning maxraji) almashtirish bajariladi. 
Bu o‘rniga qo‘yishlar Chebeshev o‘rniga qo‘yishlari deb ataladi. 

5 misol. 
 dx
x

x
3 2

6 347 integralni toping. 

  Integralni standart ko‘rinishda yozamiz:  






 


dxxx
6
1

3
1

3
2

47 . 

         Bundan 
6
1,

3
1,

3
2

 pnm  va  



 1

3
1

1
3
2

1
n

m butun son.  

Shu sababli Chebishevning ikkinchi o‘rniga qo‘yishini bajaramiz:   

,47 63
1

tx   ,
)7(

16),7(
4
1,47 26

3
2

63
1

6 3

t
xtxxt




  

.)7(
32
9,)7(

64
1,

)7(
16 52636

26 dtttdxtx
t
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       Bundan 

 






 


dxxx
6
1

3
1

3
2

47  





 


 dttdtttt

t
6526

26 2
9)7(

32
9

)7(
16   

  yoki  

.)47(
14
9

14
9

2
947 6 73 276

3 2

6 3

CxCtdttdx
x

x



  

 

Mustahkamlash uchun mashqlar 

7.6.1. Berilgan integrallarni toping: 
  1) ;

3  xx
dx                                                2) ;

)1( 34


 xx
dx  

  3) dx
x

xx
 


1

132

                                         4) ;
1

1
3

dx
x

xx
 

  

  5) ;
)12(12 3 2

 xx
dx                              6) ;

11
1

1
1

2
6

5

3

2

x
dx

x
x

x
x




































  

  7) 
 232 xx

dx ;                                        8) 
 522 xx

dx ; 

  9) ;
12

 xxx
dx                                       10) ;

24 2
 xxx

dx  

11) ;
211 2

 xx
dx                                   12) 

 221 2 xx
dx ; 

13) ;45 2 dxxx                                     14) ;42 dxx   

15) ;
23)1( 2

 xxx
dx                           16) ;

2)1( 2
 xxx

dx  

17) ;
23 2

 xx
xdx                                       18) ;

86
)32(
2



xx

dxx  

19) ;
)1( 23  xx

dx                                          20) ;
23 33
 xx

dx   

21) ;)1(3 235 dxxx                                      22) ;13 4

dx
x

x


  

23) 
 43 1 xx

dx ;                                          24) .1 3

dx
xx

x
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7.7. ANIQ  INTEGRALNI  HISOBLASH 
 

Aniq integralning ta’rifi, geometrik ma’nosi va xossalari. 
Aniq integralni hisoblash 

7.7.1. )(xfy   funksiya ];[ ba  kesmada aniqlangan va uzluksiz bo‘lsin.  
];[ ba  kesmani ixtiyoriy tarzda  bxxxxxxa nnii   1110 ......  

nuqtalar  bilan uzunliklari 11011 ,...,,...,   nnniii xxxxxxxxx bo‘lgan 
n  ta qismga bo‘lamiz.  Har bir ),1( nixi   qismda ixtiyoriy i  nuqtani 
tanlaymiz. )(xf funksiyaning bu nuqtadagi qiymati )( if   ni hisoblaymiz, bu 
qiymatni tegishli ix  uzunlikka ko‘paytiramiz va barcha ko‘paytmalarni 
qo‘shamiz, ya’ni 

i

n

i
i xf 



)(
1

                                         (7.1) 

yig‘indini tuzamiz. Bu yig‘indiga )(xf  funksiyaning ];[ ba  kesmadagi 
integral yig‘indisi deyiladi. 
 Agar (7.1) integral yig‘indining 0max

1


 ini
x dagi chekli limiti ];[ ba  

kesmani qismlarga bo‘lish usuliga va bu qismlarda i  nuqtani tanlash usuliga 
bog‘liq bo‘lmagan holda mavjud bo‘lsa, u holda bu limitga ];[ ba  kesmada 

)(xf funksiyadan olingan aniq integral deyiladi va 
b

a

dxxf )(  kabi belgilanadi: 

.)(lim)(
10 i

n

i
i

b

a
xfdxxf  





                               (7.2) 

        Agar )(xf  funksiya  ];[ ba  kesmada uzluksiz bo‘lsa, u holda shu 
kesmada integrallanuvchi bo‘ladi (aniq integralning mavjudlik teoremasi). 
Shuningdek, ];[ ba  kesmada chegaralangan va chekli sondagi  birinchi tur 
uzulish nuqtalariga ega bo‘lgan )(xf  funksiya shu kesmada integrallanuvchi  
bo‘ladi. 

 1 misol. dxx
1

0

 integralni integral yig‘indining limiti sifatida hisoblang. 

 ]1;0[  kesmani 1......0 1110   nnii xxxxxx   nuqtalar bilan  

uzunliklari ),1(1 ni
n

xi   bo‘lgan n ta bo‘lakka bo‘lamiz.  
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Bunda  .01limmaxlim
1


 n

x
ninin

  i  nuqta sifatida qismiy kesmalarning 

oxirlarini olamiz,  ya’ni .
n
ixii     

        Tegishli integral yig‘indini tuzamiz: 
.

2
1

2
)1()...21(11)( 22

11 n
n

n
nnn

nnn
ixf

n

i
i

n

i
i





 



  

Bundan   

2
1lim

)(0





 n
.

2
1

2
1lim 


 n

n
n

 

       Endi i nuqta sifatida qismiy kesmalarning boshlarini olamiz:  

.1
1 n

ixii


  Bundan 

n
n

n
nn

nn
ixf

n

i
i

n

i
i 2

1)1(1)1()( 2
11








 



 , 

.
2
1

2
1limlim

)(0





 n
n

nn



 

Demak, integral yig‘indining limiti ]1;0[  kesmani  bo‘lish usuliga va bu 
kesmada i  nuqtani tanlash usuliga bog‘liq emas.   

U holda ta’rifga ko‘ra  .
2
11

0

 dxx  

)(xfy   funksiya ];[ ba  kesmada uzluksiz va 0)( xf bo‘lsin.  
       Yuqoridan )(xfy   funksiya grafigi bilan, quyidan Ox  o‘q bilan, yon 
tomonlaridan ax   va bx   to‘g‘ri chiziqlar bilan chegaralangan figuraga 
egri chiziqli trapetsiya deyiladi. 


b

a

dxxf )(  aniq integral son jihatidan egri chiziqli trapetsiyaning  

yuziga teng. Bu jumla aniq integralning geometrik ma’nosini anglatadi. 

2 misol. dxx 
4

0

216  integralni uning geometrik ma’nosiga tayanib 

hisoblang.  
   x  ning 0  dan 4  gacha o‘zgarishida tenglamasi 216 xy   bo‘lgan 
chiziq 1622  yx  aylananing I chorakdagi bo‘lagidan iborat bo‘ladi.  
Shu sababli 216,0,4,0 xyyxx  chiziqlar bilan chegaralangan egri  
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chiziqli trapetsiya 1622  yx  doiraning chorak qismidan tashkil topadi. 

Uning yuzi 
4

16S  ga teng.  

       Demak, 
.416

4

0

2  dxx  

Aniq integral quyidagi xossalarga ega. 
.1o  Aniq integrаlning chegаrаlаri аlmаshtirilsa uning ishоrаsi o‘zgаrаdi, 

ya’ni    

 
a

b

b

a

dxxfdxxf )()( . 

        .2o  Aniq integrаlning chegаrаlаri teng bo‘lsа uning qiymati nolga teng 
bo‘ladi, ya’ni   

 
a

a

dxxf 0)( . 

        .3o  O‘zgarmas ko‘paytuvchini aniq integral belgisidan tashqariga 
chiqarish mumkin, ya’ni    

 
b

a

b

a

dxxfkdxxkf )()( , constk  . 

        .4o  Chekli sоndаgi funksiyalar algebraik yig‘indisining  aniq integrali  
qo‘shiluvchilar  aniq integrallarining algebraik yig‘indisiga teng, ya’ni 

    
b

a

b

a

b

a
dxxdxxfdxxxf )()()()(  . 

        .5o  Аgаr ];[ ba  kesmаdа funksiya o‘z ishоrаsini o‘zgаrtirmаsа, u hоldа 
bu funksiyadan olingan аniq integrаlning ishоrаsi funksiyaning ishоrаsi bilаn 
bir хil bo‘lаdi. 
        .6o  Аgar ];[ ba  kesmаdа  )()( xxf   bo‘lsа, u hоldа   

 
b

a

b

a

dxxdxxf )()(   

bo‘ladi. 
.7o  Аgаr ];[ ba  kesmа bir nechа qismgа bo‘lingan  bo‘lsa, u hоldа ];[ ba  

kesma bo‘yicha оlingаn аniq integrаl hаr bir qism bo‘yichа оlingаn аniq 
integrаllаr yig‘indisigа teng bo‘ladi. Masalan, 

 
b

c

c

a

b

a

dxxfdxxfdxxf )()()( ,  ].;[ bac  
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o8 . Аgаr m  vа M  sоnlаr )(xf funksiyaning ];[ ba  kesmаdаgi eng kichik 
vа eng kаttа qiymаtlari bo‘lsа, u hоldа     

)()()( abMdxxfabm
b

a
  

bo‘ladi. 
       .9o  Agar )(xf  funksiya ];[ ba  kesmаdа  uzluksiz bo‘lsa, u holda shunday 

];[ bac    nuqta topiladiki,   

 
b

a

abcfdxxf ))(()(                                      (7.3) 

bo‘ladi. 

       3 misol.   

2

0
2sin34



x
dx  integralni baholang. 

1sin0 2  x  ekanidan
4
1

sin34
1

7
1

2 



x

.  

U holda аniq integrаlni bаhоlаsh hаqidаgi teоremаga ko‘ra 

.
8sin3414

2

0
2







  x
dx  

7.7.2. 1-teorema ( integral hisobning asosiy teoremasi). Agar )(xF  
funksiya ];[ ba  kesmada uzluksiz  bo‘lgan )(xf  funksiyaning boshlang‘ich 
funksiyasi bo‘lsa, u holda ];[ ba  kesmada  )(xf  funksiyadan olingan aniq 
integral )(xF  funksiyaning integrallash oralig‘idagi orttirmasiga teng, ya’ni 

 
b

a

b

a
aFbFxFdxxf )()()()( .                              (7.4) 

(7.4) formulaga  Nyuton-Leybnis formulasi  deyiladi. 

4 misol.  

5

2
2 134xx

dx integralni hisoblang. 








 

5

2

5

2
22

5

2
2 3

2
3
1

3)2(134
xarctg

x
dx

xx
dx .

12
)01(

3
1 

 arctgarctg  

       2-teorema. Agar: )(xfy   funksiya ];[ ba  kesmada  uzluksiz;  
)(tx  funksiya ];[  kesmada differensiallanuvchi va )(t  funksiya ];[   

kesmada  uzluksiz;  )(tx  funksiyaning qiymatlar sohasi ];[ ba  kesmadan  
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iborat; a)(   va  b)(  bo‘lsa, u holda  

  
b

a

dtttfdxxf




 )())(()(                                    (7.5) 

bo‘ladi. 
(7.5) formula aniq integralda o‘zgaruvchini almashtirish formulasi deb 

yuritiladi.  
5 misol.  dxx 

3

0

29  integralni hisoblang. 

   
2

0,sin3  ttx  belgilash kiritamiz. Bu o‘zgaruvchini almashtirish  

2-teoremaning barcha shartlarini qanoatlantiradi: 29)( xxf   funksiya 

[0;3] kesmada uzluksiz; tx sin3  funksiya 





2
;0   kesmada 

differensiallanuvchi va tx cos3  funksiya bu kesmada uzluksiz; tx sin3  

funksiyaning qiymatlar sohasi ]3;0[  kesmadan iborat; 0)0(   va 3
2







 .  

        (7.5) formuladan topamiz: 

.
4

90
4

92sin
2
1

2
9)2cos1(

2
9cos99

3

0

3

0

2

0

2
3

0

2 
 







    ttdtttdtdxx  

6 misol.  dxxx 
1

0

21  integralni hisoblang. 

   21 xt   o‘rniga qo‘yishni bajaramiz. U holda 

                               ,
1

,1
2

2




t
tdtdxtx  











21
,10

datx
tdax

. 

        ]2;1[ kesmada 12 t  funksiya monoton o‘sadi. Shu sababli 
(7.5) formulani qo‘llaymiz: 

.
3

122
31

11
2

1

32

1

2

2

2

1

2
1

0

2 



 

tdtt
t
tdtttdxxx  

     3-teorema. Agar )(xu  va )(xv  funksiyalar )(xu va )(xv  hosilalari 
bilan ];[ ba  kesmada uzluksiz bo‘lsa, u holda  

 
b

a

b

a

b

a
vduuvudv                                           (7.6) 

bo‘ladi. 
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      (7.6) formula aniq integralni bo‘laklab integrallash formulasi deb 
ataladi. 

7 misol. dxxx


0

sin  integralni hisoblang. 





  dxxxx

xvdxdu
xdxdvux

dxxx





0
0

0

coscos
cos,

sin,
sin  

.0sinsin0sin0cos0cos
0

 
 x  

 
 

Mustahkamlash uchun mashqlar 

7.7.1. Integrallarni integral yig‘indining limiti sifatida hisoblang: 

  1) 
b

a

xdx;                                                  2) 
b

dxx
0

2 .  

7.7.2. Integrallarni aniq integralning  geometrik ma’nosiga tayanib  
hisoblang: 
  



0

;cos)1 xdx                                               
2

0

;)3()2 dxx                

   
4

0

2 ;16)3 dxx                                        4) 


2

2

,)( dxxf  








.20,

,02,
)(

xagarx
xagarx

xf  

7.7.3. Integrallarni taqqoslang: 

  1) 
4

0
1 cos



xdxI ,   
4

0
2 sin



xdxI ;                2) dxxI 



1

1

2
1 2 ,  .

1

1

2
2 dxxI 



  

  3) ,1
0

2

3
1 dxxI 



  ;)1(
0

2
2 dxxI 



            4) 



2

2

1 cos





xdxxI ,   



2

2

2 sin





xdxxI .                    

7.7.4. Integrallarni baholang: 

  1) ;
cos230

1  




x
dxI                                    2) ;31

3

1

2
2 dxxI    

  3) ;1
2

0

3
3 dxxI                                      4) .

