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A MULTIDIMENSIONAL SYSTEMS APPROACH TO GRID SENSOR
NETWORKS

Abstract

by
M.G. Buddika Sumanasena

A method for distributed information processing in rectangular grid based wire-
less sensor networks is presented, employing the Givone-Roesser and the Fornasini-
Marchesini state space models for m-D systems. It can be used for distributed imple-
mentation of any general linear system on a grid sensor network. The method is highly
scalable and requires only communication between immediate neighbors.

Usage of finite precision schemes for the representation of numbers and computa-
tions introduce nonlinearities to the otherwise linear m-D system models. Nonlineari-
ties caused by fixed point and floating point number representation schemes used for in
node computations and inter-node communication are modeled. Stability of the system
is analyzed with special consideration given to the influence of inter-node communica-
tion on system dynamics. Necessary and sufficient conditions for the global asymptotic
stability under both fixed point and floating point arithmetic is derived. It has been
shown that the global asymptotic stability of the sensor networks is equivalent to that
of a 1-D system for both the cases of fixed point and floating number representation.

Issues posed by communication time delay, in real-time implementation of the pro-

posed method, are discussed. It is shown that, in order to implement a real-time sensor
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network, system matrices of the state space models have to satisfy certain conditions.
A necessary and sufficient condition for a transfer function to be realizable in the con-
strained state space models is established. Realization algorithms to derive state space
models of the desired form given an admissible transfer function are also presented.
Node and link failure introduce complications not encountered in centralized imple-
mentation of m-D systems. Givone-Roesser and the Fornasini-Marchesini state space
models are extended to include node and link failure. Necessary and sufficient condi-
tions for mean square stability are then derived with the help of these two state space
models. Input output stability of the distributed systems under node and link failure is
also discussed.

The utility of the proposed method is demonstrated by examples. In particular a
distributed Kalman filter is proposed for grid sensor networks. Implementation of the
proposed Kalman filter on grid sensor networks is discussed in some detail. A method
for contaminant detection and its implementation using the proposed method is also

presented.
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CHAPTER 1

INTRODUCTION

Sensor networks, collections of spatially distributed sensor nodes cooperating to ac-

complish a common task, are promising to change the way we live our lives,
Akyildiz et all [2002]. Though the development of sensor networks was originally mo-
tivated by military applications, such as battlefield surveillance, they are used in numer-
ous civilian applications including industrial process monitoring and control, agricul-
ture, environmental and habitat monitoring, and traffic control.

A sensor network comprises of sensor nodes and a communication medium en-
abling inter node communication. A node consists of a processor, a sensor unit and a
transceiver. The sensor unit may consist of different types of sensors such as seismic,
magnetic, temperature, infrared radiation, acoustic and radar sensors, Chong and Kumar
[2003]. Processors in typical sensor nodes have very limited computational capabilities
and memory. The transceiver facilitates communication between nodes and possibly
between the node and the outer world.

The most commonly used means of communication in sensor networks is wireless
RF communication. Free space optical communication is proposed as an alternative in
Kahn et al. [1999]. The main disadvantage of free space optical communication is the
necessity of line-of-sight between the transmitter and the receiver. When a line-of-sight
path is available, a well designed free space optical link requires significantly lower

energy per bit than their RF counterparts Kahn et al) [1998].



Applications of sensor networks are many and varied, but typically involve some
kind of monitoring, tracking, and controlling. They can be classified broadly into the

following categories.

Military applications An early example of military applications of sensor networks is
the Sound Surveillance System (SOSUS). It is an array of acoustic sensors (hy-
drophones) deployed on the ocean bottom at strategic locations to detect and track
Soviet submarines. Over the years, other more sophisticated acoustic sensor net-
works have been developed for submarine surveillance. Sensor networks can be
rapidly deployed, are fault tolerant and require little or no maintenance once de-
ployed. Destruction of some nodes by hostile action does not affect the operation
of the network as much as the destruction of a traditional sensor. These proper-
ties have rendered sensor networks promising candidates for military command,

communication, intelligence, surveillance, and targeting systems.

Environmental applications Sensor networks have the potential to make a profound
impact on the monitoring of natural environments, [Hart and Martinez [2006].
Sensor networks have also been successfully employed for habitat monitoring,
Mainwaring et al. [September 2002]. Other potential application areas include

forest fire detection, flood detection and metrological and geological research.

Industrial applications Industrial process control is a potential application area of
sensor networks. Information gathered by sensors can be used to reduce cost

and improve performance and maintainability of machines and assembly lines.

Traffic control Sensor networks have been used for traffic control for quite a while.
However the cost of sensors and the communication network that connects them

have limited the deployment of traffic monitoring systems to few critical points.



Cheap sensors with embedded networking capabilities can change the landscape
of traffic monitoring and control completely. A network of widely deployed sen-
sors can estimate the flow of traffic and make real-time control decisions. An-
other approach is to equip vehicles with sensors [Estrin et al. [1999]. Information
on locations of traffic jams, the speed and density of traffic is exchanged between
vehicles. This information can be used by both the drivers and traffic control

systems.

Health applications Potential health applications of sensor networks include drug ad-
ministration in hospitals, telemonitoring of human physiological data, diagnos-
tics and tracking and monitoring patients inside a hospital, Akyildiz et al. [2002].
Sensor networks can allow a single system to be used for all the above mentioned

applications.

Domestic applications A networked home where domestic appliances are networked
and can interact with each other and external networks is envisioned in/Petriu et al.
[2000]. Remote monitoring and control of domestic devices would be made pos-
sible by such a network. Domestic energy saving and assisting impaired or el-

derly people are potential applications of such networks.

Despite the potential of sensor networks in diverse application areas, a number of
unique technical challenges posed by them have impeded their deployment in envi-

sioned applications.

Energy and power limitations Since the sensor nodes upon deployment are often in-
accessible, the lifetime of a sensor network depends on the energy resources on
the nodes. Power available for a sensor node is very limited due to size and cost

constraints of a node.



Deployment Some applications demand sensor networks be deployed randomly in re-
gions with little or no infrastructure, an example of which is military applications.
Therefore sensor network protocols and algorithms must possess self organizing

capabilities.

Cost The number of nodes in a sensor network may be very large. To justify the cost of
the overall network, the cost of a sensor node has to be low. On the other hand the
restrictions on the cost of a node have implications on the computational, power,

energy and communication resources on board.

Reliability and fault tolerance Sensor networks may be deployed in hostile environ-
ments and left unattended. Lack of power, physical damage, or interference can
cause some nodes to malfunction. The sensor network should therefore be able

to sustain its functionalities under node failures and other faults.

1.1 Motivation

1.1.1 Grid Sensor Networks

Sensor networks can be broadly classified into three categories based on the sensor

deployment strategy.

e Random deployment

e Regular Deployment

e Application specific deterministic deployment

A sensor network where sensors are placed in a regular pattern is called a regular
sensor network. Such deployment of sensors may not be feasible in many applications.

However, random placement of sensor nodes can be very expensive due to redundancy



required to overcome the uncertainty. Regular sensor networks have drawn consider-

able attention in the literature.

(2) (b) (©)

Figure 1.1. Equilateral triangular(a), square(b) and hexagonal(c) sensor
deployment patterns

Three sensor placement patterns for regular sensor networks are discussed in
Biagioni and Sasaki [2003]. The three patterns are derived from the three regular tes-
sellations of the 2-D plane. For deployment of sensors in a triangular lattice, the region
to be covered is tessellated by equilateral triangles, and sensor nodes are placed at the
vertices of the triangles. The same procedure is followed for deployment of sensors
in square and hexagonal patterns except the region to be covered is tiled by squares
and hexagons respectively. Figure [[.I]illustrates the equilateral triangular, square and
hexagonal sensor deployment patterns. Regular sensor networks with sensors deployed

in a rectangular lattice are referred to as grid sensor networks.



1.1.2 Linear Algorithms on Sensor Networks

Vast and diverse applications of sensor networks have prompted a wide variety of
signal processing algorithms to be implemented on them. Of particular relevance to
the current work are algorithms that perform linear operations on the raw sensor data
or functions of them. A few representative examples from the literature are discussed

below.

1.1.2.1 Distributed Kalman Filters

Centralized implementation of Kalman filters on sensor networks has stringent com-
munication, and hence energy, requirements. A strategy for distributed Kalman filtering
was presented in [Cattivelli et al., 2008; [Sumanasena and Bauer, 2010¢]. Every node
runs a local Kalman filter. Estimates from local Kalman filters of neighboring nodes
are linearly combined to achieve asymptotically the performance of a global Kalman

filter.

1.1.2.2 Consensus Filters

Distributed algorithms for computing the average of sensor data over a sensor net-
work are proposed in [Olfati-saber and Shamma, 2005; [Scherber and Papadopoulos,
2004, 2005]. The average is approximated at every node by iteratively performing lo-
cal low pass filtering on data collected from neighboring nodes. Consensus filters have
been used for distributed Kalman filtering [Olfati-Saber, 2005, 2007; [Spanos et al.,
2005]. In [Pham et all [2004] consensus filters are used for the distributed realization of

sound source localization algorithms given in [Pham et all [2003].



1.1.2.3 Distributed Optimization

A sub-gradient descent algorithm for optimizing a convex function of sensor node
measurements in a sensor network is given in [Rabbat and Nowak [2004] . The update
step in the proposed approach linearly combines data from all the sensors. Distributed
optimization is possible by employing a distributed update step. Application of the
algorithm for robust estimation, energy-based source localization and clustering density

estimation is also discussed.

1.1.2.4 Filtering

Linear filtering based approaches for edge detection, noise reduction and contam-
inant front detection in sensor networks are proposed in |Chintalapudi and Govindan
[2003]; Devaguptapu and Krishnamachari [2003];/Sumanasena and Bauet [2008]. Meth-

ods discussed employ 2-D filters from image processing literature.

1.1.2.5 Multi Resolution Processing

When the sensor measurements in a sensor network exhibit redundancies, it is more
efficient from a computational and communication perspective to process a sparser ver-
sion of sensor measurements. Multi resolution signal processing techniques can be
employed to make the data from the sensor network sparse. A wavelet-based approach

for storage and search in sensor networks is proposed in |Ganesan et al. [2005].

1.1.3 Local State Space Models for 3-D Systems

Multidimensional system theory is the theory concerning systems that evolve over
multiple independent dimensions. Its applications include signal processing in radar,

seismology, sonar, and image and video processing in general. The Givone-Roesser



model Givone and Roesset [1972] and the Fornasini-Marchesini model

Fornasini and Marchesini [[1978] are widely used local state space models for m-D sys-
tems. The Givone-Roesser(GR) and the Fornasini-Marchesini(FM) models were orig-
inally proposed for 2-D systems but can be extended readily to higher dimensional
systems.

Of particular importance to the current work are 3-D systems with two spatial di-
mensions and one temporal dimension. GR and FM models for such systems are dis-
cussed next. Details of dimensions of vectors and matrices are omitted since they are
not necessary for the discussion at hand and will be treated when these models will be

revisited in the next chapter.

1.1.3.1 Givone-Roesser Model

The GR model for 3-D systems is given by:

x"(ny + 1,n9,1) A Ay Az " (ny,ny,t) B,
m”(nl,ng + 1,t> = A4 A5 AG m”(nl,ng,t) + B2 ’U,(Tll,ng,t)
%t(nl,ng,t—i— ]_) A7 Ag Ag mt(nl,ng,t) B3

y(ni,ng,t) =Cx(n1,n2,t) + Du(ny, ng, ) (1.1)

where & (ny, n9,t) = (" (ny,na,t), " (n1,n9,1), 2" (n1,n2,1))7 is the state vector,
u(ny,na, t) is the input vector and y(nq, no,t) is the output vector. Here, n; € Z,
ne € Z and t € Z. Vectors ", ¥ and «! are called the horizontal, vertical and

temporal state vector components respectively.



1.1.3.2 Fornasini-Marchesini Model

There are two variations of the Fornasini-Marchesini model called the FM 1 and

FM II models. The FM II model for 3-D systems is given by:

:I:(nl, N9, t) = Atw(nl, No, t—l) + Avw(nl, n2—1, t) + Ahw(nl—l, No, t)
+ Bt'u,(nl, No, t—l) + Bv'u,(nl, 7’L2—]_, t) + Bhu(nl—l, No, t)

y(nlyn% t) = Cw(nlv n27t) + Du(n17n27 t) (12)

where x(nq, no, t) is the state vector, u(n, no, t) is the input vector and y(ny, no, t) is
the output vector. Here, ny € Z, ny, € Z and t € Z. The FM I model for 3-D systems

is given by:

x(ny,ng, t) = Ax(ng, ng, t—1) + Ayx(ny, no—1,t) + Apx(ni—1,ng, t)
+ Ay (ng, no—1,t—1) + Aypx(ni—1, no—1,t) + Apx(ni—1, ng, t—1)
+ Aypx(ni—1,no—1,t—1) + Byu(ng, ng, t—1) + B,u(ng, no—1,t)
+ Bju(ni—1,ng,t) + Byu(ng, no—1,t—1) + Byu(ni—1,no—1,t)
+ Bpu(ni—1,ng, t—1) + Bypu(ni—1,no—1, t—1)

y(nl, n2,t) = Cw(nl,ng, t) + Du(nl,ng,t). (13)

where x(n1, no, t) is the state vector, w(ny, ns, t) is the input vector and y(nq, ns, t) is
the output vector. A 3-D system representable in the FM-II model is also representable
in the FM-I model. The converse is also true. Using the FM-II model makes the notation
more concise since it has fewer matrices and vectors than the FM-I model. Therefore

FM-II model is used throughout this work to represent 3-D systems.



1.1.4 The Proposed Approach

Consider a grid sensor network of size N; X N, . A linear process operating on
sensor measurements of multiple nodes and over multiple sampling instances is a 3-
D process. Let there be a spatially and temporally causal 3-D linear process to be
implemented on the sensor network. Such a process is first octant causal and can be
represented by models (I.I)) and (L.2)). State space models can be implemented on a

sensor network as follows.

e In models (LI} and (L.2)), let (nq,n2) be the coordinates of sensor nodes in the

grid and ¢ denote the sampling time index.

e Every node computes its state vector using equations or depend-
ing upon which models is used, using the information received from preceding

nodes! and the state vector of itself at the previous sampling time instance.
e Every node computes the output vector using the state vector and the input vector.

e Every node transmits the information required by the succeeding nodes to com-

pute their state vectors.

The method described above is a distributed computational procedure and requires com-
munication only between the neighboring nodes in a grid sensor network. Hence it is
highly scalable. The sequence of operations has to be started at a node, preferably
the node at the origin, and propagated in the positive directions of the spatial axes.
Therefore the process realized is first octant causal. By selecting the origin and the di-

rection of propagation appropriately, spatially second, third and fourth quadrant causal

"Node (ni,n3) is said succeed node (n?,n3) if ni > n? and nd > n2. Node (ni,nd) is said to

precede node (n?,n3) if the later succeeds the former

10



processes can be implemented. A spatially non-causal process can be realized as a
combination of processes causal in each of the four quadrants.

If the system implemented is spatially invariant, every node runs identical code
and over-the-air programming methods can be used to reconfigure the sensor network.
Output at each node is computed by the node itself. Therefore the approach supports
local actuation in response to local activity. The method assumes some kind of ordering
of sensors in space. This results from the formulation of state space models (I.I)) and
(L2). Hence there is no straightforward extension to irregular sensor networks, but the

approach can be adapted to grids that are not rectangular.

1.2 Literature Survey

Existing literature on sensor networks and multidimensional systems is vast and
diverse. In this section contributions pertinent for the discussion at hand are discussed.

General introductions to evolution, applications, routing algorithms, signal pro-
cessing aspects and challenges of sensor networks are given in [Akyildiz et alJ, 2002;
Chong and Kumar, 2003; [Estrin et al., 2001; Romer and Mattern, 2004].

A sensor deployment strategy to deploy sensors in a grid when manual deploy-
ment is impossible is given in [Leoncini et al/ [2005]. Sensor drop strategies given in
Leoncini et al. [2005] aim to meet a given degree of coverage with a minimum num-
ber of nodes under placement uncertainties. An algorithm to achieve connectivity and
coverage for multiple target points in a grid sensor network is proposed in Wu et al.
[2008]. The procedure given provides close to optimal results. In [Xu et al. [2006] ro-
bustness of regular sensor networks against sensor placement errors is discussed. The
work concentrates on the effect of both random and non-random deployment errors on

the coverage in triangular lattice sensor networks. Triangular, square and hexagonal

11



lattice sensor networks are compared for the number of nodes required to cover a given
area and robustness against node failure in [Biagioni and Sasaki [2003]. Coverage and
connectivity of grid sensor networks in the presence of node failure has been studied in
Shakkottai et all [2003]. A sufficient condition for the connectivity of the active nodes
is also derived.

For the case where there are two types of sensor nodes with different coverage and
cost, an optimal scheme for placing sensors on a grid, which minimizes the cost and
assures coverage in the presence of node failure, is given in (Chakrabarty et al. [2002].

A reliability measure for sensor networks, which considers a group of sensors to
be operational if there exists an operational bidirectional path from the sink node to at
least one operational sensor in the group, is formulated in |AboEIlFotoh et al/ [20035].
A reliability measure based on the aggregate flow of information from sensor nodes
to the sink node is proposed in |AboElFotoh et al. [2007]. It is also proven that eval-
uating this measure for an arbitrary sensor network is nP-hard. It has been shown
that evaluating this reliability measure for grid sensor networks is also nP-hard see,
AboElFotoh and Elmallah [2008]. An algorithm to evaluate the said reliability mea-
sure for a grid sensor network with uniformly generated traffic upon a particular routing
algorithm is proposed in |AboElFotoh and Elmallah [2008].

Network capacity limits and optimal routing algorithms for grid sensor networks for
cases with no node failure and random node failure are studied in [Barrenechea et al.
[2004]. For sensor networks with no node failures, an upper bound for network capac-
ity was derived, and a routing algorithm which achieves the upper bound is presented.
A combination of two routing algorithms, the first being the optimal routing algorithm
for the no node failure case and the second an algorithm suitable if the probability of

node failure is high, is proposed for sensor networks with random node failure. Proto-
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cols and algorithms that allow routing load to be distributed fairly in a sensor network
are proposed in |Akbar et al. [2006] for grid sensor networks. A node or link failure
recovery scheme is also presented.

A power consumption model for sensor nodes in a sensor network was proposed
in [Wang et all [2006]. In [Wang and Yang [2007] an energy consumption model is
proposed for sensor networks. Energy aware routing protocols have been proposed in
[Muruganathan et all, 2005; [Stojmenovic and Lin, 2001/] and references therein.

Several local state space models for multidimensional systems have been proposed
[Attasi, [1973; [Fornasini and Marchesini, [1978; (Givone and Roesser, [1972]. They were
originally proposed for 2-D systems. A comparison of the three state space models
presented in above work is given in [Kungetal. [1977]. A procedure to derive the
GR model from the FM model of a 2-D system is also presented and it is argued that
the GR model is the most general model of the three. The local state space models in
[Attasi, 1973; [Fornasini and Marchesini, [1978; |Givone and Roesser, [1972] are shown
to be special cases of another local state space model in Eising [1978].

Contrary to the 1-D case, where minimal state space realizations can be derived for
a given causal transfer function, minimal realizations can be derived only for special
categories of m-D systems such as, continued fraction expandable systems, all-pole,
and all-zero filters, product factorable transfer functions, discrete time lossless bounded
real functions, separable and factorable systems, and first order all-pass filters Antoniou
[2001]. A realization procedure to realize a causal transfer function in the GR model is
presented in [Eising [1978]. Realization procedure presented in |[Eising [[1978] is gen-
eralized to a larger class of 2-D systems in [Eising [[1980]. It is shown that in general,
causal 2-D systems do not have a causal inverse. Algorithms to realize a given 2-D

transfer function in the GR model are given in [Antoniou, 2001; Mitra et all, [1975].
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A 3-D realization algorithm for the GR model is given in [Fan et al. [2006]. Realiza-
tion of 2-D transfer functions in the FM model is addressed in [Bisiacco et all, [1989;
Fornasini and Marchesini, [1978; [Xu et al., 2008].

Stability of multidimensional systems has drawn much attention and a rich literature
exists on the subject. It has been argued that direct extension of 1-D BIBO stability to
multidimensional systems is overly restrictive |Agathoklis and Bruton [1983]. A new
external stability criterion, practical-BIBO stability which is less restrictive and more
relevant for practical applications than the conventional one, is also introduced.

A set of 1-D conditions necessary for GAS of non-linear multidimensional systems
is given in Bauer [1995b]. Conditions under which GAS of a system with quantization
and overflow nonlinearities is equivalent to GAS of that with only the quantization
nonlinearity was established in [Leclerc and Bauer [1994]. A sufficient condition for
GAS of a 2-D system realized in the FM model is established in Bose [[1995]. Stability
of 2-D systems realized in FM and GR models using two’s complement arithmetic is
studied in Bose [1995] and Bose [[1994], respectively. Further results on GAS of
2-D systems realized in GR and FM models employing finite precision arithmetic are

presented in [Kar and Singh, [2001a; Singh, 2008] and references therein.

1.3 The Big Picture

Though m-D systems theory and local state space models for m-D systems were
known for a long time and linear systems were implemented on sensor networks in a
variety of applications, the first efforts to realize m-D systems on grid sensor networks
using the local state space models appeared in [Dewasurendra and Bauer [2008] and
Sumanasena and Bauet [2008, 2009, 2010a] to the best of the author’s knowledge.

The approach proposed enables distributed implementations of linear systems on
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grid sensor networks. Tools and techniques already developed in m-D systems the-
ory can be used for implementation and analysis of properties such as stability of such
systems. The m-D systems theory was developed in a centralized context and the mi-
gration to a distributed and more uncertain setting poses striking theoretical challenges
and opportunities to explore.

Communication time delay mandates system matrices to have certain properties for
them to be implementable in real-time. This makes it impossible to realize any given
transfer function. Different number representation and quantization schemes may be
used for in-node computations and communication among nodes. The effect of possibly
different overflow and quantization nonlinearities on system dynamics also needs to be
analyzed. On the other hand, the finite spatial extent of the sensor network enables
stronger conditions for stability to be established, see |[Sumanasena and Bauer [2011¢,
2009, 2010al].

Node and link failures in a sensor network introduce uncertainties to otherwise de-
terministic m-D system models [Sumanasena and Bauer, 2011c/d]. These uncertain-
ties have to be modeled and their effect on the overall system performance has to be
assessed. In a grid sensor network it may not be feasible to place sensors exactly on
the grid. Non uniform sampling resulting from the irregular sensor placement can have
adverse effects on the performance of the system.

The aim of the current work is to address these issues that naturally arise in dis-

tributed implementations of m-D systems in grid sensor networks.

1.4 Structure of the Thesis

The GR and FM local state space models for 3-D systems and their application

to information processing in grid sensor networks are discussed in chapter 2. Issues
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posed by time lag in data communication, in real-time implementation of the proposed
method, are also discussed. Extension of the proposed method to a ring topology is also
discussed in chapter 2.

In chapter 3 realizability of a given 3-D transfer function in real-time is studied. A
necessary and sufficient condition, for a transfer function to be realizable as GR and
FM models in real-time, is established. Realization algorithms that realize an admis-
sible transfer matrix in GR and FM models of the desired form are also presented.
Stability of the 3-D distributed systems in the face of quantization and overflow nonlin-
earities is treated in chapter 4. Nonlinearities resulting from quantization and overflow
are modeled for both fixed point and floating point implementations. Necessary and
sufficient conditions for GAS of GR and FM models are also established. Sufficient
conditions for BIBO stability are derived for systems realized in both local state space
models when fixed point implementations.

The effect of node and link failure on system dynamics is studied in chapter 5.
GR and FM models for 3-D systems are extended to incorporate node and link failure.
Internal and external stability of the distributed 3-D systems under node and link failure
is also analyzed. Two examples are presented to demonstrate the utility of the proposed
approach for signal processing in sensor networks in chapter 6. Open research issues

are discussed and concluding remarks are given in chapter 7.
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CHAPTER 2

MODELS FOR GRID SENSOR NETWORKS

GR and FM models are m-D counterparts of 1-D state space models for discrete
time systems. They model the evolution of an m-D system driven by an input, over
multiple independent dimensions. Similar to 1-D state space models where the current
state is evaluated using the previous state and input, states are evaluated using immedi-
ately preceding states and inputs. The local nature of computation renders GR and FM
state space models promising candidates for distributed signal processing in grid sensor

networks.

2.1 GR Model Based Implementation

2.1.1 GR Model for 3-D Systems

The GR model for 3-D systems is given by:

:ch(nl + 1, Na, t) A1 A2 A3 :ch(nl, Nog, t) B1
w”(nl, no + 1, t) = A4 A5 A6 w”(nl, N9, t) + B, u(”lu na, t)
$t<n1,n2,t+1) A7 Ag Ag :ct(nl,n2,t) B3

y(nlvn27t) :Cw(n17n27t) +Du(n17n27t) (21)
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where x(ny,no, t) = (th(nl,n2,t),m”T(nl,ng,t),:ctT(nl,n2,t))T, n €7Z,ny €7
and t € Z. Vectors " € R®, ¥ € R’ and ! € R¢ are called the horizontal, vertical
and temporal state vector components respectively. Let the input vector u € RP and
the output vector y € R?. Then A; € R**?, A, € R, A3 € R**¢, A, € R,
Az € R Ag € RP*, A; € R, Ag € R¥Y, Ag € RY*¢, B, € R™?, B, € RY*?,
B; € Ro?, C € R9*(@tt+9) and D € R7*P. Let:

A Ay, A;
A= Ay A; Ag
A; Ay Ay

and B = (BT, B, BI)". A first octant causal linear process can be represented using
this model. Given a 2-D causal input-output transfer function, state space representa-
tion of the system in the GR model can be derived using methods given in [Eising,
1978; [Kung et al., [1977; Mitra et al., [1975]. Algorithms to realize a given causal 3-
D transfer function in the GR model are given in [Fan et al. [2006]; [Kanellakis et al.
[1989]; Manikopoulos and Antoniou [1990]; Sumanasena and Bauer [2011d, 2010d];
Theodorou and Tzafestas [1984]. The 3-D realization algorithm proposed in |[Fan et al.

[2006] was generalized for m-D realization in [Xu et al! [2008].

2.1.2 Implementation in a Sensor Network

In model let spatial variables n;, and n, be the horizontal and vertical coor-
dinates of a node respectively. The tuple (n;, ny) thus refers to a unique node in the
sensor network. Vectors x(ny, no, t), y(ny, no,t) and u(ny, no, t) are the state vector,
the output vector and the input vector of node (n,ns) at time slot ¢ respectively. The

following operations are performed by each node (n, 1) at the time slot ¢.
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Receive state vector components " (ny, ny, t) and ¥ (n, ny, t) from nodes (n; —

1,n9) and (ny, ny — 1) respectively.

Use equation (2.1]) to compute " (n,+1,n4,t), ' (n1, np+1,t) and ' (n1, ny, t+

1)

Transmit " (n; + 1,n9,t) and ¥ (ny, ny + 1,1)

Use equation (2.1)) to compute the output.

For a sensor network of size Ny x N5, 0 < n; < Ny—1and 0 < ny < N, —1. For con-
venience let ¢ € Z*. Figure 2.1] illustrates the operation of nodes and communication

of state vectors between nodes.

XUn,n, t) ‘ A((n“rzﬂt)
) \ X(n,+1,1,; S

Figure 2.1. Communication of state vectors between nodes in the network for
the GR model based implementation
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2.2 FM Model Based Implementation

There are two variations of the FM model called the FM I and FM II models. In the
current work FM II local state space models will be used and would be referred to as

FM model.

2.2.1 FM Model for 3-D Systems

The FM model for 3-D systems is given by:

:I:(nl, No, t) = At$(’n1, N9, t—]_) + Avw(nl, 7’L2—]_, t) + Ahw(nl—l, No, t)
+ Btu(nl, No, t—]_) + Bvu(nl, 7’L2—1, t) + Bhu(nl—l, No, t)

y(n1,ne,t) = Cx(ny, ng, t) + Du(ng, no, t) (2.2)

where n; € Z, ny, € Z and t € Z. Let the input vector u € R? and the output vector
y € RY. If the state vector x € R”, C € R?”*", D € R?”*?, A, € R"*", A, € R"*",
Ay € R, B, € R"*?, B, € R"? and B; € R"*?.

Realization of 2-D causal input-output transfer functions in the FM state space
model is discussed in [Bisiacco et al.,[1989; [Fornasini and Marchesini, [1978; Xu et al.,
2005, 2007]. Algorithms to realize a given causal 3-D transfer function in the FM

model are discussed in [Sumanasena and Bauer, 2011b, 2010b].

