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Abstract We study how the supporting hyperplanes produced by the projection
process can complement the method of alternating projections and its variants for
the convex set intersection problem. For the problem of finding the closest point in
the intersection of closed convex sets, we propose an algorithm that, like Dykstra’s
algorithm, converges strongly in a Hilbert space. Moreover, this algorithm converges
in finitely many iterations when the closed convex sets are cones in R” satisfying
an alignment condition. Next, we propose modifications of the alternating projection
algorithm, and prove its convergence. The algorithm converges superlinearly in R"
under some nice conditions. Under a conical condition, the convergence can be finite.
Lastly, we discuss the case where the intersection of the sets is empty.
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1 Introduction

For finitely many closed convex sets K1, ..., K, in a Hilbert space X, the set inter-
section problem (SIP) is stated as:

,
(SIP): Findx € K := ﬂ K;, where K # {. (1.1
i=1

One assumption on the sets K; is that projecting a pointin X onto each K is arelatively
easy problem.

A popular method of solving the SIP is the Method of Alternating Projections
(MAP), where one iteratively projects a point through the sets K; to find a point in K.
Another problem related to the SIP is the Best Approximation Problem (BAP): Find
the closest point to xg in K, that is,

(BAP): min |lx — xgl|
xeX

,
st. xe K :=()K:. (1.2)

i=1

for closed convex sets K;, i = 1,...,r. One can easily construct an example in R2
involving a circle and a line such that the MAP converges to a point in K that is
not Pk (xg). Fortunately, Dykstra’s algorithm [7,15] reduces the problem of finding
the projection onto K to the problem of projecting onto K; individually by adding
correction vectors after each iteration. It was rediscovered in [22] using mathematical
programming duality. For more on the background and recent developments of the
MAP and its variants, we refer the reader to [3,9,16], as well as [14, Chapter 9] and
[10, Subsubsection 4.5.4].

We quote [13], where it is mentioned that the MAP has found application in at least
ten different areas of mathematics, which include: (1) solving linear equations; (2)
the Dirichlet problem which has in turn inspired the “domain decomposition” indus-
try; (3) probability and statistics; (4) computing Bergman kernels; (5) approximating
multivariate functions by sums of univariate ones; (6) least change secant updates;
(7) multigrid methods; (8) conformal mapping; (9) image restoration; (10) computed
tomography. See also [12] for more information.

One problem of the MAP and Dykstra’s algorithm is slow convergence. A few
acceleration methods were explored. The papers [8,18,21] explored the acceleration
of the MAP using a line search in the case where K; are linear subspaces of X. See
[13] for a survey. One can easily rewrite the SIP as a Convex Inequality Problem (CIP):
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(CIP): Find x € X satisfying g(x) < 0,

where g : X — R” is such thateach g; : X — R, wherei = 1,...,r, is convex:
Just set g; (x) to be the distance from x to K;. In the case where X = R” and each
gi (+) is differentiable with Lipschitz gradient, the papers [19,20] proved a superlinear
convergent algorithm for the CIP. They make use of the subgradients of g(-) to define
separating hyperplanes to the feasible set, and make use of quadratic programming to
achieve superlinear convergence. Another related work is [26], where the interest is on
problems where r, the number of closed convex sets K, is large. In the case where g; (+)
were not assumed to be convex in the CIP, Fletcher and Leyffer [17] designed SQP
algorithms that are globally convergent and handles the case of infeasible problems.

We elaborate on the quadratic programming approach. Given x; € X and the pro-
jection x = Pk, (x1), provided x; # x1, a standard result on supporting hyperplanes
gives us Ky C {x | (x; — x2,x) < (x; — x2, x2)}. The aim of this work is make use
of the supporting hyperplanes generated in the projection process to accelerate the
convergence to a point in K. A relaxation of (1.2) is

min [lx — xo?
xeX

s.t. {aj,x) <b;fori=1,...,k, (1.3)

where each constraint (a;, x) < b; corresponds to a supporting hyperplane obtained
by the projection operation onto one of the sets K;, where 1 < i < r. Even though
there is no nice solution for the minimizer of (1.3), we can make use of quadratic
programming to find this minimizer in practice. Let S = span{a; |i =1, ..., k}, and
let V = {vy, ..., v} be a set of orthonormal vectors spanning S, where k" < k. We
can write a; = ZI;/:I @i jvj, Xo = yo +z0 and x = ZI;,:I Ajvj + z, where yg € S
and 7o, z € S*. Then (1.3) can be rewritten as
2

k/
n}in Z)»jvj—y() —i-||ZO—Z||2
AeRK zest =

k' k'
S.t.<Zai)jvj,Z)\jvj>§bi fori =1,...,k. (1.4)
j=1 j=1

Therefore (1.3) can be easily solved using convex quadratic programming, especially
when k and &’ are small. (See for example [31, Chapter 16].)

The quadratic programming formulation (1.3) gathers information from the sup-
porting hyperplanes to many of the closed convex sets K;, and so is a good approxima-
tion to (1.2); the intersection of the halfspaces defined by the supporting hyperplanes
can produce a set that is a better approximation of K than each K; taken singly. Hence
there is good reason to believe that (1.3) can achieve better convergence than simple
variants of the MAP. As Fig. 1 illustrates, the supporting hyperplanes can provide a
good outer estimate of the intersection K. Furthermore, as more constraints are added
in the quadratic programming formulation (1.3), it is possible to use warm starts from
previous iterations to accelerate convergence. In this paper, we shall only pursue the
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Fig. 1 The method of alternating projections on two convex sets K1 and K» in R2 with starting iterate x
arrives at x3 in three iterations. But the point x4 generated by the cutting planes of K| and K7 at x1 and x
respectively is much closer to the point X, especially when the boundary of K| and K» have fewer second
order effects and when the angle between the boundary of Ky and K7 is small. On the other hand, the point
x3 is ruled out by the supporting hyperplane of K> passing through x,

idea of supplementing the MAP with supporting hyperplanes and quadratic program-
ming, but not on the details of the quadratic programming subproblem.

We remark that the idea using supporting halfspaces to approximate the set K was
also considered before. In [33], Pierra suggested an extrapolation to find a point in the
polyhedron produced by two projections, but not by using QP, and this idea was further
studied in [5]. In [11], cutters were defined based on the property that the halfspaces
generated contain the intersection of the sets, and studied as a generalization of the
projection operation. In [6], the hyperplanes were used to simplify the projections onto
the sets K; rather than accelerating convergence.

1.1 Contributions of this paper

In this paper, we prove theoretical properties of the alternating projection method
supplemented with the insight on supporting hyperplanes. Sections 3—6 are mostly
independent of each other.

First, we propose Algorithm 3.1 for the Best Approximation Problem (1.2) in
Sect. 3. We prove norm convergence, and the finite convergence of Algorithm 3.1
with (3.1b) when K; C R" have a local conic structure and satisfy a normal condition.
We also show that the normal condition cannot be dropped.

In Sect. 4, we propose modifications of the alternating projection algorithm for
the set intersection problem (1.1), and prove their convergence. We also prove the
superlinear convergence of a modified alternating projection algorithm in R2.

In Sect. 5, we prove the most striking result of this paper, which is the superlinear
convergence of an algorithm for the set intersection problem (1.1) in R” under theo-
retically reasonable conditions. Instead of assuming smoothness of the sets similiar to
[19,20], we make the much weaker assumption of local metric inequality (commonly
known as linear regularity; See Definition 5.9), but at the expense of having to solve
large QPs. (Note also that if the size of the QPs were too small, then there is no super-
linear convergence in the case of a line intersecting a plane in R3. See Example 4.7.)
The convergence can be finite if there is a local conic structure at the limit point. The
proofs of superlinear convergence are quite different from the proof in Sect. 4.

