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Abstract: In this study, the error performance and the capacity analysis is performed for the decode-and-forward based
dual-hop asymmetric radio frequency-free space optical communication (RF-FSO) system. The RF link is characterised
by Nakagami-m fading and the FSO link is characterised by path loss, Gamma–Gamma distributed turbulence and
pointing error. For this mixed RF-FSO cooperative system, novel closed-form mathematical expressions are derived for
cumulative distribution function, probability density function and moment generating function of the equivalent signal-
to-noise ratio in terms of Meijer-G function. Using these channel statistics, new finite power series based analytical
expressions are obtained for the outage probability, the average bit error rate for various binary and M-ary modulation
techniques and the average channel capacity of the considered system in terms of Meijer-G function. As a special case,
the analytical framework can also be obtained for channel statistics and performance metrics of dual-hop mixed
Rayleigh–Gamma–Gamma system. Simulation results validate the proposed mathematical analysis. The effects of
fading, turbulence and pointing error are studied on the outage probability, average bit error rate and channel capacity
of the asymmetric RF-FSO system.

1 Introduction

Free space optical (FSO) communication systems have various
advantages like they require less power, cheap installation and
operational cost with easy deployment, license-free spectrum,
immunity to interference and large bandwidth capacity (10 Gbps);
making them appealing for various applications in terrestrial and
satellite communication [1, 2], for example, last mile access,
backhauling services, data recovery, high definition transmission
etc. However, the performance of the FSO systems is highly
dependent on the atmospheric conditions, path loss and the
pointing errors [1, 2]. The misalignment between the transmitter
and the receiver of the system is caused because of the vibrations
in the transmitted laser beams of tall buildings (resulting from
wind, earthquakes, thermal expansion etc.) leading to pointing
errors.

To minimise the effect of turbulence and pointing errors various
solutions have been proposed such as Radio on FSO, in which
radio frequency (RF) signals are transmitted through FSO links
[3]; hyrbid RF/FSO, where the parallel RF link is used as a
backup for FSO links [4], multiple-input multiple-output
techniques [5] and cooperative communication [6–11]. Using the
concepts of relaying technology in the FSO systems has many
benefits – (i) increased coverage area from few kilometres to
several kilometres [6] (ii) improved performance [9] (iii) enhanced
capacity [11, 12]. One of the advantages of FSO systems is that
they can be used for ‘last mile access’ as there exists a
connectivity gap between the backbone network and the last- mile
access network. Thus, the main back bone could be considered as
the RF network and the high-speed FSO link can be used for
connection to end users. Thus it would be beneficial to study the
performance of mixed radio frequency-free space optical
communication (RF-FSO) cooperative systems. In [6], the outage
probability is derived for FSO cooperative systems using
amplify-and-forward (AF) and decode-and-forward (DF) relays,
where the channel is characterised by both path-loss as well as the

Log-normal fading. For the first time dual hop mixed RF/FSO
system was studied using an AF based relay from an outage
probability point of view in [7], where the RF link was modelled
by Rayleigh distribution and the FSO link was Gamma–Gamma
distributed. A detailed study on an AF based dual-hop mixed
RF-FSO cooperative communication system has been recently
performed in [11]. In this set-up, a relay, with hybrid RF and
optical capabilities, receives signals from the Nakagami-m fading
RF link and forwards the received signals over the Gamma–
Gamma fading FSO link, by using the subcarrier intensity
modulation (SIM) scheme [13]. The effects of fading and pointing
error are observed on the outage probability, BER and the average
channel capacity of the considered system. As a special case,
similar analysis was also performed for dual hop RF-FSO system
where the RF link was Rayleigh distributed. In [14], a
heterogeneous dual hop RF-FSO system is deployed and the
end-to-end outage performance is investigated. The RF and FSO
links are Rayleigh distributed and M-distributed, respectively, and
the relay node use AF relaying protocol. In [15], ergodic capacity
is analysed for AF based dual-hop FSO communication system by
approximating the probability density function (PDF) of
instantaneous SNR by α−n distribution. A multiuser DF based
dual-hop cooperative system over mixed RF/FSO links is studied
in [16]. The system comprises of multiple single-antenna sources,
a DF relay and one destination equipped with a single
photo-detector. Using the derived outage probability and BER
analytical expressions the impact of pointing errors on the FSO
link and the V-BLAST ordering effectiveness at the relay are
investigated.