2.2.2 Implementation in a Sensor Network

The FM model can be implemented in a sensor network employing a similar ap-
proach to the implementation of the GR model. The following operations are performed

by each node (n,ny) at the time slot .

e Receive state vectors x(n;—1, no, t) and &(ny, no—1, t) and input vectors u(n; —
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1,n9,t) and u(ny, ny — 1,1¢).
e Use equation to compute x(ny, no, t).
e Transmit x(ny,ns,t) and w(ny, no, t)
e Use equation to compute the output.

For a sensor network of size Ny X Ny, 0 <n; < Ny —land0 < ny, < Ny—1.Lett €
Z* for convenience. Figure 2.2]illustrates the operation of nodes and communication

of state vectors among the nodes.

Figure 2.2. Communication of state vectors between nodes in the network for
the FM model based implementation

21



2.3 Realization of Non-causal Systems

Systems realizable in models (2.1)) and (2.2]) are necessarily first octant causal. A
non causal impulse response in the spatial plane can be decomposed into four quarter
plane causal components. In [Lele and Mendel, [1987; INtogramatzidis et all, 2007] a
non causal 2-D impulse response is decomposed into four quarter plane causal impulse
responses. Each component is realized in a generalized FM model Kaczorek [1988] in
Ntogramatzidis et all [2007]. The four local state space realizations are then combined
to a single local state space model. Each quarter plane causal impulse response is
realized by a GR model in [Lele and Mendel, [1987].

In a sensor network implementation, each component of the impulse response can
be realized using the above models by appropriately selecting the origin and the di-
rection of propagation. Outputs of the four quarter plane causal systems are summed
to obtain the final output. Alternatively if the transfer function to be realized can be
represented as a concatenation of quarter plane causal transfer functions, a series com-
bination of quarter plane causal systems can be used to obtain the final output. Without
loss of generality it is assumed in the rest of this work that the process implemented is

first octant causal.

2.4 Real-time Implementation Issues

In a GR model based implementation state vector components " (n; + 1, ny, t) and
x'(ny,ny + 1,t) of nodes (ny + 1,ny) and (nq, ny + 1) are evaluated at node (nq, no)
at time slot . These components are required at time slot ¢ by the nodes (n; + 1, n5)
and (nq,ny + 1) to perform their computations. In a FM model based implementation
the state vector & (ny, no, t) is evaluated at the node (n, ny) at time slot ¢. It is required

by nodes (ny + 1,n2) and (ny,ny + 1) at time slot ¢ to perform their computations. A
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real-time implementation using either model thus requires data transmission with zero
time delay, which is impossible. There are two options to work around this problem.
One is to allow a time lag between nodes which means the system is not real-time.
This could be a good solution for small sized sensor networks. The other option is to
modify the system matrices such that zero time delay data transmission is not required
in the spatial dimensions to perform computations. This would limit the type of systems

that can be implemented. These two options are discussed next.

2.4.1 Delayed Response Implementation

The problem is that nodes (n; + 1,7n5) and (n1, 72 + 1) do not receive state vector
components " (n; + 1, ny,t) and (ny, ny + 1,t) at time slot ¢ to perform their com-
putations at time slot ¢. In a FM model based implementation nodes (n; + 1,7n5) and
(n1,ng + 1) do not receive the state vector & (ny, no, t) at time slot ¢. A simple solution
is to allow those nodes to do the computations they should do at time slot ¢ at time slot
t+ 1 instead. This means for each distance unit in either spatial direction there is a time
lag of one time slot (one distance unit is equivalent to the distance between two nodes).
This time lag could be significant in a moderate sized sensor network.

The time lag can be reduced significantly if the computation front of nodes propa-
gates more than one distance unit in a sampling interval [t, ¢ + 1]. Let the computation
front propagate d distance units along either spatial axis in one time slot. Let the equiv-

alence class F of nodes be defined by:

s —I—n2

Ek = {(nl,ng) . |_ d

J=k-1)

where | | is the floor function. For example, consider the case where d = 3.
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Figure 2.3. Equivalence classes of nodes

Equivalence classes of nodes for this case are shown in figure Let computations
start from node (0, 0) at the first time slot. In the first time slot nodes in F; perform
their computations and transmit the state vectors. At time slot 2 nodes in F5 perform
computations they should have done at time slot 1. At time slot 3 nodes in E3 perform
computations they should have done at time slot 1. In general, nodes in Ej, do their first
computation on the k-th time slot and the ¢-th computation on the (k — 1 + ¢) th time
slot. So the node (n1,72) does its ¢-th computation on the (| ™22 | + ¢) th time slot.
For a sensor network of size NV; X NN, the maximum delay is

LN1+£1V2_2J'

2.4.2 Real-Time Implementation
2.4.2.1 Using the GR Model

If the matrices A, A,, A, and A5 in are zero, node (nq, ny) requires state
vector components x"(ny, no,t) and x"(ny,ny, t) only to compute x'(ni,ny,t + 1).
Since the state vector component x‘(ny, ns, t + 1) is used only by the node (ny, ny) the

node can compute it at time slot £+ 1. Thus the node (ny, ny) does not require state vec-
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tor components " (n1, ny,t) and x¥(n1, ny, t) at time slot ¢ to perform computations.

So there is no need for data communication with zero time delay. The system (2.1

becomes:
mh(nl +1,n2,t) 0 0 A3 wh(nl,ng,t) Bl
m”(nl,ng—i-l,t) = 0 0 AG m”(nl,ng,t) + B2 ’U,(Tll,nz,t)
%t(nl,ng,t—i—l) A7 Ag Ag mt(nl,ng,t) B3
y(nlvn27t) :Cw(n17n27t) +Du(n17n27t) (23)

This modification to system matrix A makes a real-time implementation possible, but

limits the impulse responses the system could have.

2.4.2.2 Using the FM Model

Let:

AA, =AA,=AA, = ALA, =0

A,B,=A,B,=A;B,=A;B;, =0 (2.4)

in (2.2). Then node (n1, ny) can transmit A;x(ny, ng, t—1) + Byu(ny, ng, t—1) at time
slot ¢ instead of @ (ny,ns,t) which can’t be computed with the information it has at
time slot ¢. This doesn’t affect computations at nodes (n; + 1, ny) and (ny,ns + 1) due
to the condition (2.4). Node (n1,ns) can compute state vector (ny, ny, t) and output
vector y(ny, ng, t) at time slot ¢ + 1, when the necessary information is available. The
constraint (2.4) on system matrices restricts the impulse responses the system could

have.
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2.5 Power and Energy Considerations

Implementation of the proposed scheme requires sensor nodes to transmit and re-
ceive data periodically. Receiver circuitry of current sensor nodes consumes a consid-
erable amount of power, Wang et al. [2006], making it inefficient to keep it on all the
time. Energy efficient implementation thus requires nodes to operate in synchroniza-
tion with their neighbors. Synchronization can be achieved through synchronization
schemes such as [Liand Rus [2006]. This enables sensor nodes to operate on sleep-
wake cycles resulting in significant energy savings.

State vectors of different nodes in a neighborhood may share common state vec-
tor elements albeit not in the same location of the state vector. This opens up the
possibility of transmitting state vectors over multiple hops. It has been shown that
transmission over multiple hops can reduce the energy consumption when 2-D sys-
tems are implemented in the FM model [Sumanasena and Bauer [2008]. Realization
algorithm proposed in Xu et al. [2005] was used to realize the 2-D transfer function.
Since the repetition of state vector elements among nodes depend on the realization
algorithm used, the merits of multi-hop data transmission depend on the realization
algorithm used. Models derived in this chapter, for the distributed implementation of
m-D systems, remain valid regardless of the number of hops over which information is

transmitted.

2.6 Special Topologies

2.6.1 Infinite Grids

Though sensor networks are necessarily of finite size, the case in which the spatial
extent of the system is infinite is of theoretical interest. Models derived in this chapter

remain valid except that spatial variables can assume any integer value. In general,
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conditions established for stability of finite grids are not applicable for infinite grids.

2.6.2 Cyclic Sensor Networks

In applications such as perimeter security sensors may be deployed in a ring encir-
cling the target to be protected. A sensor network in which sensors are placed in a ring
is called a cyclic sensor network. A system evolving on temporal and spatial dimen-
sions in this setting can be considered a 2-D system. Spatial dimension of the system
has a finite extent and is cyclic. Conventional definitions of linearity and spatial and
temporal invariance can be extended to such systems.

Systems evolving on cyclic network dimensions have not been studied to the best
of the author’s knowledge. FM and GR models for 2-D systems with cyclic spatial di-
mension are proposed below. It is not understood yet, which types of transfer functions
or impulse responses are realizable in the proposed models.

Let the sensor network has /N nodes deployed on a ring. Arithmetic operator & :
ON —1] x [0 N — 1] = [0 N — 1] is defined by.

1+ 1+7<N-1

1P g =
i+j—N else

2.6.2.1 GR Model

The GR model for the 2-D system is given by:

.’ES(nl D 1, t) A1 A2 ws(nl, t) B1
= + u(nl, t)
wt(nl,t—l— 1) A3 A4 wt(nl,t) B2
y(n1,t) =Cz(n1,t) + Du(ni, ) (2.5)
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where x*(ny,t) € R* and x'(ny,t) € RC are the spatial and temporal state vector
components respectively. Vectors @ (nq,t) = (2 (ny,t), 2" (n1,t))7, u(ny,t) € R,
and y(nq,t) € RY are the state, input and output vectors respectively. Matrices A;, As,

As, Ay, By, By, C and D are of appropriate dimensions.

2.6.2.2 FM Model

The FM model for the 2-D system is given by:

x(n & 1,t) = Awx(ny & 1,t-1) + Apx(ny, t) + Byu(ng & 1,t-1) + Bru(ng, t)

y(”lv t) = Cm(nly t) + Du(nlv t) (26)

where & (nq,t) € R", u(ny,t) € RP, and y(ny,t) € RI. Matrices Ay, Ay, By, B, C

and D are of appropriate dimensions.

28



CHAPTER 3

REALIZABILITY IN REAL-TIME

Real-time implementation demands system matrices of GR and FM models to sat-
isfy conditions described in chapter 2. Not all causal rational transfer functions are

realizable in the GR model (2.3) or the FM model (2.2]) under the constraint (2.4]). It

is important to address the following issues.

e What are the transfer functions realizable in real-time using the GR and FM mod-

els?

e Given a realizable transfer function how to derive the GR or FM state space model

of the desired form?

Since non-causal systems can be implemented as a combination of quarter plane causal
systems, the solution to above issues for the case of causal systems can be generalized

to non-causal systems.

3.1 Realizability in the GR Model

A necessary and sufficient condition, for a 3-D rational transfer matrix to be real-
izable in a GR model of the form (2.3)), is established in this section. A realization
algorithm to derive the GR model of the from (2.3)), given an admissible transfer ma-

trix, is presented as part of the proof.
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3.1.1 Proper Transfer Matrices

Right matrix fraction description [Bose, 2003] is used to represent rational transfer
matrices in this paper. Furthermore, let the Z-transform of a signal s(n, ny, t) denoted

by Z[s(n1,n2,t)] be defined by:

[e.e] [e.e] [e.e]

Z[s(nq,na, t)] Z Z Z s(i, 7,k zlizz_jzt_k

i=—00 j=—00 k=—00

Theorem 3.1.1 Let an input-output transfer matrix be given by:
H(217Z27’Zt> = NR<Z17Z27ZI‘/)D]_%1(ZI7Z27Zt) (31)

where matrices N g(z1, 2, 2) and D (21, 22, 2;) are of size ¢ X p and p X p respectively.
Let N g(l,m) and Dg(l,m) denote (I, m)th elements of matrices N g(z1, 22, z;) and

Dr(21, 22, ;) respectively'. Let:

Ngr1 Ngr2 Ngt

nzykzl 22 Zt

i=0 j=0 k=0
DRy Dr2 Drt

im _—i
§ § E dzykzl Z2 Zt

=0 =0 =0

where Ng1, Npy and N, are the degrees of the polynomial matrix N g(z1, 22, z;) with
respect to variables 2z, z5 and z; respectively. Furthermore Dy, Dgy and Dy, are the
degrees of the polynomial matrix Dg(z1, zo, 2;) with respect to variables z, zy and z

respectively. The transfer matrix (3.1) can be realized in a GR model of the form (2.3)

'In order to make the notation concise the (I, m)-th element of a polynomial matrix P(z1, 22, 2;) is
denoted by P(I,m) in this work.
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if and only if the conditions (3.2) and (3.3) are satisfied.

ni=0 for i+j>k+1 (3.2)
d™m =0 for i+j>k+1 (3.3)

v

Proof Necessity is proved by showing that, if a transfer matrix is realizable in the
GR model (2.3)), it can be represented in the form (@.I)) with conditions (3.2) and
(3.3) satisfied. In order to prove sufficiency, a realization algorithm, which realizes
the transfer matrix ((3.1)) in a GR model of the form (2.3)), provided conditions (3.2)
and (3.3) are satisfied, is presented®>. The proposed algorithm is a modification of the
algorithm given in [Fan et all [2006].

To prove the necessity let the input-output transfer matrix (3.1)) be realized by the
GR model 23). Let X* (21, 2, 2) = Z[x"(ny, ny, t)] for k € {h,v,t},
U(z1,22,2) = Zlu(ny,no,t)], Y(21, 20, 2¢) = Zly(ni,no,t)], Z1 = 211.°, Zy =
zlyand Z, = z 1. Let Z = diag{z11,, 221y, zI.}. We have:

H(Zh “2) Zt) - CZ_l(Ia+b+c - AZ_l)_lB + D

Elements of the transfer matrix H (zy, 2, 2;) are rational functions. The (I, m) — th

element of H (zy, 29, ;) is denoted by H (I, m).

l —i.,—J .~k
- PP UijR2 %2 %
B Im ,—i,,~J ,—k
1=>>> bi?}gzl ‘25" 2
2It can be shown by counterexamples, that none of the 3-D realization algorithms presented in
[Fan et al., 2006; [Kanellakis et all, |1989; Manikopoulos and Antoniou, [1990; Theodorou and Tzafestas,

1984] realizes a transfer matrix of the form with conditions and (3.3) satisfied in a GR model
of the form (2.3)), in general

H(l,m)

31dentity matrix of order n is denoted by I,
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x"(ny +1,n9,t) = Asx'(ny,ny,t) + Bru(ny, ny,t)

ZIXh(Zl7 22, Zt) = A3Xt(zl7 22, Zt) + BIU(ZI7 22, Zt)

Xh(Zl, 29, Zt) = 21_1A3Xt(21, 29, Zt) + Zl_lBlU(Zl, 29, Zt) (34)

Similarly:

X2, 22, 2) = zz_lAGXt(zl, 29, 2¢) + z{lBgU(zl, 29, 2t) (3.5)
X' (21, 2,2) = zt_lA7Xh(zl,zg,zt) + Zt_lAgXU(Z’l, 29, 2t)

+ Zt_lAgXt(Zl, 29, 21) + Zt_lBgU(Zl, 29, 2t)

X' (21, 20,2) = (Io — 2, ' 2] P A7 As — 27 2y P Ag Ag — 27T Ag)

X (zt_lzl_lA7Bl + Z{lzglAng + zt_lBg)U(zl, 29, 2t) (3.6)

Let:

U(z1,22,2t) = [1 0. 0" (3.7)

Then, elements of vectors X" (21, 2o, %), X (21, 22, %) and X' (2y, 2, ) are rational
functions. Monomials in the RHS of the equation (3.6)) result from products of mono-

L 27'2;" and z;'. Hence any monomial 2;%2,7 2, on the RHS of (3.6)

mials z; 'z]
satisfies 1 + j < k. By equations (3.4) and (3.3), denominators of the elements of
X h(zl, 29, 2) and X"(z1, 22, 2;) have monomials that conform to the same property.
Monomials in the numerators of the elements of X h(zl, 29, 2) and X" (z1, 29, 2) re-

sult from multiplication of monomials of X"(21, 2, 2) by z;* and z, ' respectively.

Therefore monomials 2] 'z, 2, ¥ in numerators of the elements of X h(zl, 29, 2¢) and
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X(21, 29, 2) satisfy i + j < k+ 1.

Y (21, 22,2) = CX (21, 22, 2) + D

727" in the numerators and denominators of the elements

Therefore, monomials 2; “z,
of Y(21,29,2) satisfy i + j < k+ 1 and i + j < k, respectively. Due to ((3.7),
Y (21, 29, ;) is equal to the first column of H (21, 25, ;). Hence:

all,=0 fori+j>k+1

bﬁ;kzo for i+3>k+1

By choosing w(ny, no, t) appropriately, the same argument can be used to show that:

aZ-’},C:O fori+73>k+1
b =0 for i+j>k+1
Therefore, H (z1, 22, z;) can be represented in the form (3.1)) with conditions (3.2]) and
(3.3)) satisfied. This completes the proof of necessity.
In order to prove the sufficiency, let the transfer matrix (3.1)) satisfy the conditions
and (3.3). The realization algorithm given below realizes the transfer matrix
in a GR model of the form (2.3). Without loss of generality it can be assumed that

Nr(z1,2,2) =0and Dg(z1, 20, 2) = I, when z; ' = 2,1 = 2,71 = 0. Let:

DR(Zh Z2, Zt) = Ip - DR(Zla 22, Zt)

NR(ZI7 22, Zt)
F(z,29,2) =

DR(ZI7 22, Zt)
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Elements of N g(21, 20, z;) and D (21, 2o, ;) are polynomialsin z; !, z; ' and z; *. The
basic idea behind the algorithm is to construct a matrix W of size (a+b+c) x p consisting
of all the monomials required for the realization. Matrices Dy € RP*(@+0+0) N ;0 €

Rax(atbte) B ¢ Rlatb+e)xp gnd A € R(@tbte)x(a+b+o) gre constructed such that:

Dg(21,2,2) = Dy Z™'W (3.8)
Nr(21,2,2) = NyrZ ' (3.9)
and
UDR (21,2, %) = (Taspse — AZ7)'B (3.10)
Then:

Ng(z1, 22, Zt)DEI(Zb 29, 2) = NuyrZ ' x ‘I’D}_gl(% 22, 2t)
= NuyrZ *Toypie — AZ ) 'B

=CZ '(I,p.c—AZY)'B

where C' = N . For reasons that would become obvious later, let ¥ have the follow-
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ing structure:

o, 0
0 - . W,
Uy - - 0
- 3.11)
0 - . Wy,
o, 0
0 - - W,

To construct Dy, N g, B and A that conform to above conditions W should

have the following properties.

1. Entries in the j — th column of Z "W should contain all the monomials in the
j — th column of F'(zy, 29, z;). This condition guarantees that D g1 and N gr

which satisfy (3.8)) and (3.9) respectively, always exist.

2. For any non-unity entry W (i, 7) in the j —th column of W there should be another
entry W(h, j) in the same column such that W(i,5) = z, 'W(h,j) where k €
{1,2,t}. As will be explained later this property enables the construction of A

and B such that equation ([3.10)) is satisfied.
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3. There is at least one unity entry in every column of W. This condition in necessi-

tated by condition 2 above.

Construct A, € Rletbte)x(atbte) guch that Ay(i, j) = 1 if the only non zero element
in the i — th row of W, say W(i,h) is equal to the (j, h) — th entry of Z~'W¥ and
Ay(i,j) = 0 otherwise. Let B € RT*+9*P and B(i,j) = 1if ¥(i,j) = 1 and
B(i, j) = 0 otherwise.

v-AZ'¥=B

Condition 2 above guarantees that Ay and B can be constructed to satisfy the above
equation.

(Iypie — AgZ ¥ = B

Let A= Ay + BDpyr. Then:

BDg(z1,2, %) = B(1 — Dg(21, 22, %))
= (Luie = AZ™)¥ — BDyr 271
= (Tassse = AyZ™ = BDyr 27 )W
= (Iospsc = (Ao + BDyr) 27

= (Ia+b+c - AZ_I)‘I’

UD (21,22, 2) = (Laypre —AZ™)'B

Vector ¥ must be constructed such that the matrix A resulting from the above pro-
cedure is in the desired form. Matrix A should be such that A(i,j) = 0 for (i,5) €
[1,a+b] x[1, a+b]. Matrix A would have the desired property if A, and D g are such
that Ag(,7) = 0 for (4,7) € [1,a+b] x [1,a + b] and Dy (i,5) = 0 for j < a +b.

Let O = [¥], L W7 where W, ¥, and W, are of size a x p, b x p and ¢ x p
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respectively. For the matrix A to be in the desired form the following properties must

be satisfied by ¥, ¥, and ¥,.

4. All the monomials in the j — ¢th column of D r(21, 22, z;) should be contained in

the same column of z; ' W,.

5. For every non-unity and non-zero entry Wy(i, 7) in ¥, there should be a term

W, (h,j) in ¥, such that ¥, (i, j) = z; " W,(h, j)

6. For every non-unity and non-zero entry Wo (i, 7) in W, there should be a term

W, (h,7) in ¥, such that W, (i, j) = z; " W¥,(h, j)

Condition 4 guarantees that D g is in the desired form. Properties 5 and 6 enable A
to be constructed in the desired form. The algorithm given in figure can be used to
construct the matrix W with the above properties.
Steps 2-6 of the algorithm ensure that all the monomials in F'(z1, 22, 2;) and

D r(21, 22, z;) are contained in Z 1 and 2 Iy, respectively. The monomials missing
in W that are needed to satisfy conditions 2, 5 and 6 are inserted in the loop starting
from step 8. Note that the monomials z; ‘2,7z, * in ®,,, for m € [1, p] have the property
1+ 7 < k+ 1. Hence for every monomial K inserted into ¥, or ¥y, 2, K is inserted
into W,,,,. Further for every monomial K inserted into ¥,,,, 2, K is inserted to Wy,,,
where k € {1,2,t}. This ensures that properties 2, 5 and 6 are satisfied by ¥, ¥, and

W,. This completes the proof of the theorem.
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1: forj=1topdo

R e AN

10:

12:
13:

14:
15:
16:
17:
18:
19:
20:
21:

22:

Collect all the monomials 2,2, ™2™ in the j — th column of N g(21, 22, 2;)
that satisfy [ +m = n+ 1 and has at least one power of z; ' to ®,; ; 1n the ascending
total degree lexicographic order *.

Collect all the monomials 2,2, ™2™ in the j — th column of N (21, 29, 2;)
and not in ®,; that satisfy [ + m = n + 1 and has at least one power of 2, ' to ®,;
in the ascending total degree lexicographic order.

Collect all the other distinct monomials in the j — th column of F'(z1, 29, z;) to
vector ®@,; in the ascending total degree lexicographic order.

‘I)kj = Zk(I)kj ke {1,2,t}

‘I’kj = (I)kj ke {1,2,t}

®; = [®], D), D/]"

for i = 0 to Number of elements in ®; do

K = ®;(i)
if K is an element of ®;; or ®,; then
if There is at least one power of z; ' in K then
if 2K is not in ¥,; then
Insert 2, K to W,; in the ascending total degree lexicographic
order.
end if
K=K
end if
else
while K # 1 and orderz (K) + orderz(K) < orderz;(K)* do
if There is at least one power of z; ' in K then
if 2, K is not in ¥,; then
Insert z; KX to ¥,; in the ascending total degree lexicographic
order.
end if

Figure 3.1. Algorithm for constructing ¥

4

5

st <zt <zt <<tz

orderzy (21 2y ™2 ™) =1, orderzo (27 25 ™27 ™) = mand orderz (21 2y ™2 ™) = n
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23:
24:
25:
26:
27:
28:
29:
30:

31:
32:
33:
34:
35:

36:
37:
38:
39:
40:
41:
42:

43:
44
45:
46:
47:
48:

49:
50:
51:
52:
53:
54:
55:

56

K=K
end if
end while
end if
while K # 1 do
if There is at least one power of z; * in K then
if 21 K isnotin Wy, then
Insert z; K to Wy, in the ascending total degree lexicographic
order.
end if
K= ZlK
if There is at least one power of z; ' in K then
if 2K is not in ¥,; then
Insert z; KX to ¥,; in the ascending total degree lexicographic
order.
end if
K=K
end if
else
if There is at least one power of z, ' in K then
if 2o KK is not in Wy, then
Insert 2o K to Wy, in the ascending total degree lexico-
graphic order.

end if
K = ZQK
end if

if There is at least one power of 2z, in K then
if 2K is not in ¥,; then
Insert 2, K to W; in the ascending total degree lexicographic
order.
end if
K=zK
end if
end if
end while
end for
end for
: Using the vectors W,; where k € {1,2,t} and j € [1, p] construct the matrix ¥
according to the structure given in (3.11)).

Figure 3.1. continued
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For the sake of simplicity, implications of the theorem would be discussed for the
case of single input single output systems. In this case, the right matrix fraction de-
scription of the system given by (3.1)), reduces to a rational transfer function. Let the
impulse response of the system described by the transfer function (3.1)) be h(ny, no, t).
If conditions and (3.3) are satisfied by the transfer function:

h(ni,ne,t) =0 for ny+ny >t+1 (3.12)

Therefore an impulse response realizable in a GR model of the form (2.3) satisfies the
condition (3.12)). The GR model is implementable in a grid sensor network in
which information is conveyed over a single hop in one time slot. The effect of an input
at a node propagates over a single hop in a time slot. Therefore the result is intuitive.
Let a first octant causal impulse response satisfying the condition (3.12)) have a rational
Z-transform H (21, z2, z;). It can be easily shown that it satisfies the conditions (3.2))
and (3.3). Hence any first octant causal impulse response satisfying with a

rational Z-transform is realizable in the GR model (2.3).

3.1.2 Non Proper Transfer Matrices

Systems described by the GR model (2.3)) are necessarily first octant causal. Sys-

tems causal in any of the four quadrants of the spatial plane can be realized as:

x(ny + a,ng, t) 0 0 A; xh(ny, no, t) B,
x'(ni,na+6,t) | = 0 0 Ag | | x(ny,nat) | + | By | w(ni,ng,t)
x'(ny,ng, t + 1) A; Ay Ay x'(ny,no,t) B;

y(ni,ne, t) =Cx(ny,na, t) + Du(ny, no, t) (3.13)
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by appropriately choosing « and 5. Here (o, 5) € {—1,1} x {—1,1}. For example
when (o, 8) = (=1, —1) the region of support of the impulse response lies in the 3"
quadrant of the spatial plane. The following lemma which is a generalization of the

Theorem [3.1.1]can be used to derive the final result of this section.

Lemma 3.1.1 Let an input-output transfer matrix be given by the right matrix fraction

description:

H ,5(1, 22, 2t) = Nog(21, 22, zt)D;BI(zl, 29, %) (3.14)

where (o, ) € {—1,1}x{—1, 1} and where matrices N ,5(21, 22, z) and D o5(21, 22, 2t)
are of size ¢ xp and px p respectively. Let (I, m)—th elements of matrices N ,5(21, 22, %)

and D ,5(21, 29, 2t) be denoted by N ,5(1, m) and D ,s(l, m) respectively. Let:

2

apfl Na,6‘2 NaBt

Nos(l,m) Z Z Z T

=0 j=0 k=0

)

apfl Da,6‘2 DaBt

DOCB(Z’ m) = digk(aﬁ) Z2 B] t

i=0 j=0 k=0

where Nog1, Noga and N,p are the degrees of the polynomial matrix N ,5(21, 22, 21)
with respect to variables z;, z, and z; respectively. Furthermore D,g1, D,p2 and D,
are the degrees of the polynomial matrix D ,5(z1, 22, ) with respect to variables zy, zy
and z; respectively. The transfer matrix (3.14) can be realized in a GR model of the

form (@313 if and only if the conditions (3.13) and (3.16) are satisfied.

nas) =0 for i+j>k+1 (3.15)

A sy =0 for itj>k+1 (3.16)

Proof For the case of («, 5) = (1,1) the lemma is a restatement of Theorem [3.1.1l
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For other cases it can be proven using an identical approach to the proof of Theorem

B.LI

A parallel combination of systems causal in each quadrant can be used to realize

non causal systems [Lele and Mendel, [1987].

