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A language A is left cancellative if from AB = AC, it follows that B = C, for any two languages B and C.
Semi-singular and inf-singular languages are two disjoint sub-sets of left cancellative languages and are
introduced by Hsieh and Shyr [Left cancellative elementsin the monoid of languages, Soochow J. Math. 4
(1978), pp. 7-15]. In this paper, we further study them. It is shown that all non-dense and all maximal left
cancellative languages are semi-singular while all right dense left cancellative languages are inf-singular.
Finally, a theorem shows that there is a left cancellative language which is neither semi-singular nor
inf-singular.
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1. Introduction

Prefix codes are widely used in information theory and computer science, for example, in encoding
and decoding, data compression and transmission, DES and Huffman’s algorithms [4,5,7-9].
Left cancellative languages are a kind of generalization of prefix codes. For the properties of left
cancellative languages, see [3,10-12]. Especially in [12], maximal left cancellative languages are
studied. From [10], we know that left singular languages are a kind of left cancellative languages
and they are studied in [2,6,10]. In this paper, we find that maximal left cancellative languages and
left singular languages have some characteristics incommon. They are all semi-singular languages.
In fact, the notions of semi-singular and inf-singular languages are discussed and introduced in [3].
Based on [3], we make a further study on semi-singular and inf-singular languages.

The paper is organized as follows. Section 2 gives some definitions and properties used in the
paper. To investigate semi-singular and inf-singular languages, we propose some properties of
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semi-singular and inf-singular words in Section 3. In Section 4, some results on semi-singular
and inf-singular languages are proved. First, we prove that the set of semi-singular languages is a
strongly prefix sub-semi-group and the set of inf-singular languages is a left ideal of the monoid
of left cancellative languages which generalize the result that the set of semi-singular languages
is a sub-semi-group of left cancellative languages in [3]. Then, we prove that all non-dense and
all maximal left cancellative languages are semi-singular while all right dense left cancellative
languages are inf-singular and all inf-singular languages are dense. At last, a theorem is given to
show that there is a left cancellative language which is neither semi-singular nor inf-singular. So
the monoid of left cancellative languages is the union of three disjoint sub-classes of semi-singular
languages, inf-singular languages and left cancellative languages which are neither semi-singular
nor inf-singular.

2. Definitionsand preliminaries

Let X be a non-empty finite set of letters. Any finite string over X is called a word. For example,
w = abab®a is a word over {a, b}. The word that contains no letter is called the empty word,
denoted by 1. The set of all words is denoted by X*, which is a free monoid with concatenation.
For example, the production of two words x = ab? and y = ab®a is the word xy = ab®aba.
For any word w in X*, let Ig(w) be the number of letters that occur in w. Then Ig(w) = 6 for
the former w = abab?a. Let X+ = X*\ {1}. Any non-empty sub-set of X is called a language.
The set M ={A | A C XT or A = {1}} with concatenation is the monoid of languages. And
D(M) ={A e M|AB = AC implies B = C forall B, C € M} isthe monoid of left cancellative
languages. An element in D(M) is called a left cancellative language.

Let A be a language and Z, = A\ AX*". For example, let X ={a,b} and A =
{a,b,a®, b3, aba, bab}. Then Z, = {a, b}. For every language A, wecansee A C Z, U Z,X*.
A language A is called a prefix code if Z, = A (see [1,11]). A prefix code A is called a maximal
prefix code if A U {x} is not a prefix code for all x € X* \ A (see [1,11]).

In [3], semi-singular and inf-singular languages are defined as follows. Let A be a language.
Forv € Z, and x € X, the word vx is called A-semi-singular if vxr = yz for some y € A and
r,z € X*, thenv =y. Let S, ={x € X™| vx is A-semi-singular for some v € Z,} and G, =
Sa\ S4X*. Alanguage A is called semi-singular if G 4 is a maximal prefix code. The set of all
semi-singular languages is denoted by S(M). For example, let X = {a, b} and A = {a, b, a?, b?)}.
From the definition of S,, we can see S, = aX* UbX* and hence G, = {a, b} is a maximal
prefix code. So A € S(M).

