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In this paper, an efficient implementation of aggregate homotopy method for nonconvex nonlinear program-
ming problems is proposed. Adopting truncated aggregate technique, only a small subset of the constraints
is aggregated at each iteration, hence the number of gradient and Hessian calculations is reduced dra-
matically. The subset is adaptively updated with some cheaply implementable truncating criterions, to
guarantee the locally quadratic convergence of the correction process with as few computation cost as pos-
sible. Numerical tests with comparison to some other methods show that the new method is very efficient,
especially for the problems with large amount of constraints and computationally expensive gradients or
Hessians.
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1. Introduction

Consider the following nonlinear programming problem:

min  f(x)

(1)
st. xeQ={xeR"|gkx) <0,jecq},

where f,g; € C"(r > 2)andq = {1,...,q}.

It is well-known that if x* € Q is a local solution of (1), and linear independence constraint
qualification or Mangasarian—Fromovitz constraint qualification (MFCQ) holds, then there exists
& = (&,... ,5{;‘) € R4, such that (x*,&*) is a solution of the Karush—-Kuhn-Tucker (KKT)
point system

V() + Y &Vg(x) =0,
i<q ©)
&gi(x) =0, >0, g =<0.
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If (x, é ) is a solution of (2), then x is called a KKT point of (1) and é is called the Lagrangian
multiplier vector corresponding to X.

In [4,5,15], a combined homotopy interior point (CHIP) method was presented for (1). Under a
normal cone condition of the constraints, it was proved that a smooth interior path from an interior
point of the feasible set to a KKT point of (1) exists. However, the dimension of the linear systems
arising in the process of numerically tracing the CHIP path is n + g + 1. In [25], by using the
aggregate function (also known as exponential penalty function, see [8]), which is induced from the
Jayne’s maximum entropy principle by Li in [10] and has been used to solve linear programming,
nonlinear programming, nonsmooth programming and generalized complementarity problems,
etc. (see [11-14,17,18,20,21]), an aggregate constraint homotopy (ACH) method was given for
solving (1). Let g(x) = max{g;(x),...,g,(x)} and Q={xeR": g(x) < 0}. The ACH is as
follows:

3

(1 = D(Vif (0) + yVeg(x,00) + 1(x —x°) _ 0
yg(x, 0 — 1y0g(x°,60) -

Hx,y,t) = (

where x° € Q°,y% > 0 and 6 € (0, 1] are chosen sufficiently small, and

glx,t) =tln Zexp (@) , (€))

Jjeq

called the aggregate function of g(x), is a smooth uniform and monotonic approximation of
g(x) with g(x) < g(x,1) < g(x) + tIngq. In [25], under a weak normal cone condition with some
standard constraint qualifications, it was proved that the ACH determines a smooth interior path
from the given interior point to a KKT point of (1). Because the dimension of the linear systems
arising in the process of numerically tracing the ACH path is n + 2 and not n 4+ ¢ + 1 as in CHIP
methods, itis reasonable that the ACH method is more efficient for solving nonlinear programming
problems with large amount of constraints.

Notice that although g(x,7) is a single smooth function, it is composed of large number of
functions g;(x). Hence, calculation of its gradient and Hessian

Vig(x, ) = Y ki, Vg,
Jjeq

, 1
g0 =gt =3 xg |,

Jjeq

1
Vig.t) = Y MV + = Y Ai(x Vg (Vg (x)
Jjeq f jeq Q)
T
1
-~ [ M nve@ | | o n@avga) |

Jjeq Jjeq

1
Vignn = 5 | Dm0 DVg®) YA 0800 = ki g (Ve |

Jjeq Jjeq Jjeq
where
exp(g;(x)/1)
)\' , = 0, 1 N )\. ) == ], 6
j(x.0) > el © 0. 1) ,2; ) 6)
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is very expensive when q is very large, and we need more effort to gain efficient performance of
the ACH method.

In [24], we proposed a truncated aggregate smoothing stabilized Newton method for uncon-
straint minimax problem. To reduce the computation cost, in each iteration point x = x*/, choose
parameter € > 0, denotes

qx,€) ={j | g(x) —gi(x) =€,j € q}. (7

The truncated aggregate function with respect to q(x, €) was defined as

ge(x,t) =tln Z exp <gj§x)) , (8)

JEAX,€)

where the parameter ¢ was adaptively updated in each iteration point with some criterions to
guarantee the convergence. For conciseness, we write q, = q(X, €).

In this paper, using the truncated aggregate function, we propose a truncated aggregate homo-
topy (TAH) algorithm to implement the ACH method for (1). At each iteration, only a small
subset of components in max-function is aggregated, hence the number of gradient and Hessian
calculations is dramatically reduced, and hence the computation cost is greatly reduced especially
for the problems with large ¢ and computationally expensive gradients or Hessians. Moreover,
we give some new truncating criterions, concerning only with computation of function values
and not their gradients or Hessians, for adaptively updating the subset to guarantee the locally
quadratic convergence of the correction process with as few computational cost as possible.

The paper is organized as follows. In Section 2, the ACH method and generic path following
algorithm are restated, and some necessary propositions are given. In Section 3, the TAH algorithm
and the convergence are presented. Some test results are given in Section 4. The paper ends with
concluding remarks.

