
Industrial Management & Data Systems
Optimal design of a multi-server queueing system with delay information
Miao Yu Jun Gong Jiafu TANG

Article information:
To cite this document:
Miao Yu Jun Gong Jiafu TANG , (2016),"Optimal design of a multi-server queueing system with delay
information", Industrial Management & Data Systems, Vol. 116 Iss 1 pp. 147 - 169
Permanent link to this document:
http://dx.doi.org/10.1108/IMDS-05-2015-0201

Downloaded on: 08 November 2016, At: 02:02 (PT)
References: this document contains references to 38 other documents.
To copy this document: permissions@emeraldinsight.com
The fulltext of this document has been downloaded 180 times since 2016*

Users who downloaded this article also downloaded:
(2016),"A detailed calculation model for costing of green manufacturing", Industrial Management
&amp; Data Systems, Vol. 116 Iss 1 pp. 65-86 http://dx.doi.org/10.1108/IMDS-04-2015-0140
(2016),"Unlocking supply chain disruption risk within the Thai beverage industry", Industrial
Management &amp; Data Systems, Vol. 116 Iss 1 pp. 21-42 http://dx.doi.org/10.1108/
IMDS-03-2015-0108

Access to this document was granted through an Emerald subscription provided by emerald-
srm:563821 []

For Authors
If you would like to write for this, or any other Emerald publication, then please use our Emerald
for Authors service information about how to choose which publication to write for and submission
guidelines are available for all. Please visit www.emeraldinsight.com/authors for more information.

About Emerald www.emeraldinsight.com
Emerald is a global publisher linking research and practice to the benefit of society. The company
manages a portfolio of more than 290 journals and over 2,350 books and book series volumes, as
well as providing an extensive range of online products and additional customer resources and
services.

Emerald is both COUNTER 4 and TRANSFER compliant. The organization is a partner of the
Committee on Publication Ethics (COPE) and also works with Portico and the LOCKSS initiative for
digital archive preservation.

*Related content and download information correct at time of download.

D
ow

nl
oa

de
d 

by
 T

A
SH

K
E

N
T

 U
N

IV
E

R
SI

T
Y

 O
F 

IN
FO

R
M

A
T

IO
N

 T
E

C
H

N
O

L
O

G
IE

S 
A

t 0
2:

02
 0

8 
N

ov
em

be
r 

20
16

 (
PT

)

http://dx.doi.org/10.1108/IMDS-05-2015-0201


Optimal design of a
multi-server queueing system

with delay information
Miao Yu, Jun Gong and Jiafu Tang

College of Information Science and Engineering, Northeastern University,
Shenyang, China

Abstract
Purpose – The purpose of this paper is to provide a framework for the optimal design of queueing
systems of call centers with delay information. The main decisions in the design of such systems are
the number of servers, the appropriate control to announce delay anticipated.
Design/methodology/approach – This paper models a multi-server queueing system as an
M/M/S+M queue with customer reactions. Based on customer psychology in waiting experiences, a
number of different service-level definitions are structured and the explicit computation of their
performance measures is performed. This paper characterizes the level of satisfaction with delay
information to modulate customer reactions. Optimality is defined as the number of agents that maximize
revenues net of staffing costs.
Findings – Numerical studies show that the solutions to optimal design of staffing levels and delay
information exhibit interesting differences, especially U-shaped curve for optimal staffing level.
Experiments show how call center managers can determine economically optimal anticipated delay and
number of servers so that they could control the trade-off between revenue loss and customer satisfaction.
Originality/value – Many results that pertain to announcing delay information, customer reactions,
and links to satisfaction with delay information have not been established in previous studies,
however, this paper analytically characterizes these performance measures for staffing call centers.
Keywords Service systems, Balking, Predicting and announcing delays, Reneging,
Satisfaction with delay information
Paper type Research paper

1. Introduction
For the design and management of call centers and many other service systems, it is
common to use delay information system informing customers about their anticipated
waiting time. Delay information system captures customer psychology associated with
the uncertain waiting. Managers have several objectives in providing such delay
information, such as modulating demand by announcing times of high congestion,
enhancing satisfaction with inevitable waiting, in all, stirring the system in order
to maximize her revenues. The purpose of this paper is to study this feature, its impact
on the performance of the system, which directly address the delay information
satisfaction, customer abandonment, and some important service levels in order to
maximize the firm revenue.

Delay announcements affect customers’ behavior in terms of abandonment (balking
and reneging), in turn, and have significant impact on system performance. When
the system announces a customer about her anticipated delay, she will decide right
away either to hang up immediately according to her estimation that her delay is too long
or to start waiting in the queue. So delay information modulates customer reactions
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(Taylor, 1994). At the same time, for customers who enter the queue, delay information,
would further have the effect of increasing patience as a result of reducing the
uncertainty. Furthermore, when providing delay information is longer than the virtual
delay in waiting experiences, customer may not choose the call center because of no trust
any more. Therefore, making delay information is especially important in call center.

In call center settings, the service encounter is unlike face-to-face service encounters at
other service sites, such as restaurants, hotels, and banks. This service system provides a
service in a kind of invisible queue, therefore, the best means of providing and controlling
customers’ satisfaction may be providing products and service efficiently and quickly in
call centers. Call center managers usually deal with satisfaction issue by traffic
management. Currently, a large number of service industry observers have emphasized
the importance of incorporating satisfaction metrics into these firms to balance customer
behavior and cost control. So call centers need to balance the traditional efficiency
and quality needs with the emphasis on customer relationship management. That is
instigating similar changes in the functioning of call centers.

To the best of our knowledge, that is the first generalization of delay information
queuing model to incorporate customer satisfaction. In particular, previous researches
usually ignored the role of satisfaction with the delay announcement economically.
That is the true in practice, customers may feel dissatisfied even entering service
thereby never choosing the firm because of no trust with delay information. In addition,
measuring customer satisfaction can be done through other process-related metrics by
accounting for some details, such as short abandonments and quick answers. However,
these metrics have not been detailed in such a system with delay information.