Let X} =Xt \{x}and L, ={x € XT|vx ¢ AX;} forsomev € A}. Awordx € X is called
A-inf-singular if the following two conditions hold:

(i) xX* C Ly;
(ii) forevery g € Gyoandm € X*, g # xm and x # gm.

Let /4 ={x € X*|x is A-inf-singular} and Hs = I, \ I4X™". A language A is called inf-

singular if H, is a maximal prefix code. The set of all inf-singular languages is denoted by
I (M). In the following, we review some results which will be used in the rest of the paper.

Lemma 2.1 [3] Alanguage A isaleft cancellativelanguageif andonlyif G4 U H, isamaximal
prefix code.

LEmMA 2.2 [3] S(M) C D(M).
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LEMMA 2.3[3] SaNIa=GaNHy=0.
LEMMA 2.4 [3] Sia={x € XT|vx ¢ AX} andvxX*N A = ¢ for somev € A}.
By the definition of L, ={x € X |vx ¢ AX forsome v € A}, we have S, C L,.
LemmA 2.5[3] If Aisaleft singular language, then S, = X ™.
All leftsingular languagesare in S(M) because G, = X isamaximal prefix code by Lemma2.5.

LeEmMa 2.6 [3] Let A be a bounded language. Then A € D(M) if and only if G 4 isa maximal
prefix code.

All finite left cancellative languages are in S(M) (see [11]), and if A € I(M) then A is
unbounded and infinite. The following lemma is an example of an inf-singular language.

LEMMA 2.7 [3] Let X ={a,b}and B =bta U (J2, b'aX'). Then B € I(M).

LEmmA 2.8 [3] S(M) isa sub-semi-group of D(M).

3. Propertiesof S4, L4 and I4

The sets S4, L4 and I, are introduced by the definitions of semi-singular and inf-singular
languages. Before we show some results on S(M) and I (M), we give some properties of these
three sets which are often used in the later of the article. First, we cite a property of left cancellative
languages which we need.

Lemma 3.1[3,10] Alanguage A € D(M) ifandonly if AX™ # AX} (or Z, X # AX) for
alx e X™.

ProrosITION 3.2 Alanguage A isleft cancellativeif andonly if L, = X,

Proof (=) Let A be a left cancellative language. Then AX* £ AX for every x € X* by
Lemma 3.1. So for every x € X*, there exists p € A such that px ¢ AX}. Then x € L, for
every x € X+.S0 X+ C L,. On the other hand, L, € X by the definition of L 4. From above,
we know L4, = X ™.

(&) Let Ly = X*. Then x € L, forevery x € X*. So for every x € X+ there exists p € A
such that px ¢ AX. Then AX™ # AX forevery x € X*.S0 A € D(M) by Lemma3.1. W

We can now prove the following proposition.
ProposiTION 3.3 Let A bealanguage. Then A € I(M) ifandonlyif I, = X*.

Proof (=)LetA e I(M).Then H, isamaximal prefix code. Suppose that G4 # @. Then there
exists x € X* such that x € G4. So x ¢ H, by Lemma 2.3. Then H, U {x} is not a prefix code.
Since Hy U {x} € H4 U G4, Hy U G 4 isnotaprefix code. This contradicts with Theorem 8in[3].
So G4 =@.Then Hy U G4 = Hy is a maximal prefix code. Then A € D(M). So L4, = X by
Proposition 3.2. For any x € X+, we have xX* C X = L. Since G4, = @, we have x € I, for
allx e XT.S0 I, =X,
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(&) Let Iy = XT. Thenx € I, forall x € X*. So xX* C L, by the definition of 1,. Then
x € L4 forall x € X*, which implies that X* C L. Then A is a left cancellative language. By
Lemma 2.1, we know that G 4 U H, is a maximal prefix code. Since I, N S, = @ by Lemma 2.3
and I, = X, then Sy, = 0. So G4, = . Thus, H, is a maximal prefix code. S0 A ¢ I(M). M

Note:

(1) 1(M) € D(M).
(2) Let A be any non-empty language. Then
(i) A e S(M) & G, isamaximal prefix code & A€ D(M)and Hy =0 < A € D(M)

and I, = ;
(i) A e I(M) < H, isamaximal prefix code & A €e D(M)and Gy =0 & A € D(M)
and S, = 0.