In the following, R", R/, and R/, denote the n-dimensional Euclidean space, the nonneg-
ative orthant of R" and the positive orthant of R", respectively. Let G(x) : R* — R? be a
smooth map, denote DG(x) = (VG (x),..., VGq(x))T, where VG;(x) € R" is the gradient of
Gj(x),j=1,...,q9. A point x € R" is called a regular point of G if the Jacobian DG(x) has
maximal rank min{n, g}. A value z € R? is called a regular value of G if x is a regular point
of G for all x € G™'(z). V(z,8) means the set {x | |x —z|| <8} and V(z,8) means the set
{x | llx =zl <§6}.f(h) = O(W") means that ||f(h)|| < C|h|™ for small i and a constant C > 0.
Qp(t) = {x € R" | g(x,0t) < 0}. Finally, the symbol || - || denotes the Euclidean norm.

2. Aggregate homotopy method
We first restate the ACH method in [25]. Given the following assumptions [25]:

(C1) f(x) and g;j(x) are three times continuously differentiable functions.

(Cy) ©°is nonempty and bounded.

(C3) For any x € 9%2, the matrix {Vg;(x) : j € J(x) = {j : g/(x) = g(x)}} has a full column rank
(regularity of 02).

(C4) There exists a closed subset 2 C €° with nonempty interior 0, such that Q satisfies the
weak normal cone condition w.r.t. .
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DErFINITION 2.1 (The weak normal cone condition of Q2 w.r.t. fZ, see [25]) Let Q be a closed
subset of QU, if the normal cone of Q at any x € 92 does not meet 2, i.e.

x+ ZA,ng(x):,\,zo,Z,\,>0 ﬂﬁzﬂ,

jeJ(x) jeJ(x)
then 2 is said to satisfy the weak normal cone condition w.r.t. Q.

THEOREM 2.2 ([25], Theorem 2.9) Suppose that assumptions (C1)—(C4) hold, then for any x €
QO, there exists a neighbourhood N (X) of X such that N(X) C QO, and there existsa 6 € (0, 1] such
that N(%) C (1)°, 9Q(¢) is regular and Q. (t) satisfies the normal cone condition w.r.t. N (%) for
any t € (0, 1]. Furthermore, for almost all X9 e N&) and y(o) > 0,

H™'(0) = {(x,y,1) € @ x R, x (0,1]1: H(x,y,1) = 0}

contains a smooth curve T which starts from (x©,y® 1) and terminates in approaches to the
hyperplane att = 0. Moreover, let (x*,y*, 0) be any limit point of T on the hyperplane att = 0, and
& = y*Ai(x*,0) (where A (x, t) isdefined as (6)), i = 1,. .., q, theny* is finite and (x*,&f, .. ., S;)
is a solution of (2), x* is a KKT point of (1) and &7, ...,&; are corresponding Lagrangian
multipliers.

Remark 1  Assumptions (C;)—(Cy) are sufficient conditions for aggregate homotopy method to
solve nonconvex smooth programming (see [25]). Actually, (C;) and (C,) are common assump-
tions to make the problem solvable. Assumption (C3) is given for bounded Lagrange multiplier.
Moreover, after publication of the paper [25], authors found that the assumption (C3) can be weak-
ened as: (C3) Forany x € 092, {Vg;(x) :j € J(x) = {j : gj(x) = g(x)}} are positively independent,
ie. ) i §V8i(x) =0,§ = 0= § =0, which is an equivalent formulation of MFCQ. In the
later related works, the assumption was changed to (C3) (see [26]). In the rest of this paper, we
will use the weaker assumption (C3) too. (Cy) is specialized to guarantee the existence of smooth
interior point homotopy path for nonconvex programming. If the problem is convex, (C4) holds
naturally.

By numerically tracing the smooth path I', a globally convergent algorithm can be established.
The predictor—corrector (PC) method (see [2]) is usually adopted to numerically trace the homo-
topy path I' by generating a sequence of points (x, y*, ),k = 1,2, ..., along the curve satisfying
achosen tolerance criterion, say ||H (%, yk , )|l < Hy for some Hy, > 0. Here, the Euler_Newton
method for tracing ACH is outlined briefly as follows. For conciseness, we write v = (x, y, ).

Algorithm 1 (Euler_Newton method for tracing aggregate constraint homotopy)
Data. 6€ (0,1],x° € fZO,yO > 0,1y = 1, initial predictor direction do.
Parameters. Initial steplength & > 0.
k=0.
repeat
Predictor step
Compute unit predictor vector d* satisfying the following system

DH()d = 0,
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ldll =1, ©)

0
sign (det [DZ(Tvk)]> = sign (det [DZO(%) ):|> .

Set V0 = vk + hd*;
Corrector step
Let v** solve the following corrector equation

R _[ H(v) ]_
K(v) = =0, (10)

dkT(v — yk0)

with Newton iteration v&i+! = V&1 — DR, (vF) 1R, (VE);
Set vitl = &+ k =k 4+ 1;

Choose a new steplength i > 0;

until traversing is stopped.

