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Abstract: In this study, the authors explore a generalised scheme for the synchronous code division multiple access (CDMA). In
this scheme, unlike the standard CDMA systems, each user has different codewords for communicating different messages. Two
main problems are investigated. The first problem concerns whether uniquely detectable overloaded matrices (an injective matrix,
i.e. the inputs and outputs are in one-to-one correspondence depending on the input alphabets) exist in the absence of additive
noise, and if so, whether there are any practical optimum detectors for such input codewords. The second problem is about
finding tight bounds for the sum channel capacity. In response to the first problem, the authors have constructed uniquely
detectable matrices for the generalised scheme and the authors have developed practical maximum likelihood detection
algorithms for such codes. In response to the second problem, lower bounds and conjectured upper bounds are derived. The
results of this study are superior to other standard overloaded CDMA codes since the generalisation can support more users

than the previous schemes.

1 Introduction

Multiple access communication systems were first studied by
Shannon. Moreover, different schemes of multiple access
systems such as code division multiple access (CDMA)
systems were introduced and explored in [1].

In general, users for CDMA systems send either binary or
non-binary data. In our present paper, we use a more
generalised concept of user data. Each user has a set of
codewords which do not necessarily construct a linear code.
We intend to study two main issues related to such
generalised CDMA (GCDMA) systems. The first problem
is to find uniquely detectable overloaded GCDMA matrices
and the second issue is related to the development of tight
lower and upper bounds for the sum channel capacity of
such a GCDMA system. We, as well as other authors [2,
3], have already studied these two issues for the standard
binary and non-binary CDMA systems:

In [2, 4, 5], a class of overloaded uniquely detectable
matrices for binary multiuser and binary/ternary signatures
for wireless and optical applications were developed. Mow
[4] presented a unifying approach to find one-to-one binary
and ternary matrices for binary inputs for multiuser
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applications. He also applied constructive theorems
developed by the previous authors [6, 7] to enlarge such
matrices; this paper also discusses asymptotic behaviour of
such matrices. In [2], the authors have also developed
uniquely detectable overloaded matrices for binary inputs
independently. In the continuation of [2], the authors
extended these matrices in [2] to non-binary finite real and
complex signature codes [8].

The theoretical developments in CDMA sum capacity have
been limited to users with Gaussian inputs where Welch
Bound Equality (WBE) codes achieve the theoretical
capacity [9, 10]. For binary CDMA, only asymptotic results
were known [11, 12] prior to our recent papers [2, 8, 13].
For non-binary finite input and signature alphabets,
asymptotic sum capacity results were developed in [3].

The GCDMA scheme consists of a family of codes (S, S,
..., S,). Each §; is a set of m x 1 vectors, which are called

codewords, namely S; = [A(”),A("z)’ “.’A(ili)}, where 4@

is an m x 1 vector. At synchronous time slots, the ith user
transmits one of the vectors from the set S;. A code family
(S1, S5,..., S,) is said to be ‘uniquely decodable’ if all the
sums of n vectors A7 (1 <j<1I), each from a different
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code, are distinct. In the absence of noise, the transmitted user
vectors can be detected uniquely from the received vector.
Binary version of this scheme is also known as T-user and
is studied by the authors in [14, 15]. In [14], a class of
uniquely decodable codes is introduced for the binary case
using iterative methods and the proposed decoder was only
for the noiseless case which is not computationally
practical. Also, the lower and upper bounds for the sum
capacity of such a scheme are derived for the binary
signature. In [15], the authors introduced a tighter upper
bound for the T-user binary case. Ferguson [16] introduced
a generalised code construction method for binary 7-user.

In our present paper, we will construct a class of uniquely
decodable overloaded codes with practical maximum
likelihood (ML) decoders. Unlike the previous authors on
the T-user schemes that only considered binary and
noiseless cases, we will also propose tighter lower bounds
for the sum capacity of our generalised systems that include
non-binary and noisy cases. We will also demonstrate that
higher sum capacities can be achieved using our proposed
scheme as opposed to the standard CDMA systems.

The rest of the paper is organised as follows: in Section 2,
the main characteristics of a GCDMA system are defined. In
Section 3, the uniquely decodable codes and their ML
decoding schemes are introduced and compared with the
previous methods. In Section 4, we will develop tight lower
and upper bounds for a GCDMA system with some
numerical results. In Section 5, the conclusion and future
works will be presented.