As call centers have matured as the main service delivery channel of some service
industries, it role has become a revenue generator for the firm. For revenue management,
there is the main challenging problem related to capacity sizing. On the one hand,
revenue is generated by serving a customer, and high-quality service because of higher
staffing level determines more revenue. On the other hand, staffing cost plays a crucial
role in the determination. Finding the optimal trade-off becomes equivalent to maximize
total revenue. However, optimality of staffing has mostly been viewed as a cost
minimization issue (Mandelbaum et al., 2002; Baron and Milner, 2009). Few papers have
focussed on call center profit when they make a capacity sizing decision.

In predicting delays for arriving customers, this paper builds on previous analytical
studies on the work of Jouini et al. (2011). Furthermore, some extensions make the
performance prediction with delay information by the queueing model much more
accurate. The model of single-class call centers will not be directly applicable to many
current call centers, nevertheless, we think these results and analysis could provide
useful and new insight.

The main contributions of this paper can be summarized as follows. First, we
propose to characterize customer satisfaction with delay information to modulate
customer reaction, and develop an approach to explicitly derive the expression. Second,
we provide a comprehensive list of metrics that including customers satisfaction and
abandonments. In such a system with delay information, what is new here is we
propose new metrics and develop an approach to explicitly derive their expressions.
Third, that abandonment form in this system means the loss of revenue, which allows
us to capture the characteristic that revenue are a direct function of capacity sizing.
We focus on these call centers offering service and bringing revenue, in which of these
features have already been analyzed in the call center and literatures (similar to the
case in Aksin and Harker (2003)).
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The rest of the paper is organized as follows: In Section 2, we discuss a brief review
of literature. In Section 3, we formulate impatient behavior and delay information
satisfaction in a queuing system, by which we give some metrics that include
abandonments and customer satisfaction. Then, we show how to explicitly computer
these service levels in a convenient way. In Section 4, we use some extensive numerical
experiments to show the role of satisfaction with delay information in the performance
measure call center, then conduct a numerical analysis in which we draw comparisons
between the service levels. In Section 5, We conduct a numerical analysis on how to
make optimal announcement choice and staffing level under various customer reaction
and system parameters. In Section 6, we provide a framework for the optimal design of
call centers with the right metric to avoid some unwanted behavior, and we also show
the negative effect on optimal revenues after using some specific service level
constraint. Finally, in Section 7, we generalize the key insight derived from the analysis,
and conclude with the limitations of our results and future research directions.

2. Literature review
The literature related to the subject of this paper spans mainly three areas. The first
area is concerned with predicting delays for arrival customers with the psychology of
waiting. The second area pertains to abandonment phenomena. The third area is
related to customer satisfaction and staffing. None of this literature considers the model
with a combination of all of these factors.

The relevant literature on delay information is large and growing. In broad terms,
there are three mains areas of research on delay information. The first area studies the
effect of delay information on system dynamics. One of the first representative papers
are Hassin (1986), then a large number of studies on the impact of delay information
subsequently focussed on the system performance in the invisible queue; e.g., see Whitt
(1999), Guo and Zipkin (2007), Allon et al. (2012), Aksin et al. (2013), Jouini et al. (2014),
and references therein. Research has found that informing customers of delays is
beneficial regardless of the model used, but the optimal amount of precision in the
announcements varies from model to model. Furthermore, the importance of modeling
customer responses in the following literature is emphasized. Armony et al. (2009)
study customer responses to delay information by requiring an equilibrium analysis.
Jouini et al. (2011) study a model where customers react by hanging up immediately
upon hearing the delay announcement if the announced waiting time is too long and
might subsequently renege because of impatience. As shown in the recent work by Yu
et al. (2015), they posit that delay announcements impact customer behavior in a
complicated way. The second area studies alternative ways of estimating customer
delay in service systems; e.g. Nakibly (2002), and Ibrahim and Whitt (2009a, b, 2011).
The third area is mainly focussed on customer psychology in waiting situations, which
subsequently leads to customer response: e.g., see Hui and Tse (1996) and Munichor
and Rafaeli (2007). This paper falls into the first main area of research.

Moreover, another direction in modeling abandonments without delay information
has reference significance (Gans et al., 2003; Mandelbaum and Zeltyn, 2009). An
important feature of call center is customer abandonment, since it is a real phenomenon
that delayed customers do not accept waiting in a call center. So far, there are some
empirical evidences regarding abandonments that can be found in Brown et al. (2005) and
Feigin (2005), they, respectively summarize the abandonments analysis of a real record
in a banking call center. On theoretical aspect, lots of theoretical models can be proposed,
such as the simplest Erlang Amodel. Garnett et al. (2002) propose an asymptotic analysis
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of a Markovian model with abandonments in the heavy-traffic regime. They mainly
characterized the relationships between staffing, the offered load, and system
performance measures such as the probability of waiting time and the probability
of abandonment. This can be viewed as an extension of Halfin and Whitt (1981) by
adding abandonments.

A satisfied customer will have a higher preference to again choose service from the
same firm than a dissatisfied customer. In the field of customer relationship
management, Anderson and Sullivan (1993) have shown that customer satisfaction
is a good predictor for the likelihood of repeated purchases and revenue growth.
Some researches state that customer satisfaction increases the firm’s profitability
(Au et al., 2002; Nie, 2000). For the field of call center, Dean (2002) points out some issue
of service quality could affect customer loyalty in call center, and he investigates real
consumers in an insurance company and bank using call center in order to validate his
perspectives. For the significance of staffing, most call centers determine the minimum
number of agents for satisfying customer waiting requirements (Kim and Ha, 2010).
In the same time, there are some up-to-date researches with reference value for the
optimal design for customer satisfaction and staffing in the system of internet chat
services, e.g. Luo and Zhang (2013), Tezcan and Zhang (2014), and Zhang et al. (2011).
Hence, the researches on customer satisfaction and staffing often go in tandem.

