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Abstract: In this study, the authors study lossy communication of correlated sources over a multiple-access wiretap
channel (MAC-WT). Consider a system with two transmitters, a receiver and an eavesdropper. There are two correlated
sources where each of them is observed by the corresponding transmitter, separately. Each transmitter wishes to
describe its source sequence to the receiver with a desired distortion. The sources need to be kept secret from the
eavesdropper. They find an achievable region for the MAC-WT with correlated sources by separation. A joint source-
channel coding scheme for the MAC-WT is also proposed. They consider lossy communication of a bivariate Gaussian
source over Gaussian MAC-WT (GMAC-WT). They propose a separation-based achievable scheme for the GMAC-WT.
An achievable region for the GMAC-WT based on uncoded transmission is also found. They compare the separate and
the uncoded schemes for the symmetric GMAC-WT, where the same constraint on the power of each transmitter is
imposed and the same distortion on each source is achieved. For another case of source correlation coefficient, they
compare the separate, uncoded and hybrid schemes. They obtain outer bounds to the rate-distortion-equivocation
region of: (i) the degraded MAC-WT where the output at the eavesdropper is a degraded version of the output at the
receiver, (ii) the GMAC-WT with independent sources and (iii) the symmetric GMAC-WT when the correlation of the

sources is maximum. Optimal regions for some cases are established.

1 Introduction

Consider a multiple-access channel (MAC) where there are two
transmitters, a receiver and two sources. Each transmitter observes
its source component, separately and tries to describe its source to
the receiver. The receiver wishes to reconstruct both sources with
desired distortions. There is also an eavesdropper (wiretapper)
from which, the sources need to be kept secret. The whole system
is referred to as multiple-access wiretap channel (MAC-WT). The
motivation of this model is given by an example in the following
(see Fig. 1). Consider a wireless sensor network where the sensors
collect environmental conditions and send them to a main
location. The data of the sensors may have correlated with each
other. Also, suppose that there is another location that eavesdrops
the data of the sensors. Fig. 1 illustrates such a network with two
Sensors.

The coding scheme for the above model includes three major
concepts: secret communication, joint (or separate) source-channel
coding and lossy communication over noisy (wireless) channels.
The information theoretic secrecy was first introduced by Shannon
[1]. Wyner [2] studied the so-called wiretap channel (WTC) where
there are a transmitter, a receiver and an eavesdropper. He
determined the capacity of the degraded WTC where the channel
of the eavesdropper is a degraded version of the channel of the
receiver. The achievable scheme involves adding randomness to
the transmitted codeword so that the eavesdropper cannot obtain
enough information about the source. Csiszar and Korner [3]
considered the general WTC and established the secrecy capacity.
There are some works that extended the secrecy problem to
MAC-WTs [4-6] and MACs with confidential messages [7, 8].

Source-channel separation theorem states that a source sequence
can be reliably transmitted over a single-user channel if and only
if the minimum source coding rate is below the channel capacity
[9]. Optimality of the separation does not hold for general
multi-user channels. However, the separate scheme has been
considered in several multi-user networks, for example, in relay
channels [10-12], compound MACs, two-way channels and
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interference channels [9]. Cover et al. [13] showed by an example
that the separation is not optimal in the MAC with correlated
sources. Therefore, joint source-channel coding received
considerable attention, for example, in broadcast channels [14, 15]
and relay channels [16]. Lim et al. [17] proposed a hybrid scheme
for the transmission of correlated sources over MAC. In this
scheme, each transmitter compresses its source component to a
codeword. It then maps the observed sequence and the compressed
codeword to the channel codeword, symbol-by-symbol. Recently,
the hybrid scheme of [17] has been employed to find sufficient
conditions for the transmission of a source over WTC with side
information at the receivers [18].

Lossy communication of correlated sources has been studied in
different multi-terminal channels, for example, WTCs [19],
interference channels [20] and Gaussian sensor networks [21].
Lossy transmission of Gaussian correlated sources over a Gaussian
MAC (GMAC) has been considered in [22]. Necessary and
sufficient conditions for the achievability of a distortion pair have
been found in [22]. The coding of [22] is related to the quadratic
Gaussian two-terminal source-coding problem [23, 24]. In this
problem, correlated Gaussian sources are described to a central
receiver. It has been shown that the Berger-Tung inner bound [25]
is optimal in this case.

In this paper, we consider lossy communication of correlated
sources over MAC-WT. Comparing to [4], we consider the
correlation between the sources, and comparing to [17], we
introduce some secrecy constraints. First, the separate scheme is
employed to find an achievable rate-distortion-equivocation region.
For the achievability, each source is compressed into common and
private codewords. The common codeword can be decoded by the
eavesdropper. The private codeword needs to be kept secret from
the eavesdropper using Wyner's wiretap coding [2]. The
corresponding indices are sent to the receiver through channel
codewords. Next, we propose a joint scheme based on hybrid
coding of [17]. In this scheme, each transmitter compresses its
source into common and private codewords. It then maps the
source and the codewords to the channel codeword,
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Fig. 1 Two-sensor wireless network with an eavesdropper

symbol-by-symbol. In this case, the analysis of the probability of
error is not the same as the conventional random coding proof,
since the transmitted codeword depends on the entire codebook
[26]. The secrecy analysis of this work is different from standard
Wyner’s proof. In this analysis, we find sufficient conditions so
that the eavesdropper can find the private indices, given the
common indices. Then, we consider lossy transmission of a
bivariate Gaussian source over Gaussian MAC-WT (GMAC-WT).
An inner bound to the distortion-equivocation region of the
GMAC-WT is proposed using the separate scheme. The optimal
rate-distortion region of the Gaussian two-terminal source coding
problem [23, 24] is combined with other achievable region which
is based on separation. We also obtain an achievable region for the
GMAC-WT using uncoded transmission. The achievable region of
the separate scheme is compared with that of uncoded
transmission for the symmetric GMAC-WT, where the same
constraint on the power of each transmitter is satisfied and the
same distortion on each source is achieved. We derive the results
of the comparison when: (i) the sources are independent, in this
case, the distortion at the receiver for the separate scheme is
smaller than the uncoded scheme. However, the secrecy rate of the
separate scheme is larger than the uncoded scheme, (ii) the
correlation of the sources is maximum, in this case, the distortion
at the receiver for the uncoded scheme is smaller than the separate
scheme. Moreover, the secrecy rate of the separate scheme is
larger than the uncoded scheme. We also compare the separate,
the uncoded and the hybrid schemes for another case of source
correlation coefficient. An outer bound to the rate-distortion-
equivocation region of the degraded MAC-WT is proposed, where
the eavesdropper’s output is a degraded version of the receiver’s
output. This bound is extended to some other cases of GMAC-WT.
This paper is organised as follows:

e In Section 2, we present a mathematical framework for our work.
e In Section 3, we propose an achievable scheme for the MAC-WT
using separate scheme. We also discuss some special cases of the
inner bound.

e In Section 4, we obtain an achievable region for the MAC-WT
using hybrid scheme. We also propose an outer bound to the
rate-distortion-equivocation region of a class of MAC-WTs.

e In Section 5, we consider the lossy transmission of a bivariate
Gaussian source over a GMAC-WT. We propose outer bounds to
the rate-distortion-equivocation region of: (i) the GMAC-WT with
independent sources and (ii) the symmetric GMAC-WT when the
correlation of the sources is maximum. We also find achievable
regions for the GMAC-WT using separate scheme, uncoded
transmission and hybrid scheme. We compare the achievable
regions of the uncoded transmission and the separate scheme for
the cases of: (i) independent sources and (ii) maximum correlation
of the sources. Also, the separate, the uncoded and the hybrid
schemes are compared with each other for a special case of source
correlation coefficient. Optimal regions for some cases are
established.

e Conclusions are provided in Section 6.
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Fig. 2 Lossy source transmission over MAC-WT

2 Preliminaries and definitions

We denote discrete random variables with capital letters, for
example, X, Y and their realisations with lower case letters x, y. X7
indicates a sequence of random variables (X, ..., X;). We use H(.)
to denotes the entropy of a discrete random variable and /(.;.) to
denotes the mutual information between two discrete random
variables. We denote by Ap(X, Y) the set of e-strongly jointly
typical sequences of length n, on p(x, y). A random variable X
takes values in a set X. Finally, we denote the probability density
function of X over X with p(x) and the conditional probability
density function of X given Y by p(x/y).