Lastly, in Sect. 6, we discuss the behavior of Algorithm 3.1 in the case when the
intersection of the closed convex sets is empty.
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1.2 Notation

We write down some of the relatively standard notation in convex analysis that will
be used for the later sections. For more details, we refer the reader to [23,34].

B, (x) The closed ball with radius » and center x. If » = 1 and x = 0, then we
simply write B.
Pc(-) The projection operation onto a set C C X, where X is a Hilbert space.

Let X be a Hilbert space. For a closed convex set C C X and a pointx € C,

Nc (x) The normal cone Nc(x) at x isthe set {v | (v, y —x) <Oforall y € C}.
Tc (x) The tangent cone Tc(x) at x is the set of all vectors v € X such that there

exists sequences x; — x and #; \, 0 such that % — .

We say thataset C C X isaconeif kC = C forall k > 0 and 0 € C. A cone that is
convex 1S a convex cone. For a convex cone C C X,

C™~ The negative polar cone C~ is defined by {v | (v, x) <0 forall x € C}.

We also recall the definition of linear and superlinear convergence.

Definition 1.1 (Superlinear convergence) For a sequence of points {x;} converging
to x, we say that the convergence is linear if

) Xiy1 — X
lim sup M €(0,1),
isoo  lxi — Xl
and superlinear if
. Xit] — X
lim sup”lL_|| =0.
i—o00 llx; — x|

2 Some useful results

In this section, we recall or prove some useful results that will be useful in two or more
of the sections later. The reader may wish to skip this section and come back to refer
to the results as needed.

The result below shows that supporting hyperplanes near a point in a convex set
behave well.

Theorem 2.1 (Supporting hyperplane near a point) Suppose C C R" is convex, and let
x € C.Thenforanye > 0, thereisa$ > 0suchthat for any point x € [Bs(x)NC]\{x}

and supporting hyperplane A of C with unit normal v € N¢(x) at the point x, we
dE.A) _
lx—xl =~
Since d(x, A) = — (v, x — x), the conclusion of this result can be replaced by

0< _fl;’fx_”x) < € instead.

have

Proof We refer to Fig. 2. For a given €] > 0, there is some § > 0 such that if
x € Bs(x) N C and v € N¢(x) is a unit vector, then by the outer semicontinuity
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Fig. 2 Diagram in the proof of
Theorem 2.1

of the normal cone mapping (see [35, Proposition 6.6]), there is some unit vector
v € Nc¢(x) such that |[v — v|| < €1. This means that the angle between v and v is at
most 2 sin~! (e1/2).

One can easily check that x — x is not a multiple of v. Consider the two dimensional
affine space that contains the vector v and the points x and x, and project the point x +v
onto this affine space. Let this projection be x + v’. It is easy to check that the angle
between v’ and ¥, marked as « in Fig. 2, is bounded from above by 2 sin_l(el /2).
(The lines with arrows at both ends passing through x and x respectively represent the
intersection of supporting hyperplanes with the two dimensional affine space.)

The angle 6 in Fig. 2 is an upper bound on the angle between x —x and the supporting
hyperplane A, and is easily checked to satisfy 6 < «. We thus have

d(x, A : . . -
ﬁ <sinf < sina < sin (2sin"'(e1/2)).
x—X

So for a given € > 0, if €; were chosen to be such that sin (2 sin~!(e1/ 2)) < €, then
we are done. O

Next, we recall Moreau’s Theorem, and remark on how it will be used. For more
on Moreau’s Theorem, see for example [23, Theorem I11.3.2.5] .

Theorem 2.2 [29] (Moreau’s Decomposition Theorem) Suppose C C X is a closed
convex cone in a Hilbert space X. Then for any x € X, we can write x = Pc(x) +
Pc—(x), and moreover, (Pc(x), Pc-(x)) = 0.

The following result will be used in Theorems 3.5 and 5.12.

Proposition 2.3 (Projection onto cones) Suppose C C X is a closed convex cone in a
Hilbert space X. Then the supporting hyperplane formed by projecting a point y onto
C contains the origin.

Proof By Moreau’s Theorem, the projection Pc(y) satisfies
y="Pc(y)+ Pc-(y) and (Pc(y), Pc-(y)) =0.
The supporting halfspace produced by projecting y onto C would be
x 1 {(x,y = Pc() = (Pc(y),y — Pc(M)},

which equals {x | (x, Pc-(y)) < 0}. It is clear that the origin is in the supporting
hyperplane. O
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3 Convergence for the best approximation problem

In this section, we discuss algorithms for the Best Approximation Problem (1.2). We
describe Algorithm 3.1, and show strong convergence to the closest point in the inter-
section of the closed convex sets (Theorem 3.3). Furthermore, in the finite dimensional
case where the sets have a local conic structure (3.5), Algorithm 3.1 with (3.1b) con-
verges in finitely many iterations (Theorem 3.5) under a normal condition (3.6). We
give an example to show that the condition (3.6) cannot be dropped.

For each n € N, let [n] denote “n mod r”; that is,

]:={L2,....r N {n—kr | k=0,1,2,...}.

We present our algorithm for this section.

Algorithm 3.1 (Best approximation) For a point xo and closed convex sets K;, | =
1,2,...,r, of a Hilbert space X, find the closest point to xo in K := N;_, K;.

Step 0: Leti = 1.
Step 1: Choose J; C {1, ..., r}. Some examples of J; are

Ji = A{lil}, (3.1a)
and J; = {1,...,r}. (3.1b)

For j € J;, deﬁnexi(j) € X, a,.(j) € Xandbi(j) e R by

X,-(]) = Pk;(xi-1),

ai(/') (j)’

=Xi—1 —X;
and bfj) = <al.(j),xi(j)>.
Define the set F; C X by
e () () _ . .
F;, = {x | <al ,x>§bl foralll =1,...,iand j € Jl}. (3.2)

Let x; = Pr; (xp).
Step 2: Seti < i + 1, and go back to step 1.

When J; is chosen using (3.1a) and xl‘([i]) € K;) so that xl.([i]) = Pgy(xi-1), then
([iD

al.([il) = 0 and bf”]) = 0, and the algorithm stalls for one step. These values of ;

and bl.([i]) are still valid, though any implementation should treat this case separately.
When the algorithm stalls for r iterations in a row, then we have found the closest
point from xg to (;_; Ki.

Remark 3.2 (Projecting to sets with greater second order behavior) In Step 1 of Algo-
rithm 3.1, one needs to choose J;. When the size of the quadratic programs are small
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and easy to solve, it would be ideal to choose J; so that |J;| = 1. The cyclic choice
in (3.1a) is a natural choice. But as remarked in Fig. 1, one factor in our strategy is
the second order behavior of the sets K;. Another strategy is to record the distances
in the most recent projections to the set K;, and choose J; to contain the index where
the highest distance was recorded. In the case where one of the sets K; is a subspace
(and has fewer second order effects), the computations would be focused on the other
sets. However, one may want to ensure that all sets are projected onto every once in a
while so that Algorithm 3.1 is not fooled in regions where the boundary is locally but
not globally affine. Possible strategies are:

i+p
There exists p such that for all i U Ji={l,...,r},
i=i

or Foreachl =1,...,r,there are infinitely many J; containing /.

The following theorem addresses the convergence of Algorithm 3.1. This theorem
can be compared to the Boyle-Dykstra Theorem [7], which establishes the convergence
of Dykstra’s algorithm [15].

Theorem 3.3 (Strong convergence of Algorithm 3.1) For any starting point xq, the
sequences {x;} produced by Algorithm 3.1 using (3.1a) or (3.1b) converge strongly to
P (xo).