24

2

0
24  


xx

dxI  
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7.7.5. Funksiyalarning berilgan kesmalardagi o‘rta qiymatini toping: 

  1) ];2;2[,4 2  xy                             2) ];1;1[|,|  xy  
  3) ];3;1[,23  xy                                  4) ].1;0[,2 xexy   

7.7.6. Berilgan integrallarni hisoblang: 

  1) 



2

1

2 ;)12( dxxx                                 2) 
4

0

;4sin



xdx             

  3) 
2

6

;cos





xdx                                            4) 
e

x
dx

1

;                               

  5) 
2

0

2 ;cos



xdx                                           6) 
3

4

2 ;
sin



 x
dx               

  7)  

2

1
2 ;

xx
dx                                             8)  

1

0

23 ;)12( dxxx                

  9)  
1

0

2 ;1 dxxx                                     10) 
2

0

3 ;sincos



xdxx    

11)  

2

3

;
cos1

sin


 x
xdx                                        12) ;

94

3
3

3
2

2
 x
dx  

13)  

2
3

2
1

2 ;
43 x

dx                                          14) 
4

0

3 ;sin



xdx            

15)  

2

0
2 ;

sinsin56
cos



xx
xdx                           16) 

1

2
2

2

2

;1 dx
x

x            

17) 
1

0

;arcsin xdx                                       18) 
e

xdx
1

2 ;ln            

19) 


0

;
2

sin dxxx                                        20) 
4

0

;2sin



xdxe x            

21) 
1

0

32 ;dxex x                                           22) 
e

xdxx
1

;ln              

23) 
4

0

2

;sin



dxx                                         24) 
2

0

.)cos(ln


e

dxx    
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7.8. XOSMAS  INTEGRALLAR 
 

 Cheksiz chegarali xosmas integrallar.  
Chegaralanmagan funksiyalardan olingan xosmas integrallar. 

Xosmas integrallarning yaqinlashish alomatlari 

 7.8.1. Cheksiz chegarali integrallarga va chegaralanmagan 
funksiyalardan olingan integrallarga xosmas integrallar deyiladi. 
 )(xf  funksiya );[ a  oraliqda uzluksiz bo‘lsin. Agar 

b

a
b

dxxf )(lim  

chekli limit mavjud bo‘lsa, bu limitga yuqori chegarasi cheksiz xosmas 
integral (I tur xosmas integral) deyiladi va 



a

dxxf )(  kabi belgilanadi: 

                                      




b

a
b

a

dxxfdxxf )(lim)( .                                       (8.1) 

        Bu holda 


a

dxxf )(  integral yaqinlashuvchi deyiladi.  

Agar 

b

a
b

dxxf )(lim  limit mavjud bo‘lmasa yoki cheksiz bo‘lsa, u holda 




a

dxxf )(  integral uzoqlashuvchi deb yuritiladi. 

Quyi chegarasi cheksiz va har ikkala chegarasi cheksiz xosmas 
integrallar shu kabi aniqlanadi: 

                                     



b

aa

b

dxxfdxxf )(lim)( ,                                      (8.2) 

                           






b

c
b

c

a
a

dxxfdxxfdxxf )(lim)(lim)( ,                         (8.3) 

bu yerda Oxc   o‘qning istalgan fiksirlangan nuqtasi.  

        1 misol. Integrallarni yaqinlashishga tekshiring: 

 1) 




0

dxe x ;                      2) 


0

sin xdxx ;                      3) 


  21 x
arctgxdx . 

    1) 0  bo‘lsin.          
U holda 

).1(lim1lim
00

 










 bx

b

b
x

b

x edxedxe
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         Bunda   
0  bo‘lganda  


 11011lim1

0







 bxb

x

e
dxe , 

0  bo‘lganda  .1lim1
1

 






 
 x

b

x edxe  

       0  bo‘lganda  .lim
00

0 





 bdxdxe
b

x  

Demak, 




0

dxe x xosmas integral 0  da yaqinlashadi va 0  da  

uzoqlashadi. 

        2) 





   



0
0

00

coscoslimsinlimsin
a

aa
a

a
xdxxxxdxxxdxx ).sincos(lim aaa

a



    

Bu limit mavjud emas. Shu  sababli 


0

sin xdxx  integral uzoqlashadi. 

        3) (8.3) tenglikda 0c  deb, topamiz: 




  21 x
arctgxdx




 


0

21 x
arctgxdx




0
21 x

arctgxdx . 

Bundan 

,
8

lim
2
1lim

2
1

1
lim

1

2
202

0

2

0

2







 


 aarctgxarctg
x

arctgxdx
x

arctgxdx
aaa

a
a

 

,
8

lim
2
1lim

2
1

1
lim

1

2
2

0

2

0
2

0
2







 



 barctgxarctg
x

arctgxdx
x

arctgxdx
b

b

b

b

b
 

.0
881

22

2 







x

arctgxdx     

        Demak, xosmas integral yaqinlashadi. 

       7.8.2. )(xf  funksiya );[ ba  oraliqda aniqlangan va uzluksiz bo‘lib, 
bx   da  aniqlanmagan yoki uzilishga ega bo‘lsin. Agar   









b

a
dxxf )(lim

0
 chekli 

limit mavjud bo‘lsa, u holda bu limitga chegaralanmagan funksiyadan 
olingan xosmas integral (II tur xosmas integral) deyiladi va 

b

a

dxxf )(   kabi 

belgilanadi: 
                  .)(lim)(

0 









b

a

b

a

dxxfdxxf                                      (8.4) 
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)(xf  funksiya x  ning a  ga o‘ngdan yaqinlashishida uzilishga ega 
bo‘lganda          







b

a

b

a

dxxfdxxf



)(lim)(

0
                                      (8.5) 

bo‘ladi. 
)(xf  funksiya ];[ bac   da uzilishga ega bo‘lganda  

                        









b

c

c

a

b

a

dxxfdxxfdxxf







)(lim)(lim)(

00
                         (8.6) 

bo‘ladi. 

2 misol. 


1

0
21 x

dx    integralni yaqinlashishga tekshiring.  

 1x  da integral ostidagi funksiya ikkinchi tur uzilishga ega.  

U holda (8.4) tenglikka ko‘ra   













 








1

00

1

0

1

0
202

arcsinlim
1

lim
1

x
x

dx
x

dx .
2

1arcsin)0)1(arcsin(lim
0







 

Demak, xosmas integral yaqinlashadi. 

7.8.3. Xosmas integralning yaqinlashuvchi yoki uzoqlashuvchi bo‘lishini 
yaqinlashuvchi yoki uzoqlashuvchiligi oldindan ma’lum bo‘lgan boshqa 
xosmas integral bilan taqqoslash orqali aniqlash mumkin.  

1-teorema (I tur xosmas integralning yaqinlashish alomati). );[ a  
oraliqda )(xf  va )(x  funksiyalar uzluksiz bo‘lsin va )()(0 xxf   
tengsizlikni qanoatlantirsin. U holda:  
        a) agar 



a

dxx)(  integral yaqinlashsa, 


a

dxxf )(  integral ham 

yaqinlashadi; 
        b) agar 



a

dxxf )(  integral uzoqlashsa, 


a

dxx)(  integral ham uzoqlashadi. 

3 misol. 




0

2

dxe x    integralni yaqinlashishga tekshiring.  

 Puasson integrali deb ataluvchi bu integral boshlang‘ich funksiyaga 
ega  emas.  Bunda  







 
1

1

00

222

dxedxedxe xxx . 
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1

0

2

dxe x  integral xosmas integral emas va u chekli son qiymatiga ega. 






1

2

dxe x  integralni qaraymiz.  );1[   oraliqda xx ee  
2

0   hamda  2xe   va 
xe  funksiyalar uzluksiz. U holda 

.11lim1)(limlim
1

1
1

 












b

bb

bx

b

x

b

x

eee
edxedxe  

Demak,  bu integral yaqinlashuvchi va 1-teoremaning  a) bandiga binoan 
Puasson integrali ham yaqinlashadi.  
       2-teorema (II tur xosmas integralning yaqinlashish alomati). );[ ba  
oraliqda )(xf  va )(x  funksiyalar uzluksiz bo‘lsin va )()(0 xxf   
tengsizlikni  qanoatlantirsin, bx  da )(xf  va )(x funksiyalar aniqlanmagan 
yoki uzilishga ega bo‘lsin. U holda:  
        a) agar 

b

a

dxx)(  integral yaqinlashsa, 
b

a

dxxf )(  integral ham 

yaqinlashadi; 
        b) agar 

b

a

dxxf )(  integral uzoqlashsa, 
b

a

dxx)(  integral ham uzoqlashadi. 

4 misol. 


1

0
3 2

2

1
cos

x
xdx    integralni yaqinlashishga tekshiring.  

 Integral ostidagi funksiya 1x  da II tur uzilishga ega.  

         ]1;0(x  da  
333

2

3 2

2

1
1

1
1

1
cos

1
cos

xxx
x

x
x











.   

          

1

0
3 1 x

dx  xosmas integralni yaqinlashishga tekshiramiz: 

                         .
2
31lim

2
3)1(lim

2
3

1
lim

1 0

1

0

3
2

0

1

0
3

1

0
03





 







  









x

x
dx

x
dx  

Demak,  

1

0
3 1 x

dx  integral yaqinlashadi va 2-teoremaning  a) bandiga 

binoan berilgan integral ham yaqinlashadi. 

3-teorema. Agar 








 b

aa

dxxfdxxf |)(||)(|  integral yaqinlashuvchi bo‘lsa, 

u holda   








 b

aa

dxxfdxxf )()(  integral ham yaqinlashuvchi bo‘ladi. 
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         Agar 








 b

aa

dxxfdxxf |)(||)(|  integral yaqinlashuvchi bo‘lsa, u holda 










 b

aa

dxxfdxxf )()(  integralga absolut yaqinlashuvchi xosmas integral 

deyiladi.  

 Agar 








 b

aa

dxxfdxxf )()(  integral yaqinlashuvchi bo‘lib, 










 b

aa

dxxfdxxf |)(||)(|  integral uzoqlashuvchi bo‘lsa, u holda  










 b

aa

dxxfdxxf )()(   integralga  shartli yaqinlashuvchi xosmas integral  

deyiladi. 

5 misol.   dx
e

x
x



0
2

sin   integralni yaqinlashishga tekshiring. 

Integral ostidagi funksiya );0[  oraliqda ishorasini almashtiradi.  

Ma’lumki  xx ee
x

22

1sin
 .   1-misolga ko‘ra dxe x




0

2 integral yaqinlashuvchi.  

       U holda 1-teoremaga binoan dx
x

x




1
2

sin  integral yaqinlashuvchi va 

 3-teorema va 3-ta’rifga asosan dx
e

x
x



0
2

sin  integral absolut yaqinlashadi. 

 
Mustahkamlash uchun mashqlar 

7.8.1. Berilgan integrallarni hisoblang yoki uzoqlashuvchi ekanini  
ko‘rsating: 

  1) ;
11

2


 x
dx                                                       2) ;

0

2
 

dxxe
x

                    

  3) 


0

cos xdxx ;                                                  4) ;ln
2



x
xdx   

  5) ;
12

2


xx
dx                                                  6) ;

1
2



x
arctgxdx                   

  7) ;sin
0



 xdxe x                                                 8) ;
ln1


e

xx
dx        
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  9) ;
1

1

0
2

 x
dx                                                   10) ;

)1(

3

1
 x

xdx       

 1) ;231

1
3 2

2




 dx
x

x                                                12)  

2

0
2 ;

34xx
dx  

13) ;
1

1
3

 xx
dx                                                       14) 



  1062 xx
dx . 

7.8.2. Integrallarni yaqinlashishga tekshiring: 

  1) 


1
x

dx ;                                                          2) ;
10

3


 x
dx              

  3) ;
0



 dxex x                                                   4) ;sin
1

2


x
xdx            

  5) ;1
1

4

3


  dx

x
x                                                   6) ;

1

1

0
 xe

dx        

  7) ;
cos1

1

0
  x

dxe x

                                               8) ;
cos

1

0
  xe

dx
x

        

  9)  
2

1
3 ;

)1(
sin3 dx

x
x                                              10) 



1

0
41 x

dxx ; 

11) dx
x

x



1
2

cos ;                                                 12) .sin
0



 xdxe x               

                                    
 

7.9. ANIQ  INTEGRALLARNING  TATBIQLARI 
 

Yassi figuraning yuzasini hisoblash. Tekis egri chiziq yoyi  
uzunligini topish. Aylanish sirti yuzasini hosoblash.   

Hajmni  hisoblash. Momentlar va og‘irlik markazini hisoblash.  
Kuchning bajargan ishini hisoblash 

         7.9.1. Yuqoridan )(22 xfy   funksiya grafigi bilan, quyidan )(11 xfy   
funksiya grafigi bilan, yon tomonlaridan ax   va bx   kesmalar bilan 
(kesmalardan biri yoki har ikkalasi nuqtadan iborat bo‘lishi mumkin) 
chegaralangan yassi figura yuzasi  

 
b

a

dxxfxfS ))()(( 12                                        (9.1) 

formula bilan hisoblanadi (1-shakl). 
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 Funksiyalardan biri nolga teng bo‘lganda, ya’ni yuqori yoki quyi 
chegaralardan biri  Ox  o‘qdan iborat bo‘lgan egri chiziqli trapetsiyaning 
yuzasi quyidagi integral bilan hisoblanadi:   


b

a

dxxfS |)(|                                             (9.2) 

       Agar )(xfy   funksiya ),(tx   ),(ty     t  parametrik 
tenglamalar bilan berilgan bo‘lsa  

 




 dtttS )()(                                           (9.3) 

bo‘ladi, bu yerda, )(a  va )(b . 
       Qutbdan chiquvchi    va    nurlar bilan hamda tenglamalari 

)(1 rr   va )(2 rr   ( ))()( 21  rr  bo‘lgan egri chiziqlar bilan chegaralangan 
yassi figura  yuzasi  

 




 drrS ))()((
2
1 2

1
2

2  

integralga teng bo‘ladi (2-shakl), xususan )(rr  )0)(( 1 r  funksiya grafigi 
bilan chegaralangan figura uchun 






 drS )(
2
1 2 .                                         (9.4) 

 

 
 
 
 

 

 

 
 

 r  O  

)(22 xfy   

)(11 xfy   

y  

   1-shakl. 

a  b  x  O  

      2-shakl. 