Consider the problem of transmission of correlated discrete
memoryless sources (S, S,) over a discrete memoryless MAC-WT
(X, x X5, pO, z|x|, x,), Y x Z) as depicted in Fig. 2. Moreover,
the sources are independent over time. Each transmitter tries to
send its source to the legitimate receiver so that both sources are
reconstructed with desired distortions. The sources must be kept
secret from the eavesdropper.

Let d;:S; x S| — [0, d,] and d,:S, x S, — [0, d,,,] be two
finite distortion measures such that 0 <d.x <oo. The average
per-letter distortion for each s/",ﬁl” S SJ’-', j=1:2, is defined as

di(s},87) = (1/m) 37 di(s;4 3;))-
Definition 1: An (m, n)-code for source-channel coding is defined by
e two stochastic encoding functions at senders: f;:S7 — X7 and

f:85y — X5 and
e a decoding function at the receiver: g:)" — S7 x S5.

Definition 2: A tuple (x, Dy, Dy, R.1, Rep, Re12) 1s said to be
achievable if there exists an (m, n)-code such that

2ok (1)
m
Eld, (S}, S{)] < D, )
Eld,(Sy', $5)] < D, 3)
1 T n
—H(ST'|Z") = R, )
m
1 m n
—H(S'|Z") = R, )
m
1 m n
EH(S’", S$5'12%) = R,1, (6)

The set of all achievable tuples is denoted by R* and is referred to as
the rate-distortion-equivocation region.

3 Separate scheme

In this section, we first find an inner bound to the
rate-distortion-equivocation region of the MAC-WT using
the separate scheme. Then, we discuss some special cases of the
proposed scheme. The achievable region is given in the following.
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Fig. 3 Codebook of separate scheme

a Source Codebook
b Channel Codebook

Theorem 1: A tuple (x, Dy, D,, R.1, Res, Re12) is achievable for the
MAC-WT if (see (7))

where Vi, V5, Wy, W, Uy, U, are auxiliary random variables with the
distribution  p(vi, wils1) p(va, wals2)p(x1, u)p(xz, uz) and
E[d)(S;, S)] < D}, j=1:2, where [x]" =max0, x and [;(i=1:11) are
shown in (8) at the top of next page

I = kI(Xy; Y1X,)

L, = kl(X,; Y|X))

I = kl(X}, X5 YIU,)

I, = kl(Xy, X5 YIU,)

I =klX,,X;Y)

I = kI(X,, X5 YUy, Us)
L = kl(Xy; Y|X,, U)

Iy = kI(Xy; Y1X,, Uy)

Iy = kl(Xy; Z|Uy)

Ly = kl(X;; Z|Uy)

Iy = kI(X,, Xy; Z|U,, Uy)

®)

Proof: Each source S;, j = 1:2, is compressed into codewords (W, V)),

with V; on the top of W}. The corresponding bin indices (rj rp ) are
transmltted to the receiver through variables (U}, X;). The codeword
U can be decoded by the eavesdropper, but the codeword X; needs to
be kept secret from the eavesdropper by a random noise 7. The
Wyner’s wiretap coding [2] is used to protect X; from the
eavesdropper. O

3.1 Codebook generation

(1) Source codewords: Fix a conditional pmf p(vy, wi|s;)p(va, wals,)

u,(r7) ()

n(RP—-RT)

2
2

nk;

2 4

nRy

5 nRy

independently generate 2"k sequences w/'(7%), 77 € [I:ZmR; ] each
according to [, p(w ). Partition the set of indices 7 € [1:2"’R7 ]
into equal-size bins C/(7), 1} € [1'2"’qu ], where R} < R_? For
each w; ( ), randomly and independently generate 2K sequences
UGN S [ 2’”R.7] each according to [T, p(v;lw; (7).
Partition the set of indices ?f
C), e [I:Zme], where R} < IN?f See Fig. 3a.

(2) Channel codewords: Randomly and independently generate 2

j=1:2, w;(r}), 1} € [1:2"’Rf0 ], each according to

[T p(u;). For each w}(r), randomly and independently generate
2) G(5.00). o € [127], g e,
each according to [, p(xﬁ-luj,»(rj )). See Fig. 3b.

S [1:2”’1%5'7 ] into equal-size bins

sequences

sequences

3.2 Encoding

Sender j, j = 1:2, first finds codewords w7"(7)) and v{" (¥, 7) such that

J’/

WG VG, 7). s]1) € AL, V7, )

This can be done with an arbitrarily small probability of error as
n— oo if

Rp>1( S|, ©)

/’ J
R} > 1(W; 5) (10)

Sender j then finds r{ and 7/, the bin indices of 7/ and 7,

and functions 3, (v, wy, v, W,, ) and 3,(v,, Wy, v, W,, ) such that respectively. Transmltter j randomly selects an index 7} from
E[d,(S;. j)] <D;/(1+eg), j=1:2. For j=12, randomly and [1.2’”R] and sends x} (j,rf,rj)
IV SV < 1, I(V,; S, 1V) < I
IV, Vo Sy, S 1) < L, IV, Vs S, S, IW,) <
IV, Vy; 81, 8,) < Is, I(Vy, Vas S1, S\ W, W) < g
IV 811Vy, W) = LWy Vo IW,) < I
IV SV, Wy) = I(Wy; VW) < g
Ry <HES\IW) =1V SiIW)+ 1 — Iy
Ry < HS W) =1V SUW) — LW SIWL) + 1 — (7

Ry, < H(S,7,)
Ry < H(S[W) -

756

—1(Vy; $1W) + Iy — I
1(Vy; S,103)
R, < H(S,, S 1W, W) —max {[I(Vy; S|IW) +1(Vy; S,IW,) — 1 + 1,
IV, S{IW) + 1(Vy; S IW) + LWy, Wa5 S1,.8,) —

IV S| W)+ 1(Vy; S IW) + I(Wy; SIW) — I + 1

IV Sy W) + 1(Vy; Sy W) + LWy S11W)

— AWy SIW) + L — 1y

I +1,

=L+ 1}
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3.3 Decoding

The receiver looks for unique indices r/" , rf and }, j = 1:2, such that

(G0, X2, 2, ) = 123, ) € AUy, Uy, X, X, Y)

This can be done with an arbitrarily small probability of error as
n— oo if

R+ R+ R, < kI(X; Y|X,) (11)
RS+ Ry + Ry < kI(Xy; YIX)) (12)

RI+RI+R +R+ R+ R, < kX, X5 Y) (13)

RY+ R} < kl(X;; Y|Uy, X5) (14)
RS+ Ry < kl(Xy; YUy, X)) (15)
R+ R + RS + R, < kl(X,, Xy; Y|Uy, Uy) (16)
R+ R+ R+ RS+ Ry < kl(X}, Xy; Y|U)) (17
R+ RY + Ry + RS + Ry < kl(X,, X3 Y|U,) (18)

The receiver then looks for indices (}7;’, 7f ), j=1:2, such that

7 s C"(r") v € C” (r” )
and

WY'FD), VIS, ), W (79), V5 (75, 75)) € AR(Wy, Wa, V1, Vs)

This can be done with an arbitrarily small probability of error as
n— oo if

2
DR =R+ R — R < IOV, Vs Wy, Vy) - (19)

i=1

2
DR =R < IOy, Vi Wy, Vo) = IOV W) (20)

i=1 '
2 ~
D R =R < IOW,; W) 1)
i=1

3.4 Secrecy analysis
Consider the following equivocation rate at the eavesdropper
H(ST\Z" = H(ST, AL, 2" + 1SV ], 127 22)
Now, we study the first term of (22)
HST, AL 2% = HST, LS, 4, Zh
@ H(SI, 7, 2"
2 HSTIRL )

9 H(SIF) — HEF

(d) H(Sm ~()) _ me
m[H(S\|W,) — &] — mR|

where (a) follows because r{ and r{ are deterministic functions of 7
and 74, respectively, (b) follows because Si' — (77, #) — Z" form a
Markov chain, (c) follows because 7 is a deterministic function of