2 Preliminaries

In a CDMA system, each of the » users multiplies its data by
an m-chip vector, namely the signature vector, in order to
transmit the user data. The signature vectors belong to the
set 8", where S is the set of signature alphabets. Since the
baseband information spreads over the frequency spectrum
by a factor of m in CDMA systems, m is also called the
spreading factor or the gain. The channel model, under the
assumption of user synchronisation, is

1

Y_ﬂCW—i-N (1)

where C is the signature matrix whose columns are the
signature vectors of the users, W is the input vector, ¥ is
the observed vector at the receiver end and N=[N;, N, ...,
Nm]T, where N;’s are independent and identically distributed
(i.i.d) random variables of variance 0‘? with pdf (), is the
noise vector. Since the total user powers and the noise in
the above model are, respectively, equal to
tr(E(XCWW*C*)) and E(N*N) (the symbol * stands for
the Hermitian transpose), the multiuser signal-to-noise ratio
(SNR) is defined as

tw(E((1/m)CWW*C¥))
EQN*N)

SNR = ©)

Since E(N*N) = m(r}, the SNR definition can be written as

SNR = 1tr<[E(1 CWW*C*)) 3)
mo% m
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Now, we define the normalised SNR as
n="8NR &)
n

The sum capacity for a CDMA system is defined as

Clm,n,Z,S,m) = max max I(w;Y) (5
( ) CEMun(S) p(w1)p(w2).vep (W)

where 7 is the set of input alphabets, M, . ,(S) is the set of all

mxn matrices with entries from S, and

W =[w,wy, ...,w,]  €1".

If t = |Z|, where |.| stands for the cardinality of the set, we
define a GCDMA system to be a system with # users in which
the ith user has a set of ¢ signature vectors, namely
S, = {A(”), A2 A(it)} such that 4%) € 8" for 1 <j<t
and 1 <i<n. In order to transmit the jth symbol, the ith
user sends A”. Our channel model for this system,
assuming synchronisation, is

1
Y= ——
Jm

where N=[N;, N,, ..., Nm]T, and N;s are i.i.d random
variables with pdf f(.). Also, Y is the observed vector at the
receiver and A is an m X nt signature matrix in which
the column numbers from (i —1)¢+1 to it for 1 <i<n are
the elements of S, respectively. The input vector X is an
nt x 1 vector. The ith block in the input vector is defined to
be the entries with indices (i — 1)¢+ 1 to it for 1 <i<n. The
entries in each block are all zero except in one position,
which is equal to one. The index of the non-zero entry in
the ith block represents the transmitted signature vector of
the ith user. Hence, the output is the sum of »n signature
vectors.

In the noiseless case, a signature matrix A is called
‘uniquely detectable’, if all the ¢* observed vectors are
distinct. The sum capacity of GCDMA systems is defined as

AX + N (6)

QC(m, n, S, |Z|, n) = Aeﬂrlnax[(s) 1[171(2)1())<|](X; Y) (7

where the normalised SNR (7) is defined as shown in (4). In
the noiseless case, 7 in the above channel capacity function is
omitted.

3 Codes for GCDMA systems

In this section, we extend the class of generalised codes for
overloaded CDMA systems (GCO) defined in [8] to
GCDMA systems; these uniquely decodable codes for
GCDMA scheme are called the generalised user CDMA
(GUC) codes. An m x n matrix C, with entries in S is called
a GCO(m, n, Z, S) matrix if the mapping of Y=CW is
injective when it is restricted to the input vectors with
entries in Z. The proposed codes are uniquely decodable in
the absence of noise. We will discuss the construction of
GUC codes with the ML decoding and demonstrate some
numerical results.

3.1 Construction of GUC codes

Suppose we have n users, where each user has ¢ vectors with
entries from the signature S with a chip rate of m. Each user
uses one of the ¢ vectors in order to send one of the ¢
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messages. If such uniquely decodable codes exist, it is called
GUC(n, m, t, S). In this section, we will provide theorems for
constructing GUC’s for GCDMA systems.

The following theorem completely relates the case =2 in
GUC codes to the previous GCO codes discussed in [8].

