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Abstract Optimality functions define stationarity in nonlinear programming,
semi-infinite optimization, and optimal control in some sense. In this paper, we con-
sider optimality functions for stochastic programs with nonlinear, possibly nonconvex,
expected value objective and constraint functions. We show that an optimality function
directly relates to the difference in function values at a candidate point and a local
minimizer. We construct confidence intervals for the value of the optimality function
at a candidate point and, hence, provide a quantitative measure of solution quality.
Based on sample average approximations, we develop an algorithm for classes of
stochastic programs that include CVaR-problems and utilize optimality functions to
select sample sizes.
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1 Introduction

Stochastic optimization problems arise in numerous contexts where decisions must be
made under uncertainty; see, e.g., [16,19,41,46] for algorithms, models, and applica-
tions. In this paper, we specifically deal with problems defined in terms of expected
values of random functions. Let F/ : R” x Q@ — IR, j=0,1,2,...,q, be random
functions defined on a common probability space (2, F, P), with Q@ ¢ R and
F C 2% being the Borel sigma algebra. Moreover, let the expected value functions
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f/ 1 R" - R U {—00, oo} be defined by
1) = ELFY (x, w)]

forall j € qq 2 {0} U q, with ¢q = {1,2, ..., q}. Problems involving such expected
value functions are generally challenging to solve due to the need for estimating expec-
tations repeatedly. Even assessing how “close” a given candidate point x € R” is to
optimality or stationarity may be nontrivial. We specifically consider the problem

P: min (P01 fflx) <0,j eq), M

where we adopt assumptions as in Theorem 7.52 and p. 146 of [41] that ensure that
expectation and gradient operators interchange and f/(-) are continuously differentia-
ble. However, f/(-) may be nonconvex. We do allow certain classes of nonsmoothness
in F/(-,w), j € qo, as described below, which may arise in two-stage stochastic pro-
grams [16], investment portfolio optimization [33], inventory control [48], and engi-
neering design [32,35]. Inventory control and engineering design optimization as well
as estimation of mixed logit models [3] may result in nonconvex models. Expected
value constraints appear, for instance, in investment portfolio and engineering design
optimization with restrictions on the Conditional Value-at-Risk (CVaR) (also called
superquantile) [32,33]. Throughout the paper, we assume that an infeasible x € IR” is
meaningful, but undesirable, as often is the case for CVaR-constrained problems. If an
infeasible point has little meaning and practical use, a chance-constrained model may
be more suitable than P; see for example [20] and [41], Chap. 4. That topic, however,
is outside the scope of the paper as in that case F/ (-, -) is an indicator function, which
is discontinuous and cannot easily be handled by our framework.

We consider two aspects of P. First, we focus on the assessment of the “quality” of
a candidate point x € R", which we refer to as validation analysis. Second, we deal
with algorithms that generates such candidate points. We then adopt a more specific
assumption that requires F/ (-, w) to be given in terms of the maximum of a finite
number of smooth random functions.

Stationary points of P are defined by the Karush-Kuhn-Tucker (KKT) or the Fritz-
John (FJ) first-order necessary optimality conditions. (Recall that the conditions are
equivalent for example under the Slater constraint qualification with convex inequality
constraints.) However, the verification of these conditions at a given x € IR” in the
present context is challenging as it requires estimation of f/(x) and V £/ (x), j € qo.

Under the assumption of deterministic constraints, Shapiro and Homem-de-Mello
[42] develops confidence regions for V f0(x) as well as hypothesis tests for whether
a point x € R” satisfies the KKT conditions; see also [11]. The results in [42] can
be extended to constraints defined in terms of expectations [40]. The hypothesis tests
require that the gradients of the active constraints are linearly independent, the strict
complimentary condition holds at x, and that the inverse of an estimate of a vari-
ance-covariance matrix is nonsingular. For P, Bettonvil et al. [6] develops a series of
hypothesis tests using bootstrapping for verification of KKT conditions that require
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relatively small sample sizes. Other hypothesis tests for KKT conditions are found in
[36,37], which also consider equality constraints.

Section 5.2 of [41] (see also [3,9,39]) uses stochastic variational inequalities to
analyze optimality conditions for P. The results include conditions for almost sure
convergence of stationary points of sample average problems (constructed by replacing
expectations in P by their sample averages) to stationary points of P as the sample size
grows. Extension of such results to second-order optimality conditions are found in
[3]. A similar result for the case with a nonsmooth objective function and deterministic
constraints is found in [48]. We find in Sect. 5.2 of [41] that under the linear indepen-
dence constraint qualification and the strict complementarity condition, a stationary
point of a sample average problem with sample size N is approximately normally
distributed with mean equal to a stationary point of P and with standard deviation
proportional to N~1/2,

Another approach to validation analysis is based on estimating bounds on the opti-
mal value of P; see [4,12,21,24]. Estimation of bounds in the case of constraints
on expected value functions utilizes the Lagrangian function [41,47], p. 208. These
bounding procedures are essentially limited to convex problems as they require global
minima of sample average problems, or as they make use of strong duality. Even if
global minima can be computed, nonconvex problems may have substantial duality
gaps and bounds based on the Lagrangian function may be weak.

There are numerous algorithms for solving stochastic programs similar to P includ-
ing decomposition algorithms in cases with special structure (see, e.g., [10]), sto-
chastic approximations (see, e.g., [19,22]), other versions of stochastic search (see,
e.g., [44]), and various algorithms based on sample average approximations (SAA)
(see, e.g., [41]). Since P may involve constraints on nonconvex expected value func-
tions, stochastic approximations may not be applicable and we focus on SAA. The
SAA approach solves a sample average problem obtained from P by replacing P by
an empirical distribution based on a sample from P. Under mild assumptions, global
minimizers and global minima of sample average problems converge to a global min-
imizer and a global minimum of P, respectively, as the sample size increases to
infinity; see for example [41, Sect. 5.1]. The advantage of this approach is its sim-
plicity and the fact that a large library of deterministic optimization algorithm may
be applicable to solve the sample average problem. A more involved version of SAA
approximately solves a sequence of sample average problems with gradually larger
sample size [3,14,25,35]. This version may reduce the computational effort required
to reach a near-optimal solution as early iterations can utilize small sample sizes, but
it needs a rule for selecting the sequence of sample sizes [25,30].

In this paper, we propose an optimization algorithm and validation analysis tech-
niques for P based on optimality functions. Optimality functions are optimal values
of quadratic programs involving linearizations of objective and constraint functions
and were introduced by E. Polak for use in nonlinear programming, semi-infinite
optimization, and optimal control to characterize stationary points [27-29]. Optimal-
ity functions have not been applied previously for validation analysis and algorithm
development in stochastic programming. As we see below, the use of optimality func-
tions in the context of P appears promising for three reasons. First, they result in
validation analysis procedures that appear more applicable than hypothesis test of
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KKT conditions as they deal with the more general FJ conditions and do not require
a constraint qualification. Second, they lead to bounds on the distance between the
objective function value at a feasible point and a local minimum. Third, they result in
sample-size adjustment rules that ensure convergence of algorithms for P based on
approximately solving sequences of sample average problems.

The contributions of the paper are fourfold. (1) We introduce an optimality func-
tion to the area of stochastic programming and establish the properties of its estimator.
(2) We derive bounds in terms of the optimality function on the distance between the
objective function value at a feasible point and a local minimum of P. (3) We construct
validation analysis techniques based on the optimality function and the FJ conditions.
(4) We develop an implementable algorithm for P and prove its convergence to FJ
points.

Section 2 defines optimality conditions in terms of an optimality function and show
how that function relates to the distance to a local minimum of P. Section 3 constructs
and analyzes an estimator for the optimality function. Section 4 develops procedures
for validation analysis. Section 5 gives an algorithm for P. Section 6 presents numer-
ical examples.

2 Optimality function

In this section, we introduce an optimality function and prove a relationship between
the optimality function at a feasible point x € IR” and the distance between f°(x) and
alocal minimum of P. We start by giving assumptions that ensure that f/(-), j € qo,
are finite valued and continuously differentiable and by stating optimality conditions.

