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The dynamic behaviors of a
supply chain with stock-dependent
demand considering competition

and deteriorating items
Qiuxiang Li

The Institute of Modern Logistics, Henan University, Kaifeng, China

Abstract
Purpose – The purpose of this paper is to explore the dynamics and stability of switched supply
system considering the influence of the retailer competition and deteriorating items.
Design/methodology/approach – A discrete dynamic switched model is developed to analyze the
evolution process of the switched supply chain. The existence and the local stability of the switched
supply chain are analyzed using an analytical method and a parameter plot basin.
Findings – The author finds the switched supply chain will exhibit stable, periodic, and divergent
behaviors with different parameters due to the system’s switching mechanism and the switched
supply chain presents complex dynamics when the stable and unstable subsystem coexist.
Originality/value – The originality and value of the research rests on this paper considering the
influence of the retailers’ competition and deteriorating items on the supply chain dynamics under
stock-dependent demand. The obtained results provide the decision maker with some guidelines on
how to make stable designs for the switched supply chain design according to the parameter values.
Keywords Dynamic simulation, Stock-dependent demand, Parameter plot basin,
Switched supply chain, Deteriorating items
Paper type Research paper

1. Introduction
The high fluctuations of inventory and demand usually exist in supply chain systems
with increasing competition in the market. Complicated dynamics, such as stability
(Wei et al., 2013; Schönlein et al., 2013; Palsule-Desai et al., 2010; Croson et al., 2014), the
bullwhip effect (Lee et al., 1997), and chaos (Hwarng and Xie, 2008; Hwarng and Yuan,
2014), are exhibited in a supply chain system. Lee et al. (1997) identified five major
causes of the bullwhip effect: non-zero lead times, demand signal processing, supply
shortages, order batching, and price variations. Aust and Buscher (2014) reviews the
literature on cooperative advertising with price-dependent demand. But we can find in
practice that inventory also has a motive effect on the amount of demand. In other
words, the amount of the inventory displayed by retailers could affect the demand of
the product, which can be confirmed in supermarkets (Levin et al., 1972). There is
literature showing this promotional effect of inventory from real data, for example,
Koschat (2008) provided the evidence that an inventory of US’ magazine industry can
indeed affect the demand of the brand product. Porras and Dekker (2008) were
motivated by a case studied at a large oil refinery and found the mutual relationship
between stock and demand. Therefore, it is increasingly important for us to study the
dynamics of the supply chain with inventory-dependent demand before we can manage
a supply chain system well.

Some papers have developed mathematical models to study the supply chain
problem of stock-dependent demand with different assumptions (Nenes et al., 2010;
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Mo et al., 2014; Glock et al., 2015; Yang et al., 2013; Duan et al., 2012). For example, Wu
et al. (2006) developed a model considering non-instantaneous deteriorating items with
stock-dependent demand and partial backlogging. Chang et al. (2010) extended the
model proposed in Wu et al. (2006) by changing the objective function and setting
constraints. Panda et al. (2010) proposed an item inventory model with a single vendor
and multiple retailers where demand is dependent on stock and selling price. Sarkar
(2011) developed a mathematical model with stock dependent demand and defective
items to investigate the retailer’s optimal replenishment policy considering permissible
delay in payment. Teng et al. (2011) extended the model of Soni and Shah (2008) from a
non-zero ending-inventory, a profit-maximization objective, a limited inventory
capacity, and deteriorating items. Ghiami et al. (2013) investigated a two-echelon supply
chain model for deteriorating inventory with stock-dependent demand in which the
retailer’s warehouse has a limited capacity. Yang (2014) developed an inventory model
under a stock-dependent demand rate and a stock-dependent holding cost rate with
relaxed terminal conditions. Sicilia et al. (2014) studied how to minimize the total cost
per inventory cycle under a deterministic inventory system considering a constant
deterioration rate and varied demand. But, the above literature does not consider the
complex dynamics of the supply chain considering both stock-dependent demand and
deteriorating items.

The complex dynamics of the supply chain has been a hot topic in recent years.
Cedillo-Campos et al. (2014) reported that the impact of variability on supply chain
dynamics is due to a “cross-border effect” derived of security inspection policies. Sipahi
and Delice (2010) found that the dynamics of a supply chain was affected by two
intrinsic parameters and delay in inventory which lead to undesirable inventory
behavior. Hwarng and Xie (2008) analyzed the effects of demand patterns, lead time,
and information sharing on the non-linear dynamics for the beer game model. Li (2014)
revealed that the initiatives and activeness of supply chain members greatly affected
supply chain system evolution. Huang et al. (2016) developed three dynamic game
models considering corporate social responsibility and investigated the influences of
parameters on the stability of a risk-averse supply chain. Li and Ma (2016) analyzed
a non-cooperative dynamic price stackelberg game model and studied the influences
of parameters on the system stability. This literature considered price-dependent
demand: what is the performance of the supply chain under stock-dependent demand
with competition and deteriorating items?