Let A be alanguage and I(A) = {g € Algx ¢ Aforall x € X*T and g = yz forsome z € X
implies y ¢ A}. If [(A) # @, then A is called a left singular language [6,10,11]. By Lemma 2.5,
we know if A is a left singular language, then S, = X™*. It is natural to ask whether or not
Sy = Xt forall A € S(M). The following example shows that there is a language A € S(M),
but Sa ;é X,

Example3.4 Let X = {a, b} and A = {a, b, a®, b, aba, bab}. Then Z, = {a, b}. For all x
XT,ifx € XbX*, thenax ¢ AX;ifx ¢ XbX* thenbx ¢ AX]. Hence, A is aleft cancellative
language by Lemma 3.1. Next, we will prove that x € S, forall x € Xt \ X.

(1) If x € XbX*, then axr = yz forsomey € A, r,z € X* impliesy = a.
(2) If x € XaX*, then bxr = yz forsomey € A, r,z € X* implies y = b.
(3) Ifx € X,thenaxa € A.Sox ¢ S, forall x € X.

Therefore, Sy = X"\ X = XX+ # X*.S0G4 = X?and I, = Hy = . Thus, A € S(M).

In the following, we discuss the relation between S, and Sg, 145 and Iz, L 4 and L g for two
languages A and B.

Lemma 3.5[3] Let A and B belanguages. Then S,5 C Sp.

Before the relation between inf-singular words in AB and B is discussed, we propose an
equivalent definition of inf-singular words once the following lemma is proved.

LemMma 3.6 Let A bealanguageand x € X*. Then the following are equivalent:

(1) foreveryg € G4, andm € X*, g # xm and x # gm;
(2) foreveryg € Sy andm € X*, g # xm and x # gm.

Proof ((2) = (1)) Itis obvious, since G4 C S4.

(1) = (@) Foreveryg' € Gyandm € X*, g’ # xmandx # g’'m.Assume there exist g € Sx
and m € X* suchthat g = xm or x = gm. Since g € S, and G4 = S4 \ S4 X+, theng € G, or
g€ GAXT. If g € Gy, then g # xm and x # gm by Equation (1), which is a contradiction
with the assumption that g = xm or x = gm. If g € G4 X, then g = g1y for some g, € G4
and y € X*T. When g = xm, we have g1y = xm. Now, we consider the following two cases.
(@) If ig(g1) > lg(x), then g3 = xmy, where m; € X* is a prefix of m. This is a contradiction
for g1 € Ga. (b) If Ig(g1) < lg(x), then x = g1y1, where y; is a prefix of y. This is also a
contradiction for g, € G4. When x = gm and ¢ = g1y, we have x = (g1y)m = g1(yam). Then
it is a contradiction for g; € G 4. So Equation (1) implies Equation (2). |
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We can give now the alternative definition of inf-singular words through the form of a corollary.

CoroLLARY 3.7 Let Abealanguage. Awordx € X isA-inf-singular if and onlyif thefollowing
two conditions hold:

(i) xX* C Ly;
(ii) forevery g € Sy andm € X*, g # xm and x # gm.

ProposiTION 3.8 Let A and B beleft cancellative languages. Then Ip C I,45.

Proof Foranyu € Ig,wehaveuX* C Lg.Since A, B € D(M), AB € D(M) (see [10]). Then
Ly =Lp=L,spg= X" byProposition 3.2. SouX* C L,p. Fromu € Iz, we also have s # um
and u # sm for all s € Sp and m € X*. Since Sap C Sp, we get s # um and u # sm for all
s € Sypandm € X*. Thenu € I, by Corollary 3.7. Thus Iz C I45. [ |

ProprosITION 3.9 Let A and B belanguages. Then L5 C Lp.