  
)(11 rr   

)(22 rr   

   

   

D  
D  
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1 misol. 2xy  , 0y  va 1x  chiziqlar bilan chegaralangan figura 
yuzasini hisoblang (3-shakl). 

(9.2) formuladan topamiz: 

.
3
1

3

1

0

1

0

3
2  

xdxxS  

2 misol. ,cos xy   ,0y  0x  va x  chiziqlar bilan chegaralangan 
figura yuzasini hisoblang (4-shakl). 
   4- shaklda berilgan figurani yuzalari 1S  va 2S  bo‘lgan 
kesishmaydigan qismlarga ajratamiz. U holda yuzaning additivlik xossasiga 
asosan berilgan figuraning yuzasi qismlar yuzalarining yig‘indisiga teng 
bo‘ladi. 
       Demak, 

.2)1(1sinsincoscos
2

2
0

2

2

0
21  










xxxdxxdxSSS  

 
 
3 misol. 12  xy  va 1 xy  chiziqlar bilan chegaralangan figura  

yuzasini hisoblang. 
 Figura umumiy )1;0( B  va )2;3(C  nuqtalarga ega bo‘lgan parabola 
va to‘g‘ri chiziq bilan chegaralangan. Shaklni uchta qismga, ya’ni yuzalari  

 4-shakl. 
 

  

1 

x  
2


 
1  

y  

O  

xy cos  

2S  

1S  

   3- shakl. 

x  

2xy   

1x  

O  

y  

1 
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1S  ga teng bo‘lgan AOD  va AOB  parabolik sektorlarga va yuzasi 2S  ga teng 
bo‘lgan BCD  parabolik uchburchakka ajratamiz (5-shakl).        
U holda  

 


3

0

0

1
21 ))1(1(122 dxxxdxxSSS  

.
2
9

2
)1(

3
2)1(

3
4

3

0

2
3

0

1

3 






 


xxxx  

Yuzani hisoblashga oid masalalarni yuzaning ko‘chishga nisbatan 
invariantlik xossasiga asosan soddalashtirish mumkin.  Bunda   figura    
yuzasi (9.1) formulada x  va y  o‘zgaruvchilar (Ox  va Oy  o‘qlar) ning    
o‘rnini almashtirish orqali  hisoblanadi,  ya’ni                

  
b

a

d

c
dyygxgdxxfxfS ))()(())()(( 1212 .                        (9.5) 

Masalan, 3 misolda berilgan figura yuzasi y  o‘zgaruvchi bo‘yicha 
hisoblansa, figurani qismlarga ajratish shart bo‘lmaydi:   
















2

1

2

1

32
2 .

2
92

32
))1(1( yyydyyyS  

  
4 misol. ,sin tax   tby 2sin  chiziqlar bilan chegaralangan figura 

yuzasini hisoblang. 
      6-shakldan ko‘rinadiki, egri chiziqning t  parametr 0  dan   gacha 
o‘zgarishiga mos bir halqasining yuzasini hisoblash yetarli.   

C  

5-shakl. 

B
 

1 
2  

1  

1 xy
 

12  xy
 

x
 

A  
1  3  O  

y  

    6-shakl. 

y  

x  O  

4


t
 

2


t
 

4
3

t

 

0t  
 

0t  
t  

D  
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       (9.3) formulalar bilan topamiz: 

.
3
8

3
cos4sincos4cos2sin2

0

3

0

2

0
abtabtdttabtdttabS 








 




 

        5 misol. 3cos2r  egri chiziq bilan chegaralangan figura yuzasini 
hisoblang. 
  3cos2r  tenglama uch yaproqli gulni ifodalaydi  (1-ilovaga 
qarang). Uch yaproqli gulning oltidan bir qismi yuzasini hisoblaymiz: 

.
66

6sin)6cos1(3cos4
2
1

6
1 6

0

6

0

6

0

2 









   ddS  

        Bundan   
.S  

        7.9.2.  ];[ ba  kesmada uzluksiz )(xfy   funksiya grafigining (egri chiziq 
yoyining) uzunligi  

dxxfl
b

a
  )(1 2                                       (9.6) 

formula bilan topiladi. 
Agar egri chiziq  ),( ygx   ];[ dcy   tenglama bilan berilgan bo‘lsa uning 

uzunligi  
                                   dyygl

d

c
  )(1 2                                           (9.7) 

integral bilan topiladi. 
       Agar )(xfy   funksiya ),(tx   ),(ty     t  parametrik 
tenglamalar bilan berilgan bo‘lsa  

dtttl  




 )()(
22                                       (9.8) 

bo‘ladi, bu yerda, )(a  va )(b . 
      Qutb koordinatalar sistemasida ),(rr      tenglama bilan 
berilgan AB  egri chiziq yoyining uzunligi  






drrl   )()(
22                                       (9.9) 

integral bilan topiladi, bu yerda ),(r  )(r   funksiyalar ];[   kesmada 
uzluksiz va BA,  nuqtalar qutb koordinatalarida  ,  burchaklar  bilan  
aniqlanadi. 
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6 misol. 3 23

4
3

8
3 xxxy   egri chiziqning Ox  o‘q bilan kesishish  

nuqtalari orasidagi yoyi uzunligini toping. 

0y  deb egri chiziqning Ox  o‘q bilan kesishish nuqtalarini 
aniqlaymiz:  ,01 x  .222 x  
        Hosilani topamiz:  

.
2
1

3
2

4
3

3
4

8
3 3

1
3
1

3
1

3
1







 


xxxxy  

       Yoy uzunligini (9.6) formula bilan topamiz: 







 






  


dxxxdxxxl

22

0

2

3
1

3
122

0

2

3
1

3
1

2
1

4
11  

.3
2
3

4
3

2
1

2
1

22

0

3
2

3
422

0

3
1

3
1







 






  


xxdxxx  

7 misol. yyx ln
2
1

4
1 2   egri chiziqning 11 y  dan ey 2 gacha yoyi 

uzunligini toping. 
 x  hosilani topamiz: 

.
2

1
2
1

2

2

y
y

y
yx 

  

        Yoy uzunligini (9.7) formula orqali topamiz: 

 









 








 


eee

dy
y
ydy

y
ydy

y
yl

1

2

1

22

1

22 1
2
11

2
1

2
11  

.
4

1
2

11
2
1

2
ln

2
1 22

1

2 








 











eeyy
e

 

8 misol. 







tay
tax

3

3

sin
,cos  tenglama bilan berigan egri chiziq uzunligini 

toping. 
Berilgan tenglama astroidani ifodalaydi (1-ilovaga qarang). 

        Astroidaning uzunligini (9.8) formula bilan topamiz: 

  dtttattal
2

0

2222 )cossin3()sincos3(4
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  dttttta
2

0

2222 )sin(cossincos34


 

 
2

0

sincos12


tdtta .6sin6 2
0

2 ata 


 

9 misol. 0),cos1(  aar   kardioida uzunligini toping.  
 Egri chiziqning simmetrikligini (1-ilovaga qarng)  hisobga olib, 
(9.9) formula bilan topamiz: 




   
 

dadaall
0 0

2222

2
cos14)sin()cos1(22  

  


da
0 2
cos4 .8

2
sin8

0

aa 
  

7.9.3. ];[ ba  kesmada )(xf   hosilasi bilan birga uzluksiz bo‘lgan )(xfy   
funksiya grafigining Ox  o‘q atrofida aylanishidan hosil bo‘lgan jism sirti 
yuzasi  

 
b

a

dxxfxf )(1)(2 2                                      (9.10) 

formula bilan hisoblanadi.     
  ),(ygx  ];[ dcy  funksiya grafigining Oy  o‘q atrofida aylantirshdan 

hosil bo‘lgan jism sirtining yuzasi  
                          

d

c

dyygyg )(1)(2 2                                       (9.11) 

integralga teng bo‘ladi. 
  ),(tx   ),(ty     t  parametrik tenglamalar bilan berilgan egri 

chiziqning )(OyOx  o‘q atrofida aylanishidan hosil bo‘lgan jism sirti yuzasi 
quyidagicha hisoblanadi: 

 




 dtttt )()()(2 22  






  
1

1

)()()(2 22




 dtttt ,       (9.12) 

bu yerda )(a  va )(b  ( )( 1c va )( 1d ). 

         Qutb koordinatalar sistemasida ),(rr      tenglama bilan 
berilgan egri chiziqning )(OyOx  o‘q atrofida aylanishidan hosil bo‘lgan jism 
sirti  yuzasi 

 




 drrr )()(sin)(2 22  





  





 drrr )()(cos)(2 22   (9.13) 
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10 misol.  Radiusi R  ga teng bo‘lgan shar sirti yuzasini hisoblang. 
 Aylana markazi qutb qilib olingan qutb koordinatalar sistemasida 
aylana Rr   tenglama bilan aniqlanadi (1-ilovaga qarang). Bu aylana 
 yarmining Ox  o‘q atrofida aylanishidan shar hosil bo‘ladi.  
       Sharning koordinata o‘qlariga simmetrik bo‘lishini inobatga olib,  
hisoblaymiz: 

.4)cos(40sin22 22
0

2
2

0

2 RRdRR 




   

       7.9.4. Oxyz  koordinatalar sistemasida qandaydir V  jismning Oxy  
koordinata tekisligiga parallel tekislik bilan kesimi  yuzasi S  ma’lum 
bo‘lgan qandaydir D  yassi figura bo‘lsin. Agar  V  jismning Ox  o‘qqa 
proeksiyasi ];[ ba  kesmadan iborat bo‘lib, V  jismning Ox  o‘qqa 
perpendikular bo‘lgan va )0;0;(x nuqtadan o‘tuvchi kesimining yuzasi )(xS   
x ning uzluksiz funksiyasi bo‘lsa,  u hoda bunday jismning  hajmi  


b

a

dxxsV )(                                               (9.14) 

formula bilan hisoblanadi.  

11 misol.  12

2

2

2

2

2


c
z

b
y

a
x  ellipsoidning hajmini hisoblang. 

 Ellipsoidning koordinatalar boshidan x )( axa   masofada 
o‘tuvchi Ox  o‘qqa perpendikular tekislik bilan kesamiz. Kesimda yarim 

o‘qlari 
2

2

1)(
a
xbxb    va 

2

2

1)(
a
xcxc   bo‘lgan ellips hosil bo‘ladi.    

Uning yuzasi  








  2

2

1)()()(
a
xbcxcxbxs  . 

        U holda  

























a

a

a

a

abc
a
xxbcdx

a
xbcV .

3
4

3
1 2

3

2

2

  

12 misol. Balandligi H ga va asosining yuzasi S  ga teng piramidaning 
hajmini hisoblang. 

Oxy  koordinatalar sistemasini koordinatalar boshi piramida uchida 
joylashgan va Ox  o‘q balandlik bo‘ylab yo‘nalgan qilib tanlaymiz. 
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Piramidani uning uchidan x  masofada asosga parallel kesim bilan kesamiz 
va kesim yuzasini )(xS  bilan belgilaymiz.   
    U holda  parallel kesimlar xossasiga ko‘ra (7-shakl)   

2

2)(
H
x

S
xS
  yoki  .)( 2

2 x
H
SxS 

 
     (9.14) tenglikdan topamiz: 

.
3
1

33
)(

3

2
0

3

2
0 0

2
2 SHH

H
Sx

H
Sdxx

H
SdxxSV

HH H

    

 
 

13 misol.  922  yx   va  922  zx  silindrlar bilan chegaralangan jism  
hajmini hisoblang. 

        9-shaklda berilgan jismning  I oktantda )0,0,0(  zyx  joylashgan 
sakkizdan bir bo‘lagi keltirilgan. Uning Ox  o‘qqa perpendikular tekislik 
bilan kesimi kvadratdan iborat. Kesim abssissasi )0;0;(x  nuqtadan o‘tganda 
kvadratning tomonlari 29 xzya   ga va yuzasi 29)( xxs  teng 
bo‘ladi, bu yerda .90  x  

 Jismning hajmni  (9.14) formula bilan hisoblaymiz: 

 









3

0

3

0

3
2 .144

3
98)9(8 xxdxxV  

7-shakl. 

)(xS  

O  

y  

z  

. . 
H  x  x  

S

3  

x  

y  

z  

)(xS  

O  

3  

3  

8-shakl. 
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Yuqoridan )(xfy   uzluksiz funksiya grafigi bilan, quyidan Ox  
o‘q bilan, yon tomonlaridan ax   va bx   to‘g‘ri chiziqlar bilan 
chegaralangan egri chiziqli trapetsiyaning Ox  o‘q atrofida aylantirishdan  
hosil bo‘lgan jism hajmi 


b

a

dxxfV )(2                                     (9.15) 

formula bilan hisoblanadi.  
Bu egri chiziqli trapetsiyani Oy  o‘qi atrofida aylantirishdan hosil bo‘lgan  

jismning hajmi quyidagi formula bilan hisoblanadi: 


b

a

dxxxfV )(2 .                                  (9.16) 

Agar egri chiziqli trapetsiya )( ygx   uzluksiz funksiya grafigi,  
Oy  )(Ox  o‘q,  cy   va dy   to‘g‘ri chiziqlar bilan chegaralangan bo‘lsa, u 
holda 


d

c

dyygV )(2  )(Oy  





   )()(2 OxdyyygV

d

c
 .               (9.17) 

 )(rr   egri chiziq va   ,    nurlar bilan chegaralangan 
egrichiziqli sektorning  qutb o’qi atrofida aylanishidan hosil bo’lgan 
jismning hajmi 







 drV sin
3

2 3                                     (9.18)  

formula bilan topiladi. 

14 misol. Radiusi R  ga va 
balandligi H  ga teng bo‘lgan 
konusning hajmini hisoblang. 
 Konusni katetlari R  va H  
bo‘lgan to‘g‘ri burchakli 
uchburchakning balandlik bo‘ylab 
yo‘nalgan Ox  o‘q atrofida 
aylanishidan hosil bo‘lgan jism 
deyish mumkin (9-shakl). Gipotenuza 
tenglamasi kxy   bo‘lsin deymiz.  

U holda    
kxy  , ., x

H
Ry

H
Rtgk    

)(xr  

  9-shakl. 

)(xS  

  O  x  x  H  

z  

y  
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Bundan 

.
3
1

3
2

0

3

2

2

0 0

2
2

2
2 HRx

H
Rdxx

H
RdxyV

HH H

     

7.9.5. Oxy  tekislikda massalari mos ravishda nmmm ,...,, 21 bo‘lgan 
),;( 111 yxA  ),;( 222 yxA ..., );( nnn yxA  nuqtalar sistemasi berilgan bo‘lsin. 