1, (d) follows because 7 is independent of 7, and the fact that
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# e [1:2”1}? 1 (e) follows from [25, Lecture Note 13]. Next,
consider the second term of (22)

1575 77, 120 2 HOSL 4120

> H(@|r, Z")
=HA|r) — 1075 2" )

QR — 14 2"179)

© B — 10X75 21 + 1K 21, )

= mR{ — HX{'[r)) + HX|r, Z")
+IXT; 20, 1Y)

(d)

> mR] — n[H(X,|U,) + €]
+n[HX,|U,, Z) — €] + 1(X{; Z"|r}, 1)

= mR{ — nl(X,; Z|U))
+1(XT; 2", F)) — 2ne

= mR]f —nl(X;; Z|U1)+H(X1n|}’?, }"7)
—HX\Z", ], ) — 2ne

=mR — nl(X,; Z|U,) + mR}
—H(X{'|Zn,r?, r’l’)—Zns

(e)
> mR, — nl(X,; Z|Uy) + mR; — me — 2ne

where (a) follows because (7, /) is a deterministic function of S7’,
(b) follows from the independence of #{ and r{ and the fact that
H(#) = mR, (c) follows because (r{, ¥, ;) = X{ — Z" forms a
Markov chain, (d) follows from [25, Lecture Note 13] and (e)
follows because if R] < kl(X;;Z|U,), then from Fano’s
inequality, we have

HXZ", 1, ) < me

This can be proved as the following: the eavesdropper, knowing
(7, #), tries to find r|. By the analysis of the error event, it can
be easily shown that if the above condition on R is satisfied,
then from Fano’s inequality, we obtain the above bound on the
entropy. We choose R| = kI(X,; Z|U;) — & for & > 0. Therefore
we have

Ry < H(S\|W)) = R + R (23)

Similarly, if
R, = kl(Xy; Z|Uy) — & 24)

then we have
Ry < H(S,|Wy) — R + R (25)

Ry <H(S,, S,|W,, Wy) — Ry — RS + R}
+ R + kI(X; Z|U)) + kl(Xy; Z|U,) (26)
— kl(X,, Xy; Z|U,, Uy)

Collecting the terms in (9)—(26) and performing Fourier—Motzkin
elimination, we obtain the terms in the theorem.

Application of Theorem 1 yields the following results as special
cases.
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Lossy communication over WTC [19]: Let W;=U;=0, j=1:2
Vz = 0, Sz = 0, X2 = 0, ReZ :Relz =0 and D2 — o0 in Theorem
1. Therefore a tuple (k, Dy, R.;) is achievable if

IV 81) < kI(Xy; Y) @7

R,y < H(S) =[Sy V) — kI(Xy; V) = 1X; D1 T (28)
for some p(vy|s1)p(x;) such that E[d,(S,, §,)] < D,.

Berger-Tung inner bound [25, Lecture Note 12]: Let W;=U;=0,
J=12, Ry =Rp=Re12=0, k=1, Y=(X), Xp), 10g|Xj| :Rj and
V;= (X}, U)) in Theorem 1. Therefore a pair (R}, R,) is achievable if

Ry > I(S; Uy |Uy) (29)
Ry > I(Sy; Uy|U)) (30)
R+ R, > I(S, 855 Uy, Uy) (31

for some p(u,|s1)p(ualsz) and functions 3,(uy, u,), j=1:2, such that
Eld;(S;, $p1 < D;.

4 Hybrid scheme and an outer bound

In this section, we first review hybrid coding for a point-to-point
channel which was introduced in [17]. Then, we propose an
achievable region for the MAC-WT. Finally, we derive an outer
bound to the rate-distortion-equivocation region of a class of
MAC-WTs. Suppose that a source S ~ p(s) is to be sent over the
discrete  memoryless channel (X, p(y|x), V). The decoder
reconstructs the sequence S by S. The average distortion must
satisfy [E[d(S, 8)] <D, where d is a distortion measure. In the
hybrid scheme of [17], 2"® sequences u(T), Te€[1:2"F] are
generated. The source sequence S” is mapped to one of 2%
sequences U"(T). The sequence U'(T) is then mapped to X",
symbol-by-symbol. The decoder finds U"(T) and reconstructs S
from U"(T). In this scheme, a single codeword U"(T) depends on
both source and channel codebooks, so it depends on the entire
codebooks. Just as mentioned in [17], averaging over all
codebooks is not the same as the conventional random coding
proof. Let P, be the probability of the event that there exists
T # T such that (U"(T), Y™) € A”. Then, we have the following
lemma.

Lemma 1 [17]: The probability P, is upper bounded as

P, < 42" U (32)
for £>0.
Now, we are ready to find an achievable region for the MAC-WT

using hybrid scheme.

Theorem 2: A tuple (k=1, Dy, D>, R.1, R.s, R.12) is achievable for
MAC-WT if (see (33))

where V1, V,, Wi and W, are auxiliary random variables with the
distribution p(sy, $2)p(x1, vi, wils1) p(x2, v2, wals,) and functions

S1(v, wi, vy, Wz: y) and  3(vi, wy, vy, wy, ) such  that
Eld,(S;, j)] D;, j=1:2, where I;(i=1:11) are shown in (34)

Iy =1(W,, Vs Wy, V5, Y)

L =1(Wy, Vos Wy, V1, Y)

L=1V; Wy, Vs, YIW,)

Iy =1(Vy; Wy, Vi, YIW)

Is =1W, Vi, Wy, Vi Y) +1(W, Vi Wa, V)
Lo =1V, Vos YIW,, Wo) + 1(W, Vi Wa, Vo) —1(W 5 W) (34)
L=1IW, Vi, Vs YIW) + LWy, Vi Wa, 1V3)
Iy =1y, Wy, Vos YIW ) + LW, Vi Wa, V)
Iy =1(Vy; Sy, ZIW))

Ly =1(Vy; Sy, ZIW))

Ly =1V, Vy; 81, 85, ZIWy, Ws)

Proof: Each source sequence S;’ , j=1:2, is mapped to one of 2R
sequences W'(r7) (see Fig. 4). The pair (ST’, W'(r7)) is then

mapped to one of 2"+ sequences V”( 1, /, ). The sequence

W"(r") denotes the common 1nfonnatron that can be decoded by
the eavesdropper. The sequence V”( 1 j, J) denotes the private
information that should be kept secret from the eavesdropper by
using randomness. Then, the source and the codewords
corresponding to  the indices (#/ s /, J) are  mapped
symbol-by-symbol to the sequence X' " In this scheme, the
codewords W}'(r() and V}'(r{, 17, 1) depend on the entire source
sequences. Therefore the analys1s of the probability of error is not
the same as the conventional random coding proof. []

4.1 Codebook generation

Fix a conditional pmf p(v;, w|s|)p(v2, wals,), encoding functions
x1(wy, vy, s1) and xo(wp, v, s3), and reconstruction functions
$1(vi, Wi, Vo, Wy, ) and  8,(vy, wy, v, Wy, ¥)  such  that
[E[dj(S/, S/-)] < D//(l +¢), j=1:2. For j=1:2, randomly and
s [1:2"an] each
according to [[i,p(w;). For each w/(r{ )

independently generate 2R sequences W/ (1),

randomly and

>

. n| R +R/)
independently  generate 2 \’ sequences  V; ! T ], J)

S [I:Z"R/p], € [1:2"1?}‘], each according to [T, p(v,;|w (7).

4.2 Encoding

Assume that the random index 77, j
Transmitter j first finds codewords W (r ) and v} 1 1 ] s ) such
that (w (r) (], oy ) )EA”( s Vi S)). Th1s can be done
with an arbltrarlly small probablhty of error 1f

=1:2,1is provided to encoder j.