Assumption 1 Foragivenset S C R”, the following hold for any nonempty compact
set X C S andforall j € qp:

(i) There e_xists a measurable function C : 2 — [0, 0o) such that E[C(w)] < 00
and |F/ (x, w)| < C(w) for all x € X and almost every w € Q.

(i1) There exists a measurable function L :  — [0, co) such that E[L(w)] < 00
and

|FI (x, w) — F/ (X', w)| < L(w)|lx — x|

forall x,x” € S and almost every w € €.
(iii) For every x € X, F/(-, ) is continuously differentiable at x for almost all
w € Q.

Assumption 1 is commonly made in the literature (see for example Theorem 7.52
in [41]) and allows for certain classes of nonsmoothness in F/ (-, ) that may arise
in two-stage stochastic programs with recourse [16], CVaR problems [33], inventory
control problems [48], and engineering design problems [35] when P has a continuous
cumulative distribution function. Assumption 1(iii) excludes the possibility of atoms
at a point w € 2 for which F J(-, ) is nonsmooth at some x € IR". This occurs, for
example, in the newsvendor problem with a discrete demand distribution.
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If Assumption 1 holds on an open set S and X C § is compact, then it follows from
Theorem 7.52 in [41] that f 10, J € qo, are continuously differentiable on X and that
Vfi(x) = E[V,F/(x,w)] forallx € X and j € qo.

We follow [29], see p. 190, and express the FJ conditions by means of a continuous
optimality function 6 : R" — (—o0, 0] defined by

0(x) £ min {max{—wﬂxw<Vf°<x>,h>,max{ff<x>—w+<x)+<fo<x>,h>}
helR" JE€q

+%||h||2} : @

where ¥ T (x) = max{0, ¥ (x)}, with ¥ (x) = maxjeq fj (x), is the constraint viola-
tion. We observe that 6 (x) is the minimum value of a linear approximation of objective
and constraint functions at x with a quadratic “regularizing” term. The dual problem
of (2) takes the form:

2
6(x) = — min, POt + D Wt — @I+ 3 | Do W VW]t
jeq J€90

3

where M 2 {(n € RIFL| Z/eqo w! = 1,u/ >0, € qo}; see Theorem 2.2.8 in
[29]. Here and below superscripts denote components of vectors. The optimality func-
tion equivalently expresses the FJ conditions in the sense stated next (see Theorem

2.2.8 in [29]), where X, 2 {x € R" | :(x) < O}.

Proposition 1 Suppose that X € Xy, and Assumption 1 holds on an open set S C IR"
containing x. Then, 0(X) = 0 if and only if X is a FJ point. O

From Proposition 1 and the continuity of 6(-), we see that an x € IR” close to a
feasible FJ point yields a near-zero value of 8 (x). Under a positive definite assumption
at a local minimizer X of P, 6(x) also gives a bound on the distance between f 0(x)
and f 0(%)forx € X , hear X as the next result shows. We find related results for finite
minimax problems in [29], p. 176, and for two-stage stochastic program with recourse
in [11], but the present result is new.

Theorem 1 Suppose that & € R" is a local minimizer of P and f7(-) is finite valued
and twice continuously differentiable near  with V? f1(X) being positive definite for
all j € qo. Then, there exist constants p € (0,00),c € (0,00),m € (0, 1], and
M € [1, 00) such that

O(x) — c/=0(x)/m < %) — ) <)/ M 4
forany x € Xy, with ||x — X| < p.

Proof Due to its length, we refer to the Appendix for the proof. O

@ Springer



298 J. O. Royset

The proof of Theorem 1 reveals that ¢ is given by the size of ||V f%(x)|| near %.
Moreover, if f/(-), j € qo, satisfy a strong convexity assumption, then (4) holds for
all x € Xy with X being a global minimizer. In view of the above results, 6(-) is a
measure of quality of a candidate point. The computation of 6 (x) for a given x € IR”
requires the solution of a convex quadratic program with linear constraints (see (3)),
which can be achieved in finite time. However, the definition of 6(x) involves f J(x)
and V f/(x), j € qo, that, in general, cannot be computed in finite time. Consequently,
we define an estimator for 6 (x) using estimators for f J(x) and Vf I (), J € qo-

3 Estimator of optimality function

Let w1, wy, . .. be a sequence of independent random vectors each with value in €2 and
distributed as P and £} (x) = 4 SN, Fi(x, 1), V() 2 & SN,V Fi (x, ),
Y (x) 2 max jeq f]{,(x), and w;(x) = max{0, ¥ (x)} be standard estimators of

f7(x), VfI(x), ¥(x), and ¥ (x), respectively, for any N € N2 {1,2,3,...},
J € qo, and x € IR”. Finally, we define the estimator of 6 (x) by

A o+ 0 J () — T J
Oy (x) = hrggﬂ{max{ Yy 00+ (VA (). ). max{ £, () = (0 + (VFy (). 1)
+%||h|\2}.

Similar to (3), the dual problem of Oy (x) takes the form:

On () = = min Ui+ 3 Y0 = (@143 ] D i VA 00

Jjeq J€90

(&)

We next derive properties of Oy (x) for a given x € IR". We start by stating
consistency, which follows from standard arguments (see for example the proof of
Proposition 5.2 in [41]).

Proposition 2 Suppose that Assumption 1 holds on an open set that contains a given
x € R". Then, Oy (x) — 0(x), as N — oo, almost surely. O

We next examine the asymptotic distribution of 6y (x) and adopt the following
assumption.

AssumptionZ For a given x € R”", E[FJ(x,w)*] < oo for all j € q and
E[(dF/(x,w)/8x")?] < ocoforall j e qoandi = 1,2, ..., n. O

In practice, one may need this assumption satisfied for all x in a region of interest
as a specific candidate point is typically not known a priori. We denote the set of
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minimizers in (3) by

M@ 2 JpeM |-06) = 1Oyt + D> w vt o) — @]
Jj€q
2
+3 | D> wVim| t. ©)

J€90

the set of active constraints by q(x) = {j € q| ¥(x) = f/(x)}, and the set of
active functions in ¥+ (x) by q*(x), which equals q(x) U {0} if ¥ (x) = 0, q(x) if
V¥ (x) > 0, and {0} otherwise. Moreover, for any x € RR”, we let Y (x) denote the
q + (g + 1)n-dimensional normal random vector with zero mean and variance-covari-
ance matrix V (x), where V (x) is the variance-covariance matrix of the random vector
(F'(x, w), F2(x, ®), ..., Fi(x, ®), V; FO(x, 0), Vi Fl(x, @), ..., Vi Fi(x, w)') .
Moreover, we define the g-dimensional random vector Y_1(x) and the n-dimen-
sional random vectors Y (x), j € qo, such that Y (x) = (Y_1 (x), Yo(x), Y1(x)/, ...,
Y, (x)")’. The asymptotic distribution of Oy (x) then takes the following form, where
= denotes convergence in distribution as N — oo.

Theorem 2 Suppose that Assumption 2 holds at a given x € R" and that Assump-
tion 1 is satisfied on an open set containing x € R". Then,

NY2On(x) —0(x) = — min W) + D W) — ¥/ ()]
neMi(x) jeq

+> <Z WAV R, Yj(x)> (7)

J€9q0 keqo

where W (x) 2 max g+ ) Y7, (x), with Y, (x) 20,
Proof The proof is given in the Appendix. O
The following corollaries are of special interest.

Corollary 1 Suppose that Assumption 2 holds at a given x € RR" and that Assump-
tion 1 is satisfied on an open set containing x € IRR". Then, the following statements
hold:
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(i) If the vectors ij (x), j € qo, are linearly independent, then M(x) = {1 (x)}
is a singleton and

NY2(0y (x) — 0(x))
= —OW@) = D 4 @IW @) - ¥ )]

J€q
- > W <Z AEV £, Y,-<x>>. ®)
J€q0 keqo

(i) If x is a local minimizer of P and the vectors Vfi(x),j e qx), are linearly
independent, then M (x) = {{i(x)} is a singleton and

NPoy) = W+ D @y (). ©)
jeqt(x)

Proof (i) Ifthe vectors V f/(x), j € qo, are linearly independent, then the matrix
Ax) = (VfOo%), Vfi(x),..., Vf9(x)) has rank g + 1. Hence, A(x) A(x)
is positive definite and the objective function in (3) is strictly convex. Conse-
quently, M (x) is a singleton and part (i) follows directly.