Theorem 1: A GCO(m, n, {+1}, S — S) matrix exists if and
only if a GUC(m,n2,S) code exists, where
S—8={x—ylx,y €S}

Proof: Let C€ M, (S—S5) be a GCO matrix with
7 = {£1}. Hence the ith column of C can be written as v;
—u;, where v, and u; belong to S”". If we construct
A € M,,,,,(S) such that v; and u; are the vectors of the ith
user, then 4 will be a GUC matrix. We simply note that the
ith user vectors are equal to (v; +u;)/2 +wi(v; — u;)/2, where
w; can be =1. Then we can model the channel as

Y =CW+7, (8)

v,+u

where Y, =Y, L. Since C is injective on 1", the

transmission is uniquely decodable. Thus, v; and u; form a
GUC matrix. Inversely, a GCO matrix with Z = {+1} can
be obtained from a GUC code by putting the ith column
equal to v, — u;. O

Example 1: Assume S ={+1} and m=64. Applying
Theorem 1 on a GCO(64, 256, {£1}, {0, £1}) matrix, we
can obtain a GUC(64, 256, 2, S). By comparing with the
GCO(64, 193, {+1}, S), for a fixed chip rate and signature
set, the total number of users is increased as expected.

In the next theorem, a recursive method is proposed for
constructing large GUC codes from smaller ones. With this
theorem, it is easy to show that the overloading factor n/m
tends to infinity for large values of m for a fixed value of ¢
and alphabets of S.

Theorem 2: Assume a GUC(m, n, t, S) exists. Then, we can
obtain a GUC(2m, 2n + [, t, S) if [ x logyt < m.

Proof: We first present a simpler case as a lemma:

Lemma 1: Let Cbe a GUC(m, n, t, {£1})andlet D=H,, ® C
for w=2" Then, D is a GUC(mw, nw, t, {£1}) matrix.

Proof of lemma 1: The lemma can be proved by induction on

k.Ifk=1,then D = |:g _CC}. Suppose DX, = DX, where

X, =[X%, X, ]T and X, = [X;, X, ]Tare input vectors,
according to definition, such that Xl-/_ is an ntx 1 vector.
Hence

c(x, +x,) = (X, +x,)

(
C(X11 —Xlz) - C(XZ] —Xzz)

By adding and subtracting the two equations and using the
fact that C is a GUC matrix, results in X; =X,. This proves
the case for k= 1.

Now by induction and according to the fact
Hy=H,®H,®H,® .. ® H,, it arises that D is a GUC
(2m, 2n, t, £1) matrix. O
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From this lemma we conclude the following. Consider the

new /[ users and suppose V; ; is the jth signature of the ith new
T
. . T T T

user i <L j<t).LetV;; = [ViJ,l’ Vijas +o ViJ,W] such that
Vijp is anmx 1 vector and V;; g = >, V;;,- Now suppose
that V;=[Vi1, Via, Vis, ..., Vi ], satisfies the following
conditions for each i:

(1) The (i — 1) x [log,] +1 to i x [log,.] elements of V;
are from set B for different values of ;. Joum

B={—-w+2, —w+4, ...,0, ..., w—2,w}

(2) For different values of j, the subvectors consisting of (i —
1) x [log,f] +1 to ix[log,t] entries of V;;qm are all
different.

(3) Vi, jsum 1s zero in other elements for every ;.

Note that according to Lemma 1 such V;’s exist.

To prove Theorem 2, it is sufficient to show that if D= [H,,
® C/Z], where Z=[V1, V5, V3,..., Vj] and C is a GUC(m, n, t,
{*+1}) matrix, then D is GUC(wm, wn+1, t, {+1}).

Suppose that there are two different input vectors X; and X,
such that

DX, = DX,
Note that

c c c z ?

cC C Cc 27, X2

3

DX, = cC C Cc Z .

o : : : ‘X:w

c ¢ ... C Z, Ba

such that Z; contains (i — 1) x mth row to i X mth row of Z and
X; is ntx 1 vectors for each i (1<i<w) and Yisa ltx1
vector. It results in

X, + X 4+ ..+ X, o+ Y,
X Xip + 0 = X, + T
DX] _ Xl,l + X1,2 - — Xl,w + Y1’3
Xy — Xip + + X, + Y,

Such that X; ;= C % X; and Y, ;=Z;x Y. Then if DX; = DX,

A + 4, + ... + A, + B, =0
A, — 4, + ... — A, + B, =0
A, + 4, — ... — A4, + By =0
A, — A4y, + ... + A, + B, =0

Such that Ai :Xl,i - X2,i and Bi: Yl,i - Y2’l‘. Note that

[4, 4, 4, A,]xH,=[B, B, By ... B,]
= [4, 4, 4, A,] x wi,
=[B, B, B B,] x H,
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Hence, we obtain that term ), (—1)*B; for a€ {0, 1} is
divisible by 2w. However, according to the construction of
B/s each element of them is less than 2w. Thus, the
summation must be zero. However, we know that H,, ® C
is GUC(wm, wn, t, {£1}) as mentioned in theorem. O

