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Abstract In this paper, we establish the polynomial complexity of a primal-dual path-following
interior point algorithm for solving semidefinite optimization (SDO) problems. The proposed algorithm
is based on a new kernel function which differs from the existing kernel functions in which it has a double

barrier term. With this function we define a new search direction and also a new proximity function
q1+1
for analyzing its complexity. We show that if g1 > g2 > 1, the algorithm has O((g: +1) n2(11-42) log ")
391 —2q9+1
and O((¢q1 +1) 2(a—92) y/nlog ") complexity results for large- and small-update methods, respectively.
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1 Introduction

We consider the semidefinite optimization problem (SDO) in its primal format:
(P) rr}}nC’oX st. ;e X =0, 1<i<m,X=0

and its dual problem

m
(D) maxbly s.t. ZyiAl- +Z=C, Z*0,
(y,2) Pt

where C,;4; € S, b € R™ and (X,y, Z) are unknown variables. Here S™ denotes the space
of n x n real symmetric matrices. In addition, X > 0 indicates that X is a symmetric positive
semidefinite matrix and the expression A e B := >"_, 371", A;;B;; denotes the inner-product
between two symmetric matrices. Without loss of generality we assume that the matrices A; are
linearly independent.

The semidefinite optimization is an exciting problem in mathematical programming that
has many applications in both engineering and scientific fields. For more details concerning this
subject the reader consults [2, 15, 16]. Recently, generalized barrier methods play an important
role to designing new and efficient primal-dual path-following interior point (IP) algorithms to
solve the linear optimization (LO) and SDO [3-10]. These methods are based on the so-called
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kernel functions for determining new search directions and new proximity functions for analyzing
the complexity of these algorithms. With this new paradigm the polynomial complexity of large-
update primal-dual IP algorithms is improved in contrast with the classical complexity given
by the logarithmic barrier functions (see [3-14]).

In this paper, we establish the polynomial complexity of a primal-dual path-following IP
algorithm for SDO by introducing the following new kernel function

e |

t)=t>—1+ +
Vi) g —1 g2 —1

L ogi>1,i=1,2

In contrast with the existing kernel functions, ¥(t) has a double barrier term defined by two
parameters ¢; and go. With this function a new search direction and a proximity are determined
for analyzing the proposed algorithm. We derive complexity results for this algorithm with
large- and small-update methods. We note that if ¢; = g2, then ¥(t) reduces to a well-known
kernel function with a single barrier term introduced by Bai et al. [3] and EL Ghami [8] for LO
and SDO and extended by other authors for different problems in mathematical programming.

This paper is organized as follows. In Section 2, the central path and the classical Nesterov—
Todd direction are given. In Section 3, the new kernel-function-based Nesterov—Todd direction
and the generic primal-dual algorithm are presented. In Section 4, a new eligible kernel function
and its growth properties for SDO are studied. In Section 5, the iteration bounds for the
algorithm are computed. Finally, a conclusion ends Section 6.

The following notations are used throughout the paper. S’ and S, denote the cone of
symmetric positive semidefinite and symmetric definite positive matrices, respectively. Fur-
thermore, X > 0(X > 0) means that X € S (X € S, ). For any X >~ 0, \(X),1 <i<mn,
denote its eigenvalues. The trace of an n X n matrix X is denoted by Tr(X) = > 1, Xj;.
|| - || denotes the Frobenius norm and I is the identity matrix. For two real valued functions
f(x), g(x) : RY — RY,, f(z) = O(g(x)) if f(x) < kg(x)for some positive constant k and
f(z) = Og(x) if k1g(z) < f(z) < kog(x) for some positive constants k; and k.

2 The Central Path and the Classical Nesterov—Todd Search Direction for SDO

In this section, we recall the notion of the central path with its properties and we derive the
classical Nesterov—Todd search direction for SDO.