Theorem 3.1.2 A transfer matrix H (21, z2, z;) can be realized as a parallel combina-

tion of GR models of the form (3.13) if and only if it can be expressed as:

H(z, 29, 2) = Z Nag(zl,22,zt)D;é(zl,zQ,zt) (3.17)
(,B)e{~1,1}x{—1,1}
where elements of matrices N ,5(21, 22, 2¢t) and D ,5(21, 22, 2) are polynomials of z1 %,
25 b and 2! satisfying the following conditions: If the (1, m) — th elements of

N o5(21, 22, 2¢) and D ,5(21, 22, 2¢) are given by:

Naﬁl Naﬁ2 NaBt )
aﬁ l m Z Z Z zgk(aﬁ ZQZZ_jﬁZt_k
=0 5=0 k=0
Da,ﬁ‘l Da,ﬁ‘l DaBt )
D 5(l,m) = di’%(aﬁ)zl_ngjﬁzt_k
i=0 j=0 k=0
then
nasy =0 for i+j>k+1 (3.18)
A sy =0 for itj>k+1 (3.19)

Proof The result trivially follows from Lemma B.1.11
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3.1.3 Example
The realization algorithm discussed in the above section will be illustrated by an

example in this section. Let the transfer matrix to be realized be as follows:

11 -1 11 -1 11 —1_-1 12 —1
19021 T Aoro%2 T Q19121 % Ap10°2

H(zy, 29, 2) = B L
21 22 _—1_—
apo1 2 A101°1 ~t
-1
—1 11 -1 1 —1_-1_-2 12 -1
o« 1_601122 ze —bopuzr — bz 2y 2 —bom 2
1 o1
bo1122 24 1_[71012'1 2t

(3.20)

According to Theorem the above transfer matrix is realizable in a GR model of

the form (2.3).

11 11 -1 11 —1_-1 12 —1
10021 +a01022 T aj01?21 % ap1o2e
21 —1 22 _—1_—1
Qpo1#t a10171 ?t
F<Z17Z27Zt) - 1 )
601122 Zy bOOlt b11221 2 bOOlzt
_1 —1
i bot122 2 UTTEE

Since the system has two inputs, the loop starting in step 1 of the algorithm given in

figure [3.1lruns twice. The sequence of operations in the first iteration is given in table

43



TABLE 3.1:

THE SEQUENCE OF OPERATIONS IN THE FIRST ITERATION OF THE

ALGORITHM
step | operation
2 Py = [z ']7
3 Py = [z, ']"
4 | ®n=x" ity oty oty T
1
zl_l
5 P =1 |Pu=]|1]|Pu=
-1
%9
21_122_12[1
1
zl_l
6 Uyu=|1|¥Yau=|1|¥Yu=
1
<9
21—122—12;1
7 O =111 2% 2t 2tz

8 © = 1 This is the first iteration of the for loop
starting at step 8.

9 K =1 No elements are inserted to W;, ¥y or
W, 1n this iteration.

8 © = 2 This is the second iteration of the for loop
starting at step 8.

9 K =1 No elements are inserted to W, W4 or
W, in this iteration.

8 t = 3 This is the third iteration of the for loop
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TABLE 3.1 continued

10
18
27
28
29
32

10
18
27
28
40
41
44

starting at step 8.

K =1 No elements are inserted to W, W4 or
W, in this iteration.

© = 4 This is the fourth iteration of the for loop
starting at step 8.

K=zt

K is not an element of ®; or P
orderz(z;") + orderzy(z;') > orderz,(z;")
K #1

There is one power of z; ' in K

2K =1isin ¥y,

K = z; K Since K = 1 the iteration ends

© = 5 This is the fifth iteration of the for loop
starting at step 8.

K =2z"

K is not an element of ®; or P
orderz(z; ") + orderzy(z;") > orderz,(z;")
K #1

There is no power of z; ' in K

There is one power of 2, ' in K

2K = 1isin Wy,

K = 2K Since K = 1 the iteration ends

t = 6 This is the sixth iteration of the for loop

starting at step 8.
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TABLE 3.1 continued

10
18
27
28
29
30
32
33
34
37
27
28
40
41
44

_ -1 -1 -1
K=z "2 %

K is not an element of ®; or P
orderz(z;") + orderzy(z;") > orderz,(z;")
K #1

There is one power of 2, ! in K

12[1 is not in Wy

K =2y
Insert z, 12[ Linto ¥4

K =2 KNow K = zy'z*
There is one power of z; ! in K
2K = 22_1 isin Wy

K = 2K Now K = z,*

K #1

There is no power of z; ' in K
There is one power of z, ' in K
20K = 11isin Wy

K = 2, K Since K = 1 the iteration ends
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At the end of the first iteration of the loop starting at step 1 of the algorithm we have
W, Wy and Wy, Vectors Wiy, Wy and Wy, can be derived in the second iteration
which is omitted for the sake of brevity. In accordance with the structure given in

@.11), ¥ can be constructed.

- X . -
PN 0
0 1
1 0
0 1
v = 1 0
P 0
2zt 0
statyt 0
0 1
[ 0 =

Matrices D g7 and N grcan be derived using (3.8]) and (3.9).

00000 by O boyy briz bogr O
Dyr =

00000 O 0,y 0 0 b

ajo 0 0 agyy agly 0 ajy 000 0
Npr =

0 00 0 0 a3y 0 00 0 a3

Matrix C = N pyp. Matrices A and B can be derived using the procedure given in
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section B.1.11

_ T
1 001 01O0O0O0O0TO

B =
0010100O0O0T1O0
00 0/0 0|byyy O byiy biiy bsgy O
00 000} 0 0 1 0 0 0
00 010 0] O O bgh 0 0 b%gl
00 0[0 0|byr O byiy Dila booy O
00 010 0] O O bgh 0 0 b%(z)l

A=100 000 b(l)(l)l 0 b(l)h bﬂ2 b(l)gl 0
1 00 0] 0 0 O 0 0 0
00 0|1 070 0 O 0 0
01040 0] 0 0 O 0 0 0
00 010 0] O O b%}l 0 0 b%%l
0010 0] 0 0 O 0 0 0

In this realization " € R?, ¥ € R? and o' € RS

3.2 Realizability in the FM Model

In this section, a necessary and sufficient condition for a 3-D rational transfer matrix
to be realizable in an FM model, that satisfies condition (2.4)), is established . A real-
ization algorithm for the derivation of an FM model that satisfies the desired condition,

given an admissible transfer matrix®, is presented as part of the proof.

®A transfer matrix realizable in an FM model that satisfies condition
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3.2.1 Causal Transfer Matrices

Theorem 3.2.1 Let an input-output transfer matrix be given by the right matrix frac-

tion description Bose [2003]:
H(21,20,2) = Ng(21,22,2)Dg" (21, 22, ) (3.21)

where matrices N g(z1, 2o, 2) and Dg(z1, 22, 2;) are of size ¢ X p and p X p respectively.
Let N g(l,m) and Dg(l, m) denote (1, m)-th elements of matrices N g(z1, 22, 2) and

Dg(z1, 29, 2;) respectively. Let:

NRgr1 Ngr2 Ng¢

_ m —i_—7_—k
—E E E Nijk?1 #2 " %
i=0 j=0 k=0
Dpgr1 Dra Dpt

Z szmkzl Z2 Zt

=0 7=0 k=0

where Ng1, Npy and N, are the degrees of the polynomial matrix N g(z1, 22, z;) with
respect to variables z; Y 25 Yand 2 ! respectively. Furthermore Dgy, Dgo and Dy, are
the degrees of the polynomial matrix Dg(zy, zy, z) with respect to variables z;"*, 2y

and z; " respectively. The transfer matrix (3.21) can be realized in an FM model (2.2)
satisfying condition 2.4), if and only if the conditions (322) and (B3.23) are satisfied.

Uk—O fori+ji>k+1 (3.22)

dm =0 for i+j>k+1 (3.23)

ijk —

Proof Necessity is proved by showing that, if a transfer matrix is realizable in an FM
model satisfying condition (2.4)), it can be represented in the form with
conditions (3.22) and (3.23) satisfied. In order to prove sufficiency, a realization

algorithm which realizes a transfer matrix that satisfies conditions and
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(3.23)), in an FM model satisfying condition (2.4)), is presented. The proposed algorithm
is a modification of the algorithm given in (Cheng et al. [2010]; Xu et al. [2005,2007].

To prove the necessity, let the input-output transfer matrix be realized by the
FM model (2.2) with condition (2.4)) satisfied. From (2.2)) we have:

x(ni—1,ng, t)=Apx(ni—2,n9,t) + Ayx(n1—1,n0—1,t) + Ayx(n1—1,n9,t—1)

+ Bhu(nl—Q, Na, t) + Bvu(nl—l, 71,2—1, t) + Btu(nl—l, Na, t—l)

Due to condition (2.4):

Ahw(nl - 17”27t) = AhAtm(ln’l - 17n27t - 1) + AhBtu(nl - 17”27t - 1)

ApX (21,20, 2)27 = ApAX (21, 20, 20) 20 2t 4+ A BuU (21, 20, 21) 27t
(3.24)
Similarly:
A X(217Z27’Zt> =A AtX(Z17227Zt)Z2 Zt _'_A BtU(217Z27Zt)ZZ Zt (3 25)

X (21, 20, 2) = ApX (21, 22, zt)zfl + A, X (21, 29, zt)zz_l + A X (21, 29, zt)zt_l
+ B U (z, 2o, zt)zl_l + B,U (2, 22, zt)zz_l + B,U (2, 29, zt)zt_l

Y (21,22, 21) = CX (21, 20, 2) + DU (21, 29, 2) (3.26)
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By substituting from ((3.24)) and (3.23)) in (3.26), we have:

H(z,29,2)=[C(I, — AhAtzl_lzt_1 — AUAtzglzt_l — Atzt)_l

x (Bpzi' + Byzy '+ Bz '+ ApBizy 'y + A B2y 2 ) + D

Elements of the transfer matrix H (2, 2, 2;) are rational functions. The (I, m)-th ele-

ment of H (zy, 25, 2;) is denoted by H (I, m).

Zzzamkzl Z2 Ztk

H(l,m) = -
1- Zzzbmkzl 22 Zt

Assume

Uz, 22,2) = [10......0]" (3.27)

Y(Zl7 292, Zt) = H(Z17 22, Zt)U(Zh 292, Zt)

Monomials in the denominators of the elements of Y (21, 22, 2;) result from products of

monomials 2,1, z; 'z and 272!, Therefore monomials 272,72, * in the denomina-
tors of the elements of Y (21, 29, 2;) satisfy i + j < k. Monomials in the numerators of

the elements of Y (2, 2y, 2;) result from products of monomials z; *, z; %, 2, ', 25 12,

1

and 2, 'z, . Therefore monomials z;'z,” 2" in the numerators of the elements of

Y (21, 22, 2¢) satisfy i + j < k + 1. Due to 3.27), Y (z1, 22, 2;) is equal to the first

column of H (21, 29, z;). Hence:

Uk—O for i+j>k+1

szk_o fori+3>k+1
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Select u(ny, ng,t) such that the m-th element in the vector U (21, 29, 2) is unity and

all other elements are zero. Then the same argument can be used to show that:

aﬁ%:O for i+j3>k+1
bm =0 for i4+j>k+1

v

Therefore, H (21, 22, z;) can be represented in the form (3.21]) while satisfying condi-
tions and (3.23)). This completes the proof of necessity.

In order to prove sufficiency, let the transfer matrix (3.21)) satisfy conditions (3.22])
and (3.23). The realization algorithm given below realizes the transfer matrix
in the FM model (2.2) while satisfying condition (2.4). Without loss of generality it
can be assumed that IN g(21, 20, 2;) = 0 and Dg(21, 22, 2;) = I, when gl=2t1=

z7' = 0. Let DR(zl, 29,2) = I, — Dp(#1, 22, 2;) and:

Nr(z1, 22, 2)
F(Zl7 22, Zt) =

Dr(z1, 22, %)

The basic idea behind the algorithm is to construct a matrix W of size n X p containing

all the monomials required for the realization. Matrix W is of the following form:
v = diag{\Ill, \Ilg ....... \Ilp}

where each ¥, for [ € {1,2,....p} is a column vector of size n; X 1 whose elements are

J

monomials of the form 2"z, 2, * where 4, j and k are non-negative integers. Matrices

Dgr € RP*", Ngr € R™*", A, €¢ R™™", A, € R"*", A, €¢ R"™*", B;, € R"*P,
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B, € R"*P and B; € R"*? are constructed such that:

bR(Zl,ZQ,Zt) = DHT‘I’ (3.28)

N(z1,22,2t) = Nur¥ (3.29)

Bz ' + Byt 4 Bzt = (I, — Apzpt — Azt — Azt x \PD}_%l(zl,zg,zt)

(3.30)

Then:

N (21, 22, Zt)DI_gl(Zh 29, 2t) = NHT\IID}_{l(Zla 22, %)
= Nyr(In—Apzi ' — Ay ' — Ay )7 (Brz ' + Bozy '+ By )

= C(In—Ahzl_1 —szgl —Atzt_l)_l(thl_1 + szz_l —i—Btzt_l)

where C' = N gr.
In order to construct matrices D1, N g1, An, A,, A;, By, B, and B; that satisfy

the above properties, ¥ should have the following properties.

1. Entries in ¥; where j € {1,2...p} should contain all the monomials in the j-th
column of F'(z, 23, z;). This condition guarantees that D g1 and N 7 always

exist and satisfy conditions (3.28]) and respectively.

2. For every entry in ¥, say W;(i) which is not z;, 25 or z; there should be another
element in W, say W;(h) such that ¥;(i) = z;, 'W;(h), where k € {1,2,t}. As
will be explained later this condition enables the construction of matrices Ay,

A,, A;, B,, B, and B; such that equation (3.30)) is satisfied.

3. Vectors ¥; where j € {1,2...p} should contain at least one of the terms 2; !, 2,
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and z; . This is necessitated by condition 2 above.

Forl € {1,2...p}, matrices A} € R"*™, Al € R"*™ Al ¢ R, B! € R,

B! ¢ R™*! and B! € R™*" are constructed as follows.

I Fori e {1,2..m}, AL(i,j) = 1if 35 € {1,2,...n;} such that W, (i) = 2, ' ¥;(j).
Otherwise A!(i,j) = 0.

I Fori € {1,2..m}, Al(i,j) = 1if Al(i,k) = 0forV k € {1,2..n;} and 3
j € {1,2,..m;} such that ¥;(i) = z; ' W,(j). Otherwise A’ (i,7) = 0.

II Fori € {1,2.m}, AL(i,j) = 1if Al(i,k) = 0 and Al (i,k) = 0 for V
ke {1,2.n}and 35 € {1,2,...n;} such that ¥;(i) = z;'¥;(j). Otherwise
A} (i,§) = 0.

IV Bl(i) = 1if ¥,(i) = z;* and B!(i) = 0 otherwise.
V B! (i) = 1if ¥;(i) = z;' and B’ (i) = 0 otherwise.
VI B! (i) = 1if ¥,(i) = z; ' and B!, (i) = 0 otherwise.
Let for k € {h,v,t}:
VI A, = diag{A}, A2, ..., A"}
VIl By = diag{B},B3,..., B}}

It can be easily seen that:

(I, — Apzyt — Ayzy' — A7 )W = Byoyt 4+ Bozy '+ Bz (3.31)
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Let

A, =A;, + B,Dyr
Av :Av + B,Dyr

At :At ‘l— BtDHT (332)

{I,— Ay — Ayt — Ay Y = {1, — Ayt — Ayzyt — A7)0
—{B,Dyrz' + ByDyrzy ' + B.Dypz '}
= B2 '+ B,z + Bzt
— (Bpzi 4+ Byzy '+ Bz ) Dr(21, 20, )
= (B2 '+ Byz '+ Biz ) (I, — Dir(21, 22, )

= (thl_l+sz2_1+Btzt_1)DR(z1, 29, 2t)

Matrices A, A,, A;, B},, B, and B, satisfy condition (3.30). Therefore matrices Ay,

A,, A, By, B,, B, and C realize the transfer matrix (3.21)). In addition to realizing

the transfer matrix , all system matrices are required to satisfy condition .
Let W(4,5) = z; . There is no monomial z; * in any of the polynomial elements of

Dpg(z1, 29, 2) due to (3.23). Therefore Dyr(h,i) =0,V h € {1,2, ..., p}. Hence:
DyrBy =0 (3.33)
Similarly:

DyrB, =0 (3.34)
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1251 and 2, 2. Due

Let W be constructed such that, it doesn’t contain monomials 2z, 2, 2,
to (322) and (3.23) monomials 2,2, 2; 'z, " and 2,2 are not required by W to satisfy
(3.28) and . There is no element in W such that W(h, j) = 2, 'W(i, j) = 2,2 .

Therefore A, (h,i) =0 forV h € {1,2,...,n}. Hence:

A,B,=0 (3.39)

Since there are no z, 2 or z; 'z, terms in W, using a similar argument:

AB,=A,B,=A,B,=0 (3.36)

Due to (3.33), (3.34), (3.33) and (3.36) we can deduce that:
A,B, = A,B), = A,B, = A,B), = 0 (3.37)

Let 3 W(h, ) such that ®(i,j) = 2, 'W(h, ;) when ¥ (i,) is a monomial in the j-
th column of Dy(z, 22, %) and W(i,j) # 2z '. Let Dyp(l,i) # 0 for some | €
{1,2, ..., p}. By construction, there can be one and only one non-zero element in any
row of W. Let W(i, j) be the non-zero element in the i-th row. Due to (3.28) ¥(i, j)
is in the j-th column of Dg(z1, 20, 2). If U(i,j) # z ', since A, is constructed
according to steps I and VII above, A;(i, h) = 1 for some h € {1,2,...,n}. Therefore,
by construction of A, and A,(given by steps II and III and VII), A,(i,k) = 0 and

A,(i, k) =0fork € {1,2,....,n},if Dgr(l,4) # 0 forsome [ € {1,2,...,p}. Hence:

DyrA, =DyrA,=0 (3.38)

Assume that, if W(h, j) isnotequal to 2; ', 2, ! or 2, ! and satisfy W (i, j) = z; " ¥(h, 5)
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orW(i,j) = 2z, "W(h,j),then 3W(k, j) suchthat ¥ (h, j) = 2, ' W (k, 7). Let Ay, (i, h) =
1. Then by construction of Ay, ¥(i,j) = z; ' ¥(h,j) for some j € {1,2,....n}.
Hence, either A,(h, k) = 1 for some k € {1,2,....,n} or W(h,j) € {z;*, 2" 2 '}
Therefore, by construction of A;, and A,, if A,(i,h) = 1, then A, (h,k) = 0 and
A,(h,k) =0fork € {1,2,...,n}. Similarly if A,(i,h) = 1, then A, (h, k) = 0 and

A,(h, k) =0fork € {1,2,...,n}. Therefore:

ALA,=ARA, = AA,=AA, =0 (3.39)

From (3.37), (3.38) and , we can deduce that condition (3.40Q) is satisfied.

AA, =AA,=AA, = ALA, =0

A,B,=A,B,=A;B,=A;B;, =0 (3.40)

Therefore, in addition to conditions 1, 2 and 3, if matrix W satisfies the following con-
ditions, the transfer matrix (3.21)) can be realized in an FM model satisfying condition

2.4).

1

4 Monomials z; %, z; 'z, and z; % are not contained in W.

5 When W (i, j) is a monomial in D g(21, 2, 2 ) and W (i, j) # 2%, 3 ¥ (h, j) such
that W (i,5) = 2z, ' W(h, j) .

6 For W(h, j) thatis notequal to 2; !, z,* or z; * and satisfies ¥ (i, j) = z; ' ¥ (h, j),

there exista W(k, j) such that W (h, j) = 2, "W (k, 7).

7 For W(h, j) not equal to 2, ', 2, ' or ;! satisfying W(i,j) = 2, ' W(h, j) there
exista W(k, j) such that W (h, j) = z; ' ¥ (k, j).
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1: forj=1topdo

2: Collect all the monomials in the j-th column of F'(zy, 22, ;) into ®; in the
ascending total degree lexicographic order .
3: \Ilj = ‘I’j
4: for i = 1 to Number of elements in ®; do
5: K =®,(i)
6: if orderz(K) + orderzy(K) < orderz,(K) then
7: while orderz (K) + orderz(K) < orderz(K) and K ¢
{s1h 2" 2 '} do
8: if 2, isnot in ¥; then
9: Insert 2z /X to ¥, in the ascending total degree lexicographic or-
der.
10: end if
11: K=K
12: end while
13: end if
14: while K ¢ {27! 2" 27} do
15: if There is at least one power of z; * in K then
16: if 21 K isnotin W, then
17: Insert 2; K to W¥; in the ascending total degree lexicographic
order.
18: end if
19: K= ZlK
20: if There is at least one power of z; ' in K and K # z; ! then
21: if z; ' K is not in ¥, then
22: Insert z, K to ¥, in the ascending total degree lexicographic
order.
23: end if
24: K=K
25: end if
26: else
27 if There is at least one power of z, ' in K and K # z; ' then
28: if 20K isnot in ¥ then
29: Insert 2, X' to W in the ascending total degree lexicographic
order.
30: end if
31: K= ZQK
32: end if

Figure 3.2. Algorithm for constructing ¥
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33: if There is at least one power of z; ' in K and K # z; ' then

34: if 2, K isnotin ¥; then

35: Insert z, K to ¥, in the ascending total degree lexicographic
order.

36: end if

37: K=K

38: end if

39: end if

40: end while

41: end for

42: end for

43: U = diag{¥,¥,,..,¥,}

Figure 3.2. continued
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The algorithm given in figure [3.2] can be used to construct the matrix ¥ with the
above properties.

Lines 2 and 3 of the algorithm ensure that all the monomials in F'(zq, 25, 2;) are
contained in ¥. Lines 6-13 ensure that W satisfies condition 5. The monomials missing
in W that are needed to satisfy conditions 2, 6 and 7 are inserted in the loop starting
from line 14. Due to conditions (3.22) and (3.23), monomials ;2,7 z* in vectors
®, satisfy i + j < k+ 1 forl € {1,2,...p}. Moreover, if monomial z; ‘2,7 z; * satisfy
J—k

i+ j = k + 1, the algorithm starts inserting monomials to ¥, by inserting 2, "™ 2,7 z;

1 — . . . ..
+ 2 ¥ Therefore, for every monomial z; K inserted into W, 2,21 K is inserted

orz'zy J
into ; unless 21 K € {27, 2, %, 2, '}. For every monomial z, K inserted to W;, 2,20 K
is inserted to W; unless 2K € {z;' 2! 2 '}. Therefore conditions 6 and 7 are
satisfied by W. It is easily seen that, the matrix W constructed by the algorithm satisfies
condition 4 if conditions and ((3.23) hold. This completes the proof of the

theorem.

For the sake of simplicity, implications of the theorem are discussed for the case of
single-input single-output systems. In this case, the right matrix fraction description
of the system given by (3.21)), reduces to a rational transfer function. Let the impulse
response of the system described by the transfer function ((B.21) be h(ni,ng,t). If
conditions (3.22)) and (3.23) are satisfied by the transfer function, then we have:

h(ny,ng,t) =0 for ny+ng >t+1 (3.41)

Therefore an impulse response, realizable in an FM model (2.2]) which satisfies con-
dition (2.4)), satisfies the condition (3.41)). The FM model (satisfying condition
(2.4))) is implementable in a grid sensor network in which information is conveyed over

a single hop in one time slot. The effect of an input at a node propagates over a sin-
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gle hop in a single time slot. Let a first octant causal impulse response that satisfies
the condition (3.41)) have a rational Z-transform H (21, z», ;). It can easily be shown
that H (zy, 29, 2;) satisfies conditions and (3.23). Hence any first octant causal
impulse response satisfying (3.41)) with a rational Z-transform is realizable in an FM

model that satisfies condition .

3.2.2 Summary of the Realization Algorithm

The algorithm to derive an FM model, that satisfies condition (2.4)), given the right
matrix fraction description (3.21)) of an admissible transfer function, can be summa-

rized as follows.

e Compute DR(zl, Zo, ;) USing DR(zl, 29,2t) = I, — Dp(21, 22, 2t)

Compute F'(z1, 22, 2;) using:

NR(ZbZZa Zt)
F(Zla 292, Zt) -

DR(Z17 22, Zt)

Construct the matrix ¥ using the algorithm given in figure

Derive the matrices IN ;7 and D 7 that satisfies (3.28)) and

Using the steps I-VIII derive matrices Ay, A,, A;, By, B,, and B,

Compute A, A, and A; using (3.32)).

C = Ngr
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3.2.3 Non Causal Transfer Matrices

Systems described by the FM model are necessarily first octant causal. Sys-

tems causal in any of the four quadrants of the spatial plane can be realized as:

x(ny,ne, t) = Apx(ni—a, ng, t) + Ayx(ng, ne—06,t) + Ayx(ng, ny, t—1)
+ Bhu(ni—a, ng, t) + Byu(ng, ne—P3,t) + Byu(ng, ng, t—1)

y(nl,ng,t) = Cm(nl,ng,t) +Du(n1,n2,t) (342)

by appropriately choosing a and 5. Here (o, ) € {—1,1} x {—1, 1}. For example
when (o, 8) = (=1, —1) the region of support of the impulse response lies in the 3"
quadrant of the spatial plane. The following lemma which is a generalization of the

Theorem can be used to derive the final result of this paper.

Lemma 3.2.1 Let an input-output transfer matrix be given by the right matrix fraction
description:

H ,5(1, 22, 2t) = Nog(21, 22, zt)D;é(zl, 29, %) (3.43)

where (o, 5) € {—1,1} x {—1,1} and where matrices N ,5(21, 22, 2) and
D ,5(z1, 22, 2¢) are of size ¢ X p and p X p respectively. Let (I,m)-th elements of
matrices N o5(21, 22, 2) and D o5(21, 29, 2) be denoted by N ,5(l, m) and D ,z5(l, m)

respectively. Let:

2

afBl NaBZ Na,@‘t

Nozﬁ(l m Z Z Z zgk(aﬁ szt_k

=0 j=0 k=0

o)

afBl Da,6‘2 Da,@‘t
o Im —ai _—B7 _—k
Dog(l,m) = dz’jk(aﬁ)zl 29 A
=0 j=0 k=0

where Nog1, Nop2 and Nog: are the degrees of the polynomial matrix N ,5(21, 22, 2t)

with respect to variables z| v 25 Y and 2z ! respectively. Furthermore D,g1, D,gs and
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D p: are the degrees of the polynomial matrix D ,z(z1, 22, 2;) with respect to variables
27t 2yt and 27! respectively.
The transfer matrix (3.43) can be realized in an FM model of the form (3.42) while

satisfying condition (24), if and only if the conditions (3.44) and (3.43) are satisfied.

nhes =0 for i+j>k+1 (3.44)

din s =0 for i+j>k+1 (3.45)

Proof For the case of (o, 3) = (1, 1) the lemma is a restatement of Theorem[3.2.1l For

other cases it can be proven using an identical approach to the proof of Theorem

A parallel combination of systems causal in each quadrant can be used to realize

non causal systems |[Lele and Mendel [[1987].

Theorem 3.2.2 A transfer matrix H (21, 25, 2;) can be realized as a parallel combina-
tion of FM models of the form ([3.42) while satisfying condition 2.4), if and only if it

can be expressed as:

H(z1,20,2) = Z Nag(zl,22,zt)D;51(21,z2,zt) (3.46)
(a,8)e{-1,1}x{-1,1}

where elements of matrices N ,5(21, 22, 2t) and D ,5(21, 22, 2) are polynomials of z{ %,
2y b and »_, satisfying the following conditions: If the (I, m)-th elements of

N o5(21, 22, 2¢) and D o5(21, 22, 2¢) are given by:

2
2

aBl Nap2 NaBt

aﬁ l m Z Z Z zyk(aﬁ ’22 jﬁzt_k

i=0 7=0 k=0

]
=

af af2 NaBt
! —ia_—jB —k
D s(l,m) = diTkapy?1 %o ]th

ik
=0 j=0 k=0



then

nas =0 for i+j>k+1 (3.47)

dm =0 for i+j>k+1 (3.48)
Proof The result trivially follows from Lemma

3.2.4 Example

The realization algorithm discussed in the above section is illustrated by an example

in this section. Let the transfer matrix to be realized be as follows:

11 -1 11 -1 11 —1,-1 12 -1
Ngo21 T Noro?e - T N1 % 1072
H(217227Zt) =
21 -1 22 _—1_-1
o172t N01%1 ?¢
1
1 —1 1,—1,-2
1+ d01122 +d0012t +d11231 R9 2t d001 t
X
—1.-1 ~1_-1
d01122 2t 1+0l1012'1 2t

(3.49)

The transfer function satisfies conditions and (3.23)). Therefore, accord-
ing to Theorem [3.2.1]the above transfer matrix is realizable in the FM model with

condition (2.4) satisfied. Matrix F'(zy, 22, ;) is given by:

1,.-1 12 -1
nlOOZI +n010z2 +n10121 2 1072
21 -1 22 _—1_-1
To1%¢ 0171 ~t
F(Zlaz2>zt):
11 -1_-1_-2
d01122 2 d001 %t _d11221 Ro 2t dOOlzt
-1 22 _—1_—1
d01122 2t —dipn21 %
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Since the system has two inputs, the loop starting at line 1 of the algorithm given in

figure 3.2l runs twice. The sequence of operations in the first iteration is given in table

TABLE 3.2:

THE SEQUENCE OF OPERATIONS IN THE FIRST ITERATION OF THE

step

ALGORITHM

operation

="l oa oy g T
U, =P,

1 = 1 This is the first iteration of the for loop
starting at step 3.