Remark 2 The initial predictor direction d° is

0 —d

=— (1)
lldlisign(dny2)

where d is the tangent vector satisfying DH(v)d = 0. In predictor step, predictor direction is
usually taken as the unit tangent vector at the preceding point v* (see [9,16]). Another popular
choice is unit scant vector d¥ = (V¢ — vk~ 1) / [V — v*=1|| which is able to avoid solving system
(9) (see [6]). In corrector step, the predictor point is usually drawn back to H~'(0) satisfying
additional equation d<" (v — vk =0 or ||[v — v¥||?2 — h? = 0 (see [7,16]). In some other papers,
the corrector point is obtained by approximately solving min,{||v — V€O |||H(v) = 0} (see [2]).
Moreover, an efficient algorithm needs to incorporate an automatic strategy for controlling the
steplength 4. In [2], some strategies are outlined in detail. Here, we adopt a simple and heuristic
strategy introduced in [6]: if, for various reasons, a predictor step with its subsequent corrector
step is not accepted, then the steplength is reduced by a factor & < 1; if the corrector step with
Newton iterations succeeds fast, the steplength is increased by the factor & > 1. For extensive
literature on these methods, see [2,6,9,16]. Under the assumptions that H is a smooth map having
zero as aregular value and the step size hnax > 0 is sufficiently small, the convergence discussions
are fairly classical and may be found in [2,7,16,19].

Since zero is a regular value of H and v* € H~'(0), then DH (v¥) has full row rank, and hence
DR, (V%) = [DZk(TVk)] is nonsingular if stepsize & is small which can be controlled by choosing

small /5. Now, some necessary preliminaries are stated firstly. Substitute V60 with v¢ 4 hd* in

correction equation (10) and use [|d¥|| = 1, we can rewrite the correction equation as follows:
Ry =| o TV 120 (12)
K= dTw—vy—n|

PROPOSITION 2.3 Assume v € H=1(0) and DRy (V%) is nonsingular. Then there exists h; > 0,
0 < 81 < 1,suchthat DRy (v) is nonsingular in the neighborhood V;, = V (W5, 8,) and the corrector
equation (12) has unique solution Vetl(h) € Vi for any h € [0, h{]. Moreover, VL0, h)) —
R"2 s continuous.
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Proof Take h as a variable in (12) and denote (12) as Ri(v,h) = 0. Since R,(V*,0) = 0 and

the partial derivative D,R; (¥, 0) = [D Z k(Tvk)] is nonsingular, then the assertion follows from the

implicit function theorem. |
It follows directly from Proposition 2.3 that

PROPOSITION 2.4 Forany 0 < 8, < 81/2, there exists 0 < hy < hy, such that for any h € (0, hy],
it has V(V*t1(h), 8,) C V.

PROPOSITION 2.5 Let U = e, V(' (1), 82). Denote

& = max{|[DR.()'|| | v € Uy},
7 = max{|[D*R, ()| | v € Ui},
- ) 1
3=min —Z,T .

2 Say

Then, there exists an hy < hy such that for any 0 < h < hy, it has |V — V&0 < 8.

Proof 1t’s easy to see that

k+1 k.0
IV = VRO = Vv () — vR2 — B2,

Then from the continuity of v (h) and VA1 (0) = vF, we know the proposition holds. |

3. Truncated aggregate homotopy algorithm

As shown in (5), the gradient and Hessian calculations of aggregate function g(x, ) are time-
consuming, hence, we consider to use the truncated aggregate technique to trace the homotopy
path T efficiently. Set Vi = (U, V(v,1) such that Uyter Vi is contained in Vr. Denote Qr =
{x | (x,y,t) € Vr}. Since the homotopy curve I" is bounded (see Theorem 2.2), it is obvious that
Vr and Qr are bounded. Denote Ap(x) = max;cq |g;(x)], A1 (X) = max;eq [|Vg;(x)]| and Az (x) =
max;eq ||V2gj(x)||, then A;(x), i = 0, 1,2, are bounded in Qr.

Algorithm 2 (Truncated aggregate homotopy algorithm)

Data. 6 > 0,x° € Qo,yo =1,tp=1.

Parameters. Initial steplength hy > 0; tolerance f, = 1077, t. = 1075, Hy,; = 1073; maximum
steplength Ap,x; maximum inner iteration number Nj,; A1, A, are big numbers such that A; >
max{A;(x) | x € Qr},i = 1,2; error parameters {nii}75_o> {k.i}iizo-

Step 0. Unit tangent vector d%k=0,i=0.
(Predictor step)

Step 1. If 0 < #; < t,], end the procedure; else go to Step 2.

Step 2. If k > 0, compute d* = (V¢ — v 1) /|vF — VA1 If 1, > ¢, go to Step 3, else go to
Step 4.

Step 3. Set v/ = vk 4 id*,i = 0, go to Step 5.

Step 4. Lethy = (to1 — &) /d,’; 4 and Vo0 = Kk 1 d¥, then correct v0 on the hyperplane t = .
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(Corrector step)

Step 5. If Vo' ¢ Q@ x RL x [0,1], set by =05h, go to Step 2; else, let v=(x,y,1) =
MW 1), 1= My 10 = s caleulate
€ = €M = max{é, €}, (13)

where

(Y]

=0tIn (max { @ ; 1)y(2(1 — DA + 601), 1}) ,

-1 6A A 6A?
= 6t In | max 9 (1 =21y 2A2+ﬂ+_1 (14)
m 012 ot

M1

+ 2(2y+1—t)A1+9(t+y)+w>,l}>,

update q, according to (7) with X = x**, then go to Step 6.
Step 6. Compute [|Ri.(v)||, where

Rec(v) = [ He ) } ,

dkT(v )
with
H.(v) = [(1 = D(Vif (X) + yVige(x,00)) + t(x — Xo)]
‘ ¥8e(x,01) — 1y°g(x,0)
If |Rre ()|l < Hyol, g0 to Step 7; else go to Step 8.
Step 7. Set Vit = ki oy = [mi““%‘f’hm”}’ ;fsz k=k+1,gotoStep 1.
Step 8. If i > Ny, set hy = 0.5k, go to Step 3; else, obtain v&*! using truncated aggregate
iteration,

Vk,i+1 _ vk’i . DRk,e (vk,i)fle’e(vk,i)’ (15)

seti =1+ 1 and go to Step 5.