Example 2: Applying Theorem 2, we deduce that a GUC(2m,
2n+ [m/logy3], 3, {£1}) can be obtained from GUC(m, n, 3,
{%1}). By starting from n=1 and m =2, we achieve a GUC
(64, 112, 3, {£1}). Comparing GCO codes with m =64 and
n=103, we conclude that GCDMA systems codes can
support more users than traditional CDMA systems.

In the next section, we provide an ML decoding of the
proposed codes for GCDMA systems.

3.2 ML decoding scheme for a subclass of GUC
codes

In this section, we propose an ML decoding algorithm for the
cases t=2 and =3, which correspond to the binary and
ternary inputs, respectively.

(1) Case I. t=2: As stated in Theorem 1, a GCDMA system
using a GCO matrix can be modelled as

Y=CW+Y,+N )

where C is an m X n matrix with (v, —u;)/2 as its ith
column, Y, = > (v, + u;)/2 and N is the noise vector
which has a Gaussian dlstrlbutlon with zero mean and
auto-covariance matrix oI (I denotes the identity
matrix). If the codes are made according to Theorem 1,
then C is a ternary GCO (GCO(n, m, {£l}, {0, £1}))
matrix and can be obtained from smaller ternary
GCO matrices, To implement ML decoding, the
term |¥ — CW—Y,|, must be minimised, where
W e {(+1}".

B

In the first step, we reduce the problem into a set of
decoding problems with smaller code matrices. Consider a
GCO matrix C,;x,w=H,®D;«; generated by the
Kronecker product of a Hadamard matrix H with a smaller
ternary GCO matrix D. The received vector is

Y=CW+Y,+N=H, QD)W +Y,+N  (10)

Then we multiply both sides by

(H,'® )Y =T D)W + (H,' ®I)(Y, +N) (11

depends only on the first £ elements of W and the first /
clements of (H,,' ® I)(Y, + N); the second / elements of
( 'or ) Ydepends only on the second k elements of W
and the second / elements of (H,' ® I)(Y, + N) and so on.
Hence, we have divided the problem of decoding a GUC
system with m=rl and n=rk to decoding r GUC systems
with m=/ and n=+k. If the decoding of smaller systems is
ML, then the decoding of larger matrix is also ML.

In the second step, we will further reduce the complexity of
the decoding. By permutation of D, we can assume that

=[A B], where 4 is an /x/ unitary matrix and B is
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an / X (k— /) matrix. We have

Y=DW+Y,+N=[4 B][w, w,]' a2)
+Y0+N=AW1+BW2+YO +N

where W, and W, are column vectors of length / and k— 1,
respectively. Multiplying both sides by 4™, we obtain

AN Y =-Y) =W, +4'BW,+47'N  (13)

Thus, the decoding algorithm leads to solving the following

optimisation problem

. -1 —1 A A

ming, jy, [47 (¥ = Yo) —A7BW, = Wi, (14)

Instead of looking through all possibilities for W

we can search among 2"~

=W,
! possibilities of /¥, and obtain

W, = sign(4~' (Y — Y,) — A 'BW,) (15)
where sign(z) is obtained by substituting the positive entries

of z by 1 and the negatives by —1. Since 4 is unitary, this
decoding algorithm is ML.

Example 3: The direct implementation of the ML decoding of
a GUC matrix Ggg « 160 =Hs @ Dg « 59 requires about 2160
comparisons of vectors, which is an NP-hard problem.
However, using the stated scheme, the complexity of
decoding is 8 x 2!2=2"3

(2) Case 2. t=3: In this case, each user has three signature
vectors, namely v;, u;, and w;. Thus, each user vector
can be written as (v; + w;)/2 +x;(v; — u;)/2 + y(w; — u;)/2,

can be [I -l ]T, -1 -1 ]T or

1 1 ]T to form v;, u;, and w;, respectively.

where | x; yi]T

Hence, we model the channel as Y= CW+ Y, + N, which is
similar to the previous case except that C is an m X 2n
matrix with columns of (v; —u;)22 and (w; —u,)/2; W is in
the form of [zy, ..., z,]", where each z; = [ x, y,-]T can be
1 -1 ]T, -1 -1 ]T or [-1 I]T. The first step in Case
1 can be also implemented here, but the second step must
be modified to suit this case.