K = 27! No elements are inserted to ¥,

in this iteration.

1 = 2 This is the second iteration of the for loop
starting at step 3.

K = z;! No elements are inserted to ¥,

in this iteration.

© = 3 This is the third iteration of the for loop
starting at step 3.

K = 27! No elements are inserted to ¥,

in this iteration.

1 = 4 This is the fourth iteration of the for loop
starting at step 3.

S
K =z "%
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TABLE 3.2 continued

11

11

14
15
16
19

orderz (K) + orderzy(K) = orderz(K)
K¢fant ')

2z K = 7z 1sin Wy

K = %K Since K = 2, ' the iteration ends

1 = b This is the fifth iteration of the for loop
starting at step 3.

K =zt2"!

orderzy(K) + orderzy(K) = orderz,(K)
K¢fan' 2}

K = 22_1 isin ¥,y

K = 2 K Since K = z, ' the iteration ends

© = 6 This is the sixth iteration of the for loop
starting at step 3.

K =27t 2y 22

orderzy(K) + orderzy(K) = orderz,(K)
K¢ {at o'y

2K = 27 2 27 isnot in Wy

Y27t into W,

Insert 2, 'z,
K =2z K Now K =z "2y 'zt
orderzy(K) + orderzy(K) > orderz,(K)
K¢ {xt 5t

There is one power of z; ' in K

2K = zz_lzt_l isin ¥,y

K=2zKNowK =z, 'z *
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TABLE 3.2 continued

20
21
24

There is one power of z; ' in K and K # 2
2z K = 22—1 isin ¥,

K = %K Since K = 2, the iteration ends
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At the end of the first iteration (of the loop starting at line 1 of the algorithm) we
obtain W;. Vector W, can be derived in the second iteration which is omitted for the

sake of brevity. Using ¥, and Wy, W can be constructed as:

-1 -1 -1 _-1,-1 _—-1_-1 _—1,-1_,-1 _—1_-1_-2
2y 25 2 2] % Zy 2 Z] 29 % Z] 2y % 0 0 0 0

0 0 0 0 0 0 0 P T e

Matrices D yr and N grcan be derived using (3.28)) and as:

0 0 —dgy 0—doyy 0 —dijy 0 0 —dgg; O
Dyr =
00 O O—d?ﬁ1 0 0 00 O —d%gl
”%(IJO n(lﬁo 0 n%(ln 0000 ”(1)%0 0 0
Nyr =
0 Onal)IOOOOOOOn%(Z)1

Matrix C' = N gyr. Matrices A;,, A,, A;, By, B, and B; can be derived using the

procedure given in section [3.2.11

r 9T

100000O0O0OO0OO0O
B, =

0000O0OO0OO0O1O0O0O®O

- T

01 00000O0O0O0O
B, =

000O0O0O0O0OT1TO0O0

- .

0010O0O0O0O0OO0®O0OO® O
Bt:

000O0O0O0O0O0O0T1®O
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e}

o o o O o o o o o o o o o

o o o o o o o

0 —dgo, 0 —dgry 0 —dy,

0

o o o O o o o o o o o o o

o o o o o o o

0

o o o o o o o o o

11
_d001

o o o o o o o o o

0

o o o o O

o o o O

0

0 —dor; 0 —dip,

0
0
0

—_

o o o o O

0
0
0
0
0
0

21
_d011

0

0

o o o o O

0

o o o o O

o o o O

21
_d011
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0

o o o o o o o o

0
0
0
0
0
0
0
0
0
0

0

0

o o o o o o o o

o O

o o o O O

o o o O

o o o o o o o o o o o

0 —dggy

o o o O O

o o o O

0 —dggy

o o o o o o o o

o o o o o o o o o

0

o o o o o o o

0

o o o O

22
_dlol




(00 0 00 00 00 0O 0 |
00 0 0 0 0 0 00 0 0
0 0—dit, 0—dll, 0—dl 00-d2 o0
10 0 0 0 0 00 0 0
01 0 00 0 0 00 0 0
Ar=|100 0 0 0 0 0O 00 0 0
00 0 0 0 1 0 00 0 0
00 0 0 0 0 0 00 0 0
00 0 0 0 0 0 00 0 0
00 0 0-d2,0 0 00 0 -—dZ
(00 0 00 00 10 0 0

The state vector ¢ € R'! in this realization.

3.2.5 Comparison with GR Model Based Implementations

A causal transfer matrix of the form is realizable in the constrained GR
model if and only if conditions and (3.23)) are satisfied. Therefore a causal
transfer matrix realizable in the constrained GR model is also realizable in the con-
strained FM model and vice versa. Similarly a transfer matrix realizable as a parallel
combination of constrained GR models that are causal in each quadrant is also realiz-
able as a parallel combination of constrained FM models causal in each quadrant.The

converse 1s also true.
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CHAPTER 4

STABILITY UNDER FINITE PRECISION ARITHMETIC

Systems (2.I) and (2.2)) are implemented on wireless sensor networks using finite
precision number representation schemes. Shorter word lengths may be used for num-
bers communicated between nodes due to bandwidth and power restrictions. The effect
of quantization and finite precision arithmetic on system dynamics is modeled in this
chapter. Internal and external stability of distributed systems implemented using finite
precision arithmetic is analyzed. Emphasis is given to the effect of inter node commu-
nication on system stability, since short word length formats are an important means
of reducing communication bandwidth and energy requirements. Floating point and
fixed point computations result in different system models for the distributed systems.
Therefore the cases of floating point and fixed point computation are treated separately

in this chapter.

4.1 Fixed Point Arithmetic

4.1.1 Fixed Point Quantization and Overflow

Quantization and overflow operators widely used in fixed point arithmetic are dis-
cussed in the following. Let S be the set of numbers representable with the number
representation scheme used. Quantization and overflow operators employed are de-

noted by () and O respectively. If the difference between any two consecutive elements
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in S is either ¢ or —¢, the quantization operator is said to be uniform and ¢ is called the
quantization step size. Widely used fixed point quantization schemes are discussed in
the following paragraphs. It is assumed that the quantization is uniform with a step size
of ¢. Input versus output plots for the quantization schemes shown in figures 4.1, 4.2]

and are for the case where g = 1.

Magnitude Truncation This scheme rounds the input to the closest representable quan-
tization level in the direction of zero as shown in Figure The quantization

error is less than ¢ in this scheme .

Rounding This scheme rounds the output value to the nearest quantization level as
shown in figure In the case of a tie, it rounds positive numbers to the closest
quantization level in the direction of positive infinity, and negative numbers to
the closest quantization level in the direction of negative infinity. The maximum

quantization error that occurs under this scheme is ¢/2.

Two’s Complement This scheme rounds the input to the closest representable quan-
tization level in the direction of negative infinity as shown in Figure The

maximum quantization error is less than ¢ in this scheme.
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output
o

0
input value

Figure 4.1. Fixed-point quantization schemes: Magnitude Truncation

output
o

input value

Figure 4.2. Fixed-point quantization schemes: Rounding
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output
o

input value

Figure 4.3. Fixed-point quantization schemes: Two’s complement

Overflow occurs when a result of an arithmetic operation is either larger than the
largest representable number or smaller than the smallest representable number of the
number format used. Input-output behavior of the overflow nonlinearity depends on
how the overflow is handled. Models pertaining to commonly used methods to handle
overflow are discussed below. Input output curves for the overflow nonlinearities dis-
cussed are shown in figures[4.4] [4.5land[4.6] for the case where the largest and smallest

representable numbers are 4 and —4 respectively.

Saturation nonlinearity When an overflow occurs in an arithmetic operation, the clos-
est representable number to the outcome of the arithmetic operation may be used
instead of it. The resulting nonlinearity is illustrated in figure [4.4] and is called

the saturation nonlinearity.

Wraparound (2’s complement overflow) nonlinearity Input-output behavior of the

wraparound nonlinearity is illustrated in figure When two’s complement

74



arithmetic is used, overflow of arithmetic operations result in the wraparound

nonlinearity.

Zeroing nonlinearity Nonlinearity resulting from replacing the outcome of an arith-
metic operation by zero when an overflow occurs is the zeroing nonlinearity. This

nonlinearity is illustrated in figure

output

5 -4 -3 -2 -1 0 1 2 3 4 5
input value

Figure 4.4. Fixed-point overflow nonlinearities: Saturation Nonlinearity
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output
o

0
input value

Figure 4.5. Fixed-point overflow nonlinearities: Wraparound Nonlinearity

output
o

-5 -4 -3 -2 -1 2 3 4 5

0 1
input value

Figure 4.6. Fixed-point overflow nonlinearities: Zeroing Nonlinearity

4.1.2 Models for Quantization and Overflow Nonlinearities

Microprocessors used in most wireless sensor platforms use fixed point number rep-

resentation schemes. Bandwidth and power restrictions may demand even shorter word
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lengths for numbers communicated between nodes. So the error resulting from finite
precision arithmetic could be significant. Finite word lengths, used for the representa-

tion of numbers, can result in errors due to three reasons:

e Coefficients of matrices must be quantized to numbers that are representable us-

ing the number format used.
e Results of arithmetic operations must be quantized.
e Overflow can occur during arithmetic operations.

Only the effects of quantization and overflow nonlinearities are considered in this work.
For notational convenience the net effect of quantization and overflow nonlinearities
will be modeled by a single nonlinear operator. The nonlinearity resulting from quanti-
zation and overflow can be considered as a concatenation of quantization and overflow
nonlinearities.

Let O : R — [Liin, Lmas) denote the overflow nonlinearity where L,,;,, and L4,
denote the smallest and the largest numbers representable with the number format used
respectively. The quantization operator is denoted by @ : [Liin, Limaz] — S where
S5 is the set of numbers representable with the number format used. The nonlinearity
resulting from quantization and overflow is denoted by N : R — S where N = @ - O.

Models for three different quantization schemes are discussed in the following sec-
tion. It will be assumed that the node’s microprocessor uses a double length accumula-

tor to sum the intermediate products and quantize only the final sum.

4.1.2.1 Model 1

Let Np : R — S, be the concatenation of quantization and overflow operators for

computations within the node. Here S, denotes the set of numbers representable with
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the number format used by the node to store the final result. In a GR model based

implementation, computation of state vectors within each node can be modeled by:

xh(ny +1,ny,1)
mv(n17n2+1’t) = Np [A:v(nl,n2,t)+Bu(n1,n2,t)] (41)

.’Et(nl, Nag, t+ 1)

In a FM model based implementation, computation of state vectors within each node

can be modeled by:

x(n1,ng,t) = Np [Ax(ng, ng, t—1) + A,x(ng, ne—1,t) + Apx(ni—1,ne, t)

+Btu(n1, Na, t—l) + Bvu(nl, 7’L2—]_, t) + Bhu(nl—l, No, t)] (42)

4.1.2.2 Model 2

Due to bandwidth and power limitations the word length of numbers communi-
cated between nodes may be shorter than that for in-node computations. This result
in coarser quantization for state vector components communicated between nodes. Let
N¢ @ R — S¢ be the concatenation of quantization and overflow operators used for
state vector components communicated between nodes. Here So denotes the set of
numbers representable with the number format used for communicated numbers. In a

GR model based implementation, computation of state vectors within each node can be
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modeled by:

wh(nl + 1, Na, t) A1 A2 A3 B1
:NC m(nl,ng,t) + ’u,(nl,ng,t)
w”(nl, Ng + 1, t) A4 A5 AG B2

Son i +1) | =Ne || 4 Ay 4y | et +] By | utno]

(4.3)

In a FM model based implementation, computation of state vectors within each node

can be modeled by:

x(n1,ng,t) = Np [Ax(ng, ng, t—1) + A,Ne[x(ng, ne—1,t)] + ApNo[x(ni—1, ne, t)]

"‘B{U;(ﬂl, Nag, t—l) + BUNC [u(nl, n2—1, t)] + BhNC [u(nl—l, Nag, t)]]
(4.4)

Np : R — S, is the concatenation of quantization and overflow operators for computa-

tions within the node.

4.1.2.3 Model 3

If the required precision for the two directions of communication is different, com-
puted values may be quantized to different precisions in the orthogonal spatial direc-
tions. Possible reasons for this could be that the size of the sensor network is different in
the two directions or there is a preferred direction in which higher precision is required

. In a GR model based implementation, computation of state vectors within each node
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can be modeled by:

|: wh(nl + l,ng,t) :NCh [[ Al A2 A3 :| w(n17n27t) + |: Bl :| u(n17n27t>:|

|: w”(nl,ng —+ 1,t) :NCU H: A4 A5 AG :| w(nlan27t) + [ B2 :| ’U,(Tll,ng,t):|

ety | =N [ 4 a4 a0+ ] By o]

(4.5)

Here No, : R — S¢, and No, : R — S¢, denote concatenation of quantization
and overflow operators used for horizontal and vertical state vector components respec-
tively. Here S¢, and S¢, denote sets of numbers representable with the number formats
used for horizontal and vertical state vector components respectively.

In a FM model based implementation each node transmits its state vector to its
neighboring nodes. Both the neighboring nodes in the orthogonal spatial directions can
receive the same transmission. Hence quantizing state vectors to different precisions

for the two orthogonal spatial directions is not required.

4.1.3 Internal Stability

The definition of GAS for 1-D systems can be directly extended for m-D systems.
GAS of a nonlinear system ensures the absence of zero-input limit cycles. It has been
argued that the conventional definition of GAS for m-D systems is overly restrictive
and less practically applicable Xuetal. [1996]. An alternative definition, practical
internal stability is also introduced in Xu et al. [1996]. A m-D system is practically
asymptotically stable if the norm of the state vector of the system, driven only by the
initial conditions, tend to zero when each of the independent dimensions tend to infinity

while keeping the other dimensions of the system finite.

80



GAS of m-D systems under finite precision arithmetic has drawn considerable at-
tention and a vast literature exist on the subject. Sufficient conditions, for GAS of 2-D
systems described by the FM model, under overflow and saturation nonlinearities are
given in [Kar and Singh [2001b] and Hinamoto [[1997] respectively. 2-D systems real-
ized in the FM model are studied for GAS when implemented using two’s complement
arithmetic in Bose [1995].

For 2-D systems described by the GR model, sufficient conditions for GAS under
saturation and quantization nonlinearities are established in [Kar, [2008; [Singh, 2008]
and Bose [1994] respectively. Further results on GAS of 2-D systems realized in the
GR model in the presence of quantization nonlinearities are reported in [Kar and Singh
[2000]. In Kar and Singh [2001a], sufficient conditions, for GAS of 2-D systems de-
scribed by either local state space model, under both quantization and overflow non-
linearities are established. A set of necessary conditions for GAS of nonlinear m-D
systems is reported in Bauer [[1995b].

Since we are interested in GAS, the input to all the nodes is assumed to be zero for
t > 0. Since the sensor network is assumed to be of size /N1 x N the spatial variables

satisfy (n1,n2) € [0, N7 — 1] x [0, Ny — 1].

Definition 4.1.1 A4 system implemented on a sensor network of size N1 x Ny employing

either local state space model is said to be GAS if:

tli}lg H :c(nl,n2,t) ||: 0 V(nl,ng) S [O,Nl - 1] X [O,NQ - 1]

where x(ny,no,t) is the state vector, || - || is any vector norm and the only non-zero

initial conditions are given by x(ny,ns,0)

Finite extent of the two spatial dimensions of the system and the discrete nature of
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the quantization nonlinearity allow a stability condition, which is simple to check (but

stronger than those available in the literature), to be derived.

4.1.3.1 GR Model Based Implementation

The system is considered since it is the most general case and results derived
for this case carry over to the other two cases. Model (4.3)) describes the evolution
of the system, when different quantization and overflow nonlinearities are applied to
temporal, horizontal and vertical state vector components, possibly due to different

number formats used to represent them.

Theorem 4.1.1 The system (4.5) is GAS, if and only if the 1-D system:

2(t + 1) = Np [Agz(t)] (4.6)

is GAS. Here x € R° and Np is the concatenation of quantization and overflow opera-

tors for in node computations.

Therefore global asymptotic stability of the 3-D distributed system is equivalent to that
of a 1-D system. For any K < oo, the set of state vectors of system (4.6) with a norm
less than K is finite. If the state trajectory of the system (4.6)) traverses the same non-
zero state twice the system is not GAS. Therefore if the system (4.6)) is GAS it reaches

the origin in finite time, [Premaratne et al. [[1996].

Proof It is assumed that nodes initially have non zero states. The proof of necessity is
trivial. To prove sufficiency, assuming that the system (4.6)) is GAS, it will be shown
that states of all the nodes reach the origin in finite time.

From the boundary conditions ! "(0,0,¢) = 0 and ¥(0,0,¢) = 0 for V¢ > 0 . For

IThis simply follows from the fact that there are no nodes along n; = —1 or np = —1.
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t>0:

x'(0,0,t+ 1) = Np [Agx'(0,0,1)] 4.7)

Since the system is GAS, 3 a finite My, such that 2'(0,0,¢) = 0 for V ¢ >
Myo. For t > My, (0,0,¢) = 0 and from #&3) z"(1,0,¢) = 0. From the boundary

conditions "(1,0,¢) = 0 and hence:

x'(1,0,t 4+ 1) = Np [Agx'(1,0,¢)] 4.8)

Since the system (4.8) is GAS 3 a finite My > My, such that x*(1,0,¢) = 0 for
V't > M. So, fort > Mjy x(1,0,t) = 0. Following the same argument iteratively 3
a finite My, 1 ¢ such that (N7 —1,0,¢) = 0 for V¢ > My, _1 . Since by construction
My, 10> ... > My > My, (n1,0,t) =0for0 <mny < Ny —landt > My,_1o.
Following a similar argument 3 a finite My, such that (0, ns,t) = 0 for 0 < ny <
Ny — 1 and for V¢ > Myn,—1. We have proved that state vectors of the nodes in planes
ny = 0 and ny, = 0 become zero in finite time.

Let M° = max(Mpy,_1 0, Mon,—1). From x"(1,1,t) = 0and 2°(1,1,t) = 0

for t > MY, Therefore for t > MP°:

x'(1,1,t+ 1) = Np [Agx'(1,1,1)] 4.9)

Since the system (4.9) is GAS 3 a finite My; > M? such that x'(1,1,¢) = 0 for
V't > M. Wehave (1,1,¢) = 0 for V¢ > Mj;. It can be seen that the argument used
to show the GAS of the nodes in planes n; = 0 and n, = 0 extend to nodes in planes
ny = 1 and ny = 1.

This can be repeated to show that 3 a finite M such that x(ny,ns,t) = 0 for all
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ny € [0, Ny — 1] and ny € [0, Ny — 1], for ¢t > M. This completes the proof.

4.1.3.2 FM Model Based Implementation

The system in is considered since it is the most general case and results de-
rived for this case carry over to the other cases. Evolution of the system, when different
quantization and overflow operators are used for in node computations and communi-

cated state vectors, is described by the model (@4.4).

Theorem 4.1.2 The system (4.4) is GAS, if and only if the 1-D system:

z(t+1) = Np [Az(t)] (4.10)

is GAS. Np is the concatenation of quantization and overflow operators for in-node

computations and x € R".

Proof The proofis similar to the proof of Theorem 4. 1.1l

For implementations using either local state space model, GAS of the 3-D system un-
der quantization and overflow nonlinearities is equivalent to that of a 1-D system under
quantization and overflow nonlinearities. Conditions, under which the GAS of a sys-
tem under quantization and overflow nonlinearities is equivalent to the GAS of that
under quantization only, are established in [Kar and Singh, 20014; [Leclerc and Bauer,
1994]. An exhaustive search algorithm to determine the GAS of 1-D systems under
fixed point quantization is presented in [Premaratne et al. [1996]. The algorithm re-
ported in |Premaratne et al! [[1996] can be readily extended to determine the GAS of
1-D systems under both quantization and overflow nonlinearities. Therefore Theorems

4.1.1land [4.1.2lallow to test the GAS, of 3-D systems implemented on grid sensor net-
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works, using either local state space model under the occurrence of fixed point quanti-
zation and overflow nonlinearities.

GAS of the system is independent of its dynamics along horizontal and vertical di-
mensions. This is due to the finite extent of the system in the said dimensions. An
important implication is that, GAS of the sensor network is independent of the quanti-

zation and overflow operations applied to communicated state vectors.

4.1.4 BIBO Stability

The definition of BIBO stability for 1-D systems can be directly extended for m-D
systems. It has been argued, that the direct extension of the definition of BIBO stability
for 1-D systems to m-D systems, is too restrictive for most applications
Agathoklis and Bruton [[1983]; [Lazar and Bruton [[1993]. Practical BIBO stability, an
alternative input-output stability criterion for m-D systems is introduced in
Agathoklis and Bruton [1983].

When finite precision arithmetic is used in computations, overflow nonlinearities are
introduced to the system. Hence the output vector of a system, under finite precision
arithmetic, necessarily has a bounded norm. BIBO stability of distributed 3-D system:s,

in the presence of only the quantization nonlinearity, is studied in the following.

4.1.4.1 GR Model Based Implementation

Assuming infinite precision arithmetic, a sufficient condition for the BIBO stability

of a system implemented on a sensor network of size N; x N, is established first.
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Theorem 4.1.3 The system

:ch(nl + 1, no, t) A1 A2 A3 :ch(nl, Na, t) B1
w”(nl, no + 1, t) = A4 A5 A6 x’ (nl, Na, t) + B, u(nl, na, t)
x'(ny,ng,t +1) Ar As Ay x'(n1,n2,t) B;

y(ni,ng,t) =Cx(n1,na,t) + Du(ng, no, 1) (4.11)

where 0 < n; < Ny — 1 and 0 < ny < Ny — 1is BIBO stable, if the 1-D system,

ot +1) = Agx(t) (4.12)

is GAS. Here x € R,

Proof To prove sufficiency, assuming the system (4.12)) is GAS and the input w(nq, na, t)
is bounded, it will be shown that the output y(n, no, t) is bounded. From the boundary

conditions =" (0, 0,¢) = 0 and 2°(0, 0, ) = 0.

x2'(0,0,t+1) = Ayx’(0,0,t) + B3u(0,0,1)

y(0,0,t) = C3z'(0,0,t) + Du(0,0,t) (4.13)

Since the system (4.12)) is GAS, system is BIBO stable. Therefore, || y(0,0,¢) ||
is bounded. Moreover || '(0,0,¢) || and || (0,0, t) || are bounded.

x'(1,0,t+1) = Agz'(1,0,t) + Arz"(1,0,t) + Bsu(1,0,1)

y(1,0,t) = Csx'(1,0,t) + C12"(1,0,t) + Du(1,0,1) (4.14)
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Since z"(1,0,t) = Azx'(0,0,t) + Byu(0,0,t), || «"(1,0,t) || is bounded. Sys-
tem (4.14) can be considered as a single dimensional system with a bounded input
A;z"(1,0,t) + Bsu(0,0,t). The system (#I4) is BIBO stable and || y(1,0,t) ||
is bounded. Moreover || @'(1,0,¢) || and || «(1,0,¢) || are bounded. This argument
can be used iteratively to show that || y(n1,0,¢) || and || (n4,0,t) || are bounded for
0 < ny; < N; — 1. Following a similar argument it can be shown that || y(0, na, 1) ||

and || (0, no, t) || are bounded for 0 < ny < Ny — 1.

x'(1,1,t +1) =Agx'(1,1,¢) + A7z"(1,1,t) + Asx’(1,1,t) + Bsu(1,1,1)

y(1,1,t) =C32'(1,1,t) + C12"(1,1,t) + Coz®(1,1,t) + Du(1,1,t) (4.15)

The system can be considered as a single dimensional system with a bounded
input. Therefore || y(1,1,¢) || and || «(1, 1,¢) || are bounded. This can be repeated to
show that || y(ny, no,t) || is bounded for 0 < ny; < Ny —1and 0 < ny < N, — 1. This

completes the proof of Theorem

If the 1-D system (4.12) which describes the temporal dynamics of the 3-D system
4.11)) is GAS, BIBO stability of the system is independent of its spatial dynamics. The
result is due to the finite spatial extent of the 3-D system.
Above result can be used to derive a sufficient condition for the BIBO stability of a
system, implemented on a sensor network, in the presence of quantization nonlinearity.

The model (4.3) is used since it is the most general case. It can be modified to include
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only the quantization nonlinearities as follows:

[ mh(nl + 1,n2,t) :Qch |:[ Al A2 A3 :| w(nlan%t) + [ Bl :| u(n17n27t):|

|: m”(nl,ng —+ 1,t) :QC’U [[ A4 A5 A6 :| w(nlan%t) + |: B2 :| u(nl,ng,t)}

wnmt+) | <0 [ 4 a4, [0+ | By |t o]

y(ni,no, t) =Qp [Cx(ny,na, t) + Du(ng, na, t)] (4.16)

Here Qp : R — Sp, Q¢, : R = S¢, and Q¢, : R — S¢, denote quantization op-
erators used for temporal, horizontal and vertical state vector components respectively.
Here S¢, and 5S¢, denote sets of numbers representable with the number formats used
for horizontal and vertical state vector components respectively. The set of numbers

representable with the number format used for in-node computations is denoted by Sp.

Theorem 4.1.4 The system (4.16) is BIBO stable, if the 1-D system,
x(t+1) = Agx(t) (4.17)

is GAS, where x € R¢.
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Proof Let:

Qch[[Al A2 Ag] w(nl,ng,t) —+ [Bl] u(nl,ng, t)] = [Al A2 Ag] w(nl,ng,t)

+ [B1] u(ny, na, t) + €"(ny, ny, t)

QCU[[A4 A5 Aﬁ] iE(?’Ll, No, t) + [Bg] u(nl, No, t)] = [A4 A5 Aﬁ] iE(?’Ll, Na, t)

+ [BQ] u(n1> na, t) + ev(nla na, t)

Qct[[A7 Ag Ag] iE(?’Ll, No, t) + [Bg] u(nl, No, t)] = [A7 Ag Ag] iE(?’Ll, Na, t)

+ [Bg] u(nl, N9, t) + et(nl, Na, t)

where the error vectors e € R?, e’ € R’ and e! € R¢ are the errors introduced to

horizontal, vertical and temporal state vector components due to quantization. Since

fixed point number representations schemes are used, elements of vectors e, e” and e’

are bounded. Therefore the error vector (€ (ny, no, t), € (n1,na,t), €' (ny,ny, )7

has a bounded norm.

xh(ny +1,n9,1)

x'(ny,ng + 1,1)

mt(nl, Nag, t+ 1)

A Ay, Aj x"(ny,na, t) B,

Ay A; Ag x'(ny,ne,t) | + | Bo w(ny, nog, t)

A; Ag Ay x'(ny,na,t) B;

eh(nl y 12, t)
e”(nl, Nag, t) (418)

e'(ny,ny,t)

The system (4.18)) can be considered as a 3-D linear space and time invariant system.

Let the system (4.17) be GAS. According to the Theorem system (4.18)) is BIBO

stable. When || w(n1,n9,t) || is bounded the input to the system (4.18)) is bounded.

Therefore || x(ny,ns,t) || and hence || y(n1,nq,t) || are bounded. This completes the
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proof of theorem (4.1.4).

4.14.2 FM Model Based Implementation

The system is considered since it is the most general case. It can be modified

to include only the quantization nonlinearities as follows:

x(ny,ng,t) = Qp [Ax(ng, ng, t-1) + A,Qclx(n1, no—1,1)] + ApQclx(ni—1, ny, t)]

+Bu(ny, ny, t-1) + B,Qcu(ny, no—1,t)] + BrQc[u(ni—1,n2,t)]]
(4.19)

Here Qp : R — Spand Q¢ : R — S¢ denote quantization operators used for computa-
tions within the node and communication among nodes respectively. $p and S denote
sets of numbers representable with the number formats used for in node computations

and inter-node communication respectively.