Proof Let x ¢ L. Then gx € BX for all ¢ € B. So there exist y, € B and z, € X such
that gx = y,z,. Forall p € A,q € B and r = pg € AB, we have rx = pgx = py,z,, where
py, € ABandz, € X . Thatistosay rx € ABX].Sox ¢ Lag. Thus, Lag C L. |

If Ly = Lg and S, = Sp, then I, = Iy by the definitions of 7, and Ig. For A, B € D(M),
we have Ly, =Lg = X". Thus, if S4 =S then I, =1z for all A, B € D(M). But the
converse is not true. That is, I, = Iz cannot imply S, = Sp. For example, let X = {a, b} and
A ={a,b,d® b3, aba, bab}. S0 S, = X\ X = XX+ and I, = ¥ by Example 3.4. Let B be
a left singular language. Then Sz = X* and Iz = @ by Lemmas 2.5 and 2.3. Thus, we have
Iy = Ip, but Sa # Sg.

In general, Sqap € Sp, Ip C I4p, Lap C Lp. When do the equations hold?

THEOREM 3.10 Let A and B be languages.

(1) IfLy = X+, then Ly = Lp.
(2) |fSA = X+, then Sap = Sp and Iip = Ip.

Proof (1) By Proposition 3.9, we have L 5 C Lg forall A, B € M. In the following, we prove
if Ly = X then Ly € L4p. We prove it by contradiction of the dual relation. Let x ¢ L 5. We
will showthatx ¢ Lp.Since Ly, = X, wehavegx € X™ = L, forallg € B.Bygx € L4, there
exists p € A such that pgx ¢ AX/ . Since x ¢ Lap, then pgx € ABX; for the former p € A
and g € B. Thenthereexistu € A, v € Band w € X7 such that pgx = uvw. By pgx ¢ AX],
we have p = u and gx = vw. Hence, gx € BX forall ¢ € B. So x ¢ L by definition. Thus,
Lp C Las.

(2) By Lemma 3.5, we have S p C Sp for all A, B € M. Next we prove if S, = X then
Sp C Sap.Letx ¢ Sap.Since Sy = X*,wehave gx € X = S, forall ¢ € B. Then there exists
p € A such that pgx ¢ AXF and pgxX* N A = . Since x ¢ Sap, we have pgx € ABX or
pgxX* N AB # () by Lemma 2.4.

(i) If pgx € ABX, thenthereexist ps € A, g € Bandu € X such that pgx = pagpu. If
pa # p,thenqgpu # gx. S0 pgx € AX;*X.This is a contradiction. So p4 = p. Thengx = gpu €
BX[.Thus, x ¢ Sp.

(ii) If pgxX* N AB # ¢, thenthereexistr € X*, p/, € Aandqj € Bsuchthat pgxr = p/,q5.
Whenlg(pgx) <ig(p),),thereexistsry € X*suchthat pgxr1 = p’,.So pgxX* N A # (. Thisis
acontradiction.Whenlg(pgx) > lg(p),), thereexistsu € X* suchthat pgx = p/,u.Since pgx ¢
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AXJX, we have p = p/,. Then gxr = qj. S0 qxrX* N B # (. Then gxX* N B # . Therefore,
X ¢ SB.
From (i) and (ii) together, we can obtain if x ¢ S,p,thenx ¢ Sp.S0 S € SapwhenS, = X™.
Since S, € L and S, = X, we have L, = X . By part (1) of this theorem, we get L 43 =
LB.ThUS, Iyp = 1Ip when SA=X+. |

4. Semi-singular and inf-singular languages

By [3,10], we know D(M) is a sub-semi-group of M and S(M) is a sub-semi-group of D(M).
We now show they are all strongly prefix sub-semi-groups. A sub-semi-group 7 of a semi-
group S is called a strongly prefix sub-semi-group if for all x,y € S,xy € T implies y e T
(see [11]).