Some scholars studied some situations of the supply chain under stock-dependent
demand. Wang et al. (2009) developed a discrete autonomous switched model to
investigate the dynamics of a two-stage supply chain with an order-up-to control
policy. Wen et al. (2012) developed a single-period model and a multi-period model with
price-sensitive and stock-dependent demand, and analyzed dynamic pricing and
capacity allocation policies through analytical and numerical simulation. Wei et al.
(2013) presented a switched linear model under stock-dependent demand and found the
main causes of the complex dynamics. Chakraborty et al. (2015) developed a multi-item
integrated supply chain model for deteriorating items with stock-dependent demand
under fuzzy random and bifuzzy environments; however, they ignored the competition
between retailers. Annadurai and Uthayakumar (2014) dealt with a lot-sizing model for
deteriorating items with stock-dependent demand and delay in payments. Zanoni and
Jaber (2015) presented a vendor-managed inventory with a consignment stock policy
where the demand at the buyer side is stock dependent. The replenishment rule is when
the product display area is replenished once its inventory level hits a given minimum.
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Wang and Lee (2016) pointed out that the cost functions within Zanoni and Jaber (2015)
might be incorrect due to misuse of demand representation and first formulated the
justified cost functions and then presented characteristics of the corrected model.

But, the above literature did not consider the influence of the retailers’ competition and
deteriorating items on the supply chain dynamics under stock-dependent demand. This
paper studies the dynamics of a switched supply chain system considering the deteriorating
items which composed of two external suppliers and two retailers under stock-dependent
demand function; demand is a piecewise linear function of the inventory levels of the two
substitute products. In our model, the two retailers use an adaptive ordering
rule considering the target of inventory level and the speed of the retailer’s inventory
to a desired level. The main objective of this paper is to explore the influences of demand
and decision parameters on the dynamics and stability of a switched supply system.

The contribution of this paper is as follows:

(1) To our knowledge, the dynamics of the switched supply chain system with
competition and deteriorating items under stock-dependent demand has not
been well studied in the literature. In this paper, considering the competition
between the retailers we will analyze the effects of parameter changes on
complex dynamics of the switched supply chain.

(2) In this research, the stability of switched dynamic model in a supply chain will
be analyzed using analytical methods and a parameter plot basin. Using a
switched dynamic model to study supply chain system extensively enriches the
switched system theory.

(3) Compared with the literature (Wei et al., 2013), our results reveal that the
competition among the retailers makes the switched linear dynamics simpler.

This paper is organized as follows: Section 2 describes model assumption and
develops a switched linear model with stock-dependent demand and deteriorating
items. Section 3 studies the stability of the switched supply system using an analytical
method. In Section 4, simulation experiments are designed to explore the complex dynamics
of the switched supply system. Section 5 analyzes the effects of parameters on the supply
chain’s stability using a parameter plot basin. Some conclusions are obtained in Section 6.

2. Model
The switched supply chain system being considered is composed of two retailers and
two external suppliers, and uses a periodic review form in which customer demand
depends on the two retailers’ inventory levels. The two retailers use a generalized
order-up-to policy to place orders within the two external suppliers.

2.1 Model assumption
(1) each external supplier has sufficient inventory to fulfill the retailer’s order and

the demand is stock dependent;

(2) this paper considers the alternatives and allows stockout, and the lead time of
the two products ordered is one period, respectively;

(3) the products are deteriorating items; and

(4) the stockout only causes the customer loss of period t, without affecting the
customer demand of period t+ 1.
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The timing of decision making in each period is defined as follows: first, the two
retailers receive the products ordered placed in the previous period. Then the two
retailers review its inventory level, forecast the product demand for the current period,
and place an order for the next period. Finally, the two retailers fulfill the customer
demand in the remaining time of each period; the unsatisfied order is backlogged. The
main parameters and variables are listed in Table I. System evolution is a long-term
process, and we will develop the dynamic game to characterize the dynamics for
inventory and order.

At the beginning of period t, the two retailers receive products placed in period t− 1
R1(t)¼ 01(t− 1) and R2(t)¼ 02(t− 1). So the beginning inventories of period t of the two
retailers are:

I 1 tð Þ ¼
1�d1ð ÞI 1 t�1ð ÞþR1 tð Þ�D1 t�1ð Þ; tX2

i01 t ¼ 1

(
;

I 2 tð Þ ¼
1�d2ð ÞI 2 t�1ð ÞþR2 tð Þ�D2 t�1ð Þ; tX2

i01 t ¼ 1
:

(
(1)

Because the demand function is unknown to the retailer, the retailer can forecast the
customer demand for the current period using an exponential smoothing algorithm
which is widely used in the literature (Disney and Towill, 2002; Larsen et al., 1999;
Hwarng and Xie, 2008):

Fi tð Þ ¼ Fi t�1ð Þþyi DI t�1ð Þ�Fi t�1ð Þð Þ; (2)

as the parameter θi increases, the forecasting value tracks the actual demand more
quickly. In addition, we should keep 0oθio1 to make the forecasting process stable.

For the two retailers, the most important decision made is to place orders to
maximize their profits under the competitive environment. Many scholars have used
the generalized order-up-to policy to improve the dynamics and the bullwhip effect of
the switched supply chain. In our model, we adopt the generalized order-up-to policies
which had been used in Sterman (1987) to study the dynamic behaviors of the switched
supply chain system considering the stock-dependent demand and the generalized
order-up-to policy.

The classic order-to-up policies is described by:

O tð Þ ¼ S tð Þ�I tð Þ; (3)

Denotations Explanations Denotations Explanations

Ri(t) Received goods at time t Si(t) Order-up-to level at time t
Ii(t) Inventory level at time t i0i Initial inventory
Fi(t) Forecast demand at time t ui Replenishment parameter
Oi(t) Order quantity at time t γi The parameter to set the inventory

level target
Di(t) Demand at time t δi Degradation coefficient of two products
DIi(t) Inventory level target at time t θi Demand forecasting parameter

Table I.
The list of main
variables and
parameters
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where S(t) is the order-up-to level updated in each period. The retailers can use the
generalized order-up-to policies:

O tð Þ ¼ F tð Þþm DI tð Þ�I tð Þ½ �; (4)

where DI(t) is the target inventory level and m is the positive replenishment parameter
which can set the inventory level to a desired position. The target inventory level is set
by DI(t)¼ γi, F(t), i¼ 1, 2, where γi is a non-negative parameter which can restore the
stock of the inventory to the target inventory level at different speed rates. With a
larger γi, inventory level may increase, but the customer service level might be
improved, the customer demand will be high, and the retailers’ profit may increase.