These literatures motivate some assumptions of our models. So far, these results
that pertain to delay information satisfaction level, customer abandonment behavior
and link to a staff dimensioning problem with revenue optimality have not been
established. This distinction will be discussed further below.

3. Model overview
This section starts out with a formulation of the underlying queueing system, where
anticipated delays are announced to customers upon arrival. Specifically, we take into
account the queuing process with abandonment, and this model mainly characterizes
satisfaction with delay information and other different metrics. The resulting model
where the policy for each queue is first-come-first-served (FCFS), and abandonment is
not allowed once a customer starts service.

3.1 The queueing model with delay information
We consider a firm which provides a service with a call center and delay sensitive
customers, and the waiting time of a customer in this system with delay information
could be anticipated and announced to the customer upon her arrival as delay
information, as shown in Figure 1. Further, we assume that customers are differently
aware of such delay information and it exactness because of different patience levels.
Customers arrive according to a Poisson process with rate λ. There are s homogeneous
servers, which is the decision variable in this model. The service times are independent
and exponentially distributed with mean 1/μ. For these customers, assume that the initial
random patience time of customers T are random and independent and identically
distributed and under a given continuous distribution. Given that these patience time are
exponentially distributed with parameter γ. System load ρ is written as ρ¼ λ/sμ.

On arriving, a new customer could get service immediately if the number of
customers in the system is less than s. If all of the agents are busy, the customers have a
probability α0 of balking before any delay information is provided. This features
models a portion of extremely impatient customers who call with the idea to hang up at
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once while they need to wait of service. The remaining customers may decide to balk
due to the delay information or to accept the announced delay. Let dn denote the
announced delay and pB(n) denote the probability of balking when the random patience
threshold exceeds the delay dn. We assume that the balking behavior of customers
is independent:

pB nð Þ ¼ P Todnð Þ ¼ 1�e�gdn : (1)

We denote the distribution of a customer’s virtual delay after hearing the information
by Dn, where n is the number of waiting customers ahead of her or him and virtual
waiting is defined as before. Consider a customer who waits in the queue after hearing
delay information, her updated patience threshold is still an exponentially distributed
with rate γ′. Let gn(t) and Gn(t) denote the probability density function of Dn and
the cumulative distribution function of Dn. Because the random variable Dn is the
downcrossing time from the state s+ n+ 1 until absorption in the state s, Dn can
be characterized by a hypoexponential distribution. Then, we obtain:

gn tð Þ ¼
Xn
i¼0

Yn
j¼0; ja i

smþ jg′
j�ið Þg′

 !
smþ ig′ð Þe� smþ ig′ð Þt ; (2)

Gn tð Þ ¼ 1�
Xn
i¼0

Yn
j¼0; ja i

smþ jg′
j�ið Þg′

 !
e� smþ ig′ð Þt ; tX0: (3)

In this paper, we announce to the customer the delay dn as discussed and reviewed
in (19), where dn corresponds to a given coverage probability β, that is to say that
the virtual delay of a new customer cannot exceed the anticipated delay with a
probability β. It is given by:

dn ¼ G�1
n bð Þ: (4)

Specially, there is a version of the fact that we announce the expected delay to
customers, where instead of announcing the delay information ensuring β coverage.
So we announce to the customer dn the expected value of the random variable,

s

ba
lk

in
g

ba
lk

in
g

re
ne

gi
ng

Delay information

Arrival: � �(1–�) �(1–�)(1–pb(n))

�'�(1–�)pb(n)��

Figure 1.
A call center with
delay information

and customer
reactions
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denoted by E(Dn). This substitutes Dn characterized by a hypoexponential distribution,
we have:

E Dnð Þ ¼
Xn
i¼0

1
smþ ig′

(5)

In what follows, let tk denote the initial patience threshold of the kth customer, in such a
system, customers will update their patience threshold according to dn and the initial
random patience tk upon hearing the delay information, as the value θtk+ (1−θ)dn,
where θW0. Here, θ represents the weight coefficient which determines the updated
patience. Thus, we obtain the relationship between the initial patience threshold T and
the updated patience threshold T ′. This is the assumption above mentioned that the
updated patience threshold T ′ is assumed to be exponentially distributed with rate γ′.
In previous research, the quality of the approximation of the exponential distribution
has been validated. Hence, in this paper, we still assess the assumption and make use of
a numerical method to computer the rate γ′.

3.2 Characterization of customer behavior
We derive some related steady state probabilities by making use of the Poisson
arrivals see time averages property (Wolff, 1982). Birth-and-death rates are both
state-dependent as Figure 2. p(i) denotes steady state probability that the number i of
customers are present in the system at a random instant (iW0). Let L(t) denote the
system state of representing the number of customers in call center at t⩾ 0, which {L(t),
t⩾ 0} is a Markov birth-and-death process. When the system reaches some steady
state, that is new customer enters the call center with λ. If ios, arrivals all can enter the
system, so the birth rates are λ, and departures are the completion of service. Otherwise,
if i⩾ s, an arrival will immediately balk upon the announced delay, so the birth rates are
λ(1− α0)(1− pB(n)) according to the analysis above, in addition, departures are the
completions of service or abandonment, then the death rates are sμ+ (i−s)γ′.