(i) Since x € R” is a local minimizer of P, ¥ (x) < 0 and, from Proposition 1,
0(x) = 0. Hence, it follows from (3) that there exists a fi(x) € M(x) such
that Zjeqo Al (x)VfI(x) =0 and Zjeq A (O (x) — f/(x)] = 0. Con-
sequently, i/ (x) = 0 for all j € q such that j ¢ q*(x). We deduce from the
KKT conditions for P that under the stated linear independence assumption,
M(x) is a singleton. Since Ygl (x) = 0 by definition, (7) reduces to (9). O

Corollary 2 Suppose that Assumption 2 holds at a given x € R" and that Assump-
tion 1 holds on an open set containing x € R". If all constraints are deterministic,
then

N3Oy () —0(x) = — min 4 < 2 V), Yo(x>> . (0
neMi(x) keqo
Proof This result follows by similar argument as those leading to Theorem 2. O

The next corollary and (10) show that normality of 6y (x) occurs when M(x) is

a singleton or no constraints exist. Let A/(0, o2) denote a zero-mean normal random

variable with variance o 2.

Corollary 3 Suppose that Assumption 2 holds at a given x € R" and that Assump-
tion 1 holds on an open set containing x € R". If there are no constraints in P,
then

N2 (08 () = 0(x) = N0, V£200) Vo)V £ (x)),

where Vy(x) is the n-by-n variance-covariance matrix of Yo(x).
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Proof This result follows directly from Theorem 2. O

We next consider the bias E[0y(x)] — 6(x). (We use E to denote the expectation
with respect to any probability distribution. The meaning should be clear from the
context.)

Proposition 3 Suppose that Assumption 2 holds at a given x € R", Assumption 1
holds on an open set containing x € R", and there exists an € > 0 such that
supyew E[INY2(On (x) — 0(x)['T€] < co. Then,

E0n (x)] —0(x)

=N"2E| = min {u0W)+ ZM[W(x) - Yfl(X)]

neMx) jeq
+ <Z TAFAIO! Y,,~(x)>
J €40 keqo
+o(N~I2, (11
Moreover, if./\;l(x) is a singleton, then E[Oy(x)] — 0(x) = —N"12E[wWx)] +

o(N~Y2y,

Proof From Theorem 25.12 in [7] and Theorem 2, we directly obtain (11). Since
Yil, J € q,and Y;(x), j € qo, have zero mean and Zjeqo w/ = 1forall u e M,
the second part also holds. O

We observe that the bias identified above is similar to that of the optimal value
of min, ¢ Xy f 13 (x) relative to the optimal value of miny¢ Xy f O(x); see, for example
p. 167 in [41]. In that case, the bias is always nonpositive. In the present case, E[0x (x)]
may be larger than 6 (x). However, in the absence of constraints in P, we find using
Jensen’s inequality that for any N € IN, E[0y(x)] < 6(x).

4 Validation analysis

In this section, we develop confidence intervals of 6(x) and v (x) for a candidate
point x € IR”, which may be used to assess “near-optimality” and “near-feasibility”
of x. In view of Corollary 3, confidence intervals can easily be obtained using standard
techniques in the case of no constraint. Hence, we focus on situations with constraints.

4.1 Near feasibility in P

We adopt a simple batching approach to estimate the value of i (x). (We refer to
[17] and [37] for other approaches not pursued here.) By Jensen’s inequality, we
find that ¥ (x) < E[¢¥n(x)]. Hence, a confidence interval for E[yy (x)] provides a
conservative confidence interval for 1 (x), which we construct next. For given N and
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M, let yyr(x),k = 1,2,..., M, be independent random variables distributed as

Y (x). Then, EN,M(x) 2 211:1:1 YN k(x)/M is an unbiased estimator of E[yy (x)].
If E[F/(x,w)?] < oo for all J € q, then EN, u (x) is approximately normal with
mean E[yy(x)] and variance Var[y¥y(x)]/M for large M. Hence,

(—00, ¥ .1 (X) + 2a5y N () /v M] (12)

is an approximate one-sided 100(1 — ) %-confidence interval for E[vy (x)] for large
M and also a conservative 100(1 — «)%-confidence interval for ¥ (x), where zy is
the standard normal «-quantile and sij’ N () is the standard unbiased estimator of

Var[yn(x)].

4.2 Near optimality in P

We propose two approaches for obtaining confidence intervals for 8 (x). We note that
the optimality function synthesizes the lack of feasibility and optimality at a particular
point into a real number. Hence, it is natural to supplement a confidence interval for
0(x) by one for ¥ (x) (see (12)), which assesses feasibility exclusively.

The first approach for obtaining confidence intervals for 6(x) makes use of the
following result.

Proposition 4 Suppose that Assumption 1 holds on an open set containing a given
x € R". Then, forany u € M and N € IN,

2
0() 2 E | =y () = > il (U 1) = fi ) = 5 | D !V f )
Jj€q J€90
(13)

Proof Forany u € M, letij : R4T@+tD" 5 R be defined by 77(2) 2 max{0, max jeq
(L} = P ieq Wl + S Y e WGP for any € = (L. 80.¢0. . 0) €
RYT@HD with¢_; € R7and¢; € R", j € qo.Let fiy (x) E (fy @) fR(), oo, £

(x)) and VT y(x) 2 (V) VL), ..., VEx)). By the convexity of 7i(-),
Jensen’s inequality, (3), and the suboptimality of 1,

E[R((fn ), VN )] = 10900 + D 1/ (0 () — 7 (x)
Jj€q
2

+1 Z,u’vﬂ(x) > —0(x).

J€90

The conclusion then follows from the definition of 7(-). O
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In view of Proposition 4, we construct a conservative confidence interval for
0(x) by computing a confidence interval for the right-hand side in (13). We adopt
a batching approach and, for given N and M, let ny i,k = 1,2,..., M, be
independent random variables distributed as 7((fy(x)’, Vfy(x)")); see defini-

tion in the proof of Proposition 4. Then, 7y 2 % Z,iw:l NNk is an unbiased
estimator of E[7((fy(x)', V.fy(x)))] that is approximately normal with mean

E[((fn (), Vf y(x)))] and variance Var[i((fn(x)', V. y(x)))]/M for large
M under integrability assumptions on (fx (x)’, V f 5 (x)"). Then, it follows that

[(~Tn.m — ZaSyN.m(X) /M, 0] (14)

is an approximate 100(1 — ) %-confidence interval for E[—7((fy (x)’, Vf 5 (x)))]
for large M and also a conservative 100(1 — «)%-confidence interval for 6 (x). Here,
s%)N’M is the standard unbiased estimator of Var[7((fy(x), Vfy(x)))]. To com-
pute (14), it is necessary to select a u € M. In view of the proof of Proposition 4,
we see that a tighter confidence interval can be expected when u € M(x). However,
even when u € M(x), the inequality in (13) may be strict.

The second approach to constructing a confidence interval for 6(x) is motivated
by a procedure for obtaining bounds on the optimal value of optimization problems
with chance constraints [23]; see also Sect. 5.7.2 in [41]. The approach requires a
slightly different sampling scheme. While we above use common random numbers,
i.e., fI{, (x), VfI{, x), J € qo, ¥n(x), 1/;1'\," (x), and Oy (x) are computed using the same
sample, we now generate a sample of size N for each vector (f 1{/ x),Vf ]<, x)), j € qo,
independently, and also independently generate a sample of size N to compute ¥y (x).
(Such independent sampling is for example discussed in [41], Chap. 5, Remark 9.) We
refer to this modified scheme as the function-independent sampling scheme. Since the
function-independent sampling scheme is only discussed in this subsection and used
in numerical tests in Sect. 6, we slightly abuse notation by using the same notation for
both sampling schemes.

From (2) we see that 0 (x) = —y+(x) 4 u(x), where

u() 2 o min (4 g WP V@, ) < 2 0+ (V) <2 € gl

15)

Here, —y* (x) is a measure of feasibility and u(x) is a measure of optimality. Using
the function-independent sampling scheme, we similarly let

un() = min {24 HAI2 (VES (), B < 2, fL )+ (VL0 h) <z, ) € q).
(h,z)eR"H!