Sistemaning Ox )(Oy o‘qqa nisbatan statik momenti xM )( yM  deb nuqtalar 
massalarini ularning ordinatalariga (abssissalariga) ko‘paytmalari 
yig‘indisiga aytiladi, ya’ni 





n

i
iix ymM

1
   





 



n

i
iiy xmM

1
 

Sistemaning Ox )(Oy  o‘qqa nisbatan inersiya momenti xJ )( yJ  deb 
nuqtalar massalarini ularning ordinatalari (abssissalari) kvadratiga  
ko‘paytmalari yig‘indisiga aytiladi, ya’ni 





n

i
iix ymJ

1

2    




 



n

i
iiy xmJ

1

2  

 Sistemaning og‘irlik markazi  deb koordinatalari  







m

M
m

M
xy ;  

bo‘lgan nuqtaga aytiladi,  bu yerda    



n

i
imm

1
. 

Tekis egri chiziqning momentlari va og‘irlik markazi.    
      Oxy  tekislikda AB  egri chiziq )()( bxaxfy    tenglama bilan berilgan 
bo‘lib, egri chiziqning har bir nuqtasida  )(x   zichlik va )(xf funksiya 
o‘zining )(xf  hosilasi bilan birga uzluksiz bo‘lsin. 

U holda AB  egri chiziqning statik va inersiya momentlari hamda  
og‘irlik markazining koordinatalari quyidagi formulalar bilan aniqlanadi: 

                           
b

a
x ydlM ,     

b

a
y xdlM ;                                  (9.19) 

                           
b

a
x dlyJ ,2     

b

a
y dlxJ ;2                                 (9.20) 

                      ,
m

xdl
x

b

a
c





    ,

m

ydl
y

b

a
c





                                 (9.21) 

bu yerda ),(xfy   )(x  ,  ,1 2 dxydl   
b

a

dlm , .bxa   
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15 misol. Zichligi 1  ga teng bo‘lgan 

];0[),cos1(3),sin(3  ttyttx sikloida yarim arkasining statik va 
inersiya momentlarini hamda massasi va og‘irlik markazining  
koordinatalarini toping. 
  tdtdydttdx sin3,)cos1(3  bo‘lgani uchun  

.
2

sin6cos223sin9)cos1(9 22 dttdttdtttdl   

Izlanayotgan kattaliklarni (9.19) - (9.21) formulalar bilan topamiz: 







      dtttdtttdtttydlM x 2

sin
2

cos136
2

sin
2

sin36
2

sin6)cos1(3
0 0 0 0

22
   

;482472
2

cos
3
172

2
cos72

2
cos

2
cos72

2
sin36

0

3

00

2

0







 

 tttdtdtt

 

    
   

0 0 0 0 2
sinsin18

2
sin18

2
sin6)sin(3 dtttdtttdttttxdlM y


















 



00

2

00 2
sin2036

2
cos

2
sin36

2
cos2

2
cos218 tdtttdtttt

 

;482472
2

sin
3
172236

2
sin

2
sin72

0

3

0

2 





 

 ttdt

 

    dtttdtttdlyJ x 2
sin

2
sin216

2
sin6)cos1(9

0 0 0

422
  














    2

cos
2

cos864
2

sin216
2

sin
2

cos1216
0 0

2
2

0

2 tdtdttdttt  







 



0

5

0

3

00

4

2
cos

5
1432

2
cos

3
1864

2
cos432

2
cos

2
cos432 ttttdt

 

.
5

1152
5

432288432 
 

    dttttdtttdttttdlxJ y

  

00 0 0

222

2
sinsin108

2
sin54

2
sin6)sin(9
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0

2

00

2

0

2

2
cos

2
sin216

2
cos4

2
cos254

2
sinsin54 dttttdtttttdttt

 
























  



000

22

2
sin2

2
sin2216

2
cos

2
cos

2
cos1432 dtttttdtt

 







 



0

5

0

3

0

3

2
cos

5
1432

2
cos

3
1432

2
sin144 ttttd

 


















  5

432144
2

sin
2

sin144
2

cos2432
0

3

0

3

0



 dttttt

 















   5

288
2

cos
2

cos1288144)2(432
0

2 tdt


 

;
15
32288

3
2

5
14288

2
cos

3
1

2
cos

5
13288

0

3 





 






 
















  


tt

 

;12
2

cos21
2

sin6
0 0 0

  
  tdttdlm

 
 ,4

12
48,4

12
48


m

My
m

M
x x

c
y

c

 
ya’ni ).4;4(C  

        Yassi figuraning momentlari va og‘irlik markazi. Oxy  tekislikda 
];[ ba  kesmada uzluksiz  bo‘lgan )(xfy   funksiya grafigi , Ox  o‘q, ax   va 
bx   to‘g‘ri chiziqlar bilan chegaralangan egri chiziqli trapetsiya (yassi 

figura) berilgan bo‘lib, yassi  figuraning har bir nuqtasida )(x   zichlik 
uzluksiz bo‘lsin. U holda yassi figuraning momentlari va og‘irlik 
markazining koordinatalari quyidagi formulalar orqali topiladi: 

                       
b

a
x dxyM ,

2
1 2     

b

a
y xydxM ;                                (9.22) 

                             
b

a
x dxyJ ,

3
1 3     

b

a
y ydxxJ ;2                                (9.23) 

                            ,
m

xydx
x

b

a
c





    ,2

1 2

m

dxy
y

b

a
c





                               (9.24) 

bu yerda ),(xfy   )(x  ,  
b

a

ydxm , .bxa   
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  16 misol. xy cos  kosinusoida yoyi va Ox  o‘qining 
22


 x  

bo‘lagi bilan chegaralangan,  zichligi 1  ga teng  figuraning og‘irlik 
markazini toping. 

Kosinusoidaning  simmetrikligidan   
2
cx  bo‘ladi.     

U holda  

 
 


2

2

2

2

22 cos
2
1

2
1








xdxdxyM x  

,
42

2sin
4
1

2
2cos1

2
1 2

2
0














 







xxdxx

 







2

2

2

2

,2sincos







xxdxm
    

.
82

4 


cy
 

       Demak,    

.
8

;
2







 G  

7.9.6. Material nuqta o‘zgaruvchan F


 kuch ta’sirida Ox  o‘qi bo‘ylab 
harakatlanayotgan bo‘lsin va bunda kuchning  yo‘nalishi harakat yo‘nalishi 
bilan bir xil bo‘lsin. U holda F


 kuchning material nuqtani Ox  o‘qi bo‘ylab 

ax   nuqtadan )( babx   nuqtaga ko‘chirishda bajargan ishi quyidagi 
formula bilan hisoblanadi: 

                                        
b

a

dxxFA )( ,                                       (9.24) 

bu yerda )(xF  funksiya ];[ ba  kesmada uzluksiz. 

18 misol. Agar prujina H12  kuch ostida sm4  ga cho‘zilsa, uni sm22  
cho‘zish uchun qancha ish bajarish kerak? 

Guk qonuniga ko‘ra prujinani cho‘zuvchi kuch prujinaning 
cho‘zilishiga proporsional bo‘ladi, ya’ni .kxF    
Misolning shartiga ko‘ra: HmF 12)04,0(   yoki  k04,012  .   Bundan .300k    
        U holda  

).(26,7150300
22,0

0

22,0

0

2 JxxdxA    
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Mustahkamlash uchun mashqlar 

  7.9.1 Berilgan chiziqlar bilan chegaralangan figuralar yuzalarini  
hisoblang: 

  1) ;0,9 2  yxy                                           2) ;2, 2xxyxy     

  3) ;0,0,ln3),6ln(  xyxyxy               4) ;,0,ln 2exyxy   

  5) |;2|,2  yxyx                                         6) ;5,4 yxxy     

  7) ;, 22 xyxy                                               8) ;1,1,, 32  xxxyxy    

  9) ;20,sin3,cos4  ttytx  

10) ),cos1(3),sin(3 tyttx  sikloida bitta arkasi; 

11) ;2cos3 r                                              12) .2sin3 r  

13) ;cos32 r                                             14) ,2r  bir o’rami. 

  7.9.2. Berilgan egri chiziqlar yoylari uzunliklarini toping: 

  1) 0,
2

2

 xxy dan 3x   gacha; 

  2) 0,  xchxy  dan 1x gacha; 

  3) 0,32  xxy  dan  5x gacha; 

  4) ,arccos 2xxxy   0x  dan  1x gacha; 

  5) 1,ln
2
1

4
1 2  yyyx dan  2y  gacha; 

  6) ),1ln(1 2  yx  3y  dan 4y  gacha; 

  7) ttytx 
3

,
3

2 ,  koordinata  o‘qlari  bilan kesishish nuqtalari orasidagi; 

  8)  32 , tytx  , 0t  dan  1t gacha; 

  9) ),cos1(2),sin(2 tyttx  sikloida bitta arkasi; 
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 10) );2sinsin2(3),2coscos2(3 ttyttx   

 11) 
2

),cos1( arar     kardioida bo‘lagining;             

 12) 
3

cos8 3 r ,   0  dan 
2
   gacha. 

 7.9.3. Chiziqlarning berilgan o‘q atrofida aylanishidan hosil bo‘lgan sirt  
yuzasini hisoblang: 

1) 0,42  xxy dan 3x  gacha, Ox  o‘q;                   

2) Oyyx ,922  o‘q; 

3) ),cos1(2),sin(2 tyttx  bitta arkasi,Ox  o‘q; 

4) ,sin,cos2 tytx  Ox  o‘q;                   

         7.9.4. R radiusli shar hajmini hisoblang.    

  7.9.5. Asosi 1
916

22


yx  ellipsdan iborat bo‘lgan va balandligi 3h ga  

teng elliptik konusning hajmini hisoblang.    

  7.9.6. 16222  zyx  shar hamda 2x  va 3x tekisliklar bilan  
chegaralangan jism hajmini hisoblang.    

  7.9.7. 1
94

2
22

 xzy  bir pallali giperboloid hamda 1x  va  

2x  tekisliklar bilan chegaralangan jism hajmini hisoblang.   

  7.9.8. Berilgan chiziqlar bilan chegaralangan figuraning berilgan o‘q  
atrofida aylanishidan hosil bo‘lgan jism hajmini hisoblang: 

  1) ,0,42  yyx Ox  o‘qi;                     

  2) 422  yx  yarim aylana )0( x va xy 32  parabola, Ox  o‘qi;             

  3) ,1,0,arcsin  xyxy Oy  o‘qi;                  

  4) ,0,1,32  yxxy Oy  o‘qi;              

  5) 1,0,42  yxyx , Oy  o‘qi;      
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  6) ,1
925

22


yx   Oy  o‘qi;       

  7) ),cos1(2),sin(2 tyttx  bitta arkasi, Ox  o‘qi;                           
  8) ,1,0,, 32  yxtytx Oy  o‘qi;       
  9) ),cos1(3 r qutb o‘qi;    
10) ,cos2 Rr  yarim aylana, qutb o‘qi;    

       7.9.9. sin2Rr   bir jinsli aylananing og‘irlik markazini toping. 

      7.9.10. taytax 33 sin,cos   bir jinsli astroidaning  Ox  o‘qdan yuqorida   
yotgan yoyining og‘irlik markazini toping. 

      4.9.11. 01234  yx  bir jinsli to‘g‘ri chiziqning koordinata o‘qlari 
orasida joylashgan kesmasining koordinata o‘qlariga nisbatan statik  
momentlarini toping. 

      4.9.12. 2,0,0  yxyx  ciziqlar bilan chegaralangan bir jinsli tekis 
shaklning koordinata o‘qlariga nisbatan statik va inersiya momentlarini,  
og’irlik markazini toping. 

      7.9.13. 24 xy   va 0y  bir jinsli chiziqlar bilan chegaralangan  
figuraning og‘irlik markazini toping.                

      7.9.14. Yarim o‘qlari 5a  va  4b  bo‘lgan bir jinsli ellipsning  
koordinata  o‘qlariga nisbatan inersiya momentini toping.     

      7.9.15. 222 Ryx   aylananing birinchi chorakda joylashgan bo‘lagining 
o‘girlik markazini toping. Bunda aylananing har bir nuqtasidagi chiziqli  
zichligi shu nuqta koordinatalarining ko‘paytmasiga proporsional.  

      7.9.16. ttx 33 sin48,cos8   astroida birinchi chorakda yotgan yoyining 
koordinata o‘qlariga nisbatan statik momentlarini  va massasini toping.  
Bunda astroidaning har bir nuqtasidagi chiziqli zichligi x ga teng. 

      7.9.17.  Prujinani .4 sm ga cho‘zish uchun J24  ish bajariladi. J150  ish  
bajarilsa, prujinana qanday uzunlikka cho‘ziladi?   

      7.9.18.  Agar prujinani .1 sm ga siqish uchun kG1  kuch sarf qilinsa, 
prujinaning   .8 sm ga siqishda sarf  bo‘ladigan F  kuch bajargan ishni toping.   
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1. Aniq  integralni hisoblang. 
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  1.Berilgan funksiyalar grafiklari bilan chegaralangan yassi  
figura yuzasini hisoblang. 
  2. Berilgan egri chiziq yoyi uzunligini toping. 
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    1 - 4. Aniqmas integralni toping. 
    5 - 7. Aniq integralni hisoblang. 
    8. Berilgan l  egri chiziqning ko‘rsatilgan o‘q atrofida 
aylanishidan hosil     bo‘lgan sirt yuzasini hisoblang. 
    9. Berilgan egri chiziqlar bilan chegaralangan figuraning 
ko‘rsatilgan o‘q atrofida aylanishidan hosil bo‘lgan jism hajmini 
hisoblang. 
10 (10.1-10.15). Bir jinsli l  egri chiziq og‘irlik markazining 
koordinatalarini toping. 
10 (10.16- 10.30). Berilgan chiziqlar bilan chegaralangan bir 
jinsli D  yassi figura og‘irlik markazining koordinatalarini 
toping. 
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  10. :l  )cos(sin3),sin(cos3 tttytttx   (  t0 ) egri chiziq yoyi. 

9-variant 

    1.   
 .

)1)(2(
65

2 dx
xxx

x                            2.  
 .

1cossin
sin1 dx

xx
x  

    3. 


.
43 2

dx
xx

x                                         4. 

 .1
12 5

4 3

dx
xx

x  

    5. 