In the stationary regime, the stationary probability of i customers in the system,
denoted by p(i) for i⩾ 0, is then given by:

p ið Þ ¼ li

i!mi
p 0ð Þ for 1p ips; (6)

p ið Þ ¼ li

s!ms
Yi�s

j¼1

1�pB j�1ð Þ
smþ jg′

 !
p 0ð Þ for i4s; (7)

with:

p 0ð Þ ¼
Xs
i¼0

li

i!mi
þ
X1
i¼sþ 1

li

s!ms
Yi�s

j¼1

1�pB j�1ð Þ
smþ jg′

 ! !�1

: (8)

0 1 s–1 s s+1

� � �(1–�0)(1–pB(0)) �(1–�0)(1–pB(1)) 

� s� s�+�' s�+2�'

··· s+2
Figure 2.
Birth-death process
in the model
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Moreover since the arrival process of a customer follows a Poison process, we use the
PASTA property to state that the stationary probabilities seen by a new arrival
coincide with those seen at an arbitrary instant. Hence, it is straightforward to drive the
probability of immediate service P I that a new arrival get the service without waiting is
PI ¼Ps�1

i¼0 p ið Þ. Thus, the mean number of customer in queue Lq is Lq ¼
P1

i¼1 ip sþ ið Þ.
Jouini et al. (2011) derive the performance of the conditional probability that a

customer will renege rn(θ):

rn yð Þ ¼ 1�b�
Xn
i¼0

Yn
j¼0; ja i

smþ jg′
j�ið Þg′

 !
smþ ig′

smþ g
yþ ig′

e� smþ ig′ð Þdn ; (9)

In this way above, the new patience parameter θ is taken as a single value since
customers are assumed to react in the same way to delay information. Here, we make
the extent to another case of heterogeneous customer reactions by substituting that
new patience parameter θ by y, which is the random variable considering various
scenarios of updated patience rather than a constant. Therefore, we calculate the
conditional probability rn y

� �
as the expected value, where rn y

� �
denotes the impact of

having different customer reactions. For simplicity and ease of computation, we
consider the example that the new patience parameter θ is uniformly distributed and
rescaled within the range [a, b], hence, coming back to Equation (9), we have:

rn y
� � ¼ 1

b�a

Z b

a
1�b�

Xn
i¼0

Yn
j¼0; ja i

smþ jg′
j�ið Þg′

 !
smþ ig′

smþ g
yþ ig′

e�ðsmþ ig′Þdn
 !

dy

¼ 1�b�
Xn
i¼0

Yn
j¼0; ja i

smþ jg′
j�ið Þg′

 !
smþ ig′

smþ g
yþ ig′

e� smþ ig′ð Þdn

� 1� g
b�að Þ � smþ ig′ð Þ � ln

b�að Þ � smþ ig′ð Þþgð Þ
g

� �� �
: (10)

Specially, when a¼ b¼ 0, the special scenario is the complete update case, which
represents the special customer behavior that they update their initial patience to the
announce delay. The quantity r0

n
y
� �

is:

r0
n
ðyÞ ¼ PðdnoDn T4dnj Þ: (11)

Because the initial patience T and Dn are independent, we can finally state:

r0
n
y
� � ¼ P dnoDnð Þ ¼ 1�b: (12)

With the intuitive understanding of the conditional probability r0
n
y
� �
：a customer once

in queue, she or he abandons if and only if the delay information finally turns out to
shorter than the actual delay.

In what follows, the new reneging rate γ′ can be calculated by applying the fixed
point algorithm (Karamardian and Garcia, 1977), where rn is the general denotation of
the conditional probability including the case of homogenous or heterogeneous
customer reactions. Assume the system reaches the stationary regime, we denote the
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mean rate of abandoning rate by λR. Apply PASTA, this quantity equals that seen by a
new arrival, we obtain:

lR ¼
X1
n¼0

l 1�að Þ 1�pB nð Þ� �
p sþnð Þrn: (13)

From the exponential distribution of customer updated patience, we can write:

lR ¼ g′Lq: (14)

Hence, we can numerically computer the rate γ′:

g′ ¼ l
Lq

X1
n¼0

1�að Þ 1�pB nð Þ� �
p sþnð Þrn: (15)

The both cases of rn(θ) and rn y
� �

will be, respectively used for the numerical
illustrations.

Finally, we can get other performance, the probability of a new arrival to balk is denoted
by PB, the probability of reneging by PR, the probability of entering service by PS:

PB ¼
X1
n¼0

a0þ 1�a0ð ÞpB nð Þ� �
p sþnð Þ; PR ¼ g′Lq

le

PS ¼ 1�PB�PR: (16)

3.3 Characterization of satisfaction with delay information
We define the satisfaction index Pc as the service level that customers react to
announced delay upon entering the service. It is true in practice that these customers
still feel dissatisfied even if they enter the service, because they have experienced a
delay that perceived to be longer than initial announced delay. These customers with
delay information satisfaction has no influence on this experience of service, however,
Pc influences whether the customer will return later or choose to leave forever. We can
write this delay information satisfaction as:

Pc ¼ P
virtual delay

announced delay
p1 entering the servicej

� �
: (17)

Next, we derive the expression of the delay information satisfaction Pc. The conditional
probability that a customer is satisfied with the announced delay upon experiencing
the service in the system, given that the initial patience exceeds the delay information.
Particularly, we take customers of immediate service as satisfying with delay
information, so it is given by with two parts, Pc1 and P I:

Pc ¼ PI þPc1: (18)

Because the customers of entering the service do not balk with dnoT, calculate
further, we obtain:

P Dnpdn ytkþ 1�yð ÞdnXDn
��� � ¼ P Dnpdnð Þ ¼ b (19)
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Next, we finally state that:

Pc ¼ PI þbU
X1
n¼0

1�a0ð Þ 1�pB nð Þ� �
p sþnð Þ: (20)

3.4 Characterization of the new service levels in waiting experiences
For the model with delay information, there are a lot particular service levels that
reflect customer satisfaction with waiting experiences other than satisfaction with
delay information. And there is no single perfect or complete list of performance metric
for all call centers. Disregarding some process-related measurements may have an
adverse effect on customer psychology and experience. Hence, we focus on these new
metrics related to queueing delays with the feature of delay information, and we
will introduce two definitions of process-related metrics including quick answers and
short abandonment.