In this work, the analytical performance analysis of a dual-hop
‘asymmetric’ RF-FSO communication system is performed where
the relay uses DF relaying protocol. The relay uses the SIM
technique to transmit the optical signal and the destination uses
direct detection technique. In the considered system, the RF link
experiences Nakagami-m fading and the FSO link experiences
Gamma–Gamma turbulence, path loss and pointing errors. Our
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main contributions are: (i) New closed-form mathematical
expressions are derived for statistical characteristics such as the
cumulative distribution function (CDF), PDF and the moment
generating function (MGF) of the asymmetric RF-FSO system in
terms of Meijer-G function, when the FSO link is characterised by
the atmospheric turbulence. (ii) Novel closed-form mathematical
expressions are derived for CDF, PDF and MGF of the
asymmetric RF-FSO system in terms of Meijer-G function, under
the effect of turbulence, path loss and pointing error in the FSO
link. (iii) Using (i), finite power series based novel analytical
expression are obtained for the outage probability, the BER for
various binary and M-ary modulation techniques and the ergodic
channel capacity of the considered system in terms of Meijer-G
function, where the FSO channel is characterised by the
atmospheric turbulence only. (iv) Using (ii), finite power series
based novel analytical expressions are obtained for the outage
probability, the BER for various binary and M-ary modulation
techniques and the ergodic channel capacity of the considered
system in terms of Meijer-G function, where the FSO channel is
characterised by the atmospheric turbulence, path loss and the
pointing error. (v) As a special case, channel statistics and
performance metrics are evaluated for DF based mixed Rayleigh–
Gamma–Gamma cooperative system. (vi) With the help of (iii)
and (iv), the effect of fading, turbulence and pointing error is
analysed on outage probability, BER performance and average
channel capacity of the DF based dual hop asymmetric RF-FSO
communication system.

2 System model and statistical characteristics of
RF and FSO links

Consider an asymmetric dual hop cooperative communication
system; in this system, a source (S) communicates with a
destination (D) via a relay node (R), as shown in Fig. 1. A
scenario of mixed wireless communication is assumed, that is, the
S-R link is Nakagami-m distributed RF link and R-D link is a
FSO link characterised by path loss, Gamma–Gamma distributed
turbulence and pointing errors. In Fig. 1, γs,r and γr,d are the
instantaneous signal-to-noise ratios (SNRs) of the S-R and the
R-D links, respectively, s2

s,r and s2
r,d are the AWGN variances of

the S-R and the R-D links, respectively, m≥ 1/2 is the Nakagami
fading parameter; a and b are the atmospheric turbulence
parameters which depend upon the FSO link length, L, operating
wavelength, l and the refractive-index structure parameter,

C2
n , as a = exp 0.49s2

l /(1+ 1.11s12/5
l )

7/6
( )

− 1
[ ]−1

and b =
exp 0.51s2

l /(1+ 0.69s12/5
l )

5/6
( )

− 1
[ ]−1

, where the Rytov

variance s2
l = 1.23C2

nk
7/6L11/6, in which wave number k = 2π/l

[12, 13]. The relay contains hybrid capabilities; it decodes the data
transmitted by S and transmits the newly encoded data over the
FSO link to D, by using SIM scheme. In the SIM process, an RF
subcarrier signal is first modulated with the message and then is
used to modulate the intensity of the optical source. Thus the
subcarrier can be modulated by any of the standard RF modulation
techniques, such as M-ary amplitude shift keying (M-ASK), M-ary
frequency shift keying (M-FSK), M-ary phase shift keying

(M-PSK), M-ary quadrature amplitude modulation (M-QAM) etc.
At the destination, the incoming optical radiation is converted into
an electrical signal using direct detection technique and then
de-modulated by the RF demodulator to recover the transmitted
symbol [13].

The signal received by R, through the RF link, can be expressed as

ys,r = hs,rx+ es,r (1)

where x, with average energy Es,r, denotes the signal transmitted by
S, esr represents the complex-valued additive white Gaussian noise
(AWGN) with zero-mean and s2

s,r variance and hs,r denotes the
Nakagami-m distributed channel gain of the S-R link. From (1),
gs,r = Es,r|hs,r|2/s2

s,r = |hs,r|2�gs,r, where �gs,r = Es,r/s
2
s,r denotes

the average SNR of the S-R link. The PDF of γs,r is given by

fgs,r (g) =
mmgm−1

G(m)�gms,r
exp −mg

�gs,r

( )
(2)