At first, we give some estimates of difference between the aggregate function (4) and the
truncated aggregate function (8), which are induced from Proposition 2.2 in [24] and important
for the efficient implementation of the aggregate homotopy method.

COROLLARY 3.1 Suppose that assumption (Cy) holds. For any givenx € R",0 <t < 1,e > 0, let
g(x,01),q, and g.(x, 0t) be defined as in (4), (7) and (8). Then the following error estimates hold

) 0 = g(x,01) — ge(x,0r) < 01(qg — Dexp(—€/01);
(i1) [[Veg(x,01) — Vige (x, 00| < 2(q — Dexp(—€/01)A;(x);
(iii) [lg;(x,01) — (ge); (X, 00| < (¢ — Dexp(—€/61)(0 + (2/DA¢(X));
(iv) [V7g(x,00) — Vige(X, 00| < 2(g — Dexp(—€/01)(A2(¥) + (3/6NAT(X);
V) IV58(&,00) — Vige (X, 00 < (6/61%)(q — Dexp(—€/0NAg(¥)A; (X).

Proof Here we give the proof for items (iii) and (v), and others can be found in [24].
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(iii)
, , 1
lg; e, 01) = (ge);x 60 = — | (s, 6r) — D h(x,00)8;(x) — ge(x, 01)
J€q
+ Y G ong )|, (16)
JE€Qq,
where
exp(g;(x)/61)
i(x,01) = 0,1), i(x,00) = 1. 17
G0 = g men © O ;}C’(’“ g an

For conciseness, we write {;(x,01), A;j(x,01), ¢i(x,0t) and A;(x,0t) as &, Aj, g:j and )_Lj,
respectively. From (i) and the following inequality which has been proved in [24],

S -ki=Y %< (q—l)eXp(—%)’ (18)

JEq. J#4.

JEY, J#4e
it has
1 _ _
Igi(E.00) — (ge), (5,00 < — (ng(x,er) — 8@ O]+ | D Nigi(®) — Y §ig;®) )
JjEq J€9q,
1 - - _
<= (||g()_c,9t)—ge()_c,9t)|| +Y R =g @] + | D hg® )

<+ (01tg ~ Dexp (= 2) +2g ~ Dewp (= )av(®)
€ 2
— (¢ — Dexp (_E) <9 + ?Ao(x)) . (19)

(v) Since

V2g(x,01) — V2g.(x,01)

1
= o ((Z )»jgj(X)) ijng(x)) — Z)ngj(x)vgj(x))

Jjeq Jjeq Jjeq

1
— s ((Z £gj(x) (Z cJVg,-(x)) —~ Zngj(X)Vg;(x))

J€Q, j J€q.

JEY,
1
=3 ((Z x,-gj(x)) ZAng,) - (Z g,-gj(x)) (Z Angj(x))
= J€Ye JEq, JE€Yq.

- (Z gg;(x)) (Z Angj(x)) — (Z cjgjoo) (Z ;,-Vg,(x))
J€Ye J€Ye J€Ye JEY.
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D g | Do v |+ [ D hg | [ D4V

JE€4. J#4q. J#4q. Jjeq

+ 1D 4gi0Veg () — Y kigi(Vg) | =Y hgiVew |,

JEQ, JEq, J¢4q.

then together with (18), ., ¢ =1and Y icq % = 1, we have
2 = 2= 6 € - -
V28 01) — Vige(E. 00l = 5(g = Dexp (== JAo(HAI ().

From Corollary 3.1, the following proposition holds.

(20)

PROPOSITION 3.2 Suppose that assumption (Cy) holds. In Algorithm 2, for anyv € Vr withy > 0,

and any error parameters n, i > 0, if € is set as (13) and (14), it has
IH(v) —H: Wl <,
IDH(v) = DH. W) < p.
Proof For concise, denote
Hy(x,y,0) = (1 = )(Vof (0) + yVeg(x,00)) + 1(x — x°),
Hy(x,y,1) = yg(x,01) — 1y°g(x", 6).
Since
€>€=0tln (max {%y(z(l — DA, +9t),1}> s
the following inequality holds
(g — Dy@2(1 — A, +61) exp (—%) =
According to Corollary 3.1, we have
[Hi(v) = Hic ()| = (1 = D)]ly(Vig(x,01) — Vige (x,00) ||

<201 - n(g - yAiwexp (——)

and
1) = Ho, )] = 1y(8(x.00) — g (. 00)]| < y01(g — Dexp (—=)
Now, since A; > A;(x), i = 1,2, it immediately follows from (25)—(27) that
IHW) = Hc Wl < |Hi(v) = Hic Wl + |H2(v) — Hoe W) < 1.
Similarly, the assertion |[DH (v) — DH.(v)|| < w also holds. Since € > €, it has