First, quick answers is that customers immediately get service upon arrival or get
service in the acceptable waiting time very quickly. These customers are really
considered as being very satisfied so that they would prefer to service of the call center.
We define τ denotes the acceptable delay with high satisfaction level of quick answers.
Customers who can enter service before τ are really considered as being satisfied.
A reasonable value of τ is approximately 20 seconds according to Jouini et al. (2013).
Second, short abandonment represents customers abandon before a specified short
time. We define π denotes another threshold of short abandonment, customers who
abandon before p are considered as short abandonment. This is not considered a sign
of bad service. Call centers usually count short abandonments differently and limit
other regular abandonment. Thus, this is a type of metric that reflects abandonment
psychology, and a reasonable value of p is approximately five seconds according to
Jouini et al. (2013).

Next, we define three service levels that are useful in practice as mentioned above,
and denote them by SLi, for i¼ 1,2,3. We present them in terms of the number of calls
that arrive in a certain time period, including:

SL1 ¼
Number answeredpt

Number offered
: (21)

SL2 ¼
Number answeredpt
Number answered

: (22)

SL3 ¼
Number abandonmentsXp

Number offered
: (23)

What should be the right metric? SL1 and SL2 both do not give information about
abandonments, which entice managers to give priority to callers who have enter service
before the acceptable time. SL3 does not give information about waiting of entering
service, but SL3 gives full information on how long callers that have exceeded π have to
renege. Taking fully abandonment psychology into account, SL3 is a more detailed
metric than reneging probability PR. Even if these three levels have perverse effects,
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they are regularly used in practice. These service levels including satisfaction with
delay information help managers avoid some unwanted behavior by adding them as
the objective or constraint condition.

In what follows, we first give expressions for these three service levels as a function
of the random variables τ, p, Dn and T ′. SL1 can be taken as a function of the random
variables τ, Dn and T ′. We can obtain:

SL1 ¼ P Dnpt;DnoT′ð Þ: (24)

The second service level is:

SL2 ¼
P Dnpt;DnoT′ð Þ

P DnoT′ð Þ : (25)

Similarly, SL3 is given by:

SL3 ¼ P DnXp;Dn4T′ð Þ: (26)

Next, we will explicitly drive the three expressions for these service levels. The first
service level can be obtained by the conditional probability σn, that customers does not
renege while waiting in queue, given that she finds all servers busy, n waiting customers
ahead of her and does not balk. Thus, the conditional probability σn is expressed as:

sn ¼ P T′4Dn TXdnjð Þ: (27)

Calculating further, we can obtain:

sn ¼
P yTþ 1� yð Þdn4Dn TXdnjð Þ

P TXdnð Þ ¼ P yTþ 1� yð Þdn4Dn;TXdnð Þ
P TXdnð Þ

¼ P T4 Dn� 1�yð Þdnð Þ=y;TXdn
� �

P TXdnð Þ : (28)

As for the numerator, it is obtained by two parts:
For the first case (Dn−(1−θ)dn)/θ⩾ dn, while be equivalent to the probability of

Dn⩾ dn, we get:

P T4 Dn� 1�yð Þdnð Þ=y;TXdn;DnXdn
� �

¼ P T4 Dn� 1�yð Þdnð Þ=y;DnXdn
� �

¼ P T4 Dn� 1�yð Þdnð Þ=y DnXdnj� �
P DnXdnð Þ

¼
Z 1

dn
e�g t� 1�yð Þdnð Þ=yð Þgn tð Þdt: (29)

For the second case (Dn−(1−θ)dn)/θ⩽ dn, while be equivalent to the probability of
Dn⩽ dn, we get:

P T4 Dn� 1�yð Þdnð Þ=y;TXdn;Dnpdn
� �

¼ P TXdn;Dnpdnð Þ ¼
Z dn

0
gn tð ÞdtP TXdnð Þ: (30)
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Combining with the denominator, simply e�gdn , we can obtain:

sn ¼ eg dn=yð Þ
Z 1

dn
e�gt=ygn tð Þdtþ

Z dn

0
gn tð Þdt

¼
Xn
i¼0

Yn
j¼0; ja i

smþ jg′
j�ið Þg′

 !
smþ ig′

smþ g
yþ ig′

e� smþ ig′ð Þdn þb: (31)

Incorporating to the case of the random variables τ, σn(τ), and our customers can get
service while n waiting customers ahead of her and before τ, can be calculated as in the
following equation:

sn tð Þ ¼ eg dn=yð Þ
Z t

dn
e�gt=ygn tð Þdtþb 1�

Xn
i¼0

Yn
j¼0; ja i

smþ jg′
j�ið Þg′

 !
e� smþ ig′ð Þt

 !

¼
Xn
i¼0

Yn
j¼0; ja i

smþ jg′
j�ið Þg′

 !
smþ ig′

smþ g
yþ ig′

e� smþ ig′ð Þdn�e� smþ g=yþ ig′ð Þtþ g dn=yð Þ� �

þb 1�
Xn
i¼0

Yn
j¼0; ja i

smþ jg′
j�ið Þg′

 !
e� smþ ig′ð Þt

 !
: (32)

And coming back to SL1, including the part customers of immediate service, we finally
state that:

SL1 ¼ PI þ
X1
n¼0

1�a0ð Þ 1�pB nð Þ� �
sn tð Þp sþnð Þ: (33)

Observing the relationship between σn and σn(τ), the second service level SL2 can be
obtained:

SL2 ¼
PI þP1

n¼0 1�a0ð Þ 1�pB nð Þ� �
sn tð Þp sþnð Þ

PI þP1
n¼0 1�a0ð Þ 1�pB nð Þ� �

snp sþnð Þ
: (34)