where Γ(·) is the Gamma function.
The signal received by D from DF based R, over the FSO link

after optical-to-electrical conversion, can be written as

yr,d = hr,dIr,dx̂+ er,d (3)

where x̂, with unit average power, is the estimate of x in R, ηr,d is the
optical-to-electrical conversion coefficient, er,d denotes the
zero-mean AWGN noise with variance, s2

r,d and Ir,d with E{Ir,d} = 1,
where E{·} stands for expectation, represents the real-valued
Gamma–Gamma distributed intensity of the R-D link. In the FSO
link, the total degradation Ir,d is product of path loss Il, pointing
error Ip and atmospheric turbulence Ia, that is, Ir,d = IlIpIa where Ip
and Ia are random distributions and Il is deterministic.

DF transmission involves examination of symbol-by-symbol
decoding at the relay. The maximum transmission rate for DF
based dual hop system is minimum of two random variables – (i)
maximum rate at which R can reliably decode the source message
and (ii) maximum rate at which D can reliably decode the source
message given repeated transmissions between S-D. [17]. Thus the
instantaneous received SNR at D, γz, for a DF based dual hop
cooperative system is written as [16, 17]

gz = min (gs,r, gr,d) (4)

where by using (3), gr,d = h2
r,dI

2
r,d/s

2
r,d and the electrical SNR is

given by, �gr,d = h2
r,dE[Ir,d]

2/s2
r,d = h2

r,d/s
2
r,d . The average SNR,

gar,d , of the R-D link can be easily computed as
gar,d = ((a+ 1)(b+ 1)/ab)gr,d [18].

2.1 Channel model under atmospheric turbulence

If the FSO link is assumed to undergo Gamma–Gamma turbulence
only, then the PDF of γr,d is given by

fgr,d (g) =
(ab)(a+b)/2g((a+b)/4)−1

G(a)G(b)�g(a+b)/4
r,d

Ka−b 2

���������
ab

����
g

�gr,d

√√( )
(5)

Using (5) and Fgr,d
(g) = �g

0 fgr,d (g) dg, the CDF of γr,d can be
derived as

Fgr,d
(g) =

(ab)z1/2 g/
����
�gr,d

√( )z1/4
G(a)G(b)

G2,1
1,3 ab

����
g

�gr,d

√ 1− z1
2

z2
2
, − z2

2
,
−z1
2

∣∣∣∣∣∣∣
⎛
⎜⎝

⎞
⎟⎠
(6)

where z1 = a + b, z2 = a− b and G(·) is the Meijer-G function [19].Fig. 1 System Model of DF based dual-hop asymmetric RF-FSO system
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2.2 Channel model under the combined effect of path
loss, atmospheric turbulence and pointing error

Similar to the PDF of instantaneous SNR given in [20], the
instantaneous received SNR γr,d in case of direct detection, will
have the following PDF

fgrd (g) =
j2

2gG(a)G(b)
G3,0

1,3 pab
����
g

�gr,d

√
j2 + 1
j2, a, b

∣∣∣∣
( )

(7)

where g = �gr,d/hlA0p, p = j2/(j2 + 1), A0 = [erf (n p,q)]
2, n =�����

p/2
√

R/wb, j = we/(2σs), erf(·) denotes the error function, R is the
radius of the receiver aperture, wb is the normalised beamwaist, we

is the equivalent beamwaist and σs is the pointing error
displacement standard deviation at the receiver.

The CDF of γr,d in this scenario can be derived using (7) and [19,
Eq (8.2.2.19), Eq (1.16.2.1)] as

Fgr,d
(g) = 2z1−2j2

2pG(a)G(b)
G6,1

3,7

(pab)2g

16�gr,d

1,
j2 + 1

2
,
j2 + 2

2
j2

2
,
j2 + 1

2
,
a

2
,
a+ 1

2
,
b

2
,
b+ 1

2
, 0

∣∣∣∣∣∣∣∣

⎛
⎜⎜⎝

⎞
⎟⎟⎠

(8)

3 Statistical characteristics of dual hop DF based
mixed RF-FSO system

The mathematical expressions of CDF, PDF and MGF of the DF
based dual-hop asymmetric RF-FSO systems are derived for the
following two scenarios, considering only turbulence in the FSO
link in the first scenario and combined effect of turbulence, path
loss and pointing error in the FSO link in the second scenario.