Proof We shall only prove the result for the choice (3.1a), since the proof for (3.1b)
is similar. By considering a translation if necessary, we can let xo be 0. We can also
assume that 0 ¢ K. The iterates x; satisfy ||x;|| < d(0, K), so {x;} has a weak cluster
point z. Since x; is the closest point from 0 to F;, and

Fiy1 C F; foralli, (3.3)

we see that ||x; || is an increasing sequence, so M := lim;_, || x; | exists.
Step 1: z is actually a strong cluster point. It is clear that lim; o ||x; || > |Iz]|. We
only need to prove that
lzll = lim [lx; |, (3.4)
1—> 00

since this condition together with the weak convergence of the subsequence of x;
implies the strong convergence to z. Suppose instead that lim;_,  [|x;|| > ||z||. Then
there is some k such that ||xx|| > ||z||. By (3.3), we have, for all i > &,

2
(X, xi) = (e, x) = Nlxell” > lxellllzll = (x, 20
contradicting z being a weak cluster point of {x;}. Therefore z is a strong cluster point
of {x;}.

Step 2: Any zis in K. Suppose on the contrary that z ¢ K. Then there is some /* such
that z ¢ Kj, or Pk, (z) # z. Algorithm 3.1 generates a hyperplane that separates z
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from K;+. The halfspace {x | {a;, x) < b,} separates z and K, where for y € X, a,
and by, are defined by

ay =y — P, (y). b =y — Pk, (), Pk, ().

The distance D from O to the intersection of halfspaces
[¥1 (=20 = =121 and (a0 <.}

would satisfy D > ||z]|.

Next, the variables ay and b, depend continuously on the parameter y, at y = z.
This means that if x; is sufficiently close to z and [i] = [*, then the distance d (0, x;41)
would be sufficiently close to D. This would mean that |x;|| > ||z]| > €, where € > 0
is some constant, for i large enough, which is a contradiction to (3.4). Thus z € K as
needed.

Step 3 : z = Pk (xg). To see this, observe that z € K implies that (0, K) < ||z]|.
The fact that ||z|| = lim;_, o ||x; || from step 1 gives d(0, K) = ||z]|.

Thus we are done. O

Remark 3.4 (Reducing number of supporting hyperplanes in defining F;) In the proof
of Theorem 3.3, step 1 relies on the fact that F;| C F; for all i in the choice of F;
in (3.2). If X = R", then step 1 of the proof would be unnecessary, but the sequence
{llx;i — xo0|l} needs to be increasing in order for step 2 to work. This can be enforced
by adding the halfspace with normal (xo — x;_1) through x;_; in constructing Fj.
To ensure that each quadratic programming problem that needs to be solved is easy,
the polyhedron F; can be chosen such that the number of inequalities that define F;
is small. One can take only the active halfspace in solving the projection problem
x; = PF;(xp), or by aggregating some of the active halfspace to one active halfspace
when building up the polyhedron F;.

When the K ; satisfies a local conical property (3.5) at the limit x of Algorithm 3.1
in R", the convergence is actually finite.

Theorem 3.5 (Finite convergence for conical problems in R") For Algorithm 3.1 with
(3.1b), suppose that X = R". Convergence is guaranteed by Theorem 3.3. Suppose
Pk (x0) = X, and K j are such that

For some € > 0,[K; —x]NeB = TK_/()E) NeBforj=1,...,r, 3.5)
(in other words, the sets K j are conical in a neighborhood of x) and
Xo—X € int(NK ()Z)). (3.6)

Then Algorithm 3.1 with (3.1b) converges to X in finitely many iterations.
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Proof We can assume x = (. Suppose on the contrary that the convergence to 0
requires infinitely many iterations. We seek a contradiction. Let {x;} be the sequence
generated by Algorithm 3.1, and let {x;} be a subsequence such that ||x; — 0] < € for
all i, and lim;_, oo II;_iH exists, say X.

Step 1: % lies in Tk (0). Suppose on the contrary that X ¢ Tk (0). Then ¥ ¢ K;
for some j. Assume without loss of generality that j = 1. Let Pry (0)(X) = z, and
X —z € Nk, (0). Letv; = ”;—:” — Pry, 0) (H;_i\l) and v = X — z. By the continuity
of the projection, we must have v; — v. Since the hyperplane {x | (x, v) = (z, v)}
separates X from K| and (z, v) = 0 by Moreau’s Theorem, we have (x, v) > 0.

Let y be any point in €B, taking into account (3.5) and x = 0. By Moreau’s
Theorem (See Proposition 2.3), the supporting hyperplane produced by projecting y
onto K contains O on its boundary. By the design of Algorithm 3.1, we must have

(Xi+1, vi) < 0, which gives
%
< ~l+l »vi> <
1% 1l

Taking limits, we get (x, v) < 0, which contradicts (X, v) > 0 earlier.

Step 2: X cannot lie in Tk (0). Suppose otherwise. Then the condition (3.6) implies
that if ¥ € K and i is large enough, then d(xg, 0) < d(xo, X;), contradicting that
d(xp,0) > d(xp, x;) in the choice of X;.

The statements proved in Steps 1 and 2 are clearly contradictory, which ends our
proof. O

In view of the above result, we would expect Algorithm 3.1 (especially with (3.1b))
to converge quickly to the closest point under condition (3.6).

The number of iterations needed before convergence depends on, among other
things, the €. In the case where K; are cones and (3.6) does not hold, step 2 in the
proof of Theorem 3.5 may fail, and there may be no finite convergence. We give an
example.

Example 3.6 (No finite convergence) Consider X = R>. Consider the rays
rn=Ry(1,—1,—DT and rn=Ry(-1,—-1,-DT.

Fora vector v € R3, let 6; be the angle r1 makes with v, and let 8, be similarly defined.
Let K| and K7 be the ice cream cones defined by

Ki = {v|cos(6) < 1/3/3} fori=1,2.

Let xg = (0, 0, l)T. A few consequences are immediate.

(1) The ray R4 (0, —1, O)T is on the boundaries of K1, K7 and K := K| N K>.
(2) Pk (x0) =0.
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Fig. 3 This figure illustrates

Example 3.6, where K and Ko

are two cones in R that are

mirror reflections of each other

about the subspace S. Whenever

a point in S outside K1 N K> is

projected onto K| and K», the K
supporting hyperplanes intersect 2
in a line in S containing the

origin 0. The projection of xq

onto this /ine will never be the

origin, so Algorithm 3.1 cannot

converge in finitely many

iterations

(3) There is only one unit vector in Nk, ((0, —1,0)7), say u. Let the subspace S be
{x | (1,0,0)x = 0}. Then

[Ryfu}+ {0, —-1,007}1nS = (0,—1,0)7.

A similar statement holds when K is replaced by K».

We now show that the convergence of Algorithm 3.1 with (3.1b) is infinite. One might
find Fig. 3 helpful. By symmetry, the iterates x; lie in S. If Algorithm 3.1 with (3.1b)
converges in finitely many iterations, then property (3) would imply that the next to
last iterate is of the form (0, —«, O)T, where o > 0, and that cannot happen. In the
case where xg = (0, ¢, 1)T, where € > 0 is arbitrarily small, we will still get finite
convergence to 0, but the number of iterations needed will be arbitrarily large as € \ 0.

4 Convergence for the set intersection problem

In this section, we analyze a modified alternating projection algorithm (Algorithm4.1).
The global convergence of this algorithm is proved in Theorem 4.5. The insight on
using supporting hyperplanes and quadratic programming to accelerate convergence
allows us to obtain local superlinear convergence in R? (Theorem 4.6), although Algo-
rithm 4.1 in its current form does not converge superlinearly in R3 (Example 4.7). A
locally superlinearly convergent algorithm will be presented and analyzed in Sect. 5
using very different methods.
We shall analyze the following algorithm.

Algorithm 4.1 (Modified MAP) For a point xo and closed convex sets K1 and K, of
a Hilbert space X, find a point in K := K1 N K».