6A0(X)A1 + 6A%>

(g—1 ((1 =1y (2A2 t ar

2yA €
L2020y 1= DA +6(t+y) +=2 :(x)>exp (——) <

ey
(22)

(23)

(24)

(25)

(26)

27

(28)

(29)
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According to Corollary 3.1, we have

0H,(v)  Hic(v) 3, €
- — <2(g—DA—-0ny|A —A ——),
ox ax || =2~ D¢ )y< 2t 1) eXp( ez)
0H (v)  Hi((v) €
— - <2(g- DA -nA ——
o 5| =200 - e (- 5).
0H (v)  Hic(v) 6A0(x) €
- — <(@—-1pA(2+0—1¢ ——),
ot ot = (g=ly 1( +( ) 012 )eXp( 0t
0H>(v) Hz(v) (30)
2V 2,V €
L = <2(g—1)yA —-—),
ox ox || =24y 16Xp< 9:)
0H. H.
2(v)  Hae (V) < (g — 1)rexp (_ € ),
dy dy ot
0H,(v)  Hye(v) 2 €
— =l <(g—1 ZA ).
ot o | =@y (9 *7 (’(x)) eXp( 9;)
Then from (29) and (30), the assertion |DH (v) — DH.(v)|| < u holds. |

Under the assumptions that H is a smooth map having zero as a regular value and the step
size hyax > 0 is sufficiently small, the global convergence proofs for PC algorithms have been
given in [2,7,16,19] and some other papers. Compared with those existing algorithms, the main
difference in our algorithm is the adopting of truncated aggregate technique in Newton-corrector
steps. Here, we only discuss the convergence of corrector steps. The notations used in the following
theorem are the same as in Propositions 2.3-2.5 if no special explanation is given.

THEOREM 3.3 Suppose that assumptions (Cy), (Cz), (C3) and (Cy) hold. In Algorithm 2, assume
v e HT1(0), Ry (v) = 0 is defined as (12) with h < hy, and DR, (V¥ nonsingular. Then

k1 in the neighborhood Vi, with DR, (V**') nonsingular and

(1) Ry(v) =0 has unique solution v
I — kO < 5

(i) Denote
o = max{|[DR) || |ve VO 8} and B = max{|DR,)|| | v e VX 8)).

If me; < min{1/30a8, 1/2}H1, pr; < 1/5a, then the sequence {vVF'} generated by the cor-
rector step in Algorithm 2 is well defined and finite, i.e. there exists iy € N such that
| Ry e (V)| < Hyl holds for i = iy;

(iil) For sufficiently small Hoy, if ni; < min{H,,/30ap, O(Ht%)l)} and pi; < min{l/5c«, O(Hyy)},
then for V¥ sufficiently close to V1, it has |[Vo' T — vEH || = o(ve" — vFH1)12).

Proof (i) The assertion holds from Propositions 2.3-2.5.

(ii) From Propositions 2.3-2.4, we have that DR (v) is nonsingular for v € Sy = V(V**1,4,).
Define y = max{||D*R,(v)|| | v € So). Let 8 = min{d,/2,1/5ay} and S = V(**1,8). For all
v € S, we have

IR (v) — R TH| < Bllv — v,
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1
IDRy(v) — DR (V™) < yllv = v < y8 < =
o

4

1
IR (v) — Re (1) — DR (v — v | < v V< — v =L 3D

~ 10«

Since Sg C Uy, hencea < a¢andy < y,andthend > 5. From Proposition 2.5, we obtain v
S. Suppose V&' € S, thenby S C Vi, we have A;(x*') < A;,j = 1,2. According to Proposition 3.2,
the following inequalities hold

IR (V™) = Riers XD = [HOF) — Hoea OFH || < g (32)
IDR (V) — DRy s ()|l = |DH(*) — DH s V)| < g (33)

k,0 c

Hence, it follows from (33) that DRy .+ (v}) is nonsingular and

I(DRy i ()M <

< —, (34)
I —aug;

i.e. {vF} is well-defined.
Next, we would like to prove there exists a iy € N such that ||Ry i (Vo) || < Hyo holds. For
| R cki V5 || > Hyor from (32), it has

i i i i Hi
IR )| > Ry ki 5| = [IRx () — Ry ers OF) || > 2‘“ , (35)

and hence

[}

) ) H, R ki
IRy (04 = Ry = ot < TR
; 3008 —  15aB

then, together with (31)—(34), it has
IV = = R — (DR s (05 T Ry (0F) = v
= (DRt VN R (M) = Re () — DR (FH 0 — v
+ Ryets 1) = Re(V) + (DR (M) — DRy et (V) (04 — v
+ (DR (V1) — DR () 0FF =)

< [(DRyers ()| (an(vk’i) — Ry M) — DRy (A M — vk

1 ) A | |
+ T5qp 1RO = ROIDI+ IORH) = DR (R0 = VD]

+ (DR (V) — DR (M) (VM — v"“>||)
g ! ! ! 1 ki k1
< —_— —_— _ R N L .
= 1= o <15a Tt T 10a> V==l

Since

o 1 N 1 N 1 n 1 5
_ | —t—F —F— ) < =,
I —opr; \15¢  So¢ = Sa 10« 6

kL — T < 3|ykd — y* || Then, from

we obtain ||v

H, tol
2 9

IRk et KN < IRR A |+ IRy (FF) — Ry eri (05| < IRy R || +

there exists iy € N such that || Ry e (V") || < Hyo holds for i = iy;
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(iii) For sufficiently small Hy,; > 0, when v* sufficiently close to v**!, since