3.1 Under atmospheric turbulence

When the RF link experiences Nakagami-m fading and the FSO link
experiences Gamma–Gamma distributed turbulence, the statistical
characteristics are obtained as follows.

3.1.1 Cumulative distribution function: Using (4), the CDF
of the equivalent SNR (γz) for the considered RF-FSO system is
given by

FgZ
(g) = Fgs,r

(g)+ Fgr,d
(g)− Fgs,r

(g)Fgr,d
(g) (9)

where Fgs,r
is the CDF of the instantaneous SNR of the S-R link.

Using the relation

FX (x) =
∫x
−1

fX (t) dt (10)

(2) and (6), in (9), the CDF of γz can be written as

Fgz
(g) = 1− 1−K1g m,

mg

�gs,r

( )( )

× 1−K2g
z1/4G2,1

1,3 W1
��
g

√ 1− z1
2

z2
2
, − z2

2
, − z1

2

∣∣∣∣∣∣∣
⎛
⎜⎝

⎞
⎟⎠

⎛
⎜⎝

⎞
⎟⎠ (11)

where g(s, x) = �x
0 t

s−1e−t dt represents the lower incomplete Gamma

function, K1 = 1/G(m), K2 = (1/G(a)G(b)) ab/
����
�gr,d

√( )
and

W1 = ab/
����
�gr,d

√
.

3.1.2 Probability density function: The PDF of the equivalent
SNR for the DF based dual hop system is given by using (4) as

fgZ (g) = fgs,r (g)+ fgr,d (g)− fgs,r (g)Fgr,d
(g)− Fgs,r

(g) fgr,d (g)

(12)

Using (2), (5), (6) and (10) in (12), the PDF can be obtained as

fgz (g) = K1
m

�gs,r

( )m

gm−1 exp
−mg

�gs,r

( )( )

× 1−K2g
z1/4G2,1

1,3 W1
��
g

√ 1− z1
2

z2
2
, − z2

2
, − z1

2

∣∣∣∣∣∣∣
⎛
⎜⎝

⎞
⎟⎠

⎛
⎜⎝

⎞
⎟⎠

+ 1−K1g m,
mg

�gs,r

( )( )
K2g

(z1/4)−1Ka−b 2
��������
W1

��
g

√√( )( )

(13)

3.1.3 Moment generating function: The MGF generally
defined in terms of the PDF is given by [21, Eq. (5–96)]

Mg(s) W

∫1
−1

e−sg fgz (g) dg (14)

Substituting (13) in (14) and using the series expansion of the lower
incomplete Gamma function

g(m, x) = (m− 1)! 1− e−x
∑m−1

k=0

xk

k!

( )
(15)

[19, Eq. (8.4.23.1), Eq. (8.2.2.19)], [22, Eq. (5.6.3.1)], the MGF for
the considered system can be derived as

Mgz
(s) = m

m+ s�gs,r

( )m

−K1K2

4p

m

�gs,r

( )m

s+ m

�gs,r

( )−(z1/4)−m

× G4,3
3,6 W3

1− z1
4
− m, P1

P2,
−z1
4

,
−z1 + 2

4

∣∣∣∣∣∣∣
⎛
⎜⎝

⎞
⎟⎠+

∑m−1

k=0

K3

× s+ m

�gs,r

( )−(z1/4)−k

G4,1
1,4 W3

1− z1
4
− k

P2

∣∣∣∣∣
( )

(16)

where W2 = (ab)2/16�gr,d , W3 = W2�gs,r/(m+ s�gs,r), P1 =
(−z1 + 2)/4, (− z1 + 4)/4, P2 = z2/4, (z2 + 2)/4, − z2/4, (− z2 +
2)/4 and K3 = (K2/4pk!) m/�gs,r

( )k
.

3.2 Under the combined effect of path loss, atmospheric
turbulence and pointing error

When the RF link is characterised by the Nakagami-m fading and the
FSO link is characterised by the path loss, Gamma–Gamma
distributed turbulence and pointing error, the statistical
characteristics are obtained as follows.

3.2.1 Cumulative distribution function: Using (2), (8) and
(10) in (9), we obtain

Fgz
(g) = 1− 1−K1g m,

mg

�gs,r

( )( )
× 1−K4G

6,1
3,7 W4g

1, P3

P4, 0

∣∣∣∣
( )( )

(17)
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where K4= 2z1−2j2/(2pG(a)G(b)), W4 = (pab)2/(16gr,d), P3 =
(j2 + 1)/2, (j2 + 2)/2 and P4 = j2/2, (j2 + 1)/2, a/2, (a+ 1)/2,
b/2, (b+ 1)/2.