Throughout the paper, we assume that (P) and (D) satisfy the interior point condition,
i.e., there exists (X°, %, Z9) such that

Ao XO=b;, 1<i<m, Y y04;+2°=C, X"=0,2°-0.
i=1

It is well known that finding a solution of (P) and (D) is equivalent to find a solution of the

following system:
A; e X =0, 1<i<m, X >0,
> yidi+Z=C, Z=0, (2.1)

i=1
XZ=0.
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The basic idea of primal-dual interior point methods is to replace the third equation in (2.1) by

the parameterized equation XZ = pl where p > 0. Then one considers the following system:

Ai.X:bi, 1§z§m,XtO,
i=1
XZ = ul.

It is also well known that the system (2.2) has a unique solution for each p > 0. It is denoted
by (X (u),y(p), Z(p)) and we call it the u-center of both problems (P) and (D). The set of
p-centers defines a homotopy which is called the central path of (P) and (D). If 4 — 0, then the
limit of the central path exists and since the limit points satisfy the complementarity condition,
the limit yields optimal solutions for (P) and (D).

Now to obtain the search direction for SDO, we apply Newton’s method for the system (2.2)
for a given strictly feasible primal-dual point (X, y, Z), which yields the following linear system
of equations:

Ao Ax =0, 1<i<m,

> AL A+ AZ =0, (2.3)

i=1

XAz +AxZ =pl — XZ.
Since A; are linearly independent and X > 0, Z > 0, the system (2.3) has a unique solution
(Ax,Ay, Az). Note that Az is symmetric due to the second equation in (2.3) but Ax may be
not symmetric. Therefore the proposal made by researchers is to symmetrize the third equation

in (2.3) by using a symmetric nonsingular matrix P and by replacing (2.3) by the system:
Ao Ax =0, 1<i<m,

S AL A+ AL =0, (2.4)

i=1

Ax + PAZzPT = puz71 — X.
In [15], Todd studied several symmetrization schema. Among them, we consider the Nesterov—
Todd (NT) symmetrization scheme where P is defined as

P=X3:(X2ZX2)"2X2=2"2(Z22XZ2)27 2.
Let D = P2 where Pz2denotes the symmetric square root of P. The matrix D is used to scale
both matrices X and Z to the same matrix V defined by
1 1 1 1
V:i=  D'XD'=  DZD= D 'XZD)>. 2.5

Note that both matrices D and V are symmetric and positive definite. So by using (2.5), the
linear system (2.4) becomes

AiODXZO, 1§z§m,

ZA%AZ + Dz =0, (26)
=1
Dx +Dz=V"1-V,
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with
- 1 1
A, =DA;D, 1<i<m, Dx:= D 'AxD™! and Dy:= DAyD. (2.7)
Jz %

The system (2.6) determines a uniquely symmetric NT direction with the matrices Dx and Dy

be orthogonal, since Dx e Dz = 0, and it is evident to see
Tr(DxDz) = TI‘(Dsz) =0.

The above Nesterov—Todd direction leads to the classical primal dual IP algorithms for SDO.

3 The New Search Direction and the Generic Primal-dual IP Algorithm for SDO

In this section, we recall the definition of a matrix function and we derive the new kernel-
function-based Nesterov—Todd direction and then we describe our generic primal-dual (IP)
algorithm to SDO.

Definition 3.1 ([8, Definition 3.2.1]) Let X be a symmetric matriz, and let
X = Qx'diag(\(X), Aa(X), -, An(X))Qx

be an eigenvalue decomposition of X, where A;(X),1 < i < n, denote the eigenvalues of X, and
Qx is orthogonal. If 1¥(t) is any univariate function whose domain contains {\;(X);1 < i < n},
then the matriz function ¢¥(X) is defined by

Y(X) = Qx'diag( (M (X)), ¥ (A2(X)), .., ¥ (An(X)))Qxx.
Definition 3.1 is called the spectral decomposition theorem of symmetric matrices and its
importance enables us to extend the definition of any function ¥ : R — R to a function from
S™ to S™.