Theorem 4.1.5 The system (4.19) is BIBO stable if the 1-D system:

o(t+1) = Aua(t) (4.20)

is GAS, where x € R"

Proof Theorem can be proved using a similar line of argument as in the proof of The-

orem 4.1.4l

The error introduced in quantization, in systems described by GR and FM models can
be considered as a second input to the system. Quantization error in fixed point quan-
tization schemes is bounded by the quantization step size. Therefore GAS of 1-D sys-

tems and (4.20), which are sufficient conditions for the BIBO stability of the
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corresponding un-quantized 3-D systems, are also sufficient conditions for the BIBO

stability of the quantized 3-D systems

4.1.5 Example

In this section, an example implementation of a linear filter on a grid sensor network
is presented. Let the transfer function of the single input single output filter be as

follows:

—1
2t

H(Zlaz%zt) = 1 T _—1 (4.21)

) -1 _— -1 _—
1 —az ~ —bz 2z —czy %

4.1.5.1 GR Model Based Implementation

The above system can be realized using the GR model:

' (ny + 1,n9,1t) 0 0 as x(ny, ny, t) 0
x'(ny,me+1,8) | = 0 0 ag x'(ny,ng,t) | + | 0 | w(ni,ng,t)
x'(ny,no,t + 1) a; ag ag x'(ny,na, t) 1

y(ny,ne,t) =[0 0 1] x(ng,ne,t) (4.22)

where ag = a, aza; = b and agag = c. According to Theorem 4. 1.1l the system (4.22)

is GAS if and only if the system,

2(t + 1) = Np [agz(t)] (4.23)

is GAS. To illustrate the convergence of state vectors to the origin, the system (4.22)
was simulated on a sensor network of size 4 x 4. Coefficients a, b and ¢ in the transfer

function were set to 0.375, 0.25 and 0.25 respectively. Coefficients as, ag, a7 and ag
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were set to 0.5. The quantization scheme described by model 2 was used. State vector
components computed for use within the node were quantized to 8 bit sign magnitude
with 4 fractional bits. State vector components communicated between nodes were
quantized to 4 bit sign magnitude with 3 fractional bits. The input given to the system

is as follows:

1 1§t§5, nl,n2€[0,3]
u(ny,ng, t) =

0 t>5, ny,ng €0,3]

The input is used only to drive state vectors of nodes to non zero values. Figures
and [4.8] show plots of the Euclidean norm of state vectors of nodes (1,1) and (4,4)

respectively versus time.
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Figure 4.7. Euclidean norm of the state vector of the node (1, 1) versus ¢ for
the GR model

Figures and show plots of the Euclidean norm of the state vectors versus
time for all other nodes of the sensor network. Due to symmetry, state vectors of nodes

(1,7) and (j,7) are equal.
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Figure 4.8. Euclidean norm of the state vector of the node (4, 4) versus ¢ for
the GR model
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Figure 4.9. Euclidean norm of the state vectors versus ¢ for the GR model
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Figure 4.10. Euclidean norm of the state vectors versus ¢ for the GR model
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Using the algorithm given in [Premaratne et all [1996], it can be verified that the
system (4.23)) is GAS for the value of ag used in the example. According to the The-
orem the system (4.22) is also GAS. The simulation results are in accordance
with the theoretical conclusion. Note that the state vector of node (4, 4) reach the ori-
gin later than the state vector of node (1, 1). This is due to the system being first octant

causal.

4.1.5.2 FM Model Based Implementation

The input-output transfer function (4.21)) can be realized using the FM model:

a 0 0 b
w(nl,ng,t) = w(nl,ng,t — 1) —+ :c(n1 — 1,n2,t)
1 0 0 0
0 c 1
+ $(n1,n2—1,t)+ u(nl,n2,t—1)
0 0 0
y(nl,n2,t) = |: 1 0 :| m(nl,ng,t) (424)

where x(ny,n9,t) € R2. According to the Theorem #.1.2] the system (@.24) is GAS

if and only if the system,

x(t+1) = Np x(t) (4.25)

where x(t) € R? is GAS. To illustrate the convergence of state vectors to the origin,
the system (4.24)) was simulated on a sensor network of size 4 x 4. The input to the

system and the coefficients a, b and ¢ were the same as for the simulation of the GR
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model based implementation described above. The quantization scheme described by
model 2 was used. In node computations were done using 8 bit sign magnitude numbers
with 4 fractional bits. Communicated state vectors were represented using 4 bit sign
magnitude with 3 fractional bits.

Figures and show plots of the Euclidean norm of state vectors of nodes

(1,1) and (4, 4) versus time respectively.

T-0.25-

Euclidean Norm of X(1,1,t

Figure 4.11. Euclidean norm of the state vector of the node (1, 1) versus ¢ for
the FM model
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Figure 4.12. Euclidean norm of the state vector of the node (4, 4) versus ¢ for

the FM model

Figures and show plots of the Euclidean norm of the state vectors versus

time for all other nodes of the sensor network. State vectors of nodes (7, j) and (j, %)

are equal due to symmetry in this example.
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Figure 4.14. Euclidean norm of the state vectors versus ¢ for the FM model

For the value of a used in the example the system is GAS. Hence the system
(4.24) is also GAS according to the theorem [4.1.2] Simulation results are in accordance

with the theoretical findings.

4.2 Floating Point Arithmetic

Though most of the commercially available sensor nodes use fixed point proces-
sors for computations, sensor nodes capable of floating point computations have also
appeared. Sun SPOT is an example for a sensor node capable of floating point compu-
tations [Labs, 2010] As computational capabilities of embedded processors improve,
floating point processors can be expected to be used widely in sensor nodes in the fu-

ture.

4.2.1 Floating Point Representation of Numbers

In floating point base 2 formats a real number x is represented as
v = sgn(x)m(z)2°®). Here sgn(x) = —1 if x < 0 and sgn(x) = 1 otherwise.

Furthermore m(x) is the mantissa of x and e(x) is the exponent of x. The mantissa is
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usually normalized such that 0.5 < m(z) < 1. Sign of z, sgn(z) can be represented
by 1 bit. Mantissa and exponent are represented using fixed point schemes. Number
of binary digits used to represent mantissa and exponent is determined based on the
relative precision and the range of numbers required to be represented. For example in
the IEEE 754 single precision floating point format the mantissa is represented by 23

bits and the exponent is represented by 8 bits.

4.2.1.1 Floating Point Multiplication

Let 1 and x5 be the two numbers, represented in floating point, that are to be mul-
tiplied. Their product is given by sgn(zizs)m(z;)m(z4)2¢@+<2) Three different
kinds of errors can occur in representing the product of x; and x5 in a floating point

format.
1. Overflow occurs if the product is larger than the largest representable number.

2. Underflow occurs if the product is smaller than the smallest representable num-

ber.

3. To represent the mantissa of the product exactly, word length of the mantissa
should be equal to or larger than, the summation of the word lengths of the man-
tissas of the two multiplicands. Otherwise a quantization error is introduced in

the multiplication.

Let N™ : R — 5™ denote the overall non-linearity introduced in floating point mul-
tiplication. Here S denotes the set of numbers representable with the number format

used.
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4.2.1.2 Floating Point Addition

Let z; and x5 be the two numbers, represented in floating point, that are to be
added. Without loss of generality it can be assumed that x; < z,. To add the two
numbers, mantissa of the smaller number is denormalized such that exponents of the
two numbers are equal. Their summation is given by {sgn(z;)m(z,)2¢@)—e(2) 4
sgn(wy)m(x2)}2¢2). The mantissa of the summation may have to be normalized to
represent it in a floating point format. Overflow, underflow and quantization errors
can be introduced in floating point addition. Let N* : R — S denote the overall
non-linearity introduced in floating point addition. Here 5 denotes the set of numbers

representable with the number format used.

4.2.2  Quantization Models

Floating point computations introduce nonlinearities to otherwise linear system
models and (2.2). System models and are modified to incorporate
effects of different floating point quantization schemes in this section. The following
notation is used to make the presentation of the quantization models more concise. Let
the (4, j) — th element of matrix A € R™ " be a;; and the i — th element of vector
x € R" be z;. The product of matrix A with vector  computed using floating point

arithmetic is denoted by N|[Ax|, where N[Ax] is of the form given by (4.26)).

Na[Nm[allxl] + N“[Nm[algwg] + N“[Nm[algxg] +---+ Nm[alnxn]]]]
Na[Nm[agll’l] + Na[Nm[CLQQZL'Q] + Na[Nm[a23l’3] + -4+ Nm[CLin’n]m
N[Ax]=|

N[N™[apiz1] + N* [N [anexs] + N N™[ansxs] + - - + N [ann2n]]]]
(4.26)
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In @.26), N* and N™ denote nonlinearities caused by floating point addition and

multiplication respectively.

4.2.2.1 Model 1

Let Np : R — 57 and N7' : R — 5" denote nonlinearities caused by floating point
addition and multiplication respectively within the node. Here 5 and 5" denote the
sets of numbers representable with the number formats used by the node to store the re-
sults of addition and multiplication respectively. In a GR model based implementation,

computation of state vectors within each node can be modeled by:

xh(ny +1,ny,1)
x'(ny,ng +1,t) | = Np [Np[Ax(nq,n2,t)] + Np [Bu(ng, ns, t)]] (4.28)

.’Et(nl, Nag, t+ 1)

It is assumed that Ax(nq, ns, t) and Bu(ny, ns, t) are computed first and then their
summation is computed. The nonlinearity introduced in the on node computation of a
product of a matrix and a vector is denoted by /Np. Nonlinear operator /N p is of the form
given by (4.26). In a FM model based implementation, computation of state vectors

within each node can be modeled by:

:c(nl, Na, t) = N}% [Np[Atw(nl, no, t—l)] + Nﬁ[Np[AUm(nl, n2—1, t)]
+ Np[Np[Apz(ni—1,ne, t)] + Np[Np[Biu(ng, ng, t—1)]

+ N[Np[Bou(ny, no-1,t)] + Np[Bru(m—1,na, ]| (4.29)
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4.2.2.2 Model 2

Due to bandwidth and power limitations the word length of numbers communi-
cated between nodes may be shorter than that for in-node computations. This results
in coarser quantization for state vector components communicated between nodes. Let
N¢e @ R — S¢ be the quantization operator used for state vector components com-
municated between nodes. Here S denotes the set of numbers representable with the
number format used for communicated numbers. In a GR model based implementation,

computation of state vectors within each node can be modeled by:

x(ng +1,n9,t A A A
( ' 2 ) :NC Np ' ? ’ w(nl,nQ,t)
w”(nl,n2+1,t) A4 A5 AG
B,
‘I‘NP ’U,(Tll,ng,t)
B,

$t(n1,n2,t+ 1) :| :Ng |:NP |:[ A7 Ag Ag :| w(n1>n2at):|

+Np H B, ] u(ny, na, t)H (4.30)

In (4.30)), it is assumed that communicated state vector components are computed using
the same floating point scheme as the temporal state vector component and then quan-

tized to shorter word lengths for communication. In a FM model based implementation,
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computation of state vectors within each node can be modeled by:

x(ny,ng, t) = Np [Np[Arx(ng, ng, t=1)] + Np[Np[A,[Ne [2(n1, no—1, 1)]]]
+ Ng[NP[Ah[NC [m(nl—l, No, t)]]] + N}%[NP[B{U,(TL:[, No, t—l)]

+ Np[Np[By[Ne [u(ni, na—1,1)]]] + Np[By[Nc [u(ni—1, no, t)]]1]]]]]
(4.31)
4223 Model 3

If the required precision for the two directions of communication is different, com-
puted values may be quantized to different precisions in the orthogonal spatial direc-
tions. Possible reasons for this could be the size of the sensor network is different in the
two directions or there is a preferred direction in which higher precision is required. In
a GR model based implementation, computation of state vectors within each node can

be modeled by:

T

{ (1, ng, t+ 1) ] =Np {Np H A; Az Ay ] -’B(”h”z»t)}

0| 3, st w

Here N¢, : R — S¢, and N¢, : R — S¢, denote quantization operators used for

horizontal and vertical state vector components respectively. Here S¢, and 5S¢, denote
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sets of numbers representable with the number formats used for horizontal and vertical
state vector components respectively. In (4.32)), it is assumed that communicated state
vector components are computed using the same floating point scheme as the temporal
state vector component and then quantized to shorter word lengths for communication.

In a FM model based implementation each node transmits its state vector to its
neighboring nodes. Both the neighboring nodes in the orthogonal spatial directions can
receive the same transmission. Hence quantizing state vectors to different precisions

for the two orthogonal spatial directions is not required.

4.2.3 Stability of the System

Global asymptotic stability of the quantized system will be considered in this work,

while the input output stability of the system would be a subject for future research.

4.2.3.1 GR Model Based Implementation

The system (4.32)) is considered since it is the most general case and results derived

for this case carry over to the other two cases.

Theorem 4.2.1 The system (4.32) is GAS, if and only if the 1-D system,

2(t + 1) = Np [Agz(t)] (4.33)

is GAS. Here x € R° and Np denotes the nonlinearity introduced in computations

within the node.

Proof The proofis similar to the proof of Theorem 4. 1.1l
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4.2.3.2 FM Model Based Implementation

The system is considered since it is the most general case and results derived

for this case carry over to the other cases.

Theorem 4.2.2 The system (4.31)) is GAS, if and only if the 1-D system,

z(t + 1) = Np[Az(t)] (4.34)

is GAS. Here x € R".
Proof The proof'is similar to the proof of Theorem

Implications of theorems and are similar to those of theorems and
4.1.2] for fixed point implementations. Global asymptotic stability of distributed sys-
tems implemented on the sensor network is independent of the quantization and over-
flow operations applied to communicated state vectors. Global asymptotic stability of
the 3-D system under floating point arithmetic is equivalent to the global asymptotic sta-
bility of a 1-D system under floating point computations. Asymptotic stability of 1-D
systems described by second order difference equations under floating point arithmetic
is studied in Bauer and Wang [[1993]. Asymptotic stability of 1-D systems described
by state space models under floating point computations is analyzed in [Bauer [[19954];
Ralev and Bauer [1999]. Note that in contrast to fixed point systems, in floating point
systems an otherwise GAS system can cause an unbounded response to a bounded input

or a zero input with non-zero initial conditions due to quantization nonlinearities.

4.2.4 Example

Theoretical results are illustrated using an example implementation of a linear filter

on a grid sensor network. Let the transfer function of the single input single output filter
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be given by (4.33)

H(z, 2, 2) = % (4.35)
where
(21, 22, 2) = ézl—l _ %21—12,2—1 _ 22_6Z1—1Zt_1 n 410299(-?)21_1 Sl
d(z1,20,2) =1 — % T — 1—1622_1 +%zflz’2—1
. Zzt_l I %zflzt_l %22—1 ~1 10524z1_1z2_1zt_1

12758%_2 _ %2;12;2 _ %22—12;2 %21—122—1%—2
The sensor network is assumed to be of size 4 x 4. It is assumed that the exponent of
the floating point representation can be any integer. Therefore overflow and underflow
do not occur. In stable linear systems used in practical applications overflow is unlikely
to occur when the maximum exponent allowed by the floating point representation is
sufficiently large. The effect of underflow on global asymptotic stability of the system
depends on how underflow is handled. Hence allowing the range of the exponent to be
infinite is justified for the purpose of this example.

Errors are introduced due to quantization of the mantissa. In this example magni-

tude truncation is used to quantize the mantissa in all arithmetic operations.
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4.24.1 GR Model Based Implementation

The transfer function (4.33)) can be realized using the GR model:

1 1 s
s 0 5 O 0
wh(nl + 1,n9,t) 1 1 wh(nl,ng,t)
0 % 0 7 0
x’(ni,ne+1,t) | = x’(ni,ng,t) | + u(n1, n2, t)
1 5 3
5 0 1 3 1
mt(nl,n2,t—|— 1) mt(nl,ng,t)
0 1 2 0 |1
y(ny,ng,t) =[1 0 0 0]x(ni,ne,t) (4.36)

where " € R, ¥ € R and ' € R%. According to Theorem the system (4.36))

under floating point computation is GAS if and only if the system,

FNISH
w
[N}

x(t+1)=Np x(t) (4.37)
0

ot

is GAS. Here © € R? and Np is the quantization operator used for in node compu-
tations. Global asymptotic stability of systems of the form (4.37) has been studied in
Bauer [1995a]. It has been shown that quantization nonlinearities can result in four fun-
damental response types if the system is otherwise GAS. A sufficient condition on the
length of the mantissa to ensure a granular periodic response in the underflow regime
is established in Bauer [1995a]. For the system (4.37)) a mantissa length of 11 bits is
sufficient to ensure a granular periodic response in the underflow regime.

The system (4.36]) was simulated on the sensor network using floating point compu-
tations with a mantissa length of 6 bits. The quantization scheme described by model 1
was used. The only non-zero initial conditions are given by x(ny,ns,0) = [0,0,5, 14]7
for 0 < ny < 3and 0 < ny; < 3. Figure [4.13 shows plots of the Euclidean norm of
state vectors of nodes (1,1),(1,4),(4,1) and (4,4) versus time. In this case, states of

the nodes reach the origin as time tends to infinity. Figure illustrates plots of the
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Euclidean norm of state vectors of the same nodes versus time when a mantissa length

of 5 is used for computations.

T T
—Euclidean norm of state vector of node (1,1)
- --Euclidean norm of state vector of node (1,4)
- - -Euclidean norm of state vector of node (4,1)
—Euclidean norm of state vector of node (4,4)
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Figure 4.15. Euclidean norm of the state vectors versus time t for the GR
model, when computations are done with a 6 bit mantissa

System (4.37) is not GAS when computations are done with a 5 bit mantissa. There-
fore, when computations are done with a 5 bit mantissa, system (4.36)) is also not GAS
according to Theorem [4.2.1l Simulation results are in accordance with the theoretical
findings. Simulation results, for the case when the quantization scheme described by
model 2 was used, is given in figure State vectors communicated between nodes
were represented using a floating point scheme with a 5 bit mantissa. A 6 bit mantissa
was used for floating point computations within the node. Figure shows plots of

the Euclidean norm of state vectors of nodes (1, 1),(1,4),(4, 1) and (4, 4) versus time.

107



T T
——Euclidean norm of state vector of node (1,1)
- - -Euclidean norm of state vector of node (1,4)
- - -Euclidean norm of state vector of node (4,1)
—Euclidean norm of state vector of node (4,4)

=)
I

Euclidean Norm of State Vectors

0 50 100 150 200 250

Figure 4.16. Euclidean norm of the state vectors versus time t for the GR
model, when computations are done with a 5 bit mantissa
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Figure 4.17. Euclidean norm of the state vectors versus time t for the GR
model, when in node computations are performed with a 6 bit mantissa and
communicated state vectors are quantized to a 5 bit mantissa.

In this case states of the nodes reach the origin as time tends to infinity, even though
a 5 bit mantissa is used for communicated state vectors. As predicted by Theorem
4.2 1] the quantization scheme used for communicated state vectors does not affect the

asymptotic stability of the system.
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4242 FM Model Based Implementation

The input output transfer function (4.33) can be realized using the FM model:

L _1 1 11 1
3 16 8 ~16 16 0 3
1 _1 1 1 1 1
8 16 8 0 -8 3 0 1
:c(nl,n2,t): $(n1—1,n2,t>+ :E(nl,n2—1,t)

e}
e}
e}
e}
e}
e}
e}
e}

0 0 00 0 0 0O
0 00 0 0]
0 00 O 0
+ w(nl,ng,t—1)+ ’u,(nl—l,ng,t)
1 1 5 35 1
2 41 32
-2 2 3 0] 1]
y(ny,ne,t) =[2 —1 0 0]x(ng,ng,t) (4.39)

Here x € R*. According to Theorem the system (4.39) under floating point

computation is GAS if and only if the system,

0 00 O
0 00 O
x(t+1) = Np o(t) (4.40)
1 1 5 5
2 4 32
5
—2 2 3 0

is GAS. Here £ € R* and Np is the quantization operator used for in node compu-
tations. It is evident that global asymptotic stability of system is equivalent
to that of system (4.37). The system (4.39) was simulated on the sensor network

using floating point computations with a mantissa length of 6 bits. The quantization
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scheme described by model 1 was used. The only non-zero initial conditions are given
by x(n1,n,0) = [0,0,5,14]7 for 0 < n; < 3and 0 < n; < 3. Figure E.I8 shows
plots of the Euclidean norm of state vectors of nodes (1, 1),(1,4),(4, 1) and (4, 4) versus
time. In this case states of the nodes reach the origin as time tends to infinity. Figure
illustrates plots of the Euclidean norm of state vectors of the same nodes versus

time when a mantissa length of 5 is used for computations.
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Figure 4.18. Euclidean norm of the state vectors versus time t for the FM
model, when computations are done with a 6 bit mantissa

System is not GAS when computations are done with a 5 bit mantissa. There-
fore, when computations are done with a 5 bit mantissa, system (4.39) is also not GAS
according to Theorem Simulation results show that system (4.39) is not GAS.
Simulation results, for the case when the quantization scheme described by model 2
was used, is given in figure A floating point scheme with 5 bit mantissa was used
to represent state vectors communicated between nodes. A 6 bit mantissa was used for

floating point computations within the node. Figure shows plots of the Euclidean
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norm of state vectors of nodes (1, 1),(1,4),(4, 1) and (4, 4) versus time.
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Figure 4.19. Euclidean norm of the state vectors versus time t for the FM
model, when computations are done with a 5 bit mantissa
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Figure 4.20. Euclidean norm of the state vectors versus time t for the FM
model, when in node computations are performed with a 6 bit mantissa and
communicated state vectors are quantized to a 5 bit mantissa.
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In this case states of the nodes reach the origin as time tends to infinity, even though
a 5 bit mantissa is used for communicated state vectors. As predicted by Theorem
the quantization scheme used for communicated state vectors does not affect the

asymptotic stability of the system (4.39).
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CHAPTER 5

NODE AND LINK FAILURE

Node and link failure is a common occurrence in sensor networks. Various aspects
of sensor networks, under the occurrence of node and link failure, have been addressed
in the literature. Coverage, connectivity, routing schemes and network capacity limits of
sensor networks with node failure are studied in/Akbar et al. [2006]; Barrenechea et al.
[2004]; [Shakkottai et al! [2003]. Preservation of generated data in a sensor network in
case of node failures is discussed in [Hamed Azimi et al. [2010]. A topology manage-
ment scheme is proposed for sensor networks with node failure inFrye et all [2006]. In
Imamoglu and Keskinoz [2010] serial distributed detection in wireless sensor networks
with node failure is studied. Impact of node failures and unreliable communication on
decentralized detection in sensor networks is discussed in Tay et all [2008].

State and input vectors of sensor nodes have to be communicated between nodes
to implement the FM and GR models in sensor networks. A node may not receive
information required for its computations if a neighboring node or the communication
link with the same fails. In order to ensure uninterrupted functioning of the sensor net-
work, when information required for a computation is not received by a node it has to
carry on its operation with the information it can acquire. An approach to mathemat-
ically model such behavior is to assume that nodes estimate missing information with
the information it can acquire. In this work, the said approach is used to extend FM

and GR models for 3-D systems to include node and link failure. Resulting system
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models are stochastic due to randomness of node and link failure. In this work, asymp-
totic and input-output stability criteria are proposed for sensor networks under node and
link failure. Node failure and communication link failure are treated as separate cases

throughout this work.

5.1 Models for 3-D Systems Under Link Failure

Let ¢;(n1, no, t) and g2(n1, ns, t) be random processes such that:

0 communication link between nodes (ny,ns2)
ql(n17n27t) = and (n1 — 1,n2) failed at time t (5.1)

1 otherwise

0 communication link between nodes (n1,n2)
q2(n1,m9,t) = and (ny,nz — 1) failed at time t (5.2)

1 otherwise

Random processes ¢;(n1, no,t) and go(n1, no, t) are success-failure processes of data
blocks communicated between node (n;,n5) and its immediate predecessors. The
node at the origin does not require any information from other nodes to perform its
computations. Nodes on the axis receive information from only one neighboring node.

Therefore ¢ (n1,n2,t) = 1 for ny = 0 and ga(nq,n2,t) = 1 for ny = 0.

5.1.1 FM Model

Node (n1, ny) receives state and input vectors of nodes (n; — 1, n9) and (nq, no—1).

It is assumed that if there is a failure in the communication link between node (n1, ns)
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and any of its immediate predecessors, node (n,ns) receives neither the state vector
nor the input vector from that node. When node (1, 15) does not receive state or input
vectors required for a computation it estimates the missing vectors. Let &,,,,,(n1 —
i,m9 — J,t) and @y, p, (N1 — 1,19 — j, t) be estimates of & (n; — i,y — j,t) and u(ny —
i,n2 — j,t) made by node (n1, ns) at time ¢t. The FM model for distributed 3-D systems

under link failure is given by:

z(n1,n2,t) = q1(n1, no, ){Apz(ni—1,n2,t) + Bpu(ni—1,na, 1)}
+ (1 = q1(n1,n2, ) { AnZnyn, (n1—1,n2,t) + Bpliy n, (n1—1,n9,t)}
+ ga(n1, na, t){ Apz(n1,n2—1,t) + Byu(ni, na—1,t)}
+ (1 = g2(n1,n2,t)){ Av@nin, (N1, n2—1,t) + Byl n, (n1,n2—1,1)}
+ Aix(ny, ne, t—1) + Byu(ng, ng, t—1)

y(ni,n2,t) = Cx(ny,ne,t) + Du(ny,no,t) (5.3)

Here x(ny,ns,t), y(ni1,ng, t) and w(ny, ny, t) are the state vector, output vector and
input vector of node (n1, no) at time ¢ respectively. Let the input vector u € RP, output
vector y € RY and state vector x € R”. Then u € RP,& € R", C € R?*", D € R?*P,
A, e R A, € R, A, € R™", B, ¢ R"*?, B, € R"*? and B; € R"*P. Fora

sensor network of size Ny x Ny, ny € [0, Ny — 1], ns € [0, Ny — 1] and ¢ € [0, c0).

5.1.2 GR Model

In the GR model based implementation, node (n;, ny) receives its horizontal and
vertical state vector components from nodes (n; — 1, n9) and (ny, ny — 1) respectively.
Input vectors of other nodes are not required for computations and hence not required

to be estimated. Let estimates of " (n;,ny,t) and x(ny, no, t) made by node (n, ny)
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at time ¢ be denoted by &" (ny, ny, t) and &' (ny, ny, t) respectively. Let:

&"(n1,m9,1) = q1(n1, g, )" (n1, 2, t) + (1 — q1(n1, ng, 1))2" (01, N2, t)

' (n1,n2,t) = @2(n1, no, 1)’ (N1, no, t) + (1 — ga(n1, 19, 1)) 2" (01, n2,t)  (5.4)

The GR model for distributed 3-D systems under link failure is given by:

mh(nl + 1,n2,t) Al A2 A3 fi)h(nl,ng,t) Bl
m”(nl,ng + 1,t> = A4 A5 A6 :E”(nl,ng,t) + B2 ’u,(nl,ng,t)
%t(nl,ng,t—i—l) A7 Ag Ag wt(nl,ng,t) B3

y(ni,ng,t) =C&(n1,n2,t) + Du(ng, ng, ) (5.5)

where &(ny1,na,t) = (&" (n1,n2,t), 8 (n1,n2,t), ®(n1,ns,¢))7. Let the input vector

u € R? and output vector y € RY. Then " € R%, &’ € R.,&" € R%,&" € R,
A, € R, Ay € R, Ay € R, A, € R, A, € R, Ay € RP%¢, A, € Re¥e,
Ag € R, Ay € R, B, € R™?, By € RYP, B3 € R™*P, C € R¥*(@++9) and
D € R?*?. For a sensor network of size N1 x Na, ny € [0, N7 — 1], ny € [0, Ny — 1]

and ¢ € [0, 00).

5.2 Asymptotic Stability under Link Failure

In this work asymptotic stability of systems (3.3) and (5.3)) is studied. Systems
(3.3) and (B.3) are stochastic systems. Therefore a stochastic notion of asymptotic
stability has to be employed. Mean square stability of systems (5.3]) and (3.3)) is studied
in this work. An important consideration that affects stability and the performance
of the systems is how the missing vectors are estimated by nodes. In this work it

is assumed that all estimates made are linear combinations of known state and input
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vectors. It is also assumed that estimations are time invariant. Further it is assumed that

for an estimate made by node (n;, ny) at time ¢, the following is true.
1. Only state and input vectors from its neighboring nodes are used.
2. State and input vectors at time less than £ — 1 are not used.
3. State vectors of its succeeding neighbors are not used.

Failure of a communication link between two nodes does not generate an additional
information routing burden on the sensor network due to condition (1). This condition
can be lifted if there is a means to acquire information from non neighboring nodes
when a communication link fails. Results derived below can be extended in a straight-
forward manner to the case, where conditions (1) and (2) are lifted but a finite number
of state and input vectors are included in the estimation. Condition (3) is necessitated
due to causality and computability considerations. At time ¢, any of the available vec-
tors from the set S(nq, no, t), defined in (5.6)), can be used by node (n, 1) to estimate

the missing information.