0

2

2 ;)1( dxex
x

                                        6. 
2

0

44 .3cos3sin xdxx  

   7. 


2
1

0
2

.
62

32 dx
xx

x                                       

    8. :l  
2

2 xchy   zanjir chiziq yoyining 0x  dan 2x  gacha qismi, .Ox  

    9. .,
2

0,cos,sin Oxxxyxy   

   10. :l  
3

sin 3 ar   egri chiziq yoyi. 
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10-variant 

    1.   
 .

)1)(2(
12

2

2

dx
xxx

xx                           2.  
.

)cos1(cos xx
dx  

    3.  
 .

)1( 3

3 2

dx
xx

xxx                                  4.  


.
)1(

32

3 25 4

dx
xx

x  

    5. 
e

xdxx
1

2 .ln                                              6. 


0

624 .cossin2 xdxx  

   7. 


2
3

1
2

.
45

72 dx
xx

x                                       

    8. :l  yx 22   parabolaning 0y  dan 
2
3

y  gacha qismi, .Oy     

     9. ,cos2ar  qutb o’qi.                           

    10. :l  2522 yx  aylananing Ox  o‘qdan yuqori yarim qismi. 

 
11-variant 

    1.   
 .
1

23
3

2

dx
x

xx                                    2.  
.

5cos3sin xx
dx  

    3. 
 .)1)(1(

6 5

3

dx
x

xx                             4. 

 .1
5 2

5 3

dx
xx

x  

    5. 
1

0

32 .dxex x                                              6. 



2

88 .cos2 xdx  

   7. 
 

3
1

3
1

2
.

123
7 dx
xx

x                                       

    8. :l  

2
cos

1
2 

r  egri chiziq yoyining 0  dan 
2
  gacha qismi, .Ox  

    9. .,1,0,0,
1

2
2 Oxxyx

x
y 


  

  10. :l  )cos1(4 r  kardioidaning  0  dan   gacha qismi. 
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12-variant 

    1.   
.

)102)(2(
36

2 xxx
dx                           2.  

.
3sincos2 xx

dx  

    3.  
.

1 3

6

x
dxx                                                4. 




.

)1(
6 5

3 2

dx
xx
x  

    5. 



1

0

2 .)1(ln
e

dxx                                         6. 


0

2

628 .cossin2


xdxx  

   7. 


 
1

2
2

.
142

3 dx
xx

x                                       

    8. :l  122  xy  parabolaning 0x  dan 7x  gacha qismi, .Ox  

    9. ),cos1(),sin( tayttax  b.a., .Oy         

   10. :l  
a
xachy   zanjir chiziq yoyining ax   dan ax   gacha qismi.             

13-variant 

    1.   
 .

)1)(1(
13

2

2

dx
xxx

xx                            2.  
.

cossin2 xx
dx  

    3.  
.

3 xx
dx                                            4.  

 .1
3

3 4

dx
xx
x  

    5. 
2

0

2 .
2

sin



dxxx                                           6. 
2

0

62 .cossin xdxx  

   7. 

2

1

0
2

.
31
12 dx

xx
x                                       

    8. :l  2cos92r  limniskataniing  0  dan 
4
  gacha qismi, .Ox  

    9. .,0,4,1,6 Oxyxxxy   

    10. :l  1622 yx  aylananing Oy  o‘qdan o‘nq tomonda yotgan yarim qismi. 
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14-variant 

    1.   
 .

)22)(1(
23

2 dx
xxx

x                          2.  
.

sin3cos xx
dx  

    3.  
 .
1

11 3

dx
x

x                                        4. 

 .1

6 5

4 3 2

dx
xx
x  

    5. 
3

0
2 .

cos



x
xdx                                                 6. 



0

444 .cossin2 xdxx  

   7. 

2

1

0
2

.
2

14 dx
xx

x                                       

    8. :l  cos4r  egri chiziq yoyi, .Ox  

    9. .,, Oxaxa
a
xachy   

  10. :l  
2

sin3,
2

cos3 33 tytx   astroidaning uchinchi kvadrantdagi qismi. 

 
15-variant 

    1.   
 .

)22)(3(
25

2 dx
xxx

x                         2.  
.

cossin1
sin

xx
xdx  

    3.  
 .

11
11

3
dx

x
x                                        4. 


 .1

25 112

5 5 6

dx
xx
x  

    5. 
e

xdxx
0

2 .ln                                             6. 
2

0

8 .
4

cos dxx  

   7. 
 

2
3

2
1

2
.

1744
14 dx
xx

x                                       

    8. :l  )cos1(2 r  kardioidaning     dan 
2
  gacha qismi, .Ox  

    9. .,12

2

2

2

Oy
b
y

a
x

  

   10. :l  cos2r  egri chiziq yoyining  
4
   dan 

4
  gacha qismi.          



 375 

16-variant 

    1.   
 .

)1)(1(
35
2 dx

xx
x                                  2.  

;
cossin3 xx

dx  

    3.  
 .

)(
1

6

3

dx
xxx

x                                     4.  
 .1 3

dx
xx
x  

    5. 
e

xdx
1

3 .ln                                                6. 


0

624 .
2

cos
2

sin2 dxxx  

   7. 

2

3

0
2

.
1

82 dx
xx

x                                       

    8. :l  teytex tt cos,sin   egri chiziq yoyining  0t  dan  

2
t  gacha qismi, .Oy  

    9. ),cos1(  ar qutb o‘qi.                             

   10. :D  2cos92r  limniskataning birinchi halqasi bilan chegaralangan. 

17-variant 

    1.   
 .

)134)(2(
612

2 dx
xxx
x                       2.  

.
5cos3 x

dx  

    3. 

 .

)1(
1

3
dx

xx
x                                     4. 




.

)1(
9 5

3 23

dx
xx
x  

    5. 


0

3 .sin xdxx                                          6. 
2

0

26 .cossin xdxx  

   7. 


2

0
2

.
43

12 dx
xx

x                                       

    8. :l  
2

ln
4

2 yyx   egri chiziq yoyining 1y  dan ey  gacha qismi, .Oy  

    9. .,0,4,)2( 2 Oyyxxy     

    10. :D  xy sin sinusoida va Ox  o‘qining  ];0[   kesmasi bilan 
chegaralangan. 



 376 

18-variant 

    1.   
 .

)52)(1(
1022

2

2

dx
xxx

xx                       2.  
.

cos4sin3 xx
dx  

    3.  
.

3

6

xx
dxx                                          4. 




.

)1(
5 22

4 35 4

dx
xx
x  

    5. 



0

2

2 .3cos)4( xdxx                                6. 


0
268 .cossin2



xdxx  

   7. 


2

0
2

.
72

4 dx
xx

x                                       

    8. :l  tytx sin1,cos   egri chiziq yoyi, .Ox  

    9. .,sin,cos 33 Oytaytax   

  10. :D  xy 32   va yx 32   egri chiziqlar bilan chegaralangan. 

 
19-variant 

    1.   
 .

)32)(2(
73

2 dx
xxx

x                      2.  
.

cos48 x
dx  

    3.  
.

1 4
dx

x
x                                         4.  


.

)1(
52

5 43 2

dx
xx

x  

    5. 
3

4

2 .
sin



 x
xdx                                             6. 




2

88 .sin2 xdx  

   7. 


5

1
2

.
102

32 dx
xx

x                                       

    8. :l  
3

,
2

4
32 tytx   egri chiziq yoyining  0t  dan  

22t  gacha qismi, .Oy           

    9. .,0,arccos,arcsin Oyyxyxy   

  10. :D  tytx 33 sin4,cos4   





 

2
0 t  astroida yoyi bilan chegaralangan. 
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20-variant 

    1.   
 .

)1)(2(
34

2 dx
xxx

x                        2.  
.

4sin4cos3 xx
dx  

    3.  
.

1

3

dx
x

x                                         4.  
 .1

82

4 3

dx
xx
x  

    5.  
3

4

2 .2sin)3(


xdxxx                              6. 



2

448 .cossin2 xdxx  

   7. 
 

0

2
2

.
984

52 dx
xx

x                                       

    8. :l  1
259

22


yx  ellipsning 0y  dan 5y  gacha qismi, .Oy  

    9. .,12

2

2

2

Ox
b
y

a
x

  

  10. :D  )cos1(2 r  kardioida bilan chegaralangan. 

 
21-variant 

    1.   
 .

)136)(1(
36175

2

2

dx
xxx

xx                      2.  
.

cos2
cos

x
dx  

    3. 


.
1 3 2x

dxx                                            4. 

 .1
3 2

3

dx
xx

x  

    5. 



0

1

2 .)1ln( dxxx                                     6. 


0

444 .
2

cos
2

sin2 dxxx  

   7. 


3

2
2

.
34
6 dx

xx
x                                       

    8. :l  

2
sin

1
2 

r  egri chiziq yoyining  0  dan 
2
  gacha qismi, .Ox  

    9. .,
2

,0322
2

Oxxyyx     

 10. :D  1
1625

22


yx  ellips va koordinata o‘qlari )0,0(  xy  bilan 

chegaralangan. 
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22-variant 

    1.   
 .

)102)(2(
222

2 dx
xxx

x                      2.  
.

2cos3sin xx
dx  

    3. 


 .
33

3
3

6

dx
xx

x                             4. 



.

)1(
12 7

4 33

dx
xx
x  

    5.  


0

2 .
2

cos)1( dxxx                                  6. 
2

0

8 .
4

sin dxx  

   7. 

3

4

3
1

2
.

968
32 dx

xx
x                                       

    8. :l  )cos1(2),sin(2 tyttx   sikloidaning bir arkasi, .Oy  

    9. ,
3
11, 32 tytx  b.h., .Ox  

  10. :D  0,0,)2( 2  yxxy   chiziqlar  bilan chegaralangan. 

 
23-variant 

    1.   
 .

)52)(1(
772

2

2

dx
xxx

xx                         2.  
.

cos3sin2 xx
dx  

    3.  
.

)(3 xxx
dx                                       4. 




.

)1(
10 9

5 4

dx
xx
x  

    5. 
e

dx
x

x
1

2 .ln3                                             6. 


0

2

88 .cos2


xdx  

   7. 
 

0

3
1

2
.

962
34 dx

xx
x                                       

    8. :l  )cos1(5 r  kardioidaning  0  dan 
2
  gacha qismi, .Oy  

   9. .,
22

,sin,cos Oyxtbytax    

 10. :D  1622 yx  aylananing o60 li markaziy burchagi bilan   
  chegaralangan. 
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    24-variant 

    1.   
 .

)136)(1(
13

2

2

dx
xxx

xx                             2.  
.

5sin4cos2 xx
dx  

    3.  
 .

11
11 dx

x
x                                            4.  


.

)1(
42

3 24 3

dx
xx
x  

    5. 



0

1

2 .)1( dxex x                                             6. 


0

2

448 .cossin2


xdxx  

   7. 
 

0

2
2

.
42

4 dx
xx

x                                       

    8. :l  tytx 33 sin4,cos4   astroida, .Ox  

    9. ),cos1(  ar qutb o’qi.                                         

  10. :D  6 yx , 0,0  xy  chiziqlar bilan chegaralangan. 

25-variant 

    1.   
 .
27
65

3

2

dx
x
x                                              2.  

.
cos3sin25 xx

dx  

    3. 


 .
22

2
3

dx
xx
x                                     4.  

 .1
52

5 4

dx
xx
x  

    5. .
1

0
 dxxxarctg                                             6. 



0

84 .
2

cos2 dxx  

   7. 
 

1

2
1

2
.

28
42 dx

xx
x                                       

    8. :l  xey   egri chiziq yoyianing 0x  ga mos qismi, .Ox  

    9. .,
4

0,cos,sin Oyxxyxy     

  10. :D  xy cos  kosinusoida va koordinata o‘qlari  bilan chegaralangan. 
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26-variant 

    1.   
 .

1
125

3

2

dx
x

xx                                  2.  
.

cos3sin7 xx
dx  

    3. 


 .
1
1

4 3
dx

x
x                                         4. 




.

)1(
5 3

5 43

dx
xx
x  

    5.  
1

0

2 .)1arcsin( dxxx                                6. 
2

0

26 .
4

cos
4

sin dxxx  

   7. 
 

1

2
1

2
.

1
82 dx

xx
x                                       

    8. :l  xy cos kosinusoidaning 
2
x  dan 

2
x  gacha qismi, .Ox  

    9. .,
8

,
2

32

Oxxyxy   

  10. :D  tty  3  , 12  tx  chiziq va Ox o’q bilan chegaralangan. 

27-variant 

    1.   
 .
4

24
24 dx

xx
x                                       2.  

.
cos3sin4 xx

dx  

    3.  
 .

)1( 6

3 2

dx
xx

xx                                       4. 



.

)1(
92

3 23 2

dx
xx

x  

    5.  
1

0

23 .)1( dxex x                                       6. 


0

264 .
2

cos
2

sin2 dxxx  

    7. 


5

3
2

.
158

52 dx
xx

x                                       

    8. :l  tRtRytRtRx 2sinsin2,2coscos2   egri chiziqning x  dan  
0x   gacha qismi, .Ox  

    9. .,sin,cos 33 Oxtaytax   

  10. :D )cos1(2),sin(2 tyttx   ning bir arkasi va Ox  o‘q bilan 
chegaralangan. 
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 28-variant 

    1.   
 .

)1)(3(
52

2 dx
xxx

x                         2.  
.

sin5cos35 xx
dx  

    3. 


.
3 2xx
dxx                                           4.  


.

)1(
62

4 33 2

dx
xx
x  

    5.  


0

5 .2cos)5( xdxx                                6. 


0

84 .
2

sin2 dxx  

   7. 
 

0

2
2

.
152

13 dx
xx

x                                       

    8. :l  2cosr  limniskataniing  0  dan 
4
  gacha qismi, .Ox  

    9. .,,12

2

2

2

Oybxb
b
y

a
x

    

  10. :D  922 yx  aylananing Ox  o‘qdan yuqori yarim qismi  bilan 
chegaralangan. 

 

29-variant 

    1.   
 .

)102)(2(
106

2 dx
xxx

x                      2.  
.

5sin4cos3 xx
dx  

    3. 


.
2)2(3 2 xx

dx                             4. 

 .1
4 3

dx
xx

x  

    5. .sin
2

0



xdxe x                                            6. 
2

0

8 .sin xdx  

   7. 
 

0

2
1

2
.