The third service level can be obtained by the conditional probability rn(π), which
denotes the part of customers with short abandonment:

rn pð Þ ¼ 1�b�
Xn
i¼0

Yn
j¼0; ja i

smþ jg′
j�ið Þg′

 !
e� smþ ig′ð Þp

�
Xn
i¼0

Yn
j¼0; ja i

smþ jg′
j�ið Þg′

 !
smþ ig′

smþ g
yþ ig′

� e� smþ ig′ð Þdn�e� smþ g=yþ ig′ð Þpþ g dn=yð Þ� �
: (35)
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Hence, considering the limitation on regular abandonment but not short abandonment,
the new service lever SL3 can be obtained in the following equation:

SL3 ¼
X1
n¼0

1�a0ð Þð1�pB nð ÞÞ rn yð Þ�rn pð Þð Þp sþnð Þ: (36)

Based on the complexity of calculation of these service levels, we only take the new
patience parameter θ as a single value for these metrics. We now have expressions for
these new service levels of system with delay information. These expressions will be
used for the numerical illustrations.

3.5 The optimal design of announcement coverage
From Jouini et al. (2011), it is necessary to understand the relationship between
announcement coverage and customer reaction performance:

P1. Consider the model with delay information under any case. For two systems
x and y having identical parameters but with different delay information
coverage βxWβy, we have P

B
x 4PB

y and PR
x oPR

y .

Using P1, we can determine the best announcement coverage. However, stated this
way, one should avoid the extreme case of β¼ 0 percent or β¼ 100 percent because
balking or reneging is too high. The extreme case is not desirable from customer
service or revenue standpoint.

4. Numerical analysis of satisfaction with delay information and call
center metrics
In practice, the most effective way of controlling these service-level metrics is staffing.
In this section, we mainly emphasize the impact of delay information on these metrics
ignoring staffing level, while the system is in a quality- and efficiency-driven regime.
We first explore the effect of announcement coverage β on satisfaction with delay
information. Then we explore the effect of announcement coverage β on metrics
structured in this paper, and further confirm the interest of all metrics. The common
parameters are α0¼ 0.05, γ¼ 0.5, μ¼ 1. For every set of parameters, the announcement
coverage β values are given in percentages and rounded up to integer values.

4.1 Effect of satisfaction with delay information on call center
To illustrate the performance of customer satisfaction with delay information, we first
consider the two performance parameters Pc and PS as functions of the system pooling
λ¼ s, which means the system is in a quality- and efficiency-driven regime.
These performances are for each λ∈{5,10,20,50} and the patience update interval value
(a,b) is (0,1/3).

In Figure 3(a)-(d), we show a comprehensive analysis of delay information satisfaction
as functions of β. The changes of Pc are particularly apparent, but the pooling effect is
absent. Delay information satisfaction Pc does vary with β with apparently increasing
regularity. We also show the probability of entering service pS, which is increased with
β until it reaches its maximum, then is gradually decreased. The system size determines
the maximum value of the probability of service pS. This rule shows that a manager
attempting to maximize revenue should choose a value for β because of its role in
customer behavior, and the relationship between satisfaction with delay information and
staffing will be further discussed in detail in next section.
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4.2 Effect of the metrics on call center
To illustrate the effect of the metrics on call center, we consider these new service levels
SL1, SL2, and SL3 as functions of the system pooling λ¼ s, which means the system is
in a quality- and efficiency-driven regime. These metrics are for each s∈{5,10,20} and
the patience update value θ¼ 1/3.

First, we show a comprehensive analysis of SL1 and SL2 as functions of β from
Figure 4. Note that there are two roles that β plays in the both metrics, which are
different from monotonic effect of β on balking and reneging. Though increasing
β reduces the reneging of customers at the expense of additional balking of customers,
SL1 and SL2 both have large values in lower and higher announcement coverage.
The numerical analysis shows that in such a quality- and efficiency-driven regime,
the delays are relatively short in spite of less balking and most customers tagged in the
queue in lower announcement, however, under the tightest control of balking most
waiting customers can get service before short time τ, that is to say that the optimal
SL1 and SL2 are in lower announcement coverage.

0 20 40 60 80 100
0.5

0.6
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0.8

0.9
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Figure 3.
Impact of β on

delay information
satisfaction
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Second, Figure 5 illustrates the impact of announcement coverage in SL3. Note that the
higher β is, the less SL3 is. The reason is that reneging of customers plays a decisive
role in SL3, which illustrates that most reneging customers wait for more than the value
of p. Hence, SL3 keeps the similar tendency of reneging probability PR as functions of
announcement coverage β. In all, managers can avoid reneging behavior with long
waiting time by adding this objective with more accurate customer psychology,
according to the practical situation of call center.

5. The optimal design of call center with delay information satisfaction
In this section, we first propose the staffing problem, which is used to make the link
between staffing and revenue according to the performance metric of customer loss.
Call center revenue is generated by serving a customer. The call center incurs a revenue
loss once a customer is lost each time. Therefore, it is reasonable that we characterize
the customer loss as a function of the number of servers in order to make the link
between staffing and revenues. At the same time, it is true in practice that customers
who have reneged have experienced longer delay so that they would leave with
relatively lower satisfaction than balking customers. Such a reneged customer possibly
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loses trust in the call center upon experience frustration due to time lost, thus, the first
set of constraints in the model ensures the dissatisfaction of reneging is not high.
In addition, a customer reacts by satisfaction upon entering the service with full
perception of delay information. Delay information may further modulate these
customer reactions in next choice. Thus, this paper takes the delay information
satisfaction as another constraint. More specifically, the model can be stated as follows:

maxTP ¼ c1lUPS�c2s

subject to PRpd1
PcXd2

8><
>: (37)

The first term is the customer expected service revenue, which can be expressed as
c1·λ·PS, where c1 is the customer service revenue parameter; Given an average revenue
per customer served, such that system revenues net of abandonments loss are λ·PS.
The second term is the human resource cost c2·s, which is in the form of salaries. For the
current analysis, it is necessary to determine the optimal design with the link between
staff and announcement control. This paper uses the enumeration method to obtain the
desired economically optimal staffing solution. In addition, another decision variable
embedded in the above formulated sizing model is β, which ensures that no more than
δ1 of the customers that enter the queue should renege and no less than δ2 of the
customers that are considered be satisfied with delay information.