3.2.2 Probability density function: Substituting (2), (7), (8)
and (10) in (12), the PDF can be obtained as

fgz (g) = K1
m

�gs,r

( )m

gm−1 exp
−mg

�gs,r

( )( )

× 1−K4G
6,1
3,7 W4g

1, P3

P4, 0

∣∣∣∣
( )( )

+K4g
−1 1−K1g m,

mg

�gs,r

( )( )
G6,0

2,6 W4g
P3

P4

∣∣∣∣
( )

(18)

3.2.3 Moment generating function: Substituting (18) in (14)
and then using [19, Eq. (8.2.19)] and [22, Eq. (5.6.3.1)], the MGF
for the considered system with significant pointing errors is given by

Mgz
(s) = m

m+ s�gs,r

( )m

−K1K4
m

m+ s�gs,r

( )m

× G6,2
4,7 W5

1− m, 1, P3

P4, 0

∣∣∣∣
( )

+
∑m−1

k=0

K4

k!

× m

m+ s�gs,r

( )k

G6,1
3,6 W5

1− k, P3

P4

∣∣∣∣
( )

(19)

where W5 = W4�gs,r/(m+ s�gs,r).

4 Performance of the dual-hop asymmetric
RF/FSO cooperative system

In this section, the finite power series mathematical expressions are
derived for outage probability, BER and average capacity of the DF
based dual-hop mixed RF-FSO systems for following cases.

4.1 Under atmospheric turbulence

4.1.1 Outage probability: Outage probability is defined as the
probability at which the equivalent SNR, γz, falls below a
predetermined threshold value γth. The outage probability for the
DF based dual hop RF-FSO cooperative system under no pointing
error can be derived by using (11) as

Pout(gth) = 1− 1−K1g m,
mgth
�gs,r

( )( )

× 1−K2g
z1/4
th G2,1

1,3 W1
����
gth

√ 1− z1
2

z2
2
, − z2

2
, − z1

2

∣∣∣∣∣∣∣
⎛
⎜⎝

⎞
⎟⎠

⎛
⎜⎝

⎞
⎟⎠
(20)

4.1.2 Average bit error rate: In this section, the BER of the DF
based mixed RF-FSO system is derived for various binary
modulation techniques, M-QAM and M-PSK under no pointing
errors.

(a) Binary modulation techniques: Using [23, Eq. (12)], the average
BER for the considered cooperative system is expressed by

Peb
= yx

2G(x)

∫1
0
gx−1 exp −yg

( )
Fgz

(g) dg (21)

where x and y are the BER parameters describing various binary
modulation techniques [23] given in Table 1. Substituting (11) in
(21) and using [22, Eq. (5.6.3.1)], the mathematical expression for
the BER for binary modulation techniques is given by

Peb
= K1

2G(x)
G1,2

2,2

m

y�gs,r

1−x, 1

m, 0

∣∣∣∣
( )

+
∑m−1

k=0

yxK3

2G(x)
y+ m

�gs,r

( )(−z1/4)−x−k

×G4,3
3,6

W2�gs,r
m+y�gs,r

1−z1
4
−x−k,P1

P2,
−z1
4

,
−z1+2

4

∣∣∣∣∣∣∣
⎛
⎜⎝

⎞
⎟⎠

(22)

(b) M-PSK: The instantaneous BER of the M-PSK modulation
technique can be written as [24]

Pe(g) ≃
2

CM

∑T
j=1

Q aj
���
2g

√( )
(23)

where Q(.) is the Q-function, ΨM = max(log2M, 2), T = max(M/4, 1)
and aj = sin((2j− 1)π/M ). The average BER is expressed as

Pe =
∫1
0
Pe(g) fgZ (g) dg = −

∫1
0
FgZ

(g) dPe(g) (24)

Solving the integral in (24) by substituting (11) and (23) in it and
then using [22, Eq. (5.6.3.1)], the BER for the mixed RF-FSO
system employing M-PSK constellation is derived as

Pep
≃
∑T
j=1

K1��
p

√
CM

G1,2
2,2

m

a2j �gs,r

1

2
, 1

m, 0

∣∣∣∣∣∣
⎛
⎝

⎞
⎠+

∑T
j=1

∑m−1

k=0

ajK3��
p

√
CM

× a2j +
m

�gs,r

( )(−z1/4)−k−(1/2)

× G4,3
3,6

W2�gs,r
m+ a2j �gs,r

1

2
− z1

4
− k, P1

P2,
−z1
4

,
−z1 + 2

4

∣∣∣∣∣∣∣
⎛
⎜⎝

⎞
⎟⎠ (25)

(c) M-QAM: The instantaneous BER of the M-QAM modulation
scheme can be written as [24]

Pe(g) ≃ 4YM

∑��M√
/2

j=1

Q bj
��
g

√( )
(26)

where YM = (1/log2M ) 1− (1/
���
M

√
)

( )
and bj = (2j − 1) ×������������

3/(M − 1)
√

.