Now in a similar way to [12], the barrier function ¥(X) is defined as follows:
W(X) = v ((X)) = Te($(X)). (3.1)
i=1

When we use the function v (-) and its first three derivatives ¥’(),¢"(-) and ¥"”(-) without any
specification, it denotes a matrix function if the argument is a matrix and a univariate function
(from Rto R) if the argument is in R.

Now following [6-8], [11] and [12], the kernel-function-based Nesterov—Todd direction for
SDO is based in replacing the right hand side V= —V in the third equation in (2.6) by —¢’(V).

Thus we have the linear system:

A;eDx =0, 1<i<m,

> Ay A; + Dy =0, (3.2)
i=1
Dx + Dz =—y'(V),
where () is a given kernel function, and ¥(V), 4’ (V') are the associated matrix functions. The
system (3.2) has a unique symmetric solution.
In the algorithm, we use the barrier function (V') defined in (3.1) as a measure function

and also we introduce the norm-based proximity measure 6(V') as follows:

5(V) = 4 IDx + Dzl = [9/(V)]| = | v/Te(/ (V)2 (33)
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For the notational convenience we denote §(V') by §. Hence, our generic primal-dual IP algo-
rithm for SDO is described in Figure 1 as follows.

Generic primal-dual IP algorithm for SDO
Input:
An accuracy parameter €;
an update parameter 0,0 < 6 < 1;
a proximity parameter 7, 7 > 0;
a strictly feasible pair (X°, Z%) and p® > 0 s.t. U(X°, 2% u%) < 7
begin
X:=X% 7:=2% p:= %
while nu > € do
begin
pi=(1—=0)u;
while ¥(X, Z, ) > 7 do
begin
solve the system (3.2) and use (2.7) to obtain (Ax, Ay, Agz);
determine a default step size «;
update X := X + aAx; y:=y+aly; Z =7 + aly;
end
end

end.
Figure 1 Algorithm

4 The Barrier Kernel Function and Its Properties
In this section, we present the eligible kernel function and its growth properties for SDO.

Definition 4.1 We call ¢ : Ry — Ry a barrier kernel function if it is twice differentiable
and the following conditions are satisfied:

(1) (1) =¢'(1) = 0;

(2) ¥"(¢) > 0 for all t > 0;

(3) limyo ¥ () = limyg, 400 ¥(t) = +00.

From the conditions (1) and (2), it follows that () is strictly convex and minimal at ¢t = 1,

and ¢(t) is expressed in term of its second derivative as follows:

t r€
b(t) = /1 /1 W (C)dCde. (4.1)

However, the condition (3) indicates the barrier property of 1 (t).

Let
e N |

— (2
P(t) = ("= 1) + -1 -1

, ¢ >1,i=12 t>0. (4.2)
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It is easy to check that () is indeed a barrier kernel function and its three first derivatives are

P(t) =2t -t — 172, (4.3)
V) =24+t T f ot 72T >0 fort >0, 1,0 > 1, (4.4)
() = —qu(qn + D)t7 172 — go(q + 1)t 7272, (4.5)

Lemma 4.2 Let ¢(t) be as defined in (4.2). Then

")+ ' (t) >0, t<1, (4.6)
() <0, t>0, (4.7)
t"(t) —Y'(t) >0, t>1, (4.8)
20" (1)% — " ()Y’ (t) >0, t<1, (4.9)
PO (Bt) — BY ()Y (Bt) >0, t>1,8>1. (4.10)