Step 0: Seti = 1.
Step 1: Choose J; C {1, 2}. Some examples are

Ji = {lil}, (4.1a)
and J; = {1, 2). (4.1b)
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Step 2: For j € J;, define xl-(j) € X, al-m € X and bl-(j) e R by

x,-(/) = Pg; (xi-1),

ai(]) = x| _xi(])’

and bfj) = <ai(j), xl-(j)>.
Define the set F; C X by

{x | <al([l]),x> < bl([l]) forl=1i—1, i} if Ji ={[i]} and i>1,
Fi = {x | <a§“,x> < b§‘>} if i = (i1} and i=1,

{x|<a}f),x>5b}” forj=1,2} if J=11,2).

Let x; = P, (x"V).
Step 3: Seti < i + 1, and go back to step 1.

As mentioned in Remark 3.2, there are good reasons for choosing J; to be such
that |J;| = 1 but not cyclic, but the construction of F; has to be amended accordingly.
It may turn out that x; could be in K already, so Pk, (x;) will not give a new sup-
porting hyperplane. In this case, we can just use the supporting hyperplane obtained
from previous iterations. When J; = {1, 2}, we can check that x; lies in the plane
containing x;_1, xi(l) and xi(z), and that x; = Pp, (xi([ll)) = Pr.(x;—1). We shall prove
the superlinear convergence of this case in R? in Theorem 4.6.

We now recall some results on Fejér monotonicity to prove convergence of Algo-
rithm 4.1. We take our results from [10, Theorem 4.5.10 and Lemma 4.5.8].

Definition 4.2 (Fejér monotone sequence) Let X be a Hilbert space, let C C X be a
closed convex set and let {x;} be a sequence in X. We say that {x;} is Fejér monotone
with respect to C if

lxis1 —cll < xi —c|| forallce C and i=1,2,...

Theorem 4.3 (Properties of Fejér monotonicity) Let X be a Hilbert space, let C C X
be a closed convex set and let {x;} be a Fejér monotone sequence with respect to C.
Then

(1) {x;} is bounded and d(C, xj4+1) < d(C, x;).
(2) {x;} has at most one weak cluster point in C.
(3) If int(C) #£ @, then {x;} converges in norm.

Lemma 4.4 (Attractive property of projection) Let X be a Hilbert space and let
C C X be a closed convex set. Then Pc : X — X is l-attracting with respect to C:
Foreveryx ¢ C and y € C, we have

I Pe(x) — x[* < llx — yI* = | Pc(x) — ylI*.
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We now prove the convergence of Algorithm 4.1. We note that Algorithm 4.1 can
be easily extended to the case of r > 2 closed convex sets, and the corresponding
extension of Theorem 4.5 will still be true.

Theorem 4.5 (Convergence of Algorithm 4.1) Suppose K and K, are closed convex
sets in a Hilbert space X such that K := K1 N Ky # (. Then the iterates in Algorithm
4.1 with either (4.1a) or (4.1b) are such that x; converges weakly to some z € K. The
convergence is strong if either int(K) # ) or X = R".

Proof We shall first prove convergence when J; is chosen by (4.1a).

The sequences {xg)+1

sequence {X;} such that

}i and {xg)}i lie in K7 and K, respectively. Construct the

X if i=2j
N Foi—dia
Xi =X =47+
e, i i=4j43.
Note that {X;} lines up the points in {x;} and {xlg[i])} in the order in which they were
produced in Algorithm 4.1.

Step 1: {x;} is Fejér monotone with respect to K. Since K C K|, K C K3 and
K C F; for all i, the projections Pg,, Pk, and P, are nonexpansive. So

e — yll = 1Py (ki) — Il < llxizt — vl

and [lxi = yll = | P (x") = yIl < Ix{"" = y|| forall y € K and i > 1.

This means that {x;} is a Fejér monotone sequence with respect to K.
Step 2: {X;} is asymptotically regular, i.e.,

Tim 1% — %41l = 0.
1—> 00

Fix any y € K. Applying Lemma 4.4, we get

i 2 2 -2 i =12
I — xi g1 = 1 Py ie) — xi— 112 < llxiet — 317 = IxP = 3|
and g — V)7 < 15 = 517 — - 51 foralli > 1.
This tells us that ||¥; — %i_1]|> < |Xi—1 — ¥||> — ||% — y||*> forall i > 1. Since {%;} is

Fejér monotone with respect to K, ||X; — y||? is a decreasing sequence. We thus have
the asymptotic regularity of {x;}.

Step 3: Wrapping up. By Theorem 4.3(1), the sequence {¥;} is bounded. So {X;} has
a weakly convergent subsequence, say {X;, }x. By the asymptotic regularity of {x;}, the
sequence {X; 41}« has the same limit as {X;, }x, so we can take a different subsequence
if necessary and assume that infinitely many of the iy are odd. We can choose yet
another subsequence of {X;, } if necessary so that all terms are in either Ky, or all terms
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Fig. 4 Diagram for the proof of
Theorem 4.6

are in K. For the sake of argument, assume that all terms lie in K. So the weak limit
of {X;, }x, say x, lies in K. By the asymptotic regularity of {X;, }; and considering
{Xi,+2}k, we see that x € K». So the weak cluster point must lie in K. By Theorem
4.3(2), we conclude that {x;} converges to a point in K. The last sentence of the result
follows from Theorem 4.3(3).

For the case of using (4.1b), the steps are very similar, so we only give an outline:
One proves that the sequences {x;} and {xi(] )} are Fejér monotone with respect to K

for j = 1, 2. Next, the sequence xg, xfj), X1, xfj), X3, ... 1s asymptotically regular,

which implies that the sequences {x;} and {xi(j )} have the same weak cluster points.
Since j is arbitrary, the weak cluster points must lie in K, and by Theorem 4.3(2),
such a weak cluster point is unique. O

The problem of whether the MAP can converge strongly in a Hilbert space has only
been recently resolved to be negative in [24], so it remains to be seen how Theorem
4.5 can be strengthened.

We now move on to the fast local convergence of Algorithm 4.1. Even though the
result below is only valid for R? and a result establishing superlinear convergence for
R" is presented in Sect. 5, Theorem 4.6 has value because the proof is simpler than
and very different from the proof in Sect. 5, and the assumptions needed are quite
different.

Theorem 4.6 (Superlinear convergence in R?) Suppose K| and K, are closed convex
sets in R? such that

(1) Algorithm 4.1 with (4.1b) converges to a point x such that dNg, (x) N
d[—Nk,(x)] = {0}, and

(2) There is some iterate x; such that x; ¢ int(K;) for j =1, 2.

Then the sequence {x;} thus produced converges locally superlinearly to x.

m

1

2

i

(1)

Proof We refer to Fig. 4. Let al.(l) be the angle between x; — x;” and x — x;’, and

let al.(z) be similarly defined. As i — o0, the points xi(l) and x;~’ converge to X, so
Theorem 2.1 says that the angles ai(l) and al.(z)
Let 6; be the angle between xi(l) i(z) — x; as marked. Since dNg, (x) N
d[—Nk, (x)] = {0}, the angle 6; is bounded from below by 6 > 0. It is also easy
to check that if x; ¢ int(K;) for j = 1,2, then the same property holds for all i

afterward.

converge to zero.

— x; and x
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The points p; and p; are obtained by projecting x; onto the line segments [xi(l), x]

and [xi(z), x]. To show that {x;} converges superlinearly to x, it suffices to show that

X;i — X
fim = =0, 4.2)
i—oo [lxj—1 — x|
since ||xj—; — X|| > ||lxi—1 — x;||. Let L; = ||x;—1 — x;||. By the sine rule, the distance

[lx .(1) —x;|| equals L; sin yl.(l) where y,(l) is some angle in the interval [0, w —6;]. The

distance ||p; — x;|| can be calculated to be bounded above by L; sin oe( ) sin y(l)

while the dlstance lp2 — xi|l is easily computed to be bounded from above by
L; sin a( )smy where yl.(z) is similarly defined. The distance ||x; — X|| is eas-
ily seen to be the dlameter of the circumcircle of the cyclic quadrilateral with vertices
xi, X, p1 and p;. The angle between p; — x; and py — x; is easily calculated to be
T —6; + ozi(l) + ozi(z). (Note that xi(z), x; and p1 need not be collinear.) The distance
of ||p1 — p2|l can be estimated by

A

lp1 — p2ll < llp1 — xill + llp2 — xill
sin(min{r /2, m — 91})[smoc( ) + s1na(2)]L .