Substituting (11) and (26) in (24) and using [22, Eq. (5.6.3.1)], the
BER for the asymmetric RF-FSO system employing M-QAM

Table 1 Parameters (x and y) for various binary modulation techniques
[22]

Modulation techniques x y

coherent binary frequency shift keying (CBFSK) 0.5 0.5
coherent binary phase shift keying (CBPSK) 0.5 1
non-coherent binary frequency shift keying (NBFSK) 1 0.5
differential binary phase shift keying (DBPSK) 1 1
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constellation is obtained as

Peq
≃
∑��M√

/2

j=1

2K1YM��
p

√ G1,2
2,2

2m

b2j �gs,r

1

2
, 1

m, 0

∣∣∣∣∣∣
⎛
⎝

⎞
⎠+

∑��M√
/2

j=1

∑m−1

k=0

��
2

p

√
bjK3

× YM

b2j
2
+ m

�gs,r

( )(−z1/4)−k−(1/2)

× G4,3
3,6

2W2�gs,r
2m+ b2j �gs,r

1

2
− z1

4
− k, P1
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4.1.3 Average channel capacity: The average channel capacity
can be expressed in terms of MGF as [25]

Cavg ≃
B

log 2

∑N
n=1
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d
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[ ]
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where B is the bandwidth, N is a positive integer

vn =
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and Ei(x) is the exponential integral function. This approximation
converges very fast requiring very less number of terms to obtain
an exact match with the simulation result.

Substituting (13) and (14) in (28) and using [22, Eq. (5.6.3.1)], the
capacity of the dual hop AF based mixed RF-FSO system is obtained
as
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where W′
3 = W2�gs,r/(m+ sn�gs,r).

4.2 Under the combined effect of path loss, atmospheric
turbulence and pointing error

4.2.1 Outage probability: The end-to-end outage probability for
the DF based dual hop RF/FSO system under the influence of fading,
turbulence and pointing errors can be obtained using (17) as

Pout(gth) = 1− 1−K1g m,
mgth
�gs,r
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6,1
3,7 W4gth
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4.2.2 Average bit error rate: In this section, the BER of the
considered asymmetric system is derived for various modulation
techniques considering significant pointing error.

(a) Binary modulation techniques: Substituting (17) in (21) and then
using [22, Eq. (5.6.3.1)], the closed form mathematical expression
for the BER is given by
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(b)M-PSK: Substituting (17) and (23) in (24) and then using [22, Eq.
(5.6.3.1)], the BER for the considered RF-FSO system employing
M-PSK constellation is given by
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(c)M-QAM: Solving the integral in (24) by substituting (17) and (26)
in it and using [22, Eq. (5.6.3.1)], the BER for the asymmetric
RF-FSO system employing M-QAM constellation is obtained as

Peq
≃
∑��M√

/2

j=1

2K1YM��
p

√ G1,2
2,2

2m

b2j �gs,r

1

2
, 1

m, 0

∣∣∣∣∣∣
⎛
⎝

⎞
⎠+

∑��M√
/2

j=1

∑m−1

k=0

��
2

p

√
bjK4

k!

× YM
m

�gs,r

( )k
b2j
2
+ m

�gs,r

( )−k−(1/2)

× G6,2
4,7

2W4�gs,r
2m+ b2j �gs,r

1

2
− k, 1, P3

P4, 0

∣∣∣∣∣∣
⎛
⎝

⎞
⎠ (33)

4.3 Average channel capacity

Substituting (14) and (18) in (28) and using [22, Eq. (5.6.3.1)], the
capacity of the dual hop AF based mixed RF-FSO system for
significant pointing errors is obtained as
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where W′
5 = W4�gs,r/(m+ sn�gs,r).