ProposITION 4.1  D(M) isa strongly prefix sub-semi-group of M.

Proof Let A and B be languages and A B be left cancellative language. Then L,z = X by
Proposition 3.2. We know L 43 € Lp by Proposition 3.9. So Lz = X ™. Then B € D(M). Thus,
D (M) is a strongly prefix sub-semi-group of M. ]

PROPOSITION 4.2 S(M) isa strongly prefix sub-semi-group of D(M).

Proof Let A, B e D(M)and AB € S(M). Then 1,5 = @. By Proposition 3.8, we have Iy C
I4p.Then, Iy = (.S0 B € S(M). Thus, S(M) is a strongly prefix sub-semi-group of D(M). R

The set of all semi-singular languages is a strongly prefix sub-semi-group of the monoid of left
cancellative languages which is a generalization of Lemma 2.8. Then, how about the set of all
inf-singular languages?

ProrosITION 4.3 I (M) isaleftideal of D(M).

Proof Forall A e D(M)and B € I (M), we have Sz = @. By Lemma 3.5, we have S43 C Sp.
Then S4p =0.S0 AB € I1(M). Thus, I(M) is a left ideal of D(M). |

All left singular languages and all finite left cancellative languages are in S(M). We will give
a semi-singular language which is neither left singular nor finite.

Example4.4 Let X = {a,b} and A = X Ua?X* Ub?X*. Then Z, = X. For any x € X+, if
x € aX*, then bx ¢ AX] and bxX* N A = . So bx is a A-semi-singular word. If x € bX*
then ax ¢ AX and axX* N A = (. So ax is a A-semi-singular word. Hence S, = X™. Then
A € S(M). Clearly, A is neither left singular nor finite.

Theorems 4.5 and 4.8 will give another two kinds of languages which are contained in S(M).
First, we cite some definitions from [11,13] which we need in the following. A language A is said
to be right denseif wX* N A £ @ forall w e X*. If X*wX*N A # @ forall w € X*, then A'is
called dense. If X*wX* N A = @ for some w € X, then A is called non-dense. If wX*N A =0}
for some w € X, then A is called non-right dense.

THEOREM 4.5 All non-dense left cancellative languages arein S(M).
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Proof Let A be a non-dense left cancellative language. Then there exists w € X* such that
X*wX*NA=0. Hence, X*uX*NA=¢ for all u e X*wX*. So for all p € A, we have
puX*NA=. Since A€ D(M), then AX" # AX; for all u € X* by Lemma 3.1. Then
there exists g € A such that qu ¢ AX;". And quX* N A = (). Hence, u € S4. So X*wX* C S4.
Then for all x € X*, we have xw € X*wX* C S4. Then x ¢ I4 by Corollary 3.7. Thus, I, = ¢
and A € S(M). |

The language A in Example 3.4 is non-dense and S, # X ™.

ProposITION 4.6  Let A bealanguage. If S4 = X, then A isa non-right dense | eft cancellative
language.

Proof LetSs = XT.Thenx € S, foreveryx € XT.Soforeveryx € X thereexists p € Asuch
that px ¢ AX} and pxX* N A =@ by Lemma 2.4. From px ¢ AX, we know AX*t £ AX
for every x € X*. Then A is a left cancellative language by Lemma 3.1. From (px)X* N A = @,
we know that A is non-right dense. Thus, A is a non-right dense left cancellative language. M

By Lemma 2.5 and the proposition, we know that any left singular language is a non-right
dense left cancellative language.

A left cancellative language A is called a maximal left cancellative language if A U {x} is
not a left cancellative language for all x € X\ A (see [12]). We will show that all maximal left
cancellative languages are in S(M). First, we cite a lemma which we need.

LEmmA 4.7 [12] Let A be a maximal left cancellative language. If pw € A for some p € Z,4
andw € X, then pwX* C A.