IA

The value ||x; — X|| can be obtained by the sine rule to be

1 2).°

sin(w — 6; + ¢

so we have

sin(min{r /2, & — 6;})
sin(r — 6; + Oél-(l) + Ol,-(2))

lx; — x|| < L; [sma(l) + sma(z)] )

Thus to prove that (4.2), it suffices to prove that

sin(min{w /2, T — 6;
lim (min{r/ ) ’}()2) [sm oV + sin a(z)] 0. 4.3)
i=oosin(r — 0]l +o; " + ;)
We have shown that lim inf;_, o, 6; > 6 > 0. The limit (4.3) holds because the limits
of a(l) and oei(z) are zero and 6; € [0, ] for all i. Hence we are done. O

The superlinear convergence in Theorem 4.6 does not extend to R however, even
when K| and K> are linear subspaces.

Example 4.7 (No superlinear convergence in R3 for Algorithm 4.1) We give an exam-
ple of subspaces K and K> in R3 such that dNk, (x)NI[—Nk,(x)] = {0} but there is
no superlinear convergence to x in Algorithm 4.1 using (4.1b) for some starting point.
Consider K| and K> defined by
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K1 =R(1,0, DT,
and K> = {(x,y,0)" | x,y € R}.

For the starting point xo = (4, —1, 0)7, we compute the iterates of Algorithm 4.1. We
calculate

xV = P, (xo) = (2,0,2)7,

2
X, = xo,

2 4\’
x1==-,=-0) ,
55

) 1 1\’ “4.4)
Xy :PKI(X])Z gao’g )
P =,
16 —4 \' 4
andxz = (g, g,O) = gxo.

To verify that x; and x, are the correct iterates, we can check that x, x{l), x{z)

and x; lie in the plane {x | (1,2,0)x = 2}, and that xy, xél), xéz) and x; lie in
the plane {x | (4, —1, 0)x = 4/5}. Another condition helpful for the verification is

that
<x,~ —xl.(l), Xi—1 —xl.(l)> =0 fori=1,2.

From (4.4), we see that the convergence to zero of Algorithm 4.1 using (4.1b) is
linear and not superlinear. But the rate of convergence for our choice of starting iterate
is 84_5 for every four projections, which is more than twice as fast of the rate of % for
every four projections for the usual MAP.

We show that if there were more supporting hyperplanes used in approximating K,
(D

then we get finite convergence to zero for this example. The projection of x; onto x; |

generates the supporting hyperplanes

{x|2,—-1,2)x =0} ifiiseven, and
{x ] (1,4, —x =0} ifiisodd.

The projection of any point of the form (¢, 0, t)”, where ¢ > 0, onto the set

is equal to the zero vector, which is the only point in K.
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5 Superlinear convergence for the set intersection problem

Our main result in this section is Theorem 5.12, where we prove the superlinear
convergence of an algorithm for the set intersection problem (1.1) when the normal
cones at the point of intersection are pointed cones satisfying appropriate alignment
conditions.

We first describe our algorithm for this section.

Algorithm 5.1 (Mass projection algorithm) For a starting iterate xo and closed con-
vex sets K; C R", where 1 <1 <, find a pointin K := Nj_, K.

Step 0: Seti = 1, and let p be some positive integer.
Step 1: Choose J; = {1, ..., r}. ‘ _
Step 2: For j € J;, define xl.(]) e R", ai(]) e R" and bfj) e Rby

x) = P (xi-1),
ai(./) =X — xi(./)’

and bfj) = <al.(j), xm>.

1

Define the set F; C R" by
Lo ) ) . T .
Fi=x{q)",x) < by for1 < j<r,max(l,i —p) <l =<iy.

Let x; = Pﬁi (xi—1).
Step 3: Seti < i + 1, and go back to step 1.

The modifications in Algorithm 5.1 from Algorithm 4.1 are that we set X = R”,
the number of sets r is arbitrary, and the set F; approximating K is created using more
of the previous separating halfspaces produced earlier.

Algorithm 5.1 produces a sequence {x;} Fejér monotone with respect to K and
converging to a point x € K. The proof is an easy adaptation of that of Theorem 4.5.

We need to recall a few well known properties of convex sets in R" to proceed.
These properties may be found in standard convex analysis texts, for example [23,34].

Definition 5.2 (Properties of convex sets) The linearity space lin(C) of a convex set
C C R" is the set of all directions y such that for every x € C, the line {x} + R{y} is
contained in C. In the case where C is a convex cone, lin(C) = C N (—=C).

A convex cone is said to be pointed if lin(C) = {0}, or in other words, C does not
contain a line.

The affine hull aff (C) of C is the smallest affine space containing C. We shall write
lin(aff(-)) as lin o aff (-).

We recall a well known fact about convex cones. See for example [34, Page 65].

Proposition 5.3 (Convex cone decomposition) A closed convex cone C C R" can be
written as the direct sum C = L @ [L+ N C], where L = lin(C), and L* N C is a
pointed convex cone.
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As a consequence of Proposition 5.3, we have the following result on the normal cones
of convex sets.

Proposition 5.4 (Linearity spaces of normals of convex sets) Suppose C C R”" is
a convex set. Then for any x € C, [lin o aff (C)]+ = lin(N¢(x)). In particular,
lin o aff (C) N N¢(x) is a pointed convex cone.

Proof v € lin(N¢c(x)) <= Zv € Nc(x) < (v,x —c) =0forallc € C <—
v € [lin o aff (C)]*.

To see that linoaff (C)NN¢ (x) is apointed cone, apply [linoaff (C)]+ = lin(N¢ (x))
to Proposition 5.3. O

In our quest to prove Theorem 5.12, we need the next three lemmas to prove the
intermediate result Proposition 5.8.

Lemma 5.5 (Intermediate estimate) Suppose vy and vy are nonzero vectors in R"

lvi—va|l v vy
such that iRl < . Then | iy — iy | < 28,

Proof We have

forll Mozll = fHlozll (o2l loill vzl
loeli{llvell — [fv2l
<B+ ’ |
lvrlHlivz]
v — 2
cpy vl oy
2l

O
For the following result, recall that the cone K+ := — K ~ is the positive polar cone

(or more commonly, the dual cone) of K.

Lemma 5.6 (Pointed cone) For a closed pointed convex cone K C R", there is a unit
vector d in K, the positive polar cone of K, and some ¢ > 0 such that B.(d) C K.
Next, for any unit vector v € K, we have dTv >ec.

Moreover, suppose Ai > 0, and v; are unit vectors in K for all i, and Z?il AiV;
converges to v. Clearly, v € K. Then || X2, hivi| > ¢ Z?i] Ai, which also implies
that "2, A; is finite.

Proof Tt is well known that the positive polar cone (or dual) of a closed pointed
convex cone has an interior (see for example [34, Corollary 14.6.1]), so the first
sentence follows. For the unit vector v € K, we have (d — cv) € K™, which gives
(d — cv, v) > 0, from which the first part follows.

Next,
o o oo
Z)\ivi Z<d,zlivi>zczki,
i=1 i=1 i=1
and the second part follows. O
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Lemma 5.7 (Limit estimates involving pointed cones) Suppose {v;}; are unit vectors
in R" and {)\;}; is a sequence of nonnegative numbers such that the cluster points of
{vi}i belong to a closed pointed convex cone K C R". Then

o0
(1) If 32, Ai = 0o, then cluster points of[ =1 }ivi } belong to K.