Based on the literature, we can see that quantifying the relationship between
demand and inventory has lots of methods, including the piecewise linear function
and the power-form function. However, there is not always a linear relation between
demand and inventory. When the inventory reaches a certain level, demand may
decline. In this paper, we only consider the piecewise linear demand function which is
represented as follows:

D1 tð Þ ¼
a1þc1I 1 tð Þ�e1I 2 tð Þ for I 2 tð ÞX0

a1 otherwise

(

D2 tð Þ ¼
a2þc2I 2 tð Þ�e2I 1 tð Þ for I 2 tð ÞX0

a2 otherwise

(
(5)

where the parameters a1⩾ 0 and a⩾ 0 represent the minimal demand of the products
and the parameters c1⩾ 0 and c2⩾ 0 reflect the coefficient of elasticity, and e1⩾ 0 and
e1⩾ 0 reflect the degree of alternative of the two products. The values of these
parameters can be estimated easily from historical data and may be affected by many
factors such as good quality, product design, service and customer preference.

2.2 A switched linear and non-linear models
Because the demand function (5) and the generalized order policies (4) are piecewise
linear, a non-linear hybrid dynamical switched system which consists of a finite
number of subsystems will be considered to further characterize the dynamic system
and a logic rule that orchestrates switching between these subsystems (Lin and
Antsaklis, 2009). The switching activities among subsystems depend on demand
forecast and inventory level. Consider the equivalent market structure of two retailers;
the system switches among the following six cases:

(1) case 1: the two retailers have no inventory;

(2) case 2: retailer 1 has no inventory, retailer 2 has inventory, and they
all should place an order because demand forecast is high or its inventory
level is low;

(3) case 3: the two retailers have an inventory and should place an order because
demand forecast is high or its inventory level is low;

(4) case 4: retailer 1 has no inventory, retailer 2 has an inventory, and it is
unnecessary to place an order because demand forecast is low or its inventory
level is high;
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(5) case 5: retailer 1 places an order because demand forecast is high or its
inventory level is low, it is unnecessary for retailer 2 to place an order because
demand forecast is low or its inventory level is high; and

(6) case 6: it is unnecessary for the two retailers to place an order because demand
forecast is low or its inventory level is high.

The following analyzes models under different situations.
In case 1, the customer demands of the two products are constant numbers because

the two retailers have no inventory; in order to fulfill customer demand, the two retailers
should place orders with the two external suppliers, respectively, because
I1(t− 1)⩽ 0, I2(t− 1)⩽ 0, F1(t− 1)+m1[γ1F1(t− 1)− I1(t− 1)]W0, F2(t− 1)+m2[γ2F2(t− 1)−
I2(t− 1)]W0. The order reduces the difference between the desired inventory level and the
actual inventory level. The following equations are produced:

D1 t�1ð Þ ¼ a1
D2 t�1ð Þ ¼ a2

O1 t�1ð Þ ¼ F1 t�1ð Þþm1 g1F1 t�1ð Þ�I 1 t�1ð Þ� �
O2 t�1ð Þ ¼ F2 t�1ð Þþm2 g2F2 t�1ð Þ�I 2 t�1ð Þ� �
I 1 tð Þ ¼ 1�d1�m1

� �
I 1 t�1ð Þþ 1þm1g1

� �
F1 t�1ð Þ�a1

I 2 tð Þ ¼ 1�d2�m2
� �

I 2 t�1ð Þþ 1þm2g2
� �

F2 t�1ð Þ�a2

F1 tð Þ ¼ 1�y1ð ÞF1 t�1ð Þþy1a1

F2 tð Þ ¼ 1�y2ð ÞF2 t�1ð Þþy2a2

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

(6)

In case 2, the customer demand of product 1 is a constant number because the
retailer 1 has no inventory, that is to say I1(t− 1)⩽ 0, retailer 2 keeps some inventories,
namely, I2(t− 1)W0. The two retailers should still place orders with the two external
suppliers because F1(t− 1)+ m1[γ1F1(t− 1)− I1(t− 1)]W0, F2(t− 1)+
m2 [γ2F2(t− 1)− I2(t− 1)]W0 which indicates that demand forecast is low or its
inventory level is high. The order reduces the difference between the desired inventory
level and the actual inventory level. This case produces the following equation:

D1 t�1ð Þ ¼ a1
D2 t�1ð Þ ¼ a2þc2I 2 t�1ð Þ�e2I 1 t�1ð Þ
O1 t�1ð Þ ¼ F1 t�1ð Þþm1 g1F1 t�1ð Þ�I 1 t�1ð Þ� �
O2 t�1ð Þ ¼ F2 t�1ð Þþm2 g2F2 t�1ð Þ�I 2 t�1ð Þ� �
I 1 tð Þ ¼ 1�d1�m1