As a special case, mathematical expressions can be obtained for all
the channel statistics and performance metrics of dual hop DF based
mixed RF-FSO system where the RF link is modelled by Rayleigh
fading and the FSO link is modelled by Gamma–Gamma
turbulence, by substituting Nakagami-m parameter as m = 1 in
(11), (13), (16)–(20), (22), (25), (27), (29)–(34).
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5 Numerical results

In this section, the numerical results for the outage probability, the
average BER and the average capacity are discussed for the
considered DF based dual hop asymmetric RF-FSO
communication system. The RF link experiences Nakagami-m
fading, characterising weak to strong fading and the FSO link
experiences Gamma–Gamma turbulence, characterising weak to
strong turbulence along with path loss and pointing error. Fig. 2
shows the simulation setup used where source consists of RF

modulator, relay consists of RF demodulator, SIM modulator
where pre-modulated RF subcarrier modulates the intensity of the
optical source and destination consists of optical filter and
photodetector which converts the optical signal to electrical signal.
The FSO link simulation parameters and fading parameters are
given in Tables 2 and 3, respectively. We know that almost all the
commercially available FSO systems operate in the wavelength
range of 0.60 μm < l < 1.55 μm and that the attenuation inversely
depends on the wavelength [26]. Thus in our paper, 1.55 μm
wavelength is assumed because it undergoes least smoke and fog
attenuation, making it favourable for varied atmospheric
conditions. It is assumed that the average SNRs of both the links
are equal.

Fig. 3 presents the outage performance of the considered system
for various fading and turbulence parameters; no and significant
(j = 1.8) pointing error; and γth is set to 10 dB. It is seen that
stronger the effect of fading and turbulence, poorer is the outage
performance of the system. Moreover, the degradation in the
outage performance increases with the unified effect of turbulence
and the pointing error. This can be explained by the fact that in
case of significant pointing errors, the total impairment of the FSO
link is the product of the impairments caused by the turbulence
and the pointing errors. For example, at SNR = 40 dB, for m = 4,
a = 4, b = 4, j = 2.3, the outage probability is Pout = 6.308 × 10−4

which increases to Pout = 2.08 × 10−2 and 1.921 × 10−1 for m = 2,
a = 4.2, b = 1.4, j = 2.3 and m = 3, a = 2, b = 0.5, j = 2.3,
respectively. An interesting observation is made here that the for

Fig. 2 Simulation setup of DF based dual-hop asymmetric RF-FSO system

Table 2 Simulation parameters

Parameter Value

link length 2000 m
wavelength 1550 nm
transmit optical power 1 W
responsivity 0.9

Table 3 FSO link fading parameters [9, 13]

Rytov variance Turbulence parameters Scintillation index

1.6 a = 4.0, b = 1.9 0.9
3.5 a = 4.2, b = 1.4 1.14

Fig. 3 Outage probability against average SNR per hop for different values of fading and turbulence parameters, and j= 2.3
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moderate turbulence scenario, the effect of pointing error is quite
significant. However, under severe turbulence case, the effect of
pointing error is negligible as the system is already in highly
degraded state.

In Fig. 4, the average BER against the average SNR plots are
analysed for various modulation techniques, that is, CBPSK,
CBFSK, NBFSK, DBPSK, Q-PSK, 8-PSK, 16-PSK, 16-QAM and
64-QAM with fixed fading statistics and pointing error parameter,
m = 4, a = 4.2, b = 1.4 and j = 1.3. From Fig. 4, it can be observed
that CBPSK outperforms the other modulation techniques because
it is the most power-efficient modulation technique. Coherent
techniques perform better than their corresponding non-coherent
techniques because they have the knowledge of the phase of the
carrier at the receiver which can be exploited to recover the
message signal correctly [27]. Moreover the BER performance is
inversely dependent on the minimum Euclidean distance between

the symbols in the constellation, that is, as the minimum Euclidean
distance between symbols decreases, the BER increases. For
example, the minimum Euclidean distance between two
constellation points is 0.63Es and 0.39Es for 16-QAM and
16-PSK, respectively. Thus for the same BER, 16-QAM will
require 4 dB less SNR than 16-PSK. The M-ary techniques are
known to be more bandwidth efficient, and the non-coherent
schemes does not require phase estimation. Thus the choice of
modulation technique depends on the application required and is a
trade-off between simplicity, power and bandwidth efficiencies.