(16)

The next lemma provides a useful relationship between u(x) and uy (x).
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Lemma 1 Suppose that Assumption 2 holds at a given x € R", that Assumption 1
holds on an open set containing x € RR", and that the function-independent sampling
scheme is used. Then,

. 1
I}Vrrl}gof Probluy (x) < u(x)] > 4T a7

Proof Suppose that (}Az, 7) € R"*! is a feasible point in (15). We want to determine
the probability, denoted by py, that (/, 2) is feasible in (16). Since (&, ) € Rt is
feasible for (15),

pv 2 prob | fovseo. iy =2} ) (N[ + s h <2

Jj€q

v

Prob |[(v £4() = v°). iy < of (Y [ N { A4 @) = /0 + (V50

Jj€q

—V i), h) < 0} . (18)

In view of the function-independent sampling scheme, it follows that

P = Prob [ (Vf(0) = V100, h) < 0]
x [TProb | £ 0) = 170 + (V£ @) = V£ ). By < 0]
j€q

By Assumption 2, a central limit theorem, and the continuous mapping theorem,
NY2(V f 1(\), (x) =V fOo%x), h) converges in distribution to a zero-mean normal random
variable. Hence,

lim Prob [(Vf]?,(x) — VO, h) < 0] > 1/2. (19)

N—o0

Similarly, for all j € q, NV2(f}(x) — f7(x) + (V£ (x) = V.f1(x), h)) converges
in distribution to a zero-mean normal random variable. Hence, for all j € q,

lim_Prob [f]c(x) — ) + VL) = V), by < o] > 1/2.

Consequently, liminfy_ oo py > 1/297!. Since this result holds for any (h,?) €
RR™t! that is feasible in (15), it also holds for the optimal solution in (15). If (fz, 2) €
Rt s optimal in (15) and it is also feasible in (16), then uy (x) < Z+ % ||fz ||2 = u(x).
This completes the proof. O
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Lemma [ provides the basis for the following procedure for obtaining a probabilistic
lower bound on u(x). This procedure is essentially identical to the one proposed in [23]
in the context of chance constraints. Let uy x(x),k = 1,2, ..., K, be independent
random variables distributed as u y (x). After obtaining realizations of these random
variables, we order them with respect to their values. Let iy 1, Un 2, ..., Un k, With
Unk < Unk+1, be this ordered sequence. That is, &y 1 is the smallest value of
unk(x),k=1,2,..., K, iy is the second smallest, etc. Suppose that py is a lower
bound on Prob[uy(x) < u(x)] and suppose that for a given 8§ € (0, 1), K and L
satisfy

L—-1
> (’,f) v =t < B, (20)
k=0

Then, using the same arguments as in Sect. 5.7.2 of [41], we obtain that Prob[uy 1 >
u(x)] < B. Hence, [iiy, 1, 0] is a 100(1 — B)%-confidence interval for u(x). In view
of Lemma 1, we recommend a number slightly smaller than 1/29%! as an estimate of
yny when N is moderately large.

If ¥ ~.m (x) of Sect. 4.1 is computed independently of the confidence interval for
u(x), then in view of the fact that Oy (x) = —lp;\;(x) + un(x),

[ = max{0. ¥y s () + Zas v (/M) + iy, O] @

is an approximate 100(1 — «)(1 — B)%-confidence interval for 6(x) for large M
and N. The approach requires the solution of K quadratic programs. If L = 1, then
K > log B/log(1 — pn). Hence, K is typically moderate. For example, if 8 = 0.01
and yy = 0.49, then K = 7 suffices.

5 Algorithm and consistent approximations

In this section, we use the optimality function 6(-) and an optimality function of an
approximating problem to construct an implementable algorithm for P under the addi-
tional assumptions that F/ (-, w), j € qq, are given by the maximum of continuously
differentiable random functions. We therefore replace Assumption 1 by the following
more specific assumption.

Assumption 3 The random functions F/ : R"” x Q@ — R, j € qq, are given by

F/(x,») = max g% (x, »), j € qo, (22)
ker/

where r/ = {1,2,..., r-/}, r/ € N, and for a given set S C R", the following hold
forall j € qo:

(i) Forall k € r/ and almost every w € 2, gj k(-, w) is continuously differentiable
on S.
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(i) There exist a nonnegative-valued measurable function C/ : Q — [0, 0o) such
that E[CY (@)] < 00, |g/*(x, )| < C/ (), and |Vig/* (x, )| < C () for
all x € Sand k € r/, and for almost every o € Q.

(iii) Forallx € S, the set#/ (x, w) = {k er/ | Fl(x,w) = g/*(x, w)} is a singleton
for almost every w € Q. O

Assumption 3(iii) excludes the possibility of atoms ata point w € 2 for which there
is more than one maximizer in (22) at a given x. If Assumption 3 holds on § C R”,
then Assumption 1 also holds on S as the next result states.

Proposition 5 Suppose that Assumption 3 holds on an open set S C R". Then, (i)
Assumption 1 holds on S and (ii) for any compact X C S, f/(-), j € qo, are finite
valued and continuously differentiable on X with V f J(x) = E[V, gk Tx)j (x, w)],
where k/ (x, @) €t (x, w).

Proof Assumption 1(i) holds directly from Assumption 3(i). For all j € qo¢ and
almost every w € Q, F J (-, ) is Lipschitz continuous on bounded sets and has a
directional derivative at x € RR” in direction & € IR" given by dF J(x,w; h) =
MaXycti(x,0) (ngjk (x, w), h); see for example Theorem 5.4.5 in [29]. Hence, in view
of Assumption 3(ii), F/ (-, w) is Lipschitz continuous on bounded sets with an inte-
grable Lipschitz constant. Hence, Assumption 1(ii) holds. From Assumption 3(iii) we
conclude that forall x € S, F/(-, w) is continuously differentiable at x and #/ (x, w) =

{Igj(x, w)} for almost every w € Q. Hence, V, F/ (x, ) = nglg'/(x’w)j (x, w) and
Assumption 1(iii) holds. The conclusions then follows from Theorem 7.52 in [41].
(]

If Assumption 1 holds on an open set S C IR” containing a compact set X, then

f ,{, (x) converges to £/ (x) uniformly on X, as N — oo, almost surely for any j € qo;
see Theorem 7.48 in [41]. While this fact is useful, fZ{}(-) is nonsmooth and, hence,
standard nonlinear programming algorithm may fail when applied to P with f/(-)
replaced by f ,{, () foragivenrealization of {«w;} ;V: |- Consequently, we construct smooth

approximations of f,{,(~), Jj € qo.

5.1 Sample average approximations and exponential smoothing

We adopt the exponential smoothing technique first proposed in [18]; see also [45,48]
for recent applications. Forany € > Oand j € qo, we define the smooth approximation
J:R" x @ - Rby

Fi(x,0) 2 elog > exple’t (x, w) /el (23)
ker/

Under Assumption 3, ng (,w), j € qo,€ > 0, are continuously differentiable for
almost every w € €2, with

VFej(x,a)) = zugk(x,a))vxgjk(x,a)), (24)

ker/
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where

explg/*(x, w) /€]

w(x, w) = — Jkerl, (25)
¢ Zk/erj exp[g]k (x, C{))/E]
Moreover, forany j € qp, € > 0, x € R", and w € €,
0< Fej(x, w) — F"'(x, w) < elogrj. (26)

For any j € qo,€ > 0, and N € IN, we define the smoothed sample average fI{, ¢
R” - R by

She@) = 5 3 F (v, ). 27)
=1

Finally, we define, for any € > 0 and N € IN, the smoothed sample average problem
Pye: min{fy ()| fi () <0, €q). (28)
X

For given € > 0, N € IN, and realization of {wl}lN: 1» Pne is smooth and, hence, solv-
able by standard nonlinear programming algorithms. We note that if r/ is a singleton
for all j € o, then smoothing is not required and the above expressions simplify.