THEOREM 4.8 All maximal left cancellative languages arein S(M).

Proof Let A be a maximal left cancellative language. If for every w € X there exists » € X*
such that wr € S4, then ¢ = wr for some g € S4. So w ¢ 14 by Corollary 3.7. As w was chosen
arbitrarily, I, = . Thus A € S(M).

Next, we will prove for all w € X there exists r € X* such that wr € Sy.

First, we want to prove that for every w € X, there exists pg € Z4 such that pow ¢ A. Other-
wise, assume that there exists w’ € X suchthat pw’ € Aforall p € Z,. Thenforallg € X*, we
have p(w'q) = (pw')q € AX;j,q. SoZ Xt = AXIJ;,q for some w'q € X*. Then A ¢ D(M) by
Lemma 3.1. This is a contradiction. So forevery w € X+ there exists py € Z4 suchthat pow ¢ A.
Then, we want to prove there exists » € X* such that powrX* N A = @ and powr ¢ AX} .

(i) Assume that powrX* N A #£ ¢ for all r € X*. Let B = A U {pow}. First, since pow €
AXT C BX*, then pow ¢ Zp. SO Z4, = Zg. Then, since pow ¢ A and A is a maximal
left cancellative language, B ¢ D(M). So there exists u € X* such that ZzX* = BX;" by
Lemma3.1. Then Z, X" = Zz Xt = BX;) = (AU {pow}) X, . Thatis, pu € AX; or {pow}X,"
for all p € Z4. Suppose that p € Z4 \ {po} and pu € {pow}X ;. Then pu = powy, for some
Yo € X;F. Since p, po € Z4, we have p = pq. This is a contradiction. Thus,

pu € AX; forall p e Zs\ {po}.

For the word pou, it is in AX;" or {pow}X;. If pou € AX], then Z,X* = AX;. Then A ¢
D(M). This is a contradiction. If pou € {pow}X;, then pou = powy1, where y; € X+ \ {u}. By
assumption that powrX* N A #£ ¢ for all r € X*, we have powy; X* N A # ¢ for the word y;.
Thenthereexistss € X*suchthat powyys € A. Since pou = powy1, pous = powyis € A.Forall
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t € Xt, we have po(ust) = (powyis)t € AX,. Since pu € AX;} forall p € Z, \ {po}, pu =
xoy, for some x, € A and y, # u. S0 p(ust) = xp(yost) € AX, forall p € Z, \ {po}. Thus,

ust

there exists usr € X such that Z, X+ = AX\,. Then A ¢ D(M). This is a contradiction. So
there exists »’ € X* such that powr’X* N A = (.

(ii) Assume that powr’ € AXL,.Thenthere existxz € Aand y; € X;Z,, suchthat powr’ = x3y3
and Po 75 X3. Since Po € Z4, pow1 = X3 € Aor Powry = X3 € A, where w = wiwy, r' = rira
and wy, 1 € X, wy, r, € X*. By Lemma 4.7, we have pow € A or powr’ € A. If pow € A,
then we have a contradiction. If powr’ € A, then powr’ X* N A # @. This contradicts with (i). So
powr’ ¢ AX} ..

From (i) and (ii), we have wr’ € S,. ]

In fact, the language A = X Ua?X* U b%2X*, where X = {a, b} in Example 4.4 is a dense
maximal left cancellative language. So it is a dense semi-singular language. First, A is
dense because for all x € X*, if x € aX* then ax € A; if x € bX* then bx € A. Second,
we know that A is left cancellative by Example 4.4. Finally, we will prove that A is maxi-
mal. We can see X\ A = abX* U baX*. Without loss of generality, for every abx; € abX*,
we prove that B = A U {abx1} is not a left cancellative language. We can find a word u =
bxia such that au = a(bxia) = (abxy)a; bu = b(bx1a) = (b%x1)a; (a®x2)u = (ax2)(bx1a) =
(a®xabx1)a; and (b?x2)u = (b%xz)(bx1a) = (b?xzbx)a forall x, € X*. Then BX* = BX;. So
B is not left cancellative. Thus, A is a maximal left cancellative language.