R (V) — Rp i G5 < OHE)), (36)
IDR, (V') — DRy i (V)| < O(Hyo), (37)
IRecti XN = Hts Vi < iy, (38)

and
IR cts 5 | = OCIR (VDD
which can be induced from (36) and (38), it has
IR (V) = R s )| < O(IR D 1P) = OV — v H11%) (39)
and
IDR (V") = DRy cts (V) || < OUIR( ) = OV — v, (40)
Now, from (39) and (40), we have
IV — v = (DR et ) T R ) = R = DRGTH M =T
+ Ryeets (1) = Re () + (DR () = DRy ers (B (04 — V4
+ (DR(V*!) — DR (V) (T =/ )|
= O(IV" =V 2).

This completes the proof of the theorem. |

4. Numerical experiment

In this section, we give some numerical results, comparing Algorithm 2 (TAH) with some other
algorithms, such as the SQP method with active set strategy (SQP_AS) implemented by calling
matlab function fmincon, CHIP method in [5] and ACH method in [25], to show the efficiency
of our algorithm.

During the computation, we set parameters iy = 0.1, inax = 0.3,0 = 0.1 0r 0.01,A; = A, =
le2,ne; = le — 1, ui; = le2forallk,i € N.All the computations are done by running MATLAB
7.6.0 on alaptop with AMD Turion(tm) 64 x 2 Mobile Technology TL-58 CPU 1.9 GHz and 896 M
memory.

The numerical results reported below were obtained on discretized versions of three semi-
infinite programming test problems and two general nonlinear programming problems. Exam-
ple 4.4 is taken from [27], Example 4.5 from [22], and others are artificial. In Example 4.2, by
setting s; = 0.5+ (r — 0.5)(i — 1)/(g — 1), the semi-infinite problem is discretized into finite
programming. In Example 4.3, s in region [0, 1] x [0, 1] is discretized by setting (sy;,$2j) =
((i — d, ([ — 1)d) withd equal to 0.11,0.03 and 0.01, respectively. In Example 4.4, we discretize
s in interval [0, 1] by setting s; = (i — 1) /(g — 1).

In Tables 1-5, g is the constraints number, x* denotes the final approximate solution point, f*
is the value of the objective function at x*, g* is the constraint value at x*, time is the CPU time in
seconds. In Table 6, Iter and Ny,q denote the total number of iterations and the average gradient
evaluations, respectively.

Example 4.1 Letx = (xq,... ,x6)T € RS,
min Z O — 1)?

1<k<6
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Table 1. The numerical results of Example 4.1, N=(2,2,7,0,-2,D7T.
q n Method x* f* g* Time
1000 6 CHIP (0.999994, . . ., 1.000000) 2.079e—09 —0.459 1.798
ACH (0.999999, . .., 1.000000) 5.639e—10 —0.459 0.828
TAH (0.999999, . . ., 1.000000) 6.770e—11 —0.459 0.350
SQP_AS (0.999959, . . .,0.999803) 6.471e—8 —0.460 2.594
5000 6 CHIP (0.999999, . . ., 1.000000) 1.993e—11 —0.459 20.727
ACH (0.999999, . . ., 1.000000) 2.847e—10 —0.459 3.339
TAH (0.999999, . . ., 1.000000) 5.006e—10 —0.459 0.760
SQP_AS (0.999958, . ..,0.999808) 6.284e—8 —0.460 2.792
10,000 6 CHIP (1.000000, . . ., 1.000000) 9.548e—12 —0.459 59.566
ACH (0.999999, . . ., 1.000000) 1.083e—9 —0.459 7.070
TAH (0.999999, ... ., 1.000000) 1.477e—10 —0.459 1.296
SQP_AS (0.999958, . ..,0.999802) 6.486e—8 —0.460 3411
Table 2. The numerical results of Example 4.2, 0= —-(1,..., l)T.
q n Method x* f* g* Time
100 10 CHIP (—0.521488, ...,—0.521488) 2.314925 —2.999¢—5 6.333
ACH (—0.521475, ..., —-0.521475) 2.314887 —7.753e—8 1.441
TAH (—0.521475, ...,—-0.521475) 2.314887 —8.170e—8 0.266
SQP_AS (—0.521476, ...,—0.521475) 2.314887 —3.627e—12 1.801
100 30 CHIP (—0.348200, . . ., —0.348206) 1.817659 —1.001e—4 13.634
ACH (—0.348192,...,—0.348192) 1.817621 —1.758e—7 2.821
TAH (—0.348192,...,—-0.348192) 1.817621 —1.804e—7 0.354
SQP_AS (—0.521476, . ..,—0.521475) 1.817620 —2.007e—7 2.356
100 50 CHIP (—0.287732,...,—0.287732) 1.658255 —5.565¢—4 61.496
ACH (—0.287666, . . ., —0.287666) 1.658084 —5.827e—7 4.613
TAH (—0.287666, . . ., —0.287666) 1.658084 —5.828e—7 0.469
SQP_AS (—0.285098, . .., —0.285098) 1.691913 —2.163e—8 2.481
50 20 CHIP (—0.404592, . ..,—0.404592) 1.972878 —8.348e—6 3916
ACH (—0.404590, . . ., —0.404590) 1.972874 —4.052¢—8 1.230
TAH (—0.404590, . . ., —0.404590) 1.972874 —4.129¢—8 0.276
SQP_AS (—0.404592, . ..,—0.404591) 1.972874 —1.927e—11 1.797
500 20 CHIP (—0.404671, . ..,—0.404671) 1.973101 —5.055e—4 193.530
ACH (—0.404590, . . ., —0.404590) 1.972875 —1.445e—7 9.889
TAH (—0.404590, . . ., —0.404590) 1.972874 —1.493e—7 0.451
SQP_AS (—0.404028, ..., —0.405195) 1.972872 —1.105e—9 2.051
1000 20 CHIP (—=0.419417,...,—0.419417) 2.014746 —9.571e—-2 739.025
ACH (—0.404590, . .., —0.404590) 1.972874 —8.445e—9 17.499
TAH (—0.404590, . . ., —0.404590) 1.972874 —1.406e—8 0.538
SQP_AS (—0.399028, ..., —0.409021) 1.972677 —2.131e—7 2.701
1000 500 CHIP Stop for time >6000
ACH (—0.118473,...,—-0.118473) 1.250982 —5.661e—6 5.033e+3
TAH (—0.118473,...,—0.118473) 1.250982 —6.261e—6 51.907
SQP_AS (—0.664474, . .., —0.664474) 2.770472 —7.335e+1 74.431
s.t.  xj exp(—x25;) COS(x3S; + Xx4)
X3 . .
+ — exp(—s;x1) sin(s;xz) + x5 exp(—x65;)) —2 <0, j=1,...,q,
X2