S(ny,ne,t) = {&(n1,ng,t — 1), x(ny — 1,ne, t — 1), x(ng,ng — 1,t — 1),
x(ny — 1,ng,t),x(ny,ne — 1,t), u(ng, ne, t — 1),
u(ng — L,ng, t — 1), u(ng,ng — 1,6 — 1), u(ng + 1,ng, t — 1),
u(ny,ng+ 1,6 — 1), u(ng, ng, t), u(ng — 1,n9,t),

w(ni,ng — 1,t), w(ng + 1,n9,t), w(ny,ng + 1,¢)} (5.6)

Since we are interested in asymptotic stability, the input to all the nodes is assumed

to be zero for ¢t > 0.

117



Definition 5.2.1 The system is said to be mean square stable if:
lim ||x(ny,ne,t)|| =0
t—o0

V(nl,ng) c [0, N1 — 1] X [0, N2 — 1],W]’l€l"€.'

||:v(n1, N9, t)” = \/E(:v(nl, N9, t)T:v(nl, No, t))

and the operator E denotes the expectation of a random variable. It is assumed that
x(—1,n9,t) = 0, (ny,—1,t) = 0 and the only non-zero boundary conditions are

given by x(ny,ns,0).

Mean square stability of the systems (5.3)) and (5.3) depends on the statistical prop-
erties of random processes ¢ (n1, no,t) and ga(n1, ny, t) which switch the system be-
tween its modes of operation. Statistical properties of the communication channel be-
tween nodes in the sensor network determine the statistical properties of the success-
failure process of data blocks, ¢;(n1,n2,t) and g2(nq, ns,t). A set of models that map
attributes such as transmission power and the distance between nodes to packet re-
ception probabilities is given in |Cerpa et al. [2005]. A channel model that describes
path loss in near-to-ground communication links in wireless sensor networks is given
in |Martinez-Sala et al/ [2005]. First order Markovian chains have been proposed in
the literature to model received signal strength of fading radio communication links
Tan and Beaulieu [2000]; [Turin and van Nobelen [1998]; 'Wang and Chang [1996]

Wang and Moayeri [[1995]. A finite state first order Markovian model is proposed for
Rayleigh fading channels in [Wang and Moayeri [1995]. Wang and Chang [[1996] pro-
pose a mutual information metric to demonstrate that first order finite state Markov

chain models are sufficient to model slow fading channels. Higher order finite state
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Markovian models for fading communication channels are examined in [Babich et al.
[1997]; Turin and van Nobelen [1998]. Using a mutual information metric similar to
the one used in (Wang and Chang [[1996], a binary first order Markov model is demon-
strated to be sufficient to model the success failure process of data blocks over fading
communication links in Zorzi et all [1995]. Methods to determine the parameters of
the Markov model are also discussed in Zorzi et al. [1995].

Therefore the success-failure process of data blocks can be assumed to be binary
Markovian. In order to make the analysis general enough to accommodate higher or-
der Makovian models for the success-failure process of data blocks, it is assumed that
processes q;(n1,ne,t) and gz(ny,ns, t) are Markovian processes of order N. There-
fore given {q;(n1,ne,t —d) : 0 < d < N} and {g2(n1,n2,t —d) : 0 < d < N},
¢1(n1,ne,t) and go(ny, no,t) are independent of {q;(n1,n9,t — d) : d > N} and
{q2(n1,n9,t —d) :d > N}.

5.2.1 FM Model

For notational simplicity let:

Ahiﬁnmg (n1—1, na, t) + Bhﬁmng (n1—17 na, t) = L;Q(m,m,t) (nh na, t)

"‘Kl )(nl,n2)m(n1,n2,t—1)

q2(n1,n2,t

(5.7)

A’U£TL17L2 (nla n2_17 t) + Bvﬁnlng (nh 71,2—1, t) = L2 (n1,n2,t) (nla Nna, t)

q1

—+ Kgl(nl,ng,t) (nl, HQ)CE(’NQ, Na, t— 1)
(5.8)
In the above, L; (n1na,) (M1, N2, t) and Lzl (n1,na,1) (1, N2, ) denote linear combinations

of the elements of S(ny,ns,t) except x(ny,na,t — 1). Subscripts ¢;(nq,n2,t) and

119



g2(n1, na, t) are used to indicate that weights given to available vectors in the estimation
may depend upon random variables ¢;(n, ny,t) and go(ny, no,t). Consider the set of

systems described by the state space model:

x(n1,ng, t) = Ayx(ng,ng, t—1) + (1 — ql(nl,ng,t))K(lm(mm’t)(nl,ng)w(nl,ng,t -1)

+(1- qg(nl,ng,t))Kgl(mm’t)(nl,ng)w(nl,ng,t -1) (5.9

where (n1,n9) € [0, N7 — 1] x [0, Ny — 1]. Though the same notation as (5.3) is used
for state vectors, equation describes a set of 1-D systems which is not as same
as the 3-D system (5.3). System matrices of systems described by are subjected
to random variations. Such systems are called jump linear systems. Systems described
by can have one, two or four modes of operation, and the mode of operation at
time ¢ is determined by random variables ¢; (n1, ns, t) and go(nq, no, t). Stochastic sta-
bility of jump linear systems is examined in [Bolzern et al. [2004]; [Costa and Fragoso
[1993]; [Feng et all [1992]; [Kubrusly and Costa [1985]; [Tejada et al. [2005]and refer-
ences therein. A necessary and sufficient condition for mean square stability of dis-
crete time stochastic bilinear systems is presented in [Kubrusly and Costd [1985]. In
Feng et all [1992] a necessary and sufficient condition for mean square stability of con-
tinuous time Markovian jump linear systems is presented. (Costa and Fragoso [1993]
give a necessary and sufficient condition for mean square stability of discrete time
Markovian jump linear systems.
Define an integer valued random process W (ny, no, t) such that:

(t+1)N—1

U(ny, g, t) = Y {202(n1,na, i) + qu(ny, g, 6) 2% >N (5.10)

=Nt

Given \I/(nl,ng,t), {ql(nl,ng,i) : Nt < 1< N(t + 1)} and {q2(n1,n2,i) : Nt < 1<
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N(t+ 1)} can be determined. It is easily seen that given W(n, ng, t — 1), ¥(ny, no, t)
is independent of {W(ny,ns,t — d) : d > 2}. Therefore V(ny,no,t) is a Markovian
random process. Furthermore ¥ (ny,ny,t) € Z N [0,4Y — 1]. Let the set of values
that W(n, ny, t) can take be denoted by Sy (n1,n2) and the number of distinct values
U(ny, no, t) can take be denoted by Ny (nq, ny). Let the transition probability matrix of

the Markovian random process W(nq, ng, t) be P(ny, ns).

Lemma 5.2.1 Let:

AQ1(n1,n2, )qg(nl,ng,t)(nh 71,2) = At + (1 - QI(nla Na, t>>Kég(n1,n2,t)(n17 71,2)
+ (1= qo(n1, 2, ) K7 (1 .y (01, 122) (5.11)
N(t+1)—
Ag(nl,ng H\n1, n2 H Aql(nl,ng, ),q2(n1,n2,i )(n17 n2) (512)
=Nt
Then the system:
Z(ni,ng,t+1) = Ag(nl,nz,t)(nh n2)Z (N1, N2, t) (5.13)

is a Markovian jump linear systems. Furthermore the system (3.13) is mean square

stable if and only if the system is mean square stable.

Proof System (5.13) is switched between its modes of operation by the Markovian
random process W(nq,ng, t). Hence it is a Markovian jump linear system. If the sys-
tems and (5.13)) have the same initial conditions state vector of system (5.13]) at
time ¢ is equal to the state vector of system (5.9)) at time Nt. Hence the system (3.13)

is mean square stable if and only if the system (5.9) is mean square stable.
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Lemma 5.2.2 [fa system described by (5.9)) is mean square stable 3 (1,1, > 0, A\, €

0,1) and ky,n, € ZF such that ||z (ny,na, )| < fnyngt™ 2 XL || (01, 2, 0)]|.

ning

Proof Assume that systems described by are mean square stable. The system
(5.13)) is also mean square stable. According to the proposition 8 in |Costa and Fragoso
[1993] root mean square norm of the state vector of system (3.13) bounded as below:

(1, 2, )| < frngnat™ 72 X, 2 (01,12, 0)

where fin,n, > 0, Anyn, € [0,1) and k,,,,,, € ZT. If systems and (5.13]) have the
same initial conditions state vector of system (5.13)) at time ¢ is equal to the state vector
of system (3.9) at time Nt. Hence root mean square norm of the state vector of system

has and upper bound of the form given above.

Theorem 5.2.1 The system (3.3)) is mean square stable, if and only if systems described
by are mean square stable ¥ (ny,nq) € [0, Ny — 1] x [0, Ny — 1].

Proof The proof of necessity is trivial. To prove sufficiency it is assumed that, V(n, ns)
€ [0, N7 — 1] x [0, N — 1] systems described by (5.9) are mean square stable. Since,
for (n1,ny) = (0,0), the system described by is mean square stable 3 constants
oo > 0, A0 € [0,1) and koo € Z7T such that ||z(0,0,%)]| < poot™ N, ||2(0,0,0)].
Therefore:

lim [|2(0,0,)|| =0
t—o00
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t—1
0717t :< Aqlolz nglz(O 1)).’5(0,170)
t

=0
t—1
* <H A 019,401, (0, 1)) 01(0,1, k) Apa(0,0, k)
k=0 \i=k
t—1 t—1
+ < Aq1(0 1,i),g2(0,1,7) (O 1)) G1(07 17 k)CE(O, 07 k)
k=0 \i=k+1

If the state vector (0, 0, t) has not been received by node (0, 1) at time ¢ it may use the
state vector (0, 0, — 1) to estimate the former state vector if (0, 0, ¢ — 1) is available.
Therefore (0,0,¢ — 1) may be used by node (0, 1) at time ¢, in computing x(0, 1, ¢)
depending upon random variables ¢, (0, 1,¢) and ¢;(0,1,¢ — 1). Matrix G'(0,1,k) €

R"™**™ is of the form:
G'(0,1,k) = (1 —q1(0,1,k+1))q:(0,1, k) A, W(0,1)

Here W'(0,1) € R™" is the weight given to (0, 0, k — 1) by node (0, 1) in estimating
x(0,1, k). We have:

1

(ﬁA 0.1,1),02(0,1,5) (05 1)) x(0,1,0)
+2 (ﬁAql(ou J.a2(0.1,0)(0; 1)) 01(0,1, k) Apz(0,0, k)

(0, 1,8)]| <

k=0 1=k
t—1 t—1

_'_Z Aq1012 ),q2(0,1,7) (0 1)) G1(0717k)m(0707k)
k=0 i=k+1
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Since, for (ny,n2) = (0, 1), the system described by (5.9) is mean square stable:

(0, 1, )] < proat™™ Agy [|c(0, 1, 0)

t
+ 3 pon(t = k)P NG ook Ao (An) (0, 0, 0)|
k=0

t
+ 3 pon(t — k= DFAG aookF 0 Ao (G0, 1, k) (0,0, 0) |
k=0

Therefore:

lim [|z(0,1,#)[| =0
t—o00

Following the same reasoning it can be shown that ||x(0,2,¢)|| tends to zero as time ¢
tends to infinity. Furthermore using the same reasoning iteratively it can be shown that,

V(ni,ng) € [0, Ny — 1] x [0, Ny — 1]:
lim ||x(ny,ne,t)|| =0
t—o0

Therefore the system (5.3 is mean square stable.

Mean square stability of the distributed 3-D system (3.3)) is equivalent to that of a set
of 1-D systems described by (5.9).

Lemma 5.2.3 Let:
H" (ny,n2) = diagics, (n, n) (Al (n1,12) @ Al (n1,n2))

and

Af(nl,ng) = (IP’T(nl,ng) ® In2)HF(TL1,TL2)

Here HF(nl’ nz) c RN\IJ("17H2)"2XN\I'("17H2)"2,A]: c RNw(n1,n2)n?x Ny (n1,n2)n® g 7 oper-
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ator @ denotes the Kronecker product of two matrices. System (3.13)) is mean square

stable if and only if the spectral radius of the matrix A” (ny,ny), p(A” (ny,ns)) < 1.
Proof The lemma [5.2.3lis a direct result of proposition 8 in/Costa and Fragoso [1993].

Theorem 5.2.2 System (3.3)) is mean square stable if and only if the spectral radius of
the matrix A” (ny,ny), p(A7 (n1,n2)) < 1¥(ny,ny) € [0, Ny — 1] x [0, Ny — 1].

Proof The result follows directly from Lemma Theorem and Lemma

For FM model based implementations checking the mean square stability of the sensor
network involves evaluating the spectral radius of a matrix or a set of matrices. Since
A7 e RNw(im2)n®xNe(nin2)n® computational complexity of computing the spectral

radius is dependant on:

e n, the size of the state vector.

e N the order of the Markovian processes ¢ (11, ns, t) and gz(nq, no, t).

5.2.2 GR Model

For notational simplicity let:

~h
" (ny,ng, t) = L;(m,n%t)(nl, N, t) + K;g(mm,t)(nl, ny)x" (ny, ng,t — 1)

‘l‘KlU )(nl,ng)w”(nl,ng,t—l)

q2(n1,na,t

+ Kéé(nl,m,t)(nl, nz)wt(nl, No, T — 1)

AU R )
T (nb na, t) - Lq1(n1,n27t

)(nlan27t)+K(2]h )(nlanZ)wh(nlyn%t_l)

1 (nl ,na,t

+K2U )(nl,ng)w”(nl,n2,t—1)

q1 (nl ;n2,t

+ K2 o no)at (g, ng,t — 1) (5.14)

q1 (nl 12,
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In the above, L’ ny,ns, t) and L2, (n1 ma,t) (1, 2, t) denote linear combinations

q2 (TL1 na, t)(
of the elements of S(ny,ns,t) except x(ny,ne,t — 1). Subscripts ¢1(n1,ns,t) and
g2(n1,no, t) indicate that weights given to available vectors in the estimation may de-

pend upon random variables ¢ (n1, ns, t) and go(nq, na, t).

Consider the set of systems described by the state space model:

ar:(nl,ng, t) = Agﬂ)(nl,ng,t—l)
+ (1 - ql(nl, Na, t))A7K;E(n17n2’t)(n1, ng)ar:(nl, No, T — 1)

+ (1 — qg(nl, no, t))A8K2t

q1(n1,m2,t

)(nl,n2)m(n1,n2,t— 1) (515)

where (ny,ny) € [0, Ny — 1] x [0, Ny — 1].

Lemma 5.2.4 Let:

Al ni,na) = Ag+ (1 — qi(ni,no, 1)) A7 K N1, N2)

q1(n1,n2,t),q2 (m,nz,t)( q2(n1,n2, t)(

+ (1 - qg(nl, No, t))A8K211€(n1,n2,t) (nl, ng) (516)

N(t+1)—
A\Il(n1,n2 t nl? n2 H Aql(n1,n2, q2 ni,na,t )(nl’ n2) (5'17)
=Nt
Then the system
Z(ny,ng,t+1) = Ag(m’n%t)(nl, n2)T(ny, na, t) (5.18)

is a Markovian jump linear system. Furthermore the system (B5.18)) is mean square

stable if and only if the system (5.13) is mean square stable.

Proof The proof follows the same line of argument as that of lemma and is
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omitted for the sake of brevity.

Lemma 5.2.5 If a system described by (3.13) is mean square stable, 3 constants

Pning > 0, Ay, € [0,1) and ky, n, € Z such that:

Hm(nlv 12, t) H < :umnztknan )‘21712 Hm(nlv na, O) H

Proof The proof follows the same line of argument as that of lemma [5.2.2] and would

be omitted for the sake of brevity.

Theorem 5.2.3 The system (3.3)) is mean square stable, if and only if systems described
by (.13, are mean square stable ¥(ny,ny) € [0, Ny — 1] x [0, Ny — 1].

Proof The proofis similar to the proof of Theorem [3.2.11

Lemma 5.2.6 Let:

H"(ny,n3) = diagicsy(ning) (Al (n1,m2) @ Al (ny,n))

and

AR(nl,ng) = (PT(nl,ng) &® IC2)HR(H1, ng)

Here HR(nl,ng) c RN\p(nl,ng)csz\p(nl,ng)cz and AR c RN\I/(nl,nz)CQXN\p(nl,nz)CQ. SyS-
tem (B.18)) is mean square stable if and only if the spectral radius of the matrix

AR (ny,ny), p(AR(ny,n3)) < 1.
Proof The lemma [5.2.6lis a direct result of proposition 8 in/Costa and Fragoso [1993].

Theorem 5.2.4 System (3.3) is mean square stable if and only if the spectral radius of
the matrix A®(n1,ns), p(AR(n1,m)) < 1, ¥(ny,ny) € [0, Ny — 1] x [0, Ny — 1].
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Proof The result follows directly from Lemma [5.2.4] Theorem and and Lemma
5.2.6

For GR model based implementations checking the mean square stability of the sensor
network involves evaluating the spectral radius of a matrix or a set of matrices. Since
AR ¢ RNw(mn)xNa(mn2)e* computational complexity of computing the spectral

radius is dependant on:
e ¢, the size of the temporal vector component.

e N the order of the Markovian processes ¢ (11, ns, t) and gz(nq, no, t).

5.2.3 Example

Stability of an implementation of a linear filter on a grid sensor network is discussed
to illustrate the theoretical results. Let the transfer function of the single input single

output filter be as follows:

1
2

H(z1, 20, 2) = T (5.19)

1

—1 —1_—1 —1_—
1—az, —bz 2z, —czy %

Success/failure processes of data blocks communicated between node (n1, 1) and its
immediate predecessors, qi(ni,n9,t) and ga(ny,ns,t) are assumed to be first order
Markovian processes. Furthermore it is assumed that random processes ¢ (n1, n,t)
and ¢a(nq,ne, t) are independent. For ny € [0, N7 — 1], ¢1(0,n2,¢) = 1 and for n; €
[0, N1—1], ¢2(n4,0,t) = 1. For ny # 0 let the transition probability from 0 to 1 be 1 —pg
and transition probability from 1 to 0 be 1 — p; for the random process ¢; (11, no, t).
Let the random process ¢ (11, no, t) have the same transition probabilities for ny # 0.

Random process W(nq,ns,t) given by (5.10) is also first order Markovian. We have
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U(0,0,t) = 3, U(0,n9,t) € {1,3} for ny # 0, ¥(ny,0,t) € {2,3} for ny # 0 and
U(ny,no, t) € {0,1,2,3} for ny # 0 and ny # 0. Let:

IP)O == 1
P, — po  1—po

I—-p m
B, — po  1—po

I—-p m

PoPo po(1 — po) po(1 — po) (1 —po)?
IP’ po(1 —p1) PopP1 (I —po)(L—=p1) (1 —po)p1
=
(1 - pl)po (1 - po)(l - Pl) PoP1 (1 —po)p1
i (1 —p1)2 Pl(l _pl) Pl(l _pl) pip1 ]

Transition probability matrices for the random process W (nq, no, t) are given below.

P(0,0) =P,
P(0,n9) =Py forny #0
P(ny,0) =Py forn; #0

P(nq,ng) =P3 for ny # 0 and ny # 0
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5.2.3.1 FM Model Based Implementation

The input-output transfer function can be realized using the FM model:

a O
x(n1,ne, t) = x(ni,ne, t —1)+
1 0
0 c
+ m(n17n2_17t)+
0 0

y(n17n27t) = |: 1 0 :| $(n17n27t)

where ©(ny,n,t) € R?. Let:

K(ny,ng) =

Ki(ni,ng) =

K{(ny,np) =

K3 (ni,ng) =

1
11(0)

1
21(0)
1
11(1)
1
21(1)
2
11(0)
2
21(0)
2
11(1)

2
21(1)
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1
12(0)

1
22(0)
1
12(1)
1
22(1)
2
12(0)
2
22(0)
2
12(1)

2
22(1)

b
w(nl - 17 na, t)
0
u(ny,na,t)
(5.20)
(5.21)




V(n1,n2) € [0, N7 — 1] x [0, Ng — 1]. Then from (G.11):
a+ flll(O) + f121(0) f112(0) + f122(0)

1 fae + fe Fao T F)

a+ f111(1) f112(1)

1+ f211(1) f212(1) |

A(Iio(nhm) =

Af 1 (n1,ng) =

a+ f121(1) f122(1)

Afo(nl7n2) = ) )
Ty ) |

Al (n1,n9) =

for (nl,ng) c [O,Nl — 1] X [O,NQ — 1] From (m, Ag(nl,ng) = Agjo(nl,ng),

Af(nl, ng) = Agl(nl, ng), Ag(nl, ng) = Afo(nl, ng) and A3F(7’L1, ng) = Afl(nl, ng).

HY = AL (n1,n0) @ AL (n1,n9)
HY = diagic1 3 (AF (n1,n2) ® AL (n1,n2))
HY = diagic (3 (AF (n1,n2) ® AL (n1,n2))

Hf; = diagi€{0,1,2,3}(Af(n17 ng) ® AZF(nla n2))

A7(0,0) = (P§ @ I,)HY

AT (0,n) = (PT @ 1,)HT formng #0
A% (n1,0) = (PY @ 1,)HY formni #0
AT (ny,ny) = (P} @ 1,)HEY forny # 0andng #0

System (5.20) is mean square stable under link failure if and only if p( A7 (ny, ny)) < 1,
V(nl,ng) c [O,Nl — 1] X [O,NQ — 1]
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5.2.3.2 GR Model Based Implementation

The input-output transfer function can be realized using the GR model:

x"(ny + 1, ng,t) 0 0 a3 x"(ny, ny, t) 0
x’(ni,na+1,t) | = 0 0 ag x'(ny,ng,t) | + | 0 | w(ni,ng,t)
x'(ny,no,t + 1) a; ag ag x'(ny,na, t) 1

y(ni,ng, t) =[00 1]x(ny, no, t) (5.22)

where ag = a, aza; = b, agag = c and x(ny,no,t) € R®. Let Kj'(ny,ng) = r}l(o),
Ki'(n,n2) = i), Kg'(nne) = 19y and KY'(n1,n2) = ), ¥(na,no) €

[0, Ny — 1] x [0, N3 — 1]. Then from (5.16)):

Ago(nl, ny) = ag + a7r%1(0) + 0,8’/"%1(0)
Aéz,l (nl, ng) = a9 + &77’%1(1)
A{%O(nl, ng) = a9 + 0,87’%1(1)

Aﬁl (nh nz) = Qg

for (nl,ng) c [0, N1 — 1] X [O,NQ — 1] From m, A(I)%(nl,’fIQ) = Ago(nl,’fQ),

Af(nl, ng) = Agl(nl, ng), Af(nl, ng) = Aﬁo(nl, ng) and A3R(7’L1, ng) = Aﬁl(nl, ng).

Hf = Al(ny,ny) ® Af(n1,ny)
H} = dmgz‘e{zs}(A,R(nl, ny) @ Af(ny, ny))
Hf = dmgz‘e{Ls}(A,R(nl, ng) @ Aﬁ(nl, na))

H = diagie{0,1,2,3}(A,R(n1, ny) @ Af(ni,ns))
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AR(0,0) = (P} @ I,)HY

AR(O,TLQ) = (IP)? X I4)H{% fO’f’ U % 0
AR (ny,0) = (P @ 1,)HEY forny #0
AR(ny,ny) = (PY @ I,)HEY forny #0andng #0

System is mean square stable under link failure if and only if p(A™ (n;,ny)) <
1, V(nl,ng) c [0, N1 — 1] X [O,NQ — 1]

5.3  Models for 3-D Systems Under Node Failure

Node failure can be due to intrusion, faults in the node or battery exhaustion. Once
a fault has occurred the faulty node may or may not be repaired. In this work the cases
where a faulty node is repaired and not repaired is treated separately.

It is assumed that if the node (1, n2) has failed at time slot ¢, it is unable to transmit

any information in the time slot . Let ¢(nq, ns, t) be a random processes such that:

0 node (ny,ny) failed at time t
q(ni,na,t) = (5.23)
1 otherwise

Random process q(n, no, t) is a success-failure process of node (11, no) at time t.

5.3.1 Permanent Node Failure

When there are node failures in the sensor network, at a given time, only a subset
of the originally deployed sensor nodes may be operational. If node failures are perma-

nent, number of nodes operational at a given time ¢ is a non increasing function of ¢.
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Depending upon how failures are handled by the sensor network system matrices and
interconnections between nodes may change after every new node failure. Furthermore
it is reasonable to assume that as time tends to infinity the probability of at least one
node remaining functional tends to zero. Therefore it is impossible to adopt the notion
of asymptotic stability in the conventional sense to sensor networks with permanent
node failures. The following notion of stability is introduced for sensor networks with

permanent node failure.

Definition 5.3.1 The sensor network is said to be asymptotically stable when configu-

ration is frozen in time if:
B [z(n1,n9, t)]]a = 0 ¥(n1,ns) € O(to)

when the set of currently functional nodes remain unchanged. Here ||x(ni,ns, t)|s =

Va(ny, ng, t)Tx(ny, na, t), to is the current time and O(ty) denotes the set of nodes
operational at time ty. There are no nodes along ny = —1 or ny = —1. Therefore
it is assumed that x(—1,n5,t) = 0, &(ny,—1,t) = 0. The only non-zero boundary

conditions are given by x(ny,ns,0).

To determine the asymptotic stability of a sensor network according to the above defini-
tion the set of operational nodes is fixed to be invariant. Therefore the system of which
asymptotic stability when configuration is frozen in time has to be determined becomes

a deterministic system.

5.3.1.1 FM Model under Permanent Node Failure

When node (n1, n2) does not receive state or input vectors required for computation,

it estimates the missing vectors. Let &,,,,,, (71 — 1,19 — 7, t) and Wy, , (11 — i, 19 — 4, 1)
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be estimates of ¢ (ny — i, ny — j,t) and w(ny —i, ne — j, t) made by node (nq, ny) at time

t. The FM model for distributed 3-D systems under permanent node failure is given by:

x(ny,na,t) = q(ny — 1, ng, t){ Apx(n1—1, ng, t) + Bru(ni—1,n9,t)}
+ (1= q(n1 — 1,n9, ) {AnZnin, (n1—1,n2,t) + Byl n, (n1—1,n9,t)}
+ q(ny,ng — 1, ){ Ay (ny, no—1,t) + Byu(ng, no—1,1t)}
+ (1 = q(n1,ne — L) { A& n, (1, n2—1, 1) + Bytiy,n, (01, no—1,1)}
+ A;x(ng, ng, t—1) + Byu(ng, ng, t—1)

y(ni,na,t) = Cx(ny, ng, t) + Du(ni, na, t) (5.24)

where (n1,n2) € O(t). Dimensions of vectors and matrices in (5.24)) are the same as

those in (3.3).

5.3.1.2 GR Model under Permanent Node Failure

Input vectors of other nodes are not required for computations and hence not re-
quired to be estimated. Let estimates of =" (n, ny,t) and x*(n, ny,t) made by node

(n1,m5) at time ¢ be denoted by &" (ny, ny, t) and &¥(ny, na, t) respectively. Let:

ih(/n'laln'Qa t) = Q(nl - 1>n2>t)$h(n1>n2>t) + (1 - Q(nl - 1a n2>t))§:h(nla n2>t)

x’(ny,ne, t) = q(n1,ne — 1,t)x" (ny, no, t) + (1 — q(ng, ng — 1,t))&"(n1, no, t)

(5.25)
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The GR model for distributed 3-D systems under link failure is given by:

xh(ny +1,n9,1) A Ay Aj &"(ny,n9,t) B,
x’(n,no+1,t) | = | Ay Ay Asg 2" (ny,ng,t) | T | By w(nq, ng, t)
x'(ny,no,t + 1) A, Ag A x'(ny,no,t) B;

y(ny,no, t) =Cx(ny,na, t) + Du(ng, no,t) (5.26)

where &(ny, na, t) = (8" (ny,n2,t), 8" (n1,n2,t), @' (n1,n2,1))7.
Here (n1,n2) € O(t). Dimensions of vectors and matrices in (5.26)) are the same as

those in (3.3)).

5.3.1.3 Asymptotic Stability

How the missing vectors are estimated by nodes affects stability of the system. All
the neighbors of a node could be non-functional after a certain time. Nodes from which
information is gathered for estimation, once a neighboring node fails, can’t be restricted
to immediate neighbors of a node. Sensor networks with permanent node failure may
require schemes to reconfigure the interconnections between nodes once a node failure
is detected. It is assumed that all estimates made are linear combinations of known state
and input vectors. It is further assumed that for a estimation made by node (n;, ns) at

time ¢:
1. A node does not use its state and input vectors at times less than £ — 1.
2. State vectors of its succeeding nodes are not used.

