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The history of modal intervals goes back to the very first publications on the topic of interval calculus. The modal interval analysis is
used in Computer graphics and Computer Aided Design (CAD), namely, the computation of narrow bounds on Bezier and B-Spline
curves. Since modal intervals are used in many fields, we introduce a new sequence space h(gI) called the Hahn sequence space
of modal intervals. We have given some new definitions and theorems. Some inclusion relation and some topological properties of
this space are investigated. Also dual spaces of this space are computed.

1. Introduction

Interval arithmetic was first suggested by Dwyer [1] in 1951.
Furthermore, Moore and Yang [2, 3] have developed applica-
tions to differential equations. Chiao in 2002 [4] introduced
sequence of interval numbers and defined usual convergence
of sequences of interval number. Recently, Zararsiz and
Sengonill [5] introduced null, bounded, and convergent
sequence space of modals. Hahn in 1922 [6] defined & space
and G. Goes and S. Goes [7] in 1970 studied the functional
analytic properties of this space. The Hahn sequence space
was initiated by Rao in 1990 [8]. The present paper is devoted
to the study of Hahn sequence space of modal intervals.

Let us denote the set of all real valued closed interval by I,
the set of positive integers by N, and the set of all real numbers
by R. Any element of I is called interval number and it is
denoted by X. Thatis X = {x € R : x < x < X}. An interval
number X is a closed subset of real numbers. Let x and X be,
respectively, first and last points of the interval number X.
Therefore, when x > X, X is not an interval number. But in
modal analysis [x, x] is a valid interval. A modal X = {[x, x] :
x,x € R} is defined by a pair of real numbers X, x. Let us
denote the set of all modals by gI. Let us suppose that X, y €
gl. Then the algebraic operations between X and ¥ are defined
in the Kaucher arithmetic [9]. For a modal X = [x, x]dual
operator is defined as dualx = [X, x]. Thus, if X € gI, then

X - dualx = [0,0] = 0, dual¥ € gI. Let us suppose that
X € gl; then X is called symmetric modal if x = —X or vice
versa.

The set of all modals gI is a metric space with the metric
d defined by

d()?l,)?z)=max{|ﬁ—&|,|§1—§2|}. (1)

If X,y € gland x < X, y <
reduced ordinary set of interval numbers which is complete
metric space with the metric d defined in (1) [4]. If we take
X, = [a,a] and X, = [b, b], we obtain the usual metric of R
with d(X, X,) = |a - b|, where a,b € R.

7y then the set gl is

2. Definitions and Preliminaries

Let f be a function from N to gI which is defined by k —
f(k) = X, X = (X;). Then (X) is called sequence of modals.
We will denote the set of all sequences of modals by w(gI).

For two sequences of modals (X;) and (7), the addition,
scalar product, and multiplication are defined as follows: (X, +
Vi) =[x, +Zk5k +Vih (%) = [axy, axi ], o € R, (X ) =
[minx, y,» X Vi Xy > XV max(xy y, 5 Vi Xy X Vi)l
respectively.

The set w(gl) is a vector space since the vector space
rules are clearly provided. The zero element of w(gl) is
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the sequence 0= (gk) = ([0, 0]), all terms of which are zero
interval. If (X;) € w(gI) then inverse of (X;), according to
addition, is dual(X;,).

Let A(gl) < w(gl). If a sequence space contains a
sequence (&,) of modals with the property that for every
i1 € Mgl) there is a unique sequence of scalars (£,,) such that
lim, d(i, £,8, + -+ +£,8,) — 0then (g,) is called a Schauder
modal basis for A(gI). The series ) ;| 7€, which has the sum
#iis then called the expansion of i with respect to (¢,,), and we
write @l = Y0 £.8.

Let AM(gI) and p(glI) be linear space of modals. Then a
function A : A( gl) — wu(gl)is called alinear transformation
if and only if, for all &,%, € A(gl) and all £,%, € gI,
A(t,ii, + t,ih,) = T, AT, + 1, All,.

Proposition 1. If (X)), (¥,), and (7;) are sequences of symmet-
ric modal, then the following equality holds:

(X A(Fi) = Ft = (F) () = () (i) - (2)

Definition 2. A sequence X = (X,) € w(gI) of modals is said
to be convergent to the modal X, if for each & > 0 there exists
a positive integer 1, such that d(X;,x,) < € forall k > n,
and we denote it by writing lim; X} = X,,. Thus, lim, _, . X} =
Xy @ limy_, x; = x, and lim;_, X} = X,.

Definition 3. A sequence of modals, X = (X}) € w(gl), is said
to be modal fundamental sequence if for every ¢ > 0 there
exists k, € N such that d(X}, X,,) < ¢ whenever n,k > k.