R = I(W}; S) (33)
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IV 8) <L, 1(Vy; 85) < L, I(Vy; §,1W)) < L, I(Vy; $,1W,) < 4
IV 8) +1(Vy; S5) < Is, I(Vy; Sy 1) + 1(Vy; $,10,) < g
I3 8) +1(Vy; S1W5) < L, IV S0 +1(Vy; 8,) < g
R, < H(SI1Wy) — 1(Xy; ZIW)) + min {Iy — I(Vy; S, |W), I
L —1(Vy; 8}
R,y < H(S,|W) — [(Xy; ZIW,) + min {1},
L —1(Vy; 8,)}
R,» < H(S,, S;|W, W) = 1(X,, Xy; ZIW,, W)
+min {l;; — I(Vy; $i1W)) — [(Vy; $31W5), Is
Is — 1(Vy; $11W)) — 1(Vy; $,1,), L
Iy — I(Vy; $11W)) — 1(Vy; S5)}

—I(Vy; Sy

—1(Vy; S$|W,), Iy — 1(Vy; S,1 W) (33)

—1(V; 8) = 1(V; 8y)
—1(Vy; 8)) = 1(Vy; S:105)
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Encoder 1

5 we Ve

Decoder

W LB RO, |S‘".S’"

|
[ —— . Channel 2 1 392
p(w,,v, |S| v (W,11,5, + | Decoder - .\“'_\(ni_r‘_u'_.,\':,_r—'_.
| Xh’ yl’ |
1
| b | L
_——— — = — — — Loy -
p(yv,z] x,x,)
_______ ’ ]
- 138 z" ;s
S5 W,V n weW,
~|»| Pwy, vy | 85 )—x, (W, 1,8 = Eavesdropper F——
| L} L]
| [} |
Encoder 2
Fig. 4 Hybrid scheme for MAC-WT
R > 1(V;; S|W) 36) @ F=r, B A (7)) and (5, 7) # 05, r5);
The probability of this event goes to zero as n — oo if
Sender] then transmits x; _x(wﬂ(r ), v ﬂ(j, oy ), s;;) at time R+ R+ RS+ R+ R, < I(Vy, Wy, Vs Y|IW))

i=1,

4.3 Decoding

The receiver looks for unique indices r; r‘” and r ,j=1:2, such that

WOV G 1 )l = 1223, € ALWy, Wy, VY, V), Y)

It then finds s;;, j=1:2, for i= 1:n as the following
Sji = 5,'("1;'(”‘17, 1o D)y W), va (15, 15, 15), wai(15), )

The eavesdropper also finds the indices r;’, j=1:2, such that

(eIl = 12}.2") € ALW,, W, 2)

4.4 Analysis of probability of error

We outline the analysis of probability of error in the following. We
declare an error if one of the following events occurs

E = {(S1, 83, W), Wy (r9), VTG, D) V3 (3,75, 1), Y € AL}
& ={(S1, 83, W\ (7)), Wy (75), Vi (71, 74, 7)),
V35, 7,75), Y") E 4,
for some (7, 7, 71,75, 15, 75) # (1, 1, 71, 15,15, 15)}
Ey={(W7 (), W3(r9), Z") & A}
Ey={(W (7)), W)(7%),Z") E A, forsome (7,79 # (r{,73)}

From the Markov lemma [25, Lecture Note 13], Pr(£,) and Pr(&;)
tend to zero as n — oo. The event &, occurs in one of the following
cases (we use Lemma 1 for the analysis of the probability of error):

(1) 7, 7 #E s (7)) # (7)) and (7%, ) # (75, 1)
The probablhty of this event goes to zero as n — oo if

RI4+RI+ R+ R+ R+ R, <I(Wy, Vi, Wy, V3 Y)

LWL Vi W, ) (T)
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+HIW, Vs Wy, V) (38)

G) FEA, B =0 7, 7) # 0, 1) and (75, 7) # (5, 1)
The probability of this event goes to zero as n — oo if

+HIWL, Vi Wy, V) (39)

(4) ;'(l) :rtl)a 7’; :rgs (;}1”;}{) # ('}]”r};) and (;‘1’7;;) # ('12,"'5):
The probability of this event goes to zero as n — oo if

R+ R+ R+ Ry < I(Vy, Vs YWy, W)

Iy, Vi Wa, Vo) = 1(Wy; Wa) - (40)

(5) ;1 _rl)a ’7'2 75 }"2, (;}7,}7}1” _(;}ljar]) and(rp,iz) 7é (”g’r2)
The probability of this event goes to zero as n — oo if
RS+ RS+ Ry <I(Wy, Vo3 Y, Wy, V) (41)

6) H=r©=r, (r’i, )= (rf, r) and (%, 7)) # (712’, )

The probability of this event goes to zero as n — oo if

R+ Ry <I(Vy; Y, Wy, V| W) (42)

(7) ;17ér1, Fz_r25 (r’l’,rl);é(rf,rl)and(rg, ):(’}2),’”5)5
The probability of this event goes to zero as n — oo if

Ry +R117 +R <IW, Vs Y, Wy, 1) (43)

®)  F=r = ) £ (4 ) and (5, 75) = (. 5.

The probability of this event goes to zero as n — oo if

R11] +Rq <I(V; Y, Wy, Vo |W)) (44)

Therefore Pr(&,) tends to zero as n — oo if the inequalities for all
cases are satisfied. The event &£, occurs in one of the following
cases (we use Lemma 1 for the analysis of the probability of error):
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(1) 70 # r{ and 7 # r3: The probability of this event goes to zero
as n— oo if

RY + RS < I(Wy, Wy; Z) + 1(Wy; W) (45)

(2) 7 # r{ and 7 = r§: The probability of this event goes to zero as
n— oo if

R(f <IWy; Z|Wy) (46)

(3)7 = r{ and 7§ # r5: The probability of this event goes to zero as
n— oo if

Ry < 1(Wy; ZIW) (47)

Therefore Pr(&,) tends to zero as n — oo if the inequalities for all
cases are satisfied.

4.5 Secrecy analysis
Consider the following equivocation rate

H(SYZ") = H(r, 1}, 17, ST, XT1Z") — H, 4, L XTIST, Z27)

D H, 2,0, S XTNZY — HGS, A, IS 20

@H(rtlja ’{’5 Vq, ?,Xlnlzn) _H(”f, V“”Ts ;la Zn)

(48)
where (a) follows because X] is a deterministic function of

(9, 4,7, Sl) and (b) follows because r{ is a deterministic
function of S7. Now, consider the first term of (48)

H, s, ST, XT1Z7)
= H,ry, ST XTI, 27
= H(Y, i, ST XTI = 107, 1, ST X5 201)
= H(Y, 1, 81X ) — HEZ' 1
+HZ"A, L ST XY, )

L HOT, SU) = HEZ'W) + HE' 1, SE X )

Q HG, S — HEZ'W) + HEZ' X))

9 H(SI1) + H) — HZ' ) + HZ' X))

(d) .

> n(H(S, W) — &) + nR; — n(H(Z|W,) + &) + n(H(Z|X;) — &)
=n[H(S,|W,)—HZIW,)+ H(Z|X,) + Rq] — 3ne

= n[H(Sl |W1) - 1(X1§ Z|W1) +Rq] —3ne

where (a) follows because X}’ (resp. #/) is a deterministic function of
9, 4,1, ST (resp. S}), (b) follows because (r{, 1, |, S}) —
X! — Z" form a Markov chain, (¢) follows because 7| is
independent of (S}, r{) and (d) follows from [25, Lecture Note 13]
and the fact that H(r}) = nR}. Next, consider the second term of (48)

H@, AN, ST, 2y = H, A1k — 164, 15 87, Z°1r)
YR, + R — 108, 775 SI, Z2'179)
G a@®; + R — 164, 75, Vs St Z'179)
< n(®R; + R — I(V}'; ST, Z"1r%)
= n(R; + R — HOVL ) + HV1K, SY, Z7)
= n(R'l' + R’l’) — n(R? + Rll’) + H(V{’|r‘l’, '1’, Z")

(c)
< ne
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where (a) follows from the independence of (4, #}) and r{, and the
fact that H(r{, ) = n(R] + R}), (b) follows because V7 is a
deterministic function of (r{,7/,7]), (c) holds because if
Ry + R, <I1(Vy; Sy, Z|W,), then from Fano’s inequality we have,
HW{|r, ST, Z") < nd. This can be proved as the following.
Suppose that the eavesdropper, knowing r{, tries to find (+/, ).
By the analysis of the error event, it can be easily shown that if
the above condition on R} + R is satisfied, then from Fano’s
inequality, we can bound the entropy term as the above. In
summary, we have

Ry < H(S W) —1(Xy; ZIW) + Ry (49)
Similarly, if
R+ Ry < 1(Vy; Sy, ZIW,) (50)
R+ R+ R+ R <I(Vy, Vy; S, Sy, ZIW,, W) (€2))
we obtain

Ry < H(S)|W,) — I(Xy; ZIWy) + R, (52)
R,y < H(Sy, S|y, W) — I(Xy, X3 ZIWy, Wy) + R + R, (53)

Collecting the terms in (35)—(47), (49)—(53) and performing Fourier—
Motzkin elimination, we find the terms in the theorem.