Next, we explore how to design the model with delay information satisfaction and
impatient customers when various system parameters of pooling and customer
patience are varied. Then, we explore the optimal design of call center with delay
information for optimal system revenues. For all cases, c1¼ 5, c2¼ 2, and all
parameters not mentioned take the same values as earlier in this section.

For the system with delay information, we consider five systems with increasing
levels of pooling. The common parameters are (s,λ)¼ (3,3), (5,5), (10,10), (20,20), and
(50,50). At the same time, we also consider five customer reactions to announcement by
choosing patience update interval value (a,b)¼ (0,0), (0,1/3), (0,2/3), (0,1) and (5/3).
In addition, the first five models are working under the optimal announcement
coverage β*. These results of the comparison are shown in Table I for cases when
δ2¼ 0.6, and Figure 6 for the case when imposing stricter constraint of satisfaction with
delay information. All reneging level constraints are δ1¼ 0.05.

When we analyze the results in Table I, staffing level s is increased currently with
λ for ensuring a quality- and efficiency-driven regime. We can clearly observe the
optimal design of announcement coverage β*. First, the range of patience update values
(a,b) has an important effect on the results. When b¼ 0, β* is the highest, that is
customers are updating their patience to announced delay. Larger b means customers
are more and more patience, which leads to smaller optimal coverage announcement β*.
Furthermore, the system achieves higher revenues for a wider range of patience update
values (a,b). We note when b¼ 0, the probability of satisfaction with delay information
is equal to the probability of entering service. In fully updating case, all customers of
entering service are satisfied with announced delay because their patience is updated
to delay information. The abandonment behavior rule under the given coverage
probability is consistent with the research of Jouini et al. (2011) even if take account of
the uniform distribution of the updated patience threshold parameter θ.
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s¼
λ
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Table I.
Optimal
announcement
coverage β*
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The pooling of system has a distinctive effect on these performances, especially the
probability of a new arrival to enter service PS. When bW0, as the pooling of system
increases, β* decreases. The pooling increases the probability PS, allows for a lower
announcement coverage without violating both constraints of the reneging probability
and the probability of satisfaction with delay information. This rule shows that a
manager attempting to maximize revenue should choose a value for β* in different
pooling. For observing the role of satisfaction with delay information, the constraint on
Pc is tight in contrast to not tight PR. The differences in optimal β with the research of
Jouini et al. (2011) are observed to be strong when the system is larger pooling,
correspondingly, the optimal announce coverage in our results keeps a relatively high
point in contrast to very low β* of the research of Jouini et al. (2011). That is because of
the case that TP even has reached its maximum in lower β* values where the constraint
on Pc is not satisfied (e.g. b¼ 5/3, s¼ λ¼ 50), then this system must allow for higher
coverage announcement. It is very important for optimal design with satisfaction with
delay information.

In sum, all abandonment behavior decreases for larger system operating under a
quality- and efficiency-driven regime, which diminishes the importance of announcing
delay because of staffing role. Hence, in such scenario, managers have to control the
announcement coverage with the key consideration of satisfaction with delay information.

For highlighting the role of satisfaction with delay information in optimal
announcement, we impose a stricter delay information constraint (δ2¼ 0.65) in
(a,b)¼ (0,0), (0,2/3), (0,5/3). From Figure 6, we observe different roles that stricter delay
information constraint plays under different customer patience reaction. First, the curve of
δ2¼ 0.6 coincides exactly with the curve of stricter delay information when (a,b)¼ (0,0),
that is because β* has been highest when customers are updating their patience to the
delay information. Any customer who enters the service is satisfied with the delay
information, resulting in that the constraint loses the role. Second, the stricter constraint
results in higher optimal announcement values throughout when bW0, especially for large
pooling. That is because customers are more sensitive to delay information when the
patience reaction is relative increasing. This case shows mangers needs to attach
importance to the role of satisfaction with delay information in this system.

In the previous analysis, the system is always set in a quality- and efficiency-driven
regime. We further explore optimal staffing level s* with different β values while
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keeping arrival rate λ fixed, for λ¼ 10, δ1¼ 0.05, and δ2¼ 0.6. Then the system may
allow for the efficiency driven regime.

From Figure 7 we can observe that optimal staffing level s* need be made highest
when (a,b)¼ (0,0), that is when customers are updating their patience to announced
delay. In such case of (a,b)¼ (0,0), as the announcement coverage β increases, s* could
be decreased. This is due to the constraint of delay information satisfaction and
reneging, for higher β value the constraint is easily satisfied so that less staffing
could be taken and corresponding TP could also be increased.

As b increases, that is when customers are updating their patience to larger value.
Hence, higher b value will lead to lower staffing level. Note that staffing level plays both
roles with different β. First, as β increases and begins to reach about 80 percent,
s* decreases as a result of not tight need to satisfy reneging and delay information
satisfaction constraints. However, as β is further increased, too many customers balk
and only a small number of customers would renege, which reduce the entering service
probability PS compared to the system with small β. Therefore, the inflection point
emerges. At the same time, corresponding TP also changes similarly because of the
entering service probability.

In this paper, the general objective of the system is to optimize the revenue function
with respect to the two decision variables β* and s*. Here, we give optimal design of call
center using enumeration method, for different patience update interval values, that is
fixing a¼ 0 while varying the value b, still given in δ1¼ 0.05 and δ2¼ 0.6 for the arrival
rate λ¼ 10.