� �
I 1 t�1ð Þþ 1þm1g1

� �
F1 t�1ð Þ�a1

I 2 tð Þ ¼ 1�d2�m2�c2
� �

I 2 t�1ð Þþe2I 1 t�1ð Þþ 1þm2g2
� �

F2 t�1ð Þ�a2

F1 tð Þ ¼ 1�y1ð ÞF1 t�1ð Þþy1a1

F2 tð Þ ¼ 1�y2ð ÞF2 t�1ð Þþy2½a2þc2I 2 t�1ð Þ�e2I 1 t�1ð Þ�

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

(7)

In case 3, the two retailers keep some inventories, namely, I1(t− 1)W0, I2(t− 1)W0, and
should place orders with the two external supplies because F1(t− 1)+m1[γ1F1(t− 1)�
I1(t− 1)]W0, F2(t− 1)+ m2[γ2F2(t− 1)� I2(t− 1)]W0 which indicates that demand
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forecast is high or its inventory level is low. This case satisfies:

D1 t�1ð Þ ¼ a1þc1I 1 t�1ð Þ�e1I 2 t�1ð Þ
D2 t�1ð Þ ¼ a2þc2I 2 t�1ð Þ�e2I 1 t�1ð Þ
O1 t�1ð Þ ¼ F1 t�1ð Þþm1 g1F1 t�1ð Þ�I 1 t�1ð Þ� �
O2 t�1ð Þ ¼ F2 t�1ð Þþm2 g2F2 t�1ð Þ�I 2 t�1ð Þ� �
I 1 tð Þ ¼ 1�d2�m2�c1

� �
I 1 t�1ð Þþe1I 2 t�1ð Þþ 1þm1g1

� �
F1 t�1ð Þ�a1

I 2 tð Þ ¼ 1�d2�m2�c2
� �

I 2 t�1ð Þþe2I 1 t�1ð Þþ 1þm2g2
� �

F2 t�1ð Þ�a2

F1 tð Þ ¼ 1�y1ð ÞF1 t�1ð Þþy1 a1þc1I 1ð t�1ð Þ�e1I 2 t�1ð Þ
F2 tð Þ ¼ 1�y2ð ÞF2 t�1ð Þþy2 a2þc2I 2 t�1ð Þ�e2I 1 t�1ð Þ½ �

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

(8)

In case 4, the customer demand of the product 1 is a constant number because retailer 1
has no inventory, namely, I1(t− 1)⩽ 0. To fulfill customer demand, retailer 1 should
place an order with the external supplier 1 because F1(t− 1)+
m1[γ1F1(t− 1)− I1(t− 1)]W0 and it is not necessary for retailer 2 to place an order
because demand forecast is low or its inventory level is high, namely, I2(t− 1)W0,
F2(t− 1)+ m2 [γ2F2(t− 1)− I2(t− 1)]⩽ 0. This case satisfies:

D1 t�1ð Þ ¼ a1
D2 t�1ð Þ ¼ a2þc2I 2 t�1ð Þ�e2I 1 t�1ð Þ
O1 t�1ð Þ ¼ F1 t�1ð Þþm1 g1F1 t�1ð Þ�I 1 t�1ð Þ� �
O2 t�1ð Þ ¼ 0

I 1 tð Þ ¼ 1�d1�m1
� �

I 1 t�1ð Þþ 1þm1g1
� �

F1 t�1ð Þ�a1
I 2 tð Þ ¼ 1�d2�c2ð ÞI 2 t�1ð Þþe2I 1 t�1ð Þ�a2

F1 tð Þ ¼ 1�y1ð ÞF1 t�1ð Þþy1a1

F2 tð Þ ¼ 1�y2ð ÞF2 t�1ð Þþy2 a2þc2I 2 t�1ð Þ�e2I 1 t�1ð Þ½ �

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

(9)

In case 5, the two retailers keep some inventories, namely, I1(t− 1)W0, I2(t− 1)W0,
retailer 1 should place an order because F1(t− 1)+m1[γ1F1(t− 1)− I1(t− 1)]W0, and it is
not necessary for retailer 2 to place an order because F2(t− 1)+
m2 [γ2F2(t− 1)− I2(t− 1)]⩽ 0. The corresponding formulations are obtained as follows:

D1 t�1ð Þ ¼ a1þc1I 1 t�1ð Þ�e1I 2 t�1ð Þ
D2 t�1ð Þ ¼ a2þc2I 2 t�1ð Þ�e2I 1 t�1ð Þ
O1 t�1ð Þ ¼ F1 t�1ð Þþm1½g1F1 t�1ð Þ�I 1 t�1ð Þ�
O2 t�1ð Þ ¼ 0

I 1 tð Þ ¼ 1�d1�m1�c1
� �

I 1 t�1ð Þþe1I 2 t�1ð Þþ 1þm1g1
� �

F1 t�1ð Þ�a1
I 2 tð Þ ¼ 1�d2�c2ð ÞI 2 t�1ð Þþe2I 1 t�1ð Þ�a2

F1 tð Þ ¼ 1�y1ð ÞF1 t�1ð Þþy1 a1þc1I 1 t�1ð Þ�e1I 2 t�1ð Þ½ �
F2 tð Þ ¼ 1�y2ð ÞF2 t�1ð Þþy2 a2þc2I 2 t�1ð Þ�e2I 1 t�1ð Þ½ �

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

(10)
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In case 6, the two retailers keep some inventories, namely, I1(t− 1)W0,
I2(t− 1)W0, and it is not necessary to place an order because demand forecast is
low or its inventory level is high, that is to say, F1(t− 1)+ m1[γ1F1(t− 1)− I1(t− 1)]⩽ 0,
F2(t− 1)+m2 [ γ2F2(t− 1)− I2(t− 1)]⩽ 0:

D1 t�1ð Þ ¼ a1þc1I 1 t�1ð Þ�e1I 2 t�1ð Þ
D2 t�1ð Þ ¼ a2þc2I 2 t�1ð Þ�e2I 1 t�1ð Þ
O1 t�1ð Þ ¼ 0
O2 t�1ð Þ ¼ 0

I 1 tð Þ ¼ 1�d1�c1ð ÞI 1 t�1ð Þþe1I 2 t�1ð Þ�a1
I 2 tð Þ ¼ 1�d2�c2ð ÞI 2 t�1ð Þþe2I 1 t�1ð Þ�a2

F1 tð Þ ¼ 1�y1ð ÞF1 t�1ð Þþy1 a1þc1I 1 t�1ð Þ�e1I 2 t�1ð Þ½ �
F2 tð Þ ¼ 1�y2ð ÞF2 t�1ð Þþy2 a2þc2I 2 t�1ð Þ�e2I 1 t�1ð Þ½ �

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

(11)

According to the six cases, the switching signal function obtained is as follows:

s tð Þ ¼

1; if I 1 t�1ð Þp0 and O1 t�1ð Þ40 and I 2 t�1ð Þp0 and O2 t�1ð Þ40;

2; if I 1 t�1ð Þp0 and O1 t�1ð Þ40 and I 2 t�1ð Þ40 and O2 t�1ð Þ40;

3; if I 1 t�1ð Þ40 and O1 t�1ð Þ40 and I 2 t�1ð Þ40 and O2 t�1ð Þ40;

4; if I 1 t�1ð Þp0 and O1 t�1ð Þ40 and I 2 t�1ð Þ40 and O2 t�1ð Þp0;

5; if I 1 t�1ð Þ40 and O1 t�1ð Þ40 and I 2 t�1ð Þ40 and O2 t�1ð Þp0;

6; if I 1 t�1ð Þ40 and O1 t�1ð Þp0 and I 2 t�1ð Þ40 and O2 t�1ð Þp0;

8>>>>>>>>><
>>>>>>>>>:

(12)

As mentioned before, the switching rule regulates the switching between subsystems.
Subsystem i is activated in time t when i¼ σ(t). For example, subsystem 1 will be
activated when σ(t)¼ 1.

Let y(t)¼ [I1(t), I2(t)]
T be a state vector. Then, a switched non-linear model is

represented as:

y tð Þ ¼ As tð Þy t�1ð ÞþBs tð Þ; (13)

where:

A1 ¼
1�d1�m1 0

0 1�d2�m2

" #
; B1 ¼

1þm1g1
� �

F1 t�1ð Þ
1þm2g2
� �

F2 t�1ð Þ

" #
;

A2 ¼
1�d1�m1 0

e2 1�d2�m2�c2

" #
; B2 ¼

1þm1g1
� �

F1 t�1ð Þ�a1
1þm2g2
� �

F2 t�1ð Þ�a2

" #

A3 ¼
1�d1�m1�c1 e1

e2 1�d2�m2�c2

" #
; B3 ¼

1þm1g1
� �

F1 t�1ð Þ�a1
1þm2g2
� �

F2 t�1ð Þ�a2

" #

A4 ¼
1�d1�m1 0

e2 1�d2�c2

" #
; B2 ¼

1þm1g1
� �

F1 t�1ð Þ�a1
�a2

" #
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A5 ¼
1�d1�m1�c1 e1

e2 1�d2�c2

" #
; B5 ¼

1þm1g1
� �

F1 t�1ð Þ�a1
�a2

" #

A6 ¼
1�d1�c1 e1

e2 1�d2�c2

" #
; B6 ¼

�a1
�a2

" #

The system switches in the six linear subsystems; subsystem i is described by
y(t)¼Aiy(t− 1)+Bi, i∈{1, 2,…, 6}.

3. Stability analysis
The stability of the switched system with stock-dependent demand is a fundamental
problem of a dynamic system, and few studies have been focused on it. The stability of
a switched system will affect the behaviors of the decision maker. When the switched
system returns to the steady state in finite time, the profit of the decision maker will be
deterministic; while the switched system returns to unstable state, uncontrollable
fluctuations of order and inventory will happen and the behaviors of the decision
maker cannot be controlled (Kai et al., 2007). Each subsystem and the switching rule
affect the stability of a switched linear system. In this section, the stability of each
subsystem and the switched linear system will be analyzed.

3.1 Stability of subsystems
A linear discrete time system, y(t)¼Ay(t− 1), is called stable if all the eigenvalues of
the matrix A are in the unit circle; otherwise, the system is not stable. In this paper, the
stability of the six subsystems is determined by their eigenvalues of Ai, i¼ 1, 2,…, 6,
respectively.

3.1.1 Stability of subsystem 1. The matrix A1 has two eigenvalues (λ1¼ 1− δ1− m1,
λ2¼ 1− δ2−m2); subsystem 1 is stable if |λi|o1, i¼ 1, 2. Then, 0oδi+uio1, i¼ 1, 2 is
the stable condition of subsystem 1 which depends on the replenishment parameter δi and
mi, i¼ 1, 2. However, our model is now a switched system, and the stability condition
depends not only on subsystem 1, but also on the other subsystem.