A and B are m x m and m % (2n — m) matrices; also W] and
W, are m X 1 and (2n — m) x 1 vectors, respectively. Instead of
obtaining W] from (15_'), we have to find the nearest vector of
the form [z1, ..., Zwp]" from E=A""(Y - Y,) — A~ 'BW5. To
find such a vector we have to decompose £ into [ey,..., em/z]T,
where e; consists of the (2i — 1)th and (2i)th elements of E.
Thus, z; can be obtained from

[-1 11", if0<y, andx; <y
=101 -1, fx<0 andy <0
[1 -1, if0<x andy <x

The rest of the algorithm is the same as the one in Case
1. Hence, we can decode a GUC(wm, wn, 3, {£1}) (which
is formed by Kronecker product of a Hadamard matrix of
size w with a GUC(m, n, 3, {£1})) with the complexity of
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bit error rate (BER)

10| —s— WBE(64,160)
- - - GCO(64,160)
—e— GUC(64,160,{+1},{+1})
—e— Hadamard(64,64)
0 2 4 6

107

8 10 12 14 16 18
n (dB)

Fig. 1 Bit error rate against normalised SNR (1) for a GCDMA
system with m =64, S={+1} and t =2

3"~™2_ However, the implementation of the direct ML
decoding scheme has the complexity of 3",

Example 4: Using Theorem 2, we can obtain a GUC(16, 20,
3, {£1}) from a small GUC with m=2 and n=1. Then, we
can achieve a system with m=64 and »=80 by the
Kronecker product of this system with a Hadamard matrix
of size 4. The decoder of this system with an exhaustive
search is an NP-hard problem (about 3*° computations).
However, using the above decoder, only 4x3'?
computations are required, which is nearly 3% times
simpler than the direct approach of decoding.

3.3 Numerical results

To evaluate the performance of the GUC codes in noisy
environments, we compare it to WBE and Hadamard codes
assuming additive Gaussian noise. Fig. 1 confirms that
GUC, similar to GCO, are superior to WBE codes. To
compare GUC with GCO with the same number of chips
and users (m=64, n=120), we first add eight random
vectors to GCO(8, 12, {£1}, {£1}), and then derive a GCO
(64, 160, {+1}, {£1}) matrix from the Kronecker product
of this matrix with a Hadamard matrix of size 8. Simulation
results confirm that a GUC code performs better that GCO
as we expected since GCO matrices are special cases of
GUC matrices.

www.ietdl.org

4 Bounds for the sum capacity of GCDMA
systems

In this section, we shall derive some lower and upper bounds
for the sum capacity of GCDMA systems and compare them
to the capacity bounds for CDMA systems. The following
theorem relates the GCDMA capacity for the case 1=2 to
the CDMA capacity.

Theorem 3: For the noiseless case, the GCDMA sum capacity
can be derived from the following equality

The proof is given in Appendix 1.

Corollary 1:
GC(m, n, § = {£1}, t =2) = C(m, n, {+1}, {0, £1}) = sup
0,7
- — Y
& = \k 2"\ \a, a, k —2a 0 !
)

where 7(.) is the distribution function on {0, + 1}, such that z
(0)=rmy and #(+1)=n(—1)=7m;.
In [8], the lower and upper Dbounds for
C(m, n, {0, +1}, {£1}) are derived, which can also be
used for GC(m, n, {1}, t = 2). With comparison to the
lower bound of C(m, n, {+1}, {+1}), it is seen that the
generalised binary CDMA systems have tighter lower
bounds as those of the binary CDMA cases.

For the noisy case, the following theorem gives a lower
bound for the sum capacity of GCDMA codes for the case
of t=2.

Theorem 4: For the noisy case, we have

The proofis given in Appendix 2. Also note that when 1= oo,
the above inequality reduces to the bound represented in (17).

In a GCDMA code with ¢ =2, the parameter p is introduced
to represent the correlation between signature vectors of any
user. That is, p=—1 corresponds to a CDMA system, and

p=1 is the trivial case in which the two signature vectors

are equal. Moreover, p =0 represents the case in which the
signatures of a user are uncorrelated. To find the maximum
capacity, different values of p should be examined. The
numerical results show that the optimum p is not always
equal to —1, which represents a classical binary CDMA
system.