At the end of this section, we find an outer bound to the
rate-distortion-equivocation region of the degraded MAC-WT,
where (X, X;) - Y — Z forms a Markov chain. The outer bound
is given in the following theorem.

Theorem 3: If (x, Dy, D), R.1»2) is achievable for the degraded
MAC-WT where (X;, X>5) = Y — Z forms a Markov chain, then we
have

18): 8,18,) < KI(X;; Y1X,)
165, $,18)) < wI(Xy; YIX))
1(Sy, 833 51, 85) = kl(X, X33 Y)
Ry = H(Sy, Sy) = 1Sy, 853 81, 8y) + kl(X,, X33 Y| 2)

(54

for some pmf p(x1, x2, 51, 52), such that E[d,(S}, S‘j)] <D;,j=12.
Proof: See Appendix 1. O

In the following section, we study lossy transmission of a bivariate
Gaussian source over GMAC-WT.

5 Gaussian case

In this section, we consider lossy transmission of correlated sources
over a GMAC-WT. First, we derive an outer bound to the
rate-distortion-equivocation region of the GMAC-WT. Then, we
use the proposed separate and hybrid schemes to find inner bounds
to the rate-distortion-equivocation region of the GMAC-WT. An
achievable region based on uncoded transmission is also obtained.
The separate, the uncoded and the hybrid schemes are compared
for different values of source correlation coefficient. Optimal
regions for some special cases are established. Suppose that the
sources are Gaussian random variables with joint distribution
(81, S;) ~ N(0, Kg), where

2 2
| o po
K= [po; o ] 43

The sources are reconstructed using the quadratic distortion measure
dj(%, 5)={(s; —§j)2, j=1:2. We assume that the channel to the
legitimate receiver is defined as Y=X;tX,+ N)ﬁ with
N, ~ N(O, of) and input power constraints (1/n) > "; ;| E(x%;) < P,

Ji
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j=1:2. The channel of the eavesdropper is defined as Z=X; + X, +
N, with N, ~ N(0, of) We define the quantities D, = 22Rer /(2e),
D,, = 2**2 j(2me) and D,,, = 2**12 /(2me). A tuple (Dy, D, D1,
D>, D.1») is said to be achievable if there exists an (n, n)-code
(f1, f>, g) such that

A 12
[E[HSJ-—S].’]SDj+s,j=1:2 (56)
R |
~H(S]|Z") = S log 2meD,,) — & (57
| |
;H(S2|Z ) > Zlog (2meD,,) — & (58)
1 " n n 1
CH(S], $31Z") = S log (2meD,y,) — e (59)

In the following, we first propose an outer bound to the
distortion-equivocation region of the GMAC-WT when 0‘}2 < of
Theorem 4: If (Dy, D,, D.i, D, D.12) is achievable for the
GMAC-WT when 0‘5 < of and p =0, then we have

1
Dle(}'ﬂg-}%).gz
1
Dzzmwf
D,-D, > ! ot

1+ ((P1 +P2)/0§>
14+ ((P1 +(1 - BI)PZ)/(Ble + Of))
L+ (P /(P + a2))
L4 (a1 = B /(B2 + 7))
1+(P2/(P1 +U§))

L+ (P +Py)/ )

: 2
D, <miny o, D, -

D, < min o’z,D2 .

D,,<D,-D,-
12 1 2 l+((P1+P2)/cr§)
(60)
for some g1, B, €0, 1].
Proof: See Appendix 2. O

Next, we find inner bounds to the rate-distortion-equivocation region
of the GMAC-WT. We study three coding schemes: separation
approach, uncoded transmission and hybrid schemes. First,
consider the separate source-channel coding strategy.

5.1 Source-channel separation

We combine the optimal scheme for the source-coding problem and
an achievable scheme for the channel-coding problem. The

Decoder p—

—L—»{ Encoder 1 —R‘—L
(87.87)

—=— Encoder 2

R,

Fig. 5 Source-coding problem
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source-coding problem is explained in Fig. 5. Two source
sequences are observed by two encoders. Each encoder maps its
source sequence to a rate-limited codeword and sends it through
an error-free link. The receiver wishes to reconstruct both sources
with desired distortions. This problem has been considered in [25,
Lecture Note 12] and the optimal rate-distortion region has been
characterised as the following. For the Gaussian two-terminal
source-coding problem, a distortion-pair (D;, D,) is achievable if
and only if [25, Lecture Note 12]

Ry, Ry) € Ry(D) (| Ro(D) [ | Ria(Dy, Dy)

where
R(Dy) = {(Rl’ Ry):
1 1 _
R = §1°g[171“ —p(1-2 2’*2))“
R,(D,) = {(R1= Ry):
1 1 _ 61
Ry = §1°g[D_2“ =2 2’*1))“ (61
Ri(Dy, Dy) = {(Rl’ Ry):
1 [(1=p)e(D,, Dz)]}
R R —1 _ =
1R =7 Og[ 2D, D,
and

4p°D,D,

D, D) =14, /1+——3

(1 —p?y

For the channel-coding problem, we use Theorem 1 to find an
achievable region in the following.

Corollary 1: Let W;=U;=0, j=1:2, and k=1 in Theorem 1, and
define R;=1(V;;S)). A tuple (Dy, D;, R.1, Res, R.12) is achievable
for the MAC-WT if

Ry < H(S) —[R, — [U(Xy; YIX,) — I(X,; D) T

Ry < H(S)) — [R, — (Xy; YIX)) — I(Xy; 2)]FTF
Ry <H(S,, ) — [Ry + R, — U(X), Xy ¥V) — I(X,, Xp3 Z)]Jr]+
(62)

for some pmf p(si, s)p(x1)p(x2) where R; and R, are rate-distortion
functions of sources S; and S, respectively, such that

Ry <I(X;; Y1X3)
R, <I(X;; Y1X)) (63)
R, +R, <IX|,Xy; Y)

E[d(S), §)] < D, and E[d,(S,, $,)] < D,.
The remaining problem is to find suitable (R, R,) pair that falls into

the capacity region of the GMAC. We will choose the following
achievable pairs

_(! Pyl Lip
(RI,RZ)_(210g<1+q%),210g<1+131+0_§>> (64)

_(: P\ Dogl1 422
(R, Ry = (2log<1 +P2—|—o§)’ 210g<1+0§>> (65)

Inserting (64) into (61) and (62), we obtain the following achievable
distortion tuple.

Theorem 5: The distortion tuple (D), D3, D3, D},, D;,,) resulting

from the separate scheme satisfies the following (see (66) at the
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bottom of the next page)

Similarly, inserting (65) into (61) and (62), we obtain the achievable
distortion tuple (DY, DY, Dy, D3, D3),) that satisfies the following
(see (67))

We also find an achievable distortion tuple for the symmetric
GMAC-WT where D,=D,=D’, P,=P,=P, D, = D,, = D and
D,, = D;,. We assume that of > of . We choose the achievable
rate as R = (1/4) log(l + (ZP/(Jf)). Inserting this rate into (61)
and (62), we obtain the following theorem.

given by

. \/1 + (2p/02) 1 - P 02
1+ (2p/2)
1+ (P/o})

L+ (2P/03) - (14 (P/(P + 02))

Di = min{ o?, R

Theorem 6: The distortion tuple (D°, D}, D;,) resulting from the

o (=p)
1+ (2P/a?)