443
34 dx

xx
x                                       

    8. :l  yx 33   egri chiziq yoyining 0x  dan 1x  gacha qismi, .Ox  

    9. .,
2

0,sin,cos Oxxtbytax   

  10. :D  )cos1(4 r  kardioida bilan chegaralangan. 
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30-variant 

    1.  dx
xxx

xx
 


)52)(1(

574
2

2

                        2. dx
x

xx
 


cos1

cos3sin2  

    3. dx
xx

xx
 


3

63 2

.33
3)3(                           4. 




.

)1(
12 5

3 24

dx
xx
x  

    5. 
9

0
2 3cos



x
xdx                                               6. 




2

268 .cossin2 xdxx  

   7. 

2

4
3

2
.

232
52 dx

xx
x                                       

    8. :l  tytx 33 sin5,cos5   astroidaning 0t  dan 
2
t gacha qismi, .Oy  

    9. .,0,6,
3

)3( 2

Oxxyyx 


  

  10. :D  1
b
y

a
x  to‘g‘ri chiziq va koordinata o’qlari bilan chegaralangan.  

 

B. NAMUNAVIY  VARIANT   YECHIMI 

    1.30. dx
xxx

xx
 


)52)(1(

574
2

2

. 

 Integral ostidgi funksiya to‘g‘ri kasrdan iborat. Kasrning 
maxrajidagi 522  xx  kvadrat uchhad ko‘paytuvchilarga ajralmaydi, chunki 

.04
4

2

 qp   

       U holda  kasrni 

521)52)(1(
574

22

2











xx
CBx

x
A

xxx
xx  

ko’rinishda yozib olamiz. 
Tenglikning chap va o‘ng tomonlarini umumiy maxrajga keltiramiz va 

suratlarni tenglashtiramiz: 
).1)(()52(574 22  xCBxxxAxx  
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       CBA ,,  koeffitsiyentlarni topamiz: 














.55:
,4:

,816:1

0

2

CAx
BAx

Ax
 

Bundan   .5,2,2  CBA  
Shunday qilib, 

















 52
)52(|1|ln2

52
52

1
2

)52)(1(
574

2

2

22

2

xx
xxdxdx

xx
x

x
dxdx

xxx
xx  

.
2

1
2
3|52|ln|1|ln2

2)1(
)1(3 2

22 Cxarctgxxx
x

xd








   

    2.30. dx
x

xx
 


cos1

cos3sin2 . 

        Integralda almashtirishlar bajaramiz: 

.3
cos1
sin13

cos1
sin1cos33

cos1
cos3sin2

1 CIxdx
x
xdxdx

x
xxdx

x
xx














    

1I  integralni universal trigonometrik o‘rniga qo‘yish orqali  
ratsionallashtiramiz:  



















 
arctgtx

t
dtdx

t
tx

t
txxtgt

dx
x
xI

,
1
2

,
1
1cos,

1
2sin,

2
cos1
sin1

2

2

2

2

1  












  2

2

2

2

1
2

1
11

1
21

t
dt

t
t
t
t












   2

2

22

2

1
)1(

1
2

1
21

t
tdt

t
tdtdtdt

t
tt

.
2

cosln2
22

1ln
2

|1|ln 22 xxtgxtgxtgtt   

       Demak, 

.
2

cosln2
2

3
cos1

cos3sin2 Cxxtgxdx
x

xx
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  3.30. dx
xx

xx
 


3

63 2

.33
3)3( . 

          63 tx   belgilash kiritamiz, chunki 6)6,3,2( EKUK . 
        Bundan   .6,3 56 dttdxtx   
        U holda 

 





 dtt

tt
ttdx

xx
xx 5

23

4

3

63 2

6
.33
3)3(  

 



 dttttdtt
t
t )1(6

1
16 244

3

 

.)3(
5
6)3(

7
6

5
6

7
6

6 56 7567 CxxxCttt   

  4.30. 



.

)1(
12 5

3 24

dx
xx
x   

Integral ostidagi funksiyani standart shaklda yozib olamiz: 

.1
3
2

4
1

12
17








 


xx  

         Demak, .
3
2,

4
1,

12
17

 pnm   Bundan .11


 p
n

m  

Chebishevning uchinchi o‘rniga qo‘yishidan foydalanamiz: 
34

1
4
1

1 txx   yoki  .1)1( 34
1

tx  
Bundan 

,1 3
1

4

4








 


x
xt   ,)1( 43  tx    .)1(12 532 dtttdx   

U holda 




   dttttttdx
xx
x 5323

2
1333

17
2

12 5

3 24

)1())1(()1(12
)1(  

  
dttdttt 4225

3
2

3
17

2 12)1(12  

.1
5

12
5

12
3

5

4

4
5 C

x
xCt 
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  5.30.  
9

0
2 3cos



x
xdx . 

         Aniq integralni bo‘laklab integrallash usuli bilan hisoblaymiz: 

 





9

0

9

02

9

0
2 3

3
13

3
1

3
3
1,

3cos

,,

3cos



xdxtgxxtg
xtgv

x
dxdv

dxduxu

x
xdx  
















  |0cos|ln

3
cosln

9
1

27
3|3cos|ln

9
10

393
1 9

0




xtg  

 2ln33
27
11ln

2
1ln

9
1

27
3







  

 . 

 6.30. 



2

268 .cossin2 xdxx  

Integral ostidagi funksiyaning darajasini pasaytiramiz: 

 222222424268 )cossin2()sin2(16)cossin2)(sin2(2cossin2 xxxxxxxx  

 xxxxx 2sin)2cos2cos21(162sin)2cos1(16 2222  

 xxxxx 2cos2sin162sin2cos322sin16 2222  

 222 )2cos2sin2(42sin2cos32)2sin2(8 xxxxx  

 )8cos1(22sin2cos324cos88 2 xxxx  

.2cos2sin328cos24cos810 2 xxxx   

Integralni hisoblaymiz: 

    



















2 2 2 2

2

2

268 2cos2sin328cos24cos810cossin2 xdxxxdxxdxdxxdxx  

 















2

2

22
2

)2(sin2sin16
8
8sin2

4
4sin810 xxdxxx  

.5
3

2sin1600
2

10
2

3












 

x
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       10-shakl. 

O  

5  

x  

y  

5  

  7.30. 

2

4
3

2
.

232
52 dx

xx
x  

  Ildiz ostidagi funksiyada almashtirishlar bajaramiz: 







  xxxx

2
322232 22  

.
4
3

16
252

16
9

16
9

2
312

2
2















 















  xxx  

U holda 












 














 





2

4
3

2

4
3 22

2

4
3 2 5

34arcsin
2

1

4
3

4
52

4
3

232
x

x

xd

xx
dx  

.
4

21arcsin
2
20arcsin

5
324arcsin

2
2 







 


  

       8.30. :l tytx 33 sin5,cos5   astroidaning 0t  dan 
2
t gacha qismi, .Oy        

            ),(tx   ),(ty     t   
parametrik tenglamalar bilan berilgan  
egri chiziqning Oy  o‘q atrofida  
aylanishidan hosil bo‘lgan jism sirti  
yuzasi  
           





 dtttt )()()(2 22  

formula bilan hisoblanadi.  
tytx 33 sin5,cos5    

astroidaning 





 

2
0 t  Oy  o‘q  

atrofida aylanishidan hosil bo‘lgan  
sirt yuazini hisoblaymiz: (10-shakl). 

 
2

0

22223 )cossin15()sincos15(cos52



 dtttttt  

 
2

0

3
2

0

2223 sincoscos150)sin(cos)sin(coscos150



 tdtttdtttttt  
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2

0

2

0

5
4

2

0

4 .30
5

cos150)(coscos150sincos150

 

 tttdtdtt  

  9.30. .,0,6,
3

)3( 2

Oxxyyx 


  

         0x  da .3y   

        U holda  
d

c

dyyygV )(2  formulaga ko‘ra 












 

6

3

2
3

4
23

6

3

6

3

2

2
92

43
2)96(

3
2

3
)3(2 yyydyyyydyyyV   

.
2

63
2
8154

4
811892162369

3
2 







   

10.15(1). :l  )cos1(),sin( tayttax  sikloidaning bir arkasi. 
Sikloidaning birinchi arkasi ax   to‘g‘ri chiziqqa nisbatan 

simmetrik bo‘ladi. Shu sababli sikloida og‘irlik markazining abssissasi 
axc   bo‘ladi.    

 Sikloida og‘irlik markazining ordinatasini    

m

ydl
y

b

a
c





,    

b

a

dlm   

formula bilan topamiz.      
        Bunda 

     dttattadl )cos1()sin( 2    dttta 222 sin)cos1(  

.
2

sin2cos22 dttadtta   

        Egri chiziq bir jinsli bo‘lgani uchun uning zichligi const bo‘ladi.         
U holda 

 



2

0

dlm  ;8
2

cos4
2

sin2
2

0

2

0

atadtta 


  

 



2

0

2
2

0

2

2
sin

2
sin22

2
sin)cos1(2 dtttadtttaa  







 













  




2

0

32
2

0

22

2
cos

3
1

2
cos8

2
cos

2
cos18 ttatdta  
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;
3

32
3
1

3
1118 22 aa  






       

.
3
4

83
32 2

a
a

ayc 




  

Demak,  







3
4; aaC  . 

10.30. :D  1
b
y

a
x  to‘g‘ri chiziq va koordinata o‘qlari bilan chegaralangan. 

To‘g‘ri chiziq tenglamasidan topamiz:   .bx
a
by   

Quyidagi formulalarni qo‘llaymiz: 

,
m

xydx
x

b

a
c





    ,2

1 2

m

dxy
y

b

a
c





 

b

a

ydxm  . 

U holda 

;
222

0

2

0

 babababxx
a
bdxbx

a
bm

a
a







 















    

;
62323

222

0

23

0

 bababaxbx
a
bdxbx

a
bx

a
a

























   








 





   dxx

a
bx

a
bbdxbx

a
b aa

0

2
2

22
2

0

2 2
22
  

;
632

2
2

2

0

3

2

222
2  abx

a
bx

a
bxb

a









  

;
36

22 a
ba

baxc 






   .

36
22 b

ba
abyc 






  

Demak, 







3
;

3
baC . 
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JAVOBLAR 

1.1. Determinantlar 

  1.1.1.  14.  1.1.2.  2.   1.1.3. .2x   1.1.4. )( bab  .  1.1.5. ).sin()sin(      
  1.1.6. .sin2     1.1.7. 40.  1.1.8. .10   1.1.9. .47   1.1.10. 18 .   1.1.11. 22 .  1.1.12. .10   
1.1.13. ).2(2 bb 1.1.14. x4 .  1.1.15. .sinsinsin2   1.1.16.   tgtg  .  
1.1.17. ).)()(( cbcaba  1.1.18. ( )( )( ).a x y x z z y     1.1.19 ).3(2 baa    1.1.20. .xyz   
1.1.21. .0     1.1.22. .2cos    1.1.23. .1,2 21  xx    1.1.24. .5,1 21  xx     
1.1.25. .3,2 21  xx  1.1.26. .2,1,4 321  xxx   1.1.27.  63.   1.1.28.  100.    

1.1.29. .582 dcba     1.1.30. .6       

1.2. Matritsalar 

  1.2.1. .
434
173











 1.2.2. .

234
513
123





















 1.2.3. .

732
673
210





















  1.2.4. .

201
335
212


























   

1.2.5.  .
278
422







 
     1.2.6.  .

016
32
110




















   1.2.7. .
52

101
67


















     1.2.8. .

212
1338
412





















     

1.2.9. .
3038
208











  1.2.10. .
166154
6735








   1.2.11. .
39
60










   1.2.12. .
27120
1316
680





















   1.2.13. .3  

1.2.14. .2    1.2.15. .2    1.2.16. 3     1.2.17.  .
32
65

3
1












    1.2.18. .

102

226
3210

2
1
























   

 1.2.19. .
242
214

10148

6
1






















       1.2.20.  .

3524
2640
5364
4400

8
1



























   

1.3. Chiziqli tenglamalar sistemasi 

  1.3.1. Birgalikda emas.   1.3.2. Birgalikda, aniqmas.    1.3.3. Birgalikda, aniq.   
1.3.4. Birgalikda emas.1.3.5. .2,3,1 321  xxx     1.3.6. .1,3,3 321  xxx     
1.3.7. .1,2,3 321  xxx   1.3.8. .1,1,1 321  xxx     1.3.9. .2,3 21  xx       
1.3.10. .2,3 21  xx  1.3.11. .0,2,1 321  xxx     1.3.12. .2,2,1 321  xxx     



 391 

1.3.13. .2,1,2 321  xxx 1.3.14. .0)2)(1(,0,1,0 321  aaax
a

xx      

1.3.15. .3,2,1 321  xxx 1.3.16. .1,2,2 321  xxx      
1.3.17. .1,1,1,1 4321  xxxx 1.3.18. .1,2,1,2 4321  xxxx       
1.3.19. .,12,1,2 4321 kxkxkxx   1.3.20. ,,185,3135 13122121 kxkkxkkx   

.24 kx     1.3.21. .,0, 321 kxxkx        1.3.22. .14,11,15 321 kxkxkx      
1.3.23. .5,11,7 321 kxkxkx    1.3.24. .0321  xxx   1.3.25. .04321  xxxx     
1.3.26. .3,0,7,2 4321 kxxkxkx         

2.1. Vektorlar 

  2.1.1. ba


 .  2.1.2.
3
2baAM



 . 2.1.3. ,3,2),(2 mnANmnAMmnBC 

  

.2mnNM     2.1.4., .32m   2.1.5. cba 
 2 , 

2
cab
 

 , bac
 2 . 2.1.6. .3,1  nm     

2.1.7. .32 cbad 
    2.1.8. 22ABПрl , 2ADПрl , 2DCПрl , 0ACПрl .   

2.1.9. 3ABПрl , 0BCПрl , ,3CAПрl 3ADПрl , ,
2
3

BFПрl  .
2
3

CEПрl   

2.1.10. 1)  12;17;7  ; 2) 






 

3
8;

3
7;

3
5 ; 3) 







 

4
13;

4
39;

2
3 ; 4)  14;9;9  .  2.1.11.  }3;3;5( B . 

2.1.12. }3;1;3( A .    2.1.13. .14||,6||  baba
  2.1.14. 1) ;

25
16;

5
3;

25
12||,25||







  oABAB  

 2) .
13
12;

13
3;

13
4||,13||







  oABAB  2.1.15. 1) );0;7(),0;1(    2) ).0;9(),0;1(      

2.1.16. 1) )4;0(  ;  2) )5;0( .   2.1.17. .7|| AD   2.1.18.  3;3;3 M .     