Definition 4. A sequence of modals w(gI) is said to be solid
it y = (¥,) € w(gl) whenever ||y, || < [|X]l for all k € N and
X = (X) € w(gl).

Definition 5. A sequence of generalized intervals w(gl) is
said to be monotone if w(gI) contains the canonical preimage
of all its step spaces.

Definition 6 (Weierstrass M-test). Let f, : gI — gl be
given. If there exists an M, > 0 such that d[ f;(%),0] < M,

and the series Y't°, M, converges, then the series Y5, fi(%)
is uniformly and absolutely convergent in gI.

The following spaces are needed for our work:

cO(gI)z{ﬁz(ﬁk)ew(gI) hmd uk, =0
c(g1) = {a = (@) € w(gl):

- () € w(g) s supd (7,

)=}
lim d (3, %) = o}
)<oo}

M:

cs(gl) = {ﬁ = (@) e w(gl) : lim d<

e

k
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bs(gI):{ﬁ:(ﬁk)ew(gI sup{ (Z”k’ )]» ]»

1, (gI) = {a = () ew(gl): Y d(i,0) < oo}

T8

by (g1) = { = () ew(gl):

AL

d (i, - i,1,0) < oo}
bvo(gI)=<|ﬁ (ti) € w(gl) : Zd( — Upeyp )<oo,

lim d (3 )_0}

k— o0

owlo) = fi= @) wlon) - sha( 3 500 ) < oof

[ E(on) = = @) < won) : (k) < E (gD}

is the integrated space of E (gI)

aE (g1) = {a= (@) e w(an) : (1) € E oD}

is the differentiated space of E (gI).
©)

3. Main Results

Define a sequence y =
the T-transform of a sequence X =
Vi = (TX) = k(X = Xpeyy) k> 1.
We introduce the sequence spaces h(gI) and h (gI) as
the set of all sequences such that T-transforms of them are in
I(gI).
That is,

() which will be frequently used as
(%) € w(gl). That is,

Mg

d ((Tfi),0) < o0,

hgl) - { - (@) € w(gh):

=~
]

1

lim d(uk, )—0’>,

k— o0

o (gl) = {ﬁ = () ew(gl): sipd ((Tﬁ)k,ﬁ) < oo}> .

(4)
h(gl) is a normed space with the norm ||| =
Y1 d(Tti)y, 0).

Example 7. Consider the sequence #i = (#i;) defined by
[1,1], 1<k<mn
= (1) = (5)
(@) {[0,0], k>n
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Note that Y2, d((T@);,0) = Yo, d(k(iy — #,,),0) = 0
which is convergent.

Also limy, _, ., d(ii,0) = 0

Hence # = (1) € h(gI).

Theorem 8. h(gl) and h. (gI) are complete metric spaces
with the metrics d,, and Jhm defined by

dy @7) = ) d[(Ta), (TV)], (6)
k=1
d,,, (@,7) = supd (T, (TP 7)

respectively, where ti = (ii}) and Vv = (v}) are the elements of
the space h(gI) or h,(gI).

Proof. Let ({#@?} be any fundamental sequence in the space
h(gI), where a9y = {ti, e ﬁl ,...}. Then for a given € > 0,
there exists a positive 1nteger no(s) such that

3,77 = al(r), (i) ] <e.

= (8)
Vi, j > ng(g).

=

We obtain for each fixed k € N from (8) that
d [(T~(‘)) ,(Tﬁ(j))k] <e foreveryi,j=ny(e) (9)

which leads to the fact that {(Tﬁ(i))k} is a fundamental
sequence in gI for every fixed k € N.

Since gI is complete, {(T%"),} converges to (T@); asi —
0.

Consider the sequence {(T#),, (T%),, ..
(9) for each m € N and i, j > n,(e) that

al(ra®),. (1a),] = 4, (&

for i, j > ny (¢).

.}; we have from

Mz

,ﬁ(j)) <&,

k (10)

I
—

Take any i > n,(¢) and take limit as j — oo first and then let
m — 0o in (8); we obtain

d, (a%,7) < e. 1)

Therefore 7
We have to prove i € h(gl).
Since {#i”} is a fundamental sequence in h(gl), we have

RGN

— U.

0),  limd(@.0)=0. (12

k— o0
Now,
a[(1me.0) < a [T, (180, ] [ (15°), . (177),

+d[(Ta”) ,0].
(13)

Hence

. a((ra.5) = 3. d[irm,, (1)

kol
—_

+ zd [(ra?), . (1a"),] (4
. ki a[(ra?) ,3).

Also from (10) and (11), lim, _, . d[(T%),0) = 0. Hence @i €
h(gI). Since {77} is an arbitrary fundamental sequence, the
space h(glI) is complete.