I Z 1 Aivill
j=1
(2) Take ¢ > 0 to be the constant in Proposition 5.6. If Zf’i | Aiv; is convergent and
there are unit vectors v; € K such that ||v; — v;|| < €, then

H tI)LUl Zl | Ai Ui
=2 o] Tt

Proof Statement (1): Since the cluster points of {v;} belong to K, for any € > 0, we
can find /¢ such that for all i > I, there exists v; € K such that ||[v; — v;|| < €. Then

=<

2_
z 5.1)
C

Ie—1

J J J
Zkivi—ZAiﬁi = Z)Li(vi—vl <Z)\.€+ZZ)\.
i=1 i=1 i=1

i=l

Next, Proposition 5.6 implies that ”Z‘i’:l Ai i ‘ >c>! A
H S hivi — 2 A ) 1 i€+ Z"_l 2
<
> )»iﬁi‘ sz 1
Proposition 5.5 gives
- -1
, 1)\1)1 _ z;zlkivi - Zl ])‘€+Z 2hi
HZ Aivj H > hiti el

The RHS of the above can be made arbitrarily small since € can be made arbitrar-

let

J

ily small and j can be made arbitrarily big. The term ’ )
i=1 ‘v’

‘ belongs to K, so

Statement (1) holds.

Statement (2): First, since Z;’i] A v; is convergent, Proposition 5.6 implies

o
> CZM,
i=1

which also implies that >, A; is finite, and

S
— Z)‘iﬁi
i=1

i — ;)

00
< Z)\.ié.
i=1
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Then
2272 hivi = 3572 2| - €
1252 2| Te
By Proposition 5.5, we get the conclusion (5.1) as needed. O

The following result shows that under certain conditions, the directions from
which the iterates converge to the limit must lie inside the normal cone of K at the
limit.

Proposition 5.8 (Approach of iterates to x) Consider the problem of finding a point
x € K, where K = Mj_,K; and K; C R" are closed convex sets. Suppose Algorithm
5.1 produces a sequence {x;} that converges to a point x € K and is Fejér monotone
with respect to K. Assume that:

(1) Iler:l v = 0 for some v; € Nk, (x), thenvy =0 foralll =1,...,r
Then provided none of the x; equals X, we have

lim IIPNK(;E)(X:‘_— Ol _
i—00 [lx; — x|

(5.2)

Proof By the way Algorithm 5.1 is designed, the KKT conditions for the problem of
projecting x; 1 onto the polyhedron to obtain x; give

r i
k (i.k
Xi =Xi—1 — Z Z [)»(l )vlk + wll ],

=1 k=max(l,i—p)

where A(’ bk vl + wl(l ) is a multiple of the vector a,g) = xx—1 — Pk, (xk—1), wl(i’k) €

[lin o aff(K,)]L, vk is a unit vector in lin o aff (K;) N N, (P, (xx—1)), and A% > 0.
(The relationship [lin o aff (K;)]* = lin(N k; (Pk, (xx—1))) follows from Proposition
5.4.) For j > i, we can write x;_1 — X as

J

r s
SRR EIED DD I R

s=i =1 k=max(1,s—p)

:Z i i K(S k)vl —}—IZ)(Z L) ’

=1 s=i k=max(l,s—p)

~

where wl(' L7 ¢ Min o aff (K))] . Let v(' /) ¢ R” be the vector

(k)
5) M

~(1 /) Zk =max(l,s—p l

(s.5) ) k
”Z i 2k=max(ls—p) MYl H

(5.3)

@ Springer



Set intersection problems 349

Claim 1: All cluster points of {vlk},‘?‘;l lieinlinoaff (K)) NNk, (x) forl =1,...,r.
In view of the fact that the normal cone mapping Nc(-) : C = R”" has closed
graph (see [35, Proposition 6.6]), all cluster points of {vf},‘:il lie in Nk, (x). Since
vlk € lin o aff (K7), all cluster points of {v{‘},‘:‘;l lie in lin o aff (K;). Thus this claim is
proved.

Claim 2: For each i, the infinite sum

N X .0k
ai=, > My (5.4)

s=i k=max(1l,s—p)

exists as a limit for | =1, ..., r. Hence lim;_, o 51(1,]) exists.

Suppose on the contrary that z; ; does not exist as a limit forsome /, 1 </ <r.It

follows that
o0 N
> > M=o 55)

s=i k=max(l,s—p)
because if the sum in (5.5) were finite, z; ; would exist as a limit. Note that the cone
lin o aff (K}) N Nk, (x) is pointed. Using Claim 1 and Lemma 5.7(1), the subsequence
{171(”])}?‘;1 has cluster points in lin o aff(K;) N N, (¥). Let

J s
aiji=max 137 >0 A (5.6)
== s=i k=max(1,s—p)

We have lim_, o o, j = oo since (5.5) holds for some /, Al(s’k) > 0, and by Lemma
5.6, there is a constant m dependent only on lin o aff (K;) N Nk, (x) such that

J s J s
(s.6) ) k (s,k)
2. 2 WTijzm> > N
s=i k=max(l,s—p) s=i k=max(1l,s—p)
Consider the equation
J

i[x»_l—x-]=zr: . > ZS“ Aoy | p Lga-to | s,
o i Jj / [ a L

- O
bJ =1 b\ s=i k=max(1,s—p) bJ

’
1, iy

It is clear that the LHS converges to zero as j — oo. We can, by the definition
of o; j in (5.6), choose a subsequence such that the limits #;; := lim;_, ;; j and
tl/,i = limj_ t,”i,j, where 7;; ; and tl”i’j are defined in (5.7), exist and are not
all zero for 1 < [ < r. This would contradict Condition (1), ending the proof of
Claim 2.
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In view of Claim 2, define

5 = lim 3"/ (5.8)

[—)OO

Define the matrix A®7) € R"*" whose /th column is f)l(l’J). We can write

A(i,j)ya,j):i'zi: ZS: AP, (5.9)

[=1 s=i k=max(l,s—p)

where y /) € R’ is such that yl(i’j) = | Z i 2 kmax(ls—p) A(s k) | for I =
I,....,r.Let AD :=lim;_ oo A%/ and y® € R” be such that

o N
j s,k
=l =D D A

s=i k=max(1l,s—p)

Then

LEESRTES 3 D YT

=1 s=i k=max(1l,s—p)

Let

= {A € R™" | The Ith column of A is a
unit vector in lin o aff (K;) N Nk, (x) for 1 </ <r},

,
L :=()lin o aff(K)),
=1
PL(A
and B := inf [M

o |Ae Aandy € R;\{O}] . (5.10)

In view of the fact that [S] + Sy]+ = SlL N S2L for linear subspaces S and S», L also
equals

r 1
L= |:Z[lin o aff(K;)]li| . (5.11)

=1

Claim 3: B > 0. Suppose otherwise. Then there are sequences of matrices A®) € A
and unit vectors 7 € R’ such that 7@ > 0 and P (AP @) — 0asi / co. By
taking cluster points of A® and 7@, we obtain Py (Ay) = 0 for some A € A and
y # 0, where y > 0.

We now check that this contradicts Condition (1). Since Pp, (A)?) = 0, we can
find some & € L~ so that Af + w = 0. We can write w as w = erzl w;, where
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w; € lin o aff(K;)". Letting A; be the Ith column of A, we see that 51)71 + w; €
[lin o aff (K;) N Nk, (x)] +lino aff (K)*+ = Nk, (x). Since Al)h + w; are not all zero,
this concludes our proof of Claim 3.

Claim 4:1im;_, oo[inf gc 4 |A—AD|] = 0 The Ith column of A®) is the unit vector

(1) as defined in (5.3) and (5.8), and each vl lies in lin o aff (K;) N Nk, (IBS(; (x)) where

8 = |lxx—1 — x||. Since {x;} converges to x and is Fejér monotone, for any § > 0, we
can find i’ large enough so that ||x; — x|| < & for all i > i’. This would mean that
for all € > 0, we can find i large enough so that each vlk in the sum (5.3) satisfies
||v{‘ — ﬁf” < € for some unit vector 1');‘ € lin o aff (K;) N Nk, (X).