where s; = 10g(j — 1)/(g — 1).
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Table 3. The numerical results of Example 4.3, = 2,2,2,2,2, 2)T.
q n Method x* f* g* Time
100 6 CHIP (2.613440, —4.146074, . . ., 4.240281) 2.412662 —1.226e—6 1.033
ACH (2.613445, —4.146085, . . ., 4.240283) 2.412660 —1.120e—7 0.261
TAH (2.613445, —4.146085, . . . ,4.240283) 2.412660 —1.032e—7 0.292
SQP_AS (2.613445, —4.146085, . . . ,4.240283) 2.412660 2.670e—10 1.913
1156 6 CHIP (2.512639, —3.953905, . ..,4.149019) 2.417476 —1.041e—6 31.197
ACH (2.512664, —3.953951, . . .,4.149036) 2417474 —1.904e—7 0.548
TAH (2.512663, —3.953948, . . ., 4.149035) 2417474 —5.117e—-17 0.406
SQP_AS (2.512665,—3.953953, . ..,4.149037) 2417474 1.399¢—14 2.040
10,201 6 CHIP (2.503407, —3.974211, . ..,4.189137) 2435911 —2.781e—5 1.097e+3
ACH (2.547929, —4.052878, . . .,4.223231) 2.435643 —1.746e—9 4.293
TAH (2.547929, —4.052878, . . .,4.223231) 2.435643 —1.746e—9 1.400
SQP_AS (2.547927, —4.052879, ..., 4.223226) 2.435643 8.882e—15 3.517
Table 4. The numerical results of Example 4.4, K= 3,3,3, S)T.
q n Method x* f* g* Time
100 4  CHIP (0.993302, 0.673475, —0.389950, 0.000049)  4.897¢—5 —4.111e—6 0.916
ACH (0.995705, 0.668208, —0.388173, 0.000019) 1.856e—5 —1.102e—7 0.445
TAH (0.995705, 0.668208, —0.388846, 0.000019) 1.856e—5 —1.104e—7 0.396
SQP_AS (0.995697, 0.668237, —0.388378, 0.000018) 1.842¢—5 9.154¢—8 2.361
1000 4 CHIP (0.991845, 0.676942, —0.387670, 0.000332) 3.323e—4 —2.658¢e—4 15.583
ACH (0.995703, 0.668210, —0.388846, 0.000019) 1.856e—5 —9.764e—8 1.140
TAH (0.995703, 0.668210, —0.388847, 0.000019) 1.856e—5 —1.007e—7 0.558
SQP_AS (0.995684, 0.668276, —0.388828, 0.000018) 1.838e—5 2.467e—7 4.492
10,000 4  CHIP (0.991752, 0.677103, —0.387668, 0.000757)  7.569¢—4 —6.889¢e—4 8.530e+2
ACH (0.995702, 0.668212, —0.388847, 0.000019) 1.856e—5 —8.014e—8 10.051
TAH (0.995702, 0.668212, —0.388847, 0.000019) 1.856e—5 —8.022e—8 2.642
SQP_AS (0.995708, 0.668171, —0.388858, 0.000018) 1.842¢—5 9.796e—8 69.155
Table 5. The numerical results of Example 4.5, x = (—1.5,1.5,2.5,1.5)T,n° = 9.
q n Method x* f* g* Time
100 5 CHIP Stop for time >6000
ACH (—0.997280, 0.983042, 1.975640, 0.995934) 0.543863 —2.437e—8 0.656
TAH (—0.997280, 0.983042, 1.975640, 0.995934) 0.543863 —4.704e—9 0.428
SQP_AS (—0.997280, 0.983042, 1.975640, 0.995934) 0.543863 1.611e—13 2.104
1000 5 CHIP Stop for time >6000
ACH (—0.985203, 0.828095, 1.988116, 1.022360) 1.075140 —7.059¢—9 3.898
TAH (—0.985203, 0.828095, 1.988116, 1.022360) 1.075140 —4.518e—7 0.460
SQP_AS (—0.985203, 0.828095, 1.988116, 1.022360) 1.075140 1.177e—14 1.762
10,000 5 CHIP Stop for time >6000
ACH (—0.965716, 0.974188, 1.968446, 0.988166) 1.301831 —9.662e—9 49.366
TAH (—0.965716, 0.974188, 1.968446, 0.988166) 1.301831 —2.487e—9 0.764
SQP_AS (—0.965716, 0.974188, 1.968446, 0.988166) 1.301831 9.368e—13 2.980
Table 6. The numerical results of Example 4.1, = 2,2,7,0,-2, l)T.
g = 1000 g = 5000 g = 10,000
Method Iter Ngrad Iter Ngrad Iter Ngrad
TAH 56 25 57 135 57 281
ACH 56 1000 57 5000 57 10,000
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Example 4.2 Letx = (xy,... ,x,)T € R,