Similarly, we can prove h (gI) is complete space. O

Theorem 9. The space h(gl) is monotone.

Proof. Let n < m; it follows from

d(i,0) < d (@, - 1y,1,0) + d (i, ~ ., 0)

~ ~ (15)
+ --+d(ﬁm_1 —ﬁm,0)+d(ﬁm,0)
that
) n—-1 _
|| < > kd (ft - 4,1, 0) + nd (8, - 8,,,,0)
k=1
+(m— l)d(ﬁm_1 - ﬁm,ﬁ) + md u 0 = ||~(m “
(16)
The sequence (&™) is monotone increasing; it thus
follows from & = lim,,_, @™ that @] = lim,_, @™ =
supnllﬁ(") [|l. This completes the proof. O

Theorem 10. The space h(gl) is not rotund.

Proof. Consider the sequences # = (#i;) and ¥ = (¥) defined
by

i = () ={[1,11,0,0,...},

7= (%) = {[1/2,1/2],[1/2,1/2],0,0,...}.

17)

Then

18

d ((T@i),0) < oo, id((TV)k ,0) <co.  (18)
k=1

=
1l
—

Also,

lim d [7,,0] =0,

k— 0o

lim d [vk,O] =0. (19)

k— 0o

Thus #i = (i) and ¥ = (¥;) are in h(gl) and Jh(ﬁ,ﬁ) =

d,[#0) = 1.
Note that i # 7, but Jh((ﬁ +7) /2,0) = 1. Therefore h(gI)
is not rotund. O



Theorem 11. The space h(gl) is not solid.

Proof. Consider the sequence

l1<k<n

k>mn, (20)
7= ) = ([-D 1)),

[1’ 1] >
[0,0],

a=wu={

Since

d[7,0] =d[#.0] =1,  d((T@),0)=0, (20
it immediately follows that & = (i1;) € h(gI).

However, it is trivial that d((T%),0) = 2. d((T7);,0) %
d((T4)y, 0), which implies ¥ = (%) ¢ h(gI). This completes
the proof. O

4. Dual Space of h(gI)

Definition 12. The «-dual, S-dual, and y-dual of s(gI) ¢
w(gl) are, respectively, defined by

{s(gn)}t"

={(@) e w(gl) : (HV) € L (g1) ¥ (%) € s (D)}
{s(an}*

={(#,) € w(gl) : (V) € cs(gI) ¥ (%) € s (D)}
{s(an)t’

={(@) € w(gl) : (V) € bs (gI) ¥ (%) € s (gD)}-

(22)

It is trivial that the following inclusions hold: {s(gI)}* ¢
{(s(aD}F < {s(gD)}".

Theorem 13. Let E(gI) and E,(gI) be the sets of sequences of
modals. Then the following statements hold.

(i) E(gI) c [E(gD]*.
(i) [E(gD)]PPP = [E(gD)]".
(iii) If E,(g) > E(gI) then [E, (gD’ c [E(gD)]*.

The same results hold for dual also.

Proof. Letui = (4i), vV = (), and W = () be sequences of
modal intervals.

(i) Suppose & = (i1,) ¢ [E(gD)]PP; then (#,7,) ¢ cs(gl)
for at least one v = (¥;) € [E(gI)]ﬁ. Butv = (%) € [E(gI)]ﬁ
implies that (i, 7,) € cs(gl) for all w = () € E(gl).

This means that # is not a member of E(gI). Hence
E(glI) c [E(gl )]/3 P The proof for (ii) follows similarly.

(iii) Suppose i = (i7) € [El(gI)]ﬁ; then (71,7,) € cs(gl)
forall v = (%) € E,(gI). Since E,(gI) > E(gl), vV = () €
E(gI). Thus [E, (gD))* ¢ [E(gD))F.
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Define the sequence ¥ = (¥,) which will be frequently
used as the B-transform of a sequence X = (X;) € w(gl).
That s,

k
i = (BO, = 2 Y (23)
i=1

The Cesaro space of [ (gI) is the set of all sequences such that
the B-transforms of them are in [ (gI). That is, o (I, (g])) =
{X = (%), supd[(BX)y , 0] < co}. O

Theorem 14. o(l (gl)) is a complete metric space with the
metric Ja(ﬁ, V) = sup.d[(Bi); , (BV),] where i = (i) and
v = (V) are the elements of space o(l.,(gI)).