2.1.19.  .2;22;2 a    2.1.20. .3    2.1.21.






  9;

5
36;

5
48b


.  2.1.22. .

7
3;

7
6;

7
2







oa    

2.1.23. 1) )1;2( ;  2) .2;
3
2







    2.1.24. 










6
1;

6
1;

6
20c . 

2.2. Vektorlarni ko‘paytirish 

  2.2.1. 1) 12 ;  2)112 ;  3)68 ;  4)252.  2.2.2. 1) 16 ;  2)3 ;  3) 89 ;  4)86 .   2.2.3. 1) 1m ;  

 2) 6m ;  3) ,5m 5m ;  4) ,2m   3m .  2.2.4. .
2
3

   2.2.5. 
3
 .    2.2.6. .

2
     

2.2.7. 1) ;
3
   2) .    2.2.8.  1)

13
21 ;  2) 4 ;  3)

13
261 .  2.2.9. .).(10 bish .  2.2.10. .32 jix


   

2.2.11. .57 kjix


   2.2.12.1) 012e ;  2) .132   2.2.13. 1) .);.(
2
3 by   2) .);.(242 by  3)  

.)..(366 by  2.214. .325   2.215. .15   2.2.16.1) 3;9;9  ; 2) 9;27;27  ; 3) 6;18;18    
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4) }21;63;63{  .  2.2.17. 1) ;
2

195 2) ;29   3) .
2
49  2.2.18. .);.(14 byS  .)..(

13
14 buh     

 2.2.19. };4;9;8{ M };11;2;10{ M }.7;4;1{ M  2.2.20. .9  2.2.21. .2,
2
3

   

 2.2.22. 1) }2;3{ ; 2) }3;2{ ; 3) .
3
5;

2
1







   2.2.23. 1) yo‘q; 2) ha;  3) ha.  2.2.24. 1) 

3
1

 ;  

2) .3  2.2.25. 1) .);.(14.),.(14 buhbhV   2) .);.(23.),.(2 buhbhV  3) 

.)..(
3

34.),.(4 buhbhV    2.2.26. 1) chap uchlik, ).(51 bhV  ;  2) o‘ng uchlik, ).(12 bhV  ; 3)  

chap uchlik, );.(18 bhV    3) chap uchlik, )..(27 bhV    2.2.27. }.2;1;2{ x  

3.1.Tekislikda koordinatalar sistemasi 

  3.1.1. ).2;3(),2;3(),2;3( 321  AAA   3.1.2. ),1;2( A   ),4;1(B ),2;3( C ).4;3(D  

  3.1.3. ).;3(;
2

;3,
4

3;23,
6

5;2,
6

;2  EDCBA 





 














 






     3.1.4. ),3;1(),0;3( BA  

  









2
3;

2
1,5;0 DC .    3.1.5. 1) );0;3(),;3( 21 AA  2) 






 






  ;

4
:2;

4
3;2 21

 BB  

3) .
3

;1,
3

2;1 21 













  CC   3.1.6. 






 








4
;5,

9
5;3  . 3.17. .)..(7 bu  3.1.8. ).sin(

2
1

1221   rrS  

 3.1.9. .)..(4 by 3.1.10. .)..(64 by  3.1.11. .)..(26 by   3.1.12. )0;3( , ).0;7(  
3.1.13. 1) );2;7(),8;3(),0;0(  CBA  2) );6;4(),0;0(),8;3( CBA   3) ).0;0(),6;4(),2;7( CBA   

3.1.14.  3;3,
2

33;
2
1,

2
31;

2
13
















  CBA . 

3.2.Tekislikdagi to‘g‘ri chiziq 

 3.2.1. 1) ;033  yx  2) ;01
916

22


yx 3) ;012  yx  4) .02 2

2  x
g
vy  

3.2.2. 1)
4
3

k , 4a , 3b ;  2)
3
1

k , 2a ,
3
2

b ;  3)
2
1

k , 5a ,
2
5

b ;  

4)
5
3

k ,
2
5

a ,
2
3

b . 3.2.3. 1) 0643  yx ; 2) 093  yx ; 3) 02 x ;   4) 05  yx .   

3.2.4.  2va3. 3.2.5. 1)  2;10M , 045 ;  2)  1;20 M , 090 ;  3) 0M , 0 ;   4) .45),2;2( 0
0 M         

3.2.6. 1) 6m , 3n  va 6m , 3n ;   2) 6m , 3n  va 6m , 3n ;   3) 0m , n chekli 

son. 3.2.7. 1) 
2
3

m da ,  ;
3
2

 dam  2) 4m da ,  .9  dam 3.2.8.  ).6;1(   

3.2.9. 02  yx  va .044  yx  3.2. 10. .01123  yx       3.2.11. .025  yx    
3.2.12. .017912  yx  3.2.13.  035  yx ,  0115  yx .   
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3.2.14.   043  yx ,  085  yx , 0103  yx ,  065  yx . 3.2.15. .
2

),4;4(  M     

3.2.16. 0833  yx .  3.2.17. 01243  yx . 
 3.2.18. .0125,03727,072  yxyxyx    3.2.19. .2xy   
3.2.20. .0956,0647,07  yxyxyx  3.2.21. .03,092  yxyx   

3.2.22. 033229  yx .     3.2.23. )..(29 by   3.2.24. )..(
10
23 bu    3.2.25. )..(26 bu   3.2.26. ).5;12(      

3.2.27. 02043  yx va 01043  yx . 

3.3.Tekislikdagi ikkinchi  tartibli chizilar 

  3.3.1.1) 36)3()1( 22  yx ;  2) 50)5()3( 22  yx ;  3) 2)4()2( 22  yx ;      
  4) 400)20()20(,16)4()4( 2222  yxyx ;   5) 1)1()2( 22  yx .  

  3.3.2. )..(25 bu   3.3.3. 
4

25
2
3)2(

2
2 






  yx . 3.3.4. 13)1()5( 22  yx .   

   3.3.5. )2;3(0M , 5R .  3.3.6. 0,
15
80 1  kk va .

15
8

2 k   3.3.7. 0y  va .034  yx  

3.3.8. 







];2;0[,2sin8
),2cos1(8

)1
tty

tx
  








];2;0[),2cos1(2
,2sin2

)2
tty

tx
 








].2;0[,2cos2sin1
,2cos2sin1)3

ttty
ttx  3.3.9. 1) 1

10036

22


yx ;    2) 1

4924

22


yx ; 3) 1

8136

22


yx ;   

4) 1
2516

22


yx .3.3.10. )..(12 bu   3.3.11. 05  yx va 05  yx .  3.3.12. )..(

5
32 bu    

3.313. ,
4

126;
4

215
1 








M .

4
126;

4
215

2 







M   3.3.14. ).0;3(M  3.3.15. 4002516 22  yx . 

 3.3.16. 







];2;0[,sin4
,cos5

)1
tty

tx
 








].2;0[,sin12
,cos5

)2
tty

tx
3.3.17. 1) 1

169

22


xy ;  

2) 1
25144

22


xy ;  3) 1

916

22


xy ;  4) 1

2425

22


xy .   3.3.18. 1) 1

824

22


yx ;  2) 1

48

22


yx ;  

3) 1
2712

22


yx ;   4) 1

1824

22


yx . 3.3.19. .

3
2   3.3.20. .2  3.3.21. .10,10||  bb  

 3.3.22. .622  yx   3.3.23. 1
124

22


yx .  3.3.24. ) yyx

2
1

16
1 2  ;  2) 3

10
1 2  xxy .  

3.3.25. 1) )1;4(A , 1y ;  2) )3;2(A , 2x .  3.3.26. 1) ;0124  yx  2) 01 yx va 

042  yx . 3.3.27. .
4
5,

4
5

 kk    3.3.28.  1)  122 yx giperbola; 2)  xy
2
92 parabola; 

3)giperbolaning pastgi yarim tekislikdagi  tarmog‘i; 4) giperbolaning chap yarim tekislikdagi 
tarmog‘i.  
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4.1.Tekislik 

4.1.1. ).4;0;0(M   4.1.2. ).0;4;11(M   4.1.3. 01432  zyx .   4.1.4. 020432  zyx . 
4.1.5. 1) a) ,032  zy  b) ;03  yx   2) a) 01 y , b) 03 z ; 3) a) ,04 z b) ;03 x  
4) a) ,03  zx  b) ;0177  yx  5) a) ,051422  zyx  b) .08314  zyx  
4.1.6.  ).2;0;0(),0;6;0(),0;0;3( CBA  1).  4.1.7. 1) 01552  zyx ;  2) 021942  zyx .     
4.1.8. 04  zyx .   4.1.9. 0153  zyx .  4.1.10. 1) 063  zyx ;  2) 0 zyx .     

4.1.11.  ;1

6
11

2
11

9
11 




zyx  01
11
6

11
2

11
9

 zyx .  4.1.12. 06  zyx .   

4.1.13. 1) 045 ;  2) 090 ;  3) 090 ; 4) )4,0arccos( .  4.1.14. 1) ;
2

15,
5
6

 nm  2) .4,3  nm   

4.1.15. 1) ;13m 2) .1m  4.1.16. 1) a) 0432  zyx ; b) 0832  zyx ;  
2) a) 03432  zyx ;  b) 01974  zyx ;  3) a) 0375  yx ;   b) 07  zy ;   
c) 04675  zx .  4.1.17. .062147  zyx 4.1.28. .01  zyx   
4.1.19. 0252  zyx  va .0252  zyx   4.1.20. 1) );2;1;2(M  2) ).1;1;2( M    
4.1.21. )..(4 bu   4.1.22. )0;0;15(M va ).0;0;1(M 4.1.23. 022  zyx va 01822  zyx .  
4.1.24. .)..(8 bh   

4.2.  Fazodagi to‘g‘ri chiziq 

4.2.1. 1)
1
2

3
1

2
1








 zyx ;  2)

0
1

1
3

0
2  zyx ;  3) ;

1
3

3
2

2
1


 zyx  

4)
7
1

6
2

11
1





 zyx .      4.2.2. .

0
2

21



zyx  4.2.3. 1) 














;282
,191

,13

tz
ty

tx
 2) 














.2
,31

,

tz
ty

tx
    

 4.2.4. }.9;22;8{ s 4.2.5. 1) 







;01
,074

zx
yx

 2) 







;0132
,0723

zy
yx

3) 







.0234
,083

zy
yx

    

4.2.6. .
4

1
3
2

5
2 





 zyx  4.2.7. .

1
3

2
2

1
1








 zyx     4.2.8. .

0
3

1
2

2
1 






 zyx    

4.2.9. .
3
4

15
3





 zyx  4.2.10. 1) 

4
  ;  2) 

33
66arccos . 4.2.11. 1) 

3
1

1
3

5
2 


 zyx ;   

2) .
17

1
16

3
6

2  zyx   4.2.12. 1) parallel; 2) ayqash. 4.2.13. 1)
4
  ;  2) 

6
  .  

4.2.14. 1) parallel;    2) to‘g‘ri chiziq tekisligida yotadi. 4.2.15.  1) )1;2;3(M ;  2) ).6;4;2(M   

4.2.16. 1) 3m , 23n ;  2) 12m , 12n ;  3) 2m , n - chekli son.   

4.2.17. 1) 01432  zyx ;   2) 0724  zyx ;  3) 01z . 

4.2.18. 1) 
0

6
2
5

1
4 


 zyx ;  2) 

1
6

1
5

1
4 


 zyx .  4.2.19. 09253  zyx .  

4.2.20. 





 

5
9;2;

5
23M .  4.2.21. )4;3;2(M . 4.2.22. 1) .).(

10
102 bu ;    2) .)..(

3
41 bu  
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4.3. Ikkinchi tartibli sirtlar 

4.3.1. 1) 36)2()4()4( 222  zyx ;  2) 21)1()1()3( 222  zyx ;    
3) 56)2()5()3( 222  zyx ; 4) 49)3()2()1( 222  zyx ;   

5) .0251510222  zyxzyx 4.3.2.1) 0m  va 
4
1m ; 2) 0m . 

4.3.3.1) ,044 242  zxy  ;
2

22 yxz 
   2) 1

2516

222





zyx , ;1

1625

222





zxy   

3) 1
1664

222





zxy , .1

1664

222


 zyx     4.3.4.  0222  zyx .   4.3.5. 1) ellips; 2)giperbola;   

3) parabola; 4) nuqta.  4.3.6. yzx 1022  (aylanish paraboloidi).  4.3.7. 62 222  xzy (ikki 
pallali giperboloid). 4.3.8. 1) ikki pallali giperboloid;  2) sfera;  3) elliptik  paraboloid;   
4) aylanish ellipsoidi; 5) giperbolik silindr;  6) giperbolik paraboloid;  7) ikki pallali    
giperboloid;  8) doiraviy silindr; 9) ellipsoid; 10) parabolik silindr. 

5.1.  Bir o‘zgsaruvchining funksiyasi 

  5.1.1. 1) );;2()2;(     2) );;2()2;3()3;(   3) ];2;2[  4) );;1()1;2(      

  5) 4) ];10;9()2;(     6) ;1;
2
1

2
1;

2
1

2
1;1 

















     7) ];10;7[   8) ;;

2
1






     9) };2{    

10) );2(  ;     11) ;  12) ];3;2(    13) );10(  ;  14) ;),)12(;2( Znnn     15) ;
3
2;0 




    

16) ]7;6()6;3[  ;   17) 





4
3;

4
3 ;  18) ];1;0()0;5[     19) );;2()2;1()1;(    20) ).2;3(  

 5.1.2. 1) );;2[   2) );;2[     3) ];3;7[   4)  2;2 ;   5) );;0[     6) ];3;1(  7) ];3;0[  

  8) ;
2
1;

2
1







   9) ;;

5
1






   10) }1{}1{  ; 11) ];3;0(   12) ].2;0(  5.1.3. 1) ;3   1) ;

3
4
3 4

  3) ;
3

3

x

x
      

  4) .3
3

1

x

x
     5.1.4. 1) 






 

2
5;  da kamayadi, 






 ;

2
5  da o‘sadi;   2) );(   da o‘sadi;   

  3) );0()0;(   da kamayadi;  4) );(   da kamayadi.    1.1.5. 1) toq;  2) juft;  3) juft;   
   4) umumiy ko‘rinishda; 5) toq; 6) toq; 7) juft;   8) toq; 9) toq; 10) juft. 
  5.1.6.  1) ;, kmnM     2) ;4,4  mM     3) ;2,2  mM  4) ;5,5  mM  

   5) ;
2
1,1  mM    6) .0,1  mM    5.1.7. 1) chegaralangan;  2) qat’iy monoton; 3) qat’iy 

monoton;      4) monoton.   5.1.8. 1) 6 ;  2)
2
 ;  3) 4 ;   4) 2 ;   5) ;   6) 

2
 ;   7) 

2
 ;  8) ;

3
    

9) 12 ;   10) 6 .      5.1.9. 1) ;
3

5


xy      2) ;
1 x

xy


    3) ;3 4 xy   4) .
2

arcsin
3
1 xy   

5.1.10. 1)   ,13)( 3  xxgf         ;)13()( 3 xxfg     2)   |,|sin)( xxgf     |;sin|)( xxfg  3)  

  ,5)( xxgf    ;
13

)(



x
xxfg     4)   ,)( 3xxgf    .3)( xxfg    5.1.13. .;; DCA  5.1.14. .; BA  
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 5.1.15. 1) ;12  xy  2) .1
49

22


yx  

5.2.  Sonli ketma-ketliklar 

  5.2.1. 1) ;
13

1



n

xn  2) ;
!