3.1.2 Stability of subsystem 2. The characteristic equation of A2 is obtained as:

lI�A2j j ¼
l� 1�d1�m1

� �
0

�e2 l� 1�d2�m2�c2
� �

�����
����� ¼ 0: (14)

Then, the two eigenvalues of A2 are λ1¼ 1− δ1− m1, λ1¼ 1− δ2− m2− c2. In order to
make subsystem 2 stable, the two eigenvalues of A2 must satisfy |λ1|o1, i¼ 1, 2. Then
0oδ1+m1o2, 0oδ2+ m2+ c2o2 are the stable conditions of subsystem 2 which
depend on the replenishment δi, µi, and c2.

3.1.3 Stability of subsystem 3. The characteristic equation of A3 is obtained as:

lI�A3j j ¼
l� 1�d1�m1�c1

� � �e1
�e2 l� 1�d2�m2�c2

� �
�����

����� ¼ 0; (15)
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which can be equivalently represented as follows:

l2� 2�d1�d2�m1�m2�c1�c2
� �

lþ 1�d1�m1�c1
� �

1�d2�m2�c2
� ��e1e2 ¼ 0

Then, the two eigenvalues of A3 are:

l1;2 ¼ 1� d1þm1þc1þe1
� �þ d2þm2þc2þe2

� �
2

7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d1þm1þc1þe1
� �� d2þm2þc2þe2

� �� �2þ4e1e2
4

s
: (16)

For (δ1− δ2+m1−m2+ c1− c2+ e1− e2)
2+ 4e1e2⩾ 0, we can see that the eigenvalues of

the metric are real numbers and subsystem 3 is stable for |λ1,2|o1.
Obviously λ1o1 is always satisfied. λ1W−1 can be equivalently expressed as:

w1þw2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1�w2ð Þ2þ4e1e2

q
o4

or:

w1þw2p4

2 w1þw2ð Þ�w1w2o4�e1e2

(

where:

w1 ¼ d1þm1þc1þe1; w2 ¼ d2þm2þc2þe2:

Similarly, λ2o1 can be equivalently expressed as e1e2ow1w2. λ2W−1 can be
equivalently expressed as: 4− e1e2ow1w2− 2(w1+w2).

So, the stable situations of subsystem 3 are:

w1þw2p4

2 w1þw2ð Þ�w1w2o4�e1e2ow1w2�2 w1þw2ð Þ
e1e2ow1w2

8><
>: : (17)

3.1.4 Stability of subsystem 4. The characteristic equation of A4 is obtained as:

lI�A4j j ¼
l� 1�d1�m1

� �
0

�e2 l� 1�d2�c2�e2ð Þ

�����
����� ¼ 0: (18)

Then, the two eigenvalues of A4 are:

l1 ¼ 1�d1�m1; l2 ¼ 1�d2�c2�e2: (19)

In order to make subsystem 4 stable, the two eigenvalues of A4 must satisfy |λ1,2|o1.
Then 0oδ1+m1o2, 0oδ2+ c2+ e2o2 are the stable conditions of subsystem 4.
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3.1.5 Stability of subsystem 5. The characteristic equation of A5 is obtained as:

lI�A5j j ¼
l� 1�d1�m1�c1�e1

� � �e1
�e2 l� 1�d2�c2�e2ð Þ

�����
����� ¼ 0: (20)

which can be equivalently represented as follows:

l2� 2�d1�d2�m1�c1�c2�e1�e2
� �

lþ 1�d1�m1�c1�e1
� �

1�d2�c2�e2ð Þ�e1e2 ¼ 0

Then, the two eigenvalues of A5 are:

l1;2 ¼ 1�d1þm1þc1þe1þd2þc2þe2
2

7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d1þm1þc1þe1
� �� d2þc2þe2ð Þ� �2þ4e1e2

4

s
:

(21)

For [(δ1+m1+ c1+ e1)− (δ2+ c2+ e2)]
2+ 4e1e2⩾ 0, we can see that the eigenvalues of the

metric A5 are real numbers; subsystem 5 is stable for |λ1,2|o1. However, |λ1|o1 is
equivalent to 2(w1+w2)−w1w2o4− e1e2 and w1+w2⩽ 4, where w1¼ δ1+m1+ c1+ e1,
w2¼ δ2+ c2+ e2. Similarly, the condition that |λ2|o1 can be equivalently expressed as
4− e1e2ow1w2− 2(w1+w2) and e1e2ow1w2. Then we can obtain the stable conditions of
subsystem 5 as follows:

w1þw2p4

2 w1þw2ð Þ�w1w2o4�e1e2ow1w2�2 w1þw2ð Þ
e1e2ow1w2

8><
>: (22)

3.1.6 Stability of subsystem 6. The characteristic equation of A6 is obtained as:

lI�A5j j ¼
l� 1�d1�c1�e1ð Þ �e1

�e2 l� 1�d2�c2�e2ð Þ

�����
����� ¼ 0: (23)

Which can be equivalently represented by the following:

l2� 2�d1�d2�c1�c2�e1�e2ð Þlþ 1�d1�c1�e1ð Þ 1�d2�c2�e2ð Þ�e1e2 ¼ 0:

Then, the two eigenvalues of A6 are:

l1;2 ¼ 1�d1þc1þe1þd2þc2þe2
2

7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d1þc1þe1ð Þ� d2þc2þe2ð Þ½ �2þ4e1e2

4

s
(24)

For [(δ1+ c1+ e1)− (δ2+ c2+ e2)]
2+ 4e1e2⩾ 0, we can see that the eigenvalues of the

metric A6 are real numbers; subsystem 6 is stable for |λ1,2|o1. However, |λ1|o1 is
equivalent to 2(w1+w2)−w1w2o4�e1e2 and w1+w2⩽ 4, where w1¼ δ1+ c1+ e1,
w2¼ δ2+ c2+ e2.