Rty
min Z —(xk D)
n

1<k<n

s.t. 1_[ cos(sxg) + s Z x,? <0, forsel0.5, ]

1<k<n 1<k=n

Example 4.3 Letx = (x1,X2,X3,%4,Xs5,%6) " € RS,

. 1 1 1 1
Xt o T T dxs | 3x

s.t. exp(s% + s%) — X] — X281 — X385, — x4s% — X58518) — x(,s% <0, forsel0,1] x [O0,1].
Example 4.4 Letx = (x1,x2,x3,x4)T € R*,
min x4

X1+ 5x2 (41)

1+ sx3

2
s.t. (exp(s) — ) —x4 <0, forsel01].

Example 4.5 The problem of fitting enclosing cylinders to data in R" has been presented by
many literatures [1,3,22]. Let data points z; € R", j =1, ..., ¢q, be given and let a d-dimensional
linear manifold be sought by [, orthogonal distance regression, so that the Chebyshev norm of
the vector of orthogonal distance from the data points to the manifold is minimized. In [22], a
special case for n = 3 and d = 1 was considered. The linear manifold is given by

X185 + xo
I(x,8) = | x38 +x4 |, (42)
s

where x € R* fixes the line and s is a scalar parameter. For any data point z;, s;(x), the parameter
which gives the nearest point on the line defined by x, is given by

5i0x) = (.43, g — 0 — x50
; T , Jj=1....q

and the orthogonal distance vectors are defined by

di(x) =z —I(x,55x)), j=1,...,q

Then the problem to be solved is

min h
2 . (43)
st. Gl <h, j=1,....q.
The data points z;, j = 1,..., g were generated as follows:
10G —1) 1 1 2 2 3 3
rj=_5+ﬁ» z =—r+1+0;, z=2ri+1+07, z=ri+o;,

where the residuals ¢!, 62,03 ~ N(0,0.32).
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Table 7. The CPU time of Example 4.1 with changeable A1, A2, N, [ik.i-

Ay Az Nk,i Mk, Time
le2 le2 le—1 le2 0.760
lel lel le—1 le2 0.652
1e0 1e0 le—1 le2 0.616
1e0 1e0 1e0 le2 0.614
1e0 1e0 lel le2 0.613
1e0 1e0 1e0 lel 0.614
1e0 1e0 1e0 1e0 0.642

To show the effect of the truncation more clearly, the total number of iterations and the average
gradient evaluations during all iterations in TAH and ACH for Example 4.1 are listed in Table 6.
It can be seen that the adopting of truncation does not increase the number of iterations, but
dramatically reduce the gradient calculations.

In the following, a test on Example 4.1 (¢ = 5000) for different parameter values is given, and
the result is listed in Table 7.

Result in Table 7 shows that the performance of our algorithm moderately depends on the
values of parameters A;, Ay, n; and 14 ;. In our experience, these parameters can generally take
values in a rather considerable range. This may be caused by that € is moderately dependent on
these parameters because of the 1n operation (see (13) and (14)).

5. Concluding remarks

We have proposed an efficient implementation of aggregate homotopy method for nonconvex
nonlinear programming problems. Instead of aggregating all the constraints, truncated aggregate
technique was adopted such that only a small adaptively updated subset of the constraints is
aggregated at each iteration, and hence the number of gradient and Hessian calculations is reduced
dramatically. Moreover, the truncating criterions, concerning only with computation of function
values, can adaptively update the subset to guarantee the locally quadratic convergence of the
correction process with as few computation cost as possible. It can be seen from the above test
results that the TAH method is very efficient, especially for the problems with large number of
constraints and computationally expensive gradients or Hessians. Though some parameters are
involved in truncating criterions, our algorithm is comparatively stable for moderate change of
parameter value.

Assumptions (Cy), (Cy), (C3) and (C,) are sufficient for convergence analysis of aggregate
homotopy method. We did not verify whether the numerical examples satisfy these assumptions.
It should be noted that if assumption (C}) does not hold, some potential ill-condition of coefficient
matrix at inner iteration maybe arised. Some discussions on ill-conditioning arising from interior
point methods have been given by Wright et al. [23]. It will be one of our on-going work based
on existing researches to make more further consideration on potential ill-conditioning caused by
degeneracy.
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