5
n

x
n

n   3) ;cos nxn   4) .)1(23 n
nx     5.2.2. 1); 2); 4); 6). 

  5.2.3.  2), 5)- monoton, 1),3),4),6)- qat’iy monoton.  5.2.6. 1) ;
2
1

  2) ;0  3) ;  4) ;8   5) ;4   

6) ;2    7) ;
5
1   8) ;

2
5

   9) ;0   10) ;1   11) ;
2
5

   12) ;
3
4

   13) ;   14) ;   15) ;1   16) ;0   17) ;3   

18) ;
2
1   19) ;

6
1  20) ;

4
1  21) ;0   22) ;

2
3

   23) ;
3
4   24) ;

36
1  25) ;

2
1

   26) ;2   27) ;1
e

  28) ;1
4e

  29)  

;3e   30) .2e     

5.3.  Funksiyaning limiti 

  5.3.2. 1) ,2)0( 0 xf ;3)0( 0 xf 2) ,0)0( 0 xf ;)0( 0 xf 3) ,2)0( 0 xf ;0)0( 0 xf    

4) ,
5
1)0( 0 xf 1)0( 0 xf . 5.3.5.  1) ;8  2) ;0   3)

2
3 ;  4)

3
;1   5) ;

3
4  6) ;2  7) ;

12
1

  8) ;
3
1  9) ;1   

10) ;  11) ;2   12) ;1   13) ;
3
4

   14) ;3   15) ;0   16) ;   17) ;
4
1

   18) ;2   19) ;0   20) ;
25
2   

21) ;2   22) ;0   23) ;1  24) ;
2
3

  25) ;
4
3  26) ;

2
1  27) ;26  28) ;

8
2  29) ;0  30) ;0  31) ;1


  32) ;1


  

33) ;1   34) ;
2
1   35) ;3e   36)e ;  37) ;   38) ;0   39) ;2e  40) ;1e   41) e ;  42) ;2e  43) ;e  44) ;e   

45) ;1  37) ;3  46) ;
2
1  47)1;  48) .4  

5.4. Cheksiz kichik funksiyalar 

  5.4.2.  1) ;
3
2   2) ;

2
1   3) ;1   4) ;3ln   5) ;1   6) ;5  7) ;

2
3ln   8) ;2   9) ;

3
2   10) ;

6
1   11) ;1   12) ;2   13) ;

2
1   

14) ;
5
9ln

2
1  15) ;

4
1

  16) ;
2
1

  17) ;
2
1   18) ;9   19) ;3    20) ;2


  21) ;0    22) ;2ln   23) ;1    24) .

2
3    

5.5.  Funksiyaning uzluksizligi 

5.5.4. 1) ;3,3  2) .1   5.5.5. 1) ikkinchi tur uzulish nuqtasi; 2) birinchi tur (bartaraf 
qilinadigan)   uzulish nuqtasi; 3) birinchi tur uzulish (sakrash) nuqtasi; 4) ikkinchi tur uzulish 

nuqtasi;  5.5.6. 1) 0x  birinchi tur (bartaraf qilinadigan) uzulish nuqtasi;  2) )(
2

znnx    

birinchi tur (bartaraf qilinadigan) uzulish nuqtasi. 5.5.7. 1) 3x da ikkinchi tur uzulishga ega;  
2) uzluksiz.  5.5.8. 1) ]5;4[ da uzluksiz, ]2;0[ da  1x ikkinchi tur uzulishga ega, ]1;3[ da 

3x ,  1x   ikkinchi tur uzulishga ega;  2) hech bir kesmada aniqlanmagan.  
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6.1.  Funksiyaning hosilasi va differensiali 

   6.1.1. 1) ;
132

3)(



x

xf    2) ;
)51(

5)( 2x
xf


   3) ;

2sin
2)( 2 x

xf    4) .22)( xshxf   

   6.1.2. 1) ;3   2) ;4   3) ;4  4) .
2
1

   6.1.3. 1) ;3,3   2) ;2,0   3) ;32,1  x  4) .1,1        

   6.1.4.  1) ;12 23 xxy         2) ;212 35  xxy      3) ;471
3 2

3

xx
xx

xx
y   

   4) ;13
2

1
42 xxx

y    5) ;)2()1(
3x

xexxey
xx 




   6) ;
)32(
2
3ln62

2xx

x

y



   

7) ;
)1(ln

1lnln
2

2





x

xxy     8) ;
)(ln

)1ln(2
2x

x

exx
xxey




     9) ;
)cos1(

sin2
2x

xy


   10) ;
2sin1

2
x

y


  

11) ;
2sin

4
2 x

y    12) ;
)sincos(

2
2

2

xxx
xy



    13) ;
2












shxxchx
xy  14) ;

2
4
2 xsh

y   

15) ;
ln
1

2 xx
y   16) ;

10ln
3

x
y    17) ;

34

3
2x

xy


   18) ;
2

1
2xx

y


   19) ;2sin2 xy    

20) ;
9

1
2 


x

y    21) ;arcsin xy    22) ;
1

)1(2
2 


 x

xx

e
eey   23) ;

91
3ln3
x

x

y


    24) ;
3
1

y    

25) ;)31( 2xtgy    26) ;3sin6 3 xey x  27) ;
2

1


xey  28) ;
cos

1
x

y    

29) ;
46 2xx
xy


  30) .
)2(
1
22

3





x

xxy   6.1.5. 1) ;
)1(

2
2x

y


  2) ;1
x

y   3) 

;
4

1
2x

y


   4) .
9

3
2 


x

y   6.1.6. 1) ;2

2

ya
xby    2) ;2

2

xy
yxy




    3) ;
)1(
)1(





yx

xyy   

4) ;
)sin(

)sin(2
xyx

xyyxy 
   5) ;

xe
yy y 

  6) .
sincos
sincos

xyx
yxyy




   6.1.7.   1) ;9,1,91,1  dyy    

2) ;7,0,71,0  dyy   3) ;5,0,581,0  dyy    4) .11,0,110601,0  dyy    6.1.8.  1) ;0125,2         
2) ;009,1       3) ;9942,0      4) .351,27   6.1.9. 1) 2,03;  2) 0,97;   3) 0,31;  4)1,01.    

 2.1.10. 1) ;)23)(742( 23 dttttdy       2) ;
4

1sin
2

2

dtttdy 
     3) ;

1322

)34(
2 




uu
duudy   

4) .
)2(2sin

)14(2
2 uu

duudy



   6.1.11. 1) ;ln xdxdy     2) ;ln1

2 dx
x

xdy 
    3) ;4sin2 xdxdy      

4) ;cossin3 2 xdxxady     5) ;3ln3sin cos dxxdy x   6) .cosln3 2 xdxtgxdy    

 6.1.12. 1) );35(24 2  xxy   2) );sin11cos2(2 xxey x     3) ;
)1(

4
22x

y


   4) .2
x

y    

6.1.13. 1) ;
2

sin n   2) ;
2

sin nn   3) ;
2

sin)1( nnn     4) ).1( nn   6.1.14.  1) ;
4
3
t

  2) ;
sin
1

3 ta
  3) 

;
4

1 2




t
t   4) .1 2t   6.1.15. 1) ,0233  yx ;0433  yx         2) ,0 yx ;0 yx   
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3) ,045  yx ;065  yx  4) ,02545  yx ;0642520  yx   5) ,0 yx   ;04  yx  

6) ,0324  yx .0142  yx  6.1.16. 1) ,
41
   ;

3
1

2 arctg    2) )22(arctg  ;   

3) ;
15
8arctg  4)

3
  .   6.1.17. .3,1 21  tt   6.1.18.1) ;2ct  2) .1ct   6.1.19. .12aI   

 
6.2. Differensial hisobining asosiy teoremalari 

  6.2.1. 1) ;
3

32
c 2) ;

4
3

c  3) yo‘q; 4) yo‘q. 6.2.2.1) ;
3
3

c 2) );1ln(  ec  3) ;1 ec  4) 

.
2
1

c    6.2.3. 1) ;
4
5;

2
1







    2) .

2
3;

4
5







    6.2.4.  1) ;

8


c   2) .
2
3

c    6.2.6.  1)  ;   2) ;
3
1   3) 1;   

4) 0 ;    5) ;0     6) 2;   7)
2
1 ; 8)

4
1

 ; 9) 3; 10) -3; 11) 0;  12) 0 ; 13) 1; 14) ;e  15) ;
2
e  16) ;9e  17) 1; 

18) e3 .  6.2.7. 1) ;)2()2()2(1119)( 32  xxxxP  
  2) ;)2()2(6)2(12)2(134)( 432  xxxxxP  

  6.2.8. 1) ;10),(,
)1(128

)3(5)3(
512
1)3(

64
1)3(

4
12 007

4
32 




  xxxc

с
xxxx     

  2) .10),(,)2(
16

)2(
8

)2(
4

)2(
2
1

005

432













  xxxc
c

xxxx   

  6.2.9.   1) ;10,)1(
!)!1(

...
!2!1

)(
132







 x
nn

enx
n

x
n

xxxxxf  

  2)  .10,
2)!12()!2(

...
!4!2

1)(
12242











 xxnn ee

n
x

n
xxxxf   2.2.10. 1) 0,587;   2) 0,868;     

  3)   1,395;   4) 1,004. 

6.3. Funksiyalarni tekshirish va grafiklarini chizish 

   6.3.1.  1) );5()1;(   intervalda o‘sadi, )5;1( intervalda kamayadi, ,7)1(max  ff      
  ;25)5(min  ff  2) );2()1;(   intervalda o‘sadi, )2;1( intervalda kamayadi,   

  ,
6
7)1(max  ff ;

3
10)2(min  ff   3) );2()2;0(   intervalda o‘sadi, )0;2()2;(   

intervalda kamayadi,    ;0)0(min  ff   4) )2;2( intervalda o‘sadi, );2()2;(  intervalda 

kamayadi, ,1)2(max  ff   ;1)2(min  ff  5) 









2
1;

2
1     intervalda o‘sadi, 

















 1;

2
1

2
1;1  intervalda kamayadi,     ,

2
1

2
1

max 







 ff   ;

2
1

2
1

min 







 ff  

6) )1;0()1;(   intervalda  o‘sadi, );1()0;1(       intervalda kamayadi,  ,2)1(1max  ff   
,2)1(2max  ff ;0)0(min  ff   7) )1;( intervalda     o‘sadi, );1(   intervalda kamayadi, 

;1)1(max e
ff   8) );0(  intervalda o‘sadi, )0;(  intervalda    kamayadi,  ;1)0(min  ff   
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9)  );0(  intervalda o‘sadi, )0;(  intervalda  kamayadi,     ;0)0(min  ff   10)  );( e  

intervalda o‘sadi, );1()1;0( e intervalda kamayadi,  ;)(min eeff   11) 







3
5;

3
  intervalda 

o‘sadi, 












  2;

3
5

3
;0  intervalda kamayadi,  ,3

3
5

3
5

max 







ff   

;3
33min 








ff  12) 












  ;

12
5

12
;0  intervalda o‘sadi, 








12
5;

12
 intervalda kamayadi,  

,
12

1236
12max











ff   .
12

12365
12
5

min










ff  6.3.2. 1) ;2,2  mM     

2) ;10,17  mM     3) ;
6

32,
12

36 





 mM    4) .0,3  meM   6.3.3. 24v  (tez.birl.). 

6.3.4. D
3
3 (eni), D

3
2 (bo‘yi). 6.3.5. .

4
,

4
ll 6.3.6. 24S (yuz birl.). 6.3.7. .2RH    

6. 3.8. .4
3 0


VH     6.3.9.  1) );2()0;(   intervalda  botiq, )2;0(  intervalda qavariq,  

)4;2(),0;0( 21 MM   egilish     nuqtalari;    2) );5(   intervalda  botiq, )5;(  intervalda 
qavariq,  )7;5(M  egilish nuqtasi;   3) );0()0;(   intervalda  botiq, egilish  nuqtasi yo‘q;   
4)  ;3  intervalda botiq,  3;    intervalda  qavariq, )1;3(M egilish nuqtasi;  5) );1(   
intervalda botiq,  egilish nuqtasi yo‘q;    6) )1;1(  intervalda  botiq, );1()1;( +ҐИ--Ґ  intervalda 

qavariq, )2ln;1(),2ln;1(

21

MM -  egilish  nuqtalari;  7)  intervalda  

botiq,  intervalda qavariq, ,    egilish nuqtalari;  

8)  intervalda botiq,  intervalda  qavariq,   
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7.2. Integrallashning asosiy usullari 

 7.2.1. 1) ;   2)   3 ) 4)                                                                                               

5)  6)  7) 8)  9)  10)     

7.2.2. 1)   2) ; 3)   

4) ;   5)  6)  7)  

8)
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3)   4)   7.3.3.  1)   

2) 3)    4)     5)      

6)    7)  

8)  9)                 

10)    11)       12)           

13)  14)



 402 

  4)     5)     6) 
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7.8. Xosmas integrallar 

  7.8.1. 1)  2) -4; 3) uzoqlashadi;  4) uzoqlashadi;  5)   6)   7)  8) 2;   9   

10)
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