The results for optimal design of staffing level and announcement coverage are
presented in Figure 8. Especially, Figure 8 apparently shows optimal staffing level
varies along a U-shaped curve with the enlargement of customer patience reaction, and
the curve of optimal announcement coverage is shifted downward because the
increased patience reactions relax the constraint of satisfaction with delay information.
First, more coverage in combination with higher staffing level is necessarily better for
the mangers near (a,b)¼ (0,0). As b starts to increase, staffing level increases as a result
of a need to satisfy the relatively short patience. Second, the optimal choice of staffing
and coverage are almost the same in the presence of smaller customer patience
reactions. Third, when for larger customer patience reactions, less coverage in
combination with higher staffing level is properly used. In this situation, though
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customers have relative long patience reaction, staffing level still has to been made
higher because of the constraints of reneging and satisfaction with delay information.
In sum, all the decisions have to be carefully made under both the roles of
announcement coverage and staffing level, particularly if customer patience reaction to
delay information is strong.

6. Extension to the optimal design of the model with new service levels
In this section, we extend the optimal design by allowing three service level constraints.
In practice, managers want to avoid some unwanted behavior by adding some special
objective or constraint condition. Hence, the model can be stated in contrast to the
formulation (37):

max
s

TP ¼ c1lUPS�c2s

subject to SLiXd3i
or SL3pd33:

8>><
>>: (38)

Then, we explore the optimal design of call center with service level constraints for
optimal system revenues, similarly solving the formulation (38). For all cases, c1¼ 5,
c2¼ 2, and the patience update value θ¼ 1/3.

First, we show a comprehensive analysis of SL1 and SL2 as functions of system
pooling for ensuring a quality- and efficiency-driven regime. For highlighting the role
of both service levels in optimal announcement, we impose two constraints δ31¼ 0.6,
δ31¼ 0.65 on SL1, and we impose two constraints δ32¼ 0.7, δ32¼ 0.75 on SL2. From
Figure 9, we can clearly observe the optimal design of announcement coverage β* in
the influence of the two service levels. First, this figure shows the delay announcement
is more important for satisfying the constraints of two new service levels when the
system is small. On the other side, it conforms to the law of diminishing returns (see e.g
Koole and Pot, 2011), which states that the marginal increase in service level declines in
the staffing level. Second, when the delay announcement is set to maximize self-profit
of call center, delay announcement played a more significant role in satisfying the
service level SL2, since SL2 is a better metric that removes the abandonment thereby
more accurately penalizing customers who are very impatient.
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Second, for highlighting the role of short abandonment in optimal announcement, we
impose two constraints δ33¼ 0.01 and δ33¼ 0.03 on SL3. The results are given in
Figure 10. The higher β* values in this constraint show the role that delay
announcement coverage plays in satisfying much stricter SL3 of δ33¼ 0.01. Similarly,
the marginal increase of β* in service level declines in the system pooling.

In what follows, we want to numerically study the impact of three new service levels
on the optimal system revenues. In previous three settings, the optimal system
revenues are all influenced by the service levels constrains. Then, we will compare
these three system revenue with service levels constrains with the optimal system
revenue TP* without any constraint. Using the results in Figures 9 and 10 we
can calculate revenue margins from service level constraint by a relative percentage
ΔTP(sl ), which is equal to TPn�TPn

sl

�� ��=TPn
� �� 100%, where TPn

sl is the optimal
revenue under some service level constraint. The results of profit margins are given
in Figure 11. Note that ΔTP(sl ) is zero means that the optimal system revenue gets to
TP * without any constraint. We further show that these service levels become
ineffective when the system pooling is more than 20. Overall, SL1 and SL2 have more
influence on system revenue than SL3 when the system pooling is small.

0 10 20 30 40 50
0

10

20

30

40

50

60

70

80

90

100

s=�

�*
(%

)

0 10 20 30 40 50
0

10

20

30

40

50

60

70

80

90

100

s=�

�*
(%

)

�
31

=0.6

�
31

=0.65

�
32

=0.7

�
32

=0.75

Figure 9.
Optimal
announcement
coverage β* under
stricter SL1 and SL2

0 5 10 15 20 25 30 35 40 45 50
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

s=�

�*
(%

)

�
33

=0.01

�
33

=0.03

Figure 10.
Optimal
announcement
coverage β* under
stricter SL3

166

IMDS
116,1

D
ow

nl
oa

de
d 

by
 T

A
SH

K
E

N
T

 U
N

IV
E

R
SI

T
Y

 O
F 

IN
FO

R
M

A
T

IO
N

 T
E

C
H

N
O

L
O

G
IE

S 
A

t 0
2:

02
 0

8 
N

ov
em

be
r 

20
16

 (
PT

)



7. Conclusion
In this paper, we have formulated and analyzed a call center queue with delay
information and impatient customers. The main decisions in the design of such systems
are staffing levels with combinations of the appropriate control to announce delay
anticipated. The satisfaction with delay information and a number of different service
levels are the key distinguishing features of this model.

The numerical analysis illustrates that choosing an optimal announcement coverage
and staffing level together enables the highest revenue for the system. Announcements
with higher coverage are more important when customer reaction range of (a,b) is
narrow, and when the pooling of systems are small. In particular, relatively high
coverage is still required in large pooling of systems for the avoidance of dissatisfaction
with delay information, which is distinguishing difference with Jouini et al. (2011).
Because of satisfaction with delay information, announcement coverage should be
carefully made in the presence of large pooling and wide customer reaction range.

In future work, first, it will be useful to investigate customer behavior with a field
data set of call centers. Such work allows a direct comparison between practice and
theory approximation. Second, in terms of the systems for different markets, our
implementation may encounter problems with regard to customer satisfaction, and
further refinements of the method would need to be investigated.
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