Similarly, the condition that |λ2|o1 can be expressed as 4− e1e2ow1w2�2(w1+w2)
and e1e2ow1w2.
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Then, the stable conditions of subsystem 6 are:

w1þw2p4

2 w1þw2ð Þ�w1w2o4�e1e2ow1w2�2 w1þw2ð Þ
e1e2ow1w2

8><
>: (25)

From the analysis of the above, we can see that the range of parameters’ values in
subsystem 3 is the smallest. Therefore, if subsystem 3 is stable, then the other
subsystems are stable.

The above results show that parameter selection has a great effect on system
stability, such as the rate of deterioration, δi, alternative of the two products, ci, the
demand forecasting parameter, θi, the parameter to determine the target level of
inventory, γi, the replenishment parameter, ui, and the demand parameter, ai, etc. In
other words, these parameters essentially alter the dynamic behaviors of the supply
chain and make the dynamics more complicated. When the values of parameter
surpass the stable range, the system goes into an unstable state, so far as to chaos
which will cause great instability to the participants. In this paper, the customer
demand is relative to two retailers’ inventory level; so the behaviors of the supply chain
are much more complex. Managers should take more actions to stabilize the supply
chain system by adjusting relative parameters or selecting appropriate parameter
values.

The stability of the switched supply chain system which composes of stable and
unstable subsystems is complicated. According to Boyd et al. (1994), if there exists a
positive definite symmetric matrix P satisfying AT

i PAi�Po0, ∀i∈{1, 2,…, 6}, the
system (13) is stable.

4. Simulation experiment
When all the subsystems are stable, the switched linear system tends to be stable.
However, what is the behavior of the switched linear system when all the subsystems
are unstable or the switched system is composed of stable and unstable subsystems?
The two situations might happen due to a large magnitude of the dependence of
demand on the inventory for attractive products. We shall use simulation experiments
to study the dynamics for these two because the two situations are mathematically
complicated. The situation of the switched linear system composed of only an unstable
subsystem will not be considered because the switched linear system is unstable in
the end. So managers should avoid this situation in real life by selecting appropriate
parameters.

The simulation experiments are carried out in two situations: one is to analyze the
stability results when all the subsystems are stable and the other is to investigate the
dynamics when stable and unstable subsystems coexist. We all know that the dynamics
of the supply chain system are influenced by both demand parameters and the decision
parameters. In this section, we will analyze the influences of the parameters on the
dynamic behaviors of the switched linear system.

4.1 Dynamic simulation when all the subsystems are stable
From Section 3.1, we know that when subsystem 3 is stable, the switched linear system
is in a stable state. According to the actual competition, we obtain the values of the
parameters as follows: ðy1; a1; i01; d1; g1; c1; e1Þ ¼ 0:25; 10; 18; 0; 0:01; 1:4; 0:1ð Þ and
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ðy2; a2; i02; d2; g2; c2; e2Þ ¼ 0:25; 10; 17; 0; 0:01; 1:4; 0:1ð Þ; the initial values are obtained as
w1(1)¼ 18, w2(1)¼ 17. Figure 1 shows the changes of the inventory and order with the
different parameters’ values. From Figure 1, we can see that the inventories
and orders can be kept at a steady level in a finite time which shows the switched linear
system tends to be stable when all the subsystems are stable and the system
needs longer game cycles to reach a steady state with the increase of the deterioration
rate by comparing Figure 1(c) with Figure 1(a-b). In a stable state, the managers can
reduce inventory and order costs, because the inventory level can recover to the
desired level quickly.

4.2 Dynamics simulation when stable and unstable subsystems coexist
In a real-world supply chain, the business environment always keeps changing and
varying with the changes of the external environment and could make the subsystem
unstable and trigger chaotic behavior of the system, thus amplifying the system’s

20
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20
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Inventory 2

Order 2

Order 1
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t t

Inventory 1

Inventory 2

Order 2

Order 1

0 20 40 60

t
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(c)

Notes: (a) (�1, u1, c1, u2, c2)= (0, 0.2, 1.4, 0.2, 1.4); (b) (�2, u1, c1, u2, c2)
= (0, 1.5, 0.2, 1.5, 0.2); (c) (�1, u1, c1, �2, u2, c2)= (0.1, 1.5, 0.2, 0.1, 1.5, 0.2)

Figure 1.
The changes of
inventory and
order when all
the subsystems

are stable
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uncertainty and complexity in this way. In this section, we will analyze the dynamic
characteristics when the switched linear system includes stable and unstable
subsystems.

According to Wei et al. (2013), the influences of the parameters on the dynamic system
are developed and the values of parameters for the simulation designs are subjectively
chosen. There exist very complicated relations between the parameters and dynamic
behaviors. In our paper, we will analyze the effects of deterioration rate and the sensitivity
of the substitute products on the dynamic processes of the switched linear system. Table II
shows the simulation designs used to study the impact of parameters on the system’s
dynamics which should keep at least one subsystem unstable because it is well known that
a switched system, when all the subsystems are unstable, can be easily destabilized.
Design 1 and design 2 are used to see how the deterioration rate (δi) affects the system’s
stability and designs 3 and 4 are used to study the influence of the degree of alternative (ei)
on the system’s dynamics. Figure 2 shows the dynamics of inventory and order under
different values of parameters. Some conclusions and managerial insights can be obtained:

(1) The changes of the parameters (δ1, e1), greatly affect the dynamics of the
switched linear system. By comparing designs 1 and 2, the increase of
deterioration rate can enlarge inventories and orders greatly and destabilize the
switched linear supply chain. By comparing design 3 and design 4, the increase
of the sensitivity of the substitute products can enlarge inventories and orders
greatly and destabilize the switched linear supply chain. In practice, we should
therefore be cautious about the deterioration rate and pay more attention to
strengthening the management of product differentiation; reducing product
substitutability can enhance the stability of the supply chain.