Proof For (4.6), by using (4.3) and (4.4), it follows that " (¢) + ' (t) = 4t + (g1 — 1)t 79 +
(ga—1)t7%2 > 0 for all ¢1, g2 > 1 and ¢t > 0. For (4.7), it is clear from (4.5), ¥ (¢) < Ofor ¢ > 0.
For (4.8), we have " (¢t) — ¢'(t) = (q1 + 1)t 7% + (g2 + 1)t~ % > Ofor allqy, g2 > land ¢ > 0.
For (4.9), we have 20" (t)> — ¢"'(t)¢'(t) = 8 + (8a1 + 2q1(q1 + D)t~ + (8a2 + 2¢2(g2 +
1)t + +(qr (g — 1))t 20T + (go(ga — 1))t72(2 T 4 g(2), where g(t) = (4192 — @1 (@1 +
1) — q2(gqa + 1))t~ 079272 Then 2(¢"(t))? — " (t)'(t) > 0if g(t) > 0 for all ¢1,¢2 > 1 and
t < 1. Indeed, g(t) > 0 since g(t) > [(q1 —1) + (g2 — 1)] 79272 > 0 for all g1,¢2 > 1 and
t > 0. For (4.10), by [3, Lemma 2.4], it suffices to show that ¢ (t) satisfies (4.6) and (4.8). These
properties show the eligibility of ) (¢). This completes the proof. O

Lemma 4.3 One has

(i) v(Vitrta) < 2(’(/J(t1) + Y(ta)) for all t1,t2 > 0,

(ii) 5(t = 1)2 <9(t) < 5(¥'(1)% t > 0,

(iii) p() < (PTUFe)E-1)%, ¢ > 1.
Proof For (i), by [12, Lemma 2.1.2], it suffices to show that ¢(t) satisfies (4.8). This statement
indicates the exponential property of ¥ (t). For (ii), it obtained by using the definition of (¢)
n (4.1), and the fact that ¢”(¢) > 1for all ¢ > 0, then we have

_/lt/fw(g)dgdtz/lt/fdgdt_ ;(tq)?.

The second inequality is obtained as follows:

/(tffgﬁ““<>d<df = /(tj(€¢/%f>¢/%¢)dgdg
= [(wewe

- [ @@=

For (iii), by using Taylor’s theorem with ¢ (1) = ¢'(1) = 0, ¢"(1) = 2+q§+q2 and ¢ (t) < 0,
we obtain ¥(t) = (1) + ¢'(1)(t — 1) + 39" (1)t = 1)* + 59" (c)(c = 1)* = 9" (1)(t = 1)* +
20" () (c— 1) < (1)t —1)* = (2+QI+‘12)(1€ 1)? for some ¢, 1 < ¢ < t. This completes
the proof. O
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Let p : [0,00) — [1,00) be the inverse function of (t)for t > 1 and p : [0,00) — (0,1] be
the inverse function of —J¢/(t) for ¢ € (0,1]. Then we have the following lemma.
Lemma 4.4 For y(t), we have

() V1+s<o(s)<1++2s, 5>0,

(ii) p(s) > (1_:2a)q1i<12 Af g1 > g2 and s > 0.
Proof For (i), let s = ¢(t)for t > 1,i.e., o(s) = t, ¢t > 1. By the definition of 9(t), s =
12 — 1+ p(t), t > 0, where () = tl;:ifl + ti}‘::q denotes the barrier term of 1 (t). It
follows that

t2 — 14+ y(t) <t? —1. (4.11)

This inequality is due to the fact that 1,(1) = Oand ¢,(t) is monotonically decreasing. This
implies that ¢ = o(s) > /s + 1. By Lemma 4.3 (ii), we have s = ¢(t) > (¢t — 1)?, ¢t > 1. Then
we have ¢t = o(s) < 1+ v/2s, s > 0. For (ii), let a = —¢/(t) for ¢ € (0,1]. Then by definition
of p,pla) =t a=—1y/(t)forall t € (0, 1].S0 we have a = —t + © " 11" o " I" =
att e UL gy e g @02 +1 = 2492 (a-+1). It follows that ¢4~ < 2(a+1)—1 = 2a+1.

2142
Hence, we obtain ¢ > wa for all ¢ € (0, 1] and ¢; > g2. This completes the proof. O

(1+2a>
Theorem 4.5 ([8, Theorem 3.3.2]) Let g : [0,00) — [1,00) be the inverse function of (t), t >
1. Then we have

W(AV) < i (59 (“’?)) B> 1forvest,.

In the next theorem, we obtain an estimate for the effect of a p-update on the value of (V).