Let

(s,k) =k
ﬁ(i) o Zx sz max(1,s— p))" v

- (s.k) =k
HZ Zk =max(l,s— p)}L ’ l”

Recall that v(l) is the /th column of A®. By Lemma 5.7(2), there is a constant m
dependent only on lin o aff (K;) N Nk, (x) such that

15" =51 < em.

Since € \( 0 asi /" 0o, we can see that the conclusion to Claim 4 holds.
Claim 5: To prove that the conclusion (5.2) holds, it suffices to prove

Ay ) _ A, )
lim(inf 1Ay Y o, (5.12)

i—oo\ AeA lxi—1 — x||

The vector y(’) has nonnegative components, and x;_; —x = A@y ) 4 > ~(l)

for some wl € [lin o aff (Kl)] . Condition (1) and [35, Theorem 6.42] imply that
r
Nk (%) = " Nk, (¥). (5.13)

Then Ay® + > tbl(') would lie in Ng (x) for any A € A by (5.13). Moreau’s
Theorem implies that for any vector v € R”,

v = Pryi)(v) + Pngey(@)  and || Pre )12 + | Pag e 11 = [vll%,
If (5.12) holds, then

lim I Prgey(xi—1 — Ol . lxi—1 = X] = Png o) (xi-1 — X)) ||
i—>00 llxi—1 — x| i—>00 llxi—1 — x|

. . Mxicr = x] =l
= lim mn ———————
i—o00 \veNk (X) lxi—1 — x|
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(by the definition of Py, (z)(-))
AD D _ )
< tim (e VT ZAVTLY
i»oo\ Aed  |lxj—1 — X

(In the last formula, we chose v = inf 4c 4 Ay +> 1Z11(’) .) By Moreau’s Theorem,
(5.2) holds, ending the proof of Claim 5.

Claim 6: (5.12) holds. Since y(i) > 0, it is clear from the definition of 8 and Claim
4 that if the y @)’s are nonzero, then

Pr (A4,
o IPLAOY O

LR L (5.14)
i—00 lly @

In the case where y(i ) are zero, the numerator in (5.12) is zero, so things are
straightforward. So we shall look only at the subsequence for which y ) are nonzero.
(We do not relabel.) For the denominator, we have

A(’)y(’) + Z ~ (i)

Py (A(’)V(l) + Z ~“>)H | PLADy D).

lxi—1 — x|l =

The last equality holds because Pj, is linear and, in view of zI)l(i) € [lin o aff (K))]+
and (5.11), P, (") = 0 for all I. Then Claim 4 and (5.14) implies

Ay — AD,, 0 inf A—AD
0< tim  inf Ay Ay l < fim Maca I l _o.
i»oo\ Aed ||PL(ADy D) i—00 B

from which (5.12) follows easily, ending the proof of Claim 6.
By applying Claim 5 to Claim 6, we prove the result at hand. O

Next, we give conditions for estimating the distance to the point of convergence
using the distance to the respective sets. We recall the definition of local linear regu-
larity.

Definition 5.9 (Local metric inequality) We say thata collection of closed sets K;, [ =
1, ..., r satisfies the local metric inequality at x if there are 8 > 0 and § > O such
that

dx,n_K) <8 lr1<1la<xrd(x, K;) for all x € Bs(x). (5.15)

In this paper, we shall only consider the case where K; are all convex. The term
linear regularity is used in two different ways in [27, after (15)] and [28, Proposition
2.3], so we refrain from using the term here. A concise summary of further studies on
the local metric inequality appears in [27], who in turn referred to [4,25,30,32] on the
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topic of local metric inequality and their connection to metric regularity. Definition
5.9 is sufficient for our purposes. The local metric inequality is useful for proving the
linear convergence of alternating projection algorithms [2,28]. See [3] for a survey.

With the additional assumption of local metric inequality, we have the following
result.

Lemma 5.10 (Estimates under local metric inequality) Let K; C R", where 1 <[ <
r, be closed convex sets. Suppose a sequence {x;} converges to the point x € K :=
M_1 K1, {Ki}j_, satisfies the local metric inequality at x, and

I Py ) (xi — X))l _

lim - 1. (5.16)
i—00 llxi — x|
Then there is a B > 0 such that
lxi — x|l < B 1mlax d(x;, K}) for all i large enough. (5.17)
<I<r

Proof By Moreau’s Theorem, we have

I Pre ey (xi — O = llxi — %I — 1 Pyg ) (xi — )12

P _ L T\2 P _ T2
s lim [ Tk(x)(xz_ 2X)|| — lim (1 _|| Nk(x)(xt_ 2X)|| )20- (5.18)
i— 00 ||x,- —x|| i— 00 ||x,‘ — x||

Let x; be such that X; — X = Py, (7)(xi —X), and x; — X; = Pry(3)(x; — x). Formulas
(5.16) and (5.18) give us

1% — & 1% —xill

and (5.19)

i—oo |lx; — X[ i—oo [lx; — X||

Since x; — x € Nk (x), we have d(X;, K) = ||X; — x||. So, by the Lipschitzness of the
projection operation, we have

d(xi, K) = IXi —xill =d(xi, K) =d (X, K) + 1% — x|

= 1% — Xl = IXi —xill <d(xi, K) < IX — x|+ 15 —xi . (5.20)
The formulas (5.19) and (5.20) give lim; % = 1. Together with the definition
of local metric inequality (5.15), we can obtain what we need. O

Local metric inequality follows from Condition (1) in Proposition 5.8. We para-
phrase the result from [28], where the authors remarked that the theorem is well
known. For example, a globalized version appears in the survey [1, Theorem 3.7]
without attribution.

Lemma 5.11 (Condition for local metric inequality) Suppose x € K, where K =
N Ki and K; C R" for 1 <1 < r, and that Condition (1) of Proposition 5.8 holds.
Then {K;};_, satisfies the local metric inequality at X.
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Proof In [28, Section 3], it was proved that if Condition (1) of Proposition 5.8 holds,
then there is a constant ¥ > 0 such that

d(x, ﬂ(K,- - z,-)) < K\/Zdz(x, K; — z;) for all (x, z) near (x, 0),

This is easily seen to be stronger than the conclusion since we only need z; = O for
1<i<r. O

We state the key result of this section.

Theorem 5.12 (Superlinear convergence) Consider the problem of finding a point
x € K, where K = N_,K; and K; C R". Suppose Algorithm 5.1 produces a
sequence {x;} that converges to a point X € K. Suppose also that the conditions in
Proposition 5.8 hold, i.e.,

(1) If 3", vi = 0 for some v; € Nk,(X), then vy =0 foralll =1, ...,r.

If p in Algorithm 5.1 is sufficiently large, then we have
(5.21)

Moreover, for that choice of p, if
forsome e > 0,[K; —x]NeB =Tk, (x)NeB foralll =1,...,r, (5.22)

then the convergence of {x;} to X is finite.

Proof In Algorithm 5.1, let[; € {1, ..., r} be such that

[; € arg max ||x; — Pk, (x;)|| = arg max d(x;, K;).
1<i<r 1<i<r

Xi =P (xi)
= Ta=Px, GOl
the hyperplane that separates x; from K,.

Without loss of generality, suppose that x = 0. From Lemma 5.11, we deduce that
{K1};_, satisfies the local metric inequality at X. Suppose 8 > 0 is chosen such that
(5.17) holds.

The sphere $"~! := {w € R" | |w]| = 1} is compact. Suppose p is such that we
can cover $"~! with p balls of radius ﬁ.