Fig. 2 shows the bounds of the sum capacity against the
number of users for the noiseless case with m =32 and 64.

GC(m, n, {+1}, 2, n) > sup sup{—m(yloge — log(1 + 7))

p Y

el S (1)
(3557 (2
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[ i l—p a 1+p i—a

= <a) <T> (T> (18)
k—i—p m

) (e(vn/((lJrv)rn))ZaZBIz))} ”
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Upperbounds for m = 64
T

T T
—— Upperbound

Maximum over all values of p
---p=0

imimp= -1

—— Upperbound

oo Maximum over all values of p
-=--p= 1]

==p= _1

Upperbounds for m = 32

capacity

Lower bounds for m = 32

L ey 1 1 L

250 400

200
number of users

Fig. 2 Sum capacity bounds against the number of users for the
noiseless case in which m =32, 64, S={+£1} and t=2

Upperbound Upperbounds for m = 64
o Maximum over all p T

---p=0 R
—— Upperbound . ---."""' A o
<o Maximum over all p it [

---p=0
mimipE -

Upperbounds for-m = 32 Lower bounds for m = 64

capacity
/
/

-
Lower bounds for m = 32

L L
250

150 400

200
number of users

Fig. 3 Sum capacity bounds against the number of users for the
noisy case when m =32, 64, n=10, S={+l} and t=2

The plots with p=—1 can be interpreted as the lower bound
of a CDMA system whereas the plots which are the
maximisation over all the values of p represent lower bound
for a GCDMA system. It can be seen that in a GCDMA
system, tighter bounds can be achieved. This figure

~
P P .

O

Upperbound—___ -
— -
T RS
»? r |

capacity

R ¥4 —— Upperbound L
F s -+ -Maximum over all p
¥ l" - - = -
7 r-p=-06
’ —e-p= 0
p=-1

25 30
SNR(dB)

35

Fig. 4 Sum capacity bounds against SNR for n =400 users, m =
64, S={+1} and t=2

suggests that the number of users in GCDMA systems
maybe higher than that of CDMA systems. This figure also
shows the upper bound of a GCDMA system according to
(7) for both m=32 and m=64. Fig. 3 shows the same
results for the noisy case when n=10. This figure also
shows that the bounds become less tight when the channel
becomes noisy.

Fig. 4 shows the numerical results for the bounds of the
sum capacity against SNR when n=400 and m=64. The
lower bounds are plotted for various values of p. It can be
seen that the bounds are linear with respect to SNR values
in decibel up to a point and then saturates at high SNR
values when interference because of the number of users
become significant.

For the general case when & = {+1}, the sum capacity
lower bounds can be derived from the following theorem.

Theorem 5: For arbitrary ¢ and 7, the following inequality
holds (see (19))

The proof is given in Appendix 3.

Fig. 5 shows the numerical results for the normalised sum
capacity lower bounds of a binary noiseless GCDMA system
with m = 64, against the number of users for different values
of t. The plots correspond to cases =2, 4, 8. The capacity per
user is almost equals to logt when the number of users is less
than a threshold value, and it decreases exponentially
afterwards.

For the general noiseless case when
§=1{0, +1, ..., +p}, the lower bound is shown in the
theorem given below.

QC(m, n, S ={+l1}, ¢, n) > supl—m('yloge — log(l + 'y))
¥

(50 (2
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2k

1

)

(19)

;Tk (e(—vn/((1+7)m))l2k—2i2)) ) }
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Fig.5 Normalised sum capacity lower bounds against the number
of users for m = 64 and various values of t for the noisy case and

S={+l}

Theorem  6: In the absence of noise for
S= {O, +1, ..., ip}, the following inequality holds

QC(m, n, {O, +1,., + p}, t)

n n (t—l)k m
> —1 A (2k)
gZ(k) I (4,0)

(20)

where A4,(2k) is the probability of the event when
Z,zil a; = 0 such that a;’s belong to the set {0, *1,..., £p}
with uniform distribution.

The proof is given in Appendix 4.

The numerical results for the normalised sum capacity
lower bound for GCDMA systems with m =64 and various
values of ¢ for p=1 and p=2 are shown in Figs. 6 and 7,
respectively. As expected, the numerical results show that
when p=2, the system is saturated at a larger number of
users than the case where p=1.