Results derived in the following can be extended readily to the case where state and
input vectors at a finite number of previous time slots are used for the estimation. Con-

dition 2 is necessitated due to causality and computability considerations.
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53.1.4 FM Model

For notational simplicity let:

Ah@nan (nl—l, No, t) + Bh’anln2 (nl—l, No, t) = Lé(nl,ng—l,t) (nl, No, t)

+ K;(nhnz—l,t) (nh n2)w(n17 na, t— 1)

(5.27)

Avinﬂzg (nla 77,2—1, t) + Bv’anan (nl, n2_]-7 t) = L2 )(nla na, t)

q(n1—1,n2,t
+ Kz(rn—l,nz,t) (n17 n2)w(n17 ng,t — 1)

(5.28)

In the above, L;( )(nl, ny,t) and L2 )(nl, ng,t) denote linear combina-

ny,n2—1,t q(n1—1,n2,t

tions of all the vectors used by node (n;, ny) for the estimation except @ (ny, ng, t — 1).
Subscripts ¢(n; — 1,19, t) and g(ny, ny — 1, t) are used to indicate that weights given to
the vectors used in the estimation may depend upon random variables ¢(n; — 1, no, t)

and q(ny,ne — 1,t).

Theorem 5.3.1 The system (3.24)) is asymptotically stable when configuration is frozen

in time, if and only if p(Ap(ny,ny)) < 1V(ny,ne) € O(t) where:

Ap(ni,ng) = Ay + (1 —g(ny,ng — 1,1) K2 (n1,n2)

q(n1—1,n2,t)

+ (1 —q(ny — 1, nz,t))Ké(n17n2_17t)(n1,n2) (5.29)

Proof Proof of necessity is trivial. In order to prove sufficiency it is assumed that

137



p(Ap(ni,ne)) < 1,¥(ny,ng) € O(t). Let:

O1(t) = {(n1,n2) : (n1,ng) € O(t) and node (nq,ns)

doesn't have preceeding nodes}

Since nodes in O (t) do not have predecessors to receive state vectors from, state tran-

sition of nodes in the aforementioned set is described by the following equation.
:c(nl, Na, t+ 1) = Ap(nl, HQ)CE(’NQ, Na, t)

Therefore:

tllglo ||m(n1,n2,t)||2 =0 V(nl,ng) € Ol(t)

Let:

O(t) = {(n1,n2) : (n1,n2) € O(t) and all preceeding

nodes of node (ny,ng) arein O(t)}

Nodes in Oy (t) receive state vectors, form nodes in O, (¢), which are used in computing
their own state vectors. But state vectors of nodes in Oy (¢) decay exponentially to origin
as time ¢ tends to infinity. Systems running on nodes in O, () are asymptotically stable

and driven by exponentially decaying inputs. Therefore:

tliglo |lx(ny,no, t)|| =0 Y(ng,ng) € Ost)
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By using the same argument iteratively it can be shown that:
tlim |lz(n1,ne, )| =0 Y(ng,ng) € O(t)
— 00

This completes the proof.

5.3.1.5 GR Model

For notational simplicity let:

1h

ﬁ:h(nl, na, t) = Lé(m’m_u)(nl, Na, t) + K (nl, ng)mh(nl, ng,t — 1)

q(n1,n2—1,t)
+ K;E)nhnz—l,t) (n1,ng)x”(n1,ng,t — 1)
+ Kézm,ng—l,t) (na, n2)wt(n1, ng,t — 1)
2" (n1,m2,1) = L, 1 (015 72,8) + K, 1y (11, m2) " (1,2, 8 = 1)
+ K§€n1—1,n2,t) (n1,n2)x’ (ny,ng, t — 1)
+ K1 (1, n2)® (11,9, 1 — 1) (5.30)

In the above, L;(m_mm(nl, na,t) and Lo, ny—1,¢) (11, n2,t) denote linear combina-
tions of all the vectors used by node (n;, ny) for the estimation except @ (ny, ng, t — 1).
Subscripts g(n; — 1, no, t) and q(ny, no— 1, t) indicate that weights given to vectors used

in the estimation may depend upon random variables ¢(n; —1, ns, t) and g(ny, no—1,1).

Theorem 5.3.2 The system (3.26)) is asymptotically stable when configuration is frozen

139



in time if and only if p(Ag(n1,n2)) < 1, V(ny,n2) € O(t) where:

AR(n17n2) = Ay + (1 - Q(nl — 1, ny, t))A7Kéfn1,n2_1,t) (n17n2)
+ (]_ — q(nl,n2 — 1,t))A8K2€n1_17n27t)(n1, ng) (531)

Proof The proof is similar to the proof of Theorem and would be omitted for the

sake of brevity.

5.3.1.6 Example

Let the transfer function to be implemented be given by . FM model (5.20)
is used to realize the transfer function. Let K (n1,n2),K;(n1,n2),K2(n1,ns) and

KZ(n1,ns) be given by (5.21). Then from ;

;o

a0 q(ny —1,m9,t) =0
+ K (n1,n9) + Ki(n1,ns)
10 q(nl,n2—1,t):O
a 0 1 q(m - 1,n2,t) =1
+ K,
10 q(ni,me —1,t) =0
AF(nl,ng) = - -
a 0 q(ny —1,n9,t) =0
+ K; ( %)
10 q(nl,ng—l,t)zl
a 0 q(ny — 1,ng,t) =1
10 q(nl,ng—l,t)zl
L i

System (3.20) is asymptotically stable when configuration is frozen in time if and only
if p(A7 (n1,n2)) < 1,V(n1,n9) € O(t).
Let the GR model be used to realize the transfer function. Let K}/ (ny, ny) =
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7"%1(0)’ Ki'(n1,n9) = 7"%1(1)’ K (n1,n) = 7"%1(0) and K (n1,ns) = 7"%1(1)’ V(ni,m2) €

[0, Ny — 1] x [0, N3 — 1]. Then from (5.31):
1 2
ag + arriy(0) + asTi (o)
2
ag + asTii()
AR(TLl,TLg) =

1
ag + arrii(y

ag

System is asymptotically stable when configuration is frozen in time if and only
if p(A%(ny,ns)) < 1,¥(n1,n,) € O(t).

5.3.2 Temporary Node Failure

Node failure in a sensor network may be temporary because either non functional
nodes are repaired or nodes start to work again spontaneously. For example in a sensor
network powered by solar power, sensor nodes that ceased to function due to lack of
power may start to work again once batteries are recharged. The notion of asymptotic
stability as defined in definition [5.2.1] can be used for sensor networks with temporary

node failure.

5.3.2.1 FM Model under Temporary Node Failure

Let &,,n,(n1 —i,n9 — j, t — k), Wpyny, (1 — i, m9 — j,t — k) be estimates of @ (n; —

i,ny — j,t — k) and w(ny — i,ne — j,t — k) made by node (n,ns) at time t. The FM
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model for distributed 3-D systems under temporary node failure is given by:

x(ny,no,t) = q(ny — 1, ng, t){ Apx(n1—1, ng, t) + Bru(ni—1,n9,t)}
+ (1 —q(ny — 1,n9,t)){ AnTryn, (n1—1, 02, t) + Bpty,n,(n1—1,n9, 1)}
+ q(ny,ne — 1, t){Ayx(ny, no—1,t) + Byu(ng, no—1,t)}
+ (1= q(ny,ne — 1,0){ Av@ryn, (N1, n2—1,t) + Byliy,n, (n1,na—1,1)}
+ q(ny,ng, t — D){Asyx(nyg, no, t—1) + Byu(ng, ng, t—1)}
+ (1 = q(ny,no, t — 1)){ A& (ny, na, t—1) + By(ny, no, t—1)}

y(n1,ne,t) = Cx(ny, ng, t) + Du(ng, ng, t) (5.32)

Dimensions of vectors and matrices in (3.32) are the same as those in (3.3). An
important difference compared to the other two cases is that, nodes may have to estimate
their own state and input vectors at the last time slot they were not functioning, when

they start to function again.

5.3.2.2 GR Model under Temporary Node Failure

Input vectors of other nodes are not required for computations and hence not re-
quired to be estimated. Let estimates of " (ny, ny,t), £¥(n1, ne,t) and xt(ny, ny, t)
made by node (n1,n2) be denoted by :i:h(nl, na, t), " (n1,ng,t) and &' (ny, ny, t) re-

spectively. Let:

&' (n1,n2,t) = q(ny — 1, ng, )" (ny, na, t) + (1 — q(ny — 1,n9,t))&" (01, no, t)

x"(n1,n2,t) = q(ni,ny — Lt)x" (n1,n2,t) + (1 — q(ny, ny — 1,1))2"(n1, na, t)

&' (n1,n2,t) = q(n1, g, t — 1)@’ (ny,na,t) + (1 — q(ny, na, t — 1))@ (ng, mo, t)
(5.33)
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The GR model for distributed 3-D systems under link failure is given by:

xh(ny +1,ny,t) A Ay Aj &"(ny,n9,t) B,
x’(ni,no+1,t) | = | Ay Ay As 2" (n1,ng,t) | + | Bs w(nq, ng, t)
x'(ny,no, t+1) A; Ag Ay z'(ny,mo,t) B;

y(ny,no, t) =Cx(ny,na, t) + Du(ng, ng, t) (5.34)

where :E(nl, Na, t) = (:EhT(nl, Na, t), fivT(nl, Na, t), :f:tT(nl , o, t))T

Dimensions of vectors and matrices in (5.34) are the same as those in (3.3). Unlike in
the other two cases nodes may have to estimate their own temporal vector component,

when they start to function again after having been non-functional.

5.3.2.3 Asymptotic Stability

When a node restarts to function it has to estimate is own state vector or temporal
state vector component depending upon the state space model used. State vectors from
succeeding nodes in the sensor networks may be used for the estimation. Causality and
computability of the system must be considered if state vectors from succeeding nodes
are used to compute the state vector of a node. Using state vectors from succeeding
nodes for estimating the state vector of itself has far reaching implications on asymp-
totic stability of the system. Conditions on stability are not available for this case at the
time of writing. The case where nodes abide by conditions (1) and (2) given in
in estimations is studied in the following treatise.

Let P(nqy,na, to, to + t) denote the probability that node (n;, no) has not failed be-
tween time ¢, and ¢y + ¢. It is assumed that node failure is statistically independent of
the initial conditions of the sensor network. Spectral norm of a square matrix M is

denoted by o(M).
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53.24 FM Model

Lemma 5.3.1 Consider the system described by:

i=t

w(nla na, t) = Aiw(nly na, 0) H Q(nla na, Z)
=0

If 3 pnyn, > 0, Apyny € [0,7] where 0 < v < 1 and ky,,,, € Z" such that:

U( 4\/ P(nh 12, 07 t>A£) < Mnlnztkn1n2 X;unz

V' t, then

t
ninz

Hm(nlvn%t)n < /~Ln1n2tkn1n2)‘ ||w(n17n270)||

Proof

(5.35)

(5.36)

[&(n1, 2, 1) || =E{®(n1,12,0)" (A})" Aj(ny1, 12, 0) H q(n1, n2,1) H q(n1,ma, 1)}

i=0 =0

Since node failure is assumed to be statistically independent of initial conditions of the
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sensor network, we have:

Hm(nlv na, t)” = E{m(nlv na, O)T(Ai)TAiw(nlv na, 0)}

i=t i=t
x E {H q(n1,ma, i) H q(n1,ma, i) }
i=0 i=0

= E{x(n1,n,0)"/P(n1,n2,0,1)(A)"
X \/P(n1,n5,0,t) Afw(ny, n2,0)}
< E{@(n1,n5,0)" 3/ P(n1,ny, 0, 1)(Af)"
x /P(ny,n,0,t) Aja(ny, ny, 0)}

< /~Ln1n2tknln2)‘t ||w(n17n270)||

ninz

Theorem 5.3.3 The system (5.32) is mean square stable if: 3 i, > 0, Ayyn, € [0,7]

where 0 < v < 1 and ky,,,, € Z" such that:

U({‘/P(nl,ng,to,to +1) Al < unlnztk”l"? AL (5.37)

nin2

V tand¥(ny,ny) € [0, Ny — 1] x [0, Ny — 1].

Proof In order to prove sufficiency let condition (5.37) be satisfied V(ny, ny) € [0, N1 —
1] x [0, Ny — 1]. We have:
1=t
x(0,0,t) = Ajz(0,0,0) [ ] (0,0,1)

=0

Due to Lemma

20,0, )| < praot™™ Ao l2(0, 0, 0) |
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Therefore:

lim [|2(0,0,¢)|| =0
t—o00

If the node (1, 0) was non-functional at time ¢ — 1 and starts to function at time ¢, that
is if ¢(1,0,t — 1) = 0 and ¢(1,0,¢) = 1, it uses state vector of node (0.0) at time
t to estimate its own state vector at time ¢ — 1. Let the weight given to (0,0, ) in

estimating (1,0, — 1) be W'(0,1) € R™. State vector of node (1,0) at time ¢ is

given by:
1=t Jj=t
x(1,0,1) :Aiw(l,0,0)Hq(l 0,4 —l—ZAt "Aux(0,0,4 Hq (1,0, )

=0 1=0 j=t

t—1 j=t

+> ATWH0,1)2(0,0,4)(1 - q(1,0,i — 1)) [ [ a(1,0,5)

i=0 j=i

i=t Jj=t
l(1,0,)]| < | Af2(1,0,0) [ [ a(1.0.9)]] +Z I Ap(0,0,4) [T (1,0, )]

=0 =0 J=t

t—1 ' j=t

i=0 j=i
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Since node failure is assumed to be statistically independent of the initial conditions:
j=t

IA; Ape(0,0,4) [ ] (1,0, )l < || A} Ay Aja(0,0,0)]|

]:Z
=1 =t
xE{HqOOz hql()y
7=0 Jj=t

< || A} AR A(0,0,0)

x 1/P(0,0,0,i)\/P(1,0,4,t)

< pao(t — 1) ONG o (Ap)pooi™™ Ny [|(0, 0, 0)]|
Therefore:

(1,0, )| < prot™* A l2(1,0,0)]

+ Zulo t— )"0 Ng o (An) pooi™ Ao | (0, 0, 0) |

=0
t—1

+ Y molt = )X o (W (0, 1)) po0i** Ao | (0, 0, 0) |

=0

It is easily seen that:

lim [|z(1,0,?)[| =0
t—o00

By using the same argument iteratively is can be shown that:
lim ||x(ny,ne,t)|| =0
t—o0

V(nl,ng) € [0, Ny — 1] X [0, Ny — 1]
Corollary I fthe system (5.32) is asymptotically stable when there are no node fail-
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ures it is mean square stable under temporary node failure.

Proof If the system is asymptotically stable condition (5.37)) is satisfied V(ny,ns) €
[0, Ny — 1] x [0, N — 1]. Hence the system (5.32)) is mean square stable.

5.3.2.5 GR Model

Lemma 5.3.2 Consider the system described by:
i=t
' (n1,ny, 1) = A (ny, 2, 0) [ [ a(na, ma, 0) (5.38)

=0

If 3 pnyn, > 0, Apyny € [0,7] where 0 < v < 1 and ky,,,, € Z" such that:

o(V/P(ny,na, to, to + 1) AL) < fipymyt*™m2 N (5.39)

nin2

V' t then

2 (1, m2, O] < prgngt™ 172 X, |2 (1, 12, 0)]

Proof The proof is similar to the proof of Lemma

Theorem 5.3.4 The system (5.34)) is mean square stable, if 3 i, > 0, Ayyn, € [0,7]

where 0 < v < 1 and ky,,, € 2" such that:

o(V/P(ny,na, to, to + 1) AL) < fig, pyt* 172 XL (5.40)

nin2

VtandV(nl,ng) € [O,Nl — ]_] X [O,NQ — ]_]

Proof The proofis similar to the proof of Theorem 3.1.
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Corollary 2 If the system (5.34) is asymptotically stable when there are no node

failures it is mean square stable under temporary node failure.

Proof If the system is asymptotically stable condition (5.40) is satisfied V(nq,ns) €
[0, Ny — 1] x [0, Ny — 1]. Hence the system (5.34) is mean square stable.

5.3.3 Example

Let the transfer function (5.19) be realized using the FM model (5.20) and GR
model on a sensor network. Let the probability of node (ny,n,) not failing
until time ¢, P(ny,na,to,t + t9) = ~" where v € (0,1). In the FM model based

implementation:

O'({l/P(nl,ng,to,t—F to)AD = (\4/’_}/0/)1‘/

Therefore the system (5.20) is mean square stable if /7ya < 1. In the GR model based

implementation:

O-({l/P(nla na, to,t + tO)Ai) = (WCLQY

Therefore the system (5.22)) is mean square stable if {/yay < 1.

5.4 Input-Output Stability

Input-output stability of 3-D systems implemented on grid sensor networks with
node and link failure and its relationship with the internal stability of the same is stud-
ied in this section. A stochastic notion of input output stability is employed due to

randomness of systems under consideration.

Definition 5.4.1 The sensor network is said to be bounded input bounded output stable
in the mean square sense (BIBOMS), if for an input with a bounded mean square value

output at every node has a bounded mean square value.
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Input-output stability of grid sensor networks under link failure and node failure are

treated separately in this work.

5.4.1 Input-Output Stability Under Link Failure

It is assumed that link failure is statistically independent of the input signal.

Lemma 5.4.1 Let the output at node (ny,ny) at time t due to the input at node (ni,nl)
at time t' be denoted by y(n%vn;tl)(nl, ng, t). If the sensor network is asymptotically
stable in the mean square sense 3 [i,,n, > 0, \pyny, € [0,1) and k., € Z7F such that

1Yt ) (71, 12, )| < pyy (8 — £ 12 XL u(nd, g, 8]

Proof Forimplementations using the FM model the result follows directly from Lemma
and Theorem For GR model based implementations the result follows di-
rectly from Lemma [5.2.5]and Theorem

Theorem 5.4.1 Systems (5.3) and (3.3) are BIBOMS if they are mean square stable:

Proof Systems (3.3) and (3.3) are linear. Hence:

niy  n2

y(ni, o, t) = > Z Yo (1,02, ) (5.41)

=0 j=0 k=—o00

ny N2

||y ni, N, t || <ZZ Z ||y(2]k ny, N, )H

=0 7=0 k=—o00

ny n2

< ZZ Z ,unlnz t_ knlnz)‘n nz”“’(Z j’k)H

=0 j=0 k=—o00

Since ||u(i, 7, k)|| is bounded so is ||y (i, 7, k)||. This completes the proof.
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5.4.2 Input-Output Stability Under Node Failure

Input output stability under permanent and temporary node failure is treated sepa-

rately in this work.

5.4.2.1 Under Permanent Node Failure

Due to the same considerations that led to adopting a notion of asymptotic stability
when configuration is frozen in time, input-output stability when configuration is frozen

in time is studied for sensor networks.

Definition 5.4.2 The sensor network is said to be bounded input bounded output stable
when configuration is frozen in time, if for a bounded input the output is bounded when

the set of currently operational nodes remain unchanged.

To determine the BIBO stability of a sensor network according to the above definition
the set of operational nodes is fixed to be invariant. Therefore the system of which
BIBO stability when configuration is frozen in time has to be determined becomes a

deterministic system.

Theorem 5.4.2 Systems (5.24) and (5.26) are BIBO stable when configuration is

frozen in time if they are are asymptotically stable in the current mode of operation.

Proof The result follows directly from the well know result in system theory, that if a
linear time invariant system described by a state space model is asymptotically stable it

is also BIBO stable.

5.4.2.2 Under Temporary Node Failure

Theorem 5.4.3 System (5.32) and (5.34)) are BIBOMS if conditions (5.37) and (5.40)

are satisfied respectively.
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Proof Proof is similar to the proof of Theorem and is omitted for the sake of

brevity.
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CHAPTER 6

EXAMPLE

Algorithms performing linear operations on sensor measurements or functions of
them are used in a wide variety of applications. Therefore the approach proposed in this
work is applicable in many distributed signal processing applications. Implementation
of a distributed Kalman filter and a contaminant front detector will be discussed to

illustrate the state space model based approach proposed in this work.

6.1 Distributed Kalman Filtering

Let the evolution of a dynamic process driven by zero mean Gaussian noise be

described by:

x(t+1) = Az(t) + Bw(t) (6.1)

where A € R and B € R"*?. State vector (t) € R™ and input w(t) € R” is
drawn from a zero mean multivariate white Gaussian noise process. Let
F{w(t)w(t)"} = Q(t). Initial state x(0) is Gaussian distributed with mean zero and
covariance matrix P(0).

The output of the dynamic system is measured by sensor nodes in a grid sensor
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network of size N; x N,. Let the sensing model at node (n;, ny) be given by:

y(nl,n2,t) = H(t)ﬂ?(t) -+ 'U(nl,’n,g,t) (62)

where H (ny, ny, t) € R™*™ and output vector y(n1, ns,t) € R™. The measurement at
node (n1,ny) is corrupted by zero mean white Gaussian noise v(ny, ng, t) with covari-
ance matrix R(t). Noise v(ni, no,t) at different nodes is assumed to be uncorrelated.
Measurements made by nodes are linearly related to the state of the dynamic process
by the matrix H (¢) which is independent of the node.

The objective is to estimate, at each node, the state of the dynamic process in col-
laboration with other nodes in the sensor network. The collaboration strategy that can
be used depends on inter-node communication allowed by the sensor network. Let

inter-node communication be restricted such that:

1. Node (n1,ny) can communicate only with nodes (n; — 1, ns), (n1,n2 — 1), (ny +

1,71,2) and (nl,ng + 1)
2. There is no information relaying over multiple hops in a single time slot.

The DKF problem is to estimate, at each node, the state of the dynamic process
x(t) using measurements up to time ¢ when inter-node communication is restricted by

constraints (1) and (2) above.

6.1.1 The Proposed Algorithm

Let S =0, Ny —1] x [0, Ny — 1] and S(ny,ne,t) = {y(i,7,k)|(4,5) € 5,0 <
E<tand |ny—i|+|ny—j|<t—k+1}. Ameasurement made by a node can be
conveyed over only a single hop in a single time slot due to communication constraints

(1) and (2). Therefore S(ny, no, t) is the set of measurements that can be made available
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for a computation at node (n,ny) at time slot ¢, when inter-node communication is
restricted by constraints (1) and (2).

The linear minimum mean square error(LMMSE) estimate of «(t) given S(ny, no, t)
is a linear combination of the elements of S(ny, ne, ). Therefore in principle LMMSE
estimator of x(¢) at node (ny,ns) given S(ny,ny,t) can be implemented as a linear
filter operating on sensor measurements in S(n1, ny, t). But even for simple examples,
the filters required for estimation are complex.

Therefore the focus of this paper in not to obtain at each node (n;, n2) the LMMSE
estimate of x(t) given S(ni,ns,t). Rather a DKF algorithm that requires minimal
inter-node communication is proposed in this paper.

In order to make the rationale behind the proposed algorithm more evident, LMMSE
estimator of (t) given measurements of all the nodes in the sensor network up to time

t, is discussed briefly in the following. Let:

Y(t) = [y(lv 1>t)T y(lv 2>t)T y(1> 3, t)T s y(va N2>t)T]T

V(t)=[v(l,1,)" v(1,2,6)" v(1,3,6)T - - - v(Ny, No, t) 1]

and

H(t) = [H(t)" H(t)" H(t)" - H(t)']"

Then we have:

Y (1) = H)a(t) + V(¢) (6.3)

Let G(t) = {y(i,j,k)]0 < i < Ny —1and0 < j < Ny—1land 0 < k < t}
and the LMMSE estimate of x(t) given G(t,) be denoted by E(x(t,) | G(ts)). Let
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R(i) = E{V (t)V (t)T}. The Kalman filter algorithm given in figure computes the
LMMSE estimate of (t) given G ().

1: fork=0tot do

2: if k=0 then

3: x(k) = M (0)

4: end if

s M(k) = (P(k)~" + H(k)"R(k)H(K)) ™"
6:  K(k) =M(k)H(k) " R(k)™

7. &(k) =z(k) + K(k)(Y (k) — H(k)z(k))
8 Pk+1)= M(k)AT+ Q(k)B"

9: x(k+1)=Az(k)

10: end for

Figure 6.1. Algorithm for global Kalman filtering

In the algorithm in figure 6.1, &(k) = E(x(k) | G(k)) and (k) = E(x(k) |
Gk —1)).

Theorem 6.1.1 Let the algorithm given in figure [6.2|be run by every node in the sensor

network. Then we have:
N No
= @li,j.k) (6.4)
i=1 j=1

Proof Let the statement be true for £ = p — 1. Then it is easily seen that:

156



1: fork =0tot do
2 if k=0 then
3 Ec(nl, Na, ]{7) = ﬁﬂm(o)
4 end if
5. M(k) = (P(k)~! + H(k)TR(k)'H(k)) !
6 K(k)=M(k)H(k)TR(k)
7 ﬁ:(nl,ng,k) ::E(nl,ng,k)+K(k)(y(n1,n2,k)
8 P(k+1)=AMk)AT + BQ(k)B”
9: :E(nl,ng,k+1) :Ai(nl,ng,k)
10: end for

NNy H (k)Z(nqy, s, k)

Figure 6.2. Algorithm for local Kalman filtering at node (1, no)

N1 Np

=Y > (i, j,p)

i=1 j=1

Substituting in step 7 of the algorithm in figure [6.1 we have:

zl:i z(1,7,p) + K(p){Y (p)

B0 33 a(0i0)

i=1 j=1 =1 j=1
1 2 1 2
=22 2in+ 3 > K@)yl jp)
i=1 j=1 =1 j5=1
1 2 1 2
=222 ) KWwHp=z( jp)
i=1 j=1 r=1 s=1
N1 N
=> > @(i,j.p)
i=1 j=1
The statement holds for £ = p. Since:
Ni Ny
=Y ®(,4,0)
i=1 j=1
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using the case of p = 0 in the above derivation it can be shown that the statement holds
for p = 0. Therefore by the principle of mathematical induction statement (6.4)) holds

for any finite k. This completes the proof of the theorem.

The following result on the expected value of the estimates of local Kalman filters will

be useful later.

Theorem 6.1.2 The local Kalman filter algorithm given in figure provides an

unbiased estimate of ﬁm(t) Equivalently:

E{@(nl, N9, t) —

N e} =0 (6.5)

Proof Let the statement (6.3) be true for ¢ = p — 1. We have:

1
NN,

E{®(n1,n2,p) — x(p)} =0

Since E{y(n1,ns, p) — N1NoH (p)Z(n1,n2,p)} = 0 we have:

The statement (6.3) holds for ¢t = p. Moreover E{&(ny,ny,0) — ﬁm(O)} =0. It

can be easily seen that:

1
N1N,

E{ﬁ:(nl,ng,O) — w(O)} =0

Therefore by the principle of mathematical induction, statement (6.3) holds for any
finite ¢. This completes the proof of the theorem.

The LMMSE estimate of x(¢) given measurements of all the nodes up to time ¢ can
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be obtained by summing the local estimates, of all the nodes in the sensor network.
Summation given by (6.4) cannot be computed under communication constraints (1)
and (2). Therefore we seek a summation of local estimates that can be performed at
every node under prevailing restrictions on inter-node communication. It is desirable for

the summation of the estimates of local Kalman filters to have the following properties.

e For the computation at node (n;,n,), the latest possible estimate is taken from
node (ny + 4,ny + j), where i # 0 or j # 0. It is easily seen that under commu-
nication constraints (1) and (2) the latest estimate that can be included from node
(ny+1i,n9+ 7) for a computation at node (n1, ny) attime t is &(ny + 14, no + j, t —

il =i+ 1).

e When computing the summation of local estimates at node (n;,n.) at time t,
x(ny +1i,n9 + j,t — |i| — |j| + 1), the local estimate obtained from node (n; +
i,mo+ j) is weighted by AlHI1=1 - As would be explained in section the

intention of aforementioned weighting is to make the final estimate unbiased.

Estimate of (t) at node (n;, ny) is computed as a weighted summation of estimates of

local Kalman filters according to the following equation:

NNy
C(nl, n2,t) + 1

Tp(ni,ng,t) = {z(n1,n9,1)

S Ay iyt gt — i — i+ D} (66)

(ZJ)GSTL (TLl L) 7t)
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where:

Sn(nl,n2,t) :{(Z,j) . (n1 +’i,n2 +]) S [O, N1 - 1] X [0, N2 - 1] and

C(ny,ng,t) =The number of elements in S, (ny, ns,t) (6.7)

Values of 7 and j are restricted such that ¢ — |i| — |j| + 1 > 0 since local estimates
&(n1,ng, k) exist for time &£ > 0 only. When computing the estimate at node (ny, ny),

summation of local estimates is taken over the entire sensor network, after a certain time

N1 No

t. Thereafter the scale factor Clonma DTl

becomes unity. Node (n1,ns) can compute
C(ny, ng, t) provided it knows its coordinates in the grid sensor network and the size of
the sensor network.