Theorem 4.6 Let 0 <6 < land Vy = \/Y o LFY(V) <7, then we have
24q +
w(Vy) < - TR (g4 Vor)2,
4(1-0)
: 1 o (V) o("Y) . .
Proof Since V10 > 1 and g( n ) > 1, we have ) > 1. Using Theorem 4.5 with

0= \/1179, Lemmas 4.3-4.4 and ¥(V) < 7, we have

v <ni( )0 ("))

_Cta +q2)n<g(‘“(nv)) V1 —9)2

- 4 V1—-6
2+aq +g)n (o(") - v1-
<
- 4 V1—6
2T
_Cta+a)n <1+J —Vi-§6 )
- 4 V1-6
2T
<(2+Q1+Q2 <9+\/ >
- 4 V1-6
2+ q1+ @
= 0 2
A(1-0) (Vnf + V27)?,
where the last inequality holds since 1 —+/1 — 6 = 4 \/1 0 = < @ for all 0 < @ < 1. This completes

the proof. O
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Denote
24+ tq

Ty = 41— 6) (Vnb + V21)2. (4.12)

Then Uy is an upper bound for (V) during the Newton process of the algorithm.

In the next proposition, we give a lower bound for the proximity ¢ in term of ¥ (V).

4.1 A Lower Bound for ¢ in Term of ¥(V)

o 7

Proof By Lemma 4.3(ii) and (3.3), we have

Proposition 4.7 For any V > 0,

1 2 — 1
2= Tr(y/(V)?) > » > (V).
# = MW 2 | D) 2 ¥(0)
Hence, we have § > \/ \11(2\/). This completes the proof. O

Remark 4.8 During the algorithm we assume that 7 > 1.Using Proposition 4.7 and the

assumption (V) > 7, we have § > \/‘11(2\/) > \}2.

5 Complexity Analysis

In this subsection, we compute a default step size o and the decrease of the proximity function

during an inner iteration. After a step size «, new iterates are denoted by
Xy =X+aAX, yr=y+aly, Z,=Z+aAZ

5.1 Determining a Default Step Size
Define for a > 0,
fla) =9 (Vi) —¥(V).

Then f(«) is the difference of the proximity between a new iterate and a current iterate for a
fixed p > 0.
Due to (2.5) and (2.7), we may write

Xt =X+aAX =X +ayuDDxD = \/uD(V + aDx)D

and
Zy=Z+aAZ=Z+ay/uD *DzD™' = /uD " (V+aDz)D ™ .

Thus we have
Vi = (V+aDx)(V+aDy),

and
!

V2= (V+aDx)*(V+aDx)*(V +aDz)(V +aDx)?(V + aDx) 2,

by assuming that V +aDx = 0and V + aDyz > 0for such feasible step size . Then it is clear

that V7 is similar to the matrix

(V4 aDx)2(V +aDz)(V + aDx)?.
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As a result we deduce that V has the same eigenvalues as the matrix
[(V +aDx):(V +aDz)(V +aDx)?],
and then we have
W(Vy) = W([(V+aDx)*(V +aDz)(V +aDx)?]?).
Next we show that our proximity W (V') satisfy the following proposition.
Proposition 5.1 ([11, Proposition 5.2.6]) For any V1,Va = 0,

1 1 1
U((VEVaV2)3) < ) (VD) + W (V).
Using Proposition 5.1, it follows that
f(a) < fl (a)’

where
fi(a) = ; [U(V +aDx) + (V4 aDz)] — (V).

Obviously, f(0) = f1(0) = 0.
Now to estimate the decrease of the proximity during one step, we need the two successive
derivatives of f1(«)with respect to «.By using the rule of differentiability involving matrix

functions, we obtain

fi(@) = [T [/(V + aDx)Dx +¥/(V +aDz)Dy]

and

V() = ;TT [v"(V 4+ aDx)D% +¢"(V + aDz)D3] .