Incidentally, from Theorem 3, the upper bounds of a
GCDMA system are exactly the same as the CDMA system
for the case when =2 and S = {+1}.

Theorem 7 (conjectured upper bound): Let f be a symmetric
probability distribution function, that is, f(x) =f(—x). Define
n

the function 7 by f(x) = Z;l':o 2],, vl (x — 21;{); we have

QC(m, n,S = {il},t:Z,f)

< min(n, m(h(f) — h(f)))

where A(.) is the differential entropy.

21

Proof: From Theorem 3 and the upper bounds of
corresponding CDMA in [8], the above inequality can be
derived trivially. O
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Below we shall give two examples for the upper bounds of
specific GCDMA systems.

Example 5 (Noisy Case): For a Gaussian distribution, we have

n
. 1 (1) x — ((2f — n)/(/m))
s (X)_m/ﬁj:o 2 e"p(_ 207 )
(22)
38 e
---t=4
ot o

number of users

Fig. 6 Normalised sum capacity lower bounds against the number
of users for m =64, p =1, S={0, £1} and several values of t

capacity per user
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i H 1 i i i 1
] 50 100 150 200 250 300 350 400
number of users

Fig. 7 Normalised sum capacity lower bounds against the number

of users for m =64, p =2, §={0, +1 +2} different values of t
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Thus

GC(m,n, S = {+1},t =2, &)

< min(n, (1) - og(VEm0)))

Example 6 (Noiseless Case): For the noiseless case, we
assume that the pdf of the noise is an impulse, therefore

~ L <j> 2j—n
Sx) = - 5( - ) (24)
0=3 (-2

This is a discrete probability distribution. Hence, we use the
usual entropy instead of the differential entropy, and the
upper bound becomes

gC(m. n, S = {1}, 1 =2, %) < min(n, m(H(7))) (25)

5 Conclusion and future work

In this paper, we introduced a new framework for GCDMA
systems in which each user uses a set of signature vectors
for sending its data. In this new framework, we have
addressed two main problems. The first concern was related
to the development of uniquely detectable matrices (GUC
matrices), which were constructed for finite users and
signature matrices. Also, practical ML detection algorithms
were suggested. The constructions showed that with the
suggested GCDMA system, one may support more users in
comparison with the classical CDMA systems. Numerical
results for special cases showed that GUC matrices
outperformed the codes proposed in previous works for
overloaded CDMA systems. Our second concern was on
the evaluation of the bounds for the sum capacity. We
explored the problem by deriving general theorems and
examples for special cases.

As for future work, we suggest to study the effects of
fading because of multipath and near far effects on
injectivity of GUC matrices and the evaluation of the sum
capacity bounds. Also the generalisation of the new scheme
to an asynchronous system is another interesting problem.
In addition, the consideration of sparse active users in a
GCDMA system is a good topic for future work.
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8 Appendix
8.1 Appendix 1: Proof of Theorem 3

Each of these capacity functions is the maximum of /(X;Y)
over all possible matrices and input distributions. In the
absence of noise, I(X;Y)=H(Y).

First, suppose that GC(m, n, S, 2) = H(AX) for an m % 2n
fixed matrix 4 € M,,,,(S) and a probability distribution p
on inputs {(1, 0), (0, 1)}". We construct a new m x2n
matrix B from matrix A by substituting columns A4,,_q, Aoy
with Ay, + Aoy, Asr_1 — Aoy, respectively. By substituting
the input pairs (1, 0), (0, 1) with pairs (1, 1), (1, —1),
respectively, we obtain new input vectors which can
transfer the same data when multiplied by B. Note that
input entries with odd indices are always 1. By removing
the columns of matrix B with odd indices and the
corresponding entries in the new input vectors, we obtain
matrix C € M,,,(S —S) and the new input vectors X €
{£1}" with the same input probability distribution, which
are appropriate for the CDMA case and yield the same
entropy. Thus, we have

C(m, n, {1}, S —8S) > GC(m, n, S, 2) (26)

Conversely, if C(m, n, {+1}, S —8) = H(AX) for a fixed
m > n matrix C and a probability distribution p’ on the set
{+1}, we follow the reverse steps mentioned in the
previous paragraph to obtain the same entropy for GCDMA
case and conclude that

gc(ma n, S: 2) Z C(ma n, {i 1}9 S - S) (27)

Considering (26), (27), we can derive (17). |
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8.2 Appendix 2: Proof of Theorem 4

In [8], the authors proved that for a given Z and S, the
following equation holds

C(m,n,Z, S, m) = sup sup
™y

{—m(yloge — log(1 + 7)) (28)
togtg (B (o)) )

where r:\/2n/<<0’§+n,u§>(0%+uﬁ)>, b and X are,

respectively, vectors of length » with ii.d. entries of
distributions 7(-) and p(-).