Theorem 4.5 tells us all non-dense left cancellative languages are semi-singular while the
following theorem will show that all right dense left cancellative languages are inf-singular. Of
course, not all dense left cancellative are inf-singular.

THEOREM 4.9  All right dense left cancellative languages arein I (M).

Proof Let A be a right dense left cancellative language. Then xX* N A # @ for all x € X™.
So (px)X*N A #£ @ forall p e A. Then px is not an A-semi-singular word. So x ¢ S, for all
x € Xt.Then S, = @. Thus, A € I (M). [ ]

In the following example, we will construct a right dense left cancellative language. So it is an
inf-singular language by the above theorem.

Example4.10 Let X = {a,b} and A =bTa U (JZyb'aX'X*). For any x € X*, assume
lg(x) =m. Then b"ax € AXT\ AX;}. Hence, A € D(M). Next, we will prove that A is right
dense. For every x € X* and Ig(x) = m, if x = b™ then xa = b"a € A. SO xX*NA £ 0. If
x = blax;,where0 < i < mandlg(x;) = m — i — 1,thenwe consider the following two cases.

(1) When lg(x;) =m —i — 1 > i, we know that x = b'ax; € A by the construction of A. So
xX*NA#Q.

(2) Whenlg(x;) =m—i—1<i,foreveryx, € XTandlg(xy) = 2i —m + 1, we have xx; =
b'a(x1x,) € A by the construction of A. So xX* N A # .

From all above and 1- X*NA=X*NA=A #, we show that A is a right dense left
cancellative language. So A € I(M).

On the other hand, the following example will show that there is a left cancellative language
in I (M) which is not right dense but is dense.

Example4.11 Let X = {a, b} and B = bTa U (2, b'aX’). Then B € 1(M) by Lemma 2.7.
Thereisaword a € X* suchthataX* N B = ¥. So B is not right dense. Next, we will prove that
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B isdense. Forevery x € X*,we knowthatx = 1orx € aX* orx € bX*. When x = 1, we have
(ba)x =ba € B. SO X*xX*N B #@. When x #1, let [g(x) = m where m > 1. If x € aX*,
then there exists x; € X* such that x = ax; wherelg(x;) =m — 1 > 0.S0b"xb = b™ (ax1)b =
b"a(x1b) € b"aX™ C B.S0 X*xX*N B # @.If x € bX*and x = b™, then xa = b™a € B. S0
X*xX*NB #@. If x = b'ax; where 1 <i < m and Ig(x;) = m — i — 1, then we consider the
following three cases.

(1) When Ig(x;) =m —i —1 > i, we know that »"~2~1x = b"2~Y(blax;) = b"lax; €
B.S0 X*xX* N B # ¢.

(2) Whenlg(x1) =m —i — 1 =i, we know that x = b'ax; € B. S0 X*xX* N B # .

(3) Whenlg(xy) =m—i—1<i,foreveryx, € XTandlg(xy) = 2i —m + 1, we have xx;
bla(xixo) € B. S0 X*xX* N B # . Thus, B is dense.

In fact, the following theorem will tell us that all inf-singular languages are dense.
THEOREM 4.12  All inf-singular languages are dense.

Proof Let A be an inf-singular language. Then H, is a maximal prefix code. Since (M) C
D(M), then A € D(M). Then G4 U H, is a maximal prefix code. Thus, G4, = @ for Hy is
already a maximal prefix code. Then S, = @. So for every x € X, we have x ¢ S4. Then for
all p € A, one of the following holds: (i) px € AX; or (ii) pxX* N A # (. Since A € D(M),
then AX*™ # AX forall x € X*. Thus, there exists ¢ € A such that gx ¢ AX;". Then we have
gxX* N A # (. As x was chosen arbitrarily, A is dense. |