A simple approach for solving P is to select a small € and a large N to ensure
small smoothing and sampling errors, respectively, and then to apply a standard algo-
rithm to Py.. In the case of deterministic constraints in P, the results of [48] provide
theoretical backing for this approach by showing that every accumulation point of a
sequence of stationary points of smoothed sample average problems of Py (but with
deterministic constraints) is a stationary point of P. In the next subsection, we extend
the result of [48] in one direction by considering a sequence of near-stationary points
of Py (with expectation constraints) as expressed by optimality functions. We utilize
this result to obtain an implementable algorithm that approximately solves sequences
of smoothed sample average problems Py, for gradually smaller € and larger N.
There is evidence that such a gradual increase in precision tends to perform better
numerically than the simple approach of solving a single approximating problem with
high precision [2,5,14,15,25,26,30,35,42]. This effect is often caused by the fact that
substantial objective function and constraint violation improvements can be achieved
with low precision in the early stages of the calculations without paying the price asso-
ciated with high precision. In the present context, a high precision requires a large N,
which results in expensive function evaluations, and a small €, which may cause
ill-conditioning [26]. Hence, we proceed by considering a sequence of Py, with grad-
ually higher precision.
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5.2 Consistent approximations

We analyze Py within the framework of consistent approximations (see [29,
Sect. 3.3]), which allows us to related near-stationary points of Py, to stationary
points of P through their respective optimality functions. We start by defining an
optimality function for Pye.

Let Oy¢ : R" — (—00, 0] denote an optimality function for Py, defined by

One() = = min 1OV 0+ D W0 = (o]
Jjeq
2

+ D W] (29)

J€q0

where 1/f1"\]"e (x) = max{yye(x), 0}, with Yye(x) = maxjeq f]{,€ (x). Similar results
as in Proposition 1 hold for Py, and 6y, (-), and hence if x € R”" is feasible for Py,
then x is a FJ point of Py, if and only if Oy, (x) = 0. To avoid dealing with N and €
individually, we let {eN}ﬁ: | be such that ey > O forall N € IN and ey — 0, as
N — oo. We adopt the following definition of weakly consistent approximations
from Sect. 3.3 in [29].

Definition 1 The elements of {(Pne,, QNGN(~)}1°\,°: | are weakly consistent approx-
imations of (P, 0(-)) if (i) Pye, epi-converges to P, as N — 00, almost surely,
and (ii) for any x € R" and {xy}%_; C R" with xy — x, as N — o0,
lim supy _, oo Oney (xn) < 6(x), almost surely. O

We proceed by showing that {(Pyey, Oney (-)}3—, indeed are weakly consistent
approximations of (P, 6(-)). We need the following key result.

Proposition 6 Suppose that Assumption 3 holds on an open set S C R" and that
X C S is compact. Then, for all j € qp,

Ga f ]{, N (x) converges to f7(x) uniformly on X, as N — oo, almost surely, and

@) Vf 1{, ey (X) converges to V f I (x) uniformly on X, as N — 0o, almost surely.
Proof See appendix. O
We need the following constraint qualification to ensure epi convergence.

Assumption 4 For a given set S C IR” the following holds almost surely. For every
x € §N Xy, there exists a sequence {)cN}/oVo=1 C S, with ¥y (xy) < 0, such that
Xy — x,as N — oQ. O

Theorem 3 Suppose that Assumptions 3 and 4 hold on an open set S C R", X C §
is compact, and Xy, C X. Then, {(Pney, Oney (~)};’V°:1 are weakly consistent approx-
imations of (P, 0(-)).
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Proof Using Theorem 3.3.2 in [29], it follows directly from Proposition 6(i) and
Assumption 4 that Py, epi-converges to P, as N — oo, almost surely. Next, we
consider the optimality functions. Let n : M x X — Randny : M x X — R be
defined by

2
1) = pO 0+ D@ = o1+ 3| WV
jeq J€q
and ny (i, x) similarly with ¥+ (x), £/ (x), and V f/(x) replaced by ‘pIJ\?eN(x)»

f,(; en (x), and Vf,{, N (x), respectively. In view of Proposition 6, ny (-, -) converges
to n(-,-) uniformly on M x X, as N — oo, almost surely. Since 0(x) =

—mingep (i, x) and Oney (x) = —min,ep Ny (1, x), we conclude that Oyey (+)
converges to 6(-) uniformly on X, as N — o0, almost surely, which completes the
proof. O

Consistent approximations lead to an algorithm for P, which approximately solves
sequences of problems {Pye, }nek, Where K is an order set of strictly increasing
positive integers with infinite cardinality. As N increases, the precision with which
Ppey is solved increases too. We measure the precision of a candidate point of Py,
by means of Oy, (). When a point of sufficient precision is obtained for Py, , the
algorithmstarts solving Py, ,, where N "is the nextintegerin KC after N. We allow flex-
ibility in the choice of optimization algorithm for approximately solving { Pyey }nveic-
We only require that the optimization algorithm converges to a feasible FJ point of
Ppyey as the next assumption formalizes. Here, we adopt the notation Ay (x) for
the iterate obtained after a fixed number of iterations of the optimization algorithm,
starting from x € IR”, when applied to Pye.

Assumption 5 The following holds almost surely. For any N € IN and € > 0, every
accumulation point £ € R” of {x;}7°, with x; 11 = Ane(x;), i =0, 1,2, ..., satisfies
One(X) = 0 and Yy, () < 0.

The algorithm for P, stated next, is a straightforward adaptation of Algorithm
Model 3.3.14 in [29]. We use the notation IC(N) to denote the smallest N’ € K strictly
greater than N.

Algorithm 1 (Solves P under Assumptions 3, 4, and 5)

Input. Function A : IN — (0, o) with A(N) — 0, as N — o0; ordered strictly
increasing set £ C IN with infinite cardinality; {ey}nyex C (0, 00), with
€N K 0,a8s N — o0; 61,8, > 0; Ny € K; xg € R"; and realizations
{wi}72, obtained by independent sampling from 7.

Step 0. Seti =0, x; = xo, and N = Nj.

Step 1. Compute x; 11 = Ayey (Xi).

Step 2. If Oy¢, (xi1) = =01 A(N) and Yyey (Xi41) < 2A(N), then set x,”{, = Xjt]
and replace N by KC(N).

Step 3. Replace i by i + 1, and go to Step 1. O
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In view of Theorem 3, convergence of Algorithm 1 is deduced from Theorem 3.3.15
in [29]:

Theorem 4 Suppose that Assumptions 3, 4, and 5 hold on a sufficiently large open
subset of R". Moreover, suppose that Algorithm 1 has generated the sequences {xy}
and {x;}{°, and they are bounded. Then, {x}} is an infinite sequence and every accu-
mulation point X of {x},} satisfies 0(X) = 0 and Y (X) < 0 almost surely. O

6 Numerical examples

In this section, we present numerical tests of Algorithm 1 and the validation analysis
procedures in Sect. 4 as applied to five examples involving constraints. We also carried
out validation analysis for an unconstrained example using Corollary 3. However, as
the results are conceptually similar to those below, they are omitted. All calculations
are performed in Matlab 7.4 on a 2.16 GHz laptop computer with 1 GB of RAM and
Windows XP, unless stated otherwise.

6.1 Example 1: Validation analysis for deterministically constrained problem

This problem instance arises in search and detection applications where an area is
divided into n cells, one of which contains a stationary target. Let x € R”", with
x! representing the number of time units a searcher allocates to cell i. Then, the
probability of not detecting the target is f O(x) = E[F°(x, w)], where FO(x, w) =
> pi exp(—w'x’), p; is the prior probability that the target is located in cell i,
and w = (a)l, w?, ..., ™)’ is an independent lognormally distributed random vec-
tor (with parameters' & = 100u’ and A’ = 0, where u’ € (0, 1) are given data
generated by independent sampling from a uniform distribution) representing the ran-
dom search effectiveness in the cells. The searcher is constrained by > " x' < 1
and x > 0, where we use n = 100. Assumption 3 holds for this problem instance.
We consider three candidate solutions: x; € R0 which is nearly optimal, x; =
(1/100, 1/100, ...,1/100) € R' and x3 = (1/50,1/50,...,1/50)" € R'%,
which is infeasible. Hence, ¥ (x1) = ¥ (x2) = 0 and ¥ (x3) = 1. We verify using
long simulations (sample size 108) that 6(x;) ~ 8 - 1077, 6(x2) ~ —0.00736, and
6 (x3) =~ —0.99318; see the last row of Table 1.