In our theorem, we consider a special case of this theorem,
where b is a vector of length 2n representing an arbitrary row
of the signature matrix in GCDMA. Therefore, b,;_; and b,;
are the entries of signature vectors of user number £ in that
specific row. We consider by, by, to be correlated by a
factor of p. In other words (b, by) =(+1 +1) or
(-1 =1 with probability (1+p)4 and
(byp—1, byp) = (+1 =1y or (-1 +1) with probability (1
—-p)A.

Hence, p and 7 in (28) are replaced by p and r?
exponentlal function is replaced by 27. In our case, X is a
vector of length 2n defined as follows

X={X-Y|X,Y are input vectors} (29)

As we previously mentioned, each pair Xp;_1, Xy in the input
vector X belongs to a user and is either (0 1) or (I 0).
Hence, each pair in X is either (0 0) with probability 0.5
or one of the pairs (I —I) and (-1 1), each with
probability 0.25. The total number of X € X with &

n
r ) Note that

Es <([Eb (e((—wz)/a(lmw)!be(V))m)

= ¥ s =ng r)ecomli

every possible ¥
-3 () () (Ll
k=0 k 2 ’

where Z; for 0 <k <n is a vector of length 2n, which begins

with k pairs of (1 —1 ) and ends with n — k pairs of zero.
The last part in this equation is derived from the fact that

replacing a (=1 1) pair with a (1 —1) pair in X or

changing the order of pairs does not change the value of [E,.
Fixing X to Z;, we have

non-zero pairs is (

2 N m
=3

(30)

x| = sz, — by (31)

As we mentioned before, there are four pairs of by,_1, b,; for
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1 <i<k, and the value in exponential function in (28) is
independent of the order of pairs in b.

Thus, we can choose 0 <i < k pairs of k non-zero pairs to
begin with 1, so that the other k¥ —i pairs begin with —1.
0 <a<i pairs of these i pairs are (I —1), while 0<B<k
— i pairs of the k— i pairs beginning with —1 are (—1 1).
Hence, in this case |5"X| is equal to |2 — 25| which yields

)
LR ()

e (el g

(32)
S0 ()
B=0 2
(e( 2) /2(1+ym)) [2a-2p] >
From (28), (30) and (32) the proof is complete. O

8.3 Appendix 3: Proof of Theorem 5

Again, we take the advantage of (28). However, we consider
b and X to be of length nt. The probability distributions on X
and b are specified in our case. Hence, the following
inequality can be derived from (28)

GC(m, n, {£1}, 1) > sup
Y

{—m(yloge —log(1 + 7)) (33)

 togt (1ol mmlesT) )

It is easy to see that each user block of length ¢ in X is either
completely zero or has exactly one entry equal to 1 and one
entry equal to —1. Without loss of generality, we assume
that all non-zero blocks are in the beginning of the vector
and the first two entries of a non-zero block are (1, —1),
respectively. To simplify (33), we suppose that exactly 0 <
k<n blocks in X are non-zero and the other blocks are
zero. Therefore we have

(G )50 ()

k 2 m
§ (%) £y o) e em) x| ¢ =zk>

(34

where Z, is defined as in proof of Theorem 4. As each entry in
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b is either 1 or —1 with probability 0.5, we have

X:4>
:i 2N L ( () rnm)izi-ait
s i 22k

By considering (33), (34) and (36), the proof is complete. []

E, (e((—wz)/ eym) 5|’

(35)

8.4 Appendix 4: Proof of Theorem 6

Using (33) and (34) from the previous proof, we can prove
Theorem 6. The only step left to complete the proof is to
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show that

i=0

k—1
PI'(Z ik+1 —

bii2) ) = 4,2 k) (36)

According to the symmetry in ?

k=1 k-1
Pr(Z a1 — bigsn) = 0) = Pr(Z it T bipsn) = O)

i=0 i=0
(37

The right-hand side of the upper equality is exactly the
definition of 4,(2k). O
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