By Propositions 4.2 and 4.3, we know that 7 (M) is a left ideal and S(M) is a strongly prefix
sub-semi-group of D(M). Next we will show that: (1) 7 (M) is not a strongly prefix sub-semi-
group; (2) S(M) is not a left ideal; (3) S(M) and I (M) are all not right ideals of D(M). Let
A be a right dense left cancellative language over an alphabet X and B = {a}, where a € X.
Then A € I(M) and B € S(M) for B is a left singular language [6]. We can obtain that AB
is also a right dense left cancellative language. Then AB € I (M). Therefore, S(M) is not a
left ideal and 7 (M) is not strongly prefix sub-semi-group. Since I (M) is a left ideal, we have
D(M)I (M) C I(M). Since S(M) € D(M) by Lemma 2.2, we know S(M)I (M) C I (M). So
forall A € S(M) and B € (M), we have AB € I1(M). Therefore, AB ¢ S(M) since S(M) N
I (M) =@. Thus, S(M) is not a right ideal. In order to explain that 7 (M) is not a right ideal,
we give the following example. Let C = bTa U (2, b'aX’), B = {a}, where X = {a, b}. Then
C € I(M) by Lemma2.7and B € S(M) € D(M).Then CB = b*a? U (2, b'aX'a) is a left
singular language because (ba)? € [(CB). Hence, CB € S(M). So CB ¢ I (M) by Lemma 2.3.
Therefore, (M) is not a right ideal of D(M).

Finally, we want to explain there is a left cancellative language which is neither semi-singular
nor inf-singular. So D(M) is the union of three disjoint sub-classes of S(M), I (M) and the rest.

THEOREM 4.13 D(M) \ (S(M) U I(M)) isnot empty.

Proof LetX = {a,b}and A = bta U {b'T1a?2X'|i > 0}. Then Z, = bta = {b'ali > 1}. Next,
we will calculate G4 and H,4. For any x € X, assume Ilg(x) =n. (1) If x € bX*, then
b'ax ¢ AX] and b"axX*N A =@. So bX* C Ss. (2) If x € aX*, then we want to prove
x ¢ Su. For any b'a € b*a, where i > 1, when i < n, we have blax € AX;; when i > n,
we have biaxX* N A # . For any b'*1a?w € bi*1a?X', where i > 0 and w € X', we have
(b +ta?w)x = (b'+ta)(awx) € AX}F. So x ¢ S, for all x € aX*. From Equations (1) and (2),
we get Sy = bX*and G, = {b}.
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Forall x € aX*, we want to prove that x X* C L,. Since x € aX*, we let x = axy, where x; €
X*andlg(xy) =n — 1.Foreveryy € X*, letig(y) = m.Wecanfindawordv = »"""a € A such
that v(xy) = (b"""a)(xy) = b""a?(x1y) € A.Sov(xy) ¢ AXT, which impliesthat xy € L 4.

ThenxX* C L. Andforallx € aX*andm € X*, we have x # bn)1 andb # xm.Thenl, = aX*
and Hy = {a}.

So G4 U Hy = {a, b} = X is a maximal prefix code. Then A € D(M). But G, = {b} and
H, = {a} are all not maximal prefix codes. So A ¢ S(M) and A ¢ I(M). Thus, A € D(M) \
(S(M) U I(M)). [ ]

Conclusion

In the monoid of left cancellative languages, all left singular languages, all non-dense left can-
cellative languages and all maximal left cancellative languages are semi-singular, while all right
dense left cancellative languages are inf-singular. The dense language A in Example 4.4 of the
paper is semi-singular, while the dense language B in Example 4.11 is inf-singular. To make a
further study, it will be useful to determine which classes of dense cancellative languages are in
S(M) and which are in 7 (M). From [12], we know that every maximal left cancellative language
is left dense. So it will be an interesting thing to judge that left dense languages in D(M) are
semi-singular or inf-singular. Another kind of left cancellative languages which is rational can
also be considered in the future. For the sub-class of D(M) \ (S(M) U I (M)), we have only found
an example. Other properties about it can be investigated.
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