It is obvious that fi’(«) > 0, unless Dx = Dz = 0.
Using the definition of §, we get

fi(0) = JTr[¢"(V)Dx +¢'(V) Dz,

—_

= T (V)(Dx + Dz),
= —242.

N =N

Lemma 5.2 ([3, Lemma 4.1]) One has
I(a) < 20%9" (M(V) = 2a0),

where A1 (V') is the smallest eigenvalue of V.
Lemma 5.3 ([3, Lemma 4.2]) One has f{(a) < 0if a satisfies the inequality

=" (M (V) = 2a0) + ¢' (A (V) < 20. (5-1)
Lemma 5.4 ([3, Lemma 4.4]) Let p and & be defined as (5.1). Then
a > L
— " (p(26))
Lemma 5.5 One has
&> ! (5.2)

q1+1 °
q1—92

2+ 2q1(1 + 49)
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Proof Using the definition of ¥ (¢), and Lemma 4.4 (ii), we have
1

O Z o (p(26))
1

Z 24 i (p(26))1+1 + go(p(20)) 2+
1

q1+1
2+ qu(1 +48) 11— + go(1 + 45)
Assuming that g; > ¢o, then it follows that

q2+1 °
a1 —492

q1+1

qo+1 _
go(1+48) ez < qy(1+46)" "

and we deduce that

- 1
o a1
242¢ (1 +40)n-=
This completes the proof. O
As a default step size, we take
1
a= ) (5.3)

q1+1
24+2q1(1+49)n-a
with & > a.

Next lemma shows that our proximity function ¥ with the default step size @ is decreasing.
Lemma 5.6 ([11, Lemma 3.12]) Suppose that h(t) is a twice differentiable convez function
with

h(0) =0, AK'(0)<0
and attains its global minimum at t* > 0, and h''(t) is increasing with respect to t. Then for any
t €[0,t*], we have
th'(0
h(t) < ( )
Since f1(a) holds the condition of the above lemma,

fla) < fi(a) < f{éo)a forall 0 < a < a,

then we have the following lemma to obtain the upper bound for the decreasing value of the

proximity in the inner iteration.

Lemma 5.7 ([3, Lemma 4.5]) If the step sizeais such that o < &, then
fla) < —ad?.
Lemma 5.8 Let & be a step size as defined in (5.3), and § > 1. Then we have
52
2420 (1 + 49)
Proof By Lemma 5.7 and (5.3), we have

fla@) <

q1+1 °
q1—92

52

fla) < - a1
242¢(1+46)a-a

(5.4)
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This completes the proof. O
Now, we express the decrease in one inner iteration in terms of ¥ (V') by using Proposition 4.7
as follows.
Lemma 5.9 One has
fa)y<— 1wty
a — a1—492) |
T 24q:
Proof Using Proposition 4.7, Remark 4.8, and substituting the value of &, we have
f(@) < —ag®
52
= a1 +1
242¢(1+40)n-a
62
< _
— q1+1
2 + 21 (V26 + 48) a1-a2
52
= — 1
4gy (V26 + 46) 12
52
< - q1+1
22(]15 q1—4q2
)\ 1 \Iltniqfnz;l . 44 31
= — = q1—42 R since ~ .
\4/42 W2 3lq V2
This completes the proof. O

Now we are ready to estimate the total number of iteration bound of the algorithm.

5.2 Tteration Bound
At this stage, we need the following proposition from Proposition 1.3.2 in [12] without proof.

Proposition 5.10 Let tg,tq1, ...,tx be a sequence of positive numbers such that
thor <th—ti % k=0,1,... K -1,

where v > 0 and0<fi§ 1. Then

B
K< .
VB
Denote the value of ¥(v) after the p-update as ¥y and the subsequent values in the same
manner as Vg, k=1,2,.... Then we have
Wy < g

with ¥( being defined in (4.12). Let K be the total number of inner iterations per the outer
iteration. Then we have
U 1>7, 0P <.