4

separate scheme for the symmetric GMAC-WT when of > af 18 (68)
. 1+(((1 —Pz)Pz)/<P1 +‘TZV>) o
T (e )
1+ (@ =pP)/2) 2
T (P P/}
D - D 1—p’
Dy, D5 = 21+ ((y +22)/e2)) v
1
i< (i) v 0
max? 1,
max {1, ((1+ (Po/o3))/(1+ (/P2 + ) |
1
Dy, < 1+(p2/(P1+of)) .02
max? 1,
max{1, ((1+ (Po/2) )/ 1+ (P (P + ) )}
) A
e max1 1 T <(P' +P2)/oﬁ) ’
Cmax (1 (14 ((Py+22)/02) ) /(104 (P + P2 2)) )
L (=)
T (P4 P)/d)
(=R (P ) r
L+ (P +P) /)
Dy Dy 1—p .
o7, D) > 21+ ((Pr+P)/2) ) 2
s ! - o?
Da = 1+ ((Pl)/<P2 + 05)) ©7
max? 1,
max{1, ((1+ (Po/o3) )/ (1+ P/ (P2 + ) |
S 1 .
Dy < 1+ (PZ/Of) -
max? 1,
max{1. ((1+ (Po/o3) ) /(1 + (Po/ (P + ) )}
. (11— :
D}y, < 1+ ((P] +P2)/cr§) d
max? 1,
max{1, (1 (P +22)/03) )/ 1+ (P + )/ ) |
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Next, we find an achievable distortion tuple using uncoded
transmission. Then, we compare the separate and the uncoded
schemes for some special cases.

5.2 Uncoded transmission

WechooseXij: S fori=1:2andj=1, ...,

a2
minimum-mean-squared error (MMSE) estimation at the decoder,
that is, Sg = [E[Sl.j|Yj], j=1, ..., n. Thus, we obtain the following
achievable tuple.

n and implement a

Theorem 7: The distortion tuple (DY, Dy, D, D.,, D,;,) resulting

from the described uncoded scheme is given by

+((a=pP)/2)
1+ (P + Py + 20)PPy) )
+((a=pP)/e)
1+ (P, + P, +2p/PPy) /02
D — 1+ (((1 = p)Py)/0?) 2 (69)
’ 1+((P1+P2+2P\/P1P2)/0'§)
L+ ((a=pHP)/a2)
1+ ((P, + P, +2py/P,P,)/0?)
) ot
1+ ((P, + P, +2p/P,P))/0?)

D} = N

u __
h =

(R
DeZ_

(U
DelZ -

for the symmetric GMAC-WT where D{=D5=D" P=P,=P,
DY =DY% = D! and D,}, = the tuple in (69) reduces to the

et’

following
(1 = p*)P) /0
m: Ha=mrys)
( 21 + p)P)/ag)
' (W—MHﬁ)& (70)
1+ ((2(1+ pP)/0?)
R ey B
“ 71+ ((2(1 + p)P)/02)

Remark 1: Consider the symmetric GMAC-WT and let p =0 in (68)
and (70). Also, assume that o‘2 oﬁ We obtain the following
distortion tuples (see (71) and (72))

It can be easily checked that D° < D", therefore, the separate
scheme’s distortion at the receiver is smaller than the uncoded
scheme’s. We also have D} > D}, that is, the individual secrecy
rate of the separation is larger than the rate of uncoded scheme.
For both strategies, we have D;, = D.. The results of this
comparlson are numerically evaluated for o / o‘f = 1.5 in Fig. 6.
As shown in Fig. 6, D} is smaller than D while D" dominates D’.

Now, we find the optimal region for a special case. We simplify
Theorem 4 to find an outer bound to the distortion-equivocation
region of the symmetric GMAC-WT when 0‘2 < of and p=0. In
the following theorem, we assume that

1

- Cr1) < )

Theorem 8: The tuple (D°, D;, D},) is achievable for the symmetric

GMAC-WT when o?<o?, p=0 and |1+ (2P/a;) <

y
(1/(1 + (P/(P+ 0?2)))), if and only if

D’ > . P
1+ (2p/a3)
D <o’ (73)
<2P/0' )
et — (DY) HT%‘?)

Proof: For the proof of achievability, consider Theorem 6 with p = 0.
The inequality

1

(2P/ )—1+(P/( a?))

implies that

1+ (2p/02)
1+ (P/aﬁ)

1
+ (P/(P+ d2))

therefore D} = o”. Also, we have D}, = (D' - ((1 + (2P/0‘2))/
1+ (2P/2)). It can be easily checked that Theorem 1 yields

similar region. For the proof of converse, consider Theorem 4 with
D =D,=D, Py=P,=P, D, =D, =D, D,, =D, and

B, = B, = B. Thus, if the tuple (D*, D}, D;,) is achievable, then we
have
D’ > ! e
+(2p/a2)

1+ (((2 - ,B)P)/(BP + oﬁ))
1+ (P/(P+ 02))
1+ (2P/o§)

"1+ (2P/0?)

D} < min o, D - (74)

D}, < (DY

1

(D', DS, D) = - 0%, min{ o?,

1+ (P/oﬁ)

[1+ (2p/a3)

T e (71)
W- (+@Epray | HE ) b

1+(P/U}2’>. 2 1+(P/0'§). 2 1 o

(' D D) = + (2P/a§)
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Comparison of D* and D" for p=0
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Fig. 6 Comparison of D* with D", and D, with D, as a function of P/ aﬁ forp=0,0"=1and */ a; =15

Also, we have

1+ (((2 - B)P)/(,BP + oﬁ))

1+ (P/(P+ a2))
o 1+ (@-pr)/(sr+

)) P22 "

1+ (2P/o§)(1 +(P/(P+

Comparison of D® and D" for p=1

0.9

0.8

T T T

DS

_DU_

4 5]
Plc?
y

where (a) follows from the first inequality in (74) and (b) follows
from the inequality

1
WSH—(P/(—P+UZ))

Therefore the second inequality in (74) reduces to D] < . O

Comparison of D} and D, for p=1
1 . . . .

s
De
0.9

'
a2

0.6 .

05 1

0.4 H 8

03 1

02f 1

Fig. 7 Comparison of D* with D", and D;, with D, as a function ofP/oﬁ forp=1,6"=1and of/oﬁ =15

764

IET Commun., 2015, Vol. 9, Iss. 6, pp. 754-770
© The Institution of Engineering and Technology 2015



Remark 2: Consider the symmetric GMAC-WT with p = 1. Also, let
S; =8, =5, that is, the term D;, is inactive. We obtain the following
distortion pairs

P
1+—
1 o
(D', D)= ZP-Uz,min o, &4 :
1+ o PP
% P
(76)
(D", Dy = ! : ! -0? (77)
BN € IR L)

The uncoded scheme’s distortion at the receiver is smaller than the
separate scheme’s, that is, D°>D". We have D} > D}, that is, the
individual secrecy rate of the separation is larger than the rate of
uncoded scheme. The results of this comparison are numerlcally
evaluated for o? /0'2 = 1.5 in Fig. 7. As shown in Fig. 7, D} is
larger than DY while D® dominates D".

Next, we obtain the optimal region for a special case. We simplify
Theorem 3 to find an outer bound to the distortion-equivocation
region of the symmetric GMAC-WT when p=1 and o<

Theorem 9: The pair (D", D”) is achievable for the symmetric
GMAC-WT when p=1 and o- < a' if and only if
1
1+ (4P/a;)
1+ (4P/0?)
1+ (4P/02)

Du

%

(78)

Proof: For the proof of achievability, let p =1 in (70). Also, note that
1+ (4P/0?)
Di=D"———£
1+ (4P/02)

For the proof of converse, let S;=5,=3S, X;=X,=X, 5‘, = 5’2 =S,
k=1 and D,;, = D% in Theorem 3. O

Finally, we consider the hybrid scheme. In the following, we
simplify the conditions of Theorem 2 for the GMAC-WT.