We consider both confidence intervals (14) and (21). To compute (14), we first
determine p by solving (5) using sample size N. Second, we compute 7y ), using u
with M replications. In (21), we use L = 1 which leads to K = 5 when g = 0.05;
see (20). Table 1 provides 95%-confidence intervals for 6 (x1), 6 (x2), and 6 (x3) using
(14) (rows 3-6) and (21) (rows 7-10) with varying sample size N and replications M
and K. We observe that the confidence intervals cover the exact value of the optimality
function. When the value of the optimality function is some distance from zero, a tight
confidence interval is obtained using a moderate sample size N. However, when the

1 We note that A’ and Ei are the mean and standard deviation, respectively, of the normal distribution from
which the lognormal distribution is obtained.
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Table 1 95%-Confidence intervals in Example 1 for 6(x1), 6(x2), and 6(x3) using (14) (rows 3-6) and
(21) (rows 7-10) with varying sample size N and replications M and K

Method N M K Confidence intervals
0(x1) 0 (x2) 6(x3)

(14) 102 30 - [—0.004254, 0] [—0.008125, 0] [—1.049167, 0]
103 30 - [—0.000630, 0] [—0.007837, 0] [—1.048609, 0]
104 30 - [—0.000050, 0] [—0.007783, 0] [—1.048554, 0]
105 100 - [—0.000006, 0] [—0.007483, 0] [—1.009602, 0]

21) 102 - 5 [—0.001886, 0] [—0.007628, 0] [—0.994375, 0]
103 - 5 [—0.000464, 0] [—0.007497, 0] [—0.993391, 0]
10* - 5 [—0.000049, 0] [—0.007359, 0] [—0.993278, 0]
10° - 5 [—0.000006, 0] [—0.007365, 0] [—0.993201, 0]

“Exact” ~8x 1077 ~ —0.00736 ~ —0.99318

The last row gives approximate but accurate values of 6(xy), 6(x2), and 6(x3)

optimality function is close to zero, a large sample size is required. While the confi-
dence intervals reported are from a single generation, we also verify the coverage and
variability of the confidence intervals across independent replications. Specifically,
we confirm the confidence level in (21) by estimating coverage probabilities, i.e.,
the probability that the random confidence interval (21) includes 6 (x). We find that
100, 99, 98 and 99% of 1,000 (200 in the case of N = 10° ) independent replications of
(21) cover O (x;) for N = 102, 103, 104, and 10°, respectively. Similar calculations for
0 (x2) and 6 (x3) result in coverage percentages of at least 97%. All these percentages
are well above the stipulated 95%. We also compute the coefficients of variation across
20 replications of (14) and (21), and obtain at most 11%, 2%, and 0.01% coefficients
of variation in confidence interval for 6 (x1), 8 (x7), and 6 (x3), respectively, regardless
of sample size or method used in Table 1. Hence, the variability of the confidence
intervals is modest across independent replications.

We also apply the hypothesis test of [42] and find a p value of 0.65 for the case
with x1. Hence, we are unable to reject the null hypothesis that x is a KKT point using
any reasonable test size. In the case of x; and x3, the p values are essentially zero and
the null hypothesis is rejected even with a small test size. While these conclusions are
reasonable, they do not directly provide information about how “close” a candidate
solution is to a FJ point. In practice, we are rarely able to obtain a candidate solution
that is a FJ point. Hence, the “distance” to such a point becomes important as measured
by the optimality function.

6.2 Example 2: Validation analysis for problem with expectation constraint
We next consider an engineering design problem where the cost of a short structural

column needs to be minimized subject to constraints on the failure probability and
the aspect ratio; see [34]. The design variables are the width x! and depth x? of the
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Table 2 95%-Confidence intervals in Example 2 for v (x1), ¥ (x2), and ¥ (x3) using (12) with varying
sample size N and replications M

N M Confidence intervals

Y(xy) ¥ (x2) ¥ (x3)
102 30 (—00,0.1338] (—00,0.9153] (=00, 10.1632]
103 30 (—00,0.0079] (—00, 1.0616] (—00, 10.1894]
104 30 (—00, —0.0014] (—00,0.8175] (—00, 10.2649]
105 100 (—00, —0.0067] (—00, 0.7898] (—00,9.9154]

column. In [35], we find that the failure probability for design x = (x!, x?) can be
approximated with high-precision by the expression E[1 — x Z (r%(x, w))], where w is
a four-dimensional standard normal random vector modeling random loads and mate-
rial property, x f(-) is the cumulative distribution function of a Chi-squared distributed
random variable with four degrees of freedom, and r(x, ) is the minimum distance
from 0 € IR* to a limit-state surface describing the performance of the column given
design x and realization w; see [34,35]. The failure probability is constrained to be no
greater than 0.00135. Hence, we set fl(x) =E[l1 - Xf(rz(x, ®))]/0.00135 — 1. As
in [34], we adopt the objective function f°(x) = x'x? and the additional constraints
F2(x) = —xb, £3(x) = —=x2, fA(x) = x'/x? =2, and 7 (x) = 0.5—x2/x". In view
of results in [35], Assumption 3 holds for this problem instance.

We consider three designs: x; = (0.334, 0.586)" is the best point reported in
[34]; xo = (0.346,0.553)" is an infeasible solution reported in [34], and x3 =
(0.586, 0.334) is the “mirror image” of xj. Table 2 gives 95%-confidence inter-
vals for ¥ (x1), ¥ (x2), and 1 (x3) for various sample sizes and replications. Table 3
presents confidence intervals for 6(x1), 6(x2), and 6 (x3), with « = 0.1 in (14) and
o = B = 0.05in (21). We see that (14) and (21) give comparable results and that
a near-optimal solution may require a large sample size to ensure a tight confidence
interval.

6.3 Example 3: Optimization and validation analysis for full problem

We illustrate Algorithm 1 by considering the following randomly generated prob-
lem instance. Let n = 20, FO(x, w) = ngl al(x! — blw')?, where @' = i,b' =
21 —i,i = 1,2,...,20, and v = (wl, @?, ...,a)zo)’ is a vector of independent
and uniformly distributed random variables between 0 and 1. F I, and F2(.,")
are defined similarly, but with ¢’ and b’ being randomly and independently gener-
ated from a uniform distribution supported on [0, 10] and [0, 2], respectively. More-
over, we subtract 100 from these expressions to construct constraints of the form
E [2?21 a'(x' —b'w')? — 100] < 0. The resulting instance of P involves 60 indepen-
dent random variables, an expected value objective function, and two expected value
constraint functions.
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Table 3 90%-Confidence intervals in Example 2 for 6(x1), 6(x2), and 6(x3) using (14) (rows 3-6) and
(21) (rows 7-10) with varying sample size N and replications M and K

Method N M K Confidence intervals
0(x1) 6(x2) 0(x3)

(14) 102 30 - [—0.2597, 0] [—0.8055, 0] [—10.2772,0]
103 30 - [—0.0554, 0] [—0.7856, 0] [—10.0301, 0]
10% 30 - [—0.0074, 0] [—0.8179, 0] [—10.1692, 0]
10° 100 - [—0.0014, 0] [—0.7816, 0] [—9.8631, 0]

21 102 30 5 [—0.1540, 0] [—0.9465, 0] [—12.1029, 0]
103 30 5 [—0.0595, 0] [—0.8129, 0] [—10.6630, 0]
104 30 5 [—0.0031, 0] [—0.8229, 0] [—10.1777, 0]
10° 30 5 [—0.0003, 0] [—0.8137,0] [—10.3143,0]

We apply Algorithm 1 to this problem instance using xo = 0, N9 = 100, A(N) =
1/v/N, and 8; = 8, = 1. Moreover, we let K(N) = 2N and Ay (x) be the iterate
obtained after one iteration of the Polak-He Phase 1-Phase 2 algorithm started from x;
see Sect. 2.6 in [29]. We refer to the iterations of Algorithm 1 with the same sample size
N as a stage. No smoothing is required as F I(-, ), Jj =0, 1,2, are already smooth
for all w € 2. We run Algorithm 1 for ten stages and generate the candidate points
X35 X700 X500 - - - » x;1200' For each candidate point x7%,, we compute the confidence
intervals (12) and (21) using sample size 10N (1,000 for x§), replications M = 30 and
K =23, and L = 1; see Table 4. Columns 2 and 3 give the sample size and number
of iterations used in each stage, respectively. Columns 4 and 5 give 95% confidence
intervals for 1//()(}‘{,) and 90% confidence intervals for Q(x;'(,), respectively. We also
compute two-sided 95% confidence intervals for f° (x}) using the standard estima-
tor; see column 6. The ten stages require 6,900 seconds of run time. The verification
analysis needs 3,300 s.