(2) The dynamics of the switched supply chain are very complicated. The switched
supply chain can be stable or unstable in different situations, for example,
designs 1 and 3 lead to stable dynamics, while designs 2 and 4 enlarge the
instability of the supply chain, thus causing huge inventories and orders.

So, we can conclude that the switched linear system may apear stable even if it is
composed of stable and unstable subsystems. With some parameter settings, the
inventories and orders of the switched supply chain show irregular fluctuations. These
characteristics represent great challenges for the retailers to keep the whole system stable.

5. The effects of parameters on the system stability
The 2D parameter bifurcation diagram (also called parameter basin plots) is a more
powerful tool in the numerical analysis of dynamics system than the 1D bifurcation
diagrams (Diks et al., 2008), in which different colors in a 2D parameter space

Stability of subsystemsSimulation
designs

Parameter
values (δ1,e1,δ2,e2) Subsystem 1 Subsystem 2 Subsystem 3 Subsystem 4 Subsystem 5 Subsystem 6

Group 1
Design 1 (0.01, 0.1, 0.01, 0.1) S S US S S S
Design 2 (0.09, 0.1, 0.09, 0.1) S US US S US S

Group 2
Design 3 (0.01, 0.05, 0.01, 0.1) S S US S S S
Design 4 (0.01, 0.1, 0.01, 0.1) S US US S US S

Table II.
The experimental
designs when stable
and unstable
subsystems coexist
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are assigned to express the stable cycles of different periods. In this section,
the 2D parameter bifurcation diagrams will be used to analyze the effects
of parameters on the swathed supply system stability. According to the
actual situations of market competition, the parameter values are
ðy1; a1; i01; d1; g1; c1; e1Þ ¼ 0:20; 10; 18; 0; 0; 0:2; 0:1ð Þ and ðy2; a2; i02; d2; g2; c2; e2Þ ¼
0:20; 10; 17; 0; 0; 0:2; 0:1ð Þ and the initial values are w1(1)¼ 18, w2(1)¼ 17.
Figure 3(a) presents the parameter plot basin with respect to the parameter (m1, m2)

and assigns different colors to stable states (red); stable cycles of period 2 (yellow),
4 (purple), 8 (green), and chaos (pink), divergence (gray) (which means one of the
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retailers will be out of the market in economics). We can find that the parameters (m1, m2)
pass through the stable borders into the 2-perion, and then out of the market with the
increase of m1 or m2.

In order to find the influences of the parameters on system stability, Figures 3 (b)-(d)
present the parameter plot basin for e1¼ e2¼ 0.4, γ1¼ γ2¼ 1.2 and c1¼ c2¼ 0.6,
respectively. By comparing Figure 3(a-d), we can see that with the increase of e1, e2, γ1, γ1,
c1, c2, the stable regions (red region) all become smaller. That is to say, the greater the
sensitivity of stock-dependent demand and the alternative between the two product, and
the larger restoring the stock of the inventory to the target inventory level, the smaller the
stable region of the switched linear system, which means that there is less competition in
the switched supply chain.

In summary, we see that the stability of the switched supply chain system is caused
by the parameter values. It also shows that chaotic and periodic behaviors should be
avoided because there are large fluctuations of inventory and order which result in
huge inventory and order costs. In practice, the two retailers can select small values of
replenishment parameters and increase the differences of products to avoid negative
outcomes.
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6. Conclusion
In practice, customer demand can be affected by many factors which include price,
service attitude, quality, sales promotion, inventory by retailers, and so on. This paper
enriches the literature on supply chain dynamics by considering marketing
competition, stock-dependent demand, and deteriorating items. In this study, we
demonstrate that marketing competition is easier to make the retailers out of market
economy. The switched supply chain dynamics might behave differently with different
values of parameters and a slight change of the deterioration rate, and the
substitutability of products might destabilize a switched supply chain system. The
obtained results in this research provide managers with some guidelines on how to
make the switched supply chain system stable according to the stable regions of
replenishment parameter under different demand scenarios.

We also analyze the stability’s conditions for the six subsystems considering the
marketing competition and deteriorating items which make up for the lack of analytical
results for non-linear dynamics of the switched supply chain system. The simulation
result illustrates the relationship between all kinds of parameters and the dynamic
behaviors. When all the subsystems are stable, the switched supply chain tends to be
stable. When the switched supply chain is composed of stable and unstable
subsystems, it presents stable, unstable, and periodic behaviors. In practice, we should
try to make the system stable by selecting the decision parameter values. We believe
that our studies in this paper will provide more powerful tools to study the stability and
dynamics of a supply chain system because it has more and more applications in the
field of control engineering.

Nonetheless, this paper has made several assumptions. Losing these assumptions
may allow us to understand the interactive dynamics of the model better. For
instance, long lead times will be considered and the model will be close to the actual
situation. Second, Sales promotion activity should be taken into account as it may
shed light on whether the current results will hold. These problems will be
investigated in our future research.
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