Let v be the unit vector v In other words, v} is the unit vector of

k k ES
i Vi oo Vi

i <j<k<=<i+p,and v;f and v] belong to the same ball of radius ﬁ covering

Next, among the vectors {v }, there must exist j and k such that

§"~1. We thus have i —vill < ﬁ We can assume, using Theorem 2.1, that i is
large enough so that
(v, xk) < ellx;ll. (5.23)

@ Springer



Set intersection problems 355

On the other hand, if i is large enough, we can apply Lemma 5.10 to get

(Uj’ xk) = <U;:, xk) + <U7 - U;:’xk>

1
d(xy, Kp) — 25 = Xkl

1
2% llxkl- (5:24)

The methods in Theorem 4.5 can be easily adapted to prove that the sequence {x;} is
Fejér monotone with respect to K. The inequalities (5.23) and (5.24), and the Fejér
monotonicity of {x;} combine to give

v

v

lxigpll < llxell < 2Bellx;ll < 2B€llx; |-

As the factor € can be made arbitrarily close to 0, we proved (5.21).

Next, under the added condition (5.22), the formula (5.23) becomes (v;’f, xg) <0
instead by an application of Moreau’s Theorem (see Proposition 2.3), and the same
steps show us that 55 ||xk || < 0, which forces x; = 0, or x; = x. O

Even though the ch01ce of p in the proof of Theorem 5.12 is impractical, The-
orem 5.12 gives justification that the idea of supporting hyperplanes and quadratic
programming can lead to fast convergence.

5.1 Alternative estimates

We close this section with a result that might be helpful for estimating the distance of
an iterate to the limit x.

Lemma 5.13 (Alternative estimate) Let K := N;_, K;, where K are closed convex

sets in R" for1 <1 <r.

(1) Lethyperplanes H; := {x | (aj, x) = bj}andpointsa; € R" be suchthat ||a;| =
1, each Hj is a supporting hyperplane to some K;;, and K;; C {x | (aj, x) <bj}
forj=1,...,J.

(2) Let X; GR” besuchthatxjeH NKy forj=1,....J

(3) Choose x* € R" so that x* lies on the all hyperplanes H

(4) Letx € K, and let L := max; [|x; — x|

(5) Let € > 0 be such that —e < fa 5=%)) <Oforallj=1,...,J.

X%
Let the matrix A € R"™’ be such that the jth column of A is a j» and let its smallest
singular value be o. We assume o > 0. Let o be such that

[Mlloo2 < | M |22 for all M € R™ (5.25)
where ||M||p 4 := = SUp,2 ”U“”q Let S be spanf{ay, ...,ay}. Then
| Ps(x* — %)|| < Leas ™ !. (5.26)
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Proof Since x* is in H;, we have (aj, x*) = b;. By Conditions (3) and (4), we get
—eL < —€llx — %j|| < (aj,)? —ij) <0.
Since (aj, X;) = bj = (aj, x*), we have
0<(aj,x*—x)<eL. (5.27)
By standard linear least squares, we have

I Ps(x* —%)ll2 = |AAT AT AT (x* — )1
< JAAT A oo IAT (& — )l

By (5.27), we have AT (x* — X)|loe < €L.Furthermore, using standard properties of
the singular value decomposition, we have

IAATA) oo p <l A(ATA) oo =aa ™.
The required bound follows immediately. O

To apply Lemma 5.13 to Algorithm 5.1, note that Condition (4) follows from
properties of the projection, while Condition (5) is an attempt to apply Theorem 2.1.
Lemma 5.13 is closer to the spirit of Theorem 4.6. However, the term o —!is hard to
control, so we have not had success in applying Lemma 5.13 so far.

6 Infeasibility

We now discuss the case where the K := N;_;K; = @. For any algorithm pro-
ducing a sequence {x;} in the hope of converging to a limit X € K, there are three
possibilities:

(1) Aninfinite sequence cannot be produced because the intersection of the halfspaces
is an empty set at some point.

(2) The sequence {x;} contains a cluster point x.

(3) The sequence {x;} does not contain a cluster point x.

We first show that case 2 is not possible for Algorithm 3.1 in the case of strong cluster
points.

Theorem 6.1 (No cluster point) For Algorithm 3.1 using (3.1b), in the case where
K =, the sequence {x;} cannot contain a strong cluster point.

Proof Suppose on the contrary that {x;} contains a strong cluster point, say X. Since
X ¢ K, we assume without loss of generality that X ¢ K. Then let z := P, (X), and
v=x—z Leta, =x — Pk, (x) and b, = (a,, Pk, (x)). By elementary properties of
the projection, we have (a;, X) > b;z. The parameters a, and b, depend continuously
on x. By the description of Algorithm 3.1, we have
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(ax,' B xi+1) = bxi .
As we take limits as i — oo, we get (ag, X) < by. This is a contradiction. |

One can easily check that Case 3 can happen. Consider the sets K| and K, defined
by

={(x.y) eR? | y=e™),
and K» = {(x,y) e R* | y < —e™"}.

If x¢ is chosen to be the origin in Algorithm 3.1, then the iterates x; cannot converge
to a limit by Theorem 6.1, and therefore must move in the direction of the positive x
axis. We understand more about such behavior with the result below.

Theorem 6.2 (Recession directions) If {x;} is a sequence of iterates for Algorithm 3.1
using (3.1b) in the case where K = ) and X = R", then any cluster point of{”;—’:”}
must lie in R(K}), the recession cone of Ky, foralll =1,...,r.

Proof Let { H} be a subsequence of { i } which has a limit v. We show that such
a limit has to he in R(Kj). Seeking a contradlctlon suppose that v ¢ R(K;).

We show that there is a unit vector w € R” and M € R such that (w,c) < M
for all ¢ € K; and (w, v) > 0. Take any point y € K;. Since v ¢ R(K;), there is
some y > 0 suchthat y + yv € K;,but y + y'v ¢ K; for all y/ > y. It follows that
there exists a unit vector w € Nk, (y + yv) such that (w, v) > 0, and we can take
M = (w, y + yv). Since (w, v) > 0, we shall assume that (w, X;) > M for all i.

Let ¢; := P, (x;), and let u; be the unit vector in the direction of X; — ¢;. We write
56',' — C; = jU;. ‘We have

(ui, i) = (ui, Xj — ou;)

= (ui, Xi — o).

Also

Since a; (w, u;) = (w,x; —¢;) > M — M = 0, we have (w, ;) > 0, and hence
o; > (w, X;) — M. Therefore,

(i, ci) < (ui, Xi) — (w, X;) + M.
By the workings of Algorithm 3.1, we have (u;, X;) > (u;, ¢;) and (u;, X;) < (u;, ¢;)
for all j > i. This gives (u;, X; — X;) < 0, which gives (u;, v) < 0.

Let u be a cluster point of {u;}. We can consider subsequences so that lim;_, o u;
exists. For any point ¢ € K/, we have

@ Springer



358 C. H. J. Pang

(u,c) = lim (u;, c)

i—00

< liminf(y;, ¢;)
1—> 00

< liminf[(u;, X;) — (w, X;) + M]
11—

T Xi X
= liminf ||X; ]| (<u, ~—> - <w ~—>) +M
i—>00 flx: 1 flx; |l

lim inf [1%; [|[{ui, v) — (w, v)] + M
11— 00

= —OO’

which is absurd. The contradiction gives v € R(K). m|

7 Conclusion

In this paper, we focus on the theoretical properties of using supporting hyperplanes
and quadratic programming to accelerate the method of alternating projections and its
variants. It appears that as long as a separating hyperplane is obtained for K and the
quadratic programs are not too big, it is a good idea to solve the associated quadratic
program to obtain better iterates. Other issues to consider in a practical implementa-
tion would be to either remove or combine loose constraints so that the size of the
intermediate quadratic programs do not get too big. The ideas in [26] for example
can be useful. It remains to be seen whether the theoretical properties in this paper
translate to effective algorithms in practice.
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