The summation in (6.6) can be implemented as a 3-D linear filter operating on

local Kalman filter estimates. Impulse response of the linear filter required to perform

the summation in (6.6)) is as follows:

I n ny =ng = 0
h(n1,n2,t) = (6.8)
Almiltnzl=15[n, 4 ny —1 -]  otherwise
where 0 : Z — R is the unit impulse function.
According to theorems [.I.I] and [3.2.1] impulse response (6.8)) can be realized
in a grid sensor network using methods given in the chapter 2 under communication

constraints (1) and (2).

The proposed algorithm for DKF in grid sensor networks is given in figure
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1: At each node (n;,ns) run the algorithm given in figure using local measure-
ments.

2: Perform computation given by (6.6)) at each node (nq,n3) to obtain & p(ny, no,t)
the final estimate of x(¢) at node (n, ns).

Figure 6.3. Algorithm for DKF

Since the computation given by (6.6) can be performed at every node using the
methods given in chapter 2 the DKF algorithm given above can be implemented under

communication constrains (1) and (2).

6.1.2 Mean and Mean Square Error Performance
6.1.2.1 Mean Error Performance of the Algorithm

Mean error performance of the algorithm is summarized in the following theorem.

Theorem 6.1.3

E{zp(ni,na,t) —x()} =0 (6.9)

Therefore the DKF algorithm given in figure is unbiased.

Proof From theorem we have that:

E{#&(n1,na,t) — x(t)} =0 (6.10)

NiN,
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and

L 1
BA I ot i |j] +1) = (0} =0 (611)
14V2

The result follows readily from (6.6), (6.10) and (6.11)).

While A"V & (ny 4 4, ny+ j,t—|i| = |j| + 1) is an unbiased estimate of (%),
x(ni+ i,ne+ j,t—|i|—|j| + 1) is in general not. Therefore weighting & (n;+ 7, no+
j,t—1i|—|j] + 1) by A= in the summation (6.6) enables the distributed estimate

to be unbiased.

6.1.2.2 Mean Square Error Performance of the Algorithm

Let:
(ny o, ot — k) = ———a(t) — AFa(ny, na, t — k)
e — k)= z(t) — Az —
ny, o, , N1N2 ni, na,
1
é(nlanQatat - k) = NlNga:(t) - Aka_:(nlan%t - k)

Pé(n1>n27t>t - k) = E{é(n1>n27t7t - k)é(nlan2>tat - k)T} and Pé(nlan2>tat -

k) = E{e(ni,ny, t,t — k)e(ny,no, t,t —k)T} fort > k.

Lemma 6.1.1 Pg(ny,no,t, t—k) and Pg(ny,ne,t,t—k) can be computed iteratively

using the algorithm given in figure

Proof We have:

1 1
Peg(n1,n2,0) = E{N1N2 (x(0) — Mw(oﬂm(m(o) — pa©) "}
1 \2
— <N1N2> P(0) (6.12)
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1. forp=0totdo
2 if p=0 then
2
3 Pé<n17n27070> = (ﬁ) P<0)
4: end if
5 if p <t — kthen
6: Pé(nlyn%pvp) = (I_ K(p)H(p))Pé(nlyn%p?p)(I_K(p)H(p))T+
K(p)R(p)K (p)" )
7. Pé<n17n27p+ 17p + 1) = APé<n17n27p7p)AT + <ﬁ) BQ<p)BT
8: else
9: Pé(nl,ng,p,t—k):Pé(nl,m,p,t—k—i-l)
10: Pe(ni,ng,p + 1,t — k + 1) = APg(ni,no,p,t — k)AT +
2
<N11N2> BQ(p)B"
11: end if
12: end for
Figure 6.4. Algorithm for computing Pg(ny, ne, t,t — k) and
Pé(n17n27t7t - k)
Forp <t —k:

é(TLl, n27p7p)

NN,
1

+ N1 N2 K (p)H (p)Z(n1,n2,p)
NN,

— K (p)H (p)x(p) + N1 N2 K (p)H (p)&(n1, n2,p)

(p) — &(n1,n2,p)

- i(nlan27p) - K(t)y(nl7n27p)

(p) — &(n1,n2,p) — K(p)v(ni,na,p)

= {I — N1N2K (p)H (p) }&(n1,n2,p) — K(p)v(n1,n2,p) (6.13)
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From (6.13]) we have:

Pg(n1,n2,p) = (I = NyN, K (p)H (p)) Pe(n1, n2, t)(I — Nt N2 K (p)H (p))"

+K(p)R(p)K (p)" (6.14)

_ 1 .
e(n17n27p+ 17p+ 1) :N1N2w(p+ 1) - Aw(n17n27p)

N 1
=Aé(ny,ng,p,p) + WBU’(Z)) (6.15)

From (6.13)) we have:

2
Pe(ni,na,p+1,p+1) =APg(n1,n,p,p) AT + ( > BQ(p)B* (6.16)

N1 Ny

It is evident from equations (6.12), (6.14) and (6.16)) that steps 1-7 of the algorithm given in
figure [6.4] can be used to compute Py (n1,n2,p,p) and Pg(ni,ne, p,p) forp <t —k.

Fort>p>t—k:

. 1 ks
e(n17n27p7t - k) :NlNQw(p) — AP t+kw(n17n27t - k)
1
=N =) - AP~ R g (ny gt — K + 1)

=e(ny,n2,p,t —k+1)

Therefore:

Ps(n1,ne,p,t — k) = Pe(ni,ne,p,t —k+1) (6.17)
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1
é(nlyn27p + 17t —k + 1) :N N. m(p + 1) - Ap_t+k+li(n17n27t - k)
14V2

:Aé(nlyn27p7t_k)+ B’LU(p)

N1Ny

Therefore:

1
NiN

2
Pé(n17n27p + 17t —k + 1) = APé(n17n27p7t - k)AT + < > BQ(p)BT (618)

Steps 9 and 10 of the algorithm given in figure [6.4]can be used to compute Pg(n1,n2, p,t — k)

for t > p > t — k. This completes the proof of lemma

Since Pg(ny,ng,t,t — k) is independent of n; and ny, Pg(t,t — k) would be used
instead of Pg(ny,ng,t,t — k) in the rest of this work for notational simplicity.

Let:
Pg(ni,ng, i, j,t,t — k.t —1) = E{é(ny,ng, t,t — k)e(i,j,t,t — 1)}

and

Pé(nbn%ivj)tvt - kvt - l) = E{é(n17n27t7t - k)é(i7j7t7t - l)T}
where (nq,n9) # (4,7),t > kand t > [.
By the definition of Pg(ny,ne,i,j,t,t — k,t — ) we have:
Pé(nlan%iajat)t - kat - l) = Pé(i7janlan2at>t - l7t - k)T
Therefore, if Pg(ny,no,i,j,t,t — k,t — 1) can be computed for [ > £ it can also be
computed for [ < k.

Lemma 6.1.2 When |l > k, Pg(ny,no, i, j,t,t — k,t — 1) and Pg(ny,ne,i,j,t,t —

k,t — 1) can be computed iteratively using the algorithm given in figure [6.5]
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Proof Proof is similar to the proof of lemma and is omitted for the sake of

brevity.
1: forp=0totdo
2: if p = 0 then
2
3: Pé(”l,ﬂQ,i,j, 0707()) = <ﬁ> P(O)
4: end if
5: if p <t —1[then
6: Pé(n17n27i7j7p7p7p) = (I - K(p)H(p))Pé(nl,ngz,j,p,p,p)(I -
K(p)H(p)"
7 Pé(nlvn%ivjvp + ]-7p + ]-7p + ]-) = APé(nlvn%i)j)pvp?p)AT +
2
NfNQ) BQ(p)B"
8: elseift — k > p >t — [ then
9: Pé(nlvn%iajapapvt_l) = (I_K(p)H(p))Pé(nlan2727]7pap7t_l+1)
10: Pg(ny,ng,i,j,p+1,p+1,t—1+1) = APg(n1,n9,i,j,p,p,t — 1) AT +
2
(ﬁ) BQ(p)B"
11: else
12: Pé(nlvn%ivjvp)t - kvt - l) = Pé(nlvn%ivjvp)t —k+ 17t -+ 1)
13: Pé(nl,n2,p + 1,t —k+ 1,t — 1+ 1) = APé(nl,ng,i,j,p,t — ]{I,t —
2
A"+ (k) BQWB"
14: end if
15: end for

Figure 6.5. Algorithm for computing P;(ny, ns, 1, j,p,t — k,t — ) and
Pg(ny,no,p+1,t—k+1,t—1+1)

Since Pg(ny,no, 1, j,t,t —k,t —1) is independent of ny, no, i and j, Pg(t,t —k,t —1)

would be will be used instead of Pg(ny,n2,1,J,t,t — k,t — 1) in the rest of this work
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for notational simplicity.

Estimation error of the DKF algorithm, at node (1, n) at time ¢ is given by:

eD(nl, Na, t) = w(t) — :I:D(nl, n2,t)

Let the covariance of the estimation error at node (nq, ns) at time t be Pp(nq,ng, t) =

E{BD(nl, N, t)eD(nla na, t)T}

Theorem 6.1.4

Potinnnt) = (g ){ZP =i =+ 1)

C<n17n27 (i.j)es

+

Y Pe(t.t—li| —|j|+ 1.t —|pl — gl + 1)} (6.19)
(i,5)eS  (p,9)€S (p,q)#(i,5)

Proof By substituting for & p(n,ns,t) from (6.6) we have:

N1 N, 1 ()
C(ny,ng, )+1 NNy

ep(ny,ng,t) = x(ny, no, t)

— A gty i ny + 4, — |i| — |j] + 1)}

(Z])Esn(”l ns, t)
NN, A » . . |
- tt—|i| — 1
C(ny,ng,t)+1 2 e(m +i,ny + 5.t = il = |j] +1)
(4,§)€Sn(n1,n2,t) J(0,0)

(6.20)

Equation can be derived by taking the covariance of e (ny, ns, t) and replacing
terms E{é(ny,na, t,t—k)e(ny, ny, t,t—k)T'} and E{e&(ny, no, t, t—k)e(i, j,t,t—1)T}
by Pg(t,t — k) and Pg(t,t — k,t — 1) respectively.
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6.1.3 Simulation Results

Let the evolution of the system under observation be described by:

0.9996 —0.0300 025 0
x(t+1) = x(t) + w(t)
—0.0300  0.9996 0 0.25

(6.21)

x(t) € R% The input w(t) is drawn from a zero mean two dimensional white Gaus-
sian noise process. Let E{w(t)w(t)T} = 20I,. The state space model describes the
trajectory of an object on a circular path(not necessarily in the same space as the sensor
network). Initial state is Gaussian distributed with mean iz = [15 0]” and covari-
ance matrix P(0) = 20I,. The dynamic system is observed by nodes of a grid sensor

network of size 20 x 20. Sensing model at every node is given by:

y(nl, Nna, t) = [1 O]w(t) -+ 'U(’n,l, Na, t) (622)

where y(n1, no, t) and v(ny, no, t) are scaler quantities. Measurement noise v(n, no, t)
is drawn from a zero mean white Gaussian noise process with covariance
E{v(ni,ny, t)v(ny, no, t)T} = 10.

The proposed DKF algorithm was used to estimate the state of the system. The
logarithm of the root mean square value of the estimation error, where the mean is

taken over all the nodes, is plotted versus time in figure [6.6l
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Figure 6.6. Logarithm of RMS of error over the sensor network
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Figure 6.7. Logarithm of MS difference between estimates of nodes

The logarithm of the variance of estimates across the sensor network, is plotted
versus time in figure [6.71 Variance of state estimates across the nodes is a measure

of the mutual disagreement among nodes, on their estimates. This is an important
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performance metric for a distributed estimation algorithm. The simulation was repeated

with state transition equation changed to:

0.9996 —0.0300 025 0
z(t+1)=0.95 x(t) + w(t)
—0.0300  0.9996 0 0.25

(6.23)

The state space model (6.23]) describes the trajectory of an object that converges to the
origin along a logarithmic spiral. The logarithm of the root mean square value of the

estimation error is plotted versus time in figure [6.8]

T
— Algorithm 3 given in [Olfati-Saber, 2007]

2k Algorithm given in [Cattivelli et al., 2008] |
I — Global Kalman Filter
ok N - - -Proposed Algorithm il

Logarithm of RMS of error over sensor network
|

I I
0 50 100 150

Figure 6.8. Logarithm of RMS of error over the sensor network
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Figure 6.9. Logarithm of MS difference between estimates of nodes

The logarithm of the variance of estimates across the sensor network, is plotted

versus time in figure [6.91The state transition equation was changed to:

0.9996 —0.0300 025 0
x(t+1)=1.05 x(t) + w(t)
—0.0300  0.9996 0 0.25

(6.24)

and simulation was repeated again. The state space model (6.24) describes the tra-
jectory of an object along a logarithmic spiral. The logarithm of the root mean square

value of the estimation error is plotted versus time in figure [6.10!
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The logarithm of the variance of estimates across the sensor network, is plotted
versus time in figure [6.11lThe proposed DKF algorithm outperforms existing DKF
algorithms in simulated example applications.

Distributed Kalman filtering algorithms presented in the literature involve averaging
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of local estimates across the sensor network to obtain a better estimate. Hence the
performance of a DKF algorithm depends upon the strategy used to obtain network
wide averages. In the algorithm proposed in this paper a 3-D linear filter is used to
average estimates of local Kalman filters. In a grid sensor network a network wide
average can be computed faster using linear filters than consensus filters used in existing
DKEF algorithms. Therefore authors expect the proposed DKF algorithm to outperform
or at least match the performance of existing DKF algorithms even though a theoretical

comparison of mean square error performance is not available yet.

6.2 Contaminant propagation detection

A method to detect the propagation of contaminants in air was proposed in
Sumanasena and Bauer [2008]. The variation of intensity across the propagating front
of the contaminant is detected using image processing techniques. The edge detection
filter used, operates on sensor measurements at a single sampling instance. Therefore
the system implemented on the sensor network is 2-D. It is assumed that the variation
of intensity across the propagating front produce a unit step signal in sensor measure-

ments. The impulse response of the filter used is given by:

h(nl, ’n,g) = hl (n1>h2 (ng)

{0.511n4(nq + 1) 4+ 0.348n, }0.73™ ny >0
hl(nl) =

—hl(—nl) ny <0

ha(ng) = 0.01238(ng) + 0.3254(0.4)!"21 4+ 0.4020(0.44)!"2l — 0.7020(0.42)!

The filter was derived by numerically maximizing the detection probability for a given

worst case false detection probability within the class of third order separable 2-D fil-
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ters. Impulse response of the filter can be decomposed into four quarter plane causal

components. Let:

h(ni,n2) ny >0andny >0
hig(n1,ng) = %h(nl,ng) ny > 0andny =0

0 otherwise

We have:
h(ni,n9) = hig(n1,n2) — hig(—n1, n2) — hig(—n1, —ng2) + hig(n1, —n2)

Each quarter plane causal filter can be realized in 2-D GR or FM state space mod-

els. Block diagram in figure illustrates the implementation of the filter. ~ Let

h1q(n1,n2) Ty
@
u(n1,n2) Ny (-nin2) JT y(n1,n2)
h1q(n1,-n2) Ty T
®—
_hm(-m,-nz) J

Figure 6.12. Implementation of the Filter

the output of the filter be y(ny,ny). Point (nq,ny) is marked as an edge point if
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y(ni,ng) —y(ny — 1,n9) > 0.02 and y(ny,n2) — y(ny + 1,n9) > 0.02. The sys-
tem was simulated on a sensor network of size 50 x 40. It is assumed that the input
signal produced by the contaminant front is a unit step edge. Sensor readings are as-
sumed to be contaminated by zero mean additive white Gaussian noise with variance

of 0.5. False detection probability when there is no contaminant front is 0.0017.

50 T

0O  detections

45— m
40— —
35— —
30— —
25 B

20— —

ny T

Figure 6.13. False detections with no input signal

False detections when there is no contaminant front is shown in figure Figures
and show the detection of contaminant fronts perpendicular to and having a

45° angle with the n; axis respectively.
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Figure 6.15. Detection of the front making 45° to the n, axis
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CHAPTER 7

CONCLUSIONS AND FUTURE RESEARCH DIRECTIONS

Distributed implementation of m-D systems on sensor networks poses issues not
raised in their centralized implementations. Open research issues that were not already

addressed in chapters 2-6 are discussed in the following subsections.

7.1 Future Research Directions

7.1.1 Realization of Transfer Matrices

In the GR model based implementation node (ny, n) transmits the horizontal and
the vertical state vector components of nodes (n; + 1, n2) and (ny, ne + 1) respectively.
Therefore per each time slot node (n;, ns) transmits a + b state vector elements. In the
FM model based implementation node (n;, ny) transmits its state vector and input vec-
tor. Hence n state vector elements and p input vector elements are transmitted by node
(ny,ngy) per time slot. Power required for the implementation of GR and FM models
on the sensor network depends upon the order of the realization. Therefore realizing
systems using state space models of lower order is beneficial for implementations in
sensor networks.

Except for several special classes of transfer functions reported in [Kung et all,
1977; Lin et al., 2007)] realizations algorithms capable of deriving the minimal real-

ization of a given m-D transfer function are not available to the best of the author’s
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knowledge. Furthermore there is no method to determine the order of the minimal re-
alization given a general m-D transfer function. Minimal realization of m-D transfer
functions and matrices is an open research issue in itself.

Unlike in FM model based implementations, in GR model based implementations it
is not required to transmit the entire state vector. Therefore in order to conserve power
and communication bandwidth it is sufficient to realize a given transfer function such
that the combined size of the horizontal and the vertical state vector components are
as small as possible. Realizations algorithms presented in literature for the GR model
such as [Fan et all, 2006; Kanellakis et al., [ 1989; IManikopoulos and Antoniou, [1990;
Theodorou and Tzafestas, [1984; Xu et al., 2008] have put emphasis on minimizing the
order of the realization. For implementations on sensor networks, algorithms that derive
realizations with minimal horizontal and vertical state vector components even at the

expense of a larger temporal vector component are desirable.

7.1.2  Power Efficient Implementations

In the procedure described in chapter 2 for implementing GR and FM models in
sensor networks, inter-node communication is restricted to adjacent nodes in the sen-
sor network. Depending on the characteristics of the transmitter and receiver circuitry
of the sensor node it may be power efficient to transmit data over multiple hops in
a sensor network [Haenggi, 2004; |Sikora et al., 2004]. Realization algorithms for
both GR and FM state space models such as [Bisiacco et al., [1989; [Eising, 1978;
Fan et al., 12006; [Fornasini and Marchesini, [1978; [Kanellakis et al), [11989; Kung et all,
1977; Manikopoulos and Antoniou, 1990; Mitra et alJ,|1975;Theodorou and Tzafestas,
1984; Xu et al., 2005, 2007, 2008] result in system matrices that have most of the rows

containing zeros except for one unity element. Therefore state vectors of adjacent sen-
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sor nodes may share the same state vector element albeit in different positions of the
state vector. This opens up the possibility of transmission over multiple hops. It has
been shown in [Sumanasena and Bauer [2008] that, for a FM models based implemen-
tation of an edge detection filter in a sensor network, transmission of data over multiple
hops results in lower power consumption than transmission over a single hop.
However a general treatment, of the condition under which multi-hop data trans-
mission more power efficient than single-hop data transmission in implementing GR
and FM state space models, is not available. Implications of multi-hop transmission
on bandwidth requirements and the optimal number of hops over which data should be

transmitted should be analyzed.

7.1.3 Robustness

Node and link failures in a sensor network can have adverse effects on the per-
formance of the sensor network. Stability of distributed systems implemented on grid
sensor networks under the occurrence of node and link failure was studied in chapter 5.
It was shown that, adaptation of a sensor network to link and node failure can render
an otherwise stable system unstable. Stability of 2-D distributed systems under com-
munication delays has been studied in Bauer et al! [2001]. However the effect of node
and link failure in a sensor network on the performance of the signal processing algo-
rithm implemented on the same has not been analyzed. An approach to achieve optimal

performance under node and link failure is given below.

e Propose a performance metric for the system implemented on the sensor network.

e Model the effect of node and link failure on system dynamics. The overall ap-
proach for handling link and node failure in the sensor network should be known

to model the effect of the same on the system. System dynamics under link and
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node failure can be modeled using models [5.3] [5.3] [5.24] [3.32]and

e Choose system parameters that represent the adaptation of the sensor network to

node and link failure such that the performance metric is optimized.

The last step in the aforementioned approach in general requires the knowledge of
statistics of node failure, link failure and input signal which may not be available. Due
to the vast variety of signal processing applications implemented on sensor networks it
may not be possible to propose an optimal criteria to handle node and link failure for
all applications. But if criteria to handle node and link failure are restricted, for exam-
ple to use linear estimates for unknown quantities, the author believes that methods to
achieve optimal performance under node and link failure can be derived for classes of
signal processing algorithms.

Sensors may not be placed exactly on the grid depending on the deployment strat-
egy used [Leoncini et al. [2005]. Deployment errors lead to non-unifrom sampling of
the input signal. Deployment errors do not affect the stability properties of the system
as long as the connection topology remains a grid. The effect of deployment errors
on the system performance depends on the signal processing application as well. For
example in the distributed Kalman filter example discussed in chapter 6, the signal to
be estimated and the noise statistics were uniform over the sensor network. Therefore
deployment errors do not affect the performance of the system provided that the grid
topology is maintained. In a sound source localization application, deployment errors
can introduce an error to the estimate of the location of the sound source [Pham et al.,
2003, 2004]. But if the locations of the sensors are known deployment errors can be
accounted for in signal processing. A treatment on the effect of sensor deployment er-
rors on the performance of systems implemented on grid sensor networks and methods

to counter the adverse effects of deployment errors is not available.
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7.1.4 Extension to Random Sensor Networks

Of the three categories of sensor networks classified according to the deployment
strategy in chapter 1, random sensor networks are the most widely studied in literature.
The method proposed in this work to implement distributed systems in sensor networks
assumes regular placement of sensor nodes. This is due to the formulation of state
space models (2.I) and (2.2)). Extending the method proposed in this work to random
sensor networks will greatly enhance the utility of the proposed method and open up an
entirely new approach for distributed signal processing in random sensor networks.

A potential approach to extend the current work to random sensor networks is as
follows. Consider a rectangular area over which sensors are randomly deployed. The
rectangular area can be hypothetically divided into /NV; N, rectangles. Sensor nodes in
the (1, j)-th rectangle can be collectively considered to be the (i, j)-th node of the grid
sensor network. This approach is illustrated in figure A virtual grid sensor network
of size 10 x 10 is constructed by randomly deploying 150 sensor nodes in the area to
be covered.

In order to assign randomly deployed sensor nodes to grid nodes of the virtual grid
sensor network, location of the nodes has to be determined. Sensor localization in sen-
sor networks has been widely studied in literature, see [Ji and Zha, 2003; Khan et al.,
2009; [Patwari and Hero, 2003;/Zhang et al.,2008] and references therein. An apparent
issue in the above method is that some nodes in the virtual grid sensor network may not
have sensors assigned to them. This is due to some rectangles in the area to be covered
not having any nodes deployed in them. It is possible to treat the unavailability of the

virtual node as a node failure using models proposed in chapter 5.
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Figure 7.1. Virtual grid sensor network of randomly deployed nodes.

7.1.5 Extension to Broader Classes of Systems

Systems described by models and are necessarily linear and space-time
invariant. They can be used only to implement linear space-time invariant systems. The
GR model and FM model were extended for nonlinear and non space-time
invariant systems in [Sumanasena and Bauer [2011a]. The GR model for 3-D linear

systems can be extended to non-linear systems as follows:

x(ny +1,ny,1)

x'(ny,no + 1,t) | = foumen(@(n1,n2,t), u(ng, ny,t))

wt(nl,ng,t—i— 1)

Y(n1,n2,t) = Gy oty (T(N1, 02, ), w (N1, M2, 1)) (7.1)
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where z(ny,no,t) = (2" (n1,n9,t), 2" (n1,n9,t), " (n1,n9,t))7. Vectors x €
R?, ¥ € R’ and ! € R¢ are called the horizontal, vertical and temporal state vector
components respectively. Let the input vector u € R? and the output vector y € RY.
Functions f(,, n, @ R" x R? — R" and g(n, n,r) : R x R? — R? are in general
non-linear. For a sensor network of size Ny x No, ny € [0, Ny — 1] and ny € [0, No —1].

The FM model for 3-D linear systems can be extended to non-linear systems as follows:

w(nla na, t) = f(n1,n2,t)(w(n1> na, t_l)a w(nla 77,2—1, t)7 w(nl_la Nna, t)7
u(ng, ng, t—1), u(ng, no—1,t), u(ni—1,ny, t))

y(nla Nna, t) = J(n1,na,t) (w(nla na, t)’ u(nb na, t)) (72)

Let the state vector x € R", the input vector u € R? and the output vector y € RY.
Functions f(,, n,.¢) : R" X R" X R"xRP xRP xR — R" and g(n, n, ) : R" xXRP — R?
are in general non-linear.

Systems and can be implemented on grid sensor networks using meth-
ods described in chapter 2 for the implementation of systems (2.1) and (2.2). An
important issue that has to be addressed is, given a processing algorithm, how to select
functions f(,,, n,.¢) and g(n, n, ) such that state space models (Z.1)) and (Z.2)) realize the
said algorithm. To the best of the author’s knowledge, realization of non-linear systems
in local state space models has not been investigated in the literature even for restricted
cases.

Models and were traditionally used to realize multidimensional sys-
tems in a centralized context. In the current work they were employed to implement
distributed systems in grid sensor networks. State space models (2.1), 2.2), (Z.I) and
provide a method to partition a potentially large computation into a sequence of

smaller computations. Such partitioning of computations to a sequence of sub compu-
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tations may be useful even in grid and cluster computing |Sadashiv and Kumar [2011].

7.1.6  Applications

Based on the method proposed in this work to implement linear systems in grid
sensor networks, in chapter 6 a DKF algorithm, which outperformed DKF algorithms
proposed in literature such as [Cattivelli et all, 2008; |Olfati-Saber, [2005; [Spanos et al.,
2005], was presented. Wide variety of signal processing algorithms implemented on
sensor networks involves performing linear operations on sensor measurements
[Ganesan et all, 2005; Pham et all, 2004; Rabbat and Nowak, 2004]. Potentially a va-
riety of other signal processing algorithms that can improve the performance of algo-
rithms existing in the literature can be developed based on the method proposed in this

work .

7.2  Conclusions

A novel approach for distributed information processing in grid sensor networks
was presented. The method based on the GR and the FM local state space models
for 3-D systems can be used to implement any linear system on a regular grid sensor
network. The method offers several advantages such as scalability and reconfigurability.
Moreover, the output computed at each node can be used to decide on the execution of
local actuation tasks, in response to local events.

Conditions on system matrices of the GR and FM models, for real-time imple-
mentation in a distributed sensor network, were derived. A necessary and sufficient
conditions for a transfer function to be realizable in GR and FM models under the said
constrains was established. If a transfer function is realizable in the constrained GR

model it is also realizable in the constrained FM model. The converse is also true.
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The effect of fixed point and floating point arithmetic on system dynamics was
modeled. Models incorporate quantization and overflow nonlinearities introduced dur-
ing computations inside the nodes and communication among nodes. Simple, necessary
and sufficient conditions for global asymptotic stability of the system was derived for
both fixed point and floating point implementations. Global asymptotic stability of the
system is independent of the quantization and overflow nonlinearities applied to state
vector components communicated between nodes. Sufficient conditions for the BIBO
stability of the system under fixed point quantization nonlinearities were derived.

GR model and FM model were extended to incorporate the effects of node and link
failure on system dynamics. Internal and external stability criteria were proposed for
systems under node and link failure. Conditions for internal and external stability under
node and link failure were established. It was shown that systems are externally stable
if they are internally stable. Utility of the proposed method was demonstrated using
two example applications.

This work is the first major effort to use state space models and methodologies
developed in the multidimensional systems literature for distributed signal processing
in sensor networks, to the best of the author’s knowledge. It is the author’s opinion that
methods proposed in this work can be extended to broader classes of sensor networks
and used in wide variety of signal processing applications. A significant amount of

work has to be done in this regard, some of which has been outlined in this thesis.
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