Proof. Let T} be any fundamental sequence in the space
o(l,(gI)) where Ty = {ﬁf)’), ﬁ?), ...}. Thenforagivene > 0,
there exists a positive integer 7, () such that

, (2 79) = spd [(57),. (577),] <
k

(24)
Vi, j = ny(e).
We obtain for each fixed k € N from (24) that
d[(a?”) . (Ba”) | <e (25)

which leads to the fact that (Bﬁ(i)) « is afundamental sequence

for every fixed k € N. Since gI is complete, (Bi"), — (Bii),
asi — oo.

Consider the sequence {(Bi);, (Bii),, .. .}. We have from
(25) for each m € N and i, j > n,(¢) that

supd [(Ba”) , (Bu”) | < d, (a”,a7) <,
g (26)
fork=1,2...m, Vi, j>n,(e).

For any i > ny(e), taking limit j — oo first and letting m —
00 in (24), we obtain

d, (a",1) < e. (27)

Finally, we proceed to prove & € o(l(gl)). Since
{ﬁ(i)} is a fundamental sequence in (I (gI)), we have
sup,d[(Ba™);, 0] < oo.

Now,

d[(Bi),,0) < d[(Ba),., (Ba"), ]
+d(8a"),.(Ba”) ] +a[(Ba”),.0].
supd [ (Bid)y,,0| < supd [(Bia)., (Ba®), |
k k
+ sipd [(Bﬁ(i))k , (Bﬁ(j))k]

+ supd [(Bﬁ(j))k,ﬁ] < 00.
k
(28)
Hence @ € o(I(gI)).
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Since {#"} is an arbitrary fundamental sequence, the
space o(l,(gI)) is complete. O

Theorem 15. The -dual and y-dual of h(gI) are o (I, (gI)).

Proof. Let i = (5i;) € h(gl) and (V) € o(l,,(gl)). Since
(i) € h(gI), we have lim, _, . d[#,0] = 0. Therefore for
given & > 0, there exists #,, such that d[7, 0] < e.

Since (%) € 0(l,(gl)), supd[(BV),0] < oo. Thus

d[V, 0] < oo for all k and n.

Hence there exists an M > 0 such that d([¥,,0] < M for
all k and n.

Now,
d [#,,0] < d [#1,0] d [%,0] < eM. (29)

Yo, UV, converges uniformly by Weierstrass M-test.
Thus

o (s (1)) < [n(gD)]". (30)

Conversely, suppose (V) € [h(g] )]B . Then the series
Yoo, v converges for all (i7;) € h(gl). This also holds for
the sequence of modals (i) defined by (i7;) = ([-1, 1]) for all
k€ N.

Y ¥ = LA -L 1] = 22, max{lv [, []
converges uniformly. Thus sup,d[(BV),, 0] < oo.

Hence

(7) €0 (loo (a1)),  [R(aD) c ol (gD). (D

From (30) and (31), [h(gI)]ﬁ = 0(l,(gI)). This completes the
proof. O

Theorem 16. Consider
(i) h(gD) < 1,(gD) N [ ¢(gD).
(ii) h(gl) = 1,(g]) N [ by(gI) = 1,(g]) N [ byy(gD).

Proof. (i) Letu = (&) € h(gI). Then Y2, d((T#);,0) < oo
and lim, _, . d[#, 0] = 0.

Consider Y2, d(ii,0) < Y2, d((T@);,0) < oo. There-
fore, 71 = (i) € I,(gI).

And also since lim, _, . d[kii;, 0] = lim,_, kd[i,0] =
0, = () € [ q(gD).

Therefore, i = (55;,) € I,(gI) N Jco(gl). Hence h(gI) c
L(gD N [ c(gD).

(ii) Fork =1,2,...,

k (T = Uigyr) = Uiy + kil = kil = Uy
(32)
=ty + [k — (k+ 1) Ty, ]

5
o = (o) € h(gl) implies
o0 > Z d((Tu)k,O) = Zd(k(uk - ﬁk+l)’6)
k=1 k=1
> i d [kit — (k + 1) Tig,,,0] (33)
k=1
=3 d(@,,0).
k=1

The last series is convergent since h(gl) c I,(gI). Hence
also Y72 dlkii — (k + 1), 0] < 0o and therefore h(gI) C
_[ bv(gI).

Hence
h(gl) c 1, (gI)n Jbv(gI). (34)

Conversely, (32) implies for (i7;) € I,(gI) N jbv(gI)

> d((Ta),0) = Y d (k (@ ~ #,,),0)
k=1 k=1
< f d [kt — (k + 1) i1, 0]
k=1 (35)
+ 3 d(,,,0) < oo
k=1

klirréod [#.,0] = 0.

Thus (%) € h(gI).
Therefore,

1 (gI)n Jbv (gI) ch(gl). (36)

Hence from (34) and (36), we have shown that h(gl) =
I(gD) N [ by(gD).
Similarly, we can prove other equalities. O
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