5.3 Hybrid scheme

Consider the conditions of Theorem 2. Given «; € [0, /P;/a?* | and

R;>0, j=12, let W;=0, j=1:2, V;= (1-27%)8;+ N, j=12
and X;=q;S;+B;V;, j=1:2, where N; are independent Gaussian
random variables with zero mean and variance 02225 1- 272R/’) and

Let

denotes the covariance matrix of (S, Sz, V1, Vs, Y, Z), respectively,
where
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ky, = po®

ks = kg3 = 0?(1 —27%1)
kyy = kyy = (1 —277%)
kg = por(1 —277%)

ky; = pa*(1 — 27201

lyy = po?(1 =272y (1 —27%%)
kis = kg = Bikis + Bokyy + a0 + aypo”

kys = kg = Baokyy + Bikys + y0° + y po”
kys = kg = (ay + By + ayp)kys + Borksy
kys = kyg = (ay + By + a1 p)hyy + Brhsy

kss = (BT + 20, B; + 2B 22p)ky3
+ (B3 + 20,8, + 2, BypVery + 2B, Bk
+ (al + a2 + 2a1a2p)0'2 + 0’2

ksg = (BT + 20, B; + 2B a2p)ky 5
+ (B3 + 2058, + 201 Bop)kyy + 21 ok
+(a] + & + 20 a5p)0”

kss = (B + 2a, By + 2B azp)kys
+ (B> + 2058, + 20 Bop)ky + 21 ok
+ (e + a3 + 20, ap)0” + 0

Therefore Theorem 2 reduces to the following.

Corollary 2: The tuple (D1, D», R.1, Res, R.12) is achievable if

2 P
D;> 0" —ejcj —epcp —epc,j=1,2

1 1
<710g(02)—R1 2log<1 +Pk71>
66 Ty

/2 _
+min{ log(ﬁl kisd

1 1
R <_1 ?)— R, —~log[14—"2
P og(0°) — R, — 0g< + Pk — )

B’f/m(l

e |
+mm{2 °g< NA—p) )2 No

z

—l—min{%lo (B?km + Brhyy + 2PBlex/ kizkys + N )7

N (- 7)
Liog ((1 o A T B%kM)) }
2 o?

z

such that
Lo g(ﬁ&2k13(1 —p )+N>

N'(1 =7

o <B§2k24(1 /32)+N’>

og )
N'(1—-p7)

llog (Bl ks + B kos + 29B1 By kiskos + N/>
2

R +R, <
b N -7)

)+N) Lo <Blk13 22R1Ne1>}
N (=) U

)+ N> 110g<32k24 + 22R2Ne2)}

1 1 o—
Raz < Flog(0*(1 = p") =R, = R, - —log(l +%>

(79

(80)

(81)
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where

ey =hkis,  cp=phy, 0 = phiz, ey =k

c13 = (o) + a,p)0” + Biky3 + Bokrup,
3 = (@ + a;p)0” + Bokyy + Bikysp

—1

€ kyy kg ks i
ep | = |l ku ks Cp
€53 ks kys  kss Cp3

and

p=py(1—272R)(1 —2-2R)
ra = (@1 + aqyaop)0” + (B] + 21 By + Brasplks
+ &, Bopkyy + B Bapksy)
ro = (05 + jayp)0” + (B3 + 20,8, + By, plkyy
+ a1 pky3 + B Bapkss)’
N = a%vl + a%vz + 2a, 0,03 + of

Remark 3: 1f we assume that the eavesdropper is neutral, that is, the
secrecy constraints are omitted from the model, then the conditions
of Corollary 2 reduce to the conditions of [22, Theorem IV.6].

In the symmetrlc case where P, =P, = P R =R,=R,D,=D,=D",

o =m=a,pi=p= ﬁRl_Rlz_R and R,;, = L,,thematnxK
and other coefficients reduce to
ky pky ky pky Ky Ky
pky ko pky Ky kg Ky
ky pky ky ks ks ks
K= pky ky ke k ks k (82)
ky ko ks ks ko kg
ky ko ks ks kg kg
where
k=0’
ky = o*(1 — 2720
ky = pa*(1 — 2728y

ky = (14 p)(Bk, + a0®)
ks = (a+ B+ ap)k, + Bks

ks = 2B(B + 2a(1 + p))k, + 2B%k; + 20*(1 + p)o?

ky = kg + 0
Ny = a5(1 = p)o” + B3(1 — p(1 — 27 ))ky
ks = kg + o
*2ab —P2)kz4+0'§ Therefore, for th ic GMAC-WT, Corollary 2 simplifi
B erefore, for the symmetric -WT, Corollary 2 simplifies as
Ny = aj(1 = pH)o® + Bi(1 — p*(1 — 27 1)k follows.
_ 2
+ 200811 = Py + 07 Corollary 3: The tuple (D', R", R") is achievable if (see (83))
v =0 — (I —ap(l =270’k
. s such that
—2(1 —a;p(1 = 2772))ajkyy — arky, 2821 + By + N
p
vy =0 — (1 —ayp(l = 27)Yhy, R< —1 (— : ) (34)
N'(1=p%)
—2(1 —ayp(1 - 272 Nagksy — a§k13 where
=po® — (1 —ayp(1 = 2722)(1 — ap(1 — 2720
V3 =p (I —a;p( N — a,p( ) =k, ¢ =pky 3 =(4pBk+(+ p)ao‘z
kg — ayazksy — (1 —app(1 — 2’2R2))a2k13 e ko ok ks -1 ¢
— (1= ayp(1 = 27M))a kyy e |=|k k k )
24—2R —2R —2R e ks ks k c
, P27 (1 =277%) a,p2” 3 s s Ky 3
B =« (1 ——— |+ B+
: : 1—p : 1-p and
2-—2R —2R _2R
’ p2 1 =-27" o p2
B2:a2<1—1_—,32 +Bz+l_7i)2(11 ﬁ:p(1_2f2R)
(] — 22 re=(@(1+p)o” + BB +2a(1 + p)k, + B phy)’
ar =
? 2 N’:Zaz(vl +v3)—|—o'§
my = (1272 — 252 [T = 2 2R)(1 = 22 4 (1 — 2720 N, = (1 = ) + Bl — p(1 — 272
My =(1—270) = 2p? /(1 = 272R)(1 — 272R) + pP(1 — 2722) +2a(1 — Pk, + 0
D> o — elc1 e,cy) — €303
71 0*)—R—log( 1
og(o7) 0g< +Pk8_r)+
1 (1 — N k, +2%N,
mm{—log(ﬁ 2( P~)2+ > Zlo g(ﬁ 2 e)}
2 N'(1 =) N, (83)
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Comparison of separate, uncoded and hybrid schemes for p =0.5
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Fig. 8 Comparison of separate, uncoded and hybrid schemes for p = 0.5, =1 a= 0.1(P/oz) and of/a‘)2 =15

e
v = o222k pp

1 —p?
v P
3= ~
1—p?
2—2R
1P
g a<+1+ﬁ>+ﬁ

for some a € [0, (P/¢?)] and

2 2,—2R
P—a 02

(1 -2k ¢

Fig. 8 illustrates the separate, uncoded and hybrid schemes for
p=0.5. As shown in Fig. 8, the term D} is larger than D! and D!
with a significant difference. The term D} does not depend on the
source correlation coefficient p. Also, at high signal-to-noise ratio,
this term increases to its maximum value.