6.4 Examples 4 and 5: Engineering design optimization

We consider two engineering design problems where the goal is to minimize the design
cost subject to a buffered failure probability constraint and other constraints. Hence,
the problem instances involve the expectation of a random function of the form (22)
as constraint [32]. We note that a buffered failure probability constraint is essentially
equivalent to a CVaR constraint [32]. Both examples involve seven design variables
and seven random variables. The first design example, referred to as Example 4, is
taken from [38] and use 10 random functions (! = 10 in (22)). The second example,
called Example 5, is taken from [31], pp. 472—473, and involves nine random functions
(r' = 9); see [1] for details. We apply Algorithm 1, setting xq equals to the variables
upper bounds, Ng = 1000, ey = 1000/N, and IC(N) = N + min{104, [0.5N |}
Instead of defining A (-) for the test in Step 2 of Algorithm 1, we simply set A(N) =1
for all N and multiply the parameters §; and &, by a factor ¢ € (0, 1) after each time
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Table 4 95%-Confidence intervals in Example 3 for 1//(xj{,) and f O(xl”:,), and 90%-confidence intervals
for 9(}(;\}) for candidate points generated by Algorithm 1

Candidate point N #iter. Confidence intervals
Yxy) 0(x%) FalEs)

x5 100 — (—o0, —48.1472] [—431.1261, 0] [5296, 5447)
*Joo 100 302 (—o00, —2.0657] [—8.9403, 0] [3411, 3533]
X300 200 106 (=00, —0.4903] [—3.5880, 0] [3439, 3521]
X300 400 104 (=00, 0.5280] [—2.0762, 0] [3419, 3477]
X300 800 149 (=00, 0.0672] [—1.4028, 0] [3458, 3498]
X600 1,600 66 (=00, —0.0001] [—0.7915, 0] [3453, 3482]
X300 3,200 60 (=00, —0.0107] [—0.4043, 0] [3462, 3482]
XE400 6,400 75 (—00, 0.0785] [—0.2027, 0] [3466, 3481]
*}2800 12,800 129 (=00, 0.0125] [—0.1082, 0] [3470, 3480]
X35600 25,600 79 (=00, 0.0607] [—0.1085, 0] [3467, 3474]
X3 1200 51,200 99 (—00, 0.0499] [—0.0609, 0] [3467, 3472]

Table 5 Sample sizes after 1 h of calculations in Algorithm 1 when applied to Examples 4 and 5 as well
as 95%- and 90%-confidence intervals for 1//()(}(,) and O(x;t]), respectively, at the corresponding solution

Example Final sample size Confidence intervals
V) (%)
4 65624 (—00, 0.0066] [—0.0154, 0]
65624 (—00,0.2132] [—0.2408, 0]

both tests are satisfied. We use ¢ = 0.1 and 0.8 in Examples 4 and 5, respectively.
Since Examples 4 and 5 are more complex than Example 3, we utilize a desktop com-
puter at 3.16 GHz with 3GB of RAM and let A y¢(x) denote the iterate obtained after
20 iterations of SNOPT [8] as implemented in TOMLAB [13], started at x.

Table 5 presents final sample sizes (column 2), 95%-confidence intervals for (x}’(,)
(column 3), and 90%-confidence intervals for O(x,f,) (column 4) at the last point
obtained by Algorithm 1 after one hour of computations. The confidence intervals are
based on (12) and (21) using sample size 10°, replications M = 30 and K = 5, and
L = 1. In the case of Example 4, the obtained design appears feasible and nearly
stationary. However, for Example 5, the one hour of calculation time is insufficient to
achieve a near-feasible and near-stationary design.

In view of the numerical results, the proposed procedures for estimating the opti-
mality function and constraint violation result in informative confidence intervals. The
required sample size and number of replications are typically modest except when esti-
mating 6 (x) for a solution x close to a stationary point, where a large sample size is
needed. We also see that the sample-size adjustment rule of Algorithm 1 based on the
optimality function yields reasonable results.
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7 Conclusions

We have proposed the use of optimality functions for validation analysis and algorithm
development in nonlinear stochastic programs with expected value functions as both
objective and constraint functions. The validation analysis assesses the quality of a
candidate solution x € IR” by its proximity to a Fritz-John stationary point as mea-
sured by the value of an optimality function at x or, in practice, by a confidence interval
for that value. In algorithmic development, optimality functions determine the sample
size in variable-sample size schemes. Preliminary numerical tests indicate that the
approach is promising.
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Appendix

Proof of Theorem 1 Let B(x, p) 2 {x" € R" | |x" — x|| < p} for any x € R"
and p > 0. Since f/(-) is finite valued and twice continuously differentiable near
% and V2 £/ (%) is positive definite for all j € qo, there exist constants p > 0 and
0<m <1< M < oo such that fj(-),j € (o, are finite valued and twice continu-
ously differentiable on IB(X, ) and that

mlx" = x|* < (' —x, V2 () (" — x)) < Mlx" = x]|)?, (30)

forallx € B(x, p),x’ € R",and j € qo-

For a given x € R”", we define ¥(x,:) : R" — R for any x’ € R" by
U(x,x') 2 max{f2(x") — fOx), ¥ (x")}. It follows by the mean value theorem and
(30) that for any x € B(%, ) N Xy, x" € B(X, p), and some s/ € [0, 1], j € qo,

¥(x, x') = max ‘(Vfo(x), x = x) 4 2 = x, V2O 4+ 50— ) (= X)),

x max{f/(x) + (VI (). x" —x) + 3/ —x, V2 (x + 57 (¢ = ) (¢ = 0)))
J€q

< % max [<Vf°<x>, M —x) + 3 IM& =0,

x x;xea(;x{ﬂ'(x) (V@) MG —x) + MG =017, (31

where we use that M > 1 and x € Xy, and therefore Mfi(x) < fi(x)forall j € q.

Let i (x) denote the optimal solution of (2), which according to Theorem 2.2.8 in
[29] is unique and continuous as a function of x. Since X is a FJ point, A(x) = 0.
Hence, there exists a p’ > 0 such that ||h(x)| < mp/2 for all x € B(x, p’). Let
p = min{p/2, p’}. For any x € B(%, p) N Xy, in view of (2) and the property
¥+ (x) = 0, the minimization of the right-hand side in (31) with respect to x’ yields
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an optimal value 6(x)/M. Let &, € IR" be the optimal solution of that minimization.
Then, due to the equivalence between minimization of the right-hand side in (31) with
respect to x” and the minimization in (2), we find that M (&, — x) = h(x). Hence,
Ex — xIl = 1R CO)II/M < mp/(2M). Moreover, [|§; — %] < | — x|l + [lx — X[ <
mp/(2M) + p/2 < p. We therefore obtain by minimizing the left-hand size of (31)
with respect to x” over B(x, 0) that

min ¥ (x,x") <6(x)/M (32)
x'€B(R,p)

forall x € B(%, p) N Xy . Using similar arguments, we also obtain that

min ¥ (x,x") > 0(x)/m (33)
x'e€B(x,p)

forall x € B(%, p) N Xy.

First, consider an x € IB(X, p) N Xy andlet X" € IR" be the unique optimal solution
of min,cp s 5 ¥ (x, x). Since ¥ (x, x) = 0, it follows that £’ € Xy,. From (32), we
obtain that

INOESEOESS min 0N = 0 1y < 0)
< min (V) Y& <00 =0 8) < 06)/M,

x’eB(x,

which proves the right-most inequality in (4).
Second, we prove the left-most inequality and consider three cases. Let x €
B(x, p) N Xy and &’ be as in the previous paragraph.