Fig. 5 presents the average BER performance of the asymmetric
RF-FSO system using CBFSK modulation technique, for different
values of fading statistics but fixed pointing error parameter j =
1.2. It can be seen from the figure that severe the effect of fading
and turbulence more is the degradation in the BER performance of
the system. For example, at SNR = 40 dB and j = 1.2, for m = 3.5,

Fig. 4 Average BER against average SNR per hop for different modulation techniques, when m = 4, a = 4.2, b = 1.4, j= 1.3

Fig. 5 Average BER against average SNR per hop for different fading and turbulence conditions in case of CBFSK and j= 1.2
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a = 4, b = 1.9, the BER is Pe = 1.856 × 10−3 and it increases to Pe =
3.598 × 10−3 and Pe = 1.177 × 10−2, for m = 2 a = 4.2, b = 1.4 and
m = 3, a = 2, b = 1, respectively. It can also be seen that the FSO
link acts as the dominant link among both of them, as the BER
under the strong fading and moderate turbulence is less than the
BER under moderate fading and strong turbulence. Similar to
Fig. 2. it is observed that the impact of pointing error increases as
the severity in the turbulence decreases.

In Fig. 6, the average BER against average SNR plots are analysed
under CBPSK and for various values of pointing error parameter,
that is, j = 1.1, 1.3, 1.5, 1.9, 2.5 and no pointing error scenario.
The fading parameters are fixed to m = 4, a = 4, b = 4. From the
figure, it can be noted that stronger the effect of pointing errors,

that is, smaller the value of pointing error parameter j, higher is
the average BER. This behaviour can be easily understood from
the definition of j which explains that higher the pointing error
displacement standard deviation at the destination, lower is the
value of j and degraded is the average BER performance of the
system. For example, at SNR = 40 dB, the BER, Pe = 1.84 × 10−6,
5.346 × 10−6, 4.113 × 10−5 and 1.079 × 10−3 for no pointing error
scenario, j = 1.9, 1.5 and 1.1, respectively.

In Fig. 7, we set j = 1.4 (denoting strong impact of pointing error),
to observe the effect of fading and turbulence for various values of
m, a and b. It can be observed from Fig. 6, that stronger the effect
of atmospheric turbulence, lesser is the capacity of the considered
system. For example, at SNR = 20 dB, for m = 3, a = 2, b = 4 and

Fig. 6 Average BER against average SNR per hop for different values of pointing error parameter j, in case of CBPSK and m = 4 a = 4 and b = 4

Fig. 7 Average channel capacity against average SNR per hop for different fading and turbulence conditions with j= 1.4
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j = 1.4, the capacity degrades approximately by 29.51% when
compared with the scenario, where m = 2, a = 4.2, b = 1.4 and j = 1.4.

In Fig. 8, the capacity against average SNR graph is plotted for
varying pointing error parameter, j = 1.2, 1.7, 2.5 and 3.3; and no
pointing errors with fixed moderate turbulence condition, that is,
m = 3, a = 4 and b = 4; to study the effect of pointing errors on the
capacity of the considered system. It can be observed from Fig. 7
that, under strong effect of pointing error (small values of j), the
capacity of the considered system is severely degraded. It can be
seen from Fig. 7, that in comparison with the scenario for
moderate turbulence at both S–R and R–D links, and no pointing
error present, the capacity decreases approximately by, 5.77%,
9.62%, 15.38% and 21.15%; for cases when j = 1.9, 1.7, 1.3, and
1.1, respectively.

It can be observed from Figs. 3, 5 and 7, that the simulation results
for the outage probability, the average BER and the channel capacity
of the asymmetric RF-FSO system match well with their
corresponding analytical results. Moreover it requires only 200
terms in case of turbulence only scenario and 250 terms in case of
unified effect scenario, for the analytical results of the capacity of
the considered system to match well with the simulated capacity.

6 Conclusions

In this paper, closed-form mathematical expressions have been
derived for CDF, PDF and MGF of the equivalent SNR of the DF
based dual hop mixed RF-FSO cooperative system. Using these
expressions, the novel finite series based analytical expressions for
outage probability, the BER and the average capacity of the
considered system are obtained. Further the effect of fading,
turbulence and pointing error has been investigated on the
performance metrics of the Nakagami–Gamma–Gamma
asymmetric link. It has been observed that the impact of pointing
error is dominant under moderate turbulence scenario, whereas it
is negligible in case of very strong turbulence. Moreover in BER
plots a clear trend shows that the FSO link acts as the dominant
link in the considered dual hop RF-FSO system.
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