6 Conclusion

In this paper, we considered lossy communication of correlated
sources over the MAC-WT. We proposed an achievable scheme
for the MAC-WT based on the separation. A joint source-channel
coding strategy based on the hybrid scheme of [17] was also
found. We studied lossy transmission of a bivariate Gaussian
source over the GMAC-WT. We found inner bounds to the
rate-distortion-equivocation region of the GMAC-WT using three
approaches: separation, uncoded transmission and hybrid schemes.
The separate, uncoded and hybrid schemes were compared with
each other for the symmetric GMAC-WT and different values of
the source correlation. We derived outer bounds to the
rate-distortion-equivocation region of the degraded MAC-WT and
the symmetric GMAC-WT. Optimal regions for some special cases
were established.
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9 Appendix
9.1 Appendix 1: Proof of Theorem 3

We use the fact that a stochastic encoder p(x |5 ), j=1:2, can be
treated as a deterministic mapping from S’" and an independent
variable 7; onto X;". First, consider the followmg term

I(SY; Y*IS3', Ty)
=H(ST'|S;, Ty) — H(ST'IY", 87, T)

(0) H(Smlsm) H(Slen Sm, T2)

(b) m m m n m m

= H(S{'1Sy) — H(ST'IY", 87, 83, T))

> H(SY'ISy) — H(ST'IST', $5)

= I(S7; §7'185)

=Y H(S IS S5 = D H(S IS, 85 8T

i=1 i=1

(c) = - i— m o om
SN HES 1S, — Y HS IS Sy 8
i=1 i=1

m

Z (S11|S21

i=1

D HS 1S, 81)
i=1

(Slw S11|S21)

[
Ms

where (a) follows because 75 is independent of (Y, S5'), (b) follows
because S} is a deterministic function of ¥", (c) follows from the
1ndependence of random variables S, ; and S, ; over time. Also, we
have

I(Sy'; Y83, Ty)

n
=Y IST YISy, T YT
i=1

n
N ISy ISy, Ty X3, Y

i=1

768

n
=Y H,Sy, T, X3, ¥'™)

i=1
n

— Y HY,ISY,
i=1
n

— Y HISY,
i=1
ZH(YI XL

n
- Z HY X, ;, X, )

i=1

m’ TZaina Yifl)
n .

<Y H¥ X)) Y. Ty, X5, Y
i=1
n .

<Y HXX,) - 2, T, Xy, Y
i=1

® ©

= Y HYIX)
i=1
n

= ZI(XU; YilX;,)
i=1

where (a) follows because X is a deterministic function of (S5', T5),
(b) follows because given (X;; Xz,), ¥; is independent of other
variables. Similarly, we have

IS5 Y"IST T = Y 1Sy 85,181, (85)

i=1
ISy, 855 ") > Z](Su» Sy Sl,ia Sz,f) (86)

i=1
and

16535 YIS, 1)) < )13 YilX, ) (87)

i=1
IST, 855 Y™ < D I(Xy 5 X V1)) (88)

i=1
Now, consider the following

H(SY, $312") = H(SY', 8) — I(SY', S35 Z")
=H(ST, S5)—1(ST, S5, Y™
—_— T ———
A, 5 (89)
+I(SY, 835 Y = 1(SY', S35 Z")

A3

Each term is studied separately. First, consider the term A;
A, = H(ST, SY)

=) H(S,, Sl 8
i=1

=Y H(S,;»S)a
i=1

From (86), we have the following bound on A,

Ay =187, 835 Y") = ZI(Sl,i’ S2.45 Sl,i’ Sz,i)
i=1
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Finally, consider the term A;

A, =I(ST,
(a)

;ﬂ; Yn) _I(Sm, g’l; Zﬂ)
1Y, 835 Y"12")
(b) n n n n
< 17, X35 Y"1Z")

n
=Y X, X7 vz, v

i=1

n
=Y [HIZ", Y™ = H(Y|Z", Y™, X7, X3))

i=1

n
< Y [HY|Z)— H(Y,|1Z", Y™, X7, X})]

B

©
= Y [HY|Z) — HY,|Z, X, 1, X5 )]

i=

n
= ZI(XU’ X, Yi1Z)
i=1

where (@) follows because (S7', S7) — (X1, X;) = Y" — Z" forms
a Markov chain from degradedness condition, (b) follows because
(ST, 85 — (X, Xy, Z") — Y" forms a Markov chain, (c¢) follows
because given (X, X>,), Y; is independent of other variables. By
introducing a time-sharing random variable, we obtain the terms in
the theorem.

9.2 Appendix 2: Proof of Theorem 4
Consider the terms in Theorem 3 with k=1 and independent

sources, that is, p=0 for the GMAC-WT. We have the following
sequence of inequalities

22155 /(2.m) < 22D (2 me) < Var[$, 18]

< E[d,(S;, $p)] (90)
Therefore we have
221(S1;S1|S2): 22H(5,152) @ 92H(S)) & ®) ﬁ
22HE185,)  2HEI8S,) | 22HE18S,) — D,

where (a) follows from the independence of S; and S, (b) follows
from the inequality in (90). Similarly, we obtain

221(52;32\s1) -9 221(s1,sz;51 8 < o
- D, ~—D,.D,

Note that the independence of sources S; and S, implies
independence of codewords X; and X5, because X (resp. X>) is a
stochastic function S; (resp. S,). Thus, we have

1 P
I(X; YIX,) < 210g(1 + 0;)

1 P
I(X,; YIX)) < z1og<1 +ﬁ)

y

1 P, +P
1(X,, Xp; Y)§210g<1—|—10£2)

From the Markov chain (X;, X5) — Y — Z, there exists a random
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variable N ~ N(0, af — (7)2,) such that Z= Y+ N. Thus, we have
I(X,, Xy, Y|2)=H(Y)—H(Y|X,,Xp) —H(Z)+ H(Z|X,,X;)

(@) 1
=H(Y)—H(Y1X,, Xp)—Slog 2" +220) + H(N,)

i | ;

"2 1+((a§—a§)/(Pl+P2+a§))‘T§
1 (1+((Pi+P)/)

=3lo¢ 1+((P,+P,)/o?)

where (a) follows from the Entroyy Power Ine: uahty (EPI) [25,
Lecture Note 2], that is, 2*7¢ 22’”)+22 W) (b) follows
because Var[Y] <P, + P, + aﬁ Now, consider the following
equivocation rate

H(S!Z") = H(S) — I(S]; Z")
= HST) = I(S" Y)Y+ I(ST; Y)Y = I(ST; 2" (91)
—_———

A Ay
Consider the term A;
A =I(ST; YY)
@ rests v, 87

> I(S}; 87)

=Y IS5 518
i=1

n

=Y [HS,,IST) — H(S,,18, Si7H]
i=1
®)

= D [H(S,) — H(Sy,181, ST

i=1

> Z [H(Sl,i) - H(Sl,ilsl,i)]
i=1

=Y 15,55,
i=1

where (a) follows because S’{' is a function of ¥” and (b) follows from
the independence of source sequences over time. Consider the
following set of inequalities

228D 2me) < Var[$,15,] < Eld, (S), §,)]
Thus, we obtain

PHS)

22Uy 1) i
22H(51 18 — Dl

Next, consider the term A,

A, =I(ST; Y™ — I(ST; Z")

(a) ](Sn’ Ynlzn)

(b) n n n

< I(X; Y"'Z")

9 10y vy — 10Xy 27

— H(Y") — H(Y"|X]) — H(Z") + H(Z"|X])
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D H(Y") - HX} + NI) — H(Z") + HXG + N?)

(e) n n n
< H(Y")— H(X; + N;))
—Slog (2" 4 220) + HOG 4 N)
2] N
= H(Y") —Zlog(B,P, + )

- glog Q2O 4 Q2HN) 4 p(x? 4 N

1 Py +a?
1+((o§—o§)/(P1 +P2+a§))ﬁlpz+"§

I G (ROl Gt aj)))

(i)nl
=lo
=3 g

2 1+ (P/(P,+ 02))

where (a) and (c¢) follow from the degradedness condition, that is,
St = X{' —» Y" — Z" forms a Markov chain, (b) follows because
St — X{' = Y" forms a Markov chain when X; and X, are
independent, (d) follows from the independence of codewords X;

770

and X;, (e) follows from the EPI [25, Lecture Note 2] and (f)
follows from the following inequality

n n n n
Slog(07) < HOG' + N)) < Jlog (P, + )

Thus, there exists B €[0, 1] such that H(X] +N)) = (n/2)
log (B,P; + 0°), (g) follows because Var[¥"] < n(P, + P, + oi).
In summary, we obtain the following bound on H(S{|Z")

I+ (P + = B)P P, + o
sy < g p, (0= 8RB y)>)

14 (P,/(Py + 02))

for some S, € [0, 1]. Similarly, we have

1+ (P24 (1= BP)/ (BoPr + 0
iy < g, LU U= IR y)))

1+ (Py/(P, + 02))

for some 3, € [0, 1]. In summary, we obtain the terms in the theorem.
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