(i) Suppose that ¥ (') < ¥ (x, %) and fO(%") — fO(x) = ¥ (x, £'). Then,

min g (x, x)= min ﬁ){fO(X’) - P@ 1) <0 = 0@ - ).

x'€eB(X,p) x'e

Hence, by(33), 0(x)/m < fO(%) — fO(x).

(i) Suppose that ¥ (%) = ¥ (x, ) and fO(X") — fO(x) = ¥ (x, ). If ¥’ = %, then
we find that min, gz 5) Ux,x) =¥ x, %) = fO%) — fOx). Hence, in view
of (33), 9(x)/m < fo(x) — £O(x). We next consider the p0551b111ty X # X' and
defineh = £—4#'. Since &’ is the constrained minimizer of tp(x JoverIB(x, p), it
follows that the directional derivative of 1// (x, -) atx’ is nonnegative in all feasible
directions, i.e.,d/ (x, £'; y—%') = max{(V fO(%"), y—%'), dy (&, y—%)} = 0,
for all y € B(%, p). By strong convexity of f°(-) on B(%, p),

(V&) by < (F°%) — fO)) — (F°@) — ) <0, (34)
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Consequently,
dy (&', h) > 0. (35)

Now, let j’Ae QG (= {j € q | v@&) = fI@E))) be such that dl//()’e'/;/:\l) =
(Vf//()?’), h). Then, by the mean value theorem and (30), f/ @x) = )+
(VfI'&, by + $m||A||%. Hence, using (35) and (33), we obtain

@) = @) = v E) +dy @ h) + tmlh)? = 00 /m+ ImlAl2. 36)

Since ¥ (x) < 0, we find that IIfl I < +/—26(x)/m. There exists a constant ¢ € (0, 00)
such that |V fO(x")|| < ¢/4 for all x’ € B(X, p). It now follows from (34) and (33)
that

0@ = O > o) — O + (VO )
> 0(x)/m — IV OGN = (0(x) — c/—0(x))/m.
(iii) Suppose that (') = ¥ (x, ") and fO(&") — fO(x) < ¥/(x, £'). Then, due to

the optimality of X’ for ¥ (x, ), dy (&', x' — x") > O forall x’ € B(X, p). Using
similar arguments as in (36), we obtain that for any x” € IB(%, p),

0= y() = ¥ R®) +dyE;x' =) + Imllx’ = &'1> = 6(x)/m

+im|x =&

and ||x'—x'|| < /—20(x)/m.Hence, |x—x|| < |[X—X"||+|lx—x|| <2/=20(x)/m.
It now follows from strong convexity of f°(-) on IB(x, /) and (33) that

@) = P00 > (V%%x), £ —x) = —IV@IIE — x| > —%we(x).

The left-most inequality (4) now follows as a consequence of these three cases. O

Proof of Theorem 2 The proof is based on the Delta Theorem 7.59 (see also Exer-
cise 5.4, p. 249) in [41]. Let g : R9t@*tDn _ R be defined for any ¢ =
(C-1,8:8fs -0 £)) e RITEHDT with ¢ € RY, ¢ € R, j € qo, by

2

g@é‘f&‘h POw@) + > pww@ -0+ 51> wig|

Jj€q J€q0

where w : RIT@+D" R is defined by w(?) = max{0, max jeq ;il}. Since
Zjeqo w/ = 1 for all u € M, it follows that g(¢) = —w() — ¢(),
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where ¢ : RIT@HD? . R is defined by ¢ ()= min,epm{— > jcq ;ﬂg{l
; N~ A i
+ 51X jeqo W ¢I7) Let @u(@) = {j € q | maxgeq X, = ¢/}, and

L [@w@uio ifw@ =0
i@ =1 aw® if w(@) > 0

{0} otherwise.

Moreover, let My () = {11 € M| @) = = X cq e, + 312 cq, W5 1P).

It follows from Danskin Theorem; see, for example, Theorem 7.21 in [41], that
w(-) and ¢(-) are locally Lipschitz continuous and directional differentiable with
directional derivatives at ¢ € ]R‘H'(‘H‘l)" in the direction £ € RY+@+D" given by

dw(Z; &) = max; g+ 7 &, with §° l_O and

dp(C;E) = min —Zuf'si'l+zuf<2ukck,sj>

neMy@ | Gicq jeq  \keqo

Consequently, g(-) is locally Lipschitz continuous and directional differentiable with
directional derivatives at { € IR7T@+D" in the direction & € IRYT@+D" given by

dg((;8) = — max &', — min _Zﬂj$£1+zl‘j<2“k§k’$j>

jEQW@) ILEMzb(f) jeq J€qQo keqop

Hence, it follows from Proposition 7.57 in [41] that g(-) is Hadamard directional
differentiable.

Let  f(0) 2 (1@, 200, f10)s fe () 2 (FLG), 20,0, R,
VF@) 2 (VO VY, ...V &)Y, and VFy(x) 2 (V). VFL (),

L, Vf ;], (x)")’. Then, by a vector-valued central limit theorem (e.g. Theorem 29.5 in
[7]) and Delta Theorem 7.59 in [41], we obtain that

NY2(g((fy (), VEy())) = g(f(x), VF(x)))) = dg((f(x), V(x)); Y (x)).

The result now follows from the facts that g((fy (x), V.f v (X)/)/) =0y (x), g((f(x),
VX)) = 0(x), 45 ((fx), V@) = @ (x), and Mg((f(x), VL (x))) =

M (x) and from rearranging terms. O

Proof of Proposition 6 Let j € qq. First, we consider (i). Let § > 0 be arbitrary. By
Theorem 7.48 in [41], f 1{, (x) converges to f/ (x) uniformly on X, as N — oo, almost
surely. Hence, there exists Ny € IN such that for all x € X and N > Ny, | f&(x)

f i (x)| < 6/2, almost surely. In view of (26), there exists an N1 > Ny such that for
allx € R"and N > N{,0 < fNéN(x) fN(x) < 8/2, for every {w;};2,, with
w; € Q,1 € IN. Consequently, for all x € X and N > Ny, |fN€N(x) — fl)| <
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| f]{,EN (x)— f]{} )|+ fl{} x)—f J(x)| < 8, almost surely, which completes the proof
of (i).

Second, we consider (ii) and adopt a similar argument as in Theorems 4.3 and
4.4 of [48] (see also Theorem 2 in [43]). We define the set-valued random function
G:R" x [0,1] x @ — 2R" by

j A [ VeF (x, w) ife>0
g] (x’ €, w) = xle ) B ) .
Cokeff(x,w){vxgjk(x, w)}, ife =0,

where co{-} denotes the convex hull. From (25), we find that for any k € r/,

expl(g/* (x, w) — FI(x, w))/e€]
> weri eXpl(g/¥ (x, w) — Fi(x, w))/€]

wif (x, w) = (37)

Let {x;}72, C S,{€}72, € (0,1],and X € S be such that x; — % and ¢; — 0, as
i — 00.Also, letw € 2 be such that gjk( w), k € rj are continuously differentiable
on S. From (37) we see that if k ¢ £/ (x, w), then Nez (x,, w) — 0, as i — o0o. More-
over, since /,Lel (xi, w) C (0,1) and Zkerl /,Lel (xj, w) = 1 forall i € N, it follows
from (24) that the outer limit of {V Fgl (xi, w)}72, in the sense of Painleve-Kuratow-
ski is contained in coy ;; (x’w){ng k(%, w)}. Hence, it follows that G/ (-, -, w) is outer
semi-continuous in the sense of Rockafellar-Wets for almost every o € .

Next, let {xy}%_; C S,{en}72, C (0,1], and X € S be such that xy — X and
ey — 0,as N — oo. Then using the fact that G/ (-, -, w) is outer semi-continuous for
almost_ every w € 2 and the proofs of Theorems 4.3 and 4.4 in [48], we obtain that

{fol{,eN (xn)} tends to E[cOpcti(;.0){Vrg/ (R, ®)}], as N — oo, almost surely. In
view of Assumption 3 and Proposition 5, we find that E[coy;; G.0) {ngj k x, o)} =
{V f4(%)} and the result follows. O
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