Lemma 5.11 Let Uy be defined as in (4.12) and K be the total number of inner iterations in
the outer iteration. Then we have

q1+1

K < 62q1 ((h - q2)@é(‘)1*‘22).
g1 +1
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Proof Using Proposition 5.10 and Lemma 5.9 with v = 311q1 and 3 = 2(31:112), we get
K< 62q1(q1 — q2)\ij§(gij}zz).
g1 +1
This completes the proof. O

Theorem 5.12 If 7 > 1, the total number of iterations to get a primal-dual optimal solution

for SDO is no more than

3q1—2qo+1

K n _ 62(qp +1) 2@ [ (/nh++/27)2 201 ~a2) n
1 < 1 .
g %= 0 (1-6) o8
Proof Since nu < €, py := (1 — 0)*uy and o = 1, by a simple computation, we obtain
1 n
E< 1
=9 ¢
Therefore the number of outer iterations is bounded above by
1 o n
0 & €

Multiplication of this result by the number in Lemma 5.11 the theorem holds. Hence, we have

q1+1
K., n (24 q1 + q2)(V/nh + V/27)% 2(a1-a2) n
<
9 loge —77( A(1 - 6) log6
q1+1

(Vnb + V2r)2\ 2@ p

=1 log

1-0 .

a1+1
6241 (q1—q2) (2+¢Z1+qz) 2((11742)
0(q1+1) 4

q1+1
Now since (2+qi+Q2) 2ma) < (g + 1)2<Q1 Ze2) and 62’“('1_‘1_1)’12) < 62(q1 + 1) for all g1 >
g2 > 1,it follows that

with n =

391 —2q2+

K n 62((]1 + ]_) 2(q1 — q2) (\/ng + \/27—) 2((11 qg) n
1 < 1 .
g %= 0 (1-6) o8
This completes the proof. O

Remark 5.13 If 7 = O(1)and 0 = ©O(n), then the iteration bound for the small-update

algorithm is
91 —2492+1
O<(Q1+1) 2(a1—a2) \/nlog >
In particular if g1 = lgo, with [ > 1, then the total iteration bound is
(81—2)q1+1
0@+ 155 vatog ).

Therefore, the larger [, the better the total iteration bound. In addition if [ — oo, then the

iteration bound is

3qq+1 n
O((ﬁh +1) 2 /nlog 6).

TN L0 R OALD

Remark 5.14 Since
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and by (4.11), if ¢ > 1, then ¥(t) < (¢t — 1). Using this we obtain

(1"‘\/27:)2 . _ On+2V2nT +27
1—-46 N 1—-0 '

\I’() S TL(
With this estimate the total number of iterations is bounded above by

q1+1
62(]1((11 _QQ) <9n+2\/2n7+27'> 2(q1—aq2) 1 n
og

U, <
T ba+) (1—0)
q1+1
< 621 +1) (0n+2V207 27\ 2 0
- 0 (1-6) 2

since
62¢1(q1 — q2) < 6247
g1 +1 T q+1

Therefore, if 7 = O(n)and 6 = ©(1), the iteration bound for the large-update algorithm is

<62(q1 +1) forall g >qo>1.

+1
O((Ch + 1)712(2;*‘12) ) log "
€
In particular, if g1 = lgo with [ > 1, then the total iteration bound is
l(q1+1) n
0 ((ql + 1)n20-ba log ) .
€
In addition, if [ — oo, then the total iteration bound is

O((ql +1)n % log n)

€

6 Conclusion

In this paper, we proposed a new primal-dual path-following interior point algorithm for solv-

ing semidefinite optimization problems based on a new kernel function Whiclh has a dou-
q1+

ble barrier term. The algorithm yields the iteration bounds O((q; + 1)712<‘111 ~22) log ), and

3q1 —2qo+1
O((q1 +1) 2ar—a2) vnlog 7) for large and small-update algorithms, respectively provided that
q1 > q2 > 1. Future researches might extend this analysis for linear and convex quadratic
optimization problems, complementarity and conic problems. Finally, numerical tests will be

